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The braided Ptolemy–Thompson group is finitely presented

LOUIS FUNAR

CHRISTOPHEKAPOUDJIAN

Pursuing our investigations on the relations between Thompson groups and map-
ping class groups, we introduce the groupT♯ (and its companionT∗ ) which is an
extension of the Ptolemy–Thompson groupT by the braid groupB∞ on infinitely
many strands. We prove thatT♯ is a finitely presented group by constructing
a complex on which it acts cocompactly with finitely presented stabilizers, and
derive from it an explicit presentation. The groupsT♯ and T∗ are in the same
relation with respect to each other as the braid groupsBn+1 andBn, for infinitely
many strandsn. We show that both groups embed as groups of homeomorphisms
of the circle and their word problem is solvable.

20 F 36, 57 M 07; 20 F 38, 20 F 05, 57 N 05

Introduction

The first relations between Thompson’s groups and braid groups have been brought
to light in the article [28] by P Greenberg and V Sergiescu, which is devoted to the
construction and the homological study of extensions of Thompson’s groupsF andT
by the stable braid groupB∞ . More recently, several works have been contributing to
the development of this subject, dealing with connections between Thompson’s groups
and mapping class groups of surfaces, including braid groups. Among them are two
papers [33] and [24], which have brought out the notion ofasymptotic mapping class
group. The groupT♯ introduced in the present article is an asymptotic mapping class
group as well.

In order to give a flavor of what an asymptotic mapping class group can be, let us briefly
remind what [33] and [24] were about. One of the aims of [33] was to give a topological
construction for the groupAT , defined in [28] as an extension of Thompson’s group
T by B∞ , and to exploit it in order to extend the Burau representation to AT . At
the same time, the article [24] was introducingB , a universal mapping class group
in genus zero, algebraically described as an extension of Thompson’s groupV , and
topologically defined as a mapping class group of a sphere minus a Cantor set. Both
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articles [33] and [24] share a common problem, which is the following. Elements
of Thompson’s groups are not tree automorphisms, but are induced by piecewise tree
automorphisms (see [33]). Therefore, a natural question is to find a way of lifting
those elements to automorphisms of an appropriate structure. The answer proposed
by [33] and [24] is to lift them to mapping classes of homeomorphisms of particular
surfaces. Indeed, both groupsAT andB are mapping class groups of infinite surfaces
which are thickenings of suitable regular trees; the surfaces are endowed with an extra
structure that must be, not globally, but onlyasymptotically preservedby the mapping
classes – hence the notion of asymptotic mapping class group. This extra structure
may consist of a decomposition of the surface into pairs of pants, hexagons, hexagons
with punctures, and so on.

The surfaceD♯ considered for the construction of the asymptotic mapping class group
T♯ is the planar thickened binary tree, which is punctured along an infinite discrete
subset of points. The extra structure consists of a decomposition into suitably punctured
hexagons. The asymptotic mapping class group that one obtains this way is an extension
T♯ of T by the group of braidsB∞ on infinitely many strands (corresponding to the
punctures). Therefore,T♯ is quite similar to, but simpler thanAT .

This new groupT♯ seems interesting and worthy of deeper study. Compared with
B , the definition ofT♯ presents new features, for instance, the dependence on the
extra structure is now clearly manifest. We can choose two sets of punctures leading
to homeomorphic surfaces for which the associated groups are not isomorphic. We
obtain that way another groupT∗ , which is a sort of twin brother ofT♯ . Although T♯

andT∗ share the same properties, they are different. Our main result is the following:

Theorem 0.1 The groupsT♯ and T∗ are non-isomorphic finitely presented groups,
are extensions of the Thompson groupT by B∞ , and split over the smallest Thompson
group F ⊂ T . They are groups of homeomorphisms of the circle with solvable word
problem. Moreover,T∗ has two generators.

We do not know if we can extend our methods to prove that the group AT of Greenberg–
Sergiescu is finitely presented as well. On the other hand, weclaim that the procedure
of [33] applies also toT♯ to extend the Burau representation ofB∞ to T♯ .

We should mention that an extensionBV of the larger Thompson groupV by a pure
braid group on infinitely many strands has been recently considered by M Brin and
P Dehornoy ([5, 6, 15, 16]). It constitutes the planar counterpart of the groupB , in
which the Cantor surface is replaced by a disk minus a Cantor set. As a matter of
fact, we have observed thatBV is a subgroup ofB (see [24]). SinceBV is called the
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braided Thompson group, we hope to avoid any confusion by callingT♯ thebraided
Ptolemy–Thompson group, insisting on its relation with the Ptolemy–Thompson group
T (see [41]). The terminology used here forT is expected to stress on its link with
the Penner–Ptolemy groupoid. The groupT♯ is essentially different fromBV (and
B ), being an extension by the whole group of braids, and not only the pure braids.
Moreover, it is known thatH1(BV) = 0, while H1(T♯) is nontrivial (see below).

The bulk of the paper is devoted to the proof of this theorem, with an explicit presen-
tation for T♯ . We follow K Brown’s method (see [8]), based on the Bass–Serre theory.
It consists in building a simply connected 2-dimensional complex on whichT♯ acts
cocompactly with finitely presented stabilizers. The complex is a kind of fibration over
a (conveniently reduced) Hatcher–Thurston complex of the infinite surface. The latter
is a quotient of the Cayley complex of the Ptolemy–Thompson group T .

A similar construction was used in [24] to build up a complex forB , but there,
the problem was rather complicated because of the complexity of the Brown–Stein
complex forV . However, theT♯ -complex has a specific ingredient, which makes it
quite different from theB -complex of [24]: the fiber of the fibration over the Hatcher–
Thurston complex is the Cayley complex of the braid groupB∞ . The trick here is
to use a presentation ofB∞ which exploits the homogeneity of the tree associated to
the infinite surface. It is precisely provided by a general theorem due to V Sergiescu
([44]). The remaining difficulty consists in dealing with countably many relations of
commutations between the braid generators which occur in this presentation.

The construction ofT♯ , as a mapping class group of a punctured infinite surface of
infinite type, can be viewed also as an extension of the Dynnikov three pages repre-
sentations ([18]), where the infinite braid groupB∞ was realized as the commutator
of a finitely presented group. Different versions of this construction are also known
as the braided Houghton groupsHBn, introduced in the (unpublished) thesis [14] of F
Degenhardt (see [11]).

The groupsT∗ and T♯ generalize the diagram picture groups considered by V Guba
and M Sapir ([31]) insofar as these are extensions by infinite permutation groups, rather
than braid groups. Diagram groups are known to have very goodproperties: they are
FP∞ and have solvable conjugacy and word problems. We expect similar results for
the braided Ptolemy–Thompson groups. Farley’s construction ([21]) can be carried on
in this more general setting to show thatT♯ acts on a CAT(0) cubical complex with
braid groups as stabilizers. However, it seems more difficult in this case to obtain a
sub-complex whose quotient has a finite skeleton in each dimension.

The plan of this paper is as follows. We introduce the groupsT♯ andT∗ as asymptoti-
cally rigid mapping class groups of infinitely punctured planar surfaces. We describe
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specific elements of these groups and prove thatT∗ is generated by two elements and
that the extension ofT is split over the smaller Thompson groupF . This permits us
to find the abelianization ofT∗ , to be compared with that ofT♯ later. We include an
explanation of the close relationship between the groupsT♯ andT∗ , which is similar to
how the braid groupBn is related toBn−1, for infinite n. One shows further that both
groups act on the circle by homeomorphisms. The groupsT♯ and T∗ have solvable
word problem, by a suitable extension of Artin’s solution ofthe word problem for
braids. Section 3 is devoted to construct a simply connectedcomplex on whichT♯

acts with finitely presented stabilizers. In section 4 we show how a suitable simply
connected sub-complex inherits a cocompact action. Then Brown’s methods yield
an explicit presentation forT♯ and we sketch the proof of the necessary changes for
obtaining the finite presentability ofT∗ . The last section collects some remarks and
questions.

Acknowledgements.The authors are thankful to D Calegari, P Dehornoy, M Rubin,
V Sergiescu, B Wiest and the referees for comments and usefuldiscussions.

1 Infinite planar surfaces and asymptotic mapping class groups

1.1 Enhanced surfaces of infinite type

The surfaces below will be oriented and all homeomorphisms considered in the sequel
will be orientation-preserving, unless the opposite is explicitly stated. Actions in the
sequel are left actions and the composition of maps is the usual one, namely we start
composing from right to the left.

Definition 1.1 The ribbon treeD is the planar surface obtained by thickening in the
plane the infinite binary tree. We denote byD♯ (respectively,D∗ ) the ribbon tree with
infinitely many punctures, one puncture for each vertex (respectively, each edge) of
the tree. A homeomorphism ofD♯ (respectivelyD∗ ) is a homeomorphism ofD which
permutes the punctures ofD♯ (respectivelyD∗ ).

Definition 1.2 A rigid structureon D, D♯ or D∗ is a decomposition into hexagons by
means of a family of arcs whose endpoints are on the boundary of D. Each hexagon
contains exactly one puncture in its interior in the case ofD♯ , while each arc passes
through a unique puncture in the case ofD∗ . It is assumed that these arcs are pairwise
non-homotopic inD, by homotopies keeping the boundary points of the arcs on the
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Figure 1: D♯ andD∗ and with their canonical rigid structures

boundary ofD. The choice of a rigid structure of reference is called thecanonical
rigid structure. The canonical rigid structure of the ribbon treeD is such that each
arc of this rigid structure crosses once and transversely a unique edge of the tree. The
canonical rigid structures onD♯ and D∗ are assumed to coincide with the canonical
rigid structure ofD when forgetting the punctures. See Figure1.

Notation 1.1 Let ♦ stand for♯ , ∗ or the vacuum. The set of isotopy classes of rigid
structures onD♦ will be denotedR

♦ . The canonical rigid structure ofD♦ will be
denotedr♦ .

1.2 Asymptotic mapping class groups

Definition 1.3 1. Let D♦ denoteD, D♯ or D∗ . A planar subsurface ofD♦ is
admissibleif it is a connected finite union of hexagons belonging to the canonical rigid
structurer

♦ . The frontier of an admissible surface is the union of the arcs contained
in the boundary. The remaining arcs will be calledseparatingarcs.
2. Let ϕ be a homeomorphism ofD♦ . One says thatϕ is asymptotically rigidif the
following conditions are fulfilled:

• There exists an admissible subsurfaceΣ ⊂ D♦ such thatϕ(Σ) is also admissible.

