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The braided Ptolemy—Thompson group is finitely presented

Louis FUNAR
CHRISTOPHEK APOUDJIAN

Pursuing our investigations on the relations between Thlmmgroups and map-
ping class groups, we introduce the grolip(and its companioi *) which is an
extension of the Ptolemy—Thompson grolijpy the braid groufB.. on infinitely
many strands. We prove that¥ is a finitely presented group by constructing

a complex on which it acts cocompactly with finitely presenséabilizers, and
derive from it an explicit presentation. The groups and T* are in the same
relation with respect to each other as the braid grdBips andB,,, for infinitely

many strands. We show that both groups embed as groups of homeomorphisms
of the circle and their word problem is solvable.
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Introduction

The first relations between Thompson'’s groups and braidpgrdiave been brought
to light in the article 8] by P Greenberg and V Sergiescu, which is devoted to the
construction and the homological study of extensions ofiijpgon’s groups$ and T

by the stable braid grouB.,. More recently, several works have been contributing to
the development of this subject, dealing with connectiatsvben Thompson’s groups
and mapping class groups of surfaces, including braid grodgnmong them are two
papers 83] and [24], which have brought out the notion akymptotic mapping class
group The groupT? introduced in the present article is an asymptotic mappiassc
group as well.

In order to give a flavor of what an asymptotic mapping classigican be, let us briefly
remind what B3] and [24] were about. One of the aims &3] was to give a topological
construction for the group\r, defined in 8] as an extension of Thompson’s group
T by B, and to exploit it in order to extend the Burau represematmAr. At
the same time, the article4] was introducing3, a universal mapping class group
in genus zero, algebraically described as an extension empkon’s groupV, and
topologically defined as a mapping class group of a spheresyanCantor set. Both
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articles B3] and [24] share a common problem, which is the following. Elements
of Thompson’s groups are not tree automorphisms, but areédlby piecewise tree
automorphisms (see8]). Therefore, a natural question is to find a way of lifting
those elements to automorphisms of an appropriate staucfline answer proposed
by [33] and [24] is to lift them to mapping classes of homeomorphisms ofipaler
surfaces. Indeed, both groups and B are mapping class groups of infinite surfaces
which are thickenings of suitable regular trees; the sedare endowed with an extra
structure that must be, not globally, but o=lgymptotically preserveloly the mapping
classes — hence the notion of asymptotic mapping class grobjs extra structure
may consist of a decomposition of the surface into pairs nfgdnexagons, hexagons
with punctures, and so on.

The surfaceD? considered for the construction of the asymptotic mappiagscgroup
T# is the planar thickened binary tree, which is punctured glan infinite discrete
subset of points. The extra structure consists of a decadtiomto suitably punctured
hexagons. The asymptotic mapping class group that onensltkas way is an extension
T of T by the group of braid8., on infinitely many strands (corresponding to the
punctures). Thereford? is quite similar to, but simpler thaAr.

This new groupT? seems interesting and worthy of deeper study. Compared with
B, the definition of T# presents new features, for instance, the dependence on the
extra structure is now clearly manifest. We can choose twsafepunctures leading

to homeomorphic surfaces for which the associated groupsadarsomorphic. We
obtain that way another grodp*, which is a sort of twin brother of#. Although T*
andT* share the same properties, they are different. Our maitit isghe following:

Theorem 0.1 The groupsT! and T* are non-isomorphic finitely presented groups,
are extensions of the Thompson grouy B, and split over the smallest Thompson
groupF C T. They are groups of homeomorphisms of the circle with sdé/ard
problem. MoreoverT* has two generators.

We do not know if we can extend our methods to prove that theppe of Greenberg—
Sergiescu is finitely presented as well. On the other hand|aue that the procedure
of [33] applies also tdr? to extend the Burau representationByf, to T¥.

We should mention that an extensi&V of the larger Thompson groug by a pure
braid group on infinitely many strands has been recentlyidersd by M Brin and
P Dehornoy (b, 6, 15, 16]). It constitutes the planar counterpart of the grdBipin

which the Cantor surface is replaced by a disk minus a Caetor As a matter of
fact, we have observed thBY is a subgroup of3 (see R4]). SinceBYV is called the
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Braided Ptolemy—Thompson group 1003

braided Thompson groupve hope to avoid any confusion by callifig the braided
Ptolemy—Thompson groumsisting on its relation with the Ptolemy—Thompson group
T (see B1]). The terminology used here faF is expected to stress on its link with
the Penner—Ptolemy groupoid. The grotip is essentially different fronBV (and
B), being an extension by the whole group of braids, and not trd pure braids.
Moreover, it is known thaH;(BV) = 0, while H1(T?) is nontrivial (see below).

The bulk of the paper is devoted to the proof of this theoreith) an explicit presen-
tation for T#. We follow K Brown’s method (se€g]), based on the Bass—Serre theory.
It consists in building a simply connected 2-dimensionahptex on whichT? acts
cocompactly with finitely presented stabilizers. The caer$ a kind of fibration over

a (conveniently reduced) Hatcher—Thurston complex oftifiaite surface. The latter
is a quotient of the Cayley complex of the Ptolemy—ThompsougT .

A similar construction was used ir24] to build up a complex for3, but there,
the problem was rather complicated because of the complekithe Brown—-Stein
complex forV. However, theT?-complex has a specific ingredient, which makes it
quite different from the3-complex of R4]: the fiber of the fibration over the Hatcher—
Thurston complex is the Cayley complex of the braid gr@s. The trick here is

to use a presentation &,, which exploits the homogeneity of the tree associated to
the infinite surface. It is precisely provided by a generabtiem due to V Sergiescu
([44]). The remaining difficulty consists in dealing with coubiamany relations of
commutations between the braid generators which occuisrptiesentation.

The construction ofT*, as a mapping class group of a punctured infinite surface of
infinite type, can be viewed also as an extension of the Dymnikree pages repre-
sentations ([8]), where the infinite braid grouB., was realized as the commutator
of a finitely presented group. Different versions of this stouction are also known
as the braided Houghton groupkB,,, introduced in the (unpublished) thesis] of F
Degenhardt (se€el]]).

The groupsT* and T# generalize the diagram picture groups considered by V Guba
and M Sapir (B1]) insofar as these are extensions by infinite permutationgg, rather
than braid groups. Diagram groups are known to have very gomgkrties: they are
FP,, and have solvable conjugacy and word problems. We expedasirasults for

the braided Ptolemy—Thompson groups. Farley’s constmi¢f21]) can be carried on

in this more general setting to show tHEt acts on a CAT(0) cubical complex with
braid groups as stabilizers. However, it seems more diffiouthis case to obtain a
sub-complex whose quotient has a finite skeleton in eachrdiioe.

The plan of this paper is as follows. We introduce the grolipand T* as asymptoti-
cally rigid mapping class groups of infinitely puncturedr@asurfaces. We describe
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specific elements of these groups and prove THails generated by two elements and
that the extension of is split over the smaller Thompson grolp This permits us

to find the abelianization of *, to be compared with that off later. We include an
explanation of the close relationship between the gratfpsnd T*, which is similar to
how the braid grougB, is related toB,,_1, for infinite n. One shows further that both
groups act on the circle by homeomorphisms. The grolfpand T* have solvable
word problem, by a suitable extension of Artin’s solutiontbé word problem for
braids. Section 3 is devoted to construct a simply connectedplex on whichT*
acts with finitely presented stabilizers. In section 4 wewshow a suitable simply
connected sub-complex inherits a cocompact action. Thewms methods yield
an explicit presentation fof# and we sketch the proof of the necessary changes for
obtaining the finite presentability of*. The last section collects some remarks and
guestions.

Acknowledgements.The authors are thankful to D Calegari, P Dehornoy, M Rubin,
V Sergiescu, B Wiest and the referees for comments and udisfuissions.

1 Infinite planar surfaces and asymptotic mapping class grops

1.1 Enhanced surfaces of infinite type

The surfaces below will be oriented and all homeomorphisomsidered in the sequel
will be orientation-preserving, unless the opposite idlieitly stated. Actions in the
sequel are left actions and the composition of maps is thal asie, namely we start
composing from right to the left.

Definition 1.1 The ribbon treeD is the planar surface obtained by thickening in the
plane the infinite binary tree. We denote By (respectivelyD* ) the ribbon tree with
infinitely many punctures, one puncture for each vertexp@esvely, each edge) of
the tree. A homeomorphism &F (respectivelyD* ) is a homeomorphism @ which
permutes the punctures bf (respectivelyD* ).

Definition 1.2 A rigid structureon D, D¥ or D* is a decomposition into hexagons by
means of a family of arcs whose endpoints are on the bounddpdy. &ach hexagon
contains exactly one puncture in its interior in the cas®of while each arc passes
through a unique puncture in the casdXf. It is assumed that these arcs are pairwise
non-homotopic inD, by homotopies keeping the boundary points of the arcs on the
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Braided Ptolemy—Thompson group 1005

Figure 1: D¥ andD* and with their canonical rigid structures

boundary ofD. The choice of a rigid structure of reference is called ¢aronical
rigid structure The canonical rigid structure of the ribbon treeis such that each
arc of this rigid structure crosses once and transversehicaia edge of the tree. The
canonical rigid structures ob* andD* are assumed to coincide with the canonical
rigid structure oD when forgetting the punctures. See Figlire

Notation 1.1 Let ¢ stand for?, * or the vacuum. The set of isotopy classes of rigid
structures orD® will be denotedR®. The canonical rigid structure d* will be
denotedt®.

