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Université Grenoble 1

Paris, May 19,2010
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Hasse-Witt invariant

k perfect field of characteristic p > 0

σ : k → k Frobenius of k (p-th power map)

V k-vector space, dimk(V ) <∞

ϕ : V → V σ-linear map (ϕ(av) = σ(a)ϕ(v) for a ∈ k and v ∈ V )

 

{
Vnilp = ∪∞i=1ker(ϕi ) (nilpotent part)

Vss = ∩∞i=1im(ϕi ) (semisimple part)
 


V = Vnilp ⊕ Vss

ϕ|Vnilp
is nilpotent

ϕ|Vss
is bijective

dimk(Vss) is called the stable rank of ϕ acting on V

X proper k-variety

F : X → X absolute Frobenius morphism (identity on the underlying space and
p-th power map on the structure sheaf OX )

Hasse-Witt invariant of X = stable rank of F acting on Hdim(X )(X ,OX )
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Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 2 / 18



Example

X elliptic curve given by y 2 = x(x − 1)(x − λ) with λ 6= 0, 1, λ ∈ k where k is an
algebraically closed field of characteristic p > 0, p 6= 2

p1 := (0 : 1 : 0), p2 := (0 : 0 : 1), U1 := X \ {p1} and U2 := X \ {p2}

H1(X ,OX ) =
{f ∈ H0(U1 ∩ U2,OU1∩U2}
{f1 − f2 | fi ∈ H0(Ui ,OUi )}

dx
y nonzero global 1-form on X

 

{
H1(X ,OX ) ' k

[f ] 7→ resp2 (f dx
y )

[ yx ] 7→ resp2 ( dx
x ) = 2 6= 0,

[( y
x )p] 7→ resp2 ( yp−1

xp−1
dx
x ) = resp2 ( (x(x−1)(x−λ))

p−1
2

xp−1
dx
x )

= 2 coeff. of xp−1 in (x(x − 1)(x − λ))
p−1

2

= 2
∑ p−1

2

j=0

( p−1
2
j

)2
λj
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Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 3 / 18



Example

X elliptic curve given by y 2 = x(x − 1)(x − λ) with λ 6= 0, 1, λ ∈ k where k is an
algebraically closed field of characteristic p > 0, p 6= 2

p1 := (0 : 1 : 0), p2 := (0 : 0 : 1), U1 := X \ {p1} and U2 := X \ {p2}

H1(X ,OX ) =
{f ∈ H0(U1 ∩ U2,OU1∩U2}
{f1 − f2 | fi ∈ H0(Ui ,OUi )}

dx
y nonzero global 1-form on X

 

{
H1(X ,OX ) ' k

[f ] 7→ resp2 (f dx
y )

[ yx ] 7→ resp2 ( dx
x ) = 2 6= 0,

[( y
x )p] 7→ resp2 ( yp−1

xp−1
dx
x ) = resp2 ( (x(x−1)(x−λ))

p−1
2

xp−1
dx
x )

= 2 coeff. of xp−1 in (x(x − 1)(x − λ))
p−1

2

= 2
∑ p−1

2

j=0

( p−1
2
j

)2
λj
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Example, continued

1 Only finitely many elliptic curves (up to isomorphism) over k having zero
Hasse-Witt invariant

2 More interesting: fix λ ∈ Q and vary p.

For almost all primes p, the curve
Xp, obtained by reducing the coefficients of y 2 = x(x − 1)(x − λ) mod p, is
nonsingular over F̄p ,

Λ(X ) = {p prime |Xp is smooth/F̄p with nonzero Hasse-Witt invariant}

1 ]{p prime |Xp is not smooth/F̄p or with zero Hasse-Witt invariant} =∞
(Elkies ’87)

2 lim
x→∞

]{p ∈ Λ(X )|p 6 x}
]{p prime |p 6 x}

=

{
1
2

if X ⊗ C has complex multiplication
1 if not
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Setup 1

K number field

v finite place of K (a prime ideal in the ring OK of integers of K )

kv residue field, finite field of characteristic pv > 0, qv := ](kv )

X smooth projective variety defined over K , geometrically irreducible

Xv obtained from X by reducing the coefficients mod v (for almost all finite
places of K , Xv is smooth over kv )

Xv̄ = Xv ⊗ k̄v for some algebraic closure k̄v of kv

Λ(K ,X ) = {v finite place of K |Xv̄ has invertible Hasse-Witt matrix}

Question

Does there exist a finite field extension L/K such that

lim
x→∞

]{v ∈ Λ(L,X ) | qv 6 x}
]{v finite place of K | qv 6 x}

= 1?
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Known results

Positive answer is known for

1 elliptic curves,

2 abelian surfaces (Ogus ’82) and

3 K3 surfaces (Joshi-Rajan ’01, Bogomolov-Zarhin ’09)
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Decomposition theorem

First case: det(Ω1
X ) = OX  dimK (Hdim(X )(X ,OX )) = 1 and

dimk̄v
(Hdim(Xv̄ )(Xv̄ ,OXv̄ )) = 1 for almost all finite places v

Theorem (Bogomolov)

M smooth projective connected variety defined over C with
c1(M) = 0 ∈ HdR(M,C).

