Reductions of irreducible symplectic varieties defined

Stéphane Druel (Université Grenoble 1)

over number fields

Stéphane Druel

Université Grenoble 1

Paris, May 19,2010

Reductions of irreducible symplectic varieties

Paris, May 19,2010

1/18



Hasse-Witt invariant

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties



Hasse-Witt invariant

k perfect field of characteristic p > 0

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties



Hasse-Witt invariant

k perfect field of characteristic p > 0

o : k — k Frobenius of k (p-th power map)

Stéphane Druel (Université Grenoble 1)

Reductions of irreducible symplectic varieties

N




Hasse-Witt invariant

k perfect field of characteristic p > 0
o : k — k Frobenius of k (p-th power map)

V' k-vector space, dim,(V) < oo

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 2/18



Hasse-Witt invariant

k perfect field of characteristic p > 0
o : k — k Frobenius of k (p-th power map)
V' k-vector space, dim,(V) < oo

@V — V o-linear map (p(av) = o(a)p(v) for a € k and v € V)

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 2/18



Hasse-Witt invariant

k perfect field of characteristic p > 0
o : k — k Frobenius of k (p-th power map)
V' k-vector space, dim,(V) < oo

@V — V o-linear map (p(av) = o(a)p(v) for a € k and v € V)

Vaip = UX ker(¢’) (nilpotent part)
Vs NX2,im(¢’')  (semisimple part)

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 2/18



Hasse-Witt invariant

k perfect field of characteristic p > 0

o : k — k Frobenius of k (p-th power map)

V' k-vector space, dim,(V) < oo

@V — V o-linear map (p(av) = o(a)p(v) for a € k and v € V)

V= Vnilp D Vss
©|V,;, IS nilpotent
©|v,, is bijective

—- Vaip = UX ker(¢’) (nilpotent part)
NX2,im(¢’')  (semisimple part)

VSS

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 2/18



Hasse-Witt invariant

k perfect field of characteristic p > 0

o : k — k Frobenius of k (p-th power map)

V' k-vector space, dim,(V) < oo

@V — V o-linear map (p(av) = o(a)p(v) for a € k and v € V)

V= Vnilp D Vss
©|V,;, IS nilpotent

W{ Vaip = U?ilker(cgi) (nilpotent part)
©|v,, is bijective

Vs NX2,im(¢’')  (semisimple part)

dimy(Vss) is called the stable rank of ¢ acting on V

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 2/18



Hasse-Witt invariant

k perfect field of characteristic p > 0

o : k — k Frobenius of k (p-th power map)

V' k-vector space, dim,(V) < oo

¢ : V — V o-linear map (p(av) = o(a)p(v) for a € k and v € V)

V= Vnilp D Vss
©|V,;, IS nilpotent
©|v,, is bijective

—- Vaip = UX ker(¢’) (nilpotent part)
Vs NX2,im(¢’')  (semisimple part)

dimy(Vss) is called the stable rank of ¢ acting on V

X proper k-variety

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 2/18



Hasse-Witt invariant

k perfect field of characteristic p > 0

o : k — k Frobenius of k (p-th power map)

V' k-vector space, dim,(V) < oo

¢ :V = V o-linear map (p(av) = o(a)p(v) for a€ k and v € V)

V= Vnilp ® Vss
©|V,;, IS nilpotent
©|v,, is bijective

o Vo = U, ker(¢’)  (nilpotent part)
Vs NX2,im(¢’')  (semisimple part)

dimy(Vss) is called the stable rank of ¢ acting on V

X proper k-variety

F : X — X absolute Frobenius morphism

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 2/18



Hasse-Witt invariant

k perfect field of characteristic p > 0

o : k — k Frobenius of k (p-th power map)

V' k-vector space, dim,(V) < oo

¢ :V = V o-linear map (p(av) = o(a)p(v) for a€ k and v € V)

V= Vnilp ® Vss
©|V,;, IS nilpotent
©|v,, is bijective

o Vo = U, ker(¢’)  (nilpotent part)
Vs NX2,im(¢’')  (semisimple part)

dimy(Vss) is called the stable rank of ¢ acting on V

X proper k-variety

F : X — X absolute Frobenius morphism (identity on the underlying space and
p-th power map on the structure sheaf Ox)

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 2/18



Hasse-Witt invariant

k perfect field of characteristic p > 0

o : k — k Frobenius of k (p-th power map)

V' k-vector space, dim,(V) < oo

¢ :V = V o-linear map (p(av) = o(a)p(v) for a€ k and v € V)

V= Vnilp ® Vss
©|V,;, IS nilpotent
©|v,, is bijective

o Vo = U, ker(¢’)  (nilpotent part)
Vs NX2,im(¢’')  (semisimple part)

dimy(Vss) is called the stable rank of ¢ acting on V

X proper k-variety

F : X — X absolute Frobenius morphism (identity on the underlying space and
p-th power map on the structure sheaf Ox)

Hasse-Witt invariant of X = stable rank of F acting on HT™X) (X, Ox)

