MIRROR STABILIZERS FOR LATTICE COMPLEX HYPERBOLIC
TRIANGLE GROUPS

MARTIN DERAUX

ABSTRACT. For each lattice complex hyperbolic triangle group, we study the Fuchsian
stabilizer of a reprentative of each group orbit of mirrors of complex reflections. We give
explicit generators for the stabilizers, and compute their signature in the sense of Fuchsian
groups. For some of the triangle groups, we also find explicit pairs of complex lines such
that the union of their stabilizers generate the ambient lattice.

1. INTRODUCTION

Recall that the complex hyperbolic plane HZ is a Hermitian symmetric space of constant
negative holomorphic sectional curvature —1. Its real sectional curvatures satisfy —1 <
Koot < —1/4, where the lower and upper bounds are realized by tangent planes of totally
geodesic copies of H{ (complex lines) and HZ (Lagrangians), respectively. Its group of
holomorphic isometries is isomorphic to G = PU(2,1) (and this has index two in the full
isometry group, which includes antiholomorphic transformations).

For each complex line L, there is an obvious embedding of U(1,1) into U(2,1) whose
image preserves L; this gives a description of Stabg(L) as a central extension of PU(1,1)
by the fixed point stabilizer, which is the subgroup of complex reflections fixing L.

Each complex line is the fixed point set a 1-parameter family of isometries, called complex
reflections (beware these may have arbitrary order), and we call a subgroup I' C G a
complex reflection group if it is generated by complex reflections. Complex reflection groups
that can be generated by 3 complex reflections are called complez triangle groups.

We call a subgroup I" of G a lattice if it is discrete, and if the quotient I'\ H2 has finite
volume. In a sense, the discreteness assumption says I' cannot be too large, whereas the
finite volume assumption says that I' cannot be too small...which makes it tricky to find
groups satisfying both conditions at the same time. Lattices do exist though, due to very
general results of Borel [3]; the basic idea is to use “arithmetic methods”, which we think
of as a souped up version of the fact that Z C R is discrete, and R/Z has finite Lebesgue
measure.

Another important (but difficult) method to construct lattices is to use (very wisely cho-
sen) complex reflection groups. This was the approach taken by Mostow [20] to construct
the first examples of non-arithmetic lattices (lattices that cannot be obtained from the
arithmetic construction). There are many other approaches, using various ideas around
uniformization (see [1], [7], [5] for instance), but in this paper we focus only on the groups
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constructed in [14]; the latter paper can be thought of as one possible generalization of the
basic ideas developed by Mostow in [20].

The techniques that are used in [14] in order to generalize Mostow’s construction are
very intricate, and we will not go into almost any of them. We freely use the results [14]
as a black box, keeping technical details to a bare minimum.

For convenience of the exposition, we refer to the lattices constructed in [14] as the lattice
complex hyperbolic triangle groups (the terminology may be a bit misleading, because there
may actually be more lattice complex hyperbolic triangle groups, but we expect our search
in [12] to be fairly exhaustive).

The basic point is that the lattice complex hyperbolic triangle groups come in three
families of groups

S(p,7), T T), T(pt)
where p € N, p>2, 7€ C, T € C3, t € Q are wisely chosen parameters (see the list in the
appendix of [14]).

The lattices I'(p, t) are those that were studied by Mostow in [20], and we do not consider
them in this paper since they have been given many other descriptions (see [7], [22] for
instance).

For each lattice complex hyperbolic triangle group, the reader can find explicit matrices
generating the group, a description of a fundamental domain for its action on HZ and a
presentation in terms of generators in relations (see [14], [8]; see also [9] for more recent
development).

In what follows, let I' denote a lattice complex hyperbolic triangle group, and let X =
'\ H2 denote the quotient. The main goal of the present paper is to study some detailed
properties of the (1-dimensional part of the) branch locus of the quotient map HZ — X.
Indeed, from the results in [14], one can extract a list Ay, ..., A, of representatives of
conjugacy classes of complex reflections in the group. For each j, Stabr(A;) is then a
central extension of a lattice F; C PU(1,1). Our goal is to describe these groups F}; for
each lattice complex hyperbolic triangle group, we list the group orbits of mirror stabilizers,
and for each of them, we

e find an explicit generating set and
e determine the signature of the corresponding Fuchsian group, its trace field and its
arithmeticity

From the results in the paper, one can write explicit presentations for the mirror stabilizers
(see equation (7) for one example of such a presentation).

We hope that our results give useful information for several purposes. One purpose
could be to try and understand the quotient X = I'\HZ and branching behavior of the
quotient map H2 — X; in some cases the quotient map is completely understood (see [11]
and [10]). Another purpose is to study possible hybrid structures for complex hyperbolic
lattice triangle groups (see [23], [16]); we will give some explicit examples in section 11.
Finally, this information is useful in order to study the counting and equidistribution
properties of closed geodesic that are reflecting on mirrors in X = '\ HZ, see [15, §5.2],
which was the initial motivation for writing this paper.
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Part of the analysis of Fuchsian subgroups of lattice complex hyperbolic triangle group
was achieved by Sun in [21]. In that paper, only some of the groups were treated, and
only some of the conjugacy classes of complex reflections, but we use the same method.
Information on the arithmeticity of the subgroups listed by Sun can be found in a very
recent paper by Jiang, Wang and Yang [18].

2. BASIC COMPLEX HYPERBOLIC GEOMETRY

Let V' be an (n+1)-dimensional complex vector space and h : V xV — C be a Hermitian
form of signature (n,1). We write (X,Y) for h(X,Y") and || X||? for h(X, X) (which is real,
but not necessarily positive). Denote by V= (resp. V? V1) the set vectors X € V with
| X]|*> < 0 (resp. =0, > 0).

The isometry group of the form is given by

U(h) = {A € GL(V) : VX,Y € V, h(AX, AY) = h(X,Y)},

which we think of as a real Lie group. By Sylvester’s law of inertia, that Lie group is
independent of the choice of the Hermitian form (up to isomorphism of Lie groups).

Consider the projectivization map 7 : V'\{0} — P(V), and define HZ = p(V ™), O HE =
p(VO\{0}). Tt is a standard fact that that PU(h) acts transitively on HZ, and also on OHZ
(in fact it also acts transitively on p(V7)); these homogeneous spaces are very different,
since the stabilizer of a point is compact only in the case of H{.

It is a standard fact that H{ carries a PU(h)-invariant Riemannian metric (whereas
Oso H{ does not, nor does p(V' 1)), which makes it a Hermitian symmetric space. The inter-
ested reader can find an expression for that metric in [19] for instance. The corresponding
integrated distance formula is easy to write down:

1 _ X Y)
(1) cosh(§d(X,Y)) = W’

where X € V (resp. Y € V) is any lift of X € H (resp. Y € H{). The factor 1 is
included so that the metric is scaled to have holomorphic sectional curvature identically
equal to —1.

There are totally geodesic copies of HE inside HZ for any k < n, obtained by choosing a
(k+1)-dimensional complex subspace W C V such that h|y has signature (k, 1). Similary,
there are totally geodesic copies of HE, obtained by taking a totally real (k+1)-dimensional
subspace R C V, i.e. the R-span of k+ 1 vectors vy, ..., v with (v;,v,) € R for all j, k. It
is a well known fact that every complete totally geodesic submanifold of H¢ is among the
ones just described (see section 2.5 of [4]).

