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Abstract

The central extension of the mapping class groups of punctured surfaces of finite type that arises in
quantum Teichmiiller theory is 12 times the Meyer class plus the Euler classes of the punctures. This is
analogous to the result obtained in [9] for the Thompson groups.
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Introduction

The quantum theory of Teichmiiller spaces of punctured surfaces of finite type, originally constructed in [4, 15]
and subsequently generalized to higher rank Lie groups and cluster algebras in [7, 8], leads to one parameter
families of projective unitary representations of Ptolemy modular groupoids associated to ideal triangulations
of punctured surfaces. We will call such representations (quantum) dilogarithmic representations, since the
main ingredient in the theory is the non-compact quantum dilogarithm function first introduced in the
context of quantum integrable systems by L.D. Faddeev in [5].

These representations are infinite dimensional so that a priori it is not clear if they come from suitable 2 + 1-
dimensional topological quantum field theories (TQFT). Nonetheless, it is expected that in the singular limit,
when the deformation parameter tends to a root of unity!, the ”renormalized” theory corresponds to a finite
dimensional TQFT first defined in [13, 14] by using the cyclic representations of the Borel Hopf sub-algebra
BU,(sl(2)), and subsequently developed and generalized in [1]. One can get the same finite dimensional
representations of Ptolemy modular groupoids directly from compact representations of quantum Teichmiiller
theory at roots of unity [3, 2, 15].

Projective representations of a group are well known to be equivalent to representations of central extensions
of the same group by means of the following procedure. To a group G, a C-vector space V and a group
homomorphism h : G — PGL(V) ~ GL(V)/C*, where C* is identified with a (normal) subgroup of GL(V)
through the imbedding z + zidy, one can associate a central extension G of G by a sub-group A of C*
together with a representation h : G — GL(V) such that the following diagram is commutative and has
exact rows:
1] —Cf —— GL(V) — PGL(V) —1
o

1 A G G 1

*This version: February 2010. L.F. was partially supported by the ANR Repsurf:ANR-06-BLAN-0311. R.M.K. is partially
supported by Swiss National Science Foundation.

1One should distinguish between two different limits, depending on whether 108(9) tonds to a positive or a negative rational
number. In the case when this limit is a positive rational number, the limit of the representation is non-singular and so it stays
infinite dimensional.



One such extension is the pull-back G of the central extension GL(V) — PGL(V) under the homomorphism
G — PGL(V), which is canonically defined. However it is possible to find also smaller extensions associated
to proper sub-groups A C C*. The central extension G associated to the smallest possible sub-group A C C*
for which there exists a linear representation as in the diagram above resolving the projective representation
of G will be called the minimal reduction of G.

In this light, quantum Teichmiiller theory gives rise to representations of certain central extensions of the
surface mapping class groups which are the vertex groups of the Ptolemy modular groupoids. The main
goal of this paper is to identify the isomorphism classes of those central extensions. Namely, by using the
quantization approach of [15], we extend the analysis of the particular case of a once punctured genus three
surface performed in [16] to arbitrary punctured surfaces of finite type.

Let a group G with a given presentation be identified as the quotient group F/R, where F' is a free group
and R, the normal subgroup generated by the relations. Then, a central extension of G can be obtained
from a homomorphism h: F — GL(V) with the property h(R) C C* so that it induces a homomorphism
h: G — PGL(V). In this case, the homomorphism h will be called an almost linear representation of G, in
order to distinguish it from a projective representation.

In quantum Teichmiiller theory, central extensions of surface mapping class groups appear through almost
linear representations. Specifically, let I'; . be the mapping class group of a surface X7 . of genus g with
r boundary components and s punctures. These are mapping classes of homeomorphisms which fix the
boundary point-wise and fix the set of punctures (not necessarily point-wise). Denoting Iy =10, the
projective representations of I'y for (29 — 2 + 2s)s > 0, constructed in [15, 16], are almost linear represen-

tations corresponding to certain central extensions f; By considering embeddings %7 | C 22,07 the central

extensions f; can be used to define central extensions for the mapping class groups I'y . for s > r, and the
associated surfaces containing on each boundary component at least one puncture. According to [21], any
embedding 37 . C Ez,(w for which X \ Y5, contains no disk or cylinder components, induces an embedding

s
g,r

pull-back of the central extension fz by the injective homomorphism I'y . <— It induced by an embedding
of the corresponding surfaces. A priori, it is not clear whether such definition depends on a particular choice
of the embedding, but our main result below shows that this is indeed the case.

of the corresponding mapping class groups. Using this fact, we can define the central extension I as the

Central extensions by an Abelian group A of a given group G are known to be classified, up to isomorphism,
by elements of the 2-cohomology group H?(G; A). In the case of surface mapping class groups Iy ., the
latter was first computed by Harer in [12] for ¢ > 5 and further completed by Korkmaz and Stipsicz in [18]

for g > 4 (see also [17] for a survey). Specifically, we have
2 /s _ s+l .
H (Fg,r) - Z ’ lf g Z 45

where the generators are given by (one fourth of) the Meyer signature class x (it is the only generator for
the groups H?(I'y) = H?(I'y 1) ~ Z, see [20, 12, 18] for its definition) and s Euler classes e; associated with
s punctures. In the case when g = 3, the group H?( 3.r) still contains the sub-group 7+ generated by the
above mentioned classes, but it is not known whether there are other (2-torsion) classes. When g = 2 we
will show that H?( 5.») contains the subgroup Z /10Z @ Z°, whose torsion part is generated by x and whose
free part is generated by the Euler classes. The Universal Coefficients Theorem permits then to compute
H?(G; A) for every Abelian group A.

Denote as above by I'g . the canonical central extension of I'y , by C* which is obtained as the pull-back of
the canonical central extension GL(H) — PGL(H) under the quantum projective representation associated
to a semi-symmetric T in the Hilbert space H (see the next section). Quantum representations depend on
some parameter ( € C*. Our main result is the following theorem.

Theorem 0.1. The central extension If‘g; can be reduced to a minimal central extension f;,r of I'y, by a

cyclic Abelian A C C*, where A is the subgroup of C* generated by (~5. Moreover its cohomology class is
S
sz,r = 12X + Z;ei S HQ(FZ,T§ A)
i

ifg>2 ands > 4. Here x and e; are one fourth of the Meyer signature class and respectively the i-th Euler
class with A coefficients.

There is a geometric interpretation of this extension.



Corollary 0.2. Let us consider the extension I‘/%;TS of class 12x. Then there is an exact sequence:

1A ST, =D —1
g,r+s g,7

In some sense the quantum representations of punctured mapping class groups can be lifted to the mapping
class groups of surfaces with boundary obtained by blowing up the punctures.

Corollary 0.3. The cohomology class of the central extension I'y . is

S

2 ats

cpy =12+ z;e € H*(I ;C7)
=

if g >3 and s > 4. The same formula holds also when g = 2 but the class x vanishes in H2(F;T;(C*). Here

x and e; are one fourth of the Meyer signature class and respectively the i-th Fuler class with C* coefficients.