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 2/18



Example

Reductions of irreducible symplectic varieties



Example

X elliptic curve given by y? = x(x — 1)(x — A) with A # 0,1, A € k where k is an
algebraically closed field of characteristic p > 0, p # 2

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 3/18



Example

X elliptic curve given by y? = x(x — 1)(x — A) with A # 0,1, A € k where k is an
algebraically closed field of characteristic p > 0, p # 2

pr:=(0:1:0), pp:=(0:0:1)

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 3/18



Example

X elliptic curve given by y? = x(x — 1)(x — A) with A # 0,1, A € k where k is an
algebraically closed field of characteristic p > 0, p # 2

p1:=(0:1:0), pp:=(0:0:1), Up:=X\{p1} and U, := X\ {p2}

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 3/18



Example

X elliptic curve given by y? = x(x — 1)(x — A) with A # 0,1, A € k where k is an
algebraically closed field of characteristic p > 0, p # 2
p1:=(0:1:0), pp:=(0:0:1), Up:=X\{p1} and U, := X\ {p2}

{f e H'(Uy N Us, Oy

HY(X,0x) =
(X, O0x) {h—H|feH(U;,Ou)}

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 3/18



Example

X elliptic curve given by y? = x(x — 1)(x — A) with A # 0,1, A € k where k is an
algebraically closed field of characteristic p > 0, p # 2
p1:=(0:1:0), pp:=(0:0:1), Up:=X\{p1} and U, := X\ {p2}

{f e H'(Uy N Us, Oy

HY(X,0x) =
(X, O0x) {h—H|feH(U;,Ou)}

dx

£ nonzero global 1-form on X

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 3/18



Example

X elliptic curve given by y? = x(x — 1)(x — A) with A # 0,1, A € k where k is an
algebraically closed field of characteristic p > 0, p # 2
p1:=(0:1:0), pp:=(0:0:1), Up:=X\{p1} and U, := X\ {p2}

{f e H'(Uy N Us, Oy

HY(X,0x) =
(X, O0x) {h—H|feH(U;,Ou)}

dx

£ nonzero global 1-form on X

HY(X,0x) ~ k
W{ [f] — respz(f%)

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 3/18



Example

X elliptic curve given by y? = x(x — 1)(x — A) with A # 0,1, A € k where k is an
algebraically closed field of characteristic p > 0, p # 2

p1:=(0:1:0), p2:=(0:0:1), Uy :=X\{p} and Uy := X\ {p2}

{f (S HO(Ul N U2a0U1ﬂU2}
{fi—fK|fe H(U;,Oy)}
dx

£ nonzero global 1-form on X

HY(X,0x) ~ k
W{ [f] — respz(f%)

HY(X,0x) =

[£] — respz(%) =2#0

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 3/18



Example

X elliptic curve given by y? = x(x — 1)(x — A) with A # 0,1, A € k where k is an
algebraically closed field of characteristic p > 0, p # 2

p1:=(0:1:0), p2:=(0:0:1), Uy :=X\{p} and Uy := X\ {p2}

{f (S HO(Ul N U2a0U1ﬂU2}
{fi—fK|fe H(U;,Oy)}
dx

£ nonzero global 1-form on X

HY(X,0x) ~ k
W{ [f] — respz(f%)

HY(X,0x) =

[£] > resp,(2) =2 £0,

[(£)7] = resp, (Gr &)

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 3/18



Example

X elliptic curve given by y? = x(x — 1)(x — A) with A # 0,1, A € k where k is an
algebraically closed field of characteristic p > 0, p # 2

p1:=(0:1:0), p2:=(0:0:1), Uy :=X\{p} and Uy := X\ {p2}

{f (S HO(Ul N U2a0U1ﬂU2}
{fi—fK|fe H(U;,Oy)}
dx

£ nonzero global 1-form on X

HY(X,0x) ~ k
W{ [f] — respz(f%)

HY(X,0x) =

[£] > resp,(2) =2 £0,

_ p—=1
[(£)P] i+ resp,(Bor &) = res, (CO=LOo) 2 o)

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 3/18



Example

X elliptic curve given by y? = x(x — 1)(x — A) with A # 0,1, A € k where k is an
algebraically closed field of characteristic p > 0, p # 2

p1:=(0:1:0), pp:=(0:0:1), Up:=X\{p1} and U, := X\ {p2}

feHO(UlﬂUz Ounw, }
HY(X, Ox) = & T, 00)
(X, Ox) {h—H|fie HO(U;,Oy,)}

% nonzero global 1-form on X

HY(X,0x) =~ k
W{ [f] — respz(f%)

[£] — respz(%) =20,

(9] resy, (5 %) = res,, (CLBEAD T o)
= 2 coeff. of xP"Lin (x(x — 1)(x — \))

p—1
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feHO(UlﬂUz Ounw, }
HY(X, Ox) = & T, 00)
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% nonzero global 1-form on X

. { HY(X,0x) =~ k
[f] — respz(f%)
[£] = resp,(£) =2 #0,
()] resp (G %) = resy, (CEHESA2 )
2 coeff. of xP~1in (x(x — 1)(x — \))

p=1 p—1.2 .
= 235 ()N

p—1
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@ Only finitely many elliptic curves (up to isomorphism) over k having zero
Hasse-Witt invariant