Note that H¢ has non-constant curvature for all n > 2. More precisely, we have the

following (see [4] or [17]).

Proposition 2.1. The real sectional curvatures of H are contained in [—1,—1/4]. The
real 2-planes with curvature —1 are the tangent planes to totally geodesic copies of HE,
whereas the ones with curvature —1/4 are the tangent planes to totally geodesic copies of
H2.
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Since h is non-degenerate, it defines a bijection between the Grassmannians of complex
k-planes and (n — k)-planes, where W is in correspondence with W+ = {X € V : VY €
W, (X,Y) = 0}. As an important special case, when kK = n — 1, we get a parametrization
of totally geodesic copies of H{ ™' by positive lines, i.e. by p(V*). For X € V*, we will
often abuse notation and write X+ for p(V— N X%).

Proposition 2.2. Let X,Y € V. The complex hyperplanes X+ and Y= intersect in HE
if and only if
(X, Y)]

<1
VIIXIPIY 2

If they intersect in HZ, they do so at a constant angle o, and we have ¢ = cos(«).

Given a positive vector U € V| it is easy to see that, for any ¢ € C with |(| = 1, the
formula

(X, U)
(U, U)

defines an element of U(h). It fixes pointwise UL, and rotates by arg(¢) in the complex
directions orthogonal to its fixed point set. In terms of linear algebra, it is a diagonaliz-
able linear transformation with eigenvalues (¢, 1,...,1), such that h restricts to a form of
signature (n — 1,1) on the 1-eigenspace.

We call the corresponding isometry Ry € PU(h) a complex reflection with mirror U+.
Replacing U by AU for A € C, leaves Ry unchanged, so we may assume (U, U) = 1. The
complex number ( is called the multiplier of the complex reflection, arg(() is called the
angle of the rotation.

Formula (2) makes sense if U is a negative vector, in which case we call Ry a complex
reflection in a point; in that case p(U) is its only fixed point in H{ (in particular, for
¢ = —1, we get isometric involutions with a single fixed point).

(2) Ryc(X)=X+((—-1) U,

Remark 2.3. Tt is a standard fact that two complex reflections Ry, ¢, Ry, ¢, commute if
and only if Uit = Uy or (U, Us) = 0.

We will use the usual classification of isometries of PU(h) into elliptic, parabolic and
loxodromic elements (see section 6.2 of [17]). Among elliptic elements, we distinguish
regular ones whose matrix representatives have (n + 1) distinct eigenvalues. Non-regular
elliptic elements are sometimes called special elliptic. There are also fine classifications for
parabolic and loxodromic elements, but we will not need that in the present paper.

From now on, we restrict to the case n = 2. In this case, every elliptic isometry is either
regular elliptic, a complex reflection, or a complex reflection in a point.

Now let A € PU(h) be regular elliptic. Choose a basis £ = ey, €1, e5 of V' that diagonal-
izes A; write (o, (1, (o for the corresponding (distinct) eigenvalues. Since A is elliptic, we
must have |(| = 1 for all j = 1,2,3. Moreover, since eigenvectors with distinct eigenvalues
are orthogonal, &£ is h-orthogonal, and because of the signature of h, one and only one of
the basis vectors is h-negative. By reordering and rescaling, we may assume ||eg||>? = —1
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and ||e;||> = ||e2||> = 1. Then eq = p(eg) is the isolated fixed point of A in HZ. The com-
plex 2-planes L; = C{ep, €1} and Ly = C{eg, ex} project to complex lines Ly and Ly, each
being A-invariant (and these are the only complex lines through eq that are A-invariant).
In L;, A acts as a rotation by arg({;/Co)-

Conversely, let Ly = p(V~ N Ujl) for positive vectors U;. We assume L; and Ly are
orthogonal, i.e. (Uy,Usz) =0 (cf. formula (2.2)). Then for any ¢; with |(;| = 1, the product

RUl,Cl RU2,C2
of commuting complex reflection is elliptic. It is regular elliptic if and only if (; # (.
Note that if A* is special elliptic for some k € N*, then A* is either a complex reflection
in a point, or a complex reflection. In the latter case, the mirror of A* must be either L,
or L2.

3. LATTICE COMPLEX HYPERBOLIC TRIANGLE GROUPS

We refer the reader to [14] for a detailed description of the lattices S(p,7), T (p,T).
Alternatively, the reader can download matrices in Magma format from [9].

Here we only give explicit generators Ry, R, R3 for T (p, T), where p € N* and T =
(p,0,7) € C? (these specialize to generators for S(p, 7) by taking p = o = 7).

Definition 3.1. For T = (p,0,7) € C3, the group T(p,T) is the subgroup of U(H)
generated by Ry, Ry and R (see equations (3) and (4)), where u = P/ o = 2 —u3 —?,
B = (w0 —u)p, o= (W —u)o, B = (u° —u)r.

o b 33
(3) H=(B, a f
B3 By «

(4) Ry =

~/
co 8§,
O 81D
|
NI
l
N——
=
[N}
|
/)
oé@
]
o §,o
SIS [
N————
=
w
|
PR
5N O
|
=
Y
g,00
N————

Remark 3.2. (1) If ey, ez, e3 denotes the standard basis for C3, then in terms of the
notation of formula (2), we have R; = uR,, s, so the matrices R; can easily be

reconstructed from the data of H.
(2) The factor @ is included to get matrices in SU(H) rather than just U(H).

When p = o = 7, the map

J=

O = O
= )
OO =

is a regular elliptic element of order 3 in U(H ), and we have
JRyJ V' =Ry, JRyJ ' =Rs.
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Tor T P
o1 =—1+iV2 3,4,6
G, = 5T 3,4,5,6,8,12
o5 = e m/IVEENS 2,3,4
010 = H—Q\/g 3,4,5,10
Sy = (14 ~EVB1EV5 1 ) 34,5
E, = (\/5’ _1+Ti\/§’ \/5) 34,6
H, — (—1452‘\/77 e—47ri/7’ €—4m'/7) 2
H, = (_1 _ 6—27ri/5’ e47ri/5’ 64m'/5) 2.3.5

TABLE 1. Values of the parameters for the known lattice complex hyperbolic
triangle groups

Definition 3.3. For 1 € C, S(p, 1) is the subgroup of U(H) generated by Ry and J, where
u=ePP o =2—ud -3 B =By = P = (4 —u)T.

Remark 3.4. For an arbitrary choice of the parameters p and T, the group 7 (p,T) is
usually not discrete; moreover, the Hermitian form on C? given by the Hermitian matrix
H is not even of signature (2, 1) in general.

We will only consider the groups with parameters as in Table 3, which gives represen-
tatives of all the lattices that are known to be complex hyperbolic triangle groups, apart
from Mostow groups. Note that some more parameters are known to give lattices (in other
words, some lattices can have several triangle group descriptions, see section 7 of [14]).

4. BRAID RELATIONS BETWEEN COMPLEX REFLECTIONS

The structure of each group (and of a fundamental domain for its action on HZ) is
conveniently encoded by braid relations between suitable conjugates of the generators.
Recall that two elements a, b of a group satisfy a braid relation of length n € N* if

() (ab)"’? = (ba)"".