1.2 Asymptotic mapping class groups

Definition 1.3 1. Let D denoteD, D' or D*. A planar subsurface ob® is
admissibléf it is a connected finite union of hexagons belonging to teanical rigid
structurex® . Thefrontier of an admissible surface is the union of the arcs contained
in the boundary. The remaining arcs will be caltsgharatingarcs.

2. Lety be a homeomorphism & . One says thap is asymptotically rigidif the
following conditions are fulfilled:

e There exists an admissible subsurfate D suchthaty(X) is also admissible.

e The complemenb® — ¥ is a union of infinite surfaces. Then the restriction
¢ : DY — % — DY — (%) isrigid, meaning that it respects the canonical rigid
structures in the complements of the compact subsurfacasping hexagons
into hexagons. Such a surfakeis called asupportfor ¢.

One denotes byf, T¢ and T* the group of isotopy classes of asymptotically rigid
homeomorphisms db, D! andD*, respectively.
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Remark 1.2 There exists a cyclic order on the frontier arcs of an adilissubsur-
face induced by the planarity. An asymptotically rigid hammrphism necessarily
preserves the cyclic order of the frontier for any admissgalbsurface.

1.3 Ptolemy—-Thompson groupl as a mapping class group

The mapping class group is isomorphic to the Thompson group which is commonly
denotedT. This fact has been widely developed BS[ and [24]. We consider the
following elements ofT, defined as mapping classes of asymptotically rigid homeo-
morphisms:

e The support of the elementis the central hexagon on the figure below. Further,
[ acts as the counterclockwise rotation of order three whaimptes the three
branches of the ribbon tree issued from the hexagon.

3
4 0 2
B
0 1
2 3

In fact, 5 is globally rigid.

e The support ofa is the union of two adjacent hexagons, one of them being
the support of3. Thena rotates counterclockwise the support of angleby
permuting the four branches of the ribbon tree issued frastipport.

PP
h«

Note thata is not globally rigid, buta? is.

Proposition 1.3 The groupT has the following presentation with generatarsand
(6 and relations
044 _ ,63 -1

[6a, 0®fafa’] = 1
[6a, a®Pa®Bafa®Ba?] = 1
(Ba)® =1
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Proof This result is due to Lochak and Schneps ($5)[ but there is a typo in their
statement, which is corrected above. O

Remark 1.4 If we setA = a?, B = 3%a andC = 3? then we obtain the generators
A, B, C of the groupT, considered in13]. Then the two commutativity relations above
are equivalent to

[ABL,A'BA =1, [AB LA ?BA] =1

The presentation of in terms of the generator&, B, C consists of the two relations
above with four more relations to be added:

c®=1, Cc=BAlCB, CA=(A"!CB)? (A'CB)(A'BA) = B(A2CB?)

Remark 1.5 The subgroup o generated by the elememsandB is the Thompson
groupF, as it is obvious from13]. Moreover, the groug- has the presentation

F=(AB; [ABLA1BA =1, [ABL,A2BA] =1)
Consequently, the inclusiof — T sendsA to A andB to B.

2 The braided Ptolemy—Thompson groupsT* and T*

2.1 Tfand T* as extensions of the Thompson groud

We write D (respectivelyD? and D*) as an ascending union,Dp, whereDy is the
support of3, andDy, 1 is obtained by adding t®, a new hexagon from the canonical
rigid structure, along each arc of the frontier.

Let the symbol® denote eithef or *. The Artin braid groupsB[D{'] associated to
the punctures o®3 form an inductive system induced by the inclusid@fs C Dn<>+l,
whose limit B[D®] = lim,,_... B[D{] can be identified with the group of compactly
supported braids oB, where the base points of the strands are the punctur@$§ of

Remark 2.1 The groupB[D?] is isomorphic to the stable braid groug,,, where
B is the inductive limit coming from the inclusiong € B, — o € By1, Whereg;
(1 <i <n-—1)denotes a standard Artin generator. This can be prove&srang
first that the embedding d¢ into the Euclidean plan® induces an isomorphism of
B[D®] with the group of isotopy classes of compactly supporteghiéomorphisms of
the punctured plane. Since the set of punctures is disard®e dne may construct a
homeomorphism oP which maps the punctures on the points of coordinatg3)

i € N* (after a choice of a framing). By conjugation, this homeagpiism induces an
isomorphism betweeB[D¢] and B, .
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Proposition 2.2 Let the symboF denote eithef or *. We have an exact sequence:

1-BDY] =T —>T—1

Proof Thompson’s groud is viewed here as the group of isotopy classes of asymp-
totically rigid homeomorphisms ob (without punctures) up to isotopy. Thus, the
epimorphismT¢ — T is induced by forgetting the punctures. Nowdebe an asymp-
totically rigid homeomorphism ob® whose image ifT is trivial. This implies that
outside an admissible subsurfageis isotopic to identity. Without changing the class
of ¢ in T, we may assume that outside this subsurfacds identity. Therefore,
there exists a compactly supported isotgpyamong homeomorphisms & which
joins ¢ to identity, whose support is an admissible subsurfacethEButhe class of the
homeomorphismy on the punctured support is completely encoded by a brailaan
picture showing the trajectory of the punctures during #wdpy. Then the class of
¢ is the image of a braid from a some suitaBED] into T¢. This means that the
kernel above iB[D?]. 0

2.2 T* is generated by two elements

Thompson's groups and their generalizations consideradigpyan are generated by
two elements @7]). It is known that mapping class groups of closed surfa¢ggpnus
at least one are also generated by two elements. We will prenesthat the same holds
for the groupT™.

Specific elements
Let us consider the following elements ©f and T*:

e The support of the element* of T* (respectivelys? of T?) is the central
hexagon. Furtheg* and 3" act as the counterclockwise rotation of order three
which permutes cyclically the punctures. One [543 = 1 andﬁﬁ3 =1.
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Braided Ptolemy—Thompson group 1009

e The support of the element* of T* (respectivelya’ of T¥) is the union of two
adjacent hexagons, one of them being the suppoft‘adnd 3¢. Thena* (re-
spectivelya?) rotates counterclockwise the support of angleby keeping fixed
the central puncture (respectively the two punctures oftljacent hexagons).
One has** = 1 while at* = o2, whereo denotes the braid that permutes the
puncture 0 and 3, see Definiti@l below.

Definition 2.1 Let e be a simple arc ild* or D* which connects two punctures. We
associate a braidinge € B, to e by considering the homeomorphism that moves
clockwise the punctures at the endpoints of the eglgea small neighborhood of the
edge, in order to interchange their positions. This meadis iffry is an arc transverse
to e, then the braidingre moves~ on the left when it approaches Such a braiding
will be calledpositive while o5t is negative
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Remark 2.3 The subgroup off generated byy? and 3, as well as the subgroup of
T* generated byx*? and 3*, are isomorphic tdPSL(2, Z), viewed as the group of
orientation-preserving automorphisms of the binary pldree of the ribbon surface
D. In the same way, the subgroup Bf generated by = at?ot (which is of order
2) and* is isomorphic toPSL(2, Z).

Theorem 2.4 T* is generated by* and5*.

Proof Let us denote by’ the subgroup off * generated byv*, 5*.

Lemma 2.5 The restriction tol’ of the projection mag@* — T is surjective.

Proof This maps sends* to o and 5* to 3. According to Propositiod.3, o and 8
generaterl , thus the claim. D

Letnow. : B,, — T* be the natural inclusion. Sincg* is an extension of by B,

it suffices now to show that(B.,) c T’. This will be done in two steps. First we
show that a specific braid generator liesTihand next we use the conjugation action
to prove that all braid generators lay withl. The first step proceeds as follows.

Lemma 2.6 The braid generatosos) associated to the edge joining the punctures
numbered and4 has the image

L(o704) = (B*a*)°

Proof We claim that the action of¥*«*)® on the standard rigid structure of the ribbon
tree is the following one:

4
B o)’
.

: A

Geometry &7opology XX (20XX)




Braided Ptolemy—Thompson group

@ o) »@j B
[

9 10
12 11 10 9
'f
LG
5 6 7 8
B*l
10 9 2 1

Figure 2: Proof ofi(ojo4)) = (8*a*)®
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Figure 3: Tree oD* and Graph oD*

This follows from the explicit picture calculations in figg?2. Remark that3*«o* acts
as an order five rotation whose support is the dashed decagbe picture.

In particular, the action of{*o*)® can be identified with the action of the mapping class
o[04) ON rigid structures. Then the action of*@*)° coincides with the natural action
of o041 € B on the arcs in the punctured surface. In meantime the coatigarof
arcs coming from a rigid structure (up to isotopy) uniquetyesimines the element of
Bso, and sou((8*a*)®) = ojo4)- o

The end of the proof is now as follows. For each hexagdn‘gfconsider the three arcs
which connect the punctures to each other, and intersegctbtiie punctures. L&t be
the set of all such arcs associatedXb. The subgroup oT* generated by*? and 3*
acts transitively or€ as the grougPSL(2, Z). Therefore, for eack € £, there exists a
word w in o*? and 3* such thatw(epg)) = €. Thean;—[o4]w—1 = oe. Consequently,
eachoe belongs toT’. Since the grou,, is generated by the braidings whene
runs over€, T’ contains:(By). O

Remark 2.7 The union of all edges f is a graph, which is dual to the binary tree (of
D or D). It will be calledthe graph of D, see Figure. A general theorem due to V
Sergiescu @4]) implies thatB,, is generated byoe, € € £}. The relations holding
between these generators are expliciteddd].[ This approach was later generalized
by Birman, Ko and Lee {]).
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Proposition 2.8 The exact sequence associated tais split overF C T.