@ More interesting: fix A € Q and vary p. For almost all primes p, the curve
X, obtained by reducing the coefficients of y> = x(x — 1)(x — A) mod p, is
nonsingular over F, ,

A(X) = {p prime |X, is smooth/F, with nonzero Hasse-Witt invariant}
@ #{p prime |X, is not smooth/F, or with zero Hasse-Witt invariant} = oo

(Elkies '87)
i HPEAX)p < x)
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Example, continued

@ Only finitely many elliptic curves (up to isomorphism) over k having zero
Hasse-Witt invariant

@ More interesting: fix A € Q and vary p. For almost all primes p, the curve
X, obtained by reducing the coefficients of y> = x(x — 1)(x — A) mod p, is
nonsingular over F, ,

A(X) = {p prime |X, is smooth/F, with nonzero Hasse-Witt invariant}

@ #{p prime |X, is not smooth/F, or with zero Hasse-Witt invariant} = oo
(Elkies '87)
- t{pe AX)|p<x} _ { I if X ® C has complex multiplication
Tl 1 ifnot

(2]

x—oo f{p prime |p < x}
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X smooth projective variety defined over K, geometrically irreducible

X, obtained from X by reducing the coefficients mod v (for almost all finite
places of K, X, is smooth over k,)

Xy = X, ® k, for some algebraic closure k, of k,
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v finite place of K (a prime ideal in the ring Ok of integers of K)

k, residue field, finite field of characteristic p, > 0, q, := f(k,)

X smooth projective variety defined over K, geometrically irreducible

X, obtained from X by reducing the coefficients mod v (for almost all finite
places of K, X, is smooth over k,)

Xy = X, ® k, for some algebraic closure k, of k,

A(K, X) = {v finite place of K|X; has invertible Hasse-Witt matrix}
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Setup 1

K number field

v finite place of K (a prime ideal in the ring Ok of integers of K)
k, residue field, finite field of characteristic p, > 0, q, := f(k,)

X smooth projective variety defined over K, geometrically irreducible

X, obtained from X by reducing the coefficients mod v (for almost all finite
places of K, X, is smooth over k,)

Xy = X, ® k, for some algebraic closure k, of k,

A(K, X) = {v finite place of K|X; has invertible Hasse-Witt matrix}

Question
Does there exist a finite field extension L/K such that

: t{v e AL, X) gy < x}
lim — =17
x—oo #{v finite place of K |q, < x}

4
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Known results

Positive answer is known for

@ elliptic curves,
@ abelian surfaces (Ogus '82) and
@ K3 surfaces (Joshi-Rajan '01, Bogomolov-Zarhin '09)
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Decomposition theorem

First case: det(Q}) = Ox
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Decomposition theorem

First case: det(QL) = Ox ~ dimk(HT™X)(X,0x)) =1 and
dim,-(v(Hd'm(XV)(Xp,Oxv)) =1 for almost all finite places v
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Decomposition theorem
First case: det(QL) = Ox ~ dimk(HT™X)(X,0x)) =1 and

dim;V(Hdim(XV)(Xp,OXV)) =1 for almost all finite places v

Theorem (Bogomolov)

M smooth projective connected variety defined over C with
Cl(M) =0¢ HdR(M,C).
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Decomposition theorem

First case: det(QL) = Ox ~ dimk(HT™X)(X,0x)) =1 and
dimg (Hd'm(X )(X Ox,)) = 1 for almost all finite places v
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First case: det(QL) = Ox ~ dimk(HT™X)(X,0x)) =1 and
dim;V(Hd'm(XV)(XV,OXV)) =1 for almost all finite places v

Theorem (Bogomolov)

M smooth projective connected variety defined over C with
c1(M) =0 € Hqr(M, C). Then there exists a finite étale cover of M isomorphic to

a product
A x H Y x H Z;
i€l Jj€d
where

@ A abelian variety,
@ Y, simply-connected, dim(Y;) > 3, HO(Y,-, Q}l) = C @ Cuw;, where
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Decomposition theorem

First case: det(QL) = Ox ~ dimk(HT™X)(X,0x)) =1 and
dim;V(Hd'm(XV)(XV,OXV)) =1 for almost all finite places v

Theorem (Bogomolov)

M smooth projective connected variety defined over C with
c1(M) =0 € Hqr(M, C). Then there exists a finite étale cover of M isomorphic to

a product
A x H Y x H Z;
i€l Jj€d
where

@ A abelian variety,
Q Y, simply-connected, dim(Y;) > 3, H(Y;, Q},) = C® Cw;, where
wj € HO(Y,-, Q‘:/il_m(y")) is nowhere vanishing (these are Calabi-Yau manifolds)
@ Z; simply-connected, H°(Z;, Q%) = C[Q] where Q; € HO(ZJ-,Q2ZJ_) is
everywhere non-degenerate (these are irreducible symplectic manifolds)
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Let X be an irreducible symplectic defined over a number field K C C
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Main result

Theorem

Let X be an irreducible symplectic defined over a number field K C C with

bo(X ® C) > 4. Then there exists a finite field extension L/K such that A(L, X)
has density 1.
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Main result

Theorem

Let X be an irreducible symplectic defined over a number field K C C with
bo(X ® C) > 4. Then there exists a finite field extension L/K such that A(L, X)
has density 1.