When 7 is odd, by convention (ab)™? =a-b-a-b-a---b-a (n factors). When equation (5)

holds, we write br,,(a,b); if n is the smallest n such that br,(a,b), we say the braid length
of a and b is n, and we write br(a,b) = n.

We will use braid relations only between complex reflections. An important result is the
following (see Proposition 2.5 of [14]).

Proposition 4.1. Suppose Ry and Ry are complex reflections in PU(2,1) with distinct
mirrors, and multipliers (; = e*™/P' and ¢, = e*™/P2 respectively (p; € N, p; > 2).
Suppose br,(R1, Ry) for somen € N, n > 2. Let Z = (RyRy)" if n is odd, Z = (R, Ry)"/?
if n is even.

(1) Z commutes with both Ry and Rs.

(2) If br,(Ry, Ry) with n odd, then Ry and Ry are conjugate, in particular p; = ps.
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It is easy to see that Z as defined in 4.1 has a repeated eigenvalue, hence it must be
parabolic, a complex reflection or a complex reflection in a point (recall that we work
with HZ, so our homogeneous coordinates live in a complex vector space of dimension 3).
The three cases are distinguished by looking at the position with respect to HZ of the
intersection point in projective space of the mirrors of R; and R,. In fact Z is a complex
reflection in a point (resp. parabolic, resp. a complex reflection) if the mirrors intersect in
HZ (resp. in O, HE, resp. outside H—C2).

Writing R; = Ry, ¢, (see formula (2)), the three cases can be conveniently characterized
computationally as follows. Consider X = U; X U,, which is the usual cross product of
UfH and UsH; by construction (X,U;) = (X,Us) = 0, so CX is the intersection of the
mirrors in the projective plane. Then we have

Proposition 4.2. Z is a complex reflection if || X||* > 0, parabolic if || X||> = 0, and a
complez reflection in a point if || X||* < 0.

When Z is a complex reflection, part (1) of Proposition 4.1 says that it commutes with
both R; and Rs, so the mirror of Z is the common perpendicular complex line between
the mirrors of Ry and Rs.

The relevant braid relations for each group of section 3 appear in the Appendix of [14].
One important point is that the relations depend only on T, not on p. In fact the funda-
mental domains for lattices with a given value of T (but different values of p) are almost
the same, they differ only by a simple truncation process (see the discussion in section 5).

5. SIDES OF OUR FUNDAMENTAL DOMAIN

In this section, we briefly recall the construction of the sides of the fundamental domains
described in [14].

It is well known that there are no totally geodesic real hypersurfaces in HZ (this can
be seen as a consequence of the fact that it has non-constant real sectional curvature).
In particular, the sides of the fundamental domains constructed in [14] are not totally
geodesic.

On the other hand, part of their skeleton is totally geodesic, namely the 1-skeleton
consists only of geodesic arcs, and some facets in the 2-skeleton are also totally geodesic.

Recall that each side of our domains is constructed inside a bisector, i.e. the locus of
points equidistant of two given points. The geometric structure of bisectors (and even
bisector intersections) is by now well understood, see chapter 5 of [17]. Each bisector B is
topologically a 3-ball, and it has a foliation by complex lines (called the complex slices of
B), and a singular foliation by real planes (called the real slices) all intersecting in a fixed
real geodesic of H2 (called the real spine of B). The unique complex line containing that
real geodesic is called the complex spine of B.

If B is a bisector and p,q € B, the real geodesic through p and ¢ is contained in B if
and only if p, g are either in a real or in a complex slice of B. This is always true if one of
the two points is on the real spine. Our domains use the latter property, namely each side
is constructed as a (possibly truncated) geodesic cone inside a bisector B, the base of the
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cone being a polygon in a complex slice of B, and its apex is on the real spine of B (see
Figure 4.2 of [14] and also the pictures in the Appendix of [14] for examples of truncated
cones).

The complex slices containing the base of the cones are given by well chosen mirrors
of complex reflections in the triangle group (in fact suitable conjugates of the generating
reflections Ry, Re and R3). The vertices of the base polygons are either intersections of
mirrors of reflections, or intersections with the common perpendicular of two mirrors of
reflections when some truncation is needed (see section 4).

For example, in Figure 1, we reproduce some figures from the appendix of [14]. Let

FIGURE 1. Pictures of some sides for our fundamental domain for S(p, o),
p =3 (left) or 4 (right)

us focus first on the left half of the picture, which corresponds to the case p = 3, i.e.
R; = R., ¢, with (3 = e2mi/3 — _1+T“/§ The labels indicate that the base is a hexagon in
the mirror of R; (which is ei), with vertices given by

€1 &62, €1 &63, €1 &R;leg, €1 &R51R2_163, €1 &R;leleg, €1 &Rgﬁg.

Note for example that the mirror of RoR3R; ! is the image under Ry of the mirror of
R3 = Ry ¢y, S0 it is Ra(e3)®. The apex of the cone is given by ey X e3.

Now consider the case p = 4 (right half of the picture), which correspond to generating
reflections of the form R; = R, ; (* = —1). The corresponding side is similar (combina-
torially it is the same up to truncation). In that case, the base is still a hexagon in e;, but
its vertices are now given by

61&(61&62), 61&(61&63), el&R?)_leg, 61&R3_1R2_163, 61&R51R2_163, 61&R263.

The first vertex correspond to a truncation using the common perpendicular complex line
of e and e;, which is (e;Xey)*. Note that due to truncation, there is also an extra vertex,
which is given by e X (e; X ey).
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The (right half of the) picture also indicates that the apex of the cone es X e3 is not a
vertex of that side, in fact the apex also needs to be truncated; the truncation is done with
the common perpendicular complex line of e3 and e3, which is (eo M ez)t. The truncation
facet is then a hexagon on that complex line, with vertices given by

mMey, mMXe;s, m&R;leg, m&R;le_leg, m&R;le_leg, m X Ryes,

where m = ey X e3.

The 1-skeleton of the sides can be constructed from the 0-skeleton if we know the combi-
natorics, since the 1-skeleton consists of geodesic arcs. The 2-skeleton is more complicated
to describe (see section 4.2 of [14] for details); here we simply mention that the only 2-facets
that lie in complex lines are the facets on the base of the cone, as well as the truncation
2-facets that replace the apex of the cone.

Note that in the group S(p,o;) corresponding to the pictures in Figure 1, we have
brg(R2, R3) (which is the reason why we choose a hexagon in the base, see [14]), and for
p =6 (RyR3)% is a complex reflection fixing the top truncation facet.

In order to refer to sides, we will use the same notation as in [14] and use the notation

[n]a; b, c

where a, b and ¢ are complex reflections such that br, (b, ¢). For the side written [n]a; b, ¢, a
stands for a reflection fixing the base, and b, ¢ should be thought of as defining two of the
vertical edges of the cone. The full list of vertical edges is then uniquely determined by b
and ¢; the number of elements in the list is given by n, and the list of edges is determined
by the following list of reflections

o bebe ™ beb ™ b e, e rbe, b e,

given that this seemingly infinite list actually is n-periodic.

