On the universal cover of certain exotic
Kahler surfaces of negative curvature

Martin Deraux

Department of Mathematics, University of Utah, e-mail: deraux@math.utah.edu

Abstract. We study a class of examples of negatively curved com-
pact Kahler surfaces that are not diffeomorphic to any locally sym-
metric space. From the analysis of certain totally geodesic curves on
these surfaces we deduce that, for infinitely many examples, the nat-
ural representation of the fundamental group into PU(2,1) is non-
faithful. We also give a new construction of bounded holomorphic
functions on the universal cover of our surfaces, based on lifting maps
to compact Riemann surfaces.

1. Introduction

Around 1980, Mostow and Siu constructed the first example of a com-
pact four-dimensional Riemannian manifold with negative curvature
not diffeomorphic to any locally symmetric space. In fact in [MS] they
describe an infinite family of examples, all compact Kahler surfaces,
that already at the time were considered as being of great interest.

Once such examples have been constructed, questions abound
about their topological and complex analytic properties, and one
would expect some work to be devoted to their analysis. Somehow for
the past 20 years, no step has been taken in that direction. The list
of examples has been expanded a little but, to the best of our knowl-
edge, nobody has gone in any essential way beyond the construction
of examples.

One goal of the present paper is to revive the interest for the
subject by investigating some detailed properties of a particular class
of such surfaces. This class is not quite the one described in [MS],
but shares many of its interesting features.
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In the original Mostow-Siu construction, the crucial ingredient is
the study in [M1] of some non-discrete groups generated by three
complex reflections in the unit ball B2 C C2. It turns out that these
groups, up to commensurability, can be understood as monodromy
groups of certain hypergeometric functions. This is the point of view
we take to construct our surfaces.

We describe the relevant class of examples in terms of the methods
developed in [DM], where Deligne and Mostow study the monodromy
groups I}, of hypergeometric functions whose set of exponents u sat-
isfies the so-called Picard integrality condition (cf. 2.5). The relevant
surfaces are then ball quotients. We relax the condition on the expo-
nents, so that the Picard integrality condition fails only in a controlled
fashion (namely, as in 5.1), and study the corresponding monodromy
groups I,

As in the Deligne-Mostow cases, hypergeometric functions define
I',-equivariant maps X — B? which, because of the failure of the
Picard integrality condition, exhibit some branching behavior. Most
of the time the monodromy group I', acts in a non-discrete fashion
on the ball B?, but its action on X is always discrete. Our surfaces are
quotients Xy = FO\X , where I} is a torsion free subgroup of finite
index in I',. In particular, their fundamental group comes with a
natural representation A : m1(Xo) — PU(2,1) into the automorphism
group of the ball. The starting point for the study of the fundamental
group of Xg is to determine whether this representation is faithful.
This question was raised over 20 years ago in [M1], and we give it a
partial answer in section 9. More specifically, Theorem 9.4 states that
for infinitely many examples the natural representation of 1 (Xp)
into PU(2,1) is not faithful. In a sense, this result illustrates how
complicated the fundamental group of our surfaces can be.

To give a rough idea of the methods involved in the proof, we men-
tion that the representation A is faithful if and only if the cover X is
simply connected (cf. section 9). An important tool in understanding
the fundamental group of the cover X is Theorem 8.2, which roughly
states that the two-dimensional hypergeometric cover X contains
many one-dimensional hypergeometric covers X " as totally geodesic
divisors. These covers X' are much easier to understand, since they
are just Riemann surfaces, closely related to triangle groups. In par-
ticular, inspired by the proof of a result of Mostow that gives a classi-
fication of certain discrete groups generated by two elliptic elements
in the hyperbolic plane (see Theorem 7.1), we obtain a concrete suf-
ficient condition for the one-dimensional analogue X' of A to be non-
faithful (see Proposition 7.3).

Once again because of the results in section 8, we have many
embeddings X' C X as totally geodesic divisors. Since the mani-
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fold X has negative curvature, this inclusion induces an injection

m1(X') < 71 (X) on the level of fundamental groups, which implies
that whenever )\’ is non-faithful, so is .

In a different direction, we make some progress towards under-
standing the complex analytic aspects of Mostow-Siu type surfaces.
Throughout our investigations, the following questions serve as a
guide. Can one construct bounded holomorphic functions on their
universal cover? Are there enough such functions to separate points?
This approach was suggested by Siu around the time of the construc-
tion of the original examples, but once again, it seems that until now,
nobody had done anything in that direction.

Recall that by construction, our surfaces come with maps X — B?
from some cover of X to the ball. This gives an obvious way to pro-
duce many bounded holomorphic functions on the universal cover of
Xy, since there are plenty of bounded holomorphic functions on B?.
A natural question is whether every bounded holomorphic function
must be of that type. In section 9, we give this question a nega-
tive answer. We describe a new construction of bounded holomorphic
functions on the universal cover of our surfaces, essentially based on
lifting certain maps from our surfaces to compact Riemann surfaces,
as stated in Proposition 10.4. Note that it is in general a difficult task
to construct non-trivial maps to lower-dimensional manifolds. Theo-
rem 10.2 states that for infinitely many examples, our new construc-
tion produces bounded holomorphic functions on the universal cover
of X that do not factor through the hypergeometric map X — B2.

The paper is organized as follows. In sections 2 through 6 we
mostly recall the main results from [MS], adapting the notations when
necessary. Section 7 is for the most part devoted to some basic results
on triangle groups in the hyperbolic plane. We give some details for
the proof of Theorem 7.1, since our claim differs slightly from the
analogous theorem in [M4]. This result, together with the ones in
section 8, constitute the main tools for our main two theorems, in
section 9 and 10 respectively.

2. Basic Results

We start by collecting some classical results on hypergeometric func-
tions. The reader will find proofs and much more on this beautiful
construction in [DM] and the references given there.

Consider the integrals

i dz
/l'i [1(z — zp)Pe 21)
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where z € P!, and the rational exponents uy, satisfy 0 < p < 1 and
>~ pg = 2. The natural domain is

M = {(z1,---,2ns3) € PHY" 3z #£ 2, Vi # 5}
but the map clearly factors to
Q= M/AUt(Pl) = {(xla s 7$n) € (]Pl)n S 7£ Lj, Lk 7£ 0, 1700}

It turns out that there are only n+ 1 linearly independent integrals of
the type (2.1), and these yield projective coordinates for a multival-
ued holomorphic map @@ — P™. In fact the image lies in a copy of the
unit ball in C*, which we always write B® C P". The multivaluedness
is measured by the monodromy representation

p:m(Q) — Aut(B") (2.2)

The fundamental group 71 (M) is the spherical braid group on n + 3
strands and 71(Q) = m (M/Aut(P')) is isomorphic to this braid
group modulo its center. Both groups are generated by loops -;; cor-
responding to letting x; go once around z;. Here, with a slight abuse
of notation, we view <;; as a loop either in M or in (). We give a
schematic picture of some of these loops in @ in the case n = 2 in
Figure 2.1. The notation v;; is of course a little ambiguous, since the
indices ¢, j only determine the loop up to conjugacy.

35|
& 24
Y15, /

12 13 14 15
Fig. 2.1. Some generators for m (Q).

Whenever we need to specify a precise set of loops, we choose an
embedded interval T;; between x; and z;, and take ;; to move x;
close to x; along T;;, go around z; once in the positive direction,
and then come back along T;; to its original position. The relations
between two different loops 7;; and vy; then depend on the choice of
embedded intervals Tj; and T}, in the sphere. For instance, if T;; and
Ty are disjoint, then the corresponding loops commute.

Theorem 2.1. The monodromy transformation p(v;;) is a complex
reflection in P". Its mirror intersects B" if and only if p; + pj <1,
in which case it is a totally geodesic sub-ball in B™. p(v;;) rotates by
an angle of 2m(1 — p; — p;) in the directions orthogonal to the mirror.
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The multivalued map @Q — B" extends to a certain compactifica-
tion Qsst of @, whose description depends on the combinatorics of the
exponents u. For a general description, see [DM]. Here we only need
the cases n = 1 or 2. When n = 1, Q ~ P! — {0,1,00} and we com-
pactify it to P!, regardless of the exponents. Note that in dimension
one the complex reflections of Theorem 2.1 are just rotations in the
real hyperbolic plane. We shall come back to this in section 7. When
n = 2, we describe the appropriate compactification only under the
assumption that

pi+p; <1 Vi#Eje{l,...,5} (2.3)

The relevance of this condition is stated in Theorem 2.1, and we
sketch in Remark 2.2 how the compactification needs to be modified
in more general situations . In fact condition (2.3) is not needed in
any essential way, and we shall explain how our theorems carry over
without (2.3) in a subsequent paper.