Proof We define the sectior — T* by sending the generatos and B of F

onto 3*a*? and 5*%a*, respectively, which are the same words as those defining the
inclusion intoT. It is worthy to visualize the actions of the two elementsjclirby
notation abuse we will keep denoting Byand B.

6 5 12 11 8 7 4 1
: |2
A
0
: Y

and

6 5 12 11
4

B

M
7 8 10

9

Now it is not difficult to computeAB—1:

12 11 5 4

-
e

0 7 8 9 10

6
7
andA1BA:
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6 5 12 11 6 5 12 11
p Vo
0 A BA
M
7 8 9 10 2 9

Observe thatAB~! acts effectively only on the upper half-plane determinedthsy
horizontal line through the puncture labeled 0, whNe'BA acts effectively only on
the lower half-plane determined by the same line.

Thus these two mapping classes come from homeomorphisrhgdisjpint supports
and thus they commute withiff*. The same holds foAB~1 and A=2BA2. In
particular, the relations which define the gratpre satisfied by the images Afand
B in T* and thus we obtained a section. O

2.3 The abelianizationH(T*)

Proposition 2.9 The abelianizatiorH1(T*) is isomorphic tdZ/127.

Proof We know thatT* fits into an exact sequence:
1By —>T"—-T—1

The groupB., is the group of braids associated to the puncture®of We will
consider the Sergiescu presentatiorBgf associated to the graph Bf*, see Remark
2.7. Hall's lemma (see43]) provides an infinite presentation foF* which puts
together the presentations 6fand B, .

The relations satisfied by the generatarss of T have the following lifts inT*:
o= g3—1
[8*a* 8%, " 28 "B Y = 1
[8*a* 8%, a*28* 2028 o* B* 23 0" = 1
(B a*)° = oj04)

where ojo4) is the braid generator considered above (see Leu@a The first two
relations are obvious. The next two are actually expresingact that the defining
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relations inF are satisfied byA = *a*? and B = *?a*, and thus represent a
restatement of Propositich8. The last relation is that from Lemnga6.

All relations involving the braids come from Sergiescuatiens, while the remaining
relations inT* are conjugacy relations stating tHat, is normal insideT*. Thus the
abelianizationH1(T%) is generated by the classesf and 3* which are constrained
to be of order 4 and 3, respectively. The claim follows. O

The explicit presentation 6f* given in the section 4 will show that(T*) = Z/6Z
and thusT# and T* are not isomorphic (see corolladys).

2.4 T!versusT*

We will show below thafT? is related toT* in the same way as the braid gro&p

is related toB,,_1, for infinite n. Roughly speaking, one obtais by considering

the mapping classes af* associated to those homeomorphisms fixing one specific
puncture ofD?, and by viewing them as mapping classe®éfunion that puncture.

Specifically, denote by‘ﬁ the subgroup oT* formed by those homeomorphism classes
that keep fixed the poirg labeled 3 in the picture db! (see figure for3?, §2.2), ie
the center of the hexagon adjacent to and located below tipsiof 57 .

Let Bo,1 C B denote the subgroup of braids that keep fixed the punajurnd
B._1 denote the infinite braid on the punctures®f U {q}. There is an obvious
projection mapB., 1 — Boo—1 that consists in deleting the strand over

Proposition 2.10 We have a commutative diagram with exact lines and columns:

1 1 1
! ! !

1- F — Byxi1 — Byo1 —1
| ! |

1- F - T - 1 =1
l l l

1 - T - T —1
! !
1 1

whereF is a free group, normally generated &% = o** as a subgroup oF! .
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Proof We define a homeomorphism of D* U {g} onto D* that extends to rigid
structures, as follows. Suppose that the locations of puestare the same in both
modelsD? and D* and just the position of the separating arcs in the rigidcttmes
change.

Each hexagorH; of D? contains in its interior the puncture labeléd Delete the
punctureq and get therefore one hexagéty containing no puncture, which we call
the empty hexagon. One joins the hexaddéinto the empty one by a geodesic (ie
minimal length) path through adjacent hexagons. In pdeicgonsecutive hexagons
in the path have precisely one edge in common and the seqoércenmon edges
has no repetitions. Then each hexadén (different from the empty one) has one
distinguished separating arg, namely the first term of the sequence of common
edges associated to the path. In other termgs that separating arc dfl; which is
closest to the empty hexagon.

Let é; be a simple arc embedded ) joining the puncture to the midpoint ofy;. A
small enough thickening of; U ~; in D¥ is a curvilinear quadrilatera®; having two
arcs in the boundary dbf and two arcs in the interior db*. One of the latter is an
arc parallel toy; and the other one is what we cajt . Let ;" be an arc inQ; which

is parallel to~;~ and passes through the punctureThere is a homeomorphisi;
of Qj, inducing the identity on its boundary, which magsonto v". Let ¢ be the
homeomorphism ob which restricts tap; on eachQ;, and is the identity elsewhere.
It may be viewed as a homeomorphism fr@h U {g} onto D*, which respects the
rigid structures.

Conjugation byy induces a surjection at the mapping class groups Bver! — T*.
Specifically, if [g] € T, whereg is a homeomorphism ob? U {q} and [g] the
associated mapping class, theé({g]) € T*is [pogo ¢ 1.

A standard argument identifies the kergelof & with the fundamental group

71(D* U {q}, g) based ag. In particular, F is an infinitely generated free group and
o2 € F. Since theT-action on classes of closed loops that encircle a puncture o
D! U {q} is transitive, we derive that the normal closure«f is the fundamental
group 71(D* U {q},q), hence the wholeF, as claimed. The remaining part of the
commutative diagram above follows from this descriptior/af O

The groupB.. 1 is generated by the braid generatofsy with a,b # 3, and conjugates
of o2, Hereopay is the braid generator associated to the edge whose veatiekbeled
aandb ando denotesrog € T#. Thus,
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P(0fa)) = Ofp() o), P(0%) =1
Moreover, by direct inspection we find that
¢(af) = a*, P(offo ) = 4"

The close relation between the two groups permits to ders@itiing result similar to
that from Propositior2.8;

Proposition 2.11 The exact sequence associated tds split overF c T.

Proof Recallfrom the proof of Propositich8thatF c T* is generated b = 5*a*?
andB = 5*2a*. We claim now that the map defined by

L(A) = Uﬁﬁa_laﬁz, 1(B) = 057120_104ti

extends to an injective homomorphism F — T! ¢ T which is a section ford.
In order to prove it, one can either verify directly by pidutomputations that the
relations inF are satisfied, or else anticipate the presentatiof¥ dfom section 4 and
observe that

J(AB™1) = Blatst J(ATIBA) = aﬁzaflﬁﬁaﬁﬁﬁaﬁzafl
L(A?BA?) = aﬁ2071ﬂu2aﬁZaflﬂuaﬁﬂﬁaﬁzoflﬂuauzofl

and thus relations i correspond to relations (5) and (6) from theorém O

Remark 2.12 It seems that the surjectio‘Fﬂ — T* is not split, although it is so over
the subgroup8.._1 and overfF.

2.5 T*%is a group of homeomorphisms ofSt

Proposition 2.13 Let the symboF denote eithef or *. There exists an embedding
T® — Homeo, (S

so thatT® acts faithfully on the circle.
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Proof It is known (see 27]) that T can be embedded as the subgroup of piecewise
linear homeomorphisms &' = R/Z which have dyadic break points and dyadic
derivatives (where defined). This implies tiatadmits a circular order. Furthermore,
the groupB,, as all finite type braid groups, is left orderable (see €Ld], Proposition
9.2.7). By using the exact sequence

1B =T =>T—1

we define a circular order 6R®, as follows. Letr : T¢ — T the projection and, y, z
be three elements af®.

(1) If ©(x), w(y), 7(2) are distinct then their order ifi* is that of their images iff .

(2) If 7(x) = 7(y) # 7(2), thenxty € B, which is left orderable. Ik 1y > 1
thenx, y, z are positively oriented, otherwise it is negatively oreht

(3) If 7(x) = w(y) = 7(2) thenxly,x 1z € B,. Assume that Ix 1y x1z
are totally ordered using the order B),. Then the corresponding,y, z are
positively oriented inT< .

This yields a circular order oT¢ and thus there exists an embeddifig —
Homeo,(S'). From ([L2], Theorem 2.2.15) there is a faithfdl® -action on S'.
See [L2] for more details about circular orders and related quastio O

Any circularly ordered grougs has an embeddinG — Homeaq, (S'). A construction
due to Ghys and Thurston yields a bounded cocyctin G which is the pull-back
of the Euler cocycle on HomedS'), and which takes only the values 0 and 1. This
defines an Euler clas€][€ H3(G), which is the Euler class of the circular order. It
is known that § = 0 only if G is left ordered. Moreover, in the case Bf with its
circular ordered defined above, one knows fRgtcannot be left ordered since it has
torsion. This proves that:

Proposition 2.14 The Euler clas§ers] € H3(T®) is a nontrivial bounded class,
whose restriction t®., is trivial.

Moreover, this Euler class could be also described in cothagial terms. Seter
for the Euler cocycle on the group, namely the cocycle inherited from its natural

embedding into HomegS").

Proposition 2.15 The clasgers] € H3(T, Q) is the pull-backr*[er] by the pro-
jectiont : T® = T.