In order to describe a reflection in the group, we will use word notation, writing 1 for
Ry, 2 for Ry, 3 for R, 1 for Ry, (1232)° for (R RyR3R; )3, ete.

For example the side described in Figure 1 is simply written as [6]1;2, 3.

The Appendix of [14] contains a picture of (isometry types of) all sides of a fundamental
domains, for every triangle group with parameter in 3. All pictures are drawn so that
2-facets that are in complex lines are drawn in a horizontal plane (either as the base of the
side, or as the top side when there is truncation at the top). The base sides are always
fixed by some complex reflection (in fact by a conjugate of one of the generating triple of
reflections). The top sides are usually also fixed by a reflection (see Proposition 4.1), but
not always; in some rare cases, the “reflection” actually degenerates to the identity.

For convenience, we reproduce some of the information in the tables from the appendix
of [14], see Tables 2 and 3. For each family of groups in the list, we give a description of
side representatives, and mention values of the order p of the generating reflections where
the corresponding side has top truncation.
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S(p, 01) groups

Triangle #(P-orb) | Top trunc.
6] 1 2, 3 8 =46
4] 2; 1, 232 8 p=6
3] 232; 1, 23232 8
3] 23232; 1, 32323 | 8

S(p, 4) groups
Triangle | #(P-orb) | Top trunc.

4] 1; 2, 3 7 p=295,6,812
3] 2; 1, 232 7 p=238,12
S(p,0s5) groups
Triangle #(P-orb) | Top trunc.
A1 2 3 30
5] 2; 1, 232 30 p=14
(6] 2321232; 2, 321232123 | 5 p=4

S(p, o10) groups
Triangle | #(P-orb) | Top trunc.
5] 1; 2, 3 5 |p=4,5,10
3] 2; 1, 232 5 p=10

TABLE 2. Side representatives for S(p, 7) groups

6. ORBITS OF COMPLEX 2-FACETS

In this section, we discuss how to list the conjugacy classes of mirrors of complex reflec-
tions in all triangle groups with parameters in Table 3.

The first observation is that the list can be read off any “reasonable” fundamental
domain; indeed let I' be a complex hyperbolic lattice, and let II be a closed, piecewise
smooth, finite-sided fundamental domain for I', in particular

(1) HZ = UyeryII and
(2) for every v € ', 4(II°) N II° = ().

where II° denotes the interior of II. We assume moreover that Il has a side pairing in the
sense of the Poincaré polyhedron theorem (see section 4.3 of [14], or section 3.2 of [13]).
Now assume R € I is a complex reflection with mirror m. Pick z € m, and let v € T’
be such that y(z) € II (see condition (1)). By replacing R by yRy~!, we may assume
mNII # (. Because of (2), we must have mNz C OII. In particular, we have the following.

Proposition 6.1. Every reflection in I' is conjugate to one fixing a complex 2-facet of 1.
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T (p,S2) groups

Triangle | #(P-orb) | Top trunc.
B3] 1; 2, 3 5
3] 232; 1, 3 5
[4] 3; 1, 2 5 p=>5
5] 2; 1, 232 5 p=4,5
)

T (p, E2) groups

Triangle #(P-orb) | Top trunc.
BT 2, 3 G
4] 232; 1, 3 6 p=
[4] 3; 1, 2 6 p=
4] 2; 1, 232 6 p=6
6] 313; 121, 3| 3 p=4,6

T (2,H;y) groups

Triangle #(P-orb)
B L 2, 3 12
3] 232; 1, 3 42
4] 3; 1, 2 42
7]2; 1, 232 42
[14] 2123212; 212, 31213 | 3

T (p, H) groups

Triangle #(P-orb) | Top trunc.
BT 2, 3 15
3] 232; 1, 3 15
5] 2; 1, 232 15 p=5
5]3; 1, 2 15 p=5
[10] (123)2212(321)%; 12121, 3 3 p=3,5

TABLE 3. Side representatives for T (p, T) groups

11

Moreover, we can easily check whether reflections fixing two different complex 2-facets
of II are conjugate in I', by tracking cycles in the sense of the Poincaré; moreover, the
Poincaré polyhedron theorem allows us to determine the full stabilizer in I" of every facet
(in particular complex 2-facets). This is part of what the computer program available at [§]
does systematically, and the results are summarized in the computer output files available

with the source code.

A slight subtlety is that the domains we construct in [14] are not fundamental domains,
but only fundamental domains for coset decompositions, with respect to a finite cyclic
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group generated by a regular elliptic element (P = R;J for S(p,7) groups, Q) = R1RyR3
for T(p, T) groups). In the next few paragraphs, we only discuss the case of S groups,
everything goes through for 7 groups, as long as we replace P by Q).

The domains used in [14] are of the form

U;LZOPj(H)>

where II is a true fundamental domain, n is the order of P. For future reference, we write
") = ur_ Pi(1I).

When all powers of P are regular elliptic, this is inconsequential, but when some power
is a complex reflection, we need to add extra conjugacy classes of complex reflections.

Proposition 6.2. Every reflection in a lattice ' = S(p,T) is conjugate to one fixing a
complex 2-facet of 1) or to one fizing the mirror of some complex reflection power of P
(and similarly for the groups T (p, T) with P replaced by Q).

It follows from the previous paragraphs (and the discussion of section 5) that the mirror
of every complex reflection in the group can be mapped via a suitable group element to
one in the following three families.

e The complex lines containing base polygons of various sides (all of these are mirrors
of conjugates of the three generating reflections);

e The complex lines containing the top 2-facets of the sides with truncated apex;

e Mirrors of complex reflections obtained as powers of P = R;J (for groups in the
S-family) or @ = Ry Ry R3 (for groups in the 7-family) that are complex reflections.

We call the corresponding complex 2-facets in these three families base 2-facets, top 2-
facets and central 2-facets, respectively. The list of base/top/central facets can easily be
deduced from the tables and pictures in the appendix of [14].

There are some obvious identifications between sides, coming from

e The side-pairing maps; these are all complex reflections fixing the base side.
e The action of P = R;J (for S groups) or Q = Ry RyR3 (for T groups).

Accordingly, the lists of the appendix in [14] only list one representative for each P-orbit
(resp. Q-orbit) of paired sides.

Definition 6.3. For future reference, we refer to the sides that are listed for a given
['="T(p,T) in the appendiz of [14] as side representatives for I'.

Moreover, when two sides s; and so appear in the appendix of [14], the only identifications
between s; and s9 can occur on their boundary (here by the boundary of a side s; contained
in a bisector B, mean boundary with respect to the topology on B induced by the topology
on HZ). The identifications on the boundary can be read off by tracking orbits of all
side-pairing transformations.

The details are difficult to write down on paper because there are many groups and each
polytope has many facets, so we only summarize the important points in Proposition 6.4
(which follows by case by case analysis, tracking the cycles of 2-facets systematically for
all fundamental domains).
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Proposition 6.4. (1) Let r and ro be distinct base or top complex 2-facets of (possibly
different) side representatives, and let x; be in the open cell given by the interior of
rj. Then x1 and x5 are not in the same I'-orbit.

(2) Let r be a base or top 2-facet of a side representative S. Assume S is not invariant
under any non-trivial power P? (for S groups) or Q7 (for T groups), and x1,x are
distinct points in the open cell given by the interior of r. Then x1 and x5 are not
in the same I"-orbit.