• The complementD♦ − Σ is a union ofn infinite surfaces. Then the restriction
ϕ : D♦ − Σ → D♦ − ϕ(Σ) is rigid, meaning that it respects the canonical rigid
structures in the complements of the compact subsurfaces, mapping hexagons
into hexagons. Such a surfaceΣ is called asupportfor ϕ.

One denotes byT , T♯ and T∗ the group of isotopy classes of asymptotically rigid
homeomorphisms ofD, D♯ andD∗ , respectively.
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Remark 1.2 There exists a cyclic order on the frontier arcs of an admissible subsur-
face induced by the planarity. An asymptotically rigid homeomorphism necessarily
preserves the cyclic order of the frontier for any admissible subsurface.

1.3 Ptolemy–Thompson groupT as a mapping class group

The mapping class groupT is isomorphic to the Thompson group which is commonly
denotedT . This fact has been widely developed in [33] and [24]. We consider the
following elements ofT , defined as mapping classes of asymptotically rigid homeo-
morphisms:

• The support of the elementβ is the central hexagon on the figure below. Further,
β acts as the counterclockwise rotation of order three which permutes the three
branches of the ribbon tree issued from the hexagon.

β

2 3

1

0 1

0

4

4 2

3

In fact, β is globally rigid.

• The support ofα is the union of two adjacent hexagons, one of them being
the support ofβ . Thenα rotates counterclockwise the support of angleπ

2 , by
permuting the four branches of the ribbon tree issued from the support.

4 3

21

α

32

1 4

Note thatα is not globally rigid, butα2 is.

Proposition 1.3 The groupT has the following presentation with generatorsα and
β and relations

α4
= β3

= 1

[βαβ, α2βαβα2] = 1

[βαβ, α2β2α2βαβα2βα2] = 1

(βα)5
= 1
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Proof This result is due to Lochak and Schneps (see [35]), but there is a typo in their
statement, which is corrected above.

Remark 1.4 If we setA = βα2 , B = β2α andC = β2 then we obtain the generators
A, B, C of the groupT , considered in [13]. Then the two commutativity relations above
are equivalent to

[AB−1, A−1BA] = 1, [AB−1, A−2BA2] = 1

The presentation ofT in terms of the generatorsA, B, C consists of the two relations
above with four more relations to be added:

C3
= 1, C = BA−1CB, CA = (A−1CB)2, (A−1CB)(A−1BA) = B(A−2CB2)

Remark 1.5 The subgroup ofT generated by the elementsA andB is the Thompson
groupF , as it is obvious from [13]. Moreover, the groupF has the presentation

F = 〈A, B ; [AB−1, A−1BA] = 1, [AB−1, A−2BA2] = 1〉

Consequently, the inclusionF → T sendsA to A andB to B.

2 The braided Ptolemy–Thompson groupsT♯ and T∗

2.1 T♯ and T∗ as extensions of the Thompson groupT

We write D (respectivelyD♯ and D∗ ) as an ascending union∪nDn, whereD0 is the
support ofβ , andDn+1 is obtained by adding toDn a new hexagon from the canonical
rigid structure, along each arc of the frontier.
Let the symbol♦ denote either♯ or ∗ . The Artin braid groupsB[D♦

n ] associated to
the punctures onD♦

n form an inductive system induced by the inclusionsD♦
n ⊂ D♦

n+1,
whose limit B[D♦] = limn→∞ B[D♦

n ] can be identified with the group of compactly
supported braids onD, where the base points of the strands are the punctures ofD♦ .

Remark 2.1 The groupB[D♦] is isomorphic to the stable braid groupB∞ , where
B∞ is the inductive limit coming from the inclusionsσi ∈ Bn 7→ σi ∈ Bn+1, whereσi

(1 ≤ i ≤ n− 1) denotes a standard Artin generator. This can be proven by observing
first that the embedding ofD♦ into the Euclidean planeP induces an isomorphism of
B[D♦] with the group of isotopy classes of compactly supported homeomorphisms of
the punctured plane. Since the set of punctures is discrete in P, one may construct a
homeomorphism ofP which maps the punctures on the points of coordinates (i, 0),
i ∈ N∗ (after a choice of a framing). By conjugation, this homeomorphism induces an
isomorphism betweenB[D♦] and B∞ .
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Proposition 2.2 Let the symbol♦ denote either♯ or ∗ . We have an exact sequence:

1 → B[D♦] → T♦ → T → 1.

Proof Thompson’s groupT is viewed here as the group of isotopy classes of asymp-
totically rigid homeomorphisms ofD (without punctures) up to isotopy. Thus, the
epimorphismT♦ → T is induced by forgetting the punctures. Now letϕ be an asymp-
totically rigid homeomorphism ofD♦ whose image inT is trivial. This implies that
outside an admissible subsurface,ϕ is isotopic to identity. Without changing the class
of ϕ in T♦ , we may assume that outside this subsurface,ϕ is identity. Therefore,
there exists a compactly supported isotopyϕt among homeomorphisms ofD which
joins ϕ to identity, whose support is an admissible subsurface. Further the class of the
homeomorphismϕ on the punctured support is completely encoded by a braid, and a
picture showing the trajectory of the punctures during the isotopy. Then the class of
ϕ is the image of a braid from a some suitableB[D♦

n ] into T♦ . This means that the
kernel above isB[D♦].

2.2 T∗ is generated by two elements

Thompson’s groups and their generalizations considered byHigman are generated by
two elements ([37]). It is known that mapping class groups of closed surfaces of genus
at least one are also generated by two elements. We will provehere that the same holds
for the groupT∗ .

Specific elements
Let us consider the following elements ofT♯ andT∗ :

• The support of the elementβ∗ of T∗ (respectivelyβ♯ of T♯ ) is the central
hexagon. Furtherβ∗ andβ♯ act as the counterclockwise rotation of order three
which permutes cyclically the punctures. One hasβ∗3

= 1 andβ♯3
= 1.
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• The support of the elementα∗ of T∗ (respectivelyα♯ of T♯ ) is the union of two
adjacent hexagons, one of them being the support ofβ∗ andβ♯ . Thenα∗ (re-
spectivelyα♯ ) rotates counterclockwise the support of angleπ

2 , by keeping fixed
the central puncture (respectively the two punctures of theadjacent hexagons).
One hasα∗4

= 1 while α♯4
= σ2 , whereσ denotes the braid that permutes the

puncture 0 and 3, see Definition2.1below.
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Definition 2.1 Let e be a simple arc inD♯ or D∗ which connects two punctures. We
associate a braidingσe ∈ B∞ to e by considering the homeomorphism that moves
clockwise the punctures at the endpoints of the edgee in a small neighborhood of the
edge, in order to interchange their positions. This means that, if γ is an arc transverse
to e, then the braidingσe movesγ on the left when it approachese. Such a braiding
will be calledpositive, while σ−1

e is negative.
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e

σ
e

Remark 2.3 The subgroup ofT generated byα2 andβ , as well as the subgroup of
T∗ generated byα∗2 and β∗ , are isomorphic toPSL(2, Z), viewed as the group of
orientation-preserving automorphisms of the binary planar tree of the ribbon surface
D. In the same way, the subgroup ofT♯ generated bya = α♯2

σ−1 (which is of order
2) andβ♯ is isomorphic toPSL(2, Z).

Theorem 2.4 T∗ is generated byα∗ andβ∗ .

Proof Let us denote byT′ the subgroup ofT∗ generated byα∗, β∗ .

Lemma 2.5 The restriction toT′ of the projection mapT∗ → T is surjective.

Proof This maps sendsα∗ to α andβ∗ to β . According to Proposition1.3, α andβ

generateT , thus the claim.

Let now ι : B∞ → T∗ be the natural inclusion. SinceT∗ is an extension ofT by B∞ ,
it suffices now to show thatι(B∞) ⊂ T′ . This will be done in two steps. First we
show that a specific braid generator lies inT′ and next we use the conjugation action
to prove that all braid generators lay withinT′ . The first step proceeds as follows.

Lemma 2.6 The braid generatorσ[04] associated to the edge joining the punctures
numbered0 and4 has the image

ι(σ[04]) = (β∗α∗)5

Proof We claim that the action of (β∗α∗)5 on the standard rigid structure of the ribbon
tree is the following one:
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Figure 2: Proof ofι(σ[04]) = (β∗α∗)5
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Figure 3: Tree ofD♯ and Graph ofD∗

This follows from the explicit picture calculations in figure 2. Remark thatβ∗α∗ acts
as an order five rotation whose support is the dashed decagon in the picture.

In particular, the action of (β∗α∗)5 can be identified with the action of the mapping class
σ[04] on rigid structures. Then the action of (β∗α∗)5 coincides with the natural action
of σ[04] ∈ B∞ on the arcs in the punctured surface. In meantime the configuration of
arcs coming from a rigid structure (up to isotopy) uniquely determines the element of
B∞ , and soι((β∗α∗)5) = σ[04] .

The end of the proof is now as follows. For each hexagon ofD∗ , consider the three arcs
which connect the punctures to each other, and intersect only at the punctures. LetE be
the set of all such arcs associated toD∗ . The subgroup ofT∗ generated byα∗2 andβ∗

acts transitively onE as the groupPSL(2, Z). Therefore, for eache∈ E , there exists a
word w in α∗2 andβ∗ such thatw(e[04]) = e. Thenwσ[04]w−1 = σe. Consequently,
eachσe belongs toT′ . Since the groupB∞ is generated by the braidingsσe whene
runs overE , T′ containsι(B∞).

Remark 2.7 The union of all edges ofE is a graph, which is dual to the binary tree (of
D or D♯ ). It will be calledthe graph of D∗ , see Figure3. A general theorem due to V
Sergiescu ([44]) implies thatB∞ is generated by{σe, e∈ E}. The relations holding
between these generators are explicited in [44]. This approach was later generalized
by Birman, Ko and Lee ([4]).
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Proposition 2.8 The exact sequence associated toT∗ is split overF ⊂ T .

Proof We define the sectionF → T∗ by sending the generatorsA and B of F
onto β∗α∗2 andβ∗2α∗ , respectively, which are the same words as those defining the
inclusion intoT . It is worthy to visualize the actions of the two elements, which by
notation abuse we will keep denoting byA andB.
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Now it is not difficult to computeAB−1:
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Observe thatAB−1 acts effectively only on the upper half-plane determined bythe
horizontal line through the puncture labeled 0, whileA−1BA acts effectively only on
the lower half-plane determined by the same line.

Thus these two mapping classes come from homeomorphisms with disjoint supports
and thus they commute withinT∗ . The same holds forAB−1 and A−2BA2. In
particular, the relations which define the groupF are satisfied by the images ofA and
B in T∗ and thus we obtained a section.