Since n = 2, @ is the complement in P! x P! of the seven lines
depicted in Figure 2.1. We write X for the appropriate compactifi-
cation, which is obtained by blowing up P! x P! at the three triple
intersections of that configuration of seven lines. The complement of
(@ in X consists of 10 divisors D;;, each of them corresponding to
letting z; and x; coalesce. Recall that, since n = 2, () is the moduli
space of five points on P!, and (g) = 10. Figure 2.2 gives an idea of
the combinatorics of the compactification divisors. We do not allow

more than two points to collide, or equivalently D;; and Dy, intersect
if and only if {i,5} N {k,1} = 0.

Fig. 2.2. The stable compactification of Q.

Remark 2.2. The combinatorics of the divisors D;; is designed to
match the intersection pattern of the mirrors of the corresponding
complex reflections p(v;;). If p; + p; > 1 for some indices 7, j, then
p(7i;) has an isolated fixed point in B?, which is the intersection point
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of three mirrors of the p(vx;), {i,7} N{k,I} = 0. In that case the ap-
propriate compactification would allow for the three divisors Dy; to
have a common intersection point. In fact the way to get the corre-
sponding compactification is to blow down the divisors D;; in X for
which p; + p; > 1. We think of condition (2.3) as a way to guarantee
that the compactification divisors have normal crossings.

The multivalued map ) — B" lifts to a single valued holomorphic
map w : @ — B", where @ is the cover of @ such that m1(Q) is the
kernel of the monodromy representation (2.2). Note once again that
in this paper we only consider the cases n = 1 and n = 2. We write
K for the kernel of p and I' for its image. Of course K and I" depend
on the set of exponents y = (uo,- - ., nt+2), and we shall sometimes
write K, and I}, to insist on this dependence.

The monodromy group I' ~ 71(Q)/K is the deck group of the
cover ) — (@), and the hypergeometric map w is equivariant with
respect to the action of I" on () and B". The cover @ — @ can be
extended in a natural way to a branched cover X — X, branched
over the 10 compactification divisors D;;. The action of I" extends to
X in such a way that p\X ~ X, at least as topological spaces.

Theorem 2.3. The Fox completion X of @ over X is a complex
manifold, and hypergeometric functions yield a map W : X > B,
which is a local biholomorphism mnear every point of Qv, and branches
along certain completion divisors ﬁij, where 131-3- is a component of

the pre-image of D;; in X. The branching order of @ around ﬁij i8
given by the numerator n;; of the reduced fraction 1 — p; — p; = sz

For a definition of Fox completions we refer the reader to section 3,
where we also sketch the proof of Theorem 2.3. For now we just give
the following diagram

> w

Qv<—>X—>IB%"
Lo (2.4)
Q—X

In [DM], Deligne and Mostow assume that n;; = 1 for all , j, in which
case w does not have any branching. In fact, w is then a biholomor-

phism and X = F\)Z' is an orbifold ball quotient. The condition
1 S,
1—Mi—Mj:d—a dij €Z Vi#j (2.5)
ij

is known as the Picard integrality condition, and it turns out there
are only finitely many examples where it is satisfied. In this paper we
analyze the situations where the Picard integrality condition fails, or
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in other words where the hypergeometric map w : X — B" does have
some branching. Most of the time, the monodromy group is then a
non-discrete subgroup I' C Aut(B"), but since it is the deck group

of the cover of Q — @, it always acts discretely on Q, hence on X
as well. Of course the action of I" has fixed points in the completion
divisors DZ] In fact each complex reflection p(v;;) fixes some D”,
and its order is given by the denominator d;; of the reduced fraction

1 — p; — pj. Accordingly, one can think of the quotient X = F\)Z'
as an orbifold, where each divisor D;; gets assigned the weight d;;.

In terms of branched covers, the projection X — X branches with
order d;; around D;;.

Remark 2.4. 1. We will see in section 9 that in general X need not be
simply connected, hence it certainly cannot always be isomorphic
to the ball. Actually even if X happened to be simply connected
one can still show that, due to the branching nature of w, its
universal cover cannot be biholomorphic to the ball (see section 5).

2. The list of possible choices of exponents in the hypergeometric
functions that give a discrete monodromy group is finite, and can
be found in [M4]. The only non-obvious examples that satisfy our
assumptions (2.3) and (5.1) are given by p = 5-(4,8, 10,10, 10)
or i(5, 10,11,11,11). By “non-obvious,” we mean that these ex-
amples do not satisfy the Picard integrality condition, nor the
Mostow half-integrality condition.

3. One can think of the integrals (2.1) as periods of the one-form
dz/v on the family of curves v? = [],(z — zx)™, where y =
é(no, ..yNpt2). We do not need this here, but the monodromy
transformations can then be interpreted in terms of parallel trans-
port corresponding to the local system of cohomology groups of
these curves.

3. Local structure of the hypergeometric maps

As announced in section 2, we now describe the Fox completion pro-
cess in some detail, and explain how it applies to our hypergeometric
monodromy covers. We start with some general considerations about
spreads (a good reference is [F], or section 8 of [DM]). Let A and B
be locally connected 77 topological spaces.

Definition 3.1. A continuous map f : A — B is a spread if the
connected components of inverse images of open sets in B give a
basis for the topology of A. The spread is called complete if for every

T € B,
7M@) = tim o (f7(0)
zelU
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In concrete terms, the condition for completeness expressed above
in terms of inverse limits can be reformulated as follows. Fix any
z € B, and for each open neighborhood Uj of z, choose a component
V; of f71(U;) in such a way that V; C Vi whenever U; C Uy. The
condition above then requires that the intersection NV; be non-empty
(or equivalently, that this intersection be a point).

Observe that this condition is of course interesting only for points
z not in the image of f. The basic fact proved in [F] is that any
spread f : A — B can be extended uniquely to a complete spread
f : A = B. We refer to the space A as the completion of A over
B. The Fox completion of a spread f satisfies the universal property
that any map to a complete spread factors through the completion
f- From this it is easy to deduce the following important result.

Lemma 3.2. Let f : A — B be a spread, with completion f : A — B.

Given an open subset U C B, any connected component of 7_1(U) 18
the completion of the corresponding component of f~Y(U) over U.

The relation to branched covers is made clear by the following
observation. Suppose Y — Z is a branched cover, with branch locus
7 — 7y, so that we have an unbranched cover Yy — Z3. Then the map
Yy — Z is a spread, whose completion is precisely the branched cover
Y — Z. Of course in general, given an arbitrary unbranched cover
Yy — Zy where Zj is a subset of a certain space Z, the corresponding

completion need not be a branched cover. Here we are interested in
the hypergeometric situation, where we have an unbranched cover
Q — @ and a compactification Q C X. We write X for the Fox
completlon of Q over X. It is not clear that the space X is a manifold.
A priori it might not even be locally compact, but in fact it turns out
that this is the only obstruction to getting a complex manifold.

In order to check that the completion X is locally compact, we
need to check that the map X — X is locally finite-to-one. This
follows from the lemma below. As in section 2, we write 1 —p; —u; =
Z—Z as a reduced fraction.

Lemma 3.3. Near a point © above x € D;j — |J Dy, the map 7 :
X — X looks like (z,w) — (2% ,w). If 7 € D;; N Dy, then  looks
locally like (z,w) — (2% w)

Proof. We consider only the case z € D;; N Dy;. Let V be a small

neighborhood of z and write U for V N Q. By “small” we mean that
m1(U) should be abelian, generated by two loops ;; and 7y around

D;; and NDkl respectively. If U is a component of 7~1(U), we have
that 7r1(U) K Nmi(U). But we know that p(v;;) has order d;; so
that 'yzjj € K (and similarly fykll € K). This gives the structure of
the cover U — U, hence the structure of V' — V. O
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Note that Lemma 3.3 also shows how to get complex coordinates
on X. Now that it is established that the completion X of the mon-
odromy cover is a manifold, we analyze the local structure of the
hypergeometric map. The first observation is that w is a local biholo-
morphism near any point of ). This is explained in detail in [DM],
section 3. _

Near a point z ¢ @), w looks like a branched cover. For instance,
if x € D;; but is in no other Dy, the computation of the monodromy
transformation described in section 2 (see also [DM] section 9) implies
that, near z, the multivalued map X — B? looks like

(21,22) > (1,2 ")
In fact this local description is quite natural in terms of the hyper-
geometric integrals (2.1).

Putting this together with the result of Lemma 3.3, one sees that,
if T lies over x on the cover X, the single valued lift w near z looks
like

(zla 22) = (zla Z;L”)

which proves Theorem 2.3.

4. The Mostow-Siu surfaces

Recall that the monodromy group I' is generated by torsion elements,
hence the quotient X = p\ X is only an orbifold. In order to get a
manifold quotient, we need to find a torsion free subgroup of finite
index Iy C I'. We briefly describe how this can be done.