Corollary
Let X be smooth projective variety defined over a number field K C C.
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Main result

Theorem

Let X be an irreducible symplectic defined over a number field K C C with

by(X ® C) > 4. Then there exists a finite field extension L/K such that A(L, X)
has density 1.

Corollary
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Let X be smooth projective variety defined over a number field K C C. Assume
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Let X be an irreducible symplectic defined over a number field K C C with

by(X ® C) > 4. Then there exists a finite field extension L/K such that A(L, X)
has density 1.

Corollary

Let X be smooth projective variety defined over a number field K C C. Assume
there exists a finite étale cover of X @ K isomorphic to a product (over K!)

14 <112
icl jed
where

Q A; abelian variety, dim(A;) < 2,
@ Z; ® C irreducible symplectic manifold, by(Z; ® C) > 4.
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Main result

Theorem

Let X be an irreducible symplectic defined over a number field K C C with
by(X ® C) > 4. Then there exists a finite field extension L/K such that A(L, X)
has density 1.

Corollary

Let X be smooth projective variety defined over a number field K C C. Assume
there exists a finite étale cover of X @ K isomorphic to a product (over K!)

14 <112
icl jed
where

Q A; abelian variety, dim(A;) < 2,
@ Z; ® C irreducible symplectic manifold, by(Z; ® C) > 4.
Then there exists a finite field extension L/K such that A(L, X) has density 1.
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Reminder on Cartier operator

k perfect field of characteristic p > 0
o : k — k Frobenius of k
X smooth k-variety
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o : k — k Frobenius of k

X smooth k-variety

F : X — X absolute Frobenius morphism
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Reminder on Cartier operator

k perfect field of characteristic p > 0

o : k — k Frobenius of k

X smooth k-variety

F : X — X absolute Frobenius morphism

Theorem (Cartier)
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Reminder on Cartier operator

k perfect field of characteristic p > 0

o : k — k Frobenius of k

X smooth k-variety

F : X — X absolute Frobenius morphism

Theorem (Cartier)

There exists a unique o-linear isomorphism of graded algebras

v @Q'X — @H'(Q})
i>0 i>0
such that, for any local function f,
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o : k — k Frobenius of k

X smooth k-variety

F : X — X absolute Frobenius morphism

Theorem (Cartier)

There exists a unique o-linear isomorphism of graded algebras

v @Q’X — @H'(Q})
i>0 i>0
such that, for any local function f,

Q 1(f) =17
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o : k — k Frobenius of k

X smooth k-variety

F : X — X absolute Frobenius morphism

Theorem (Cartier)

There exists a unique o-linear isomorphism of graded algebras

v: Pk - PHI(x)
i>0 i>0
such that, for any local function f,

Q 1(f) =17
Q 7(df) = [fP~"df]
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Reminder on Cartier operator

k perfect field of characteristic p > 0

o : k — k Frobenius of k

X smooth k-variety

F : X — X absolute Frobenius morphism

Theorem (Cartier)

There exists a unique o-linear isomorphism of graded algebras

v: Pk - PHI(x)
i>0 i>0
such that, for any local function f,

Q 1(f) =17
Q 7(df) = [fP~"df]

Let BQ} = dQi* and ZQ} = ker(d : Q) — Qi) for i € {0,...,dim(X)}
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Reminder on Cartier operator

k perfect field of characteristic p > 0

o : k — k Frobenius of k

X smooth k-variety

F : X — X absolute Frobenius morphism

Theorem (Cartier)

There exists a unique o-linear isomorphism of graded algebras

v: Pk - PHI(x)
i>0 i>0
such that, for any local function f,

Q 1(f) =17
Q 7(df) = [fP~"df]

y

Let BQ} = dQi* and ZQ} = ker(d : Qi — Qi) for i € {0,
are sheaves of abelian groups)
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Reminder on Cartier operator

k perfect field of characteristic p > 0

o : k — k Frobenius of k

X smooth k-variety

F : X — X absolute Frobenius morphism

Theorem (Cartier)

There exists a unique o-linear isomorphism of graded algebras

v: Pk - PHI(x)
i>0 i>0
such that, for any local function f,

Q 1(f) =17
Q 7(df) = [fP~"df]

Let BQ} = dQi* and ZQ} = ker(d : Q) — Qi) for i € {0, ..

are sheaves of abelian groups)

y

., dim(X)}(these

. . . . -1
Cartier operator (o~ -linear) C : ZQj, — ZQk /B = H'(Q%) & Qi
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Paris, May 19,2010 9/18
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Proof of Theorem, Step 1

Lemma

X smooth proper k-variety (k perfect field of characteristic p > 0) of dimension
d=2m,
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Proof of Theorem, Step 1

Lemma

X smooth proper k-variety (k perfect field of characteristic p > 0) of dimension
d=2m, H(X,0%) = k- Q where Q"™ # 0, Q is closed and C(Q) # 0.
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Proof of Theorem, Step 1

Lemma

X smooth proper k-variety (k perfect field of characteristic p > 0) of dimension

d=2m, H(X,0%) = k- Q where Q"™ # 0, Q is closed and C(Q) # 0. Then,
the Hasse-Witt matrix of X is not nilpotent.