2.3 The abelianizationH1(T∗)

Proposition 2.9 The abelianizationH1(T∗) is isomorphic toZ/12Z.

Proof We know thatT∗ fits into an exact sequence:

1 → B∞ → T∗ → T → 1

The groupB∞ is the group of braids associated to the punctures ofD∗ . We will
consider the Sergiescu presentation ofB∞ associated to the graph ofD∗ , see Remark
2.7. Hall’s lemma (see [43]) provides an infinite presentation forT∗ which puts
together the presentations ofT andB∞ .

The relations satisfied by the generatorsα, β of T have the following lifts inT∗ :

α∗4
= β∗3

= 1

[β∗α∗β∗, α∗2β∗α∗β∗α∗2] = 1

[β∗α∗β∗, α∗2β∗2α∗2β∗α∗β∗α∗2β∗α∗2] = 1

(β∗α∗)5
= σ[04]

whereσ[04] is the braid generator considered above (see Lemma2.6). The first two
relations are obvious. The next two are actually expressingthe fact that the defining
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relations in F are satisfied byA = β∗α∗2 and B = β∗2α∗ , and thus represent a
restatement of Proposition2.8. The last relation is that from Lemma2.6.

All relations involving the braids come from Sergiescu’s relations, while the remaining
relations inT∗ are conjugacy relations stating thatB∞ is normal insideT∗ . Thus the
abelianizationH1(T♯) is generated by the classes ofα∗ andβ∗ which are constrained
to be of order 4 and 3, respectively. The claim follows.

The explicit presentation ofT♯ given in the section 4 will show thatH1(T♯) = Z/6Z

and thusT♯ andT∗ are not isomorphic (see corollary4.8).

2.4 T♯ versusT∗

We will show below thatT♯ is related toT∗ in the same way as the braid groupBn

is related toBn−1, for infinite n. Roughly speaking, one obtainsT∗ by considering
the mapping classes ofT♯ associated to those homeomorphisms fixing one specific
puncture ofD♯ , and by viewing them as mapping classes ofD♯ union that puncture.

Specifically, denote byT♯
∗ the subgroup ofT♯ formed by those homeomorphism classes

that keep fixed the pointq labeled 3 in the picture ofD♯ (see figure forβ♯ , §2.2), ie
the center of the hexagon adjacent to and located below the support of β♯ .

Let B∞,1 ⊂ B∞ denote the subgroup of braids that keep fixed the punctureq, and
B∞−1 denote the infinite braid on the punctures ofD♯ ∪ {q}. There is an obvious
projection mapB∞,1 → B∞−1 that consists in deleting the strand overq.

Proposition 2.10 We have a commutative diagram with exact lines and columns:

1 1 1
↓ ↓ ↓

1 → F → B∞,1 → B∞−1 → 1
‖ ↓ ↓

1 → F → T♯
∗ → T∗ → 1

↓ ↓ ↓

1 → T → T → 1
↓ ↓

1 1

whereF is a free group, normally generated byσ2 = α♯ 4 as a subgroup ofT♯
∗ .
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Proof We define a homeomorphismϕ of D♯ ∪ {q} onto D∗ that extends to rigid
structures, as follows. Suppose that the locations of punctures are the same in both
modelsD♯ and D∗ and just the position of the separating arcs in the rigid structures
change.

Each hexagonHi of D♯ contains in its interior the puncture labeledi . Delete the
punctureq and get therefore one hexagonHq containing no puncture, which we call
the empty hexagon. One joins the hexagonHi to the empty one by a geodesic (ie
minimal length) path through adjacent hexagons. In particular, consecutive hexagons
in the path have precisely one edge in common and the sequenceof common edges
has no repetitions. Then each hexagonHi (different from the empty one) has one
distinguished separating arcγi , namely the first term of the sequence of common
edges associated to the path. In other terms,γi is that separating arc ofHi which is
closest to the empty hexagon.

Let δi be a simple arc embedded inHi joining the puncturei to the midpoint ofγi . A
small enough thickening ofδi ∪ γi in D♯ is a curvilinear quadrilateralQi having two
arcs in the boundary ofD♯ and two arcs in the interior ofD♯ . One of the latter is an
arc parallel toγi and the other one is what we callγ−

i . Let γ+
i be an arc inQi which

is parallel toγ−
i and passes through the puncturei . There is a homeomorphismϕi

of Qi , inducing the identity on its boundary, which mapsγi onto γ+
i . Let ϕ be the

homeomorphism ofD which restricts toϕi on eachQi , and is the identity elsewhere.
It may be viewed as a homeomorphism fromD♯ ∪ {q} onto D∗ , which respects the
rigid structures.

Conjugation byϕ induces a surjection at the mapping class groups levelΦ : T♯
∗ → T∗ .

Specifically, if [g] ∈ T♯
∗ , where g is a homeomorphism ofD♯ ∪ {q} and [g] the

associated mapping class, thenΦ([g]) ∈ T∗ is [ϕ ◦ g ◦ ϕ−1].

A standard argument identifies the kernelF of Φ with the fundamental group
π1(D♯ ∪ {q}, q) based atq. In particular,F is an infinitely generated free group and
σ2 ∈ F . Since theT♯

∗ -action on classes of closed loops that encircle a puncture of
D♯ ∪ {q} is transitive, we derive that the normal closure ofσ2 is the fundamental
group π1(D♯ ∪ {q}, q), hence the wholeF , as claimed. The remaining part of the
commutative diagram above follows from this description ofF .

The groupB∞,1 is generated by the braid generatorsσ[a b] with a, b 6= 3, and conjugates
of σ2. Hereσ[a b] is the braid generator associated to the edge whose verticesare labeled
a andb andσ denotesσ[0 3] ∈ T♯ . Thus,
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Φ(σ[a b]) = σ[ϕ(a) ϕ(b)] , Φ(σ2) = 1

Moreover, by direct inspection we find that

Φ(α♯) = α∗, Φ(σβ♯σ−1) = β∗

The close relation between the two groups permits to derive asplitting result similar to
that from Proposition2.8:

Proposition 2.11 The exact sequence associated toT♯ is split overF ⊂ T .

Proof Recall from the proof of Proposition2.8thatF ⊂ T∗ is generated byA = β∗α∗2

andB = β∗2α∗ . We claim now that the map defined by

ι(A) = σβ♯σ−1α♯2
, ι(B) = σβ♯2

σ−1α♯

extends to an injective homomorphismι : F → T♯
∗ ⊂ T♯ which is a section forΦ.

In order to prove it, one can either verify directly by picture computations that the
relations inF are satisfied, or else anticipate the presentation ofT♯ from section 4 and
observe that

ι(AB−1) = β♯α♯β♯, ι(A−1BA) = α♯2
σ−1β♯α♯β♯α♯2

σ−1

ι(A−2BA2) = α♯2
σ−1β♯2

α♯2
σ−1β♯α♯β♯α♯2

σ−1β♯α♯2
σ−1

and thus relations inF correspond to relations (5) and (6) from theorem4.7.

Remark 2.12 It seems that the surjectionT♯
∗ → T∗ is not split, although it is so over

the subgroupsB∞−1 and overF .

2.5 T♯ is a group of homeomorphisms ofS1

Proposition 2.13 Let the symbol♦ denote either♯ or ∗ . There exists an embedding

T♦ → Homeo+(S1)

so thatT♦ acts faithfully on the circle.
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Proof It is known (see [27]) that T can be embedded as the subgroup of piecewise
linear homeomorphisms ofS1 = R/Z which have dyadic break points and dyadic
derivatives (where defined). This implies thatT admits a circular order. Furthermore,
the groupB∞ , as all finite type braid groups, is left orderable (see e.g. [17], Proposition
9.2.7). By using the exact sequence

1 → B∞ → T♦ → T → 1

we define a circular order onT♦ , as follows. Letπ : T♦ → T the projection andx, y, z
be three elements ofT♦ .

(1) If π(x), π(y), π(z) are distinct then their order inT♯ is that of their images inT .

(2) If π(x) = π(y) 6= π(z), thenx−1y ∈ B∞ which is left orderable. Ifx−1y > 1
thenx, y, z are positively oriented, otherwise it is negatively oriented.

(3) If π(x) = π(y) = π(z) then x−1y, x−1z ∈ B∞ . Assume that 1, x−1y, x−1z
are totally ordered using the order inB∞ . Then the correspondingx, y, z are
positively oriented inT♦ .

This yields a circular order onT♦ and thus there exists an embeddingT♦ →֒

Homeo+(S1). From ([12], Theorem 2.2.15) there is a faithfulT♦ -action on S1.
See [12] for more details about circular orders and related questions.

Any circularly ordered groupG has an embeddingG → Homeo+(S1). A construction
due to Ghys and Thurston yields a bounded cocyclee on G which is the pull-back
of the Euler cocycle on Homeo+(S1), and which takes only the values 0 and 1. This
defines an Euler class [e] ∈ H2(G), which is the Euler class of the circular order. It
is known that [e] = 0 only if G is left ordered. Moreover, in the case ofT♦ with its
circular ordered defined above, one knows thatT♦ cannot be left ordered since it has
torsion. This proves that:

Proposition 2.14 The Euler class[eT♦ ] ∈ H2(T♦) is a nontrivial bounded class,
whose restriction toB∞ is trivial.

Moreover, this Euler class could be also described in cohomological terms. SeteT

for the Euler cocycle on the groupT , namely the cocycle inherited from its natural
embedding into Homeo+(S1).

Proposition 2.15 The class[eT♦ ] ∈ H2(T♦, Q) is the pull-backπ∗[eT] by the pro-
jection π : T♦ → T .
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Proof According to a result due to Ghys, Jekel, and Thurston we have

[c] = 2[e]

wherec is the order cocycle defined by Thurston (see [12], Construction 2.3.4) ande
is the Euler cocycle of a circularly ordered group. If the group G acts faithfully on
S1 let us choose a pointa ∈ S1 with trivial stabilizer. Recall thatc is defined (as a
homogeneous cocycle) by means of

c(g0 : g1 : g2) =







1 if (g0(a), g1(a), g2(a)) is positively oriented
−1 if (g0(a), g1(a), g2(a)) is negatively oriented
0 if (g0(a), g1(a), g2(a)) is degenerate

We claim thatπ∗([cT]) = [cT♦ ]. More generally, if p : G → H is a monotone
homomorphism with left orderable kernel between circularly orderable groupsG and
H thenp∗[cH] = [cG].

In fact, we have
cG − p∗cH = ∂w

wherew is the following 1-cocycle (in homogeneous coordinates):

w(g0 : g1) =















0 if p(g0) 6= p(g1)
1 if p(g0) = p(g1) and g−1

0 g1 < 1
−1 if p(g0) = p(g1) and g−1

0 g1 > 1
0 if g0 = g1

This implies thatp∗[eH ] = [eG] up to 2-torsion, as claimed.

