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Introduction

The study of operators with double characteristics has a long tradition in
the analysis of linear PDE. Boutet de Monvel, Grigis, Helffer, Hormander,
lvrii, Petkov, Sjdstrand... (classical works on hypoellipticity from the
1970's).

Recent works on Kramers—Fokker—Planck type operators have brought
about a renewed interest in this subject. Hérau — Nier, Helffer — Nier,
Hérau — Sjostrand — Stolk (2004 — 2006).

In a recent work with K. Pravda—Starov we have investigated spectral and

semigroup properties for a class of non-selfadjoint quadratic operators that
are also non-elliptic.
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Specifically, let
g: T'"R" - C

be a quadratic form such that Re q(x,§) > 0, (x,&) € T*R". Associated
to g is the Hamilton map

F: T°C"—= T*C"

defined by
q(X,Y)=0o(X,FY), X,YeT*C",

where o is the canonical symplectic form on T*R".
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It turns out that in order to understand the quadratic operator
Q = q"(x, Dy),

defined as the Weyl quantization of g, it is both helpful and natural to
introduce the singular space S defined as follows :

S= ﬁ Ker (Re F (Im F)j> nR2".
j=0

Notice that
ReF(S)={0} and (ImF)ScCS.
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Example. The one-dimensional quadratic Kramers—Fokker—Planck
operator is given by

K= qW(Xaya DXa Dy) - 1a

where
alx.y.&n) =n"+y* +i(yé —axn), acR\{0}. (1.1)

In this case,

S = Ker(Re F) N Ker(Re F Im F) N R* = {0}.
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Theorem

(Pravda-Starov — H., 2008). Assume that the quadratic form q is such
that Re g > 0 and that the restriction of q to S is elliptic,

XeS, qgX)=0 = X=0.

Then the singular space S is symplectic and the spectrum of ¢%(x, Dy) on
L? is discrete. The eigenvalues are of the form

Z (r,\ + 2/()\)(—1.)\), ky €N,
AeSpec(F),
—ixeCU(Z(qls)\{0})

where ry, is the dimension of the space of generalized eigenvectors of F in
T*C" associated to the eigenvalue \ € C,

Y(qls) = q(S) and CL ={z € C;Rez > 0}.
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Remarks.
@ The structure of the spectrum of g"(x, Dy) in the globally elliptic
case is known since the work of J. Sjostrand (1974).
@ In the quadratic Kramers—Fokker—Planck case, this result is known
(Helffer — Nier, Hérau — Sjostrand — Stolk, Risken).

This talk : work in progress on non-selfadjoint semiclassical operators

with double characteristics, when the quadratic approximations at doubly
characteristic points are merely partially elliptic along the singular space.
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In addition to the classical PDE works, our main source of inspiration is
the work by Hérau — Sjostrand — Stolk (2004) and also the recent work by
Hérau — Sjostrand — H. (2007) on second order differential operators of
Kramers—Fokker—Planck type.
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Statement of the results

Let m > 1 be an order function on R?", satisfying for some Cy > 0,
Ny > 0,
m(X) < Go(X — YYNem(Y), X,Y e R*.

Associated to m is the symbol space S(m) defined by
ac S(m) & 0%(X) = 0,(1)m(x), a € N?".
Let

P(X,f; h)NP(X’§)+hp1(X7§)+ in S(m)

be such that
Rep(X) >0, X=(x,&)¢cR>.
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Assume that for some C > 0,

Re p(X) > ’"CX) IX| > C.

For h > 0 small enough, we introduce the h — Weyl quantization of
P(x, & h),
P = P"(x, hDy; h).

The spectrum of P in a fixed neighborhood of 0 € C is discrete.

Assume that the set
{X € R®™; Re p(X) = 0}

is finite
={X,... Xn}.
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Then necessarily
Rep(X) =0 ((X=X))?), X=X, 1<j<N,
and assume that the same holds for Im p,
Imp(X) =0 ((X-X;)?), X—X, 1<j<N.

Write
p(X;i+Y)=q(Y)+0(Y?), Y —0o,

where g; is quadratic with Re g; > 0. Let S; stand for the singular space of
g, 1<j<N.
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Theorem

(Pravda-Starov — H., 2008) Assume that q; is elliptic along S;, for each
1<j<N,

XGSj, qj(X):0:>X:O.
Then for each B > 1 and for every fixed neighborhood Q2 C C of

N

L (p1(X;) + Spec(q}*(x, Dx)))
j=1

there exists hg > 0 and C > 0 such that for |z| < B, z ¢ Q, and
h € (0, ho], we have

h n
1 (P=hz)ullz 2 Zllulliz, weS(RY).
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Remarks.

