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MAGNETIC FIELDS
AND MORSE INEQUALITIES

FOR d"-COHOMOLOGY

by Jean-Pierre DEMAILLY

0. Introduction.

Let X be a compact complex analytic manifold of dimension n, F' a holomorphic fiber
bundle of rank r, and E a holomorphic line bundle with a hermitian structure of class €*°
on X. Let D = D'+ D" be the canonical connection of E and ¢(E) = D? = D'D"+D"D’
be the curvature tensor of this connection. Let us denote by X(gq) , 0 < ¢ < n, the open
set of points of € X that are of index ¢, i.e. the points at which the (1,1) curvature
form ic(F)(z) has exactly ¢ negative eigenvalues and n — ¢ positive ones. We also set

X(<q)=X(0)UX(1)U...UX(q).

We then prove the following Morse inequalities, which bound the dimension of the coho-
mology groups H?(X, E¥ ® F) in terms of integral invariants of the curvature of E.

Theorem 0.1. — When k tends towards +o00, one has for allq =0,1,...,n the following
asymptotic inequalities.

(a) Morse Inequalities :

n

dim HY(X, E* @ F) < r% /X(q)(—l)Q<ic(E))n + o(k™).

(b) Strong Morse inequalities :

- a—7J d; J k" q é " n
S (1)1 dim HI (X, B* @ F) < ro /XKq)(—l) (5-c2)" + ok

J=0

. s 1/ s s o 1:
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(c) Asymptotic Riemann-Roch Formula :

n

;}(—1)11 dim HY(X,EF ® F) = r% /X (%c(E))n + o(k™).

Estimates 0.1 (a), (b) are new to our knowledge, even in the case of projective varieties.
Asymptotic equality 0.1 (c), quand a elle, est une version affaiblie of the theorem of
Hirzebruch-Riemann-Roch, which is itself a special case of the Atiyah-Singer index theo-
rem [1]. The latter theorem allows indeed to express the characteristic of Euler-Poincaré

X(X,E* @ F) =) (-1)'dim HY(X,E" © F)

q=0

in the form

k,TL
(0.2) XX, EY @ F) = r—ci(E)" + P (k) ;
P,_1(k) € Q[k] here designates a polynomial of degree < n — 1 and ¢;(E) € H*(X,Z)
is the first class of Chern de E, represented in De Rham’s cohomology by the closed
(1,1)-form 5-c(E) (cf. for example [16]). It can be observed that the numerical constant
of the inequality 0.1 (a) is optimal, as shown by the example of the total tensor product

fiber Xq above X = (P}(C))™ . For this fiber, we have indeed X (q) = X and

dimHY(X,E*) = (k+1)" (k- 1)1,k > 1,

/X (%C(E))n — (—1)n!.

The existence of a 0.1(a) surcharge was speculated by Y. T. Siu, who has successively
demonstrated the case where ic(F) is > 0 in the complement of a particular set of measure
zero [16], then the case where ic(F) > 0 over X [17]. We have borrowed from Siu a part
of the techniques used here, especially at§3 and§5. The proof of theorem 0.1 is based on
the method analytical approach recently introduced by E. Witten [18], [19]. This method
allows (among other things) to redemonstrate the classical Morse inequalities b, < m,
on a compact differentiable variety M , where b, designates the g-th number of Betti
and m, the number of critical points of index ¢ of any Morse function on M . In our
situation, the role of the Morse function is held by the choice of the Hermitian metric on
E . We provide other part X and F of arbitrary Hermitian metrics, which will intervene
only in the o(k™) terms of the estimates finals. Given a real A > 0 , one can considers
the 33 (A) sub-complex of the Dolbeault €3, (X, E¥ ® F) des (0,q) -forms of class €
on X with values in E* ® F |, generated by the Laplacian’s own functions antiholomorph
A" whose eigenvalues are < kA . The cohomology groups of the Hf(\) complex are then
isomorphic to the H9(X, E* @ F) groups (proposal 4.1), so that it is enough to know
how to limit the dimension of the spaces H7 (\) . For this, two tools are essentially used.
The first tool consists of a Weitzenbock type formula

2

1
(0.3) —/ (A"u,u) = / —|Viu + Sul® — (Vu,u) + 1(@u,u)
k ok k
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demonstrated at§3, and derived from the identity of Bochner- Kodaira-Nakano non-
Kihlerian [6]. V) designates here the natural hermitian connection on the A®9T*X @
E* ® F fiber, Cy is a linear potential of order 0 related to the curvature of the fiber na ,
finally .S and © are operators of order 0 from the twist of the Hermitian metric on nf and
curvature of F' . The study of the spectrum of ng is is thus brought back to the study of
the spectrum of the associated self-adhesive operator ViV to the actual connection V,
. The second tool fundamental consists precisely of a fundamental theorem very general
spectrum relative to the operators of the type nj . Let nk be a riemannian variety nl
of real dimension nm , nn a fibrous in complex straight lines above X | provided with
a connection hermitienne V . If nq designates the connection induced by V on EF | we
then study the spectrum of the quadratic form

(0.4) O (u) = /Q (%\vkuﬁ - V]u\2>da, we L2(Q, BY)

for the Dirichlet problem, where €2 is a relatively open-ended compact in M , and where
V' is a continuous scalar potential on M . From a physical point of view, this is equivalent
to studying the spectrum of the operator of Schrédinger %(v;;vk — kV') associated with
the electric field kV and the magnetic field kB , where B = —iV? is none other than
the 2 -form of curvature of the connection F'd . It is in the presence of this magnetic
field that our main contribution to the method of E. Witten [18], [19] (in the case of the
cohomology of De Rham the magnetic field is always zero since Fe ).

At any point x € X , that is 2s = 2s(z) < n the rank of B(z) and By(x) > ... > Bs(z) >
0 the non-zero eigenvalue modules of the associated antisymmetric endomorphism. We
define a function Fj of couple Fk , continues at left in A , by posing

n

2s—nﬂ.—% n_g
0.5 N=-—""_B/ .. B, A—S"(2p; +1)B;]?
©05)  on = =gy Br B Z)EN[ >_(2p; + 1B,
P1,..-sPs s

with the convention Fn . Finally, if Fo denote the eigenvalues of Qi (counted with
multiplicity), we consider the enumeration function Fq , Fr .

Theorem 0.6. — If 02 is of zero measurement, there is a countable set 0 < g < nd such
as

lim k%Nk(A):/uB(VJr)\)da
Q

k——+o0

forall e R\ D .

To demonstrate the 0.6 theorem, we start by studying the case of simple where F'w
with a constant magnetic field F'x and with F'y . When Fz is a cube, then we know
how to explain the own functions by a partial Fourier transformation that brings the
problem back to the classic oscillator problem harmonic in one variable. The idea of
this calculation was strongly inspired by articles [3], [4] of Y. Colin from Verdiere. The
extension of the result to the case of a field any kind of magnetic takes up an idea from
[16], consisting of to use a paving of 2 by rather small cubes. Our method is nevertheless
very different the one of Siu, since we work directly on the harmonic forms while Siu
was reduced to the holomorphic cochains via the isomorphism of Dolbeault. We thus
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gain a lot of precision on the estimates sought. The side of the cubes must be chosen
here with a order of magnitude intermediate between k=2 and k1 , for example k=3
k=2 is indeed the wavelength of the the first proper functions, so that the action of the
field magnetic rf is not perceptible at a scale lower ; above k1 , the oscillation of B
is on the contrary too strong. We finally use the principle of minimax to compare the
eigenvalues on €2 to the values clean on the cubes. In the ante’rieure method of [16] (as
it was used in the is repeated in [7]), the size of the cubes was chosen equal to to k=2
one can easily see that this choice was critical to allow the effects of the magnetic field
to be limited. independently of k , but the exact determination of the spectrum became
impossible. The last paragraph is devoted to the study of geometrical characterizations
of spaces of MesSezon [13]. Recall that a compact analytical space irreducible X is
called ego spacesezon if the body K (X) of the meromorphic functions on X is degree of
transcendence = n = dim¢ X . The conjecture of Grauert-Riemenschneider [10] states
that X is Mesezon if and only if there is a quasi-positive beam & Row 1 without torsion
above X . By de-ingularization, we come back to the case where X is smooth and where
€ is the locally free bundle of sections of a fibrous material straight F strictly positive on
a dense open X . Y.T. Siu [17] has recently resolved the conjecture and strengthened it
assuming only ic(F) semi-positive and > 0 in at least one point. The use of theorem 0.1
(b) makes it possible to find the following conditions geometrically even weaker, which
do not require the ry’s semi-positive point activity, but only the positivity of an integral
curvature oertain. For ¢ = 1 , the inequality 0.1 (b) indeed implies a minusing of the
number holomorphic sections of E¥ | namely:

kn 1 n
(0.7) dim HO(X, E%) > © / (lc(E)) — o(k™).
On the other hand, we can show, using classical Siegel reasoning 15] formatted by [16]
that dim H°(X, E¥) < cte- k"1 if X is not of Mesezon (cf. theorem 5.1). From there it

results in the

Theorem 0.8.— Let X a variety C -analytical compact related dimension n . For Eh
to be of Mesezon, it is enough that X has a holomorphic fiber in Hermitian straight lines
verifying one of the hypotheses(a), (b), (c) below.

(a) fx(<1)(iC(E))n > 0.
(b) c1(E)™ > 0, and the shape of curvature El has no even index pointEm .

(¢) ic(E) is semi-positive at any point of X and defined positive in at least one point

of X .

This work was the subject of a note [8] of the same title, published in the Comptes
Rendus. This article is a version improved from a previous memory [7|, which was
closer to Siu’s initial techniques, and which demonstrated only the inequality 0.1 (a)
to the constant to the nearest numerical value; therefore, the estimates 0.1 (b) and (c)
remained inaccessible.

The author would like to thank Mr. Gérard Besson, Mr. Alain Dufresnoy, Mr. Sylvestre
Gallot and especially Yves Colin de Verdiere, for de Stimulating conversations that con-
tributed greatly to the fitness experience definitive ideas of this work, especially in the§1.
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1. Spectrum of Schrodinger operator
associated with a constant magnetic field.

Let Eq a riemannian variety of class Er , of real dimension n , and £ — M one fiber in
complex straight lines above M , provided with a hermitian metric E'v . Note C3°(M, E)
the space of the class sections €*° of the fibered AT*M ® E , and Ez the coupling
canonical sesquilinear

Co(M, E) x C°(M, E) — €3

p+q

(M, C).

It is assumed to give a hermitian connection €*b on C*c, c’est-a-dire un opérateur
difféorder frame of order one

D:Cr(M,E) — C1 (M, E), 0<qg<n,
verifying identities

D(f ANu)=df Nu+ (=1)"f A Du,
d(ulv) = (Dulv) + (=1)"(u|Dv),

for all sections C*f , C*g , v € C°(M,E) . Let’s consider a trivialization isometric
0: Ew — W xCof Fover aopen W C M . The hermitian connections of Fjy are
then all given by the following formula :

Du = du+ 1A N u,

where u € C°(W, E) ~ €x°(W,C) and where A € C3°(W,R) is a 1 -formreal arbitrary.
Themagnetic field (or shape of curvature) associated with the connection D is the 2 -
real closed form B = dA such that

D?*u=1iBAu

for all u € C°(M, E). v therefore depends only on the connection C*w , but not of
the selected trivialisation €°x. A change phase u = ve’® in  leads to replace Xa by
A+dp . The choice of a trivialization of F and 1-form A is interpreted physically as the
choice of a potential particular vector of the magnetic field B .

Let us designate by |u| the point norm of an element u € AYT*M ® E for the tensor
product metrics of the metrics of M and E . If  is an open of M , we note L?(Q), E)
(resp. Xn ) the space L? of the sections of E (resp. of AYT*M ® E ) above of ), with

the norm
Julfy = [ JuPdo,
Q

where do is the Riemannian volume density on M .

Let Dj, be the connection induced by D on the tensor power k-th E¥ | and V a scalar
potential on D = D’ + D"a , i.e. a function actual continues. Given a relatively compact
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open () C M | we propose to determine asymptotically when k tends towards 4oco the
spectrum of the quadratic form

(1.3) QQ$&O::A;(%M%UP—JVWF>dU

where D = D' 4 D"f , with Dirichlet condition ujpo = 0 . The domain of Qq is
therefore the Sobolev space W (€, E¥) = closure of the space D(2, E¥) of C° sections
of E¥ with compact support in € in the space W' (M, E¥). From a physical point of
view, this amounts to study the spectrum of the Schrodinger operator %(DZDk —kV)
associated with the magnetic field kB and the electric field kV , when k tends towards
+0o . We let us refer the reader to the classic article [2] for a study general spectrum
of the Schrodinger operator, and to works [3], [4], [5], [9], [12] for the study of problems
asymptotic neighbors of the previous one.

Definition 1.4.— This is designated by Nq ,(\) the number of eigenvalues < A of the
quadratic form Qq. -

We will first study a simple case that will serve as a model for the general case at§2. We
are in the following situation : M = R™ with the constant metric g = >°7_, dz? , Q is
the side cube r :

r
a)

Q:{(wl,...,xn)eR”; lz;| < 5

1<j<n},

V =0, and finally the magnetic field B is constant, equal to the 2 - alternate form of
rank 2s given by

B = ZBj dl‘j N dfllj+s,

J=1

with By > By > -+ > B, > 0, s < 5. You can then choose a trivialization of £ whose
associated vector potential is

A= Z Bj.fl,‘j dxj+s.
J=1

The connection of Fk is written as follows
Dyu = du+ ikA N u,

and the quadratic form Em is given by

Qo =7 [

where Fo is the measure of Lebesgue on Ep . If one performs the homothety X; = VEk x;
, we are reduced to study the eigenvalues of the quadratic form

ou |2 0 , 2 ou |2
/mL; (el + 52 + ) + | ]du

\j\S

(\ ou 2+ ou

2 ou 12
— kB, ‘ — | |d
8$j axj+s o o ) " J'>Z25 8.’L’j ] 8

IS
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on the side cubes Et . on the field Fu , we associate the function of the real variable \
defined by

S

LY 7
(pl,-n,ps)ENS

where one poses by convention Ex if Ey and X\ = 1si ¢(F) = D* = D'D" + D"D'a .
The function ¢(E) = D? = D’'D" + D" D'b is then increasing and continuous to the left
on R ; one will observe that vp is actually continuous if s < & . The spectrum of Qq  is

then described asymptotically by the following theorem, of which the idea was suggested
to us by Y. Colin of Verdiere [4].

Theorem 1.6.— Let R be a realc(E) = D* = D'D" + D"D'h ,

P(R)={z e R"; |z)] < g}

the side paving stone R , Qr the quadratic form

ou

W= Lé (2, 2] "

and < A the number of eigenvalues < A of Qgr for the Dirichlet problem. So for all
A € R we have

2 n ou
Ojys

—|— iBjacju

2 ou
N

Rl_l)I}_looR NR()\) = I/B()\).