The key observation is that the monodromy group is defined over
the ring O of integers in the cyclotomic field K = Q(¢) (see [DM],
section 12). This important fact is quite natural in terms of the inter-
pretation of part 3 of Remark 2.4. One can also check it by comput-
ing explicit matrices for the monodromy transformations. Instead of
working with I" C PU(2,1, O), we can take a torsion free subgroup in
the corresponding linear group I' C U(2,1,0) C GL(3,0). Torsion
free subgroups of finite index in G = GL(3,0) can be obtained by
taking congruence subgroups. For an appropriate choice of the ideal
a, the reduction of G modulo a is torsion free. This produces a normal
torsion free subgroup I'y C I" of finite index, hence a complex mani-
fold quotient Xy = FO\X . Once again, we mention that if u satisfies

the Picard integrality condition, the hypergeometric map w : X — B?
is a biholomorphism, and Xy is just a ball quotient. In what follows,
we will always assume that p does not satisfy the Picard integrality
condition, or in other words that w does have some branching.
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Definition 4.1. In the cases where the hypergeometric map w has
some branching, we call the quotient Xy a Mostow-Siu surface.

It might be more appropriate to call Xy a Mostow-Siu “type”
surface. Strictly speaking, our construction is not the same as the one
in [MS], although it exhibits many common features. The basis for the
original Mostow-Siu construction is the understanding of groups that
Mostow denotes I}, ; (see [M1]). They are generated by three complex
reflections of order p (p = 3,4 or 5) whose mirrors are given by
three vectors v1, v and v3, the inner product (v;,v;) being a certain
known function of the rational parameter ¢. In terms of our notations,
I’ is commensurable with the group I, for p = (1/2 —1/p,1/2 —
1/p,1/2=1/p,1/4+3/2p—1/2,1/4+3/2p+t/2). A justification for
this commensurability statement can be found for instance in [M3].

The careful reader will note that the above 5-tuple does not satisfy
our assumption (2.3) since pa + ps is always greater than 1 for p < 6.
In fact most of the considerations in this paper carry over to that
situation, but the discussion is significantly more complicated. We
give a rough idea of the corresponding construction, and sketch the
relation of our surfaces to the actual Mostow-Siu construction.

The 5-tuple © has the special property that the first three weights
are equal, and the corresponding (1 — p; — p;)~% (3,5 € {1,2,3})
are either integers (if p = 4) or half integers (if p = 3 or 5). This
is closely related to the situation envisioned in [M2]. In what follows
we assume that p = 3 or 5. For a finite number of values of ¢, the
other (1 — u; — /zj)*l are integers and the groups I3, 4, I}, are then
discrete. This is proved in [M2] by showing that the hypergeometric

map descends to a homeomorphism X /S3 — B?, where S3 denotes

the symmetric group on three letters. Here the action of S5 on X
is induced from its obvious action on the three points with equal
weights.

In general, the map has branching of order given by the numera-
tors of 1—p;—p; (¢ = 1,2,3 and j = 4, 5), exactly like in section 3. The
situation is then essentially the same as the one presented here, with
X replaced by X /Ss. The analysis is much more subtle, though. For

instance, the space X has singularities, whereas the quotient X /Ss3
is a manifold.

The original motivation behind the construction of such a surface
is that it produces examples of non-locally symmetric compact Kahler
manifolds. This is explained in detail in [MS], making heavy use of
the detailed analysis of the groups I}, ; given in [M1]. Since their de-
scription of the surfaces is quite different from ours, we will sketch the
argument in the next two sections. In the last sections of this paper,
we then focus on studying some properties of the Mostow-Siu sur-
faces, in essentially two directions — the analysis of their fundamental
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group, and the construction of bounded holomorphic functions on
their universal cover.

We now go back to the observation that each linear hypergeomet-
ric monodromy group is defined over some number field K = Q(¢). We
discuss another important implication, that will be used repeatedly
later on in this paper. Applying Galois automorphisms o € Gal(K/Q)
we get different embeddings of K in C, which induce different embed-
dings of the monodromy group in PGL(n + 1,C).

The Galois conjugate groups are still monodromy groups of hy-
pergeometric functions, whose exponents can be computed explicitly
from the original exponents (see [DM] section 12). Recall that the
weights u = (g1, ..., int+3) encode the monodromy group by means
of the corresponding roots of unity e?™“i. These are powers of (,
whose behavior under the Galois automorphisms is understood. The
automorphism ¢ € Gal(K/Q) given by ¢ + ¢* (for a given k prime
to the order of () translates into e>™* s e2™Hi_In other words, the
conjugate tuple of weights is obtained by multiplying p by the integer
k, and reducing it in Q/Z. We denote by 7 the corresponding tuple
of weights. We will sometimes call 4 a Galois conjugate of u, since
the corresponding monodromy groups are Galois conjugates.

It is important to realize that the corresponding Galois conjugate
group does not necessarily lie inside PU(n,1), but rather in some
PU(n+2—r,r—1) subgroup of PGL(n+1,C) (where r =}, uf €
Z). We write I'? for the corresponding Galois conjugate monodromy
group. For more details on Galois conjugates, we refer the reader
to section 12 of [DM]. We summarize the previous discussion in the
following.

Proposition 4.2. Let I';, be the monodromy group corresponding to
a given set of weights p = (u1,-..,pnt3).- We write d for the least
common denominator of the pj’s and ( = (g = &m/d For any k
prime to d, we denote by o the Galois automorphism of Q(() given
by ¢ — C*. The Galois conjugate I'7 is the monodromy group corre-
sponding to p° = (ug,...,p5 3), where 0 < pi <1 and pf = kpj in
Z.

Remark 4.3. Note that for k = d—1, (%! = ( so that I'7 is obtained
from I'), by complex conjugation. More generally, if o1 : ( = ¢ k and
o9 : ¢+ (4% then I'7? is obtained from I']* by complex conjugation.
In terms of the weights, ,u;-’l =1- u;'.z.

5. The ratio of Chern classes

We briefly recall how to argue that the universal cover of a Mostow-
Siu surface cannot be biholomorphic to the ball. Following [MS], we
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compute the ratio of Chern classes c? /c and show that it is not equal
to 3. The idea is that thanks to our understanding of the branching
behavior of X —— B?, we can compute the Chern classes (or rather
the Chern forms) of X in terms of those of B = B2 and a correction
term involving the ramification divisors.

We assume from now on that the ramification divisors of the hy-
pergeometric map @ : X — B? are disjoint. In terms of the com-
binatorics of the 5-tuple p, this means that we want the integrality
condition to fail only for pairs of indices that overlap.

(L —pi—pj) ¢ Z }
={i,7} N{k,! 0 5.1
(l—pr—m) ' ¢Z {i, 5y n{k, 1} # (5.1)
One views di as a section of T*X ® &*TB. Taking second exterior

powers, we view the Jacobian J(@) as a section of A2T*X ® A2TB.
Now the zero divisor of the Jacobian gives us the ramification divisor

R and we have R = K — w* Kp. In terms of the square of the first
Chern class, this becomes

A(X) =a*A(B) —2 w'ey(B) - R+ R?
We write R = 7*(R), R = Y. b;R;, where 7 is the projection X —

I, \X = Xo. The second term in the expression for 2(X) can be

interpreted in terms of the R;’s as follows. On a subball B, ¢;(B)
restricts to 3/2 times the area form on B', hence

2 w1 (B) - 7 (R;) = 3 x(Ry)

A(Xy) = mw*c?(B) — 3 szx ) + R?

On the other hand, using the appropriate version of the Riemann-
Hurwitz formula we have

c2(Xo) = m*ca(B) — Y bix(Ry) (5.2)

which gives
C%(Xo) — 3C2(X0) = R2 (53)

Equation (5.3) shows that the ratio of Chern classes of X is equal
to 3 if and only if R? = 0. We can compute the self-intersection R?
more or less explicitly but it is clear that it is actually negative,
unless w is not branched at all, which we rule out in the definition of
Mostow-Siu surfaces. Recall that the R;’s are disjoint, and that R? is
the Euler class of the normal bundle Nx,R;, which turns out to be
equal to x(R;)/2(b; + 1).

Note that the formula above is difficult to use in practice to com-
pute the ratio of Chern classes for X, since the Euler characteristics
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X(R;) are hard to get our hands on. To obtain concrete numbers in
terms of the 5-tuple p, it is more convenient to compute Chern classes
by thinking of X as a branched cover of X. One then gets

1—2%
ij

=2+ 1 T (5.4)
C2 (XO) 2- Z dij + Z{i,j}ﬂ{k,l}:(b dijdy
where, as before, 1 — p; — p; = Z—Z— This is the formula given in

Proposition 12 of [Z]. It can also be thought of as giving the ratio of

orbifold Chern classes of the orbifold X = p\X. Note that it gives
a practical way to compute the ratio of Chern classes in terms of the
5-tuple p only. We use it to compute the ratio c? /cy for each example
given in section 11.