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 10 / 18



Proof of Theorem, Step 1

Lemma

X smooth proper k-variety (k perfect field of characteristic p > 0) of dimension
d=2m, H(X,0%) = k- Q where Q"™ # 0, Q is closed and C(Q) # 0. Then,
the Hasse-Witt matrix of X is not nilpotent.

Proof.

O

v
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Proof of Theorem, Step 1

Lemma

X smooth proper k-variety (k perfect field of characteristic p > 0) of dimension
d=2m, H(X,0%) = k- Q where Q"™ # 0, Q is closed and C(Q) # 0. Then,
the Hasse-Witt matrix of X is not nilpotent.

Proof.
C(Q) = \Q for some A € k, A #0

O

v
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Proof of Theorem, Step 1

Lemma

X smooth proper k-variety (k perfect field of characteristic p > 0) of dimension
d =2m, H'(X,0%) = k - Q where Q" # 0, Q is closed and C(Q) # 0. Then,
the Hasse-Witt matrix of X is not nilpotent.

Proof.
C(Q) = \Q for some A € k, A #0

~ C(Q™) = C(Q)™ = A"Q™ £ 0

O

v
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Proof of Theorem, Step 1

Lemma

X smooth proper k-variety (k perfect field of characteristic p > 0) of dimension
d =2m, H'(X,0%) = k - Q where Q" # 0, Q is closed and C(Q) # 0. Then,
the Hasse-Witt matrix of X is not nilpotent.

Proof.
C(Q) = \Q for some A € k, A #0

~ C(Q™) = C(Q)™ = A"Q™ £ 0

~ H(X, Q%) = H(X, ZQ%)

O

v
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Proof of Theorem, Step 1

Lemma

X smooth proper k-variety (k perfect field of characteristic p > 0) of dimension
d =2m, H'(X,0%) = k - Q where Q" # 0, Q is closed and C(Q) # 0. Then,
the Hasse-Witt matrix of X is not nilpotent.

Proof.
C(Q) = \Q for some A € k, A #0

~ C(Q™) = C(Q)™ = A"Q™ £ 0

~ HY(X, Q%) = H(X, 2Q%) ) HO(X, Q%) is not nilpotent;
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Proof of Theorem, Step 1

Lemma

X smooth proper k-variety (k perfect field of characteristic p > 0) of dimension
d =2m, H'(X,0%) = k - Q where Q" # 0, Q is closed and C(Q) # 0. Then,
the Hasse-Witt matrix of X is not nilpotent.

Proof.
C(Q) = \Q for some A € k, A #0

~ C(Q™M) = C(Q)T =A"Q" #£0
~ HY(X, Q%) = H(X, 2Q%) ) HO(X, Q%) is not nilpotent;
HP(X, 9) == H(X, 24)

(X, 0x)* HY(X, Ox)*

Stéphane Druel (Université Grenoble 1) Reductions of irreducible symplectic varieties Paris, May 19,2010 10 / 18



Proof of Theorem, Step 1
Lemma

X smooth proper k-variety (k perfect field of characteristic p > 0) of dimension
d =2m, H'(X,0%) = k - Q where Q" # 0, Q is closed and C(Q) # 0. Then,
the Hasse-Witt matrix of X is not nilpotent.

Proof.
C(Q2) = A\Q for some A € k, A\ #0
- C(Q™) = C(Q)™ = AmQ™ ;é 0
HO(X, Q%) = HO(X, ZQX) (x Q%) is not nilpotent;

C
(X, %) —— L Ho(x, d)

tF*

(X, 0x)* —=H (X, 0x)*
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Proof of Theorem, Step 1

Lemma

X smooth proper k-variety (k perfect field of characteristic p > 0) of dimension
d =2m, H'(X,0%) = k - Q where Q" # 0, Q is closed and C(Q) # 0. Then,
the Hasse-Witt matrix of X is not nilpotent.