When s = 5 , vp is a step function. The eigenvalues of Qg are thus grouped in packets
around the values ) " (2p;+1)B; , with approximate multiplicity (27r)~*B; ... BsR™ . This
can be interpreted physically as a phenomenon of eigen-state quantification. Returning
to the initial problem of the quadratic form ¢(E) = D? = D'D"” + D" D'w , we get the

Corollary 1.7.— lim k™2 Ng(\) = r"vp()) . ad

k—+o00

Demonstration of theorem 1.6. —First we try to increase Nr(\) . To this end, being given
X (q)a , one expresses X (q)b as a series of partial Fourier with respect to the variables

Ls+1y--+yTn

1 27
u(z) = R—2("%) Z ug(z') exp <%Z€ : x")
gezn—s

where u, € Wi (R* N P(R)) , with the notations

v =(r1,...,15), 2" =(Ts41,...,Tn),

(-2 = glxs—i—l + o+ En—sxn‘

The u € W3 (P(R)) hypothesis implies that the series

D 1P ug(a”)?
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is in L*(R®) . Let’s put £/ = (¢1,...,45) , £" = (bog1,---ln—s) . |lullpr) and the
quadratic form Qi are given by

lil2 = 3 / g (') dua’),

gezn s

8Ug 27 2 2 4 12 2
Z / [ ' (axj +<§£J "‘BJ%) |uel )‘Fﬁw " e

gezn s

du(z").

We therefore get a Dirichlet problem at "separate variables" on the cube R* N P(R) . By
posing X (q)p , we are brought back to study the spectrum of the form quadratic of a

variable if 12
o) = [ (|5] +Beise)a

with f € Wg(]-ZL&[+ ?{Wé ) . So we come back to the problem classic harmonic
oscillator (see for example [14] Vol. I, p. 142). On R , i.e. without support condition for
[, the sequence of values of ¢ is the suite (2m + 1)B; , m € N, and the functions of g.
are given by ®,,(y/B;t) where ®, , ®1,... are the functions of Hermite :

2, d™ 2
Din(t) = e /2o (e™h),

For all p; € N, note ¥, ¢ (x;) the p; the p; -third. proper function of the quadratic
form

(18) )= [ (| + (3t + By 17

for f e Wg(]—££[), and Ap;.¢; the corresponding eigenvalue. We can then decompose
each function u, as a series of own functions, which leads to write u in the form

2
(1.9) u(e) = RO Ny Wy (o) exp ;;e 2
(p,£)EN® xZn—*
with
up,e € C, Uy (@ H Wy,
1<5<s

We will take care of the fact that W, »(z') exp(25¢- ") is not not a real proper function
for the Dirichlet problem, because the term exponential takes non-zero values at the
edge points x; = j:% , 0 < ¢ < nn. Therefore, the coefficients (u,¢) are not arbitrary
if w € Wi (P(R)) ; they must check the cancellation conditions at the edge:

(1.10) > (1) =0

t; €7
for all j =1,...,n — s and all indices other than ¢; fixed :

pENS, 517...,£j_1, €j+1,...,£n_SEZ.
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With the writing (1.9), the norm L? and the quadratic form Qg are expressed in the
form of

472
||UH§3(R) = Z |Up,£|2, Qr(u) = Z <)‘M’ + ﬁwq?) |“p,€|2a

where A\p o = >, <j<s Ap;t; - The principle of the minimax 1.20 (b) recalled below shows
that

4 2
(1.11) NR(A) < card {(p,€) € N* x Z"*; Xy + 12 < A}
It is therefore sufficient to obtain an adequate reduction of A, 4. .

Lemma 1.12. = We have inequality

Ap;,0; = Max ((2pj +1)B; 4R_7T22 [(%TH)Q + <|€j‘ - Bi:LQ)ﬂ)’

and this one is strict if £; # 0 or if Xc .

The Ay, ¢, = (2p; + 1)B; reduction results in fact of the minimax and the fact that the
eigenvalues of ¢(f) on R are worth Xg . To obtain the other inequality, we minimize
(1.8) by the quadratic form

~ df |2 2 RA\2
q(f)=/'<R/2 Q% +(§ﬂ|£j|—3j§>+|f|2>dl‘j~

The specific functions of ¢ are the functions

LT R
Slnﬁ(ﬁj +1)<%’+ §>, p; € N

Ap,.t; is therefore reduced by the corresponding eigenvalue :

B () B

R? 2 / dr )41

The inequalities are strict because on the one hand ¢(f) > q(f) for any °on , and on the
other hand Xo cannot be proper function of ¢ on | — R/2, R/2[ + 2n{; /RB; only if

By, (+ Ry, /2 + 2t/ R/B;) = 0.

Since the zeros of @, are algebraic and  is transcendent, this is only possible if

(=0 et @, (R\B,s/2)=0. O

Lemma 1.13.— Let Xv the number of points of Z" located in the closed ball B(0,p) C

R™ . Then " /i n Jn
T2 n\" 2 n\"
m(ﬁ—7> <Tlp) S 5T > :

N

1
+ rE VT2
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Indeed, the meeting of the side cubes 1 centered at the points x € Z™ such that |z| < p

is contained in the ball B(0, p + \/Tﬁ) , and contains the ball B(0, p — ‘/Tﬁ) si ge , because
gf is the half-diagonal of the cube ; the integer 7,,(p) is thus framed by the volume of the
balls gh . O

We now enhance limsup R~ Ng(A) using (1.11) and the lemmas 1.12, 1.13. For ¢j fixed,
inequality A, oo + %W 12 < X\ implies

(NI

R
(1.14) 1< 5o (A =D+ 1By

and the inequality is strict for gm big enough. When s < n/2 the number of corresponding
multi-indices go is so at most gp When s = 3, this number must be counted as qr. if
A— > (2p; + 1)B; > 0 and 0 if not, which is well in conformity to the convention we
adopted for the rating )\gL . Inequality A, »» < A implies on the other hand

R B;R? )
(1.16) 6] < 5oV + iw ;o I<jss,

which asymptotically corresponds to a number of multi-indices gx equivalent to

> B,R?
(1.17) 1T ; =27°717°B; ... B,R*.
e

J=1

The gz increase is obtained by then by performing the product of (1.15) by (1.17), and
summing for all p € N* (the sum is finite). O

For questions of convergence that will take place at the§2, we will also need to know a
field-independent Ng(\) increase magnetic B . One Such a uniform estimate is provided
by the following proposal.

Proposition 1.18. — Ng(\) < (R4 +1)™.

Demonstration. — For each index j is increased the number of integers x € Xf and
x € Xg such as inequality

42
Aper + ﬁW"P <A

takes place. The lemma 1.12 implies

Ay R
card{p; } < max(p; +1) < min (B—+, —\/)\+>, 1<j<s,
7 ™

while (1.16) results in

B;R?
card{li}gﬁ Ay + it
7r

+1, 1<) <s.
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We deduce therefore for 1 < j < s:

R 2 A\ BR* R
Card{(pj,lj)}<<;\/)\+> —I—B_—’_";—ﬂ'—}_; )\_|_'1§(R\/)\++1)2
J

For z € Xm , the inequality (1.14) gives on the other hand

R
l; —/A
| Jl < 21 ’
hence card{l;} < %\/)\+ + 1. Proposition 1.18 follows. O

End of the demonstration of the theorem 1.6 (minus = € Xp ).

To minimize © € Xq , it is sufficient to construct a vector space of finite dimension on
which Qr(u) < )\||u||§3( ry - We consider for this vector space F of linear combinations
of "own functions" of the type (1.9), subject to the conditions of cancellation on board
(1.10), and summoned on the (p, ) € N® x Z"~° indices such as

472
Ap,er + ﬁlﬁ”ﬁ < A

Based on the reasoning in Proposition 1.18, the number of conditions (1.10) to be carried
out is increased by

S

Z{card{pj}x H card{(p;, £;)} x H Cal"d{ei}:|

7j=1 1<i<s, i#7] s<iL<n—s
+ ) { [T card{(:, )} x ] card{ﬁ,-}} <n(Ry/ Ay + 1)L
s<j<n—s -1<1<s s<i#j

The integer © € Xw is therefore increased by
dimFy > card {(p, £) € N* x 27 Mo + S 072 < A} — O(R™?
im ¥y > card | (p,{) € X ; pl’ﬂLﬁ\ < = O( )-

By combining the minusing of lemma 1.13 with the lemma below, inequality
liminf R~ Ng(\) > vp(A) then results from calculations similar to those we have ex-
plained to obtain the increase of Np(\) .