Then there exists a finite étale cover of M isomorphic to
a product

A×
∏
i∈I

Yi ×
∏
j∈J

Zj

where

1 A abelian variety,

2 Yi simply-connected, dim(Yi ) > 3, H0(Yi ,Ω
•
Yi

) = C⊕ Cωi , where

ωi ∈ H0(Yi ,Ω
dim(Yi )
Yi

) is nowhere vanishing (these are Calabi-Yau manifolds)

3 Zj simply-connected, H0(Zj ,Ω
•
Zj

) = C[Ωj ] where Ωj ∈ H0(Zj ,Ω
2
Zj

) is

everywhere non-degenerate (these are irreducible symplectic manifolds)
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Main result

Theorem
Let X be an irreducible symplectic defined over a number field K ⊂ C

with
b2(X ⊗ C) > 4. Then there exists a finite field extension L/K such that Λ(L,X )
has density 1.

Corollary

Let X be smooth projective variety defined over a number field K ⊂ C.

Assume
there exists a finite étale cover of X ⊗ K̄ isomorphic to a product (over K̄ !)∏

i∈I

Ai ×
∏
j∈J

Zj

where

1 Ai abelian variety, dim(Ai ) 6 2,

2 Zj ⊗ C irreducible symplectic manifold, b2(Zj ⊗ C) > 4.

Then there exists a finite field extension L/K such that Λ(L,X ) has density 1.
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Reminder on Cartier operator

k perfect field of characteristic p > 0
σ : k → k Frobenius of k
X smooth k-variety
F : X → X absolute Frobenius morphism

Theorem (Cartier)

There exists a unique σ-linear isomorphism of graded algebras

γ :
⊕
i>0

Ωi
X →

⊕
i>0

Hi (Ω•X )

such that, for any local function f ,

1 γ(f ) = f p

2 γ(df ) = [f p−1df ]

Let BΩi
X = dΩi−1

X and Z Ωi
X = ker(d : Ωi

X → Ωi+1
X ) for i ∈ {0, . . . , dim(X )}(these

are sheaves of abelian groups)

Cartier operator (σ−1-linear) C : Z Ωi
X → Z Ωi

X/BΩi
X = Hi (Ω•X )

γ−1

→ Ωi
X
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Proof of Theorem, Step 1

Lemma

X smooth proper k-variety (k perfect field of characteristic p > 0) of dimension
d = 2m,

H0(X ,Ω2
X ) = k · Ω where Ω∧m 6= 0, Ω is closed and C (Ω) 6= 0. Then,

the Hasse-Witt matrix of X is not nilpotent

.

Proof.

C (Ω) = λΩ for some λ ∈ k, λ 6= 0

 C (Ωm) = C (Ω)m = λmΩm 6= 0

 H0(X ,Ωd
X ) = H0(X ,Z Ωd

X )

H0(C)−→ H0(X ,Ωd
X )

is not nilpotent;

H0(X ,Ωd
X )

H0(C) // H0(X ,Ωd
X )

Hd(X ,OX )∗ Hd(X ,OX )∗

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 10 / 18



Proof of Theorem, Step 1

Lemma

X smooth proper k-variety (k perfect field of characteristic p > 0) of dimension
d = 2m,

H0(X ,Ω2
X ) = k · Ω where Ω∧m 6= 0, Ω is closed and C (Ω) 6= 0. Then,

the Hasse-Witt matrix of X is not nilpotent

.

Proof.

C (Ω) = λΩ for some λ ∈ k , λ 6= 0

 C (Ωm) = C (Ω)m = λmΩm 6= 0

 H0(X ,Ωd
X ) = H0(X ,Z Ωd

X )

H0(C)−→ H0(X ,Ωd
X )

is not nilpotent;

H0(X ,Ωd
X )

H0(C) // H0(X ,Ωd
X )

Hd(X ,OX )∗ Hd(X ,OX )∗
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Setup 2

K ⊂ C number field, K̄ algebraic closure
v finite place of K
kv residue field, finite field of characteristic pv > 0, qv := ](kv )
X smooth projective variety defined over K , geometrically irreducible
Xv obtained from X by reducing coefficients mod v

Fv : Xv → Xv absolute Frobenius morphism
Cv Cartier Operator (for v s.t. Xv smooth/kv )

Xv̄ = Xv ⊗ k̄v for some algebraic closure k̄v of kv

` 6= pv prime
ρ : Gal(K̄/K )→ GL(H2

ét(X ⊗ K̄ ,Z`)) ⊂ GL(H2
ét(X ⊗ K̄ ,Q`))