Remark 0.1. The central extension arising from SU(2)-TQFT with p;-structures was computed in [10, 19]
for I'y and it equals 12x. It can be shown that their computations extend to the case of punctured surfaces
and the associated class for T’ is 12y + >_7_, e;. Our result shows that this extension coincides with the
central extension arising from quantum Teichmiiller theory.

The organization of the paper is as follows. In Section 1, we review the quantization of the Teichmiiller space
of a punctured surface and define the associated quantum representations of the decorated Ptolemy groupoid
which correspond to linear representations of a central extension of the decorated Ptolemy groupoid. Then,
in Section 2, we prove Theorem 0.1 by finding the pull-back of this central extension to the mapping class
group of the surface. The key idea is to use a Grothendieck type principle. Namely, one can identify a central
extension of the mapping class group of some surface, if one understands its restrictions to the mapping class
groups of sub-surfaces of bounded topological types. The core of the proof consists in computing explicitly
the lifts to the central extension of the decorated Ptolemy groupoid of the relations known to hold in the
mapping class groups. When properly interpreted, these lifts yield the class of the mapping class group
extension.
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1 Quantum Teichmiiller theory

1.1 The groupoid of decorated ideal triangulations

Let ¥ = X7 be an oriented closed surface of genus g with s punctures. Denote M = 2g — 2 + s and assume
that Ms > 0. Then surface ¥ admits ideal triangulations with vertices at the s punctures.

Definition 1.1. A decorated ideal triangulation of ¥ is an ideal triangulation T, where all triangles are
provided with a marked corner, and a bijective ordering map

7:{1,....,2M}> j— T, € T(1)

is fized. Here T(71) is the set of all triangles of T.

Graphically, the marked corner of a triangle is indicated by an asterisk and the corresponding number is put
inside the triangle. The set of all decorated ideal triangulations of ¥ is denoted Agy.

Recall that if a group G freely acts in a set X, then there is an associated groupoid defined as follows. The
objects are the G-orbits in X, while morphisms are G-orbits in X x X with respect to the diagonal action.
Denote by [z] the object represented by an element € X and [z, y] the morphism represented by a pair of
elements (z,y) € X x X. Two morphisms [z, y] and [u, v], are composable if and only if [y] = [u] and their
composition is [z, y][u,v] = [z, gv], where g € G is the unique element sending u to y. The inverse and the
identity morphisms are given respectively by [z,y]™ = [y, 2] and id, = [2,2]. In what follows, products of
the form [z1, z2][x2, 23] - - - [Tn—1, x,] Will be shortened as [x1, 2, 23, ..., Tn_1,Tn]-

The mapping class group My of ¥ acts freely on Ay. In this case, we let Gy, denote the corresponding
groupoid, called the groupoid of decorated ideal triangulations, or decorated Ptolemy groupoid. There is a
presentation for Gy, with three types of generators and four types of relations.



The generators are of the form [r,77], [, p;7], and [7,w; ;7], where 77 is obtained from 7 by replacing the
ordering map 7 by the map 7 o o, where o € Sa)s is a permutation of the set {1,...,2M}, p;7 is obtained
from 7 by changing the marked corner of triangle 7; as in Figure 1, and w; ;7 is obtained from 7 by applying
the flip transformation in the quadrilateral composed of triangles 7; and 7; as in Figure 2.

AN AN

Figure 1: The transformation p;.

N

Figure 2: The transformation w; ;.

There are two sets of relations satisfied by these generators. The first set is as follows:

[, 7%, (T“)ﬁ] =, T‘lﬁ], a, B € Sopn, (1)

[T, piT, pipiT, pipipiT] = id[r, (2)

[T, Wij T, Wikwij T, WikWikWi; T) = [T, WjkT, WijwW;ikT],s (3)
[T, wi; T, Piwi; T, wji piws; T| = [T, 79 p]—T(ij) , pipjT(ij)], (4)

where the first two relations are evident, while the other two are shown graphically in Figures 3, 4.

Wi, j Wik
— — k
Xk
/;\
J
X
Figure 3: The Pentagon relation (3).
The following commutation relations fulfill the second set of relations:

[7-7 PiT, (PiT)U] = [7-7 77, pafl(i)To-]a (5)
[T, wis T, (Wi T)] = [1, 77, We—1(i)e-1(1)T° ], (6)
[Ta PiT, PngT] = [Ta PiT, PjPiT]a (7)
[T, piT,wjkpiT] = [T, Wi T, piwjT], @ € {4, k}, (8)
[T, wij Ty wrwi; T) = [T, wa T, wijwaTl, {4,530 {k,1} = 0. (9)

1.2 Hilbert spaces of square integrable functions associated to triangulations
In what follows, we work with Hilbert spaces

H=L*R), H®" =L*R").
Any two self-adjoint operators p and g, acting in H and satisfying the Heisenberg commutation relation

pq — qp = (2mi) " idy, (10)
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Figure 4: The Inversion relation (4).

can be realized as differentiation and multiplication operators. Such ”coordinate” realization in Dirac’s
bra-ket notation has the form

1 0
(alp = 55l (ala= ool (1)

Formally, the set of "vectors” {|z)}.er forms a generalized basis of H with the following orthogonality and
completeness properties:

(z|ly) = d(z —y), /R|x>dx<x| —idy .
For any 1 < ¢ < m we shall use the following notation

ti: EndH2a—2;,=1®9---®1Ra®1®---®1 € End H®™.
N————

i—1 times
Besides that, if u € End H®* for some 1 < k < m and {iy,ia,...,43x} C {1,2,...,m}, then we shall write
Uigig..is = biy @ Liy @+ @ 1y, ().
The symmetric group Sy, naturally acts in H®™:

Po(#1® @@ ®Tm) = To-11) @ @ To-1(33) @ ... @ Lg-1(m), T € Spy. (12)

1.3 Semi-symmetric T-matrices

We define now the algebraic structure needed for constructing representations of the decorated Ptolemy
groupoid Gyx.

Definition 1.2. A semi-symmetric T-matrix consists of two operators A € End(H) and T € End(H®?)
satisfying the equations:

A3 =1, (13)
T12T13T23 = Ta3T1o, (14)
T12A1T21 = CA1A2P(12), (15)

where ¢ € C* and the permutation operator P12y is defined by equation (12), for o denoting the transposition
(12).

Examples of semi-symmetric T-matrices could be obtained as follows. Fix some self-conjugate operators p, q
satisfying the Heisenberg commutation relation(10). Choose a parameter b satisfying the condition:

(1 = |b))Imb = 0,
and define then two unitary operators by the following formulas:

A = ¢ im/3i3ma" cim(pta)® ¢ End(H), (16)
T = 21920, (q; 4 pa — q2) € End(H®?). (17)

They satisfy the defining relations for a semi-symmetric T-matrix, where

C= i o = %(b + oLy, (18)



and ¢y is the Faddeev non-compact quantum logarithm defined on {z € C;|Im(z)| < |Im(cy)|} by means of

e =owp (-4 [ oeCotde )

Its main feature is the following functional equation it satisfies:

©0(q)pn(p) = wu(P)en(p + Q) pi(q)

1
27~

whenever pg — qp =

Remark that the operator A is characterized (up to a normalization factor) by the equations:

AdA™' =p—q, ApAT' =—q.