Proof.
C(Q2) = A\Q for some A € k, A\ #0

~ C(Q™) = C(Q)™ = AmQ™ # 0
HO(X, Q%) = HO(X, ZQX) (x Q%) is not nilpotent;
°(c
(X, %) —— L Ho(x, d)

t

(X, 0x)* —— H(X, Ox)*

~ F* HY(X, Ox) = HY(X, Ox) is not nilpotent
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Setup 2

K C C number field, K algebraic closure

v finite place of K

k, residue field, finite field of characteristic p, > 0, g, := f(k,)

X smooth projective variety defined over K, geometrically irreducible
X, obtained from X by reducing coefficients mod v

Xy = X, ® k, for some algebraic closure k, of k,
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k, residue field, finite field of characteristic p, > 0, g, := f(k,)
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X, obtained from X by reducing coefficients mod v

F, : X, — X, absolute Frobenius morphism

C, Cartier Operator (for v s.t. X, smooth/k,)

Xy

= X, ® k, for some algebraic closure k, of k,
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K C C number field, K algebraic closure

v finite place of K

k, residue field, finite field of characteristic p, > 0, g, := f(k,)

X smooth projective variety defined over K, geometrically irreducible
X, obtained from X by reducing coefficients mod v

F, : X, — X, absolute Frobenius morphism

C, Cartier Operator (for v s.t. X, smooth/k,)

Xy = X, ® k, for some algebraic closure k, of k,

¢ # p, prime _ _
p: Gal(K/K) — GL(HZ(X ® K, Z;)) C GL(HZ(X ® K, Q)
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K C C number field, K algebraic closure

v finite place of K

k, residue field, finite field of characteristic p, > 0, g, := f(k,)
X smooth projective variety defined over K, geometrically irreducible
X, obtained from X by reducing coefficients mod v

F, : X, — X, absolute Frobenius morphism

C, Cartier Operator (for v s.t. X, smooth/k,)

Xy = X, ® k, for some algebraic closure k, of k,

{ # p, prime

p: Gal(K/K) — GL(HZ(X ® K, Z;)) C GL(HZ(X ® K, Q)
For almost all v, p is unramified at v
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Setup 2

K C C number field, K algebraic closure

v finite place of K

k, residue field, finite field of characteristic p, > 0, g, := f(k,)

X smooth projective variety defined over K, geometrically irreducible

X, obtained from X by reducing coefficients mod v

F, : X, — X, absolute Frobenius morphism

C, Cartier Operator (for v s.t. X, smooth/k,)

Xy = X, ® k, for some algebraic closure k, of k,

{ # p, prime

p: Gal(K/K) — GL(HZ(X ® K, Z;)) C GL(HZ(X ® K, Q) )
For almost all v, p is unramified at v; for such a v, let F, , € GL(HZ(X ® K, Q/))
be a geometric Frobenius element at v
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Proof of Theorem, Step 2

Proposition 1

X smooth projective variety defined over a number field K, geometrically
irreducible
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Proof of Theorem, Step 2

Proposition 1

X smooth projective variety defined over a number field K, geometrically
irreducible with h*(X, Ox) = h3(X,Ox) = 0 and HO(X,Q§<) =k-Q.
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Proof of Theorem, Step 2

Proposition 1

X smooth projective variety defined over a number field K, geometrically
irreducible with h*(X, Ox) = h3(X,0x) = 0 and H%(X, Q%) = k - Q. For almost
all finite places v of K, if C,(,) =0 (Q, € H°(X,, Q3 ) obtained from Q by
reducing the coefficients mod v) then p,|Tr(F, ,).
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Proof of Theorem, Step 2

Proposition 1

X smooth projective variety defined over a number field K, geometrically
irreducible with h*(X, Ox) = h3(X,0x) = 0 and H%(X, Q%) = k - Q. For almost
all finite places v of K, if C,(,) =0 (Q, € H°(X,, Q3 ) obtained from Q by
reducing the coefficients mod v) then p,|Tr(F, ,).

Reminder (Deligne)
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Proof of Theorem, Step 2

Proposition 1

X smooth projective variety defined over a number field K, geometrically
irreducible with h*(X, Ox) = h3(X,0x) = 0 and H%(X, Q%) = k - Q. For almost
all finite places v of K, if C,(,) =0 (Q, € H°(X,, Q3 ) obtained from Q by
reducing the coefficients mod v) then p,|Tr(F, ,).

Reminder (Deligne)
Q det(ldyz (xgi.q,) — Fvot) = [1(1 — @jt) € 1+ tZ[1],
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Proof of Theorem, Step 2

Proposition 1

X smooth projective variety defined over a number field K, geometrically
irreducible with h*(X, Ox) = h3(X,0x) = 0 and H%(X, Q%) = k - Q. For almost
all finite places v of K, if C,(,) =0 (Q, € H°(X,, Q3 ) obtained from Q by
reducing the coefficients mod v) then p,|Tr(F, ,).

Reminder (Deligne)

Q det(ldyz (xgi.q,) — Fvot) = [1(1 — @jt) € 1+ tZ[1],
@ -~ «; are algebraic integers,
Q@ ~ Tr(F,,) €l
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Proof of Theorem, Step 2

Proposition 1

X smooth projective variety defined over a number field K, geometrically
irreducible with h*(X, Ox) = h3(X,0x) = 0 and H%(X, Q%) = k - Q. For almost
all finite places v of K, if C,(,) =0 (Q, € H°(X,, Q3 ) obtained from Q by
reducing the coefficients mod v) then p,|Tr(F, ,).