2.6 Solution of the word problem

Consider a recursive presentation〈S|R〉 of some groupG, whereS is a generating set
andR the set of relators. A solution to the word problem of the presentation〈S|R〉 of
G consists of an algorithm permitting to decide in a finite amount of steps whether a
given word in the alphabetS represents the trivial element of the groupG, or not. It is
known, that, whenG has a finite presentation, then all finite presentations ofG have
simultaneously solvable or non-solvable word problems andthus one can speak about
the word problem ofG, without making reference to a particular presentation. We
slightly anticipate the results in the next sections showing that T♯ and T∗ are finitely
presented so that the choice of the presentation is irrelevant.
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The aim of this section is to give asemanticsolution of the word problem. This is not a
syntacticsolution, that is a solution that uses only algorithms manipulating the letters
of the alphabetS.

We extend one of the two solutions presented by Artin ([1]) for the word problem of
the braid group. Recall briefly how his solution by representations works: one embeds
first the braid group in the automorphism group of a free groupand further one decides
whether an automorphism of a finitely generated free group istrivial or not, by looking
at images of the generators and solving the word problem for words in the free group.

A considerable improvement of Artin’s algorithm that uses Dehn’s idea (see [42], 1.2) of
encoding laminations (multi-curves) by tuples of integerswas considered by Dynnikov
and Malyutin ([19, 36]). This turned Artin’s solution into a fast and efficient algorithm.
We refer to ([19], page 1106) and ([17], Section 8.3) for a thorough discussion of this
algorithm and related topics. The methods in [19, 36, 17] work well in the case ofT∗ ,
as well.

We refer to [25] for a syntactic solution of the word problem derived from the fact that
T♯ is an asynchronously combable group. However, the following one is considerably
simpler.

Proposition 2.16 The groupsT♯ andT∗ have solvable word problem.

Proof The proofs forT♯ and T∗ being the same, we only consider the case ofT∗ .
Consider a wordw in the free group generated by the lettersα∗, β∗ , of length|w| = n.
Our aim is to find an algorithm to decide whether the element represented byw in T∗

is trivial or not. When this is the case we writew =
T∗

1. One denotes by [w] the class
of the wordw, as an element ofT∗ .

The main idea is that an element ofT∗ is determined by its action on the fundamental
group of a punctured disk whose size is bounded by the size of the element.

Recall that we denoted byD∗
0 the support ofβ∗ (the central hexagon) and thatD∗

n+1
is the result of adding a new hexagon along each boundary component ofD∗

n . Thus
D∗

n consists of 3· 2n − 2 hexagons and thus having 3· 2n+1 − 3 punctures and 3· 2n

boundary separating arcs. We will say that the boundary hexagons ofD∗
n – ie those

which do not belong toD∗
n−1 – are at distancen from D∗

0 . The distance between
hexagons is that between the vertices of the dual tree.

Lemma 2.17 If |w| = n then the support of[w] is contained inD∗
n . This means that

there exists an admissible subsurfaceΣ ⊂ D∗
n such that[w](Σ) is also admissible and

[w] : D∗ − Σ → D∗ − [w](Σ) is rigid. Moreover,[w](Σ) ⊂ D∗
n .

Geometry &Topology XX (20XX)



Braided Ptolemy–Thompson group 1021

Proof First, we haveβ∗m(D∗
n) = D∗

n andα∗m(D∗
n) ⊂ D∗

n+1 for anym. Recall thatα∗

andβ∗ are of finite order.

The claim holds trivially forn = 1. We use induction onn. Thus, if |w| = n and [w]
has supportΣ as claimed, then [β∗mw] has supportΣ ∪ β∗−m(Σ) ⊂ D∗

n . Moreover,
[α∗mw] has supportΣ ∪ α∗−m(Σ) ⊂ D∗

n+1. The same argument works for [w](Σ).
This completes the induction step.

Remark 2.18 Actually, we proved that the support of [w] is contained inD∗
k , where

k is bounded from above by the number of distinct factorsα∗m, β∗m in the wordw.

First solution, of algebraic nature. Consider now the associated wordw(α, β)
obtained fromw by replacingα∗, β∗ by α, β , respectively. Thenw(α, β) is a word
representing the image of [w] in the groupT .

The groupT is finitely presented and simple. Therefore, by a well-knownresult, T
has solvable word problem. Thus there exists an algorithm which decides whether
w(α, β) =T 1, as we shall assume from now on. Then, [w] ∈ B∞ ⊂ T♯ and Lemma
2.17implies that [w] ∈ B(D∗

n) ⊂ B∞ , whereB(D∗
n) is the braid group of theD∗

n . Thus
it suffices to decide whether the image ofw is trivial in B(D∗

n), since [w] is rigid on
the complement ofD∗

n and thus the identity. Notice however, thatw is not given as a
word in the generators of the braid group, but as a word inα∗, β∗ .

Fix a base point∗ in D∗
n ⊂ D∗ and choose lifts of the mapping classesα∗, β∗ which

preserve this base point. Thenα∗, β∗ induce endomorphisms of free groups

α∗[2n] : π1(D∗
2n) → π1(D∗

2n)

by settingα∗[2n]([γ]) = 1 if the image ofγ is not contained withinD∗
2n (and similarly

for β∗[2n]). Define further w[2n](γ) = w1[2n](w2[2n](· · · (wn[2n](γ))...). These
endomorphisms are well-defined only up to inner automorphisms of the free group.
Consider now a system of free generatorsγ1, . . . , γN for π1(D∗

n). It follows from
Lemma2.17that the action of [w] ∈ T∗ on theγj is [w](γj) = w[2n](γj ). In particular,
the element [w] is trivial if and only if the outer endomorphismw[2n] is trivial. Thus
we have to check whether there existsc ∈ π1(D∗

n) such that

(w[2n](γj ))1≤j≤N =
π1(D∗

n )
(cγjc

−1)1≤j≤N

This is equivalent to solving the generalized conjugacy problem in the free group
π1(D∗

n). Now, the generalized conjugacy problem is algorithmically solvable for such
a group. This holds more generally for biautomatic groups, as it follows immediately
from the solution of the usual conjugacy problem (see [20] Theorem 2.57 page 59, and
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[26]). This holds true also for groups satisfying the small cancellation conditions C(6),
C(4)− T(4), C(3)− T(6) (see [2]).

Second (improved) solution, using laminations.The main idea is to use the fact that
T∗ acts as a mapping class group by identifying its action at thelevel of laminations.

Assume that the punctures are labeled and thus identified with a fixed setP . The
mapping classesα∗ andβ∗ induce then (infinite) permutationsτα andτβ of P .

We consider below the set∆ consisting of arcs ofD∗ and obtained from the canonical
rigid structure by adding copies of each punctured arc on both sides of it, as in the
figure below:
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Denote by∆n andPn the restriction of∆ andP to the diskD∗
n . In particular we have

a natural bijection identification of the set of components of ∆n andPn×Pn×Pn×Pn.

We consider now a coordinates system encoding the setC(D∗
n) of isotopy classes of

simple closed loops onD∗
n by means of integral vectors. Specifically, forX ∈ C(D∗

n)
one sets

λ(X) =
(

min |γ ∩ X|
)

γ∈∆n
∈ Z∆n =

(

Z4)Pn

where | | denotes the cardinal,γ denotes the arcs of∆n and the minimum is taken
over all isotopies keeping the extremities fixed and the intersections transverse.

There is an extension to decorated integral laminations ([17], Section 8.4) onD∗
n ,

namely to tuples of disjoint simple closed curves endowed with a labeling, and consid-
ered up to isotopy. IfX is a decorated integral lamination consisting of the curvesXi

with multiplicity mi and set of labelsi ∈ J, then

λ(X) = (miλ(Xi))i∈J ∈
⊕

i∈J

(

Z4)Pn

It is well-known thatλ is an embedding and its image is constrained to satisfy the
triangle inequalities for the three integers associated tothe edges of each hexagon of
∆n while their sums are even integers.
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Let Fn denote the decorated integral lamination consisting of theset of disjoint simple
loopsFn(j) encircling the punctures labeledj , for j ∈ Pn. It is immediate that

λ(Fn) =
⊕

j∈Pn

0⊕ (1, 1, 0, 0) ⊕ 0 ∈
⊕

j∈Pn

(

Z4)Pn

The endomorphismβ∗
n . Define further two endomorphisms ofZ∆n , corresponding

to the actions ofα∗ andβ∗ . Recall thatβ∗ induces a permutation ofP keepingPn

invariant. It makes sense therefore to define

β∗
n : Z∆n =

(

Z4)Pn
→

(

Z4)Pn
= Z∆n

by setting

β∗
n(⊕j∈Pnvj) = ⊕j∈Pnvτ−1

β
j ∈

(

Z4)Pn

wherevj ∈ Z4 are the 4-dimensional vector components of an element inZ∆n indexed
by the samej ∈ Pn.

The endomorphismα∗
n . Furtherα∗ also induces a permutation ofP but Pn is not

anymoreτα -invariant. Recall that one labeled by 0 the central puncture of the support
for α∗ . Define then

α∗
n : Z∆n =

(

Z4)Pn
→

(

Z4)Pn
= Z∆n

by

α∗
n(⊕j∈Pnvj) = ⊕j∈Pnwj ∈

(

Z4)Pn
, with vj , wj ∈ Z4

and

wj =











v
τ−1
α (j) if j ∈ Pn − {0} andτ−1

α (j) ∈ Pn

0 if j ∈ Pn − {0} andτ−1
α (j) 6∈ Pn

φ(v0, v1, v2, v3, v4) if j = 0

where the functionφ is given below. Each vector component ofλ(X) is a way to
ascribe an integer to every arc of∆n. The componentv0 corresponds then to the
integers associated to the four arcs near the puncture 0. Itsimage w0 will depend
actually on (some of) the integers associated to the nearby punctures, namely on
v1, v2, v3 andv4. Then we set

φ(v0, v1, v2, v3, v4) = (E′, F′, G′, H′) ∈ Z4

where v0 = (E, F, G, H), v1 = (∗, ∗, ∗, A), v2 = (∗, ∗, ∗, B), v3 = (∗, ∗, ∗, C) and
v4 = (∗, ∗, ∗, D) and

F′
= max(E + C, B + F) − G

E′
= max(E + D, A + F) − H
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G′
= max(A+E+C+H, A+B+F+H, B+E+G+H, A+B+F+G)− (E+G+H)

H′
= max(A+C+F+G, C+D+E+G, C+D+E+H, B+D+F+H)−(F+G+H)

A more intuitive definition ofφ is given in the picture below, where we figured out
only those labels (of components of∆n) on which the value ofφ actually depends:
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B

H’
E’ F’

G’

A D

B C

E F
H

G

φ

Consider now the wordw = w(α∗, β∗) in the free group with generatorsα∗ andβ∗ .
Denote byw(α∗

n, β
∗
n) the result of substitution of the letters above by the letters α∗

n and
β∗

n . Thenw(α∗
n, β

∗
n) is an explicit product of endomorphisms ofZ∆n .