Note that equations (13)—(15) correspond to relations (2)—(4).

(19)

Let us introduce now some notation which will be useful in the sequel. For any operator a € End H we set:

— -1 — A1
ap = AkakAk , A = Ak akAk.

It is evident that

aé :aé = ag, alzC =ap, ap =ap,

where the last two equations follow from equation (13). In particular, we have

Pi = —9k, 9 = Pt — 9k,
P =9k — Pk, di = —Pk-

Besides that, it will be also useful to use the notation
Pt iy = AkPimys Pl miy = Ab Pkt m)s
where (kl...m) is the cyclic permutation
(kl..m):k—l—...—>m—k.
Equation (15) in this notation takes a rather compact form

TiaTyq = CP(lQi)'

Remark 1.1. One can derive the following symmetry property of the T-matrix: Tiz = Ts;.

1.4 The quantum Teichmiiller space

(20)

(24)

The quantization of the Teichmiiller space of a punctured surface ¥ induced by a semi-symmetric T-matrix

is defined by means of a quantum functor:
F: Gy — End(H®?M),
Its meaning is that we have a operator valued function:
F: Ay X Ay — End(H®2M),

satisfying the following equations:

F(r,7) = idyeem, F(r,7)F(r',7")F(r",7) € C\ {0}, V7,7, 7" € Ay,

(Ta TI)7 vf S MZ)

25)

(
(26)
(27)
(28)
(29)

where operator P, is defined by equation (12). Consistency of these equations is ensured by the consistency

)
of equations (13)—(15) with relations (2)—(4).



A particular case of equation (25) corresponds to 77 = T:

F(r,7)F(r',7) € C\ {0}. (30)

As an example, we can calculate the operator F(r, w;jl(T)). Denoting 7/ = w;’jl (1) and using equation (30),
as well as definition (28), we obtain

F(r, w;jl (7)) = F(wi ;(7),7) =~ (F(7',wi; () ! = Ti_jl, (31)

where ~ means equality up to a numerical multiplicative factor.

The quantum functor induces a unitary projective representation of the mapping class group My as follows:
Ms > f s F(r, f(1)) € End(H®?M).
Indeed, we have the following relation (up to a non-zero scalar):
F(r, f(T))F (7, h(7)) = F(7, f(T))F(f(7), f(R(7))) = F(7, fD(7)).

The main question addressed in this present paper is to identify the central extension of the mapping class
group corresponding to this projective representation. Observe that the projective factor lies in the sub-group
of C* generated by (.

2 Presentation of fz’r

2.1 Generating set for the relations

We start with a number of notations and definitions. Let us denote ¥, , = ng.

Definition 2.1. A chain relation C' on the surface ¥y . is given by an embedding 312 C X7 . and the

g,r s
standard chain relation on this 2-holed torus, namely

(Do DyD.)* = D.Dy

where a, b, c,d, e, f are the following curves of the embedded 2-holed torus:

Definition 2.2. A lantern relation L on the surface 3 . is given by an embedding ¥4 C X7, and the

g.r
standard lantern relation on this 4-holed sphere, namely

T

DalzDa13Da23D;01D1;11D1;21D1;31 =1 (32)

where ag, a1, as,as, a2, a13, a3 are the following curves of the embedded 4-holed sphere:

Definition 2.3. Consider an embedding 2(1)73 C X7, such that the boundary components a1, az,as of 2(1),3
are non-separating curves. Let then aqs,a13,a23 be embedded curves on 2673 so that aj;, bounds a pair of
pants 3o 3 C 2513 along with a; and ag, for all 1 < j # k < 3. Then the puncture relation P (supported at

the puncture of 2(1)73) on the surface 37 . is:

DalzDalzDamD;llD;;D;gl =1 (33)



Remark 2.1. The puncture relation is, in fact, a consequence of the lantern relation and the fact that the
Dehn twist along a small loop encircling a puncture is trivial.

The first step in proving Theorem 0.1 is to find an explicit presentation for the central extension f;yr.
Specifically, by using Gervais’ presentation [10], we have the following description.

Proposition 2.1. Suppose that g > 2 and s > 4. Then the group f;yr has the following presentation.

1. Generators:

S

g S associated a generator Dg;

(a) With each non-separating simple closed curve a in X
(b) One (central) element z.
2. Relations:
(a) Centrality:
z2Dg = Doz (34)
for any non-separating simple closed curve a on ¥y ;
(b) Braid type 0-relations:
D.Dy = DD, (35)
for each pair of disjoint non-separating simple closed curves a and b;
(¢) Braid type 1-relations:

D,DyD, = DyD,D, (36)
for each pair of non-separating simple closed curves a and b which intersect transversely at one
point;

(d) One lantern relation on a 4-holed sphere subsurface with non-separating boundary curves:

DaoDalDazDaz :Da12Da13Dazs (37)

(e) One chain relation on a 2-holed torus subsurface with non-separating boundary curves:

(DyDyD,)* = 212D, Dy (38)
(f) Puncture relations: N N N N B N
Daysiy Dars (i) Dazs (i) = #Day (i) Das () Das ) (39)
for each puncture p; of ¥ ., i € {1,2,...,s}.
(g) Scalar equation:
N=1 (40)

where N is the order of (=%, in the case where ( € C* is a root of unity.

2.2 Proof of Proposition 2.1

Lemma 2.1. For any lifts l~)a of the Dehn twists D, we have 15,115;, = ﬁbﬁa and thus relations (2) are
satisfied.

Proof. The commutativity relations are satisfied for particular lifts coming from a semi-symmetric T-matrix.
If we change the lifts by multiplying each lift by some central element the commutativity is still valid. Thus,
the commutativity holds for any lifts. O

Lemma 2.2. There are llfté;ﬁg of the Dehn twists D,, for each non-separating simple closed curve a such
that we have D,DyD, = DyD,Dy for any simple closed curves a,b with one intersection point, and thus the
braid type 1-relations (3) are satisfied.



Proof. Consider an arbltrary lift of one braid type 1-relation (to be called the fundamental one), which has
the form D DbDa =z DbD Db Change then the lift Db into szb With the new lift the relation above
becomes D Do Dy = DbD Dy.

Choose now an arbitrary braid type l-relation of I'y ., say D,DyD, = D,D,D,. There exists a 1-holed
torus X1 C X7 | containing z, y, namely a neighborhood of zUy. Let T" be the similar torus containing a, b.
Since a,b and x,y are non-separating there exists a homeomorphism ¢ : 37 - — %7 = such that p(a) = z
and ¢(b) = y. We have then

Dy =¢Dop™ "', Dy =Dy .