Geometry &7opology XX (20XX)



Braided Ptolemy—Thompson group 1019

Proof According to a result due to Ghys, Jekel, and Thurston we have
[c] = 2[€]

wherec is the order cocycle defined by Thurston (s&g,[ Construction 2.3.4) and
is the Euler cocycle of a circularly ordered group. If theugyrd@s acts faithfully on
S' let us choose a poird € St with trivial stabilizer. Recall that is defined (as a
homogeneous cocycle) by means of

1 if (go(a),01(a),02(a)) is positively oriented

c(@o:01:9) =< —1 if (go(a),g1(a),gz(a)) is negatively oriented
0 if (9(a),91(a),92(a)) is degenerate

We claim that7*([ct]) = [cr¢]. More generally, ifp : G — H is a monotone
homomorphism with left orderable kernel between circylarderable group& and

H thenp*[c4] = [ca].

In fact, we have
Cc — p'cH = Ow

wherew is the following 1-cocycle (in homogeneous coordinates):

0 if p(go) # p(91) .
Lo 1 if p(g)=p@) and gy 01 <1
W% =9 1 i plgo) = plgy and gplg > 1

0 if G=u
This implies thatp*[eq] = [es] up to 2-torsion, as claimed. O

2.6 Solution of the word problem

Consider a recursive presentati®R) of some groupG, whereS s a generating set
andR the set of relators. A solution to the word problem of the pngstion(SR) of

G consists of an algorithm permitting to decide in a finite amtaf steps whether a
given word in the alphabes represents the trivial element of the gro@por not. Itis
known, that, wherG has a finite presentation, then all finite presentation& dfave
simultaneously solvable or non-solvable word problemsthnd one can speak about
the word problem ofG, without making reference to a particular presentation. We
slightly anticipate the results in the next sections shgwviirat T# and T* are finitely
presented so that the choice of the presentation is irneleva
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The aim of this section is to givesemanticsolution of the word problem. This is not a
syntacticsolution, that is a solution that uses only algorithms malaiting the letters
of the alphabe®.

We extend one of the two solutions presented by Artif) (for the word problem of
the braid group. Recall briefly how his solution by repreataohs works: one embeds
first the braid group in the automorphism group of a free gremgbfurther one decides
whether an automorphism of a finitely generated free grotrivial or not, by looking
at images of the generators and solving the word problem dodsvin the free group.

A considerable improvement of Artin’s algorithm that useD’s idea (seelp], 1.2) of
encoding laminations (multi-curves) by tuples of integees considered by Dynnikov
and Malyutin ([L9, 36]). This turned Artin’s solution into a fast and efficient alghm.
We refer to (LL9], page 1106) and {[7], Section 8.3) for a thorough discussion of this
algorithm and related topics. The methodsiif,[36, 17] work well in the case ofl *,

as well.

We refer to R5] for a syntactic solution of the word problem derived frora fact that
T? is an asynchronously combable group. However, the follgwine is considerably
simpler.

Proposition 2.16 The groupsT* andT* have solvable word problem.

Proof The proofs forT# and T* being the same, we only consider the casd of
Consider a wordv in the free group generated by the lettei's 5*, of length|w| = n.
Our aim is to find an algorithm to decide whether the elememtasented byv in T*
is trivial or not. When this is the case we write=_, 1. One denotes by the class
of the wordw, as an element of *.

The main idea is that an element©f is determined by its action on the fundamental
group of a punctured disk whose size is bounded by the sizeeaflement.

Recall that we denoted by the support of3* (the central hexagon) and thBf, , ;
is the result of adding a new hexagon along each boundary @oemp of Dj;. Thus
D;: consists of 3 2" — 2 hexagons and thus having 2"* — 3 punctures and 32"
boundary separating arcs. We will say that the boundarydensofD;, — ie those
which do not belong td}_; — are at distanca from Dj. The distance between
hexagons is that between the vertices of the dual tree.

Lemma 2.17 If |w| = n then the support dfw] is contained irD},. This means that
there exists an admissible subsurface: D}, such thafw](X) is also admissible and
[W] : D* — ¥ — D* — [wW](X) is rigid. Moreover,[w](X) C Dj;.
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Proof First, we haves*™(Dy) = D, anda*™(D},) C Dy, , for anym. Recall thato*
and * are of finite order.

The claim holds trivially forn = 1. We use induction on. Thus, if [w| = nand ]
has support as claimed, thend*™w] has suppor® U 3*~™(X) c Df. Moreover,
[a*™] has support U o* ~™M(3) C Dj,,. The same argument works fon][%).
This completes the induction step. O

Remark 2.18 Actually, we proved that the support of] is contained inD;, where
k is bounded from above by the number of distinct factet?, 5*™ in the wordw.

First solution, of algebraic nature. Consider now the associated wowg«, [3)
obtained fromw by replacinga™, 5* by «, 3, respectively. Themv(«a, 3) is a word
representing the image ofv] in the groupT.

The groupT is finitely presented and simple. Therefore, by a well-knoesult, T
has solvable word problem. Thus there exists an algorithrictwtiecides whether
w(a, ) =, 1, as we shall assume from now on. Then] E B,, C T* and Lemma
2.17implies that {v] € B(D;,) C B, whereB(Dy,) is the braid group of th®;,. Thus
it suffices to decide whether the imagewfis trivial in B(D}), since {v] is rigid on
the complement ob;; and thus the identity. Notice however, thatis notgiven as a
word in the generators of the braid group, but as a word*ing*.

Fix a base point in D}, C D* and choose lifts of the mapping class€s 5* which
preserve this base point. Theri, 5* induce endomorphisms of free groups

a*[2n] : 71(D2n) — m1(D2n)

by settinga*[2n]([+]) = 1 if the image ofy is not contained withiD3,, (and similarly
for 5*[2n]). Define furtherw[2n](7) = wy[2n](W2[2Nn](- - - (Wa[2N](7))...). These
endomorphisms are well-defined only up to inner automorphisf the free group.
Consider now a system of free generatots. ..,y for m1(Dy;). It follows from
Lemma2.17that the action ofy] € T* on the~; is [w](;) = w[2n](v;). In particular,
the elementW] is trivial if and only if the outer endomorphismw[2n] is trivial. Thus
we have to check whether there exists 71(D};) such that

WE2nl(a<j<n =, s, (©ric Dasj<n

This is equivalent to solving the generalized conjugacybjam in the free group
m1(Dy;). Now, the generalized conjugacy problem is algorithniycablvable for such
a group. This holds more generally for biautomatic groupst follows immediately
from the solution of the usual conjugacy problem (s&@ Theorem 2.57 page 59, and
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[26]). This holds true also for groups satisfying the small &dlation conditions C(6),
C(4) — T(4), C(3) — T(6) (see ).

Second (improved) solution, using laminationsThe main idea is to use the fact that
T* acts as a mapping class group by identifying its action alethed of laminations.

Assume that the punctures are labeled and thus identifidd aviixed setP. The
mapping classea™ and8* induce then (infinite) permutations, and 7 of P.

We consider below the s&X consisting of arcs ob* and obtained from the canonical
rigid structure by adding copies of each punctured arc oh bimtes of it, as in the

figure below:
=

A

Denote byA,, andP, the restriction ofA andP to the diskDy;. In particular we have
a natural bijection identification of the set of componetitagq andPp x Pn X Pn X Pp.

We consider now a coordinates system encoding th€ @t) of isotopy classes of
simple closed loops oB;, by means of integral vectors. Specifically, %re C(D;,)
one sets
. An 4\ Pn
AX) = (min|yN X\)WeAn €z~ = (Z%)

where| | denotes the cardinaly denotes the arcs ok, and the minimum is taken
over all isotopies keeping the extremities fixed and the$eietions transverse.

There is an extension to decorated integral laminatiohg],([Section 8.4) onDy;,
namely to tuples of disjoint simple closed curves endowet wiabeling, and consid-
ered up to isotopy. X is a decorated integral lamination consisting of the cuiXies
with multiplicity m; and set of labels € J, then

AX) = (MAX))iea € EB (z%) "

ied

It is well-known that A is an embedding and its image is constrained to satisfy the
triangle inequalities for the three integers associatetiécedges of each hexagon of
An while their sums are even integers.
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Let F, denote the decorated integral lamination consisting osét®f disjoint simple
loops Fr(j) encircling the punctures labelgdfor j € P,. It is immediate that

AFo) = @0 (1,1,0,020e P (247

jePn jePn

The endomorphism 3. Define further two endomorphisms @, corresponding
to the actions olv* and 5*. Recall that3* induces a permutation @ keepingP,
invariant. It makes sense therefore to define

Gzt = (@) - (@) =z
by setting

Pa

Br(@jer,V) = @jEPnVTglj € (Z4)
wherevy; € Z* are the 4-dimensional vector components of an eleme#t'nindexed
by the samg € Py.

The endomorphism «};,. Furthera® also induces a permutation &f but P, is not
anymorer, -invariant. Recall that one labeled by 0 the central pumrctdithe support
for o*. Define then

ap 78 = (24— (24" =z

by
O‘;(@jepnvj) = @jePnWj S (Z4)P”’ with V]7\NJ € Z4
and
Vi) if j € Pn— {0} and7,(j) € Py
wW=<¢ 0 if j € Py — {0} and7;1(j) ¢ Pn

¢(V07V17V27V37V4) If J — 0

where the functiony is given below. Each vector component »X) is a way to
ascribe an integer to every arc &f,. The componenty corresponds then to the
integers associated to the four arcs near the puncture Gmaige wy will depend
actually on (some of) the integers associated to the neanbgtpres, namely on
V1, V2, V3 andvs. Then we set

¢(V0)V1)V2)V3)V4) = (E/a F/) G/a H/) € Z4

wherevg = (E,F,G,H), vi = (x,%,%,A), Vo = (*,%,%,B), v = (x,*,*, C) and
V4 = (*,*,*,D) and
F'=maxE+C,B+F)-G

E' = max€ + D,A+F)—H
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G = maxA+E+C+H,A+B+F+H,B+E+G+H,A+B+F+G)—(E+G+H)
H' = maxA+C+F+G,C+D+E+G,C+D+E+H,B+D+F+H)—(F+G+H)

A more intuitive definition of¢ is given in the picture below, where we figured out
only those labels (of components 4f,) on which the value of) actually depends:

A A LIE )

Consider now the worav = w(a*, 3*) in the free group with generators® and 5*.
Denote byw(cy;, B) the result of substitution of the letters above by the tstt€; and
B%. Thenw(as, 3;) is an explicit product of endomorphisms B@f.