6. Construction of the metric

Here we assume once again that condition (5.1) holds, i.e., that the

branching divisors of the hypergeometric map @ : X — B? do not
intersect. Note that this implies that the restriction of the map w to a
component of a branching divisor maps isomorphically onto a subball
in B?. This will be justified in detail in the proof of Theorem 8.2 (see
Remark 8.4). We also understand the local structure of the map w
near a branching divisor D;;, namely it looks like (21, 22) = (21,257 ).

Note that this is exactly the situation envisioned in [MS]. We
briefly recall their construction of a metric. The general idea is to
pull back the Bergman metric of the ball using our hypergeometric
map w. Of course this does not quite define a metric on X because
of the branching behavior of @ (the pull back is singular along the
ramification locus). One then wants to add a correction term near the
ramification divisors, but two major difficulties stand on our way.

The first one is that we want to get a Kdahler metric, hence we
need to be careful with a “partition of unity” type of argument — the
way to solve this is to work with the Kahler potentials rather than
with the metric themselves. The second difficulty comes from the fact
that we want our metric on X to be invariant under the action of the
monodromy group, since we eventually want a metric on the quotient
Xp. Invariance will be guaranteed by selecting the correction metric
carefully, in accordance with the local description of the map w.

The key to getting an invariant metric is to use the bounded do-
main

D= {(z1,22) € C? : |z1|* + |2|** < 1}

and its natural map to the ball B? given by (21, 22) > (21, 25). Mostow
and Siu calculate its Bergman kernel @ explicitly, and construct a
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potential on D by adding to ¢ a multiple of the pull-back of the
Bergman kernel of the ball. They show that this gives a metric of
negative curvature near the ramification locus.

This describes the local construction of the metric on X, since,
near a component D;; of the ramification locus, the map w : X —
B? looks like (21,22) + (21,25 ). Once again, we mention that this
construction can be made to work globally by a standard partition of
unity argument (on the Kahler potentials rather than on the metrics).
The fact that the metric can be made invariant under the action of
I" follows from the invariance property of Bergman metrics.

Remark 6.1. 1. The curvature actually satisfies a stronger condition
than negative curvature, which implies a strong rigidity property
(see [MS)).

2. Note that it follows from the construction that the divisors D;;
(branching or not) are totally geodesic, since they are the fixed
point sets of isometries p(7;;) (where +;; is an appropriate loop
around D;;).

3. It is not clear how to modify the construction of the metric if
we relax the condition (5.1) to allow the ramification locus to
have normal crossings. The Bergman metric of the domain |z |% +
|22|?¥ < 1 is considerably more complicated when [ # 1.

7. Triangle groups

We now describe in some detail the one-dimensional situation. Not
only does it give some intuition on the behavior of the more com-
plicated two-dimensional examples, but the results from this section
will be used extensively later on.

We start with a 4-tuple p = (1, po, 43, 14) of rational numbers,
satisfying as before 0 < p; < 1 and ) p1; = 2. The one-dimensional
analogue of the constructions discussed in section 2 can be summa-
rized in the following diagram

Q%X’&Blz]}]?
o4
P! —{0,1,00} ~ Q — P!

Here @ maps the lift of a hemisphere in P! biholomorphically onto
a triangle in H?, with angles given by (1 — p; — pj)m. The mon-
odromy group I' = I, C Aut(H?) is generated by any two of the
three rotations centered at the vertices of such a triangle, with angles
2(1 — p; — pj)m. We shall write the three numbers 1 — p; — p; as

reduced fractions ’;7, % and %, and a, b and ¢ for the corresponding
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Fig. 7.1. Generating rotations for I".

rotations in H? (Figure 7.1). Of course 71 (Q) ~ Fp = (z,y) is just a
free group on two generators, where we think of z and y as small loops
around two appropriate points out of {0,1,00}. The kernel K of the
monodromy representation gives a presentation for the monodromy
group in terms of two generators, say a and b.

1-K->mQ) ~F—->T—1

In I', we know that a? = b7 = (ab)” = 1. In other words, we know
that K contains the normal subgroup N C F5 generated by zP, y?
and (zy)".

N = (2,99, (zy)")) C K C Fy

If the angles of our hyperbolic triangle are integral parts of 7 (i.e.,
if Kk =m =1 = 1), then I' is just a classical triangle group, with
presentation

(z,y|zP, y4, (xy)") (7.1)

In other words, if the Picard integrality condition is satisfied, then the
two subgroups N and K coincide. In general, we can have N C K,
as we will see below.

The subgroups K and N can of course be thought of in terms of
covering spaces. The inclusion Q C X induces a , surjection m(Q) —

71(X), since X — Q has real codimension two in X . The kernel of this
surjection is the normal subgroup generated by small loops around
the points in X — (). Because of the local structure of the branched
cover X — X ~ P!, these small loops are just lifts of powers of small
loops around 0, 1 and oo. The exponent is given precisely by the order
of the corresponding elements of the monodromy group, or in other
words by the denominators p, ¢ and r of the 1 — p; — p;.
To summarize, we get a short exact sequence

15N K~m(Q) »m(X)—1 (7.2)
or m1(X) ~ K/N. In particular, if the Picard integrality condition

(1 — p; — pj) t € Z for all 4, 5 (7.3)
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is satisfied, then the fact that N = K means that X is simply con-
nected. In fact in that case the map @ : X — B! is an biholomor-
phism. Here we are interested in situations where the Picard integral-
ity (7.3) condition fails. In general, just like in the two-dimensional
situation, we then get a non-discrete monodromy group.

Theorem 7.1. Let T be a triangle in H? with angles a, § and v
that are not all integral parts of w. Let I' be the group generated by
rotations centered at the vertices of T and with angles 2, 23 and 2~y
respectively. I' is discrete if and only if the angles of T are given by
one of the following

5T @) A (i)
(iv) .57 v F5

H-I>1
—~
<
o
-
N N
~I5 <[5
Wiy oy

Proof. A proof of this is given in [M4] (actually Mostow omits cases
(ii) and (vi), but the idea of the proof given there is entirely correct).
We recall the main ideas involved in the argument.

The difficult part of the theorem is to show that our condition is
necessary. The fact that it is sufficient essentially follows from the
pictures in Figure 7.2.

A D

(iii)

Fig. 7.2. In each case of the theorem, T is a union of copies of some smaller
triangle T'. T' is a (2, s,t)-triangle in case (i) and a (2, 3,t)-triangle in all the
other cases. The construction works for any ¢ > 7 in cases (ii)-(vi) but only for
t =7 in case (vi).

Let us examine case (i), for instance. 7" is a union of two copies of
a triangle T" with angles 7/2, 7/s and 7/t (for the sake of brevity, we
call " a (2, s, t)-triangle). This certainly implies that I" is a subgroup
of a (2, s, t)-triangle group (see Figure 7.3).

It is easy to check that, as long as s is odd, I" is not just a subgroup
of the (2, s,t)-triangle but is actually equal to it. Indeed using the



Exotic surfaces of negative curvature 17

b=1"b
Fig. 7.8. T has angles 27/s, 7/t, ©/t, and T’ has angles w/s, w/t, w/2. a, b and
c are the corresponding generators for I', and a', b, ¢’ are natural generators for
the (2, s, t)-triangle group.

notations of Figure 7.3, we have

9 s+1

a:a' a':a 2
b=t/ W =b (7.4)
c=cbd! d=blaSF = a5

In general Figure 7.2 illustrates the fact that in each case of the
theorem, I' is a subgroup of a classical triangle group, hence it is
obviously discrete. Once again, one can check that in all the cases
(i)-(vi), the group I' is actually equal to a triangle group.

Now we give a quick sketch of the proof that the six cases (i)-(vi)
are the only triangles for which I is discrete. Given that I is discrete,
we want to show that 7" must be the union of finitely many congruent
copies of a given triangle T, whose angles are all integral parts of .
We shall refer to 7" as an elementary tile for T. A key ingredient
in Mostow’s argument is what he calls the triangulation algorithm
(see [M4]).

We write I'* for the group generated by the Schwarz reflections in
the sides of T'. Recall that I" C I'* is the index two subgroup of orien-
tation preserving elements in I"™*. Of course I is discrete if and only if
I'* is discrete. Roughly, the idea behind the triangulation algorithm
is to subdivide T' by using the components of the complement of the
set of all mirrors of Schwarz reflections in I'*. Mostow argues that, if
at least one of the angles of T' is not an integral part of 7, then the
triangulation algorithm yields an elementary tile 7" with angles 7/2,
m/s and 7/t.