Let us consider now an arbitrary lift ¢ of , which is well-defined only up to a central element, and set

D, =@D,g™Y, D, = @Dyt

These lifts are well-defined since they do not depend on the choice of ¢ (the central elements coming from

¢ and ¢! mutually cancel). Moreover, we have then
B.5,D, = B,D.D,
and so the braid type 1-relations (3) are all satisfied. O

Lemma 2.3. The choice of lifts of all l~)z, with x non-separating, satisfying the requirements of Lemma 2.2
1s uniquely defined by fixing the lift D, of one particular Dehn twist.

Proof. In fact the choice of D, fixes the choice of Dy. If z is a non-separating simple closed curve on ¥7 |
then there exists another non-separating curve y which intersects it in one point. Thus, by Lemma 2.2, the
choice of D, is unique. [l

so that all braid type relations are satisfied and

Lemma 2.4. One can choose the lifts of Dehn twists in Fg .

the lift of the lantern relation is trivial, namely

D,DyD.Dg = DyDyDy
for the non-separating curves on an embedded ¥ 4 C X7

Proof. Arbitrary lift of that lantern relation is of the form DoDyD.Dy = z8D,D,D,,. In this case, we change
the lift D, into z kD and adjust the lifts of all other Dehn twists along non-separating curves the way that
all braid type 1-relations are satisfied. Then, the required form of the lantern relation is satisfied. O

We say that the lifts of the Dehn twists are normalized if all braid type relations and one lantern relation

are lifted in a trivial way.
Lemma 2.5. A normalized Dehn twist in quantum Teichmiiller theory is conjugated to the inverse T -matriz
times ¢ i.e.

(o7

Do = F(7,Dy1) = (U T UL

Proof. The idea of the proof is to calculate the lift of the lantern relation. Consider the following decorated
triangulation 7 of the 4-holed disk with 4 punctures:

The trick used in [15, 16] for computing D,, is to use a sequence of flips to change the triangulation into one
which intersects some curve isotopic to a into two points. Then the Dehn twist along a can be expressed
as the flip of one of the two edges of the latter triangulation intersecting a. This recipe generalizes to the
case where the curve a intersects several edges of the triangulation, if a is a boundary component with
one puncture on it. Specifically, let eq,...,es be the edges issued from the puncture, in counterclockwise
order. Then the Dehn twist D, can be expressed as the result of composing the flips of e1,e3,...,e5_1. We
illustrate this procedure with the case of the left Dehn twist D, on the triangulation 7 above:



In particular, we find that the following expression for the right Dehn twist along as:

Fu, = F(r, Dayr) = TysTye Ty T (41)

We use further the same recipe for the remaining Dehn twists along boundary components and obtain:

Fa, = F(7, Do, 7) = TosTo5T55To6 (42)
Fa, = F(7, Do, 7) = T13Ty5T5Th7 (43)
Fao = F(7, Da,7) = Tgs Tgs Txi Ty (44)

In order to compute Tj,, we need to transform the triangulation 7 into one which intersects a curve
isotopic to a12 into precisely two points. This can be done as follows:

10
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can be used to compute:

Fary = F(7, Dayy ) = Ad(Tgs TssTas ToaTsg) (Ts3)

Eventually use the transformations

12



in order to obtain: ~ -
Fass = F(7, Dayym) = Ad(T35T56T5g 117131151 T35) (T35) (47)

The next step is to simplify the expression of the last three Dehn twist, as follows:

Fars = TysT13TusTucTos Ty Trs TusTus Ty 3 Ts5 = T Ty 3 TusTrsTae Ty Tue TrsTus Ty 5 Ts5 =

= T T3 TusTrs T TarTrs Tas Ty 3 Tog = Tag Ty 5 TasTrs Ty Tos Tur Ty 5 Tas = Tag Ty 5 Tas T TesTur T3 55 =
= 13157 TasTusTes Ta TurThg = Tha Ty TagTus Tag TasTs Tas TarThq = Th3 T TusTag Tes TagTurThs
Fars = Tas TsgTasToaTeg Tas Tag Toa Tus TogTae = Tgo TogTas Teg ToaTis Toa TegTus Tsg Tgs =

= T35 Ta TusTas Tas Tss Tss Tus Tos Tar = (s Tag Tag Tug Pasay Ta T T Tas Tgr =
= (T Tss T Tus Tis Tug Tsi Tos T Prasiy = CTas Tas Tsa ToaTog Tsi Tos T Prasiy =
= (T3 T5sTa5ToaTog Tag Tsi Tas Pasiy = (T3 TagTas Toa T a6 Tos Tos T5aTar Plusiy =
= (T3 TsgToaTis Tog Tss T5i Tas Prasay

13



Fass = Toa T3 T T17 51 T31 Ty Tas Ty T Tai Ti7 Tsg Tyg Toa =
= Toa T3 TegT17 Ty1 Ty T31 Tas T31 Tig Tai Ti Tog Tso Ton =
= T24T36 T3 T17 Ta1 Tas T35 151 T Tai T17 Tsg T Toa = ToaTso Tsg Ti7 Ta1 Tis T Ty T1 T17 Ty T Toa =
= Toa T3 T T17 51 T T35 Tsi Ty Tai Ti7 T Tae Toa = ToaTsgTag 1w Tai Tas T3 Tsi T17 Tsg Tsg Toa
Putting all these together we obtain:

FaizFassFars = CT1a T Tas T3 T Tag Tar Tya Toa Ta T Tr7 Tt Tas Tog Tsi T2 T T Toa Ts Tsg Toa T Tog T

X T3 Tas Pysiy = CTvaTsr TasTi s Tag Tar TyaToa Tse Tsg Ti7 Tt Tas Tog To1 T17 T Tas Tas Tag Tog T Tsi %
X Ty Plasiy = ¢ Tha Ty Tas Ty Tos T Tar Tra Toa T Tsg T Tan T T Ti Tt Prses) T T T Tos Tas T X
x Tas Pusay = CT1aTsr Tus Tai Tos Tag Tar TyaToa Tse Tsg Tt Ty Ty Ty 1 T3 T T Tog Tag T Tra X
X Pssy Pusiy = CT1a T TasTyi Tss T Tar 5 Toa Tog Tsg Tz To Ty T a6 T T Tog Lo Tas Toi %
x Py Pasay = CT1aTsr Tas Tsi T Tog TasToaTor Prazay Ta6 T3 Tos Taa Ts1 L6 Tag Tas Tos Tio T Tra %
X Pgzgy Pusiy = CTiaTisTig T Ty TygTor ToaToaTas Tyg Tos Tyg ToaTor Py TagTag Tas T Tsi Tao Tag Tas Tog X
x TsgTgs Tra Psnsy Pasiy =

CPFax Tvr Ty TysToaToaTas Tog ToaTs5ToaTys TagTor Praray TseTss Tss Tya Tsi Tse T
X T85T28T86T85T721P(575)P(4521) =
X Ts Tog TssTas Tra P55y Plasa

X Tg5Tos T86T T P(575)P(4521) = C4f_:a2 r:alT67T26T16T45T43T65T5éT65 T T51T63T73T T28T83T85T4?X