Proposition 2.19 The wordw = w(«*, 5*) of lengthn represents the trivial element
in T* if and only if

A(Fn) = @D Proj, o W(azn, B3:)(A(Fn())
jepn
whereProj, : Z2» — 70 s the projection annihilating all basis elements froxg,
which are not inA\,,.

Proof It suffices to see that the action of][on the setC(D;,) of isotopy classes of
simple closed curves can be described completely in thedowies system above by
the formula on the right hand side.

Lemma 2.20 For each isotopy class € C(D}) andw = w(a*, 8*) word of lengthn
we have
A([W]X) = Proj, o W(azn, B20)(A(X))

where[w] X denotes the image of by the mapping clasisv] € T*.

Proof LemmaZ2.17 shows that the mapping clas#][sends a (class of a) curve in
C(Dy,) into C(D3,). Therefore one can discard all components outsidg. The
formula above holds fow = 3* by the very definition of3;;. The action ofa*
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gﬂ 0
fafle e

The action of an elementary flip in the coordinates above iskmewn (see 22, 19,
42, 36, 17)):

D D
B B
where:
Z =maxA+C,B+D)-Z
This ends the proof of the lemma. O

Further, assume that the equation in Proposifiat® holds. Then the permutation
induced by W] at the level of punctures dbz,, is trivial. By rigidity of the action
outsideDs,, it follows that the image oW in T is the identity element. This is precisely
the place where the decoration of the integral laminatiomsiful. In particular, the
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element W] of T* should belong to the subgroup of bralBD;;). However itis known
thatthe action of a braid is completely determined by theyeat a system of generators
for the fundamental group, in particular the imageFaf The equality of coordinates
shows that the element] acts trivially as automorphism of the fundamental group of
D;, and it represents therefore the identityTih. O

Remark 2.21 The formulas above express the actiorTéfon the space of decorated
integral laminations and thus on the boundary of the Teidlenspace oD*. Notice
that this is the tropicalization of the formula expressihg action on the Teichitler
space itself in Penner’s lambda coordinates.

Thus Propositior2.19 furnishes an efficient algorithm for checking whether a give
word represents the trivial element ©f or not. O

Remark 2.22 The complexity of this algorithm is exponential, becausedize ofP,
is exponential.

Remark 2.23 The solvability of the word problem is a strong indicatioattthe group
has nice properties from algorithmic viewpoint. Notice lewer that the lamplighter
group (the wreath product @ /27 andZ) is an infinitely presented 2-generator groups
which has solvable word and conjugation problems (88B.[ Thus the result above
does not imply thall ™ is finitely presented.

3 The complexC*(T?)

The remainder of the article is devoted to the proof thats finitely presented, by
constructing a simply connected cellular compi&X*) on whichT*? acts cocompactly.
Each orbit of 2-cells of this complex will thus correspondatelation inT#. This will
enable us to provide an explicit presentation T6r We first introduce an auxiliary
complexC*(T¥), whose simple connectivity is not too difficult to provef lwhich is
not finite moduloT#. The complexC(T*) will be a subcomplex o€ (T*). We shall
finally explain how an analogous construction applie3to

3.1 \Vertices and Edges

The complexC*(T%) is a 2-dimensional cellular complex, whose vertices @poad to
the elements ofi? (see Notatiorl.1). The (unoriented) edges correspond to “moves”
of two types:
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Y,
i Y1 I ) /!
Y, 5

Figure 4: Definition of the A-move

(1) Associativity move, oA-move:

Let v be arigid structure, angl an arc ofc which separates two hexagons, sy
andH,. Let v, (respectivelyy,) be the side oH; (respectivelyH,) contained
in the boundary oD?, and disjoint from~y. Choose two pointg; € 1 and
p2 € v2. Define the simple areg, which first connect$; to the puncture of
H1 (remaining insideH; ), next connects the puncture Bf; to the puncture of
H», crossing once and transversely the ar@and finally connects the puncture
of Hy to p, (remaining insideH,). Define an arc by deformingo around the
two punctures, in such a way that it avoids them and sepaitates. There are
exactly two isotopy classes of such arcs, saand~", with free extremitieg,
andp; (see Figured).

One says that the rigid structurésandt”, obtained frome by only changing
~ into 4" or v, respectively, are obtained fromby an A-move omny. A pair
as{y,7'} or {v,7"} determines aedge of type Af C*(T*). Note that there
exist exactly twoA-moves ony.

(2) Braiding move, oBr-move:
Let v be arigid structure, ang an arc oft which separates two hexagons, say
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Ya

i
g

g

Figure 5: Definition of theBr-move

Hi andH,. Lete, be a simple arc connecting to g (the punctures ofi; and
H», respectively), crossing once and transversely, and containedHinuU H,.
Such an arc is uniquely defined, up to isotopy (fiximget qp). Let o be the
positive braid determined bg, , which permutes); andaq, (see Definitior2.1).
Let v/ = o(7) be the image ofy by o, and~” = o~1(v) (see Figure).

One says that the rigid structurésandt”, obtained frome by only changing
v into v/ or v, respectively, are obtained fromby a Br-move ony. A pair
as{vy,v'} or {7,7"} determines aredge of type Bof C*(T*). Note that there
exist exactly twoBr-moves ony.

Definition 3.1 The treeT; of a rigid structure: of D is the planar tree whose vertices
are the punctures @' and whose edges are the aegsas above, for every arg of ¢.

Note that7: is the tree oD".
Remark 3.1 (Orientation of the edges of typBr) Say that an edge N ~'is

positively oriented ify’ turns on the left when it approaches the arc This means
that the braidingo (on the punctures; and g) such thaty’ = o(v), is positive.
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-1

Figure 6: CycleAA= Br

From now on, a positive braiding will always be denoted byttetenithout negative
exponent, such as, o1, etc., whiles—1, 01*1, etc., will refer to negative braidings. On

Figureb, the edgey B ~' is positively oriented, while the edgﬁﬂ ~" is negatively
oriented.

On the contrary, there is no canonical orientation for thgesdf typeA.

From now on we will keep denoting and 3 for of and % in the pictures below,
when we have to figure out the action Bf on C*(T%).

3.2 2-cells

The 2-cells ofCt(T¥) are of the following types:
1. CellsAA = Br.

Let ¢ be a rigid structure, and an arc oft. As we have seen above, there are two
edges of typeA, connectinge to v/ andt”. The vertices” andt” are connected by an
edge of typeBr. Thus, one fills in the cycle of three edgAsA andBr, by a 2-cell,
which is said otype AA= Br (see Figureb).
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A

A

W
Figure 7: Cycle of typeDC;

2. Cells of commutation oA-moves,A1A; = AxA;.

Let v be arigid structure, anHl;, Hp, H] andH) be four distinct hexagons af such
that H, and H; (respectivelyH] and H5) share a common side (respectivelyy’).
The commutation of the twé-moves, alongy and+’, respectively, generates a square
cycle. The point (to be elucidated in Propositi®) is that we only need to fill in the
squares of two special types:

- CellsDC;: Hy andH/ share a common side, see Figidre
« CellsDC;y: H, andH/ are separated by a hexagblg, see Figure.
3. Pentagonal cells.

Let v be a rigid structure, an#li;, H, and Hz be three hexagons af such thatH;
andH, are adjacent along a side andH3z andH> are adjacent along a side There
is a cycle of fiveA-moves, which only involves the aresandé of ¢, see Figuré®. It
is filled in, producing a 2-cell ogpentagonal type

4. Cells coming from the presentation of the braid group.

Recall that there is a general theorem of V Sergiesdd])[which can be used to
provide a presentation fd., with generators the positive braidings along the edges
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Figure 8: Cycle of typedDC;

of the tree ofDf or the tree7; of any rigid structurer. Let ¢ be a rigid structure, and
7. be its tree.

a) Hexagonal cells. Le ande, be two edges of ., which are incidentto a punctuge
Let o1 andoy be the braidings along, ande,, respectively. Thewo,01 = 020105.
Let Br; andBr, denote the braiding moves, correspondingt@ando,, respectively.
In terms of Br-moves, the braid relation becomes

BrzBrlBrz = BrlBrzBrl,
and one adds a 2-cell to fill in the cycle of those 6 braiding @sov

b) Octagonal cells. Leg;, e and ez be the three edges which are incident to a
puncturep. Suppose that their enumeration respects the cyclic caloc&wise
orientation of the planar surface aroupd Using notations as in a), one has the
relation o1o00301 = 02030102 = o3010203. In terms ofBr-moves, this gives

Br3BrzBrlBr3 = BrzBrlBrgBrz = BrlBrgBrzBrl,

and one adds 2-cells to fill in the corresponding cycles ofadomgs.