(3) Let r be a base or top 2-facet of a side representative S contained in a bisector B.
Assume S is invariant under R = P7 or Q’ (and let 7 > 0 be minimal with that
property); then R is a complex reflection whose mirror is the complex spine of B.
Points in r are I'-equivalent if and only if they are invariant under the action of
the cyclic group generated by R.

We think of these statements as giving injectivity for the quotient map on various (unions
of) complex 2-facets. Point (2) says that the interior of base and top 2-facets inject, unless
the side is invariant under a power of P (or @)). Point (3) says that if the side is invariant
under a power or P (or ), then the side is rotationally symmetric, and one gets a sector
(of angle given by the rotation angle of P7) that injects under the quotient map.

The exceptions to the injectivity statements as in (3) do occur for some of the groups
we handle in [14], they can be spotted by listing the sides whose P-orbit contains less than
Ord(P) elements (see the column headed #(P — ord)) for S-groups, and similary with P
replaced by Q for T groups (see Tables 2 and 3). For example, the side 2321232; 2, Q~1232Q
is depicted in Figure 2; a fundamental domain for the action of the rotation is a sector
with angle /3.

FIGURE 2. One of the sides for S(p, o5) is invariant under P°, with rotational
symmetry of angle /3.

7. TILING MIRRORS WITH IMAGES OF COMPLEX 2-FACETS

In this section, we study the mirror stabilizers for a representative of every orbit of a
complex 2-facet of II, and also of the mirror of complex reflection powers of P or @ (if
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any). Proposition 6.2 says that this will give us the list of all mirrors of complex reflections
up to conjugation.
The basic observation is the following.

Theorem 7.1. If m is the mirror of any complex reflection in R in T", then Stabr(m) is
a lattice in Stabpymy(m).

Proof: Every point on m can be mapped to JII by a suitable element of I', so m is tiled
by I'-images of complex 2-facets in JII. If s is a complex 2-facet of 7 and ~;(s) and ~5(s)
are both contained in m, then y,v, " € Stabp(m); II has finitely many complex 2-facets,
and each has a finite area, so Stabr(m)\m has finite area. O

Our goal is to make the corresponding lattices in PU(1,1) explicit. The proof of the
theorem suggests a method to make the stabilizer explicit; we will list complex 2-facets of
IT that are in the same group orbit, map them to lie in the same complex line m, in such
a way that their images in m glue nicely to give a fundamental domain for a lattice in
PU(1,1), with a well defined side-pairing.

Note that the difficulty is to find an explicit side-pairing, the fact that the images give
a (possibly disconnected) fundamental domain for the action of the stabilizer is automatic
(see Proposition 6.4 and the proof of Theorem 7.1).

We now give a list of explicit maps that bring the complex 2-facets back to a common
complex line. For top and central complex 2-facets, the stabilizers are all triangle groups,
and it is very easy to obtain a fundamental domain consisting of two adjacent triangles.

We treat the mirrors of the generating set of reflections Ry, Ry, R3 by a case by case
analysis for all families of groups in the list of Table 3 (the maps are given by the same
formula for various values of p within a fixed family 7 (p, T) of groups, even though the
facets themselves possibly depend on p via truncation).

For 8(p, 7) groups, we have JR;J~' = R;,1, so it is enough to handle the mirror of R;.
For most groups 7 (p, T), the mirrors of Ry, Rs and Ry are still images of each other under
a suitable group elements, because of the fact that br,(a,b) with n odd implies that a and
b are conjugate, because

b= (ab)""T alab)"T,
see also Proposition 4.1(2).

Indeed, the only family in the list of Table 3 where all braid lengths br(R;, Ry) with
Jj # k are even is the family of 7 (p, Eg) groups (see also Table 3 for the braid lengths
between generating reflections). For that family, we will handle both the mirrors of R; and
R;.

We list the results in the form of pictures in Figures 3-8. Note that the pictures are
intended to be only combinatorial, not metric (but coordinates/parametrizations for the
actual vertices/sides can be recovered from the labels on the pictures).

8. SIDE-PAIRING AND FUNDAMENTAL DOMAINS

Our goal is now to check how the puzzle pieces described in section 7 fit together to form
a fundamental domain for the stabilizer, and to find an explicit side-pairing; from this, one
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1232321 1323231
12321 2321232
232
1 23232 1 32323
1 232
37 2P223933
J
23232 32323 131323131 31913 1313121 121232121
2'32<I>‘523 1
9 4 323 131 3 121 121 232
FIGURE 3. Maps to the mirror of R; for groups S(p, 01)
12321 12321 2321232 12321
i i 2324232
1 232 L 232 _ 1 232
jl J 232 ji
L _ _ 3232 _
232 393 31213 232 323 31213
31213 1213121 232 323
1 1
9 3 ) - ) B / N\ 2 3 3 121
3 121 2 3 3 121 3 121 S( )
S(p, o4 P, 010
(p.04) S(p,05)

FIGURE 4. Maps to the mirror of R; for groups S(p,d4), S(p,05) and S(p, 10)

123212321 131
121 212
12321 2321232
3
1 3
1 232 ! 2 .
3123¢ 31233
31
121
232 3112113 3121213 213121312
1231321 3
1
2 3 313121312 31213 131 31213 31231313213 31213

FIGURE 5. Maps to the mirror of Ry for groups 7 (p, Sa)

easily deduces a presentation (via application of the Poincaré polyhedron theorem), as well
as the signature of Fuchsian groups.

We do this only for the mirror of base facets, the other ones are much easier (in fact, for
top and central complex 2-facets, the jigsaw puzzle has only two pieces) A fundamental
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1213121 12131213121

131 313 121 212
121@312131215 323 3
S 1 3 1 2
3 31213
‘*L s’ 32
5 312131213 12131213121 - S - R 55
232 12321 2321232 131 1 3212123 3221223
j i 312131213 1213121 2 2 2
2 : 1 232 313 3 32123 232
FIGURE 6. Maps to the mirror of Ry for groups 7 (p, Sa)
1232123212321 131
123212321 23212321232 121 212
3 212212
12321 2321232 ;7
1 3
9 21231213213
312 212
;125 31 i313212
121312131213
312131213 12131213121 232 32123 32131213
1
31213 1213121
2 31213 32123 31213

1521251

FIGURE 7. Maps to the mirror of Ry for groups 7 (p, Hy)

12121 1232123 21
12321 2321232
LZ; 2321
1 1?K5T?I7§5T
312 1)1)1 12;21
z;u
32123 31?37173713
232 312131213
3121213 3123213 2312
1
2 3 3121213 13132131 31213

FIGURE 8. Maps to the mirror of Ry for groups 7 (p, Ha)

domain (as well as side-pairing transformations) for each of the groups in Table 3 is given
in Figures 9- 17.

In a given family S(p, 7) with fixed 7, the pictures are very similar, note that the labels
do not indicate whether or not the polytope is truncated at that vertex. For example, for
groups S(p, 1), the vertex fixed by (RyRs)? is either e; K ey (for p = 3) or e; X (e; K ey)
(for p =4 or 6), see section 5.