(*Faz Tsr T15T2aTos Tas Tos Tys Ts Tov T Ts Praray Tss Tss Taa Tsi Tss T

) = C*Fay ToaTos T3 To6 TooTor T16Ta5Ta3Tor Tos Psse) Praray Tsa Tss TaaTsi Tso T

X Pgse) PazayPisws) Pasiy = C°FazFay Tor Too Ty Tus T3 Tsg Tsa Toi Tas Tos T Tog Tr Tae Tuz
X Pase) Parsy Piase) Paray Prsrs) Pasiy = C*FazFa Tor Tos Tas T3 Tag Tya Tsa Tss Tos T Tog T T Tas X
X P56y Pass) Prose) Pariy Psrs) Pasty = € FasFay TorTo6TasTys Teg Ty s Tss Tes Pssey To 7 T T3 X
X Psse)Pass) Poso) Pariy Psrsy Pasty = ¢ FasFay Tor TooTasTys Teg Tra Tas Tas Too Tyr TosTas X
X Page) Pase) Pass) Pose) Paray Psrs) Pasay = CFasFay Tus Tus Tag Tra Tss Tes Ts Pre) Tos Taz X
% Pase) Ploss) P Ploss) Praray Psrs) Prasiy = ¢ FasFay Fao Tir Tsi Tsa T Tas Ty Tsg Ty Tsg Tes Tes Tog Tz
X Pgr6)Pase) Plase) Pars) Possy Fraray Prors) Pasiy = CCFaaFaiFao T Tsi Tsa Ty TusTus Ty T35 55 Tos Trg Tus
x P(676)P(686)P(é56)P(ﬁ?S)P(636)P(4721)P(575)P(4521) = C8 [EGZ IEal ?ao&T%Tz;STss&TGS%TBX
X Pare) Plase) Fese) F(a73) Fie36) Llaray P(s75) Flasd)
Use now the identity:
TyiTss Tog = TegTei Tsr Tog = ¢ TsaTss Pags)
and introduce above to find that:

Fa.,F

assFary = C"FayFay Fao Tus Tys Ty T T Tss Tus

X Pzgay Prsre) Plase) Pose) Paa) Do36) Praray Pis78) Flasiy = = ("FayFay FaoFas Tog Tas Tag T3 T Ty Ty Tog Tss Ty Taz %
X Paga Pere) Piase) Pios6) P323) Li636) Paray Piszsy Plasay = C"FayFay FaoFay Tog Tas Tog T45T35T53T58T57T65T43X

X Pzgsy Pisre) Plase) Pose) La73) Po36) Prariy Pis78) Plasiy = (°Fa,Fay FaoFas Tyg Tas Tig T45P(535)T58T57T65T43X

X Pzgy Prsre) Piase) Pose) Paza) Pese) Plaray Pis78) Pasay = (°Fa,Fa,FaoFas Lys Tys Ty Tis Tyg T55T53 Tus %
X Pgas) Pragn Plere) Pase) Plose) F(373) Pese) Plaray P78y Plasay = (°FayFa, FagFa,
Thus the lift of the lantern relation is (5. Therefore we have to renormalize each right Dehn twist by taking
D, = ¢7%F,, as claimed. [l
We will suppose henceforth that the lifts are normalized.

Lemma 2.6. Let a,b,c,e, f be the five curves appearing in the chain relation (D, DbDC)4 = D.Dyson an
embedded 2-holed torus sitting inside 37 .. If s > 2, then the lifts of Dehn twists in rs 5. satisfy the relation

(DoDyD.)* = ¢"™D.Dy
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Proof. If s > 2 and g > 2, then there is an embedding 23,1 C Xy,

We consider a surface S homeomorphic to 2%72, i.e. a torus with two holes and two punctures drawn in the
left picture of Figure 5 where the opposite sides of the rectangle are identified. Notice that the two punctures
are located on the two boundary components. The central picture of Figure 5 specifies five simple closed

Figure 5

curves a, b, c,e, f in S, the Dehn twists along which enter the chain relation.

We also choose a particular decorated ideal triangulation 7 of S given by the right picture of Figure 5,
where the ideal arcs are drawn in black and the positions of the numbers in ideal triangles correspond to
the marked corners. Notice that our choice is manifestly symmetric with respect to the exchange of the left
and the right halves of the rectangle accompanied with relabeling (1,2,3) < (4,5,6). This symmetry will
be useful for reducing the amount of calculations in deriving the quantum realizations of the Dehn twists.

The basic procedure in deriving the quantum realization of the Dehn twist D, along a given simple closed
curve « is to use a specific decorated ideal triangulation where the contour « intersects only two ideal arcs,
so that the annular neighborhood of « is given by only two ideal triangles. With respect to such (decorated)
ideal triangulation the quantum operator realizing D, is given by a single T-operator. Let us work out this
procedure in the case of the curves a, b, c,e, f.

For any simple closed curve «, we denote F, = 5;1 ~ F(D47,7). To derive the operator representing the
Dehn twist D, we apply the following change of triangulation:

where the operator above the arrow realizes the corresponding element of the groupoid of decorated ideal
triangulations within the quantum Teichmiiller theory. Thus,

CiSr:a = Ad(Tis)(TB) = T23T13Té3 =Ty3T)s,

where in the last equality, we have applied once the Pentagon relation, and we use the notation 7' = T~
Here, we use the normalization where the braid-type and the lantern relations are satisfied without projective
factors. By the above mentioned left-right symmetry (1,2,3) < (4,5,6), we immediately get the quantum
realization of the Dehn twist D..:

COF. =T Tys.

To calculate the quantum realization of D; we use a two-step chain of transformations of 7:

———— -
_ A _
Tea Ta1T63
—_— e
1 4 1
2 < 5 4 2 < 5

Thus, we have the following sequence of equalities:

(T OFp = Ad(TsaTu1T3)(T34) = ToaTu1 To3T54T63Tu1 T4
= Toa Ty Te4T34T01T6s = To1 Ty T34T01T64 = T1T34T31T64,

where in each step the underlined fragment is transformed by using the Pentagon relation.