Geometry &7opology XX (20XX)



1032 L Funar and C Kapoudjian

Figure 9: Pentagonal cycle
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Br

SAN

Br2

=
Ny

Brl

TN

Figure 10: CommutatioBriBr, = Br,Br; of level 6

c) Squares. Le¢; ande, two disjoint edges. Thetyop = op07. Interms of braiding
moves, this gives
BrlBrz = BrzBrl,

and one adds a 2-cell to fill in this square cycle.
5. Cells of commutation oA-moves withBr-moves.

Let ¢ be arigid structure. AM\-move along an arg commutes with &8r-move along
an edgee of 7, if v ande are disjoint. Thus, there is a square cycle of the form

ABr=BrA
which one fills in by a 2-cell.
We note that the minimum level (see the definition below) fachsa cell is 5, see
Figurel3.

Definition 3.2 Let w be a 2-cell, and a vertex of the boundary cycléw. The
vertices ofow differ from r by a finite number of arcy. The support otv is the
minimal connected subsurface Bf which is a union of hexagons ofand contains
all the arcsy. The level of the 2-cellb is the number of arcs af which belong to the
boundary of the support of.

The description o+ (T*¥) is now complete, and the following is obvious:
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4

Br1

5

B Br2

Br

-

g
3>

Figure 11: First commutatioBr,;Br, = Br,Br; of level 7

Brl

o
JAS

{Z

Br o

y N
4l

7
'{J

Figure 12: Second commutati@r,Br, = Br,Br; of level 7
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Br | Bo! Bo| Br

Ba

A

Figure 13: CycleBrA = ABr of level 5

Proposition 3.2 The complexC*(T*%) is aT*-complex.

3.3 Connectivity of CT(T%)

We first recall a useful lemma of algebraic topolog$]([Proposition 6.2, see also a
variant of it in [23]), which we have used already i24].

Lemma 3.3 Let M andC be two CW-complexes of dimensioR, with oriented
edges, and : MY — ¢ be a cellular map between their 1-skeletons, which is
surjective or0-cells andl-cells. Suppose that:

(1) C is connected and simply connected;
(2) For each vertex of C, f~1(c) is connected and simply connected;

(3) Letcy -2 ¢, be an oriented edge @f, and letm, - m, andml! <= my
be two lifts in M. Then we can find two pathsy, L m; in f~1(c;) and
m, 22 my in f~1(cy) such that the loop
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m < m,
p1l 1 p2
m g

is contractible inM ;

(4) For any2-cell X of C, its boundaryoX can be lifted to a contractible loop of
M.

Then M is connected and simply connected.

Recall thatD is the surfaceD? viewed without its punctures. We will use Lema8
to study a certain cellular map: C*(T%) — H7 1ed(D).

Definition 3.3 The reduced Hatcher-Thurston compléy «q(D) is a 2-dimensional
cellular complex whose vertices are the rigid structure® pivhose edges correspond
to A-moves, and whose 2-cells are of three tyde€; , DC,, and pentagonal cells. The
definition of theA-move in'HT 4(D) is deduced from the definition of the-move

in C*(T*%) by forgetting the punctures.

Note that, ifv is an arc of a rigid structure dd, there is a uniqué\-move on~y.

Remark 3.4 (1) If X isthe surface without boundary obtained by gluing along
their boundaries two copies & with opposite orientations, theH7 ¢q(D) is
a subcomplex of theeduced Hatcher—Thurston complé&7 (eq(Xo,.0) Of the
surfaceX ., as it appears in24], Definition 5.2. The argument used i24]
to prove thatH 7 ed(>0,0) is connected and simply connected actually reduces
to proving thatH7 q(D) is connected and simply connected. The point of that
proof (see Proposition 5.5 ir24§]) is that there is a surjection of the Cayley
complex of Thompson’s group, for the presentation with generatarsand 3,
onto the complexXH7 «¢(D). This is essentially used to show that the square
cycles generated by the commutations of any two A-movesle ifi by 2-cells
of typesDCy, DC,, and by pentagons.

(2) The complexH 7 4(D) is a T-complex, andH7 4(D)/T has one vertex, one
edge, and three 2-cells: the two squalbg3; and DC,, and the pentagon.

The following is obvious:
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Proposition 3.5 There is a well defined cellular map
f:C*(T%) — HT reu(D),

which is induced by forgetting the punctures. The rhdg (T*, T)-equivariant.

Definition 3.4 The T*-type of a 2-celko of C*(T¥) is its image inC*(T*)/T*. The
T-type ofw is f(w) modT in H7T eq(D)/T.

Proposition 3.6 There is exactly ond -type of 2-cellsDCy, oneT -type of 2-cells
DC,, and oneT -type of pentagonal 2-cells. Eadhtype of 2-cell corresponds to
finitely many differentT* -types. In other words, if; is a 2-cell inHT e4(D), then the
set of 2-cells inC*(T*) which are the preimages af by f is finite moduloT®.

Proof The first assertion was already mentioned in RenBadk 2. The second is
related to the fact that an edge of typan H7 eq(D) admits two lifts inC*(T*) with
the same origin (see Figu6. Therefore, a 2-cell irH{7 ¢4(D) bounded by a cycle of
n edges admitat most2"—1 lifts in C*(T¥) based at the same origin.

Proposition 3.7 The complexC(T?) is connected and simply connected.

Proof Let us apply Lemm&.3to the mapf. Condition1 is fulfilled. The preimage
by f of a vertext of H7 eq(D?) is isomorphic to the Cayley complex of the group
B, for the presentation of Sergiescu associated to theZired . Consequently, it
is connected and simply connected, and condifiaf Lemma3.3is fulfilled.

Let us examine conditioB. The edge®’ ande” are of typeA. Sincen, (respectively
my,) is connected tarY] (respectivelyny;) by a sequence of edges of tyBe, it suffices
to consider the case when is an edge of typd3r. But this forcesp, either to be
trivial (the loop p1€’€ 1 bounds a 2-celAA = Br) or to be an edge of typBr (the
loop e’pze(’—lpI1 bounds a 2-celABr = BrA).

Condition 4 is obviously fulfilled, by definition ofc*(T%). To conclude,C*(TY) is
connected and simply connected.
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4  The reduced complexC(T*) and a presentation for T*

4.1 Simple connectivity ofC(T¥)

Definition 4.1 The reduced comple&(T?) is the subcomplex of*(T*) which has
the same 1-skeleton &5 (T%). The 2-cells are of the following types:

(1) AA=Br (Figure6), DC;y of Figure7, DC, of Figure8, pentagon of Figuré;

(2) ABr = BrA of level 5 of Figurel3, level 6 of Figurel5, and level 7 of Figures
18and19;

(3) BriBro = BroBry; coming from the commutation of certain braidings with
disjoint supports: cells of level 6 of tHE" -type of Figurel0, and cells of level
7 theT!-type of Figurell and of theT* -type of Figurel2);

(4) cells coming from the braid groupBriBr,Bro, = BryBriBr, (subsectior.2,
4.a) andBr3Br,BriBrz = BroBriBrzBr, = BriBr3BryBry (subsectior8.2 4.b).

The point is thatC(T?), contrary toCt(T?), contains finitely manyT*-types of cells
ABr = BrA and BriBr, = BryBr;. It follows that the quotienC(T¥)/T# is finite.
Moreover:

Proposition 4.1 The complexC(T*%) is connected and simply connected.

Proof SinceCT(T*) is connected and has the same 1-skeletod(d@s), the latter
is connected as well. To prove the simple connectivityC¢T¥) from the simple
connectivity ofC*(T¥), it suffices to check that the cycles bounding the 2-cell&ivh
belong toC T (T*) but not toC(T*) may be filled in by some combinations of 2-cells of
C(T*) only.

Note first that for each of the thréle-types OC;, DC, or pentagon), we have selected
a uniqueT*-type of liftin C(T*) (compare with Propositio8.6). However:

Lemma 4.2 Letw be any 2-cell ofct(T*) of T-type DCy, DC,, or of pentagonal
T-type. Themw is filled in by 2-cells which belong t6(T*), hence is homotopically
trivial in C(T?).

Proof Let us introduce the following terminology. Suppose that loundary of a
2-cell o’ is filled in by some 2-cellsv, wy,...,wn. Then we will say thaty’ is
equivalent tow modulows, . .. ,wn.

Geometry &7opology XX (20XX)



Braided Ptolemy—Thompson group 1039

—
Pria

AP
%
/f

Figure 14: Relation between two inequivalent cycles of tixi&

e Let us consider thd@*-types of cells ofT -type DC;. The only T#-type which
belongs toC(T¥) is that of Figure7. Yet, one would obtain anotheF?-type
by changing the lift of the horizontal or of the vertical edpased at the same
top left corner of the square). The symmetry of the squarees@tksufficient
to restrict to the horizontal edge case. Thus, anoffietype is represented in
Figure14: it is the large cell which is filled in by one celdC; (of Figure7),
two cells of typeAA = Br, and one celABr = BrA of level 6 (the small square
of Figure15). The point is that all of them belong &(T%), so that the boundary
of the large cell is homotopically trivial iG(T*).
Note that anothefl-type would be obtained by changing the vertical edge of
the large cell of Figurd4. But we would prove, by the same puzzle game as
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Figure 15: Relation between two inequivalent cycddd = BrA of level 6
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above, that its boundary is homotopically trivial @T?). However, there is a
subtlety here: the piec&Br = BrA of level 6 we would use is nok?-equivalent
to that used above (ie the small square of Figlsg This inequivalent piece
ABr = BrA is the large square that is represented in Fidiie But the same
figure shows that the latter is equivalent to the &lir = BrA (belonging to
C(T%)), modulo some cells which all belong &(T*). Indeed, the large square
is filled in by the small pieceABr = BrA, two cells AA = Br and one cell
BriBr, = BryBr; of level 6. All of them do belong t@(T?).

e Let us now consider th@*-types of cells ofT-type DC,. The only T#-type

which belongs ta&(T?) is that of Figure8. One would obtain different?-types
by changing the lift of the horizontal edge (see the largéafeFigure 16) or
of the vertical edge (see the large cell of Figd@. Using cells of typeDCy
of Figure8, of type AA = Br and of typeABr = BrA of level 7 (of Figurel8
and Figurel9) as puzzle pieces (which all belong@¢T*)), one proves that the
large cells of Figured6 and17 are equivalent to the small ones modulo cells
which are inC(T?).
Note that one could obtain oth@¥-types of cells ofT -type DC, by changing
both the horizontal and the vertical edges. The pigkBs= BrA of level 7 we
would need might not b&*-equivalent to those of Figurk8and Figurel9, but
equivalent to the latter modulo cellsA = Br and Br1Br, = Br,Br; of level 7
(Figureslland12).

e Let us finally consider th@*-types of cells of pentagondl-type. The only
T#-type which belongs t6(T?) is that of Figured. The other ones (see the large
pentagonal cell of Figur20) are equivalent to it modulo cells of typ®A = Br
and of typeABr = BrA of level 5 (of Figurel3), which all belong taC(T?).