Lemma 1.19. = Letp € N° a fized multi-indice. Then there is a constant C = C(p, B) >
0 such that

S

Mo < (14 ) S0 + 1B,

j=1
P2
when [4;| < (1 — R™3) | ic(E)(x)e .
Demonstration. — We use the minimax again and do that the functions of Hermite

®,(/B;t) are a good approximation of the eigenfunctions of ¢ over any interval enough
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large center ic(E)(x)h . When |{;] < (1 — R™2) and zj €] — & L[ the variable

ic(E)(x)k that appears in (1.8) descrlbed in (1.8) indeed an interval containing ic(E)(x)!

. So we have A\, . < Ap, where (Ap,)men is the continuation of the eigenvalues of the
quadratic form

0= [ |2+ worisela rewi(]- L))

Let xr a function tray to support in [— \/TE, \/TE} , equal to ic(E)(z)r on [— TR, TR} ,

which is derived from is increased by 5/ VR . For any linear combination

= Z Cmq)m(\/B_jt)7

mp;

the exponential decay of the ®,, functions to infinity implies for ic(E)(z)w quite big
inequality

151 < (1+Cres (= ) Ieas]

where Cy = Cy(p;, Bj) > 0. We deduce therefore:

- - d
icrf) <alf) + /|t|>m4 (ﬂ\f—f + §|f|2) dt

<21“(f)+/|t|>f/4 (R‘ ‘ +25(1+ )|f|2)
< (1+ L) < (1+ 2 en + 0B, 171
< (1+3) @0 + DB, lxas
This gives qa . O

For the reader’s convenience, we now state the principle of minimax in the form in which
it has served us.

Proposition 1.20 (minimax principle, see [14], Vol. IV, p. 76 and 78).— Let Q be a
quadratic form with dense domain D(Q) in a space of Hilbert H. We assume that Q is
bounded from below, i.e. Q(f) = —C||flI?> if f € D(Q) , that D(Q) is complete for the

Ifllo = [RUA)+(CH+V)|IfI?)> norm, and finally that injection (D(Q), || @) = (3¢, ] )

is compact. Then Q) has a discrete spectrum Ay < Ao < ..., and we have the equalities :

(a) Ap = min max  Q(f),

FCD(Q) feF, | fl=1

where F' describes the set of subspaces of dimension p of D(Q) ;

b) A = max min ,
(B) A1 = max - mim_, QW)

where F' describes all the Q-closed subspaces of codimension p of D(Q) .
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2. Asymptotic distribution of the spectrum
(case of a variable field).

Again, we place ourselves within the general framework described above. at the beginning
of the§1. Our objective is to study the spectrum of the form quadratic Qq. (see (1.3))
in the case of a magnetic field B and any V' electric field. For any point qz , or

(2.1) B(a) = Z Bj(a)dx; N\ dzjis
j=1
reduced writing of B(a) in a suitable orthonormal base (dxy,...,dz,) of < 0d , where

< 0e is the row of B(a) , and where < 0g are the non-zero eigenvalue modules of
endomorphism associated antisymmetric. Equality of definition 1.5 allows you to view
vp(\) as a function of the torque (a,\) € M x R . We will need also to consider the
function < 0j , continuous right in < 0k , defined by :

(2.2) vp(\) = oilgo v(A+e).
We then demonstrate the following generalization of the corollary 1.7.

Theorem 2.3.
When k tends towards +o0o , the number Nq i(\) of eigenvalues < X of Qq. checks the
asymptotic framing

/ vp(V 4+ N do < liminf k2 N 1(\) < limsup k™2 Ng x()) < / vp(V + )\)do.
Q Q

The \ — fQ vp(V + X\)do function is increasing and continuous to the left ; therefore it
has at most one set D countable points of discontinuity. The < Ou set is also empty if
< 0v s odd, because < Ow is then continuous. From this, we immediately deduce the

Corollary 2.4.
It is assumed that OS) is zero measurement. So

lim k_%NQ’k()\):/VB(V—F)\)dO'
Q

k—+oco

for all < 0z, and density measurement spectral k== %Ng’k()\) converge weakly on R to
4 JovB(V 4+ X)do . If n is odd, the limit measurement is diffuse. O

The following lemma shows that the integrals of theorem 2.3 have well a sense.

Lemma 2.5.

(a) We have the inequalities

ve(A) <7(A) < A2

(b) vp(V) ( resp. vp(V)) is semi-continuous lower ( resp. upper) on M .
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(c) At any point (n — q)l where s(x) < % we have (n — q)n and vp(V),vp(V) are
continuous in T .

(d) Ifn is odd, vg(V) =vp(V) is continues on M .

n
2

Demonstration. — (a) We always have (A= (2p; + 1)Bj)_%_s < A2, and the number
of integers p; such that A — (2p; + 1)B; or > 0 is increased by % . As the numerical
quantity shown in (1.5) is increased by 1 , the inequality (a) follows.

(b, ¢) Rank s = s(x) is a semi-continuous function below on °va , and the eigenvalues
> 0b , prolonged by Bj(x) =0 for j > s(x) , are continuous on > Oe . As the function
t >t (resp. t — (t+0)%) is semi-continuous lower (resp. upper), the semi-continuity
of vg(V') and (V) is a problem only at points a € M in the vicinity of which s(x) is
not local constant. At such a pointa € M , we necessarily have s(a) < 5 , so > 0n ; we
are going to then show that vg(V') and v (V') are continuous in > 0q . The continuity
of Bj gives > 0s for j > s(a) . If the integers p1, ... ,ps(q) are fived, the summation in
(1.5) may be construed as a sum of of Riemann’s complete works on R®)=s(a) " and we
have therefore the equivalent :

2 —s(x)
> (v - en+1B@)]
(pj; s(a)<j<s(w))
s(a) s(x) o —s(x)
~ / lV(a) =) @pj+1)Bja)— Y 2thj(x)] dt
teRs(z)—s(a) j=1 j=s(a)+1 +
2 —s(a)
2= (V (@) = S(2p; + 1)By(a))
(2 -s(@)+1)- (2 —5(a)Bs(a)+1(z) - By (@)
Therefore, we get :
1i_r>n vp(V)(z) =ve(V)(a) = liin vp(V)(z).
(d) Is a special case of (c). ad

The demonstration of theorem 2.3 is essentially based on on two ingredients : first of all
a principle of localization asymptotic of the eigenfunctions, which is obtained by applying
direct from the minimaz (proposal 2.6) ; on the other hand, knowledge of the minimaz is a
explicit spectrum of the associated Schriodinger operator spectrum to a constant magnetic
field (see §1). The principle of Indeed, the localization allows to get back to the case of a
constant field. by using a paving of Q by quite small cubes.