9. APPLYING THE POINCARE POLYHEDRON THEOREM

In order to determine the stabilizer of a mirror (in restriction to the mirror), we use the
Poincaré polyhedron theorem; in fact only the 2-dimensional special case of that theorem
is needed (for a nice exposition of the special case, see [6]; see also [2]).
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\ [

3254131323 21232]l2
|

\\

(123232)%( (123232)%(

(12)*

21312 31213

17

\ . ) (123232)%( ‘}

2123212 < ’ 323131323

21312 31213

p=>6

FIGURE 9. Pairing for the stabilizer of the mirror of Ry, for S(p, o1) groups.

31213

p=12

FIGURE 10. Pairing for the stabilizer of the mirror of Ry, for S(p,d4) groups.

We work through a basic example in detail; the statement we prove in the next few
paragraphs is given in Proposition 9.1. In the end of this section, we briefly comment on

specific difficulties that come about in treating other cases.
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JPT232P%]

FIGURE 12. Pairing for the stabilizer of the mirror of Ry, for S(p, o19) groups.

Proposition 9.1. The stabilizer of the mirror of Ry in S(p,01) is a central extension

of a Fuchsian group of signature (0; L5, Lo 22 22 2020 wyth center of order p

' p=37 p=37 [p—4]’ [p—4]’ [p—6|’ [p—6]
(generated by Ry ).
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' 4(1213121312)*
(1213121312)?
k 31231313213

3123131§§1T

131Q2Q%31

£

D

(21)? (232123)%
(232123)%(21)(2131)*

.
{13, 3221923

p=4

FIGURE 15. Pairing for the stabilizer of the mirror

312313132013

p=>6

Iy, va\

{21)? (232123)%

1232123)2(21)2(2131)F

3221223

of Ry, for T (p, E3) groups.

19
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31321202212313

31213, i

\ /
\ 300 (13Q%) y’
\‘ ) s -

3

213)%1231321 \321281(3\232)‘

;
3123213

FIGURE 17. Pairing for the stabilizer of the mirror of Ry, for T (p, Ha) groups.

Recall that the statement about the signature means that the quotient of the mirror is
topologically a compact complex curve of genus 0 (i.e. a copy of Pl), with 6 cone points
of multiplicity given by -f5, -Fo, ‘p2_1’4‘, ‘p2_1’4‘, |p2_p6|, |p2_p6|) respectively. The fact that these
numbers are (either oo or) integers comes from the fact that the conditions of the Poincaré
polyhedron theorem for S(p, ;) are satisfied (see [14]). Note also that a cone point of co
multiplicity should actually be removed to get a punctured P..

Proof: (of Proposition 9.1)

We invite the reader to have a look at Figure 9 (page 17). For each relevant value of
p, the picture describes a geodesic decagon, with vertices that can easily be made explicit
(see the discussion in section 5, in particular for the issue of truncation).

The arrows in the figure indicate an explicit side-pairing for that polygon; the quotient
of the mirror of R; by the action of its stabilizer is then the quotient of the decagon under

the equivalence relation generated by the identifications of the side-pairing.




MIRROR STABILIZERS 21

The generic points on sides of the decagon are identified with one and only one other
point on a side, but vertices are usually identified with more than two vertices; to make
these identifications explicit, one needs to track the cycles of vertices.

It is easy to see from the identifications in Figure 9 that the fundamental domain for
the stabilizer of the mirror of Ry gives a cell-decomposition of the image of the mirror in
the quotient with 6 vertices, 5 edges and a 1 two-cell, so we get the the topological Euler
characteristic of the image of the mirror (possibly compactified when some vertices are
cusps) is

6—-5+1=2,
so the image has genus 0, and it is isomorphic to P¢. To figure out the signature of the
corresponding Fuchsian group, we need to compute the order of the vertex stabilizers for
all vertices of the polygon.

For example, let us describe how to treat the vertex labelled 21312. Recall that this has
homogeneous coordinates given by e; X Ry ' R 'es (this is a null vector in the case p = 6).
It cycle looks like the following:

—_ 3 R 5)2 _ 529\3 95\2 3\—1
6)  1,231312 125 1, 2123212 U2 1 93930 (1222702

Hence the cycle transformation at that vertex is
(12)7%(1232)72(123232) ~3(1232)2(12)?,

1,231312

which is conjugate to

(123232)73,
and the latter is a complex reflection in a point of order 2 (resp. 4) if p = 3 (resp. 4), or
a parabolic element if p = 6. It acts on the mirror as a rotation by angle 7 (resp. 7/2) if
p =3 (resp. p=4).

For this polygon, there is another cycle of the same nature (obtained by the automor-
phism of the lattice induced by (1,2,3) — (1,3,2)), as well as four cycles consisting of a
single point, namely those for 1,2, for 1,3, for 1,232 and for 1, 323.

The maps (12)3 and (13)? have the same order, they are parabolic for p = 3, and they
have order 4 (resp. 2) for p = 4 (resp. p = 6). The maps (1232)? and (1323)? have the
same order, they are parabolic for p = 4, and have order 6 for p = 4 or 6.

For p = 3, we get a Fuchsian group of signature (0;2, 2,6, 6, co, 00); more generally, the
signature for other values of p (and also other group orbits of mirrors) are listed in the
table of page 24. O

From the above discussion, we can also get a presentation for the stabilizer, which is a
central extension (with center of order p) of the corresponding subgroup of PU(1,1). The
resulting presentation for the stabilizer of the mirror R; in S(p, 01) is given in equation (7):

( 2, A(12)3,0(13)3 5 @(1232)2> A(1323)2 A(123232)3 5 4(132323)3 | z central , 27,
(7) == R S S =
p— p— p— rp— p— p—
@ 12)3° A(13)3° L(1232)27 F(1323)27 F(123232)2° “¥(132323)2 )
Note that the exponents that occur in the presentation are written as fractions, and
the denominator of that fraction vanishes for some value of p; when this happens, the
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corresponding exponent should be thought of as being infinite, and the corresponding
relation should be removed from the presentation. Note also that, when finite, the fractions
actually define integers, because the hypotheses of the Poincaré polyhedron theorem hold
(see [14] for more details).

We now briefly sketch the diffulties that are to be overcome for other families of groups.
The general method is the following, where I refers to a given lattice triangle group (see 3),
and m is the mirror of a given reflection a. We list a number of ressources we have for
finding maps that define a well-defined side-pairing for the polygon. For the simplest cases,
ressource (1) suffice (e.g. the example treated above).

(1) Find the obvious complex reflections fixing each vertex of the polygon (for the
mirror of a and vertex labelled b, consider (ab)* for the smallest & € N* such that
(ab)* commutes with both a and b, see Proposition 4.1).

(2) For each vertex v of the polygon, find Stabr(v) by tracking vertex cycles in the
fundamental polytope for I' described in [14], and deduce Stabsiap,(m)(v) by taking
the subgroup of Stabr(v) stabilizing m.

(3) Same as the previous ressource, replacing v by an edge e of the polygon. In some
cases, Stabr(e) contains a flip, i.e. an element of order 2 exchanging the edges of
e. In that case, subdivide the edge e and add an extra vertex in its middle.

(4) If the above still does not give a well-defined side-pairing, we consider sides stabi-
lized by a complex reflection spower of P or () as in Proposition 6.4 and replace
the corresponding complex 2-facets by sectors.