Proposition 2.19 The wordw = w(α∗, β∗) of lengthn represents the trivial element
in T∗ if and only if

λ(Fn) =
⊕

j∈Pn

Projn ◦ w(α∗
2n, β

∗
2n)(λ(Fn(j))

whereProjn : Z∆2n → Z∆n is the projection annihilating all basis elements from∆2n

which are not in∆n.

Proof It suffices to see that the action of [w] on the setC(D∗
n) of isotopy classes of

simple closed curves can be described completely in the coordinates system above by
the formula on the right hand side.

Lemma 2.20 For each isotopy classX ∈ C(D∗
n) andw = w(α∗, β∗) word of lengthn

we have
λ([w]X) = Projn ◦ w(α∗

2n, β
∗
2n)(λ(X))

where[w]X denotes the image ofX by the mapping class[w] ∈ T∗ .

Proof Lemma2.17 shows that the mapping class [w] sends a (class of a) curve in
C(D∗

n) into C(D∗
2n). Therefore one can discard all components outside∆2n. The

formula above holds forw = β∗ by the very definition ofβ∗
n . The action ofα∗
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is decomposed into elementary flips:
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FF
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The action of an elementary flip in the coordinates above is well-known (see [22, 19,
42, 36, 17]):

C

B

D

A

B

C

D

A Z Z’

where:
Z′

= max(A + C, B + D) − Z

This ends the proof of the lemma.

Further, assume that the equation in Proposition2.19 holds. Then the permutation
induced by [w] at the level of punctures ofD∗

2n is trivial. By rigidity of the action
outsideD∗

2n it follows that the image ofw in T is the identity element. This is precisely
the place where the decoration of the integral lamination isuseful. In particular, the
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element [w] of T∗ should belong to the subgroup of braidsB(D∗
n). However it is known

that the action of a braid is completely determined by the image of a system of generators
for the fundamental group, in particular the image ofFn. The equality of coordinates
shows that the element [w] acts trivially as automorphism of the fundamental group of
D∗

n and it represents therefore the identity inT∗ .

Remark 2.21 The formulas above express the action ofT∗ on the space of decorated
integral laminations and thus on the boundary of the Teichmüller space ofD∗ . Notice
that this is the tropicalization of the formula expressing the action on the Teichm̈uller
space itself in Penner’s lambda coordinates.

Thus Proposition2.19 furnishes an efficient algorithm for checking whether a given
word represents the trivial element ofT∗ or not.

Remark 2.22 The complexity of this algorithm is exponential, because the size ofPn

is exponential.

Remark 2.23 The solvability of the word problem is a strong indication that the group
has nice properties from algorithmic viewpoint. Notice however that the lamplighter
group (the wreath product ofZ/2Z andZ) is an infinitely presented 2-generator groups
which has solvable word and conjugation problems (see [38]). Thus the result above
does not imply thatT∗ is finitely presented.

3 The complexC+(T♯)

The remainder of the article is devoted to the proof thatT♯ is finitely presented, by
constructing a simply connected cellular complexC(T♯) on whichT♯ acts cocompactly.
Each orbit of 2-cells of this complex will thus correspond toa relation inT♯ . This will
enable us to provide an explicit presentation forT♯ . We first introduce an auxiliary
complexC+(T♯), whose simple connectivity is not too difficult to prove, but which is
not finite moduloT♯ . The complexC(T♯) will be a subcomplex ofC+(T♯). We shall
finally explain how an analogous construction applies toT∗ .

3.1 Vertices and Edges

The complexC+(T♯) is a 2-dimensional cellular complex, whose vertices correspond to
the elements ofR♯ (see Notation1.1). The (unoriented) edges correspond to “moves”
of two types:
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γ ’

Figure 4: Definition of the A-move

(1) Associativity move, orA-move:

Let r be a rigid structure, andγ an arc ofr which separates two hexagons, sayH1

andH2. Let γ1 (respectivelyγ2) be the side ofH1 (respectivelyH2) contained
in the boundary ofD♯ , and disjoint fromγ . Choose two pointsp1 ∈ γ1 and
p2 ∈ γ2. Define the simple arcγ0, which first connectsp1 to the puncture of
H1 (remaining insideH1), next connects the puncture ofH1 to the puncture of
H2, crossing once and transversely the arcγ , and finally connects the puncture
of H2 to p2 (remaining insideH2). Define an arc by deformingγ0 around the
two punctures, in such a way that it avoids them and separatesthem. There are
exactly two isotopy classes of such arcs, sayγ′ andγ′′ , with free extremitiesp1

andp2 (see Figure4).
One says that the rigid structuresr

′ and r
′′ , obtained fromr by only changing

γ into γ′ or γ′′ , respectively, are obtained fromr by anA-move onγ . A pair
as{γ, γ′} or {γ, γ′′} determines anedge of type Aof C+(T♯). Note that there
exist exactly twoA-moves onγ .

(2) Braiding move, orBr-move:
Let r be a rigid structure, andγ an arc ofr which separates two hexagons, say
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Figure 5: Definition of theBr -move

H1 andH2. Let eγ be a simple arc connectingq1 to q2 (the punctures ofH1 and
H2, respectively), crossingγ once and transversely, and contained inH1 ∪ H2.
Such an arc is uniquely defined, up to isotopy (fixingq1 et q2). Let σ be the
positive braid determined byeγ , which permutesq1 andq2 (see Definition2.1).
Let γ′ = σ(γ) be the image ofγ by σ , andγ′′ = σ−1(γ) (see Figure5).

One says that the rigid structuresr
′ and r

′′ , obtained fromr by only changing
γ into γ′ or γ′′ , respectively, are obtained fromr by a Br-move onγ . A pair
as{γ, γ′} or {γ, γ′′} determines anedge of type Brof C+(T♯). Note that there
exist exactly twoBr-moves onγ .

Definition 3.1 The treeTr of a rigid structurer of D♯ is the planar tree whose vertices
are the punctures ofD♯ and whose edges are the arcseγ as above, for every arcγ of r.

Note thatT
r
♯ is the tree ofD♯ .

Remark 3.1 (Orientation of the edges of typeBr) Say that an edgeγ
Br
−→ γ′ is

positively oriented ifγ′ turns on the left when it approaches the arceγ . This means
that the braidingσ (on the puncturesq1 and q2) such thatγ′ = σ(γ), is positive.
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α

A

−1
v σ

Figure 6: CycleAA = Br

From now on, a positive braiding will always be denoted by a letter without negative
exponent, such asσ , σ1, etc., whileσ−1, σ−1

1 , etc., will refer to negative braidings. On

Figure5, the edgeγ
Br
→ γ′ is positively oriented, while the edgeγ

Br
→ γ′′ is negatively

oriented.

On the contrary, there is no canonical orientation for the edges of typeA.

From now on we will keep denotingα and β for α♯ and β♯ in the pictures below,
when we have to figure out the action ofT♯ on C+(T♯).

3.2 2-cells

The 2-cells ofC+(T♯) are of the following types:

1. CellsAA = Br .

Let r be a rigid structure, andγ an arc ofr. As we have seen above, there are two
edges of typeA, connectingr to r

′ andr
′′ . The verticesr′ andr

′′ are connected by an
edge of typeBr . Thus, one fills in the cycle of three edgesA, A and Br , by a 2-cell,
which is said oftype AA= Br (see Figure6).
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Figure 7: Cycle of typeDC1

2. Cells of commutation ofA-moves,A1A2 = A2A1.

Let r be a rigid structure, andH1, H2, H′
1 andH′

2 be four distinct hexagons ofr, such
that H1 and H2 (respectivelyH′

1 and H′
2) share a common sideγ (respectivelyγ′ ).

The commutation of the twoA-moves, alongγ andγ′ , respectively, generates a square
cycle. The point (to be elucidated in Proposition3.7) is that we only need to fill in the
squares of two special types:

• Cells DC1: H2 andH′
1 share a common side, see Figure7.

• Cells DC2: H2 andH′
1 are separated by a hexagonH0, see Figure8.

3. Pentagonal cells.

Let r be a rigid structure, andH1, H2 and H3 be three hexagons ofr, such thatH1

andH2 are adjacent along a sideγ , andH3 andH2 are adjacent along a sideδ . There
is a cycle of fiveA-moves, which only involves the arcsγ andδ of r, see Figure9. It
is filled in, producing a 2-cell ofpentagonal type.

4. Cells coming from the presentation of the braid group.

Recall that there is a general theorem of V Sergiescu ([44]) which can be used to
provide a presentation forB∞ with generators the positive braidings along the edges
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of the tree ofD♯ or the treeTr of any rigid structurer. Let r be a rigid structure, and
Tr be its tree.

a) Hexagonal cells. Lete1 ande2 be two edges ofTr, which are incident to a puncturep.
Let σ1 andσ2 be the braidings alonge1 ande2, respectively. Thenσ1σ2σ1 = σ2σ1σ2.
Let Br1 andBr2 denote the braiding moves, corresponding toσ1 andσ2, respectively.
In terms ofBr-moves, the braid relation becomes

Br2Br1Br2 = Br1Br2Br1,

and one adds a 2-cell to fill in the cycle of those 6 braiding moves.

b) Octagonal cells. Lete1 , e2 and e3 be the three edges which are incident to a
puncture p. Suppose that their enumeration respects the cyclic counterclockwise
orientation of the planar surface aroundp. Using notations as in a), one has the
relationσ1σ2σ3σ1 = σ2σ3σ1σ2 = σ3σ1σ2σ3. In terms ofBr-moves, this gives

Br3Br2Br1Br3 = Br2Br1Br3Br2 = Br1Br3Br2Br1,

and one adds 2-cells to fill in the corresponding cycles of 8 braidings.
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Figure 9: Pentagonal cycle
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Figure 10: CommutationBr1Br2 = Br2Br1 of level 6

c) Squares. Lete1 ande2 two disjoint edges. Thenσ1σ2 = σ2σ1. In terms of braiding
moves, this gives

Br1Br2 = Br2Br1,

and one adds a 2-cell to fill in this square cycle.