The second lemma to prove is:

Lemma 4.3 Each square cycle of the formAiA, = AxA1” in the 1-skeleton of
CH(TY) or C(TY), resulting from by the commutation of tw&-moves along disjoint
arcs of a rigid structure, may be filled in by 2-cells®f(T*), of T -typeDCy, DCy, or
of pentagonall -type. Therefore, by Lemmé&.2 it may be filled in by 2-cells which
all belong toC(T*), hence is homotopically trivial iG(T?).

Proof Let ~ denote the square cych A, = AsA; in CT(T?) or C(T%). In [24], it is
proved that the squarg~) in H7 eg(D) may be filled in by 2-cells@PC,;, DC, and
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Figure 16: Relation between two inequivalent cycles of tiyi&
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Figure 17: Relation between two inequivalent cycles of ti&, bis
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Figure 19: Second cyclBrA = ABr of level 7
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Figure 20: Relation between two inequivalent pentagonelesy
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pentagons). Let us enumerate themudy. . . wy in such a way that; andwi (for
i=1...,n— 1) are adjacent along an edge, as welkgsand w;. Following this
enumeration, one may lift each to a 2-celluj of C*(T#), in such a way that the
lifts fill in the cycle ~. O

The third and last lemma is:

Lemma 4.4 The square cycleBr,Br, = Bry,Bry and ABr = BrA, bounding the
2-cells ofC*(T¥) which arenotin C(T*), are filled in by some of 2-cells belonging to
C(T%). Hence they are homotopically trivial E{T?).

Proof The key point is that 8r-move may be seen as the composite of &vmoves
(*AA = Br”), so that each relation of commutation involviry-moves reduces to
relations involvingA-moves. Figur@1shows how the square cyclBs;Br, = Br,Br;
are filled in by 4 square8; A, = A>A; and four trianglesAA = Br. Since each square
A1A; = AA; is filled in by cells belonging ta(T*) by Lemma4.3, this proves our
claim. Similarly, Figure22 shows how the square cyclé®r = BrA are filled in by 2
cells of typeAA = Br and 2 squaresyAr = AxA;. O

Since the complement @(T*%) in C*(T?) is a union of cellsBr;Br, = Br,Br; and
ABr = BrA, the last Lemma implies that the inclusidi{T?) ¢ C*(T¥) induces an
isomorphism at ther; level. This ends the proof of Propositidnl O

Theorem 4.5 The groupT? is finitely presented.

Proof The group T? acts cocompactly on the simply connected complgX?).
The stabilizers of the vertices are all isomorphicR8L(2,7Z). Indeed, since all
vertices are equivalent moduld, it suffices to consider the case of the canonical rigid
structurev = t#. Clearly, the stabilizer of! is also the group of orientation-preserving
automorphisms of the tree &f. It is isomorphic toPSL(2, Z) (see also Remark.3).

We claim that the stabilizers of the edges are isomorphi€ A27Z.. Indeed, there are
two distinct classes of edges (moduli®), which may be represented by two edges
ande,, based at the same origin The edgee; corresponds to aA-move on an arc of
referencey, while e corresponds to 8r-move on the same arg. We may assume
that the mapping class® € T of 2.2has been chosen such that the terminal vertex of
e; is of(v). Recall that it is a rigid rotation of order 4 outsitty U H,, but it fixesqy
andqp insideH; U Hy, see Figure3.
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Figure 21: A cycleBr;Br, = BryBr; is filled in by cells of typesAi A, = AA; andAA = Br
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Figure 22: A cycleABr = BrA is filled in by cells of typesh i A, = AA; and AA = Br

Br

We denote by € B,, C T¥ the positive braiding on the arg. It permutesy; and g
and is such that (V) is the terminal vertex o&, see Figure3.

One first checks that there is no elemenTéfthat reverses the orientation of the edges
€, or &. Thus, the stabilizer's'g1 of e; and ng of e are subgroups of the stabilizer
of v. In fact, Tgl = ng, generated by the elemeate PSL(2,7Z) of order 2, which

is rigid rotation of angler that interchanges the hexagoHs and H, and preserves
the arcy (reversing its orientation). We shall see below that o—1a#? = at?o—1
(beware that” is not of order 2!).

Since the stabilizers of the vertices are finitely preseatetthe stabilizers of the edges
are finitely generated, Theorem 1 8] psserts thal? is finitely presented. O

Remark 4.6 The stabilizerT} of v admits the following presentation:

T: = (a, 8| a2 = §*° = 1) = PSL(2,Z).
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4.2 A presentation for T*

4.2.1 Statement of the theorem

Theorem 4.7 The groupT? admits a finite presentation, with three generatdrss*
ando, and the following relations:

(1)
(2)
3)
(4)

(5)
(6)

(7)
(8)
(9)
(10)

(11)
12)
(13)

(14)
(15)

gti—1

(Bfaf)s = oot o

Settinga = a°o1,
[B*af B, aBfat pta] = 1 (level 5)
[maﬁgﬁ’agtizagﬁaﬁgﬁa@ﬁa] -1

Consistency relations:

[0, Btat 3] = 1 (level 5)

[0, B0’ Btast '] = 1 (level 6)

[0, B'ag! ‘asalptastagt '] = 1 (level 7)
[0, Bfastasiaf ftagtast] = 1 (level 7)

Commutations of braidings:

[0, Btast to(stast )1 = 1 (level 6)

[0, Btastast ‘o(Btastast 1)~ = 1 (level 7)
[0, ffastasio(BFastast) Y = 1 (level 7)

Settingoy, = o, 0o = ﬁﬁaﬁﬁ_l andoz = ﬂﬁ_laﬂﬁ,
010201 = 00107 (fundamental relation of the braid group)
01020301 = 02030102 = 03010203 (Sergiescu's relations)

Corollary 4.8 We haveH(T¥) = Z/6Z. In particular, the group$* andT* are not
isomorphic.

Proof Hi(T*) is generated by the commuting], [5‘] and [¢], subject to the
relations 4ff] = 2[c], 3[3!] = 0 and 5p] + 5[3*] = 3[0]. They are equivalent to
[@f] = —[o], [8%] = —2[¢] and 6] = 0, hence the claim. 0
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a @) a’@)

e

Figure 23: Edges; ande, and generators! ando

4.2.2 Generators
We follow the method described by K Brown iB][ derived from the Bass—Serre
theory.

Recall that the quotierd(T*) /T* possesses a unique vertex, represented nd two
edges, represented ley ande, (see the proof of Theore® 3).

The stabilizers ok, ande, are of order 2, generated lay For better clarity, we write
T = (a1, a2 = 1) and T, = (a, a3 = 1), respectively.

4.2.3 Relations
Theorem 1 of §] states thafT* is generated by the stabilizé'(“, and by the elements
O, = o andge, = o, subject to the following relations:

o Presentation (i): For eache € {e1, &}, gz ltie(h)ge = Ce(h) for all h € TS,
where ig is the inclusionTé < T and ce : T2 — T is the conjugation
morphismh — gz 'hge.
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Explicitly, “ gglliel(h)gel = Cg (h)” With ge, = of andh = & ¢ Tgl provides
the relationa tant = of tajat, where the right hand side is computedTif
in which it is equal toa. Hence the relation

ozﬁilaati =a (%).

As for “ggzliez(h)gez = Cg,(N)” with g, = 0 andh = a € T&Z, it provides
the relations—tas = o~layo, where the right hand side is computedTify in
which it is equal toa. Hence the relation

o lar = a (x%).

 Presentation (ii): ¢ = 1 for each 2-cellr € C(T*), wherer.. is a word in the
generators off 3 of and o, associated with the 2-cefl in the way described
in [8]. We recall it for the convenience of the reader:

Each edge of the complex startingvahas one of the following forms:

(1) v— (¥ V), he T

2) v— (hotH(V), he TS
To such an edge we associate an elementc T? such thak ends aty(v): v = hat™!
in case (a);y = ho*?! in case (b).

Let 7 be one of the 2-cells of the compleéXT¥). One chooses an orientation and a
cyclic labeling of the boundary edges, such that the labkledgeE; starts from the
vertexv.

Let v; be associated thB; as above. It ends at(Vv), so the second edge is of the form
~v1(Ep) for some edgde, starting atv. Let v» be associated t&,. The second edge
ends aty;2(v). If nis the length of the cycle bounding, one obtains this way a
sequencey, ..., such thaty; - - - yn(v) = v.