In the next few paragraphs, we sketch the specific difficulties of each family of groups in
Table 3.

e For the groups S(p, 01), ressource (1) gives the side-pairing transformations (12)3,
(13)3, (1232)2, (1323)% the reflections (123232)%, (132323)%, (121312)%, (131213)3
are not used (directly) as side-pairing transformations, since for these complex
reflections, the image of the polygon meets the original polygon only in a vertex.
However, the side-pairing transformation (123232)%(1232)%(12)3, which is a product
of well-chosen complex reflection as above, was found by guessing (based on a mix
of explicit computation and drawing pictures).

e For the groups S(p,d4), ressource (1) produces (12)% and (13)?, (1232)3, (1323)3,
(131213)3. The first two give side-pairing transformations, while the last three do
not (the image of the polygon intersects the polygon only in a point). Ressource (3)
gives the element 232P?, hence we subdivide the top edges in Figure 10.

e For the groups S(p, o), ressource (1) produces (12)% and (13)?; ressource (4) gives
232P?232, while J~'P7232P3J was obtained by combining (2) and (4).

e For the groups S(p, 019) we use ressource (1), and combine the complex reflections
to identify the vertical sides via (1323)?23232.

e For the groups 7 (p, S2) we use (1) and (2) (which gives the sides-pairing transfor-
mation for the bottom edge).
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e For the mirror of Ry for groups 7 (p, Ez), we use (1) and (2) (which gives the sides-
pairing transformation for the top edge). For the mirror of Ry, we use (1) and
combine the corresponding complex reflections in an intricate manner.

e For the group 7(2,H;) we use (1) and (2) and (4).

e For the groups 7T (p, Hy), which are by far the most complicated to handle, we use
all ressources.

10. SUMMARY OF THE RESULTS

In this section, we gather information on the mirror stabilizers for all conjugacy classes
of complex reflections in lattice complex hyperbolic triangle groups. For each group and
each orbit of complex reflection mirror, we list

e Generators for the stabilizer;

e The order of the fix point stabilizer of the mirror (see the column headed “Order
fix pt stab”);

e The signature of the corresponding Fuchsian subgroup, its orbifold Euler charac-
teristic and its area;

e The field Q(TrI'?) generated by tr(+?) for v in the Fuchsian group (seen as a sub-
group of SU(1,1));

e The arithmeticity of the Fuchsian group (A=arithmetic, NA = non-arithmetic).

Note that for the mirrors of Ry (or Ry for groups T (p,Ez)), the trace field Q(Tr['?) is
the same as the adjoint trace field of the ambient lattice, and the (non-)arithmeticity is
inherited from the ambient lattice.

This can easily be verified by a case by case analysis, for example by using the method
explained in [18].



24 MARTIN DERAUX

Groups S(p, o1)

Reflection ‘ Values of order p ‘ Generators
1 3,4,6 (12)3,(13)3, (1232)2, (1323)%, (12323 2)3, (132323)3
(12)3 46 1,2
(1232)2 6 1,232
Mirror of R = R,

p ‘ Order fix pt. stab ‘ Signature ‘ Xt ‘ Area ‘ Q(TrT?) ‘ A/NA

3 3 (0;2,2,6,6,00,00) | —8/3 | 167/3 | Q(v/6) | NA

4 4 (0;4,4,4,4,00,00) | —3 6r | Q(v2) | NA

6 6 (0:2,2,6,6,00,00) | —=8/3 | 167/3 | Q(v6) | NA

Mirror of R = (R Ry)?
p | Order fix pt. stab | Signature | ™ | Area | Q(TrI'?) | A/NA
1 (0:3,4,4)| —1/6 | 7/3 | Q A
6 2 (0:3,6,6)| —1/3 | 27/3| © A
Mirror of (R RyR3Ry*)?
p | Order fix pt. stab | Signature | x°® | Area | Q(TrI?) | A/NA
6 (0:2,6,6)]| —1/6| 7/3| Q A

W

(=)

11. HYBRIDS

Using the results of section 10, we can obtain a description of some lattices in the list
as hybrids (in the sense of [23], [16]). By this, we mean that we find two orthogonal C-
Fuchsian subgroups »; and X5 of I' such that »; U Xy generates I'. Here “orthogonal”
means that the complex lines preserved by the groups are orthogonal.

In this paper, we do not address the issue of arithmeticity or commensurability of the
Fuchsian subgroups of complex hyperbolic lattice triangle groups, but we do exhibit several
pairs of orthogonal C-Fuchsian subgroup that generate the ambient lattice.

Theorem 11.1. For p = 8 and 12, the group S(p,d4) is generated by the union of two
marror stabilizers; one can take the following pairs of reflections:

e Ry and (1232)3,

e Ry and (1323)%,

o R, and (131213)°.

Proof: Given the table on page 25, the first statement is that S(p, 7,4) is generated by 1,
232, (12)3, (13)3, (1323)2, 232(1J)%. This can be checked using computational group theory
software (GAP or Magma), using the command to compute the index of a subgroup.

The second statement is similar.

The third one is slightly different, but similar as well; we check that 1, 31213, (12)?,
(13)%, (1232)2, (1323)% and 232(1J)? generate S(p,74). Once again, we check this using
Magma.
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Groups S(p,74)
Reflection ‘ Values of order p ‘

Generators

1 3,4,5,6,8,12 | (12)%,(13)%,(1232)3, (1323)3,232P2
(12)? 5,6,8,12 1,2
(1232)2 8,12 1,232
Mirror of R = R,
p | Order fix pt. stab Signature xor? Area | Q(TrI?) | A/NA
3 3 (0;2,6,6,6) ~1 21 Q(v21) A
4 4 (0;4,8,00,00) | —13/8 | 137/4 | Q(\/7) NA
5 5 (0;10,10,10,10) | —8/5 | 167/5 | Q(1/228) | NA
6 6 (0;6,6,12,00) | —19/12| 197/6 | Q(v/21) | NA
8 8 (0;4,4,8,16) | —21/16| 217/8 | Q(v/2,v/7)| NA
12 12 (0;3,3,4,24) | —25/24 | 257/12 | Q(v/3,v/7) | NA
Mirror of R = (R Ry)?

p | Order fix pt. stab | Signature | x°° | Area | Q(TrI?) | A/NA

5 10 (0;2,5,5) | —1/10| 7/5 | Q(v/5) A

6 6 (0;2,6,6) | —1/6 | 7/3 Q A

8 4 (0;2,8,8) | —=1/4 | ©/2 | Q(+/2) A

12 3 (0;2,12,12) | —1/3 | 27/3| Q(\/3) A

Mirror of (R RyR3R; )3

P ‘ Order fix pt. stab ‘ Signature ‘ Xt ‘ Area ‘ Q(TrT?) ‘ A/NA

8 8 (0;2,3,8) | —1/24 | n/12 | Q(+/2) A

12 4 ‘(0;2,3,12) —1/12 | 7/6 | Q(V/3) ‘ A

25

Note that these generation statements are actually true for p = 3,4,5,6 as well, but
in those cases, the elements (1232)3, (1323)3, (131213)% are complex reflections in points

rather than lines.

With a similar proof, we get the following generation results.