For almost all v , ρ is unramified at v ; for such a v , let Fv ,ρ ∈ GL(H2
ét(X ⊗ K̄ ,Q`))

be a geometric Frobenius element at v
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Proof of Theorem, Step 2

Proposition 1

X smooth projective variety defined over a number field K , geometrically
irreducible

with h1(X ,OX ) = h3(X ,OX ) = 0 and H0(X ,Ω2
X ) = k · Ω. For almost

all finite places v of K , if Cv (Ωv ) = 0 (Ωv ∈ H0(Xv ,Ω
2
Xv

) obtained from Ω by
reducing the coefficients mod v) then pv |Tr(Fv ,ρ).

Reminder (Deligne)

1 det(IdH2
ét(X⊗K̄ ,Q`) − Fv ,ρt) =

∏
i (1− αi t) ∈ 1 + tZ[t],

2  αi are algebraic integers,

3  Tr(Fv ,ρ) ∈ Z,

4 |αi | = qv .

How?

H2
ét(X ⊗ K̄ ,Q`) ' H2

ét(Xv ⊗ k̄v ,Q`) (for almost all finite places of K ) such that
Fv ,ρ ∈ GL(H2

ét(X ⊗ K̄ ,Q`))↔ Fv × Idk̄v
∈ GL(H2

ét(Xv ⊗ k̄v ,Q`))
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Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 13 / 18



Proof of Theorem, Step 2

Proposition 1

X smooth projective variety defined over a number field K , geometrically
irreducible with h1(X ,OX ) = h3(X ,OX ) = 0 and H0(X ,Ω2

X ) = k · Ω. For almost
all finite places v of K , if Cv (Ωv ) = 0 (Ωv ∈ H0(Xv ,Ω

2
Xv

) obtained from Ω by
reducing the coefficients mod v) then pv |Tr(Fv ,ρ).

Reminder (Deligne)

1 det(IdH2
ét(X⊗K̄ ,Q`) − Fv ,ρt) =

∏
i (1− αi t) ∈ 1 + tZ[t],

2  αi are algebraic integers,

3  Tr(Fv ,ρ) ∈ Z,

4 |αi | = qv .

How?

H2
ét(X ⊗ K̄ ,Q`) ' H2

ét(Xv ⊗ k̄v ,Q`) (for almost all finite places of K ) such that
Fv ,ρ ∈ GL(H2

ét(X ⊗ K̄ ,Q`))↔ Fv × Idk̄v
∈ GL(H2

ét(Xv ⊗ k̄v ,Q`))
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Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 13 / 18



Proof of Theorem, Step 2

Proposition 1

X smooth projective variety defined over a number field K , geometrically
irreducible with h1(X ,OX ) = h3(X ,OX ) = 0 and H0(X ,Ω2

X ) = k · Ω. For almost
all finite places v of K , if Cv (Ωv ) = 0 (Ωv ∈ H0(Xv ,Ω

2
Xv

) obtained from Ω by
reducing the coefficients mod v) then pv |Tr(Fv ,ρ).

Reminder (Deligne)

1 det(IdH2
ét(X⊗K̄ ,Q`) − Fv ,ρt) =

∏
i (1− αi t) ∈ 1 + tZ[t],

2  αi are algebraic integers,

3  Tr(Fv ,ρ) ∈ Z,

4 |αi | = qv .

How?

H2
ét(X ⊗ K̄ ,Q`) ' H2

ét(Xv ⊗ k̄v ,Q`) (for almost all finite places of K ) such that
Fv ,ρ ∈ GL(H2

ét(X ⊗ K̄ ,Q`))↔ Fv × Idk̄v
∈ GL(H2

ét(Xv ⊗ k̄v ,Q`))
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Setup 3

K ⊂ C a number field, K̄ algebraic closure

v finite place of K (a prime ideal in the ring OK of integers of K )

kv residue field, finite field of characteristic pv > 0, qv := ](kv )

X smooth projective variety defined over K , geometrically irreducible

` prime

χ` : Gal(K̄/K )→ Z∗` `-adic cyclotomic character

 Z`(1) and Q`(1) `-adic Tate twists

ρ⊗ χ` : Gal(K̄/K )→ GL(H2
ét(X ⊗ K̄ ,Z`)(1)) ⊂ GL(H2

ét(X ⊗ K̄ ,Q`)(1))

Remark
If pv 6= `, then χ` is unramified at v ;

thus ρ is unramified at v iff ρ⊗ χ` is and,

Fv ,ρ⊗χ`
∈ GL(H2

ét(X ⊗ K̄ ,Q`)(1))↔ qvFv ,ρ ∈ GL(H2
ét(X ⊗ K̄ ,Q`)).
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Proof of Theorem, Step 3

Proposition 2 (Ogus, Bogomolov and Zarhin)

X smooth projective variety defined over a number field K ⊂ C, geometrically
irreducible, ` prime. Assume:

1 ` > 2b2(X ⊗ C)

2 NS(X ⊗ K̄ ))⊗Z Q` �
⋃
U

H2
ét(X ⊗ K̄ ,Q`)(1)U where U ⊂ Gal(K̄/K ) open

subgroup,

3 Fv ,ρ is semisimple for almost all places v of K ,

4 rang(NS(X ⊗ K̄ )) < dimQ`
(H2

ét(X ⊗ K̄ ,Q`))(= b2(X ⊗ C)).