15



To calculate the realization of D., we consider the following sequence of ideal triangulations:

Thus, we have
(" OFe = Ad(T34T14T63T35Ts6) (Tag) = TsaT14T63Ty5 a5 TogTps Tis Tos T4 T34
= T3aT14T63T53Tog Tss T53 To3T1a T34 = T3a Ty T3 Tog Tos Ta Toa Ty Ta
= T34 T3 55 Tos T3 To1 Ty T34 = T3aT33T s T T3 T T34
= T3 T4 Ty3Tis Tos T3 T51 Tz = T3 T Tsg T Ts3 Ta3 s,

where, as before, in each step the underlined fragment is transformed by applying the Pentagon relation.
Again, using the symmetry (1,2,3) < (4,5,6), we also have

COFy = T5eTs T35 Ts5 751 T T
In order to check the Chain relation, we first calculate the following product:
(TFFuFa = Ty TysTo1 Taa L Toa Ty3 T = TugTys Tor TaToaC P33 Ths = CLagTusTor TaaToa T3 Py,
where we have applied the Inversion relation to the underlined fragment. Next, we calculate

(TP (FeFyFa)? = Ty TysTor TsaToaTas g5 TagTas Tor T3aToa Tas Pra

= (P16 Ty To1 TaaToa T Ty Ty T3 T1aT6a T Pragy 11
= Ty T4 To1 T3a T Tes T3 16 T T Pgasy Frasy 1)
= Ty Ty Tes T Tor Tas Tou T3aTys 116 Ty Tis Proasy Pasy 11y
= CTes Ty T51 T35 54 Py Paasy Tus Tis Poasy Pranyay = € Tos TagTo1 T3 54 T3 Tes Pgainy

where each equality is obtained by transforming the underlined fragment by applying the Pentagon relation
(twice in the forth and once in the fifth equalities), the Inversion relation (once in the third and twice in the
fifth equalities), and the extended symmetric group action (in the second, the third, and the sixth equalities).
Finally, taking the square of the obtained identity, we have

(T (FeFoFa)! = (Mg Ty Ts1 T T3 T Tos Passiny Tos Tao T T3 TaaT3i Tos Pragaany

= (M6 T T51 T3 T5a Ty T Tsa T3 Ts6 To3 Toi Tio Tas Paaty Plasiy
= (OT56T 6 51 T3 Ty Tes Tsa Tsi T T3 T Toa T Tio Tas Pusiy Plasi)

= (M6 Ty 51 T Ty Tss Tsa T T T3 T3 Ti6 Ty5 Plasiy

= (M6 T 53 T4 T Ty T T3 T T T3 Ta6 133715 Pasi)
= (M6 T Tss Ty Tsg Tsg T T3 Ty T Ti6 T3 T Paca

= (1T Ty T3 Tos T Tss T Toa T To1 Lag Tio 15315 Pasy

= (T T51 Tsy T5y T T3 T T5a T T5a T35
= (" T56 T Tsy 5o Tss Ty T Tss T Tog Tsa T T3 T35
= (T T Ty T Ty T T T T4 Tog Tso Ty T3 Ths = FsFe,
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where each equality, except for the last one, is obtained by transforming the underlined fragment by applying
the Pentagon relation (one time in the third, the fifth, the sixth, the seventh, the tenth, and three times
in the ninth equalities), the Inversion relation (in the forth and the eighth equalities), and the extended
symmetric group action (in the second, the forth, and the eighth equalities), while in the last equality the
underlined (respectively the non-underlined) fragment corresponds to the operator F; (respectively F.) O

Lemma 2.7. The lift of each puncture relation is (5.

Proof. Observe first that the central element P; which is the lift of the puncture relation at the puncture p; is
independent on the particular subsurface S(%,s- If we consider another subsurface, there exists a homeomor-
phism ¢ : 57, — S, fixing the puncture p; and sending it to the initial subsurface, because the boundary
components are non-separating. The new puncture relation is then conjugate of P; by ¢ and hence they
coincide, as they are elements of the center.

If s > 4 then there is an embedding Sj 3 C S5 ., such that each boundary component of Sf){g has a puncture

on it. Consider first the following decomposition 7 of the punctured pair of pants into triangles. The position
of the label of each triangle indicates also the marked corner.

Then we can express easily the action of each Dehn twist D, on the triangulation 7 as a composition of
flips. If we set F,, = F(7, Dg, (7)) then we have:

— -1 S =T7!
Fa, =T5;", Fay = T3, Fay = Tig

Further we use the sequence of transformations below, in order to change the triangulation 7 into a trian-
gulation which intersects the curve a;s in only two points.

17



Then the method outlined above permits to compute the Dehn twist F,,, = F(7, D4, (7)) as follows:

Far, = Ad(Ty5 54Ty T3 Ts5) (T32")

a12 37

Let us first simplify the formula for F,,,. We have
Fars = TraTsa T3 T35 Ty Tog Ty T3a Ty Tos Try = TraToa T3 Tya Tos Ty Tag T Ty Ty
= T5yT5,T3i Toa T53 Tos Tii Ts Try = TryTou Tog Ty T Tos Ts4 Ty
=Ty T3y Ts3 sy T T34 Ty = Ty Trg Ty 15151 T3
where in each step the underlined fragment is transformed by using the Pentagon equation, and in the last
equality it is also combined with the symmetry relation T3, = T}s.
Our triangulation is invariant under the following simultaneous cyclic permutations
7P—P—P;—P, 1-6—3—1 2—-5—4—2 77,

so that the contours a; and ay; are transformed as follows:

. ayp— a2 — a3 +—a;, a1z a3 — a3l — ai2.

Thus, it suffices to know the explicit formula for F,,, in order to write out the other two without any further
calculation:

mall

azs = T(Fayy) = 1(TsyTos oy Tos T Trz) = Ty Toi To Tos Tog T,

and

mall

ass = T(Fany) = T(TesTsi Tog Tes Tog Tog) = TysTre Trs TraTrs Ty

18



Now, it remains to calculate the £ in (1). We have

FarsFassFasy = ToaTog Tag TosToq Trs Ty Toi Too Tos T Tos Trs Tre Trs TraT 75T
= T34 Trs T3 Tos T CP 50y T Tos Trs Tog C P g5y Tre Trs TraT 73Ty
= (T4 Tog Tog Tos T T Ty 5 T To6 T3 T34 T53 T30 P
= (P Ty Tog Ty T T Ty T T T3 T3 Ti3 Toa Posss)
= Ty Ty Tog Toi CPragy TsoC Pasn Tsa Tsa Tsi Prasssy = C TraTos Toa T T Ty Tog T Py
= ("Try Tos Ty TsoC Prasy Tos Toa Py = CTraTya Toi T Tys Tar Proasy
= Ty TsTy3T5aTar Pirazy = (CTai Ts6Ty5C Pirary Prrary = (*Ti TseTys = (°FayFayFa,

ai2’ a23" a3l

where in the underlined fragments the Pentagon equation is used twice in the forth and once in the ninth
equalities, the Inversion relation is used twice in the second and the fifth, and once in the seventh and
the tenth equalities, while in the third, sixth, eighth, and eleventh equalities the permutation operators are
moved to the right and the powers of the (, to the left.

O

The following lemma is a simple consequence of a deep result of Gervais from ([10]):

Lemma 2.8. Let g > 2 and s > 0. Then the group I' . is presented as follows:

1. Generators are all Dehn twists D, along the non-separating simple closed curves a on X7 .
2. Relations:

(a) Braid-type 0 relations:
D,Dy = DD,

for each pair of disjoint non-separating simple closed curves a and b;

(b) Braid type 1 relations:
DoDyDy = DypDy Dy

for each pair of non-separating simple closed curves a and b which intersect transversely in one
point;

S

(c) One lantern relation for a 4-hold sphere embedded in X5

separating;

so that all boundary curves are non-

(d) One chain relation for a 2-holed torus embedded in % . so that all boundary curves are non-
separating;

(e) A puncture relation for each puncture.