Note that for each of the cycles, we have indicated the coorading ~ above the™
edge.

Let v be the element of the stabiliz'e*(ﬁ, which is equal toy; - - - v, when each element
~i is viewed inT?. Then the relation associated-tds

/'Yl PEEErY /'Yn f— /'y
where the left hand side is viewed as a wordiin o, a, 5%, and their inverses.

Following this process for the 2-cells of the compl&*), one obtains:
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1. Cell AA= Br (Figure6). The corresponding relationis'c —1af = a. Equivalently,
o = atalat. Since by ¢), of anda commute, one obtains = af°a~!, hence
ot and o commute Relation 3. Sincea = o~ 1at?, a may be eliminated, and the
relationa? = 1 is now equivalent tat* = o2 (Relation 3.

2. a) Cell DG (Figure 7). The corresponding relation ig{ofs¢, aBtafpial = 1
(Relation 5.
b) Cell DG, (Figure8). The corresponding relation igfa? 3¢, agt’astat gtastal = 1
(Relation §.
c) Pentagonal ceII (Flguré)). It gives first the relation

1t Lottt topt et o gt ot = Bta. Taking the inverse of this re-
Iatlon, one obtalnsati Y3to—latBlo— ot Blat flat = ast . Replacinga by a =
ot %o, one obtains Bio—Lat Blo— (ot 58)3 = o. Equivalently,
ool pla —1(aﬁﬁﬁ)4 (!B 1oal 5%, Sinceat ande commute, the nght hand side
is equal to3t o3¢, Hence the relatiom—tatfto— (ot 81) " L(atBh)5 = 5 opt.
This is equivalent to §af)® = gtost "ot topt toptat. Usmg once agaln the
commutation betweer and of, one obtains §iaf)® = ftopt toat 1at o stat.
But we shall see below that and 5%af 3" commute (se€ell ABr = BrA of level 5,
so thate! '8t T ptat = Bopt "t Finally, the relation becomes

(Bah)® = Bl oot

Modulo the braid relation (see beldBells coming from the presentation of the braid
group), this isRelation 4

3. a) Cell ABr= BrA of level 5 (Figurel3): [o, 3*af3%] = 1 (Relation 7.
b) Cell ABr= BrA of level 6 (Figurel5): [, taf3tagt '] = 1 (Relation 8.

c) First cell ABr = BrA of level 7 (Figurel8): [0, ftast ‘agtatgtagtast 1 = 1
(Relation 9.

d) Second cell ABe= BrA of level 7 (Figurel9): [o,f%agfagiafplastast] = 1
(Relation 10.

4. a) Cell BiBr, = Br,Bry of level 6 (Figurel0): [o, Sfast ‘o(stagt H-1 = 1
(Relation 11).

b) First cell BrBr, = Br,Br; of level 7 (Figurell):
[0, ftasdtast ‘o(Btastast 1)~ = 1 (Relation 12.
c¢) Second cell BBr, = Br,Br; of level 7 (Figurel?2):
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[0, ftaptasto(flastas?)—1] = 1 (Relation 13.

5. Cells coming from the presentation of the braid groufhey obviously give the
relations14 and15.

4.3 T* isfinitely presented

The groupsT? and T*, though both alike, are not isomorphic. However, there is a
proof for the assertion thaf* is finitely presented which mimics that far‘. One
introducesT*-complexesC*(T*) and C(T*), whose vertices are the asymptotically
rigid structures oD*, and the edges are of two types, corresponding to mévasd

Br.

e If v is an asymptotically rigid structure andis an arc oft, the A-move on
~ keeps unchanged all the arcswéxcepty, and replaces by v/ which is
transverse tey and passes through the same puncture @ee Figur®4). Note
that there is a uniqué&-move on~y.

e If vis an asymptotically rigid structure afqdandq are two punctures dd* on
two different sides of a hexagadd of ¢, there is a simple are inside H which
connects to g. Let o be the braiding along. The moveBr changes by the
natural action obre on ¢ (see Figure4).

The complexCt(T*) has the same types of 2-cells@§(T?), except that:

—the cellAA = Br of C*(T¥) does not exist,

— and the pentagonal cell is replaced by a hexagonal celtessing that a certain
sequence of fivé\-moves produces the effect ofBr-move, see Figur@5. As can
be guessed, the relation which will be associated to thissé¢b*a*)® = O[04], S€E
Lemma2.6.

The Cayley complex oB.,, for the Sergiescu presentation associated to the graph
of D* (see Remark.7), provides 2-cells off(T*) which involve only Br-moves.
Among them are cells of commutatiddr,Br, = Br,Br1, which provide countably
many T*-types of cells (that is, countably many cells in the quatiéfr*)/T*). On

the other hand, the cells of the Cayley complex coming frazrother types of relations
(that is, the non-commuting types) provide only finitely maells inC(T*)/T*). This

is due to the regularity of the graph from which the presémabf B, is derived.
Therefore, just like?(T*)/T*#, the quotient(T*)/T* is made of countably many 2-cells
BriBr, = Br,Bry and ABr = BrA, plus finitely many other 2-cells.
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Figure 24: The two types of edgesdtfT™*)
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Figure 25: Relation A> =
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Fortunately, the key role played by the 2-c&lA = Br in the proof of Theorem
4.5, especially in Lemma.4, is now played by the 2-cel® = Br: one eliminates
almost all theT*-types of 2-cellsABr = BrA and Br,Br, = Br,Br, using cycles
AiA> = AyA; (the analogue of Lemmd.3is true) andBr = A>. This enables us
to obtain a reduced compleXT*) which is finite moduloT* and simply connected.
These arguments constitute a sketch of the proof of

Theorem 4.9 The braided Ptolemy—Thompson grolip is finitely presented, and
admits a presentation with 2 generators.

5 Comments and open questions

Actions by homeomorphisms orSt. D Calegari ([L2]) proved that punctured mapping
class groups have a faithful action by homeomorphism§'onSpecifically, letS be

a surface (possibly of infinite type) with a base pgntLet Mod(S, p) be the group
Homeo' (S, p)/HomeQ)L(S p). Here Homed (S, p) denotes the group of orientation-
preserving homeomorphisms 8fto itself which takes to itself, and Home@(s p)
denotes the connected subgroup containing the identity ifiagn Mod, is circularly
orderable. Notice that this punctured mapping class gréitgisto an exact sequence

1— m(§ — Mod(S p) — Mod(S) — 1
where Modg) is the usual mapping class group &f

In particular, there are extensions by free groups of theansal mapping class groups
BB in genus zero, which embed in Homg&'), being circularly orderable. It seems,
however, that3 does not act faithfully on the circle.

Smoothing the action. It is presently unknown whether the grodp admits an
embedding into some group of piecewise linear homeomarshiRL, (St) with break
points and derivatives of the form", wheren € Z. We conjecture that there is
no embeddingT* — Diff2(S') into the group of diffeomorphisms o8 of class
C2. Specifically, any homomorphisifi* — Diff 4 (St) should factor through a finite
extension ofT .

Automatic groups. Thompson groups are known to be asynchronous automatipgrou
(see R9)), but it is still unknown whether they are (synchronousytomatic. V Guba
proved that the Dehn function &f is quadratic, as is the case for all automatic groups.
We conjecture thafl* is automatic. Notice that braid groups and more generally
mapping class groups are known to be automatic (88e39]). In particular, this
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would immediately imply thaf* is finitely presented and has solvable word problem.
We expect that the conjugacy problem is solvable too, thdtighpresently unknown
whether this holds true for all automatic groups. Moreowitomatic groups are
combable (see2)], p.84) and hence they are EPand thus k., ie they have a
classifying space with finitely many cells in each dimens{see R0], page 220).
Eventually, the Dehn function off should be quadratic. [T* is biautomatic then it
would provide an example of such a group having a free absli@group of infinite
rank.

Outer automorphisms groups. It was first established by Dyer and Grossman that
Out®,) = Z/2Z, for n > 4, and Ivanov and further McCarthy extended this to
mapping class groups. However, their result does not extenstated, to infinite braid
groups. In fact there exists an embedding

T — Out(B..)

induced by the action of* by conjugacy on its normal subgroi,,. In particular,
Out(B,,) seems to be a quite rich group.

On the other hand M Brin §]) proved that group Oul)) = Z/27Z. It would be
interesting to know whether OTt{) = Z/2Z holds.

Remarks.

(1) Any diagram group (sesl]) can be embedded intB., (by a result of Wiest
in [45]) and thus intoT?. However, T! is not a diagram group since it has
torsion. MoreoverT? and the Brin—-Dehornoy braided Thompson gr@\pare
the typical examples of some more general braided diagranompgr The work
of Farley on diagram groups extends to braided diagramsiahdes (seeZ1]).

In particular, each one of these groups acts properly eelfubn a CAT(0)-
complex, which is not locally finite. The stabilizers of se#ire isomorphic to
braid groups (on finitely many strands). One might expectdhgaided diagram
groups to be finitely presented and even &P

(2) The groupT? has not the Kazhdan property sintehas not.

(3) If T" is a lattice in a simple Lie group of and ti§g-rank of " is at least 2 then
any homomorphisni’ — T# should be trivial, since ang®-action of such &
on St is trivial, by a result of D Witte (seedf]).

(4) There exist however homomorphisms from arithmetic gsoof rank one into
T#. In fact, Kontsevich and Soibelman recently constructed3# faithful
homomorphisms from an arithmetic subgrougsai(1, 18) into the braid groups.

(5) The groupT? is non-amenable and hence of exponential growth.
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