Comparing the areas of T' and T", we get

7r—(a+ﬁ+'y):n7r{1—(%+%+%)} (7.5)

for some integers n, s and t. We may assume 3 < s < {. Mostow
considers the cases s = 3 and s > 3 separately. We present only
s = 3 here, since it covers the two cases that are missing in [M4]. The
analysis of the case s > 3 is similar.
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Since we want T' to be a union of copies of T”, each of the rational

numbers «/m, B/ and y/7 must be chosen to be an integer multiple

of one of %, % = % or % We break all the possibilities into six cases

@ 555 O LbE © LA
@ LEL @ bEL () hhm

The first three cases are easily taken care of. For instance, in case (c),
equation (7.5) yields

>
=
>
z

Il
[\
Wl

Wl

S
I

(7.6)

o=

|
k=
S

|
N[

This expression is strictly less than 2 as longas k+1 > 2, but n =1
is impossible (T would have to be equal to T"). Hence we must have
k =1 =1, and the corresponding angles of T' fall in case (i) of our
theorem.

Similarly one can rule out case (a), and show that the only way T
can generate a discrete group in case (b) is if kK = 2, which once again
falls into case (i) of our theorem. We analyze case (e) in detail. Once
again we use (7.5) to get

>
<

Il
W
Wi

(7.7)

wiN
|
S |-

This implies n < 4 whenever k + [ > 4. We assume without loss of
generality that k£ < [. If £ > 2, then [ > 2 and the triangulation algo-
rithm yields more than four triangles which contradicts the estimate
n < 4. The point is that if the mirrors of two Schwarz reflections in
I'* make an angle of 27 /t, then their bisector is also a mirror in I'*.

Now we must have k = 1. Here Mostow assumes [ = 3, in which
case n = 4 and one gets case (iv) of our theorem, but he omits the
possibility [ = 2. A little analysis of (7.7) shows that the only odd
values of ¢ for which n can be an integer are t = 7 and ¢ = 9, yielding
respectively n = 10 and n = 6. Figure 7.2 shows that ¢ = 7 does
give a discrete group, corresponding to case (vi) of our theorem. One
can check for instance using the triangulation algorithm that the case
t = 9 does not give a discrete group.

This concludes the analysis of case (e). A similar argument would
show that (d) yields case (iii) our theorem, and that (f) yields cases
(i), (ii) and (v). Recall that we have assumed that the elementary tile
T had angles m/2, 7/3 and w/t. The case where T" has angles 7/2,
/s and 7/t for s,t > 3 is treated similarly and yields triangles of
type (i). O
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Remark 7.2. 1. As mentioned in the proof, whenever I" is discrete,
it is actually a (p, g, r)-triangle group, for some p, ¢ and r. If we
assume that not all the angles of T' are integral parts of 7, we get
one of the cases in the Theorem 7.1, and the group I' is a (2, s, )-
triangle group in case (i), (2,3,¢) in case (ii)-(v) and (2,3,7) in
case (vi).

2. It is easy to figure out which 4-tuples produce a triangle with
angles as in Theorem 7.1, from the fact that the angles are given
by (1 — p; — pj)m for the appropriate choice of indices 4, j. In fact,
up to permutation of the weights, there are two 4-tuples giving
angles «, 8 and «. One of them is

1
/'L:5(1_a+/6+771+a_/6+771+a+/6_771_a_/B_’Y)

and the other one is gotten from u by replacing u; by 1 — p;.

We now state the consequences of 7.1 for I' = I, the monodromy
group of some hypergeometric map.

Proposition 7.3. If I',, is discrete but u does not satisfy the Picard

integrality condition, then N C K, or in other words the cover X is
not simply connected.

Proof. We write kn/p, Im/q and mn/r for the angles of the rele-
vant triangle 7', which is the image of a hemisphere under the hy-
pergeometric map. Recall that we write m(Q) ~ (z,y) and N =
{(zP,y?, (zy)")). The normal subgroup N is a subgroup of the kernel
of the monodromy K and I, ~ 71(Q)/K. In other words, N C K
with equality if and only if I, has a presentation

(z,y[z”, y?, (zy)") (7-8)

Now if I', is discrete, it must appear somewhere in the list of
Theorem 7.1 and in particular it is a (p',q’,r')-triangle group for
{,q¢',7'} # {p,q,r}, where this last inequality follows from Re-
mark 7.2. Here we use the fact that the Picard integrality condition
is not satisfied, so that the angles of T" are not all integral part of 7.

The proposition follows at once from the fact that a (p,q,r)-
triangle group is uniquely determined up to isomorphism by p, ¢ and
r, but we can also check it directly by exhibiting elements in K — N.
We do this in detail when the angles of T' are 27/s, 7 /t, m/t, which
is case (i) of Theorem 7.1 (we assume s is odd).

We refer to Figure 7.3, and write a, b for generating rotations in
Iy, with angles 4w /s, 27/t respectively. Of course we have

a® =0b"=(ab)t =1 (7.9)
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but the claim is that there are more relations between our generators.
s+1

It is readily checked that the element a*3 b is a rotation centered at

the midpoint of the base of the triangle T', with angle 7. In particular

it has order two. Hence we have a relation

(a/s_;l

b)?=1 (7.10)

between our generators a and b, which is not a consequence of the
relations (7.9). In other words, in terms of the fundamental group

s+1 ~
71(Q), the loop (y%ac)2 is in K but not in N, hence K/N ~ 71(X)
is non-trivial. O

The reader should not be misled by proposition 7.3. One does not

need I, to be discrete in order to get X not to be simply connected.
Just like in the discussion at the end of section 4, we can think of
the monodromy group as being defined over the field K = Q(+/1),
and consider Galois conjugates I'7 for different Galois automorphisms
o € Gal(K/Q). These are in general non-discrete but they have the
same group theoretic properties as I, for instance in terms of writing
group presentations. We summarize this observation in the following

Corollary 7.4. If some Galois conjugate I'] is discrete but p° does

not satisfy the Picard integrality condition, then N C K and X is
not simply connected.

In general it seems difficult to find necessary and sufficient con-
ditions on g in order to have 71(X) # 1. If some Galois conjugate is
discrete and satisfies the Picard integrality condition, then we know
that X is simply connected. When I, is not a Galois conjugate of
any discrete group, it is not clear how large the subgroup K is. It is
not even clear that I', would be finitely presented.

8. The completion divisors

We now go back to the two-dimensional situation corresponding to
some 5-tuple y = (p1,...,us5). Recall that we have assumed for any
1,7 that p; + p; < 1, so that it makes sense to consider the 4-tuple

MI = (ﬂi+/1‘j7u15"'7/@7"'3@5"'5”5)
in the context of the previous sections.

Definition 8.1. In the situation above, we say that u contracts to
!

.
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We write Q', X', w',... for the analogue of Q, X, w,... corre-
sponding to p' instead of u. Of course, X' is contained in X as di-
visor, but one can get a stronger statement that takes into account
the orbifold structure of these two spaces. We express this in terms
of the monodromy covers.

Theorem 8.2. X' embeds in X as a connected component of the pre-
image of the divisor D;; (corresponding to z; and x; coming together).

Proof. This fact is stated in much more generality in [DM], section 8.
We give a direct proof in the simpler particular case needed here. For
simplicity of the notations, we will assume {i,5} = {1, 2}, so that

H = (N17#25M37/‘41u5)
i = (1 + pa, s, pa, pis)

VYe write D1 for a connected component of the prgimage of D19 in
X. Note that the branched covers Do — Di9 and X’ — X’ have the
same local structure, since their branching orders are given by the
denominators of 1 — p; — pj, i,j € {3,4,5}. A priori they could be
different globally.

We think of these two branched covers as Fox completions of the
corresponding unbranched covers. More precisely, we write C' for the
open subset of D19 corresponding to letting the first two points com-
ing together, but with no other collapsing allowed (C=D15 — UDy;).
The cover Dip — Diz is the Fox completion of C' — C', where C is
the component of the preimage of C' contained in D;s.

To prove the theorem, we need to identify C' — C as the mon-
odromy cover Q' — @ corresponding to the 4-tuple p'. We select

Z3

Ts5
T45 T4

Fig. 8.1. Each loop 7;; amounts to z; going around x;, along the path Tj;.

loops 7;; around D;; as in Figure 8.1. The loop v;; corresponds to
having z; come close to x; along T;;, making one positive turn, then
going back along Tj; to its original position. Recall that ) is the
quotient of M C P! x --- x P! by Aut(P'). The loops +;; were just
described as loops in M, but we may also view them as loops in Q.

We claim that 35745734 = 12 in 71(Q). This is a subtle point
since in w1 (M), which is the spherical braid group on five strands,
the loop 71_21735745734 is not trivial. It corresponds to the central
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Fig. 8.2. The loop 715 7357457734 is central in 71 (M), hence it projects to a trivial
loop in m(Q).

element depicted in Figure 8.2. Note that @ fibers over P! — {3 pts},
with fibers P! — {4 pts}, as can easily be seen from Figure 2.1. The
base and the fiber both have free fundamental group, hence 7;(Q)
has trivial center. The loop 7,5 735745734, which is central in 71 (M),
must project to a trivial loop in 7m1(Q).