O

Theorem 11.2. The group S(2,05) is generated by the union of stabilizers of the mirrors
of P° and 2321232. For p = 4, it is also generated by union of the stabilizers of the

following pairs of reflections:
e R, and (1232)%;
e Ry and (1323)%;
e Ry and (121312)%;
e Ry and (131213)°;

Theorem 11.3. For p = 4, 5 and 10, the group S(p,c10) generated by the union of the

stabilizers of the mirrors of
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Groups S(p, 05)

Reflection ‘ Values of order p ‘ Generators
1 2,3,4 (12)2,(13)2,232P5232, J~ 1 P7232P3J
(1232)° 4 1,232
ps 2,34 P7,2321232
Mirror of R = Ry

p ‘ Order fix pt. stab‘ Signature ‘ Xt ‘ Area ‘ Q(TxT?) ‘A/NA
2 2 (0;2,2,6,6) | —2/3| 47/3 | Q(V/5) A
3 3 (0;6,6,6,6,00) | —7/3|147/3| Q(+/5) NA
4 4 (0;4,6,12,00,00) | —=5/2 | 57 |Q(+/3,v5)| NA

Mirror of (RyRyRsRy")®
p ‘ Order fix pt. stab ‘ Signature ‘ X ‘ Area ‘ Q(TrI?) ‘ A/NA
1] 4 (0:2,4,5) | —1/20 | /10| Q(v5) | A
Mirror of R = P5

p‘Order fix pt. stab‘ Signature ‘ Xt ‘ Area ‘ Q(TrT?) ‘A/NA
2 6 (0;2,5,6) | —=2/15 | 47/15 | Q(+/5) A

3 6 (0;3,5,00) | =7/15 | 147/15| Q(V/5) NA
4 6 (0;4,5,12) | =7/15 | 147/15 | Q(v/3,4/5) | NA

e Ry and (12)°;
e Ry and (13)°.

For p =10, it is also generated by the stabilizers of

e R, and (1232)3;
e Ry and (1323)3.

Theorem 11.4. For p = 4 or 5, the group T(p,S2) is generated by the union of the
stabilizers of Ry and (1232)°.
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MIRROR STABILIZERS

Groups T (p, E2)

Reflection | Values of order p Generators
1 3,4,6 (13)2, (12)2, (131213)%, (121312)?
2 34,6 (21)2, (2321232, (2131)3, (23)3
(12)2 6 1,2
(13)2 6 1,3
(1232)? 6 1,232
(3121)3 4,6 3,121
Q3 3,4,6 Q, Q712321232

Mirror of R = R;

p ‘ Order fix pt. stab ‘ Signature ‘ Xt ‘ Area ‘ Q(TrT?) ‘ A/NA
3 3 (0;2,6,6,6) —1 27 Q A
4 4 (0;2,00,00,00) | =3/2| 37 | Q(+/3) | NA
6 6 (0:2,6,6,6) | -1 | 2r | @ A
Mirror of R = Ry
p ‘ Order fix pt. stab ‘ Signature ‘ Xt ‘ Area ‘ Q(TrI'?) ‘ A/NA
3 3 (0;2,6,6,6,00) —2 4 Q A
4 4 (0;4,4,00,00,00) | =5/2| 57 | Q(+/3) | NA
6 6 (0;2,6,6,6,00) -2 47 Q A
Mirror of R = (R Ry)?
p | Order fix pt. stab | Signature | x°® | Area | Q(TrI?) | A/NA
6 4 (0;2,6,6) | —1/6 | 7/3 Q A
Mirror of R = (R R3)?
p | Order fix pt. stab | Signature | x°® | Area | Q(TrI?) | A/NA
6 1 (0:2,6,6)| —1/6| 7/3 | Q A
Mirror of (R RyR3R;*)?
p | Order fix pt. stab | Signature | x°® | Area | Q(TrI'?) | A/NA
6 6 (0:2,6,6)]| —1/6| 7/3| Q A
Mirror of (RsRy Ry Ry )3
p | Order fix pt. stab | Signature | ™ | Area | Q(TrI'?) | A/NA
1 4 0:3.4,4) ] —1/6| 7/3| Q A
6 2 (0:3,6,6) | —1/3| 27/3| Q@ A

Mirror of Q3
p | Order fix pt. stab ‘ Signature ‘ ot ‘ Area ‘ Q(TrT?) ‘ A/NA

3 2 (0;3,3,00) | —1/3 | 27/3 Q A
4 2 (0;3,4,12) | —1/3 | 27/3 | Q(\/3) A
6 2 (0;3,6,6) | —1/3|27/3 Q A
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Groups T (p, Hy)

Reflection ‘ Values of order p ‘ Generators
1 2 (12)2, (1312131213)%, 313212Q3212313, (13Q33)?
Q* 2 Q,2Q°2

Mirror of R = R,
p ‘ Order fix pt. stab‘ Signature ‘ Xt ‘ Area ‘ Q(TrT?) ‘A/NA
2| 2 | (0:2,2,14,14) [ —6/7 | 127/7 | Q(cos Z) | A
Mirror of (3
P ‘ Order fix pt. stab‘ Signature ‘ X ‘ Area ‘ Q(TrI?) ‘A/NA
2| 14 | (0:2,3,14) | —2/21 | 47/21 | Q(cos Z) | A




MIRROR STABILIZERS

Groups T (p, Ho)

Reflection | Values of order p Generators
1 2,35 (123132)%, (132123)7, (13)3, (1232)%, (12), 2Q°2
(12)5 5 1,232
(1232)5 5 1,232
(312121)° 3.5 3,12121
Q? P Q-2212, 123212321
Mirror of R = Ry
P ‘ Order fix pt. stab ‘ Signature ‘ x? ‘ Area ‘ Q(TrI?) ‘ A/NA
2 2 (0; 5,10, 10) —8/5 | 167/5| Q(V/5) A
3 3 (0;2,2,5,6,6,15,15) | —=10/3 | 207r/3 | Q(cos 3Z) | NA
5 5 (0;2,2,5,5,5,10,10) | —16/5 | 327/5| Q(/3) | A
Mirror of (R Ry)®
p | Order fix pt. stab | Signature | x°® | Area | Q(TrI'?) | A/NA
5 2 (0;2,5,5) | —=1/10 | 7/5 | Q(\/5) A
Mirror of (R RyR3R;*)®
p | Order fix pt. stab | Signature | x°® | Area | Q(TrI'?) | A/NA
5 2 (0;2,5,5) | —=1/10 | 7/5 | Q(\/5) A

Mirror of (R3Ry RyRy Ry ' Ry)?

p ‘ Order fix pt. stab ‘ Signature | x°"* | Area | Q(TrI?) ‘ A/NA
3 3 (0;3,3,5) | —=2/15 | 47/15 | Q(V/5) A
5 1 (0:5,5,5) | =2/5 | 4r/5 | Q(V/5) A
Mirror of (3
P ‘ Order fix pt. stab ‘ Signature | x°"* | Area | Q(Tr[?) ‘ A/NA
2 14 (0:2,3,10) | —1/15| 27/15| Q(V/5) | A
3 14 (0;3,3,15) | —4/15 | 87/15 | Q(cos 22) | A
5 14 (0;3,5,5) | —4/15 | 87/15| Q(V/5) A
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