5. Cells of commutation ofA-moves withBr-moves.

Let r be a rigid structure. AnA-move along an arcγ commutes with aBr-move along
an edgee of Tr if γ ande are disjoint. Thus, there is a square cycle of the form

ABr = BrA

which one fills in by a 2-cell.

We note that the minimum level (see the definition below) for such a cell is 5, see
Figure13.

Definition 3.2 Let ω be a 2-cell, andr a vertex of the boundary cycle∂ω . The
vertices of∂ω differ from r by a finite number of arcsγ . The support ofω is the
minimal connected subsurface ofD♯ which is a union of hexagons ofr and contains
all the arcsγ . The level of the 2-cellω is the number of arcs ofr which belong to the
boundary of the support ofω .

The description ofC+(T♯) is now complete, and the following is obvious:
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Figure 12: Second commutationBr1Br2 = Br2Br1 of level 7
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Proposition 3.2 The complexC+(T♯) is a T♯ -complex.

3.3 Connectivity of C+(T♯)

We first recall a useful lemma of algebraic topology ([3], Proposition 6.2, see also a
variant of it in [23]), which we have used already in [24].

Lemma 3.3 Let M and C be two CW-complexes of dimension2, with oriented
edges, andf : M(1) → C(1) be a cellular map between their 1-skeletons, which is
surjective on0-cells and1-cells. Suppose that:

(1) C is connected and simply connected;

(2) For each vertexc of C , f−1(c) is connected and simply connected;

(3) Let c1
e

−→ c2 be an oriented edge ofC , and letm′
1

e′
−→ m′

2 and m′′
1

e′′
−→ m′′

2

be two lifts in M. Then we can find two pathsm′
1

p1
−→ m′′

1 in f−1(c1) and

m′
2

p2
−→ m′′

2 in f−1(c2) such that the loop
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m′
1

e′
−→ m′

2
p1 ↓ ↓ p2

m′′
1

e′′
−→ m′′

2

is contractible inM;

(4) For any2-cell X of C , its boundary∂X can be lifted to a contractible loop of
M.

ThenM is connected and simply connected.

Recall thatD is the surfaceD♯ viewed without its punctures. We will use Lemma3.3
to study a certain cellular mapf : C+(T♯) → HT red(D).

Definition 3.3 The reduced Hatcher–Thurston complexHT red(D) is a 2-dimensional
cellular complex whose vertices are the rigid structures ofD, whose edges correspond
to A-moves, and whose 2-cells are of three types:DC1, DC2, and pentagonal cells. The
definition of theA-move inHT red(D) is deduced from the definition of theA-move
in C+(T♯) by forgetting the punctures.

Note that, ifγ is an arc of a rigid structure ofD, there is a uniqueA-move onγ .

Remark 3.4 (1) If Σ0,∞ is the surface without boundary obtained by gluing along
their boundaries two copies ofD with opposite orientations, thenHT red(D) is
a subcomplex of thereduced Hatcher–Thurston complexHT red(Σ0,∞) of the
surfaceΣ0,∞ , as it appears in [24], Definition 5.2. The argument used in [24]
to prove thatHT red(Σ0,∞) is connected and simply connected actually reduces
to proving thatHT red(D) is connected and simply connected. The point of that
proof (see Proposition 5.5 in [24]) is that there is a surjection of the Cayley
complex of Thompson’s groupT , for the presentation with generatorsα andβ ,
onto the complexHT red(D). This is essentially used to show that the square
cycles generated by the commutations of any two A-moves are filled in by 2-cells
of typesDC1, DC2, and by pentagons.

(2) The complexHT red(D) is a T -complex, andHT red(D)/T has one vertex, one
edge, and three 2-cells: the two squaresDC1 andDC2, and the pentagon.

The following is obvious:
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Proposition 3.5 There is a well defined cellular map

f : C+(T♯) → HT red(D),

which is induced by forgetting the punctures. The mapf is (T♯, T)-equivariant.

Definition 3.4 The T♯ -type of a 2-cellω of C+(T♯) is its image inC+(T♯)/T♯ . The
T -type of ω is f (ω) mod T in HT red(D)/T .

Proposition 3.6 There is exactly oneT -type of 2-cellsDC1, one T -type of 2-cells
DC2, and oneT -type of pentagonal 2-cells. EachT -type of 2-cell corresponds to
finitely many differentT♯ -types. In other words, ifω is a 2-cell inHT red(D), then the
set of 2-cells inC+(T♯) which are the preimages ofω by f is finite moduloT♯ .

Proof The first assertion was already mentioned in Remark3.4, 2. The second is
related to the fact that an edge of typeA in HT red(D) admits two lifts inC+(T♯) with
the same origin (see Figure6). Therefore, a 2-cell inHT red(D) bounded by a cycle of
n edges admitsat most2n−1 lifts in C+(T♯) based at the same origin.

Proposition 3.7 The complexC+(T♯) is connected and simply connected.

Proof Let us apply Lemma3.3 to the mapf . Condition1 is fulfilled. The preimage
by f of a vertexr of HT red(D♯) is isomorphic to the Cayley complex of the group
B∞ , for the presentation of Sergiescu associated to the treeTr of r. Consequently, it
is connected and simply connected, and condition2 of Lemma3.3is fulfilled.

Let us examine condition3. The edgese′ ande′′ are of typeA. Sincem′
1 (respectively

m′
2) is connected tom′′

1 (respectivelym′′
2 ) by a sequence of edges of typeBr , it suffices

to consider the case whenp1 is an edge of typeBr . But this forcesp2 either to be
trivial (the loop p1e′′e′−1 bounds a 2-cellAA = Br) or to be an edge of typeBr (the
loop e′p2e′′−1p−1

1 bounds a 2-cellABr = BrA).

Condition4 is obviously fulfilled, by definition ofC+(T♯). To conclude,C+(T♯) is
connected and simply connected.
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4 The reduced complexC(T♯) and a presentation forT♯

4.1 Simple connectivity ofC(T♯)

Definition 4.1 The reduced complexC(T♯) is the subcomplex ofC+(T♯) which has
the same 1-skeleton asC+(T♯). The 2-cells are of the following types:

(1) AA = Br (Figure6), DC1 of Figure7, DC2 of Figure8, pentagon of Figure9;

(2) ABr = BrA of level 5 of Figure13, level 6 of Figure15, and level 7 of Figures
18 and19;

(3) Br1Br2 = Br2Br1 coming from the commutation of certain braidings with
disjoint supports: cells of level 6 of theT♯ -type of Figure10, and cells of level
7 theT♯ -type of Figure11 and of theT♯ -type of Figure12);

(4) cells coming from the braid group:Br1Br2Br2 = Br2Br1Br2 (subsection3.2,
4.a) andBr3Br2Br1Br3 = Br2Br1Br3Br2 = Br1Br3Br2Br1 (subsection3.2, 4.b).

The point is thatC(T♯), contrary toC+(T♯), contains finitely manyT♯ -types of cells
ABr = BrA and Br1Br2 = Br2Br1. It follows that the quotientC(T♯)/T♯ is finite.
Moreover:

Proposition 4.1 The complexC(T♯) is connected and simply connected.

Proof SinceC+(T♯) is connected and has the same 1-skeleton asC(T♯), the latter
is connected as well. To prove the simple connectivity ofC(T♯) from the simple
connectivity ofC+(T♯), it suffices to check that the cycles bounding the 2-cells which
belong toC+(T♯) but not toC(T♯) may be filled in by some combinations of 2-cells of
C(T♯) only.

Note first that for each of the threeT -types (DC1, DC2 or pentagon), we have selected
a uniqueT♯ -type of lift in C(T♯) (compare with Proposition3.6). However:

Lemma 4.2 Let ω be any 2-cell ofC+(T♯) of T -type DC1, DC2, or of pentagonal
T -type. Then∂ω is filled in by 2-cells which belong toC(T♯), hence is homotopically
trivial in C(T♯).

Proof Let us introduce the following terminology. Suppose that the boundary of a
2-cell ω′ is filled in by some 2-cellsω , ω1, . . . , ωn. Then we will say thatω′ is
equivalent toω moduloω1, . . . , ωn.
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Figure 14: Relation between two inequivalent cycles of typeDC1

• Let us consider theT♯ -types of cells ofT -type DC1. The onlyT♯ -type which
belongs toC(T♯) is that of Figure7. Yet, one would obtain anotherT♯ -type
by changing the lift of the horizontal or of the vertical edge(based at the same
top left corner of the square). The symmetry of the square makes it sufficient
to restrict to the horizontal edge case. Thus, anotherT♯ -type is represented in
Figure14: it is the large cell which is filled in by one cellDC1 (of Figure7),
two cells of typeAA = Br , and one cellABr = BrA of level 6 (the small square
of Figure15). The point is that all of them belong toC(T♯), so that the boundary
of the large cell is homotopically trivial inC(T♯).
Note that anotherT♯ -type would be obtained by changing the vertical edge of
the large cell of Figure14. But we would prove, by the same puzzle game as

Geometry &Topology XX (20XX)



1040 L Funar and C Kapoudjian
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Figure 15: Relation between two inequivalent cyclesABr = BrA of level 6
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above, that its boundary is homotopically trivial inC(T♯). However, there is a
subtlety here: the pieceABr = BrA of level 6 we would use is notT♯ -equivalent
to that used above (ie the small square of Figure15). This inequivalent piece
ABr = BrA is the large square that is represented in Figure15. But the same
figure shows that the latter is equivalent to the cellABr = BrA (belonging to
C(T♯)), modulo some cells which all belong toC(T♯). Indeed, the large square
is filled in by the small pieceABr = BrA, two cells AA = Br and one cell
Br1Br2 = Br2Br1 of level 6. All of them do belong toC(T♯).

• Let us now consider theT♯ -types of cells ofT -type DC2. The only T♯ -type
which belongs toC(T♯) is that of Figure8. One would obtain differentT♯ -types
by changing the lift of the horizontal edge (see the large cell of Figure 16) or
of the vertical edge (see the large cell of Figure17). Using cells of typeDC2

of Figure8, of type AA = Br and of typeABr = BrA of level 7 (of Figure18
and Figure19) as puzzle pieces (which all belong toC(T♯)), one proves that the
large cells of Figures16 and17 are equivalent to the small ones modulo cells
which are inC(T♯).
Note that one could obtain otherT♯ -types of cells ofT -type DC2 by changing
both the horizontal and the vertical edges. The piecesABr = BrA of level 7 we
would need might not beT♯ -equivalent to those of Figure18and Figure19, but
equivalent to the latter modulo cellsAA = Br andBr1Br2 = Br2Br1 of level 7
(Figures11 and12).