Reminder (Deligne)

Q det(ldyz (xgi.q,) — Fvot) = [1(1 — @jt) € 1+ tZ[1],
@ -~ «; are algebraic integers,

Q@ ~ Tr(F,,) €l

Q |ai| = qu.
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Proof of Theorem, Step 2

Proposition 1

X smooth projective variety defined over a number field K, geometrically
irreducible with h*(X, Ox) = h3(X,0x) = 0 and H%(X, Q%) = k - Q. For almost
all finite places v of K, if C,(,) =0 (Q, € H°(X,, Q3 ) obtained from Q by
reducing the coefficients mod v) then p,|Tr(F, ,).

Reminder (Deligne)

Q det(ldyz (xgi.q,) — Fvot) = [1(1 — @jt) € 1+ tZ[1],
@ -~ «; are algebraic integers,

Q@ ~ Tr(F,,) €l

Q |ai| = qu.

How?

v
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Proof of Theorem, Step 2

Proposition 1

X smooth projective variety defined over a number field K, geometrically
irreducible with h*(X, Ox) = h3(X,0x) = 0 and H%(X, Q%) = k - Q. For almost
all finite places v of K, if C,(,) =0 (Q, € H°(X,, Q3 ) obtained from Q by
reducing the coefficients mod v) then p,|Tr(F, ,).

Reminder (Deligne)

Q det(ldyz (xgi.q,) — Fvot) = [1(1 — @jt) € 1+ tZ[1],
@ -~ «; are algebraic integers,

Q@ ~ Tr(F,,) €l

Q |ai| = qu.

How?

HZ.(X ® K, Q¢) ~ HZ(X, ® ky, Q,) (for almost all finite places of K)

v
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Proof of Theorem, Step 2

Proposition 1

X smooth projective variety defined over a number fle/d K, geometrically
irreducible with h*(X, Ox) = h3(X,0x) = 0 and H%(X, Q%) = k - Q. For almost
all finite places v of K, if C,(,) = 0 (Q, € H°(X,, 2% ) obtained from Q by
reducing the coefficients mod v) then p,|Tr(F, ,).

Reminder (Deligne)
Q det(ldyz (xgi.q,) — Fvot) = [1(1 — @jt) € 1+ tZ[1],
@ -~ «; are algebraic integers,
Q@ ~ Tr(F,,) €l

Q [ai| = q.. )
How?
H2 (X ® K, Q) ~ H%(X, ® k,, Q) (for almost all finite places of K) such that

F,, € GL(Hgt(X 2 K .Qr)) © F, x Idg, € GL(HZ (X, ® k,, Qy))

v
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Setup 3

K C C a number field, K algebraic closure
v finite place of K (a prime ideal in the ring Ok of integers of K)
k, residue field, finite field of characteristic p, > 0, q, := f(k,)

X smooth projective variety defined over K, geometrically irreducible

£ prime
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Setup 3

K C C a number field, K algebraic closure

v finite place of K (a prime ideal in the ring Ok of integers of K)
k, residue field, finite field of characteristic p, > 0, q, := f(k,)

X smooth projective variety defined over K, geometrically irreducible
£ prime

x¢ : Gal(K/K) — Z; {-adic cyclotomic character
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K C C a number field, K algebraic closure

v finite place of K (a prime ideal in the ring Ok of integers of K)
k, residue field, finite field of characteristic p, > 0, q, := f(k,)

X smooth projective variety defined over K, geometrically irreducible
£ prime

x¢ : Gal(K/K) — Z; {-adic cyclotomic character

~ Zy(1) and Q,(1) ¢-adic Tate twists
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Setup 3

K C C a number field, K algebraic closure

v finite place of K (a prime ideal in the ring Ok of integers of K)

k, residue field, finite field of characteristic p, > 0, q, := f(k,)

X smooth projective variety defined over K, geometrically irreducible

£ prime

x¢ : Gal(K/K) — Z; {-adic cyclotomic character

~ Zy(1) and Q,(1) ¢-adic Tate twists

p®@xe: Gal(K/K) = GL(HZ(X ® K, Z,)(1)) C GL(HZ(X @ K, Q/)(1))
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Setup 3

K C C a number field, K algebraic closure

v finite place of K (a prime ideal in the ring Ok of integers of K)

k, residue field, finite field of characteristic p, > 0, q, := f(k,)

X smooth projective variety defined over K, geometrically irreducible

£ prime

x¢ : Gal(K/K) — Z; {-adic cyclotomic character

~ Zy(1) and Q,(1) ¢-adic Tate twists

p®@xe: Gal(K/K) = GL(HZ(X ® K, Z,)(1)) C GL(HZ(X @ K, Q/)(1))

Remark
If p, # ¢, then x; is unramified at v;
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K C C a number field, K algebraic closure
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£ prime

x¢ : Gal(K/K) — Z; {-adic cyclotomic character

~ Zy(1) and Q,(1) ¢-adic Tate twists

p®@xe: Gal(K/K) = GL(HZ(X ® K, Z,)(1)) C GL(HZ(X @ K, Q/)(1))

Remark
If p, # £, then x, is unramified at v; thus p is unramified at v iff p ® x; is and,

Fupone € GLIHA(X © K, Q0)(1)) ¢ a,F,p € GLHA(X © K, Q0)).
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Proof of Theorem, Step 3

Proposition 2 (Ogus, Bogomolov and Zarhin)

X smooth projective variety defined over a number field K C C, geometrically
irreducible, ¢ prime. Assume:

Q /> 2b2(X®C)

@ NS(X ® K)) ®z Q¢ — | JHZ(X ® K, Q¢)(1)Y where U C Gal(K/K) open
U
subgroup,

@ F. , is semisimple for almost all places v of K,
@ rang(NS(X @ K)) < dimq, (H%(X @ K, Q;))(= bo(X ® C)).