Recall that «;; maps to a complex reflection R;;, whose mirror
will be denoted by M;;. Since 12 commutes with 734, v35 and s,
we know that M, is orthogonal to M34, M35 and Mys. Accordingly,
the three reflections R34, R35 and Rys stabilize Mio, and one can
check that they act on this sub-ball like the standard generators of
the monodromy group I”. The point is that we can compute angles
between the mirrors Ms4, M35 and Mys, and check that they cut out
in M, a triangle with angles given by 7(1—p;—p4), i, j = 3,4, 5. Note
that each R;; acts on M5 as rotations by an angle 27 (1 — p; — p;).

To justify that the two covers above are isomorphic, we give an

explicit isomorphism between 7 (C) and 71 (Q'). Pick a tubular neigh-

borhood V of C, and write U =V N Q. If U is a component of the
inverse image of U in (, the corresponding component V of 7 (V)
is the completion of U over V (using Lemma 3.2 again). We choose

the component U so that C is contained in V.
Since U fibers over C' ~ P! — {3 pts}, we have an exact sequence

1= <y12> = m(U) = m (P — {3pts}) = 1
and m(U) ~ K N m(U). Note that in what follows we choose a
basepoint for () inside U, and take representatives for the loops -;;
that are contained in U. o
The important point is that when we complete U to V, it retracts

to C, so that

m1(C) = m(V) ~ m(U) [/ <yi32 >
We claim that this group is the same as 7,(Q') = K'. To check this,
we consider the restriction to K N1 (U) of the map m1(Q) — m1(Q")
induced by any one of the forgetful maps corresponding to forgetting
x1 or xo. It just maps yi2 to 1, and the other three 7;; to natural
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generators ;; of m1(Q'). Note that K N1 (U) maps into K'. Indeed,
if some product v = [[v;; is in K, then p(y) = 1 acts on My as
[17i;, hence [~ is in K.

We claim that the kernel of the map

KnmU) = K' (8.1)

is just the cyclic subgroup generated by 7’1152. Indeed, if []y;; € K is
such that H’yzfj =1, then []~;; must be a product of conjugates of
735745734, which is equal to y12.

One still needs to check that the map (8.1) is onto. Given any
[17i; € K', the image of []v;; in the monodromy group I fixes the
mirror My, which means that it is in K possibly after changing it
by a power of 7yi2, as follows from the lemma below. O

Lemma 8.3. Suppose g € I' fizes Mys. Then g is a power of p(y12).

Proof. From equivariance, we know that g preserves some component
D1y of 7= 1(Dy5) (where 7 : X — X denotes the natural projection
map). It also preserves the components of 7~1(D34), 771(D35) and
7 1(Dy5) that meet D19, hence it must fix their intersection points.
This shows that g actually fixes D1o. Recall here that I" acts discretely
on X, hence g must be of finite order. From the local description of

the map X — X, we know that it must be of order dividing dy2 (the
denominator of the reduced fraction 1 — 3 — p2). d

Remark 8.4. 1. One should be aware that the stabilizer Stabp(Mi2)
of M5 in I is slightly larger than I'". More precisely, it surjects
onto I"", with kernel the finite cyclic subgroup generated by Ry =
p(m2)- /

1 - <R12) — Stabp(M12) —I"—1

2. The proof shows a little more, namely that the restriction of the

hypergeometric map w|z is just the hypergeometric map in di-
ij

mension one corresponding to the contracted 4-tuple y'. In par-

ticular, if u' satisfies the Picard integrality condition, the divisor

D;; gets mapped isomorphically onto a one-dimensional subball
in B?.

Note that X' actually sits in the negatively curved manifold X
as a totally geodesic divisor (it is the fixed point set of an isometry),
hence we know that its fundamental group injects

m(X") ~ K'/N' — K/N ~ n(X)

as can easily be seen using the uniqueness of closed geodesics in a
given homotopy class. In the previous section we have discussed how
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to construct examples of one-dimensional situations where K'/N' is
non-trivial. Hence we can get two-dimensional situations where K/N
is non-trivial. This will be discussed in detail in the next section.

9. Fundamental group

We recall the general hypergeometric picture corresponding to an
(n + 3)-tuple u, satisfying our standing hypothesis >, p; = 2, 0 <
pj < 1. We get diagram (2.4) again. The cover Qv — @ is unbranched
and has deck group 71(Q)/K ~ I'. The map X > Xis given by the
Fox completion of @ over the appropriate compactification X of Q.
The action of I' on @ extends to an action on X , and the quotient
F\)Z' is topologically just X.

The completion X turns out to be a manifold only for n < 3,

under some quite restrictive assumptions on the weights p;. In this
paper we consider only the cases n =1 and n = 2.

The action of I' has fixed points on X. Instead of considering
X = p\X as an orbifold, we choose a torsion free subgroup of finite

index Iy C I' and look at the manifold quotient Xy = FO\)Z' . The

long exact sequence of homotopy groups of the cover X - Xy gives

1—)7T1(X)—)7T1(X0)—)F0—)1 (91)
Since I'y C I' C PU(n, 1), we get a representation
1 (X()) — PU(n, 1) (92)

which is faithful if and only if 7 (X) is trivial.

Note that in all Picard situations (i.e. (1—p;—p;)~! € ZV4,j), we
have an isomorphism X —=+ B? hence we clearly get that m (X) =1
and 71(Xo) — Ip. If the integrality condition fails, it is difficult to
determine whether or not the representation (9.2) is faithful. In this
section we show that in general it need not be, and give an explicit
sufficient condition on g for (9.2) to be non-faithful (see Theorem 9.4).
The preceding discussion motivates the following definition.

Definition 9.1. Let 1 = (p1, ..., ), ptj € Q satisfy 0 < p; <1 and
> uj = 2. We call the r-tuple . non-faithful if the corresponding

cover X is not simply connected. We call it discrete if the corre-
sponding monodromy group I, is discrete.

We will make use of these notions only for r=4 or 5. In terms of
Definition 9.1, Corollary 7.4 reads as follows.
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Theorem 9.2. Suppose the j-tuple u' is Galois conjugate to some
discrete j-tuple that does not satisfy the Picard integrality condition.
Then y' is non-faithful.

Remark 9.3. If i/ is Galois conjugate to a discrete 4-tuple that does
satisfy the Picard integrality condition, we know that it is faithful.
If none of the Galois conjugates p'? is discrete, then we do not know
how to determine whether p’ is faithful or not.

In principle, one can list all 4-tuples satisfying the hypotheses of
Theorem 9.2, since all the discrete monodromy groups are listed in
Theorem 7.1. It is not entirely obvious though how to write general
formulas for the 4-tuples corresponding to their Galois conjugates
(going from y' to its Galois conjugates involves reducing fractions and
taking fractional parts). The following gives a sufficient condition for
a b-tuple to be non-faithful.

Theorem 9.4. Suppose the 5-tuple p contracts to a non-faithful 4-
tuple. Then u is non-faithful.

Proof. This was already stated in the end section 8. The point is
that we have proved in Theorem 8.2 that the hypergeometric cover

X' corresponding to the contracted 4-tuple p’ embeds in X as a

totally geodesic divisor. This yields an injection 71 (X') — m(X)
on the level of fundamental groups since X has negative curvature.
The hypothesis that y' is non-faithful implies that 71(X') # 1, hence
m(X) # 1 as well. O

We give in section 11 the list of all 5-tuples with denominator up
to 200 that contract to some 4-tuple that we know to be non-faithful.
In other words we give a list of 5-tuples y for which Theorems 9.2
and 9.4 apply to show that u is non-faithful.

Staring at the list of examples given in Table 11.1, it is relatively
easy to find infinite families of non-faithful examples. For instance
consider the 5-tuples

1
k= 618k (24 3k,4 4+ 6k,2 + 9,2 + 9k, 2 + 9k) (9.3)
One can check that contracting two equal weights gives a non-faithful
4-tuple 4'. Recall that this means that one of the Galois conjugates
p'? is discrete, which can be verified by using Proposition 4.2 and
Theorem 7.1. The behavior of i/ depends on the parity of the param-
eter k, and we shall go into the details of the argument only for &
even. The analysis is similar for £ odd.
We write k = 2n, so that u' becomes

1
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It corresponds to a triangle with angles ﬁf‘é’n, Tren

not discrete. After multiplying p’ by (8 + 12n) and reducmg in Q/Z,
we get a Galois conjugate 4-tuple that corresponds to angles 1_?_2",
76, and %, which fits into case (iv) of Theorem 7.1.