Proof. According to ([10], Theorem B) we have a presentation of I'y o4, with the generators above and all
but the puncture relations. Now, the kernel of I'y 54, — I'y . is the free Abelian group generated by the
Dehn twists along the boundary curves to be pinched to punctures. Such a Dehn twist is expressed (using

the lantern relation) by the left hand side of the puncture relation. This proves the claim. [l

Proof of Proposition 2.1. According to the normalization coming from the braid relations and the lantern
relations the images of the standard Dehn twist generators of the mapping class group is a product of ¢°
and elements T;;, where ¢, j are the labels of the triangles (possibly with * or 7). Thus the projective factors
that appear belong to the subgroup A generated by (5. The only non-trivial lift of a relation from Lemma
2.8 is the chain relation which lifts to (~72. Set z for the element (=% of I's . Then the presentation of the

central extension I' . is given by the claimed relations.

2.3 Cohomological consequences

Recall from ([18], Corollary 4.4) that the 2-cohomology classes x and e; are defined for any g > 3,s,7 > 0
and they span a free Abelian subgroup Z"*+! C H? (I‘§7T). This inclusion is actually an isomorphism when
g=>4.

—

We will denote by I's . the group defined by the presentation given in Proposition 2.1, for all values of s, g, r.

Thus, according to Proposition 2.1 the extension I:f; is isomorphic to f‘f]v’T if s >4 and g > 2.
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Lemma 2.9. If g > 2, then we have cg— = 12x € H*(Ty; A).

Proof. Consider first the case where  is not a root of unity, so that the group A is isomorphic to Z. Gervais
proved in ([10], Theorem 3.6) that I'y, (namely, where s = 0) is isomorphic to the so-called p;-central
extension of I'y .. Further in [10, 19] the authors identified the class of the p;-central extension of I'y . to
the class 12y and thus e = 12x.

Here is a more direct argument. Set I'y (1) for the subgroup of I{g: generated by the lifts bva of the Dehn
twists and the central element u = z'2. Then I'; (1) is the universal central extension considered by Harer
(see [10, 12]) and thus cp, (1) is the generator x of H*(T'y,) = Z.

The cohomology class cr, (1) is represented by some explicit 2-cocycle Cr, (1) : g x I'g » — Z which arises
as follows. Let S : T'y, — I'y»(1) be a set-wise section. Let also i : ker(I'y (1) — I'g,) — Z be the group
isomorphism defined by i(u) = 1. It is well-known that the 2-cocycle

Cr, ) (x,y) = i(S(zy)S(z)"'S(y) ") € Z
represents the cohomology class cr_ (1)

Let us construct now a 2- cocycle representing the extension I:g\r Consider the set-wise section to .S : I'y ,

Ifg:, where ¢ : T'g (1) — Fg -~ 1s the obvious inclusion. Let also j : ker( gr — L'gr) = Z be the 1som0rphlsm
given by j(z) = 1. Then

Cr (@,y) = j((to 8)(@y)(to 8)(2) " (Lo S)(y) ™) = j(US(ay)S(x) ' S(y) ™) € Z

is a 2-cocycle representing c— . Since j(c(u)) = j(2' 2) = 12i(u) and S(zy)S(x)~'S(y)~"! belongs to the
cyclic subgroup of 'y (1) generated by wu, it follows that

Cr (z,y) = 12Cr, ()
and thus cg— = 12y, where ¥ is one fourth of the Meyer signature class, which is a generator of H 2(Ty1) C
H? (F;).

When ( is a root of unity of order N then the class of the extension 1:97 is the image of 12x in H*(I'y,; Z/NZ)
by the reduction mod N. [l

The next step is to prove a similar statement when the number s of punctures is non-zero.

Definition 2.4. Let Fzm(al, ..., as) be the central extension of I's . by A having the following presentation:

1. Generators are the Da, where D, are Dehn twist generators of I'S .. and the central element z of the

g,r
same order as (~6;
2. Relations are as follows. For each puncture p; the lift of the corresponding puncture relation reads:

-1 —~-1 —— /-\_/

D D »D

———1

D

a1 (i) Da2(i) a3(4) a12(s) als( az3(i) = z%

where 13; are lifts of Dehn twists. Furthermore the chain and lantern relations have trivial lifts.

Prop051t10n 2.2. Suppose that g > 0. Then Crs (ar,a.) € € At c H? (5 -5 A) is the vector ajey +azes +
-+ ages, where e; is the Euler class of the i- th punctur@

Proof. This is folklore. Consider first that ¢ is not a root of unity. Let E; Tirl .; denote the subsurface of %7 |
obtained by removing a one-punctured disk centered at the puncture p; and thus creating a new boundary
component b;. We have then a central extension

s—1 s
Z*)Fngrlz*)Fg,r*)l

induced by the inclusion map E; T%H . < 2g . It is well-known that its cohomology class is Cre-1 =€

Lemma 2.10. The extension Fg 4151 U8 1somorphic to F;ﬁT(O, ..., 1,0...,0), where 1 is on the i-th position.
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Proof. There is a natural set-wise section S; : I'y . F; 1.0 given by S;(Da) = D, for any Dehn twist
D,,. In order to make sense, we might suppose that a simple closed curve « disjoint from the puncture p; is

actually disjoint from b; so that it lies within X}° Tﬁrl iy

Braid, chain and lantern relations are then lifted trivially. A puncture relation at p; is lifted trivially if
J # i. Consider next a puncture relation at p; in ¥ ., which is supported on some subsurface 2(1) 3 The

three boundary curves of 2(1)13 lie within E; T%H 4 and together with b; bound a 4-holed sphere in ¥ o +1 i

The lantern relation associated to this 4-holed sphere on E; Tﬁrl ; is then the lift of the puncture relation at
pi. The Dehn twist along b; is the generator z of the central factor ker(I‘Z Tirl ; — I's ). Thus the lift of a
puncture relation at p; is the factor z. O

Lemma 2.11. Let L, : Z® — Z denote the linear map La(n1,...,ns) = > 5, a;s;, where a = (ai,...,as).
Consider the central extension
1—=72° - Tgr4s — F;,T —1

Then the map La induces a quotient of I'y r1s, which is a central extension I‘;T(a) of 'y . by Z which is
isomorphic to F;T(al, ...,as) and gives rise to the following commutative diagram:

1 — Zf — Dgrys — 1—‘é — 1
| La L l 1

1 - Z - Iy.(a — Iy, — 1
Proof. The class of the central extension cr . belongs to HQ(F; 27 = @SHQ(F; ~ Z). By functoriality
we derive that cr, ., = (e1,€2,...,€5) € HQ(FZ 3 Z%). Then the class crs (a) is the image of cr . into
H?(T$ ) by the homomorphism of coefficients rings L, : Z° — Z. There is an obvious set-wise section S
defined in the same way as the S; from above. Then cr is the class of the 2-cocycle L,C, where C' is
the 2-cocycle associated to S and so

g,r+s

LaC(SC,y> = W(S(x)ils(y)ils(xry)) = La((Sz(z)ilsz( ) 1S iEy 1=1, s Zaz

where C; is the 2-cocycle associated to S;. Since the class of C; is e; it follows that the class of L,C' is
Yol aied.