Then, there exists a finite field extension L/K such that ®(L, X) has density 0
where ®(L, X) = {v finite place of K s.t. p, | Tr(F, )}
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@ Proposition 2 ~~ there exists a finite field extension L/K such that ®(L, X)
has density 0 where ®(L, X) = {v finite place of K s.t. p, | Tr(F, ,)}
(assumptions 2 and 3 of Proposition 2 are true for X irreducible symplectic if
by(X @ C) = 4 (André '96))
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Proof of Theorem, Conclusion

@ Proposition 2 ~ there exists a finite field extension L/K such that ®(L, X)
has density 0 where ®(L, X) = {v finite place of K s.t. p, | Tr(F, ,)}
(assumptions 2 and 3 of Proposition 2 are true for X irreducible symplectic if
by(X @ C) = 4 (André '96))

@ Proposition 1~ if v &€ ®(L, X) then C,(,) # 0 and,

@ Lemma ~~ Hasse-Witt matrix of X, is invertible.

@ ~ A(L, X) has density 1 where
A(L, X) = {v finite place of L s.t. X has invertible Hasse-Witt matrix}.
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9 Gal(K/K) — GL(HZ(X @ K, Z,) ® (Z,/¢Z,)) is trivial,

@ K contains a primitive ¢th root of unity.
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Sketch of proof of Proposition 2

Assumptions:
Q />2h(X®C)

9 NS(X @ K)) ®z Qv - Uy Ha(X @ K,Q/)(1)Y where U C Gal(K/K) open
subgroup,

© F,, is semisimple for almost all places of K,

Q@ rang(NS(X @ K)) < dimq, (H%(X ® K, Qy)),

9 Gal(K/K) — GL(HZ(X @ K, Z,) ® (Z,/¢Z,)) is trivial,
@ K contains a primitive ¢th root of unity.

Let ®1(K, X) = {v finite place of K s.t. k, is not a prime field} and
®2(K, X) = {v finite place of K s.t. F, pey, = |dH2,t(X®F<,Qe)(1)}

®1(K, X) has density 0 (Cebotarev density theorem)

2% the f-adic Lie group p ® x¢(Gal(K/K)) C GL(H%(X ® K, Q;)(1)) has
dimension > 1 °%° ®2(K, X) has density 0

~ LK, X) U ®?(K, X) has density 0
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P(K, X) C d(K, X) U P?(K, X)
(P(K, X) = {v finite place of K s.t. p, | Tr(F, ,)})
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P(K, X) C d(K, X) U P?(K, X)
(P(K, X) = {v finite place of K s.t. p, | Tr(F, ,)})

Let v € &(K, X)\ ®1(K, X) (k, is a prime field);
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(P(K, X) = {v finite place of K s.t. p, | Tr(F, ,)})

Let v € ®(K, X) \ (K, X) (k, is a prime field); t, = Tr(F, ,) = p.t,, (t, € Z).
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Let v € ®(K, X) \ (K, X) (k, is a prime field); t, = Tr(F, ,) = p.t,, (t, € Z).
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P(K, X) C d(K, X) U P?(K, X)
(P(K, X) = {v finite place of K s.t. p, | Tr(F, ,)})

Let v € ®(K, X) \ (K, X) (k, is a prime field); t, = Tr(F, ,) = p.t,, (t, € Z).

t, = Zl<i<bz aj where «; are eigenvalues of F, , and b, = by(X ® C)
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Let v € ®(K, X) \ (K, X) (k, is a prime field); t, = Tr(F, ,) = p.t,, (t, € Z).
t, = Z1gi<b2 aj where «; are eigenvalues of F, , and b, = by(X ® C)

P || < bapy and 8] < by
2 t, = by mod ¢
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(P(K, X) = {v finite place of K s.t. p, | Tr(F, ,)})

Let v € ®(K, X) \ (K, X) (k, is a prime field); t, = Tr(F, ,) = p.t,, (t, € Z).
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Let v € ®(K, X) \ (K, X) (k, is a prime field); t, = Tr(F, ,) = p.t,, (t, € Z).
t, = Z1gi<b2 aj where «; are eigenvalues of F, , and b, = by(X ® C)

P || < bapy and 8] < by
2 t, = by mod ¢

2, py, —1=0mod/

~ t/ = by mod £ and |t]| < by

1
~ t, = by, t, = bop, and a; = p,

2 Py peve = e (xok 2)0) that is, v € ®(K, X) THE END
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