When k is odd, ' can be shown to be non-faithful by showmg

3km _km
that t};e two groups corresponding to angles 57%¢r, 5755, 3 % and 5 +6k,

7765+ 3 are Galois conjugates. We will describe two more families

explicitly in the next section.

and %, hence p is

Remark 9.5. 1. The theorems of this section produce examples of
non-faithful 5-tuples. It is natural to ask whether there are non
obvious faithful 5-tuples. The obvious ones are the Picard exam-
ples (it turns out there are only finitely many such). Interestingly
enough, we do not know of any other faithful example. A natural
approach would be to consider Galois conjugates of the Picard
examples. Unfortunately their Galois conjugates never satisfy our
assumptions that the compactification divisors have normal cross-
ings.

2. As the preceding discussion illustrates, the fundamental group
m1(Xp) is quite a complicated object. It is an extension

1— K/N ~m(X) > m(Xe) = o — 1

and it already takes some work to determine just if K/N is trivial
or not. In the cases where we know the representation to be non-
faithful (namely when Theorem 9.4 applies), K/N seems not to
be finitely generated. A natural question then comes to mind —
m1(Xo) residually finite?

10. Bounded holomorphic functions and maps to Riemann
surfaces

We recall some notations. X — () consists of 10 divisors D;; corre-
sponding to x; and z; coming together. We pick loops «;; around D;;,
and write 1 —p; —p; = Z—;L as a reduced fraction. Then the loops 71(-1]7‘7
are in the kernel K of the monodromy, and we write

N={yije{l,....5}) CK
for the normal subgroup of 71 (Q) generated by the loops ; % Tn what
follows we assume that N C K (we presented sufficient conditions for
this to happen in section 9). We then get a non-trivial cover Cj — @,
where Q is the cover of @ such that Wl(@) N. We consider the
corresponding Fox completion X - X. X is the completion of Q over
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X, or equivalently over X. One checks at once that the space X is
51mply connected. Indeed, since the completion divisors have complex
codimension one in X, 7 (Q) surjects onto 7, (X), the kernel being
given by the normal Asubgroup generated by small loops around the

components of X — (), which is precisely N.

The map X > Xisan unbranched cover. One way to see this is
to observe that K /N = 71(X), which is the deck group of the cover
Q — Q, must be torsion free since X has negative curvature. Another
approach is to look at the local structure of the cover XX , which

is the same as that of the cover X — X.

Now X is the universal cover of 2(0, and we want to construct
bounded holomorphic functions on X. There is an obvious way of
getting such functions, using our therg(Zometric map X — B2, pre-
composing it with the projection X — X and post-composing with
any bounded holomorphic function on B?. These were of course al-
ready known when the Mostow-Siu surfaces were first constructed.

We give another construction that produces bounded holomorphic
functions on X, and show that in certain cases the functions we get
do not factor through the corresponding hypergeometric map. The
basis for our construction lies in the use of forgetful maps Q — @',
where @ (resp. Q') is the configuration space of five points (resp.
four points) on P!. In terms of the appropriate description of Q as
a subset of P! x P! (see section 2), these forgetful maps are just the
projections onto one of the factors.

These maps extend to maps X — X’ between the compactifica-
tions, but in general these extensions are not maps of orbifolds. In
terms of covers, @ — Q' does not lift to a map Q — Q' in general.
In other words, the induced homomorphism 7 (Q) — 71 (Q') does
not in general map N into N’. We point out that when the map is
a map of orbifolds, we can lift it to a holomorphic map from some
complex surface to a compact Riemann surface. Lifting it further to
the universal cover of the complex surface yields a bounded holomor-
phic function. We shall come back to maps to Riemann surfaces later
on in this section (see Proposition 10.4). For now we concentrate on
the description of a simple necessary and sufficient condition for N
to map into N'.

We write -;; for the image of 7;;. Note that some ;; are trivial.
To fix the ideas, we assume that we forget the first point, and project
onto the second factor, as in Figure 10.1. Then 'y{j =1 for all 5, and

Yha = Vhs» Vs = Vo and Yjs = 7Yhg are standard generators for 7 (Q').
N is the normal subgroup generated by 7;“;'1 . In order for these loops
to map into N', we need

d3s | dos, d3s | das, das | do3 (10.1)



28 Martin Deraux

25 34
24 35
23 45

12 13 14 15
Fig. 10.1. A forgetful map Q — Q.

and these conditions are clearly also sufficient to get N — N'.

In general, for other forgetful maps, we also get a necessary and
sufficient condition for N to map into N’ in terms of three divisibility
conditions, applying the appropriate permutation of indices in (10.1).

We assume some choice of a forgetful map Q — Q' does lift to
Q — (', or in other words that N maps into N, or yet in other words
that condition (10.1) is satisfied for some perrnutatlon of the indices.

This lift has a holomorphic extension ¢ X - X' ~ B ~ RH?,

since X — Q has codimension one in X. Hence qS is a bounded holo—
morphic function on the universal cover of our Mostow-Siu surface.
Summarizing our discussion, we get

Theorem 10.1. The natural map to D;; obtained by forgetting x;

lifts to a bounded holomorphic function $3 XX if and only if N
maps into N', which is equivalent to the three divisibility conditions

dkl | d]ma dkm | djl7 dlm | djkj (102)
where {1,...,5} = {i,7} U{k,l,m}.

The divisibility condition (10.2) is easy to test on any given 5-tuple
of weights and should give an efficient way to construct bounded holo-
morphic functions on the universal cover X of Xy, but it is not at
all clear that there should be any examples where it is satisfied. Re-
call that we require that the compactification divisors have normal
crossings and that the ramification divisors are disjoint. These re-
quirements can be translated into concrete conditions on the weights
@, namely (2.3) and (5.1). In order to apply Theorem 10.1 we need
to admit a contraction to some 4-tuple satisfying (10.2). All these nu-
merical conditions taken together seem very restrictive, but it turns
out that one can produce examples where Theorem 10.1 applies. We
will exhibit two infinite families of such examples at the end of this
section.

Another possible objection to the relevance of Theorem 10.1 is
that the bounded holomorphic functions it produces might a priori
be of “hypergeometric origin.” In other words, they could concelvably
come from @ : X — B?. If this were the case, then ¢> would be
constant on the fibers of the projection X o X.
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Theorem 10.2. Assume that the 5-tuple u is such that some forget-
ful map to D;j lifts to a bounded holomorphic function and that the
corresponding contracted J-tuple u', obtained from contracting y; and

Wi, s non-faithful. Then <$ does not factor through the corresponding
hypergeometric map.

Proof. All we need to show is that K/N does not map trivially under
m(Q)/N — m(Q")/N'. Here we recall that K/N is the deck group

of the unbranched cover X — X. Our assumption that p’' be non-
faithful ensures that K'/N' is non-trivial. We distinguish two cases.
CaseE 1: K » K' N

Then clearly K/N does not map trivially, and ¢ is not constant

on the fibers of X — X.
CasE 2: K —» K'

Then K/N maps into K'/N’, and we want this homomorphism to
be non-trivial. Actually the map is onto, and we have assumed that
K'/N" #1 (4 is non-faithful). The fact that it is onto follows from
the arguments given in the proof of Theorem 8.2. There we showed
that there is a subgroup of K that maps onto K. [l

Remark 10.3. 1. One difficulty here is that in general, we do not know
how to check whether K maps into K'. An obvious necessary
condition is that N map into N’, but it is not clear whether that
condition is also sufficient. In terms of covers, we do not know
when the forgetful maps lift to maps ¢ X — X' between the
hypergeometric covers.

2. Our assumption that K'/N' be non-faithful is sufficient, but most
likely not necessary to produce holomorphic functions that do not
factor through the hypergeometric map. If ¢ happens to descend
to X, it might still not factor through B?. Note that, as we shall
discuss in more detail below, our bounded holomorphic functions
have the very special property that they descend to maps to Rie-
mann surfaces.

3. A natural question is of course whether our bounded holomorphic
functions allow one to separate points in X . In fact it is not difficult
to see that, in general, these functions (together with the ones
coming from the hypergeometric map) cannot separate points.

4. One way to generalize our construction and obtain more bounded
holomorphic functions would be to map X to any orbifold P
with three orbifold points, with welghts satisfying some divisibility
condition. We would then get a map X — B! but since the Welghts
are unrelated to the original hyper/g\eometrlc situation, it is not

clear how to check which points of X it separates.

Recall that each of our new bounded holomorphic function is ob-
tained as the lift of map of orbifolds ¢ : X — X'. In terms of mani-
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folds, we may think of it as the lift of a map
o : X - X' 10.3
0 GO\ Gf)\ ( )

Here we write G for m1(Q)/N, and similarly G' = m(Q")/N'. Gy
(resp. G}) stands for a torsion free subgroup of finite index of G
(resp. G'). Recall that ¢ : X — X' is a map of orbifolds exactly when
N maps into N, or in other words when 71(Q) — 71 (Q') descends
to a map G — G'.