Then, there exists a finite field extension L/K such that Φ(L,X ) has density 0
where Φ(L,X ) = {v finite place of K s.t. pv | Tr(Fv ,ρ)}.
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Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 15 / 18



Proof of Theorem, Step 3

Proposition 2 (Ogus, Bogomolov and Zarhin)

X smooth projective variety defined over a number field K ⊂ C, geometrically
irreducible, ` prime. Assume:

1 ` > 2b2(X ⊗ C)

2 NS(X ⊗ K̄ ))⊗Z Q` �
⋃
U

H2
ét(X ⊗ K̄ ,Q`)(1)U where U ⊂ Gal(K̄/K ) open

subgroup,

3 Fv ,ρ is semisimple for almost all places v of K ,

4 rang(NS(X ⊗ K̄ )) < dimQ`
(H2

ét(X ⊗ K̄ ,Q`))(= b2(X ⊗ C)).

Then, there exists a finite field extension L/K such that Φ(L,X ) has density 0
where Φ(L,X ) = {v finite place of K s.t. pv | Tr(Fv ,ρ)}.
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Proof of Theorem, Conclusion

Proposition 2  there exists a finite field extension L/K such that Φ(L,X )
has density 0 where Φ(L,X ) = {v finite place of K s.t. pv | Tr(Fv ,ρ)}
(assumptions 2 and 3 of Proposition 2 are true for X irreducible symplectic if
b2(X ⊗ C) > 4 (André ’96))

Proposition 1 if v 6∈ Φ(L,X ) then Cv (Ωv ) 6= 0 and,

Lemma  Hasse-Witt matrix of Xv is invertible.

 Λ(L,X ) has density 1 where
Λ(L,X ) = {v finite place of L s.t. Xv̄ has invertible Hasse-Witt matrix}.
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Sketch of proof of Proposition 2

Assumptions:

1 ` > 2b2(X ⊗ C)

2 NS(X ⊗ K̄ ))⊗Z Q` �
⋃

U H2
ét(X ⊗ K̄ ,Q`)(1)U where U ⊂ Gal(K̄/K ) open

subgroup,

3 Fv ,ρ is semisimple for almost all places of K ,

4 rang(NS(X ⊗ K̄ )) < dimQ`
(H2

ét(X ⊗ K̄ ,Q`)),

5 Gal(K̄/K )→ GL(H2
ét(X ⊗ K̄ ,Z`)⊗ (Z`/`Z`)) is trivial,

6 K contains a primitive `th root of unity.

Let Φ1(K ,X ) = {v finite place of K s.t. kv is not a prime field} and
Φ2(K ,X ) = {v finite place of K s.t. Fv ,ρ⊗χ`

= IdH2
ét(X⊗K̄ ,Q`)(1)}

Φ1(K ,X ) has density 0 (Čebotarev density theorem)

2+4
 the `-adic Lie group ρ⊗ χ`(Gal(K̄/K )) ⊂ GL(H2

ét(X ⊗ K̄ ,Q`)(1)) has

dimension > 1
Serre
 Φ2(K ,X ) has density 0

 Φ1(K ,X ) ∪ Φ2(K ,X ) has density 0
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Φ(K ,X ) ⊂ Φ1(K ,X ) ∪ Φ2(K ,X )
(Φ(K ,X ) = {v finite place of K s.t. pv | Tr(Fv ,ρ)})

Let v ∈ Φ(K ,X ) \ Φ1(K ,X ) (kv is a prime field); tv = Tr(Fv ,ρ) = pv t ′v (t ′v ∈ Z).

tv =
∑

16i6b2
αi where αi are eigenvalues of Fv ,ρ and b2 = b2(X ⊗ C)

Deligne
 |tv | 6 b2pv and |t ′v | 6 b2

5
 tv = b2 mod `

6
 pv − 1 = 0 mod `

 t ′v = b2 mod ` and |t ′v | 6 b2

1
 t ′v = b2, tv = b2pv and αi = pv

3
 Fv ,ρ⊗χ`

= IdH2
ét(X⊗K̄ ,Z`)(1) that is, v ∈ Φ2(K ,X ) THE END
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