Proposition 2.6.
(a)
it If Qq,---,Qn C Q are open 2 to 2 disjointed, then
N
Nok(A) = Noj k(A

J=1
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(b) Let (£2)1<j<n an open overlap of Q and
X(<q)=X0)UX(1)U...UX(q).

f a system of functions 1y € C°(R™) to support in Q , such as than " ¢J2 =1onQ
. We pose

N
C(y) = sgpz ;|
j=1

So

Mz

Nok( Ny <>\ + C(l/}))

J=1

Demonstration. — (a) Let F be C - vector space generated by the collection of all the
functions proper to the quadratic forms

X(<£g=X0OUX(1)U...UX(q).
0,1<j< N, corresponding to eigenvalues < A . F is of dimension
N
dimF =" No, x(})
j=1

and for all
X<£g=X0OUX(1U...UX(q).

t, we have
N
Qa.k(u ZQQ k Z)\HUH%; = Aull§
=1
The minimaz principle therefore shows that the eigenvalues of Qq i of index < dimJ are
X(£q=X0UuX(1)u...UX(q).

z , from where inequality (a).

(b) For every u € W}(Q, EF) it comes

> IDk(yu)? Z\%Dkw(d%) * = |Dguf? + Y diy Pluf?
j

J

because H1(X,E* ® F)a . So we get

N
> Qo (i) = Qautw + | ¢ Zuw ul? do < Qaye(w) + ) ullh.
=1
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If each function H(X, E* ® F)c is orthogonal to the own functions of Qq, 1 of values
own

al 1
ZNQj,k(A+ EC(‘Z’))' O
j=1

s , we deduce successively H1(X, E¥ ® F)f The principle of the minimaz 1.20 (b) then
leads to Nq () is increased by the number of imposed linear equations to H1(X, EX@F)h
, or alt most

al 1
ZNQj,k(A+ Eo(w)). O

J=1

Either Wy, ..., Wy an overlap of H1(X, E¥ @ F)k by openings of card of the variety M
. For any HY(X,E* ® F)m , we can find openings Q; C Q , relatively compact in W
HY(X,E*® F)p , such as

(2.7) Q> U Q; (disjointe), et Vol(Q) =" Vol(£2;),

(2.8) aclJe, et Y2 Vol(2;) < Vol(Q) +«.

Proposition 2.6 then brings back the proof of theorem 2.3. in the case of open €); and Q;

(we will observe for this purpose that the function H4(X, E* @ F)t is bounded and that
the constant C(v) is independent of k ).

In the end, we can assume that H4(X, E* @ F)w , with a metric riemannian H4(X, E* ®
F)z whatever. Since H1(X, E* @ F)y is contractile, the H1(X, E* @ F)z is then trivial ;
that is, Fa a vector potential of the connection D and B = dA the corresponding magnetic
field. We first demonstrate the following local version of theorem 2.3.

Proposition 2.9.— Let a € R™ be a fized point, and P, a suite of open cubic pavers
such as Px 5 a . We note ri the length of the side of Py , and it is assumed that

e < L lim k2 7y, = o0, limkir, = 0.

So when k tends towards +oo , we have

n

. k™2
lim inf WNPk,k()\) > vpa)(V(a) + N),

. k _
lim sup WNPk,k()\) < VB(a)(V(a) +A),

k
3

and for any compact K C R"™ , Np, (\) admits the increase

Np (V) < O (14 7y [+ max V)"

uniform with respect to a , since P, C K .
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Demonstration. — We will return to theorem 1.6 in performing a homothety of ratio \/k

on Py (that’s why we had to assume lim k2r, = 400 ). The following lemma measures
how much the magnetic field B deviates from the field constant B(a) on each Py .

Lemma 2.10. = On each paving stone Py, one can choose a potential Zk of the constant
field B(a) tel that for all x € Py we have

|Ar(z) — A(z)| < Cur,

where Cy is a constant > 0 independent of k ( and independent of a if a describes a
compact K C R") .

The regularity € of B indeed leads to a surcharge
|B(a)—B(I)| < Cory, xGﬁk.

Let Al be a potential of the field B(a) — B(x) on the cube Py , calculated using the usual
homotopic formula for open starred. We have then

|45 ()| < Csr,

and just put Ay, = A + Al O
Note (x1,...,x,) the norm coordinates of R™ . Let (y1,...,Yn) a linear coordinate system
inxy,..., T, such that (dyy,...,dy,) is a base orthonormal to the point a for the metric

g , and as in this base B(a) is written in the diagonal form (2.1) :
B(a) =) Bj(a)dy; Adyjss.
j=1

Let g be the constant metric

9

gla) =Y dy;.
j=1

Let us designate by Dy, = d+ ikAN? , Dy = d + ikAr N7 the connections on E‘kpk

associated with aabaf , gk , and by Qr = Qp, i > @k quadratic forms
metric g , g , and scalar potentials V V= V(a) (formula (1.3)).

Lemma 2.11.— There is a suite € tendant vers 0 ( dépendant des ry , mais indépen-
dante of a if a describes a compact K C R™) as if | ||, and || |5 refer to the global L?
norms associated with metrics g and g , we have

(1 —er)llullf < llully < (1 +ew)ul,
(1 — er)Qr(u) — ekl < Qu(u) < (1 +ex)Qp(u) + exful}

for all u € W (Py) .
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On Py, , we have indeed a frame:
(1—-Curk)g < g < (1+Cary)g,

and this gives the first double inequality in 2.11. With the notation A} = A — A , we
deduce from it

1 ~
Qr(u) = / <—|Dku — 1k Aj A u|§ - V|u|2> do
n

L~ _
< —I—C5rk)/ (- 1Dw = ik Aj, Auf2 = V(@)lul?) d& + e ul

Py

with n = supp, |V — V(a)| + Csrr , quantity that tends towards 0 when k tends to-
wards +oo . Using the inequality (a+b)? < (1+a)(a?+a~1b?) , the lemma 2.10 implies
on the other hand

| Dyu — ik Al A u|§ < (14 a) [ |l~)ku|§ + a*103k2ré|u|2].

Let’s choose a = «ap = Clx/Er,% . The suite ap tends towards 0 according to the
lim kirk = 0 hypothesis, and it comes

1 ~ ) 1
EIDku — ik Aj A u|§ < (1+ ayg) [E|Dku|§ + ak|u|2} .

The Qi surcharge follows. The minoration is obtained in the same way thanks to in-
equality (a +b)? > (1 — a)(a® — a~1b?) . O

Lemma 2.11 brings back the evidence of proposal 2.9 in case the metamorphosis is not
completed. brick g and the magnetic field B are constant :

j=1

Jj=1

We can assume moreover V.= 0 by carrying out the translation X\ — X+ V(a) . The
only remaining difficulty for applying directly the theorem 1.6 comes from the fact that
the cubes Py usually become parallelepipeds oblique in the coordinates (y1,...,yn) ; the
angles between the different edges of each Py, and the ratios of their lengths remain how-
ever framed by constants > 0 . To solve this difficulty, you just have to pave every
parallelepiped Py, by cubes Py o of which the edges are parallel to the coordinate axes
(Y15---5Yn) - let’s choose € € |0,1] . For all o € Z™ , are (Pro) , (P[,) the cubes
open sides ery , (1 4+ )ry , and of common center erpa . We will limit ourselves to
considering the Py o cubes contained in Py and P,é’a cubes meeting Py, . Then we have

Za VO](Pk7a)
2o VOl(Py )

9.13 P P po=e kel g 4o
(2.13) kCg o> e Vol(Dy) + Cye

(2.12) P. > UP’C’O‘ (disjointe), et >1-— Cre,
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where Cr is a constant independent of k (and also of a , if a describes a compact). The
number of cubes Py o , P, , which are listed in (2.12) or (2.13) is increased by Cge™"
. As the P,g’a cubes overlap two by two on a length €2r;, when they are contiguous, a
partition of the unit can be constructed Zwiva =1 on Py , with Suppi.a C P,;a and

s}gpz |dip,a|® = C(ihr) < Coe®ry) 2.
k o

The limkzr, = +oo hypothesis leads well to lim%C(wk) = 0, which allows to apply
2.6 (b). On the cubes Py, , P];a we are maintenant dans la situation du théorth 1.6 :

after ratio homothety Vk , the side of the cube homothetic \/EPk,a is worth Ry = erpVk
and tends well to +o0o by hypothesis. The uniform mark-up of Np, (\) results from
Proposition 1.18 and the fact that all our C4,...,Cqy constants were uniforms. Proposi-
tion 2.9 is demonstrated. O

Demonstration of theorem 2.8. — According to the remark preceding the proposition 2.9,
we can assume that M = R"™ and ) is a open bounded of R™ . The idea of the reasoning
is to combine the proposals 2.6 and 2.9 using a paving of Q) by cubes of side ry, = ks
. The actual implementation requires nevertheless a little care because of the difficulties
related to the possible non-uniformity of the limsup and liminf .