We can think of our bounded holomorphic functions as lifts of
maps from Mostow-Siu type surfaces to compact Riemann surfaces.
Observe that in general it is difficult to produce non-trivial maps to
lower-dimensional manifolds.

Proposition 10.4. If one of the forgetful maps ¢ : X — X' is a map
of orbifolds, then it lifts to a holomorphic map ¢g : \X — a \X'

to a compact Riemann surface, whose lzft to the unwersal covers s
the bounded holomorphic function ¢ X - X'

Remark 10.5. In general we cannot choose the manifold Go \)? to

be a quotient of the monodromy cover X. This would be the case
if we could guarantee that Gy is saturated with respect to the map
G — I, or in other words that G contains K/N. This can certainly
be arranged when K maps into K’ (but this condition is difficult to
check, as we stated in Remark 10.3). On the other hand, the two

surfaces Go \X and I \X are commensurable, hence we consider
them both as Mostow—Slu type surfaces.

We now go back to the quite restrictive hypotheses we need to
make on our 5-tuples y in order to get new bounded holomorphic
functions. Once again, it is not at all clear that there should be situa-
tions where Theorem 10.2 applies. A quick look at the list of examples
given in section 11 shows that there are examples, namely every time
N+, N— or N+ appears in some column D;;, the hypotheses of the
theorem are satisfied. N means that the corresponding contracted 4-
tuple u' is non-faithful, + or — indicates that one of the two natural
forgetful maps to D;; lifts to a bounded holomorphic function on the
universal cover X.

In fact, one can construct two infinite families of examples where
Theorem 10.2 applies, parameterized by an integer k > 0:

1

(644 4 1 10.4
50 Ta% (0 4K: 6+ 4k, 9 + 8,9 + 8K, 10+ 8k)  (104)

,U:

W= g iop O+ 4k T 4k T+ 4K, 7+ 4k,10 + 8k)  (10.5)
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It is readily checked that these 5-tuples always satisfy our standing
assumptions (the compactification divisors have normal crossings and
the branching divisors do not intersect). We analyze the family (10.4)
in some detail.

The first observation is that we always get an orbifold map to Dys
by forgetting the point x4 (of course since pug = p4 we could map
to D35 as well). This amounts to checking that the three divisibility
conditions (10.2) hold. The contracted 4-tuple is given by (10.6).

1
= 3+ 2k,3 + 2k,5 + 4k,9 + 8k 10.6
After multiplication by 1 + 4k (which is prime to the denominator
10+8k), we get a Galois conjugate that corresponds to a triangle with

angles 51’216, T, % which is in the list of Theorem 7.1. Once again in

order to compute Galois conjugates, we use Proposition 4.2.

The computations for the family (10.5) work essentially the same
way, although the behavior depends on the divisibility by 3 of the
index k. One gets an orbifold map to the divisor D5 by forgetting
the first point.

11. List of examples

Table 11.1 lists all possible 5-tuples y = é(nl,ng,ng,m,ng,) with
denominators up to 200, such that

1.0 < pj < 1 and > pj = 2 (essentially this says that the mon-
odromy group lies in Aut(B?) ~ PU(2,1)).

2. The compactification divisors have normal crossings (u; + p; <
1 for all 4, 5).

3. The branching divisors are disjoint.

and satisfying the hypotheses of Theorems 9.2 and 9.4. This last con-
dition means that some contraction of y should be Galois conjugate
to some discrete non Picard 4-tuple (in terms of the table below, each
row contains at least one N). We compute the ratio of Chern classes
and, for each divisor D;;, we give the following information on the
corresponding contracted 4-tuple p'.

1. F means ' is faithful.

2. N means y' is not faithful.

3. Neither F' nor N means that no Galois conjugate of u' is discrete,
in which case we do not know whether ' is faithful or not.

4. + (resp. —) indicates that the natural forgetful map to D;; forget-
ting 4 (resp. j) is an orbifold map, or in other words that it lifts
to give a bounded holomorphic function on the universal cover of
the corresponding surface.
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Table 11.1. List of all examples with denominators up to 200 where our theorems
in sections 9 and 10 apply. For each example we compute the ratio of Chern classes
and give some information on the structure of the completion divisors D;;.

d [[ni]n2[ns[na] ns [ ci/ca [[ D12 [Dis[Dia[Dis [ D23 [ Doy [Das [ Dsa | Dss | Das
185 |7|7|7]10]29412]| N | N | N|N+| F | F [N | F | N | N
20| 6|6|9|9|10|29389| F|F|F|F|F|F|F|N|N-|N—
21| 4|8|10(10|10|28763|| F| F | F | F | F|F|F|N|N|N
24 || 5 [10|10|11| 12 ||2.8065|| F | F | F | F N+ N+| F
24 || 5 |10|11|11|11|29032|| F | F | F | F | F | F | F | N| N | N
30|l 6 |13|13 |14 14 ||2.7622|| F+ | F+ | N+ |N+| F
30 || 9 [11]11|11] 18 ||2.8421 N+|F|F|N|F|N|N
30 ||10 11|11 |14 14 ||2.8667 || F+ | F+| N+ |N+| F N
30 ||11|11|11(13]| 14 ||2.8657|| F | F | N F | N N N
36 ||10|10|17 |17 18 ||2.8391 | F F F | N |N—|N—
39 || 7 |14]19|19]| 19 ||2.7946 | F F|F|F|N|N|N
42 |[13]15|15|15| 26 ||2.9072|| N | N | N |[N+| F | F |[N+| F |N+|N+
52 || 14 14|25 |25 26 ||2.7890| F F F | N |N—|N—
54 |17 19|19 19| 34 ||2.7656 N+|F|F|N|F|N|N
57 || 10 20|28 |28 | 28 ||2.7567| F F|F|F|N|N|N
60 ||11|22|29 |29 29 || 2.7747|| F F|F|F|N|N|N
66 || 21 (23|23 (23| 42 ||2.7477 N+|F|F|N|F|N|N
68 || 18| 18|33 |33 34 ||2.7610|| F F F | N |N—|N—
75 || 13|26 |37 37| 37 ||2.7359|| F F|F|F|N|N|N
78 || 25 | 27|27 27| 50 ||2.8020 N+| F | F |[N+| F |N+|N+
84 ||22|22|41|41| 42 ||2.7434|| F F F | N |N—|N—
90 |29 |31|31|31] 58 ||2.7261 N+|F|F|N|F|N|N
93 ||16 |32 |46 |46 | 46 ||2.7228|| F F|F|F|N|N|N
96 || 17 |34 |47 |47 47 ||2.7352|| F F|F|F|N|N|N
100 || 26 | 26 | 49 |49 | 50 ||2.7313|| F F F | N |N—|N—
102|133 (35|35 (35| 66 ||2.7191 N+|F|F|N|F|N|N
11119 |38 |55 |55 | 55 ||2.7139| F F|F|F|N|N|N
114|137 (39|39 |39 74 ||2.7599 N+| F | F |[N+| F |N+|N+
11630 (30|57 57| 58 ||2.7225|| F F F | N |N—|N—
126 || 41 | 43|43 |43 82 ||2.7091 N+|F|F|N|F|N|N
12922 |44 |64 |64 64 ||2.7074|| F F|F|F|N|N|N
13223 |46 |65 |65 | 65 ||2.7167| F F|F|F|N|N|N
13234 (34|65 (65| 66 ||2.7158| F F F | N |N—|N—
138 || 45 | 47 | 47 |47 90 || 2.7054 N+|F|F|N|F|N|N
14725 50|73 |73 | 73 ||2.7025|| F F|F|F|N|N|N
148|138 (38|73 (73| 74 ||2.7105| F F F | N |N—|N—
150 (|49 | 51|51 |51 | 98 ||2.7377 N+| F | F |[N+| F |N+|N+
162 |53 | 55 | 55 | 55 | 106 || 2.6997 N+|F|F|N|F|N|N
164 | 42 42|81 (81| 82 ||2.7062| F F F | N |N—|N—
165 || 28 | 56 | 82 |82 | 82 ||2.6986 | F F|F|F|N|N|N
168|129 | 58|83 |83 | 83 ||2.7061| F F|F|F|N|N|N
174 |57 |59 |59 |59 | 114|2.6974 N+|F|F|N|F|N|N
180 || 46 | 46 | 89 [89 | 90 ||2.7028|| F F F | N |N—|N—
18331 (62|91 |91 91 ||2.6955| F F|F|F|N|N|N
18661 |63 |63 |63|122]|2.7240 N+| F | F |[N+| F |N+|N+
196 || 50 | 50| 97|97 | 98 ||2.6998 | F F F | N |N—|N—
198 |65 | 67| 67| 67|130]2.6937 N+|F|F|N|F|N|N
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