On the other hand the lifts of relations in I'j .(a) are the same as in I'; ,(a1,...,a;s) and thus they are
isomorphic. In fact the lifts of braid, chain and lantern relations to I'g s are terlal The lift of a puncture

relation at p; is the i-th generator of the central factor Z°, according to Lemma 2.10. Therefore its image
into I'; , (a) is 2{, namely the lift of the puncture relation in I'; (a1, ..., as). O

When ( is a root of unity the extensions by Z above are replaced by extensions by Z/NZ and all arguments
go through without essential modifications.

This proves the Proposition. (|

Proof of the Theorem. Assume first that A is cyclic infinite. Let f denote the surjective homomorphism
J:T5, — Ty Consider the central extension

1—>ZQ—>f( o) x5 (11,0, 1) =T . — 1

g,r

Using the map L : Z? — Z given by L(x, y) =z + y we find a quotient of f* ( o) x Iy (1,1,..., 1), which

is a central extension by Z isomorphic to Fg,T. In fact, there is a commutative dlagram.

1 — Z2 — f( o) x e (L1,.,1) — Ty — 1
1L lﬂ 11
1 - Z — rs. - Iy, — 1

The central extension from the lower row is isomorphic to F » because the lifts of relations are the same.
Braid and lantern relations lift trivially. Chain relations lift to z12 in f*(T'y, T) and trivially to I'y S1,1,.000,1)
and thus the image of the lift by L (or 7) is 2'2. Puncture relations at p; lift trivially to f* (/g\T) and to z in
the factor I'; ,.(1,1,...,1), so that its image by L (or 7) is z. As a consequence of this description the class

cr is the image by L of the class of f* ( o) x Iy (1,1,..., 1), namely Cpo T Oy, (L1
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On the other hand, by functoriality, the class Crei) is f*(12x) = 12x € HQ(FZ’T), because the map f* is
the standard embedding of H*(T'y,) = Zx into H*(I'§ ,.). Proposition 2.2 proves the Theorem for g > 3.

When g = 2 one does not know the H? (I's.), but for s = 0 and r < 1. Nevertheless the classes x and e; are
still defined. It suffices to prove that:

Lemma 2.12. The subgroup of HQ(ngT) generated by x and ey, ..., es is isomorphic to Z/10Z @& Z°.

Proof. By the universal coefficients theorem we have
1 — Hy(T3,) — H*(T'3,) — Hom(H>(T3 ), Z) — 1

From ([18], Proposition 1.6) we have H;(T'5,) = Z/10Z. The Meyer class x in genus 2 is one half of the
class of Meyer’s cocycle from [20] and it generates the image of H(T'3,) into H*(T'3 ).

Consider next the extensions I'5 .(a) for integral vectors a. According to the previous description lifts of
puncture relations are of the form 2. Suppose that there exists an isomorphism between the extensions
I's .(a) and T3 ,.(b). Such an isomorphism of extensions should send D, into 2"(®) D, because it has to
induce identity on I'j .. Since lifts of braid relations are trivial in both extension groups it follows that
n(a) = n does not depend on the non-separating curve a.. But puncture relations are homogeneous, and so
they are therefore independent do not depend on n. This shows that a = b. In particular the classes e; span
a free Z-submodule of H*(I'5 ).

Since the class x is of order 10 and both subgroups Z/10Z (generated by x) and Z* (generated by e1, ..., es)
inject into H?(I'5 ), the claim follows. O

Then the arguments used above for g > 3 work as well for g = 2 and the Theorem follows. When ( is a root
of unity the associated cohomology class is the reduction mod N of the corresponding integral cohomology
class.

Proof of Corollary 0.2. Consider the extension F/gm\ﬂ of class 12x. The Corollary claims that there is an
exact sequence:
1 A5 Pgrps =I5, —1

This can be verified by using the explicit presentations of the two groups involved. The kernel is generated
by the products of two opposite Dehn twists on the s blown up boundary components.

Proof of Corollary 0.3. 1t suffices to understand the map H*(T'§ .; A) — H*(T% ., C*) induced by z — (7.
This map is injective, when g > 3.
The Universal Coefficients Theorem states that, for any Abelian group W, the following exact sequence is
exact:

1 — Ext(Ho(L'y ), W) — H* (L5,
Now Ext(Z, W) = 0, for any Abelian group W. This implies that H(T'$
g > 3. From the Bockstein exact sequence

W) — Hom(H (T ,), W) — 1
.C*) = H'(T

g,m?

;C*/A) =0, if

g,m?

HY(TS,;C) — HNTS,5C*/A) & HA(TS 5 A) % H2(TS,5 C*)

g,m)’ g,m) g,m?

we derive the claim.

When g = 2 the Universal Coefficient Theorem shows, as above, that H'(I'j .; C*) = Hom(H,(T'§,.), C*) and
HY(T3,;C*/A) = Hom(H,(T3,),C*/A). Thus HY(T3,;C*) = Hom(Z/10Z,C*) = Uy, where Uy is the
subgroup of roots of unity of order 10. The last isomorphism sends a homomorphism into its value on the
generator 1. Next H'(T'5 ; C*/A) = Hom(Z/10Z,C*/A) = Uyo x A/10A. To explain the last isomorphism,
cach element f € H'(I'5 ;C*/A) is determined by its value f(1) = As, for some s € C*. Here s’ = a” € A,
where a is the generator of A. Fix some 10-th root a'/!° € C* of the generator of A. Then the isomorphism
above associates to f the element (sa="/19, 5'9) € Ujy x A/10A, which is well-defined and independent of
the choice of the representative s in its A-coset. In particular the map H'(I's ., C*) — H*(I'5 ,.,C*/A) sends
Uy onto the factor Uyg of the second group.

Let f be a lift of f to f : Z/10Z = H,(I's,) — C*, for instance f(k) = s*, where k € Z/10Z. Then
F(k1,ke) = f(kl)f(kg)f(klkg)’l € Ais a 2-cocycle on Hy(T'3,) with values in A. The pull-back in
H?(T3 ., A) of the class of F by the map I'j, — Hi(I'5,) is the element §(f). It is well-known that
H?(Z/10Z, A) = A/10A is generated by the Euler class. Spemﬁcally, the cohomology class of the 2-cocycle
F in H*(Z/10Z, A) is the element s'® € A/10A, under the previous isomorphism.
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The Universal Coefficients Theorem shows that

1 — Ext(H1(T'3,),A) — H*(T'S .; A) — Hom(H(T'5 ), A) — 1

Further Ext(H1(I'j ), A) = A/10A is generated by the class x (as an A-valued cohomology class). Using
the definition of Ext one identifies the class y with the generator of H?(Z/10Z; A). This implies that the
image of (3 is the subgroup generated by x within H*(I'§ ), A). Then Corollary 0.3 follows.
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