Designate by 11, o , Hﬁg’a , a €Z™ |, the cubes open on their respective sides

|>—A

1

W=
W=

K75, kTS kTR) =k 4k

kN

and common center k3o . Either I(k) (resp. I'(k) ) the set of o € Z™ indices such as
.o CQ (resp. ﬁ;va NQ#0 ). As in the reasoning of proposal 2.9, there is a partition

of the unit Zael,(k) @bi’a =1 on Q , with Suppp,o C I} , and

11
2 < Chok2,

C(yp) =sup > |da

el (k)

hence lim +C () = 0 . We pose

Q= {J Mhar %= |J I,
acl(k) acl’ (k)

and one considers for every A € R fixed, the functions on R™ defined by

. 1
_ % N -7
fk k 2 Z Hk,ouk()\) VOl(Hk a) Hk,a7
acl(k) ’
n 1 ].
3 Np/ ()\ - )—11
& 2 ;m k(A ) Vol (Tl o) 4

where 11, , designates the characteristic function of Iy o . La proposition 2.6 implique
l’encahard

(2.14) fedo <E"ENgr(\) < [ fldo.
Rn R™
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Either x € R™ a fized point not belonging to the set negligible

Z= ) 0.

kEN, aczn

There is then a unique a(k) € Z" index sequence such as x € Iy, o) . Proposition 2.9
applied to P, = Il ok cubes (resp. P = 1II a(k) ) with Vol(Pg) ~ Vol P/ shows that the
punctual sequences

Fila) = o Mot (o). 1i(e) = s Negs () g (@)

are such that

(2.15) {liminf fr(@) i:@(vm + ) To(x)

lim sup f () @) (V(x) + A) Ig(x).

The uniform increase in proposal 2.9 also results in the existence of constants C11 , C1a
independent of k , x and \ such as

fr(z) < fi(z) < Cn(l + AL+ Cpo )n-
The theorem 2.3 then results from (2.14), (2.15) and the lemma of Fatou. O

For applications with complex geometry, we will require d’une légére généralisation of
theorem 2.3. We give ourselves a F hermitian fiber of rank r and class C> above
of M , provided with a hermitian connection V , and continuous sections S of the fiber
ALT*X ®r Home(F, F) and V of the fibered Herm(F) of F hermitian endomorphisms.
FEither V), the hermitian connection on E* @ F induced by the connections D and ¥V . To
shorten the notations, one will still designate by S and V' the endomorphisms Idgr ®S
and Idgr @V operating on E* @ F . Given an open ) relatively compact in M , we
consider the quadratic form

Qak(u) = /Q <%|Vku + Su|? — <Vu,u)> do,

where u € W3 (Q, EF ® F). Let Vi(z) < Va(z) < --- < Vi (x) be the eigenvalues of V(x)
at any point x € M . We then have the following result.

Theorem 2.16.— The counting function Nq i(\) of the eigenvalues of Qq. . admits for
all A € R asymptotic estimates

T

. . —n > ]
liminf k¥ No k() /;1 /Q vp(Vj + \) do,

T

limsup k72 N x(A) < Z/ vp(V; + A)do,
k——+o00 j=1 Q
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where B is the magnetic field associated with the connection D on E .

Demonstration. — The localization principle 2.6 is still valid in the present situation. It is
therefore sufficient to demonstrate the inequalities 2.16 when §2 is small enough. Let a €
M a fized point and (eq,...,e,) an orthonormal marker C of F above a neighborhood
W of a , such as (e1(a),...,e.(a)) or a clean base for V(a) . Let’s write u as

r
u = E u; & e;
j=1

where u; is a section of E* . For any e > 0, there is exists a neighborhood W. C W of

a on which
s ™

> (Vila) = o)l < (Vu,u) <Y (Vila) + )luyl?

j=1 J=1
On the other hand, we have

Vku = ZD’“UJ (%9 € + Uj & Vej,
j=1

and the term u; @ Ve; can be absorbed into Su (which actually brings us back to the case
where the ¥V connection is flat). Coaching

(1— k= 2)|Viul> + (1 — k2)|Sul? < |[Viu + Sul> < (14 k72)|Viul? + (1 + £2)|Sul?

shows that the term Su only changes Qq. by a factor of multiplicative 1 £+ ¢ and by an
additive factor +el||ul|> . For all ¢ > 0 , there are so a neighborhood W, of a and an
integer ko(e) such as

(1 - €)Qar(u) — ellul* < Qar(u) < (1+€)Qar(u) + ellul?

as soon as k = ko(e) and Q C W, , where @Qk designates the quadratic form
A - 1 2 2
Qo) =3 | (31Dwsl? = Vi(@lus?) do.
=1

As @gk is a direct sum of r forms quadratic, the spectrum of @Qk is the meeting (counted
with multiplicities) of the spectra of each of the terms of the sum. The theorem 2.16
follows. O

3. Identity of Bochner-Kodaira-NNakano
in hermitian geometry.
The purpose of the following paragraphs is to draw the consequences of the théoréme de

réparspectral analysis 2.16 for the study of the d’ -cohomology of holomorphic vectorial
fibrils hermitians. For this purpose, we will need to connect the laplacian antiholomorph
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A" to Schrodinger’s ope’rateur of a connection adequate real one. This is done by means
of a formula Weitzenbock type, known in geometry and design for the complex under the
identity of Bochner-Kodaira-Nakano.

Either X a compact complex analytical variety of dimension n and F' a hermitian holo-
morphic vectorial fiber of rank r above of X . It is known that there is a unique
hermitian connection D = D’ + D" on F whose D" component of type (0,1) coin-
cides with the operator O of the fibrous (such a connection is called holomorphic). Let
c(F) = D? = D'D" + D"D' the bending shape of F . Let’s provide X with an arbitrary
hermitian me’trique w of type (1,1) and class C> . C° (X, F) space sections of class
APIT* X @ F fiber APIT*X ® F se trouve alors muni d’une structure préhilbernatural
hold. We note § = &' + 6" the formal assistant to D considered as a differential operator

on C®(X,F) , and A the operator’s assistant L : u v+ w A u .

We will use the identity of Bochner-Kodaira-Nakano in the form of demonstrated in [6],
although one can in fact make a general statement in be content, as Y.T. does. Siu [16],
[17], of the formula minus precise given by P. Griffiths. If A , B are differential operators
on C® (X, F) , one defines their anti-switch [A, B] by the formula

[A,B] = AB — (-1)*BA

where a , b are the respective degrees of A and B . The Laplace-Beltrami operators A'j
and A" are then classically given by

A/ — [D/,6/] — D/(s/ + 5/DI, A” — [D//’(sll]

To the torsion shape d'w , we associate the operator of the outward multiplication u
dwAu on C°(X,F) , type (2,1) , simply noted d'w , and the operator T of type (1,0)
defined by T = [A,d'w] . We finally pose

D.=D'+r, & =(D)=§4+r", A =[D.,0d]

T) YT
We then have the following identity, for a demonstration of which the reader will refer

to [6].