@ We get the same estimate as in the quadratic case, when
P = g% (x, hDy), with g quadratic, elliptic along S.

@ In the case when g; are globally elliptic, 1 < j < N, this result is
essentially well-known (J. Sjostrand).

@ For Kramers—Fokker—Planck type operators, this result was
established by Hérau — Sjostrand — Stolk.

e For m =1, say, the result implies that for z € C with |z| < B as in
the theorem,

(P-—hz)t=0 (i) 12— 12

Following the methods of Hérau — Sjostrand — Stolk, one can go
further and compute Spec(P) for |z| < Bh, modulo O(h>).
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Example. Let g = g(x/,&’) be the quadratic form defined in (1.1) and let
g =q(x",£") be a real-valued elliptic quadratic form in another group of
symplectic variables (x”,&"). Then the quadratic form

Q(X’,X’l,él, é—//) — q(X/’é-/) + ia(X//’é-//)
is elliptic along the associated singular space

5 — {()(/’)</l7 g/jgl!);xl _ gl — 0}
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|deas of the proof

Take m =1 and assume for simplicity that N = 1 and that
X1 =(0,0) € T*R". Write

p(X) = q(X)+0(X?), X —0,

where q is elliptic when restricted to S. It follows then that S is symplectic.

We have the F — invariant decomposition
T'R"=5® S,
with linear symplectic coordinates (x’,¢') € 57, (x”,£") € S, so that

9(x.§) = q1(x, &) +iga(x",¢"), X =(x§) = (x',x",¢,£").
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Here go is elliptic and real-valued. The quadratic form g; enjoys the
following dynamical property : for each T > 0,

1 T
7 / Re g1 o exp(tHm g, ) dt > 0.
0

It follows that the flow average

1 /T
(Rep) TImp — T/o Re p o exp(tHim p) dt

satisfies
<Re p) T,Imp(X) - a(X/7 5/) + O(X3)7

where the quadratic form
q(x',¢) > 0.
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We shall introduce a weight corresponding to the procedure of averaging
along the Hy, , — flow in a small neighborhood of 0.

Let g € C*°([0, >0); [0,1]) be decreasing and such that

g(t)=1, tel0,1], gt)=t" t>2

Let
2
(Rep).(X) =g (|X6|> Rep(X), e>0.

Then
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Set, for T >0

t
G = —/J (—?) (Re p), o exp(tHim p) dt.
Here J is the compactly supported piecewise affine function solving

J'(t) = 6(t) — L_1,0(2)-

Then G, = O(e) satisfies

HImpGE = <(Re p)g>T7Imp - (Re p)e
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Associated to G, we have the IR-manifold

Nse = {X +i6Hg. (X); X € T'R"}, 0<4< 1.

The distorted symbol

satisfies
Re (pln,.) = Rep + 6Him G- + O(6% [V G.|?),

and
Im (p|p,.) = Imp + O3 |VG]).
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Using the ellipticity of
Re (p|/\57€) along 57

and the ellipticity of
Im (p]/\&s) along S,

we obtain that for X € T*R" in a small but fixed neighborhood of 0,

p (X + i6Hg. (X))| = %min (|><|2 ,5) , C>1,
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for 6 € (0, 0] and € € (0, e¢], with do > 0 and ¢ > 0 sufficiently small.

More precisely, in the entire region |X| > /¢, we have for some C > 1,

e (1 22 ) ot v 009) = .
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Associated to As. is the Hilbert space H(As.) of functions that are

microlocally
(o0 (%))

We shall take ¢ = Ah, where A is a constant. Then we have

in the L?—sense.

- Mgy ~ 11 ez,

uniformly as h — 0, for each fixed A > 1.
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When proving our theorem, we work in the weighted space H(As.).

@ In a /e — neighborhood of 0 we use the quadratic approximation of
PlAs.., which now becomes globally elliptic.

@ Away from such a neighborhood we have a lower bound for P|/\5,€ and
we use a version of the sharp Garding inequality applied to a rescaled
symbol. It is here that we need to choose A sufficiently large.
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Some future work /work in progress

o Study the behavior of the semiclassical propagator e~/ as t — oo,

h — 0, in relation to the low lying eigenvalues of P.

@ Analyze the subelliptic case under the assumption that S = {0}. (Cf
with the recent work by K. Pravda-Starov).

@ Study resolvent estimates that are polynomial in % further away from
the boundary of C; = {z € C;Rez > 0}.

@ Investigate the behavior of the higher eigenvalues of P in the analytic
case.
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