• Let us finally consider theT♯ -types of cells of pentagonalT -type. The only
T♯ -type which belongs toC(T♯) is that of Figure9. The other ones (see the large
pentagonal cell of Figure20) are equivalent to it modulo cells of typeAA = Br
and of typeABr = BrA of level 5 (of Figure13), which all belong toC(T♯).

The second lemma to prove is:

Lemma 4.3 Each square cycle of the form “A1A2 = A2A1” in the 1-skeleton of
C+(T♯) or C(T♯), resulting from by the commutation of twoA-moves along disjoint
arcs of a rigid structure, may be filled in by 2-cells ofC+(T♯), of T -typeDC1, DC2, or
of pentagonalT -type. Therefore, by Lemma4.2, it may be filled in by 2-cells which
all belong toC(T♯), hence is homotopically trivial inC(T♯).

Proof Let γ denote the square cycleA1A2 = A2A1 in C+(T♯) or C(T♯). In [24], it is
proved that the squaref (γ) in HT red(D) may be filled in by 2-cells (DC1, DC2 and
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Figure 16: Relation between two inequivalent cycles of typeDC2
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Figure 20: Relation between two inequivalent pentagonal cycles
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pentagons). Let us enumerate them byω1, . . . ωn in such a way thatωi andωi+1 (for
i = 1, . . . , n − 1) are adjacent along an edge, as well asωn and ω1. Following this
enumeration, one may lift eachωi to a 2-cell ˜ωi of C+(T♯), in such a way that then
lifts fill in the cycle γ .

The third and last lemma is:

Lemma 4.4 The square cyclesBr1Br2 = Br2Br1 and ABr = BrA, bounding the
2-cells ofC+(T♯) which arenot in C(T♯), are filled in by some of 2-cells belonging to
C(T♯). Hence they are homotopically trivial inC(T♯).

Proof The key point is that aBr-move may be seen as the composite of twoA-moves
(“ AA = Br”), so that each relation of commutation involvingBr-moves reduces to
relations involvingA-moves. Figure21shows how the square cyclesBr1Br2 = Br2Br1

are filled in by 4 squaresA1A2 = A2A1 and four trianglesAA = Br . Since each square
A1A2 = A2A1 is filled in by cells belonging toC(T♯) by Lemma4.3, this proves our
claim. Similarly, Figure22shows how the square cyclesABr = BrA are filled in by 2
cells of typeAA = Br and 2 squaresA1A2 = A2A1.

Since the complement ofC(T♯) in C+(T♯) is a union of cellsBr1Br2 = Br2Br1 and
ABr = BrA, the last Lemma implies that the inclusionC(T♯) ⊂ C+(T♯) induces an
isomorphism at theπ1 level. This ends the proof of Proposition4.1.

Theorem 4.5 The groupT♯ is finitely presented.

Proof The group T♯ acts cocompactly on the simply connected complexC(T♯).
The stabilizers of the vertices are all isomorphic toPSL(2, Z). Indeed, since all
vertices are equivalent moduloT♯ , it suffices to consider the case of the canonical rigid
structurev = r

♯ . Clearly, the stabilizer ofr♯ is also the group of orientation-preserving
automorphisms of the tree ofD♯ . It is isomorphic toPSL(2, Z) (see also Remark2.3).

We claim that the stabilizers of the edges are isomorphic toZ/2Z. Indeed, there are
two distinct classes of edges (moduloT♯ ), which may be represented by two edgese1

ande2 , based at the same originv. The edgee1 corresponds to anA-move on an arc of
referenceγ , while e2 corresponds to aBr-move on the same arcγ . We may assume
that the mapping classα♯ ∈ T♯ of 2.2has been chosen such that the terminal vertex of
e1 is α♯(v). Recall that it is a rigid rotation of order 4 outsideH1 ∪ H2, but it fixesq1

andq2 insideH1 ∪ H2, see Figure23.
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Figure 21: A cycleBr1Br2 = Br2Br1 is filled in by cells of typesA1A2 = A2A1 andAA = Br
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Figure 22: A cycleABr = BrA is filled in by cells of typesA1A2 = A2A1 andAA = Br

We denote byσ ∈ B∞ ⊂ T♯ the positive braiding on the arcγ . It permutesq1 andq2

and is such thatσ(v) is the terminal vertex ofe2, see Figure23.

One first checks that there is no element ofT♯ that reverses the orientation of the edges
e1 or e2 . Thus, the stabilizersT♯

e1 of e1 andT♯
e2 of e2 are subgroups of the stabilizer

of v. In fact, T♯
e1 = T♯

e2 , generated by the elementa ∈ PSL(2, Z) of order 2, which
is rigid rotation of angleπ that interchanges the hexagonsH1 and H2 and preserves
the arcγ (reversing its orientation). We shall see below thata = σ−1α♯2

= α♯2
σ−1

(beware thatα♯2
is not of order 2!).

Since the stabilizers of the vertices are finitely presentedand the stabilizers of the edges
are finitely generated, Theorem 1 of [8] asserts thatT♯ is finitely presented.

Remark 4.6 The stabilizerT♯
v of v admits the following presentation:

T♯
v = 〈a, β♯ |a2

= β♯3
= 1〉 ∼= PSL(2, Z).
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4.2 A presentation for T♯

4.2.1 Statement of the theorem

Theorem 4.7 The groupT♯ admits a finite presentation, with three generatorsα♯ , β♯

andσ , and the following relations:

(1) α♯σ = σα♯

(2) α♯4
= σ2

(3) β♯3
= 1

(4) (β♯α♯)5 = σβ♯σβ♯−1
σ

Settinga = α♯2
σ−1,

(5) [β♯α♯β♯, aβ♯α♯β♯a] = 1 (level 5)

(6) [β♯α♯β♯, aβ♯2
aβ♯α♯β♯aβ♯a] = 1

Consistency relations:

(7) [σ, β♯α♯β♯] = 1 (level 5)

(8) [σ, β♯α♯β♯aβ♯−1
] = 1 (level 6)

(9) [σ, β♯aβ♯−1
aβ♯α♯β♯aβ♯aβ♯−1

] = 1 (level 7)

(10) [σ, β♯aβ♯aβ♯α♯β♯aβ♯aβ♯] = 1 (level 7)

Commutations of braidings:

(11) [σ, β♯aβ♯−1
σ(β♯aβ♯−1

)−1] = 1 (level 6)

(12) [σ, β♯aβ♯aβ♯−1
σ(β♯aβ♯aβ♯−1

)−1] = 1 (level 7)

(13) [σ, β♯aβ♯aβ♯σ(β♯aβ♯aβ♯)−1] = 1 (level 7)

Settingσ1 = σ , σ2 = β♯σβ♯−1
andσ3 = β♯−1

σβ♯ ,

(14) σ1σ2σ1 = σ2σ1σ2 (fundamental relation of the braid group)

(15) σ1σ2σ3σ1 = σ2σ3σ1σ2 = σ3σ1σ2σ3 (Sergiescu’s relations)

Corollary 4.8 We haveH1(T♯) = Z/6Z. In particular, the groupsT♯ andT∗ are not
isomorphic.

Proof H1(T♯) is generated by the commuting [α♯], [β♯] and [σ], subject to the
relations 4[α♯] = 2[σ], 3[β♯] = 0 and 5[α♯] + 5[β♯] = 3[σ]. They are equivalent to
[α♯] = −[σ], [β♯] = −2[σ] and 6[σ] = 0, hence the claim.
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Figure 23: Edgese1 ande2 and generatorsα♯ andσ

4.2.2 Generators

We follow the method described by K Brown in [8], derived from the Bass–Serre
theory.

Recall that the quotientC(T♯)/T♯ possesses a unique vertex, represented byv, and two
edges, represented bye1 ande2 (see the proof of Theorem3.3).

The stabilizers ofe1 ande2 are of order 2, generated bya. For better clarity, we write
T♯

e1 = 〈a1, a2
1 = 1〉 andT♯

e2 = 〈a2, a2
2 = 1〉, respectively.

4.2.3 Relations

Theorem 1 of [8] states thatT♯ is generated by the stabilizerT♯
v and by the elements

ge1 = α♯ andge2 = σ , subject to the following relations:

• Presentation (i): For eache ∈ {e1, e2}, g−1
e ie(h)ge = ce(h) for all h ∈ T♯

e ,
where ie is the inclusionT♯

e →֒ T♯
v and ce : T♯

e → T♯
v is the conjugation

morphismh 7→ g−1
e hge.
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Explicitly, “ g−1
e1

ie1(h)ge1 = ce1(h)” with ge1 = α♯ and h = a1 ∈ T♯
e1 provides

the relationα♯−1
aα♯ = α♯−1

a1α
♯ , where the right hand side is computed inT♯

v ,
in which it is equal toa. Hence the relation

α♯−1
aα♯

= a (∗).

As for “g−1
e2

ie2(h)ge2 = ce2(h)” with ge2 = σ and h = a2 ∈ T♯
e2 , it provides

the relationσ−1aσ = σ−1a2σ , where the right hand side is computed inT♯
v , in

which it is equal toa. Hence the relation

σ−1aσ = a (∗∗).

• Presentation (ii): rτ = 1 for each 2-cellτ ∈ C(T♯), whererτ is a word in the
generators ofT♯

v , α♯ andσ , associated with the 2-cellτ in the way described
in [8]. We recall it for the convenience of the reader:

Each edge of the complex starting atv has one of the following forms:

(1) v −→ (hα♯±1
)(v), h ∈ T♯

v

(2) v −→ (hσ±1)(v), h ∈ T♯
v

To such an edgee we associate an elementγ ∈ T♯ such thate ends atγ(v): γ = hα♯±1

in case (a),γ = hσ±1 in case (b).

Let τ be one of the 2-cells of the complexC(T♯). One chooses an orientation and a
cyclic labeling of the boundary edges, such that the labeled1 edgeE1 starts from the
vertexv.

Let γ1 be associated toE1 as above. It ends atγ1(v), so the second edge is of the form
γ1(E2) for some edgeE2 starting atv. Let γ2 be associated toE2. The second edge
ends atγ1γ2(v). If n is the length of the cycle boundingτ , one obtains this way a
sequenceγ1, . . . , γn such thatγ1 · · · γn(v) = v.

Note that for each of the cycles, we have indicated the correspondingγi above theith

edge.

Let γ be the element of the stabilizerT♯
v which is equal toγ1 · · · γn when each element

γi is viewed inT♯ . Then the relation associated toτ is

γ1 · · · γn = γ

where the left hand side is viewed as a word inα♯ , σ , a, β♯ , and their inverses.