Proposition 3.1.
We have A" = Al +[ic(F'), A+ T, where T,, is the operator of order 0 and of type (0,0)
defined by

7= [A[A %d’d”w“ ~d'w, (d'w)"].

According to Hodge-De Rham’s theory, the cohomology group HY(X, F') identifies itself
with the space of (0,q) -forms A" -harmonics with values in F' . Or u € CX, (X, F) .
Proposition 3.1 gives us equality

:2) [ 1D PP = [ (&) = [ DLl (), Al u) + (T,
X X X

where integrals are calculated relative to [’élément de volume do = °:L—T . En particulier,

if u is of bidegré (0,q) , we have §,u = 0 by reason of bidegré, from where

(3.3) /X(A”u,u) = /X |DLul? + ([ic(F), AJu, w) + (T u,u).
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One can also consider u as a (n,q) -form to values in fiber
F:=F@A'TX ;

we will note D = D'+ D" the hermitian connection holomorph of F and @ the canonical
image of u in C7° (X, F) .

Lemma 3.4.
We have switching diagrams

D" A
8?q<X7 F) — eg?q—l-l(X? F) COX,Dq(AXva F) — S?q(X7 F)
- 5// - - &// -
e?zo,q(XrF) — e'?z(,)q—l—l(Xa F)7 G%?q(Xa F) — e?zo,q(Xa F),

where the vertical arrows are the isometrics u v— u .

Demonstration. — Switching of the left diagram results from the fact that A"TX s a
holomorphic fiber (be careful that the corresponding result for D' and D' is wrong). So

we have a diagram analogue switch for assistants 8" , 6" and for A" , A" . O

The lemma 3.4 and the identity (3.2) give us

(3.5) /X (A, ) = /X (A7) = /X 5412 + ([ic(F), AJii, @) + (T, 7).

We will now slightly transform the writing of (3.3) and (3.5). The holomorphic hermitian
connection of the fibroid A9T* X induced on conjugated fiber A®9T*X a connection with
a component of type (1,0) coincides with the operator d' . From this we deduce then a
natural hermitian connection V on the fibered product produces tensorial A»9T*X @ F
(we will observe that this fibrous vector is not generally holomorphic if ¢ # 0 ). Let V' et
V" the components of V of type (1,0) and (0,1) .

Proposition 3.6.
We have
V' =D : CO(AMT*X @ F) = €35 (A T*X ® F),

and there is a commutative diagram

I
X (X, AT X 9 F) s €3y (X,A%T*X © F)

~ 1 |w
~ 5" ~
e?L?q(X7F) — 630—1,q(X7F)7
where the vertical arrows are isometries, that of left being given by u +— u .
Demonstration. — The equality V' = D' comes from the makes the (1,0) component of

the connection from AY9T*X coincides with d' . For the diagram, we start by defining
the vertical arrow ¥ . FEither

(217} (AP T*X @ F) x (AP»2T*X @ F) —s AP1Ta2atpeps x
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the canonical sesquilinear coupling induced by the metric on the F fibers, and
$ APIT* X @ F — AV 9" PT*X @ F
the operator of Hodge-De Rham-Poincaré defined by
{v| *w} = (v, w) do, v, we AT X QF,
We deduce from this by composition an isometry
Vo : AT X @ F S5 A T*X @ F 25 A0 X @ F

and the arrow E* ® F is obtained by definition by tensorizing —i_”Q\IIO by A®9T*X .
To demonstrate the commutativity, we first assume ¢ = 0 . Let u € C®(F) . We have
classically

du=—*D"xu,
and like w € €)% (X, F) , he comes *u = i u , hence

Su=—i"" «D"U=—i"" %~ D'u=—i"" Uo(D"u) = T(V"u).

In case q is arbitrary, you just have to trivialize A®9T* X in the vicinity of an arbitrary
point x, in choosing an orthonormal marker (eq, ..., en) of this fiber, such asVey(z) = --- = Ven(x) =
O

We now consider the morphisms of fibrils

S AT X @ F 5 AV T* X 9 AP IT*X @ F
S"AMT*X @F - A T*X @ A®IT*X @ F
where 8" =1 = [A,d'w| , and where S” is the reading by the ~ and ¥ isometries of the

morphism
™ = [(dw)*, L] : A"™T*X @ F - A" MT*X @ F.

According to proposal 3.6, we have
|Dlu| = |V'u+ S'ul, 0031 = |V"u + S"ul.
If S=58"@& 8" is set, identities (3.3) and (3.5) imply by addition
2/ (A" u,u) :/|Vu+8u\2+/ ([ic(F), AJu, u)
X T X
(3.7) + / (lic(F), AJu, @) + (Tyu, u) + (Tu, )
b's

for all u € C§° (X, F) .
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Let now be E a hermitian holomorphic fiber of rank 1 above of X . For the whole k
we note Dy and Vi the natural hermitian connections on the fibrils F}, = EF ® F and
A%T*X @ Fy, , and on pose A} = [DY,58}] . The curvature of Fy, (resp. Fy, ) is given by

(3.8) c(Fy) = c(F) + ke(E) ® Idp, resp.  c(Fy) = c(F) + ke(E) ® Id=.
Let us recall, although it is useless for the rest, that

¢(F)=c(F)+c(A"TX)®Idp = ¢(F) + Ricci(w) ® Idg .

We will therefore need to evaluate the terms [ic(E), A] . For all point x € X , are a;(x) ,
as(x),...,an(x) the eigenvalues of ic(E)(x) relative to the metrics hermitienne w on X .
So there is a system of local coordinates (z1, ..., z,) centered in x such that (%, e %)
is an orthonormal base of Tx X , and such as

w(z) = % Zdzj NdZ;,
j=1
ic(B)(z) = % 3" aj(@) dz; A dz;.
j=1

Either (e1,...,e.) an orthonormal marker of the fiber E¥ @ F, . For v € AP9T*X ® F,
, you can write

_ - 2 opt 2
v = E vy, gedzr NdzZg @ ey, [v|= = 2PT1 § [vr,.7,]
|I|=p,|J|=q,¢ I,J.0

An elementary calculation, as explained for example in [6], gives the formula
n
(3.9) ([ic(E), AJv,v) = 2079 " (ay + oy — Y og)|vr sl
1,70 j=1
with oy =3 .y . Either u € AT*X @ Fy, . Let’s post
U = ZUJ,EdzJ X ep.
gL

According to (3.9), it comes from

([ic(E), AJu,u) =29 —agy|usl,
Tt

([ic(B), Alt, i) =27 oslugl®.
JL

Either V the hermitian endomorphism of A®9T*X ® F}, defined by

(3.10) (Vu,u) = —([ic(E), ANu,u) — ([ic(E), Alu,u) = 27 Z(a&] — ag)|ugel?.
J,l
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The eigenvalues of V' are therefore the coefficients apy; — oy , counted with multiplicity
r =rank(F) . Or finally © the hermitian endomorphism defined by

(3.11) (Ou,u) = ([ic(F), Au,u) + ([ic(F), Alu, ) + (T,u,u) + (T,,u, u).
The identities (3.7-11) then imply
(3.12) %/}(( V) = /X %mu + Sul? — (Vu,u) + %(@u,u)

where the operators S , V , © act only on the component A®IT*X @ F of A»9T*X @ F},
. So we’re going to be able to use theorem 2.16 to determine the spectral distribution
asymptotic of A}, because the term %(@u,u) tends towards 0 as norm.

Let hi(X) be the number of eigenvalues < kX of Al operating on Ggfq(Ek ® F) . The
magnetic field B is here given by

(3.13) B = —ic(E) = — Zaj dx; A dyj, zj = x; +1y;.

j=1
Given that dimg X = 2n , the theorem 2.16 is transcribed as follows.