Following this process for the 2-cells of the complexC(T♯), one obtains:
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1. Cell AA= Br (Figure6). The corresponding relation isα♯σ−1α♯ = a. Equivalently,
σ = α♯a−1α♯ . Since by (∗), α♯ and a commute, one obtainsσ = α♯2

a−1 , hence
α♯ and σ commute (Relation 1). Sincea = σ−1α♯2

, a may be eliminated, and the
relationa2 = 1 is now equivalent toα♯4

= σ2 (Relation 2).

2. a) Cell DC1 (Figure 7). The corresponding relation is [β♯α♯β♯, aβ♯α♯β♯a] = 1
(Relation 5).

b) Cell DC2 (Figure8). The corresponding relation is [β♯α♯β♯, aβ♯2
aβ♯α♯β♯aβ♯a] = 1

(Relation 6).

c) Pentagonal cell (Figure9). It gives first the relation
α♯−1

β♯−1
α♯−1

β♯−1
α♯−1

σβ♯−1
α♯−1

σβ♯−1
α♯ = β♯a. Taking the inverse of this re-

lation, one obtainsα♯−1
β♯σ−1α♯β♯σ−1α♯β♯α♯β♯α♯ = aβ♯−1

. Replacinga by a =

α♯−2
σ , one obtainsα♯β♯σ−1α♯β♯σ−1(α♯β♯)3 = σ . Equivalently,

σ−1α♯β♯σ−1(α♯β♯)4 = (α♯β♯)−1σα♯β♯ . Sinceα♯ andσ commute, the right hand side
is equal toβ♯−1

σβ♯ . Hence the relationσ−1α♯β♯σ−1(α♯β♯)−1(α♯β♯)5 = β♯−1
σβ♯ .

This is equivalent to (β♯α♯)5 = β♯σβ♯−1
α♯−1

σβ♯−1
σβ♯α♯ . Using once again the

commutation betweenσ and α♯ , one obtains (β♯α♯)5 = β♯σβ♯−1
σα♯−1

β♯−1
σβ♯α♯ .

But we shall see below thatσ andβ♯α♯β♯ commute (seeCell ABr = BrA of level 5),
so thatα♯−1

β♯−1
σβ♯α♯ = β♯σβ♯−1

. Finally, the relation becomes

(β♯α♯)5
= β♯σβ♯−1

σβ♯σβ♯−1
.

Modulo the braid relation (see belowCells coming from the presentation of the braid
group), this isRelation 4.

3. a) Cell ABr= BrA of level 5 (Figure13): [σ, β♯α♯β♯] = 1 (Relation 7).

b) Cell ABr= BrA of level 6 (Figure15): [σ, β♯α♯β♯aβ♯−1
] = 1 (Relation 8).

c) First cell ABr = BrA of level 7 (Figure18): [σ, β♯aβ♯−1
aβ♯α♯β♯aβ♯aβ♯−1

] = 1
(Relation 9).

d) Second cell ABr= BrA of level 7 (Figure19): [σ, β♯aβ♯aβ♯α♯β♯aβ♯aβ♯] = 1
(Relation 10).

4. a) Cell Br1Br2 = Br2Br1 of level 6 (Figure10): [σ, β♯aβ♯−1
σ(β♯aβ♯−1

)−1] = 1
(Relation 11).

b) First cell Br1Br2 = Br2Br1 of level 7 (Figure11):

[σ, β♯aβ♯aβ♯−1
σ(β♯aβ♯aβ♯−1

)−1] = 1 (Relation 12).

c) Second cell Br1Br2 = Br2Br1 of level 7 (Figure12):
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[σ, β♯aβ♯aβ♯σ(β♯aβ♯aβ♯)−1] = 1 (Relation 13).

5. Cells coming from the presentation of the braid group. They obviously give the
relations14and15.

4.3 T∗ is finitely presented

The groupsT♯ and T∗ , though both alike, are not isomorphic. However, there is a
proof for the assertion thatT∗ is finitely presented which mimics that forT♯ . One
introducesT∗ -complexesC+(T∗) and C(T∗), whose vertices are the asymptotically
rigid structures ofD∗ , and the edges are of two types, corresponding to movesA and
Br .

• If r is an asymptotically rigid structure andγ is an arc ofr, the A-move on
γ keeps unchanged all the arcs ofr exceptγ , and replacesγ by γ′ which is
transverse toγ and passes through the same puncture asγ (see Figure24). Note
that there is a uniqueA-move onγ .

• If r is an asymptotically rigid structure andp andq are two punctures ofD∗ on
two different sides of a hexagonH of r, there is a simple arce insideH which
connectsp to q. Let σe be the braiding alonge. The moveBr changesr by the
natural action ofσe on r (see Figure24).

The complexC+(T∗) has the same types of 2-cells asC+(T♯), except that:
– the cellAA = Br of C+(T♯) does not exist,
– and the pentagonal cell is replaced by a hexagonal cell, expressing that a certain
sequence of fiveA-moves produces the effect of aBr-move, see Figure25. As can
be guessed, the relation which will be associated to this cell is (β∗α∗)5 = σ[04] , see
Lemma2.6.

The Cayley complex ofB∞ , for the Sergiescu presentation associated to the graph
of D∗ (see Remark2.7), provides 2-cells ofC(T∗) which involve only Br-moves.
Among them are cells of commutationBr1Br2 = Br2Br1, which provide countably
manyT∗ -types of cells (that is, countably many cells in the quotient C(T∗)/T∗). On
the other hand, the cells of the Cayley complex coming from the other types of relations
(that is, the non-commuting types) provide only finitely many cells inC(T∗)/T∗). This
is due to the regularity of the graph from which the presentation of B∞ is derived.
Therefore, just likeC(T♯)/T♯ , the quotientC(T∗)/T∗ is made of countably many 2-cells
Br1Br2 = Br2Br1 andABr = BrA, plus finitely many other 2-cells.
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Figure 24: The two types of edges inC(T∗)
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Figure 25: Relation “A5 = Br"
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Fortunately, the key role played by the 2-cellAA = Br in the proof of Theorem
4.5, especially in Lemma4.4, is now played by the 2-cellA5 = Br : one eliminates
almost all theT∗ -types of 2-cellsABr = BrA and Br1Br2 = Br2Br1 using cycles
A1A2 = A2A1 (the analogue of Lemma4.3 is true) andBr = A5. This enables us
to obtain a reduced complexC(T∗) which is finite moduloT∗ and simply connected.
These arguments constitute a sketch of the proof of

Theorem 4.9 The braided Ptolemy–Thompson groupT∗ is finitely presented, and
admits a presentation with 2 generators.

5 Comments and open questions

Actions by homeomorphisms onS1. D Calegari ([12]) proved that punctured mapping
class groups have a faithful action by homeomorphisms onS1. Specifically, letS be
a surface (possibly of infinite type) with a base pointp. Let Mod(S, p) be the group
Homeo+(S, p)/Homeo+0 (S, p). Here Homeo+(S, p) denotes the group of orientation-
preserving homeomorphisms ofS to itself which takesp to itself, and Homeo+0 (S, p)
denotes the connected subgroup containing the identity map. Then ModS,p is circularly
orderable. Notice that this punctured mapping class groupsfits into an exact sequence

1 → π1(S) → Mod(S, p) → Mod(S) → 1

where Mod(S) is the usual mapping class group ofS.

In particular, there are extensions by free groups of the universal mapping class groups
B in genus zero, which embed in Homeo+(S1), being circularly orderable. It seems,
however, thatB does not act faithfully on the circle.

Smoothing the action. It is presently unknown whether the groupT♯ admits an
embedding into some group of piecewise linear homeomorphisms PLλ(S1) with break
points and derivatives of the formλn, where n ∈ Z. We conjecture that there is
no embeddingT♯ → Diff 2

+(S1) into the group of diffeomorphisms ofS1 of class
C2. Specifically, any homomorphismT♯ → Diff 2

+(S1) should factor through a finite
extension ofT .

Automatic groups. Thompson groups are known to be asynchronous automatic groups
(see [29]), but it is still unknown whether they are (synchronously)automatic. V Guba
proved that the Dehn function ofF is quadratic, as is the case for all automatic groups.
We conjecture thatT♯ is automatic. Notice that braid groups and more generally
mapping class groups are known to be automatic (see [20, 39]). In particular, this
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would immediately imply thatT♯ is finitely presented and has solvable word problem.
We expect that the conjugacy problem is solvable too, thoughit is presently unknown
whether this holds true for all automatic groups. Moreover,automatic groups are
combable (see [20], p.84) and hence they are FP∞ and thus F∞ , ie they have a
classifying space with finitely many cells in each dimension(see [20], page 220).
Eventually, the Dehn function ofT♯ should be quadratic. IfT♯ is biautomatic then it
would provide an example of such a group having a free abeliansubgroup of infinite
rank.

Outer automorphisms groups. It was first established by Dyer and Grossman that
Out(Bn) = Z/2Z, for n ≥ 4, and Ivanov and further McCarthy extended this to
mapping class groups. However, their result does not extend, as stated, to infinite braid
groups. In fact there exists an embedding

T → Out(B∞)

induced by the action ofT♯ by conjugacy on its normal subgroupB∞ . In particular,
Out(B∞) seems to be a quite rich group.

On the other hand M Brin ([5]) proved that group Out(T) = Z/2Z. It would be
interesting to know whether Out(T♯) = Z/2Z holds.

Remarks.

(1) Any diagram group (see [31]) can be embedded intoB∞ (by a result of Wiest
in [45]) and thus intoT♯ . However, T♯ is not a diagram group since it has
torsion. Moreover,T♯ and the Brin–Dehornoy braided Thompson groupBV are
the typical examples of some more general braided diagram groups. The work
of Farley on diagram groups extends to braided diagrams and pictures (see [21]).
In particular, each one of these groups acts properly cellularly on a CAT(0)-
complex, which is not locally finite. The stabilizers of cells are isomorphic to
braid groups (on finitely many strands). One might expect these braided diagram
groups to be finitely presented and even FP∞ .

(2) The groupT♯ has not the Kazhdan property sinceT has not.

(3) If Γ is a lattice in a simple Lie group of and theQ-rank of Γ is at least 2 then
any homomorphismΓ → T♯ should be trivial, since anyC0-action of such aΓ
on S1 is trivial, by a result of D Witte (see [46]).

(4) There exist however homomorphisms from arithmetic groups of rank one into
T♯ . In fact, Kontsevich and Soibelman recently constructed in[34] faithful
homomorphisms from an arithmetic subgroup ofSO(1, 18) into the braid groups.

(5) The groupT♯ is non-amenable and hence of exponential growth.
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