Theorem 3.14.
There is a set of countable D such as for any ¢ =0,1,...,n and all A € R~ D we have

RO =k Y /X vs(2) + gy — ay) do + o(k™)
|J]=q

when k tends towards +oo .

4. Witten’s complex and Morse inequalities.

E. Witten [18], [19] has recently introduced a new method analytique pour démonto over-
come the inequalities of Morse in de Rham’s cohomology. We adapt here his method to
the study of d’ -cohomology. The main difference lies in the fact that the magnetic field
is always null. in the case of de Rham’s cohomology (we have indeed d*> =0 !), and it is
the electric field which intervenes alone in this case.

With the§3 notations, that is Hi(X) C €5, (X, E* ® F) the direct sum of the clean
subspaces of A} attached to eigenvalues < kX . H}(X) is therefore a vector space of finite
dimension.

hz ()\) = dim@ g‘fg()\)

Hodge’s theory gives an isomorphism
HY(X,E* ® F) ~ H}(0).
We will pose to shorten

hi = dim H(X, E* @ F) = h{(0).
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Proposition 4.1. = 3} (\) is a sub-complex of the Dolbeault complex
Dy : € (X, EF ® F).
In addition, the H} () C C3% (X, E¥ ® F) inclusion and the orthogonal projection
Py : C (X, EF @ F) = Hp(N)
induce in cohomology inverse isomorphisms of each other.

Demonstration. — The fact that H3(N) is a sub-complex of €55, (X, E* ® F) comes from
the switching property of the operators Dj and A} . Either now

1
G:/ —dPy
A>0 A

the Green operator of the laplacian A} . Like [Px,A}] = 0 , we have the relations
[G,A)] =0 and
AJG+Py=1d.

In addition, [Py, D}l =[G, D}] =0 . We can therefore deduce

Id—Py\ = AZG(Id —P)\) + Po(Id —PA) = AZG(Id —PA)
= D}/(6,G(Id —Py)) + (6, G(Id —Py)) Dy,

so that the operator 6;/G(Id — Py) is a homotopy between Id and P . ad
We now use a simple classical lemma of homological algebra.

Lemma 4.2.— FEither

0 1 n—1
0—c' Lot e o
a complex of vector spaces of finite dimensions c® , ¢t , ...q, ¢® on a body K . Let

h? = dimg H9(C®) . So we have the following inequalities:
(a) Morse code Inequalities : h1<c?, 0<qg<n.
(b) Equality of characteristics of Euler-Poincaré x(H®*(C*®)) = x(C*) :
RO — bt ()R = = (1)
(¢) Strong Morse code inequalities : for allq , 0 < qg<n,
R — R (—1)9RY < — T (1),

Demonstration. — If Z9 = Kerd? and B? = Imd?~' are for dimensions z9 and b? , the
equality (b) results from the formulas

=29+ bq+1, h? = 29 — b9,
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while (c¢) results from (b) applied to the complex

0-C'=C' - ... 501t 5729 0. 0

If F is a holomorphic vectorial fiber on X , we define its Euler-Poincaré characteristic
by

X(X,F) => (~1)?dim HY(X, F).
q=0

Combining proposition 4.1 and lemma 4.2, we get for everything A = 0 and all q
0 < q <n, inequality

A —hITh o ()R < REN) — AT - (1) TR ().

Let us now evaluate hi(\) using the 3.14 theorem and let’s stretch X € R . D to 0 by
values > 0 . It follows :

Corollary 4.3. — We have asymptotic inequalities

(a) hi <k"I74 o(k™),

(b) X(X,EF@F)=k"(I° = I' + -+ 4+ (=1)"I™) + o(k™),

() Al —RI™' 4o 4 (“1)9R S EP(I9 — T971 4 oo 4 (—=1)900) + o(k™)
where 19 is the integral of curvature

Iq:rZ/ﬁB(aCJ—aJ)da.
1T]=q "

According to (3.13), the eigenvalue modules of the magnetic field B are the |a;| , 1 <
j <n . For any point x € X , let us arranke these eigenvalues so that

oy > || = -+ 2 |as| > 0 = |ag1]| = = |an], s = s(x).

Formula (1.5) gives

28—2nﬂ_—n

(p17"'7ps)

vplagy —ay) =

with the notation {A\}} =0 if A <0 and {A\}%. =1 if X\ >0 . As the quantity

ags — s — Y _(2p; + 1)]ay]

is always < 0 , Up(agy — ag) can be non-null only if s = n . In the latter case ag; —
ay— > (2p; + 1)|aj| =0 if and only if p1 = -+ =p, =0 and o;j < 0 forj e J,
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aj > 0 for j € CJ . This results in the form ic(E) is non-degenerated q . For x € X(q)
(see notations of the introduction) and |J| = q , so we have

vplagy —ay) = 27) "oy ...ay| >0

if J is the multi-index J(x) = {j; aj(x) <0} and Up(ogy —ay) =0 si J # J(x) . This
results in

17 = T/X(q)@w)—"(—mqal odo = X(q)(—1)q(—c<E))".

The fundamental theorem 0.1 is then only a reformulation of the corollary 4.3. The above
reasoning shows that the harmonic forms of H1(X, E*¥ @ F) focus asymptotically on X (q)
, and that by each point of X (q) their direction tends to align with the q -sub-space of TX
corresponding to the negative part of ic(E) . Moreover, only the minimum eigenvalue of
energy p1 = --- = pp = 0 of the harmonic oscillator intervenes for these forms. For
q =1, the inequality of Morse code 4.3 (c) is written as follows

bl — A < KM 1°) + ofk"),

hence in particular an asymptotic reduction of the number of sections. holomorphs of the
fiber E¥ @ F .

Theorem 4.4.— On a

k™ i n
3 0 k > _ n .
dm (X, E"® F) > T /X(<1) (—Qﬂc( )) o(k™)

More generally, the addition of inequality 4.3 (c) for the indexes ¢+ 1 and q — 2 leads to
RIFE — RE 4 RITY R (I — T4 197 o(kM),

hence the reduction

k™ 1 n
4.5 dim HY(X,E*®@ F) > r— —1)4 —c(E)) —o(k™).
(45) X B oR g 3 7 oo, (Gret®)" ot

5. Characterization of the varieties of Egosezon.

Let X a variety C -analytical compact related of dimension n . We call algebraic di-
mension of X , noted a(X) , the degree of transcendence on C of the body K(X) of the
meromorphic functions on X . According to a well-known theorem by Siegel [15], the
dimension algebraic of X always checks for inequality 0 < a(X) < n . When a(X) =n
, it is said that X is a space of MeSezon. As we will see, the algebraic dimension of
X asymptotically imposes strong constraints on the dimension of the section spaces of a
holomorphic vectorial fiber.
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Theorem 5.1. — Let a the dimension algebraic of X , F' a fibrous one holomorphic vector
of rank r and E a linear fiber on X . Then, there is a constant Cg > 0 that does not
depend on than E such as

dim H(X, E* @ F) < Cgrk® + o(k%).

Demonstration. — We essentially take the arguments of Y.T. Siu [16]. Let {W,} be
an overlay of X by open of coordinates Wy, C C" , and B; = B(a;,R;) , 1 < j<m
, a family of relatively compact balls in the open Wy , such as concentric balls B} =
B(aj, 1R;) cover X . Provide E , F of hermitian metrics, and either exp(—y;) the
weight representing the metric of E in a trivialization of E in the vicinity of B; .

Let s € H*(X, E* ® F) be a holomorphic section that cancels itself out to the order p in
one point Tj € B;- . Inclusions

6
—Rj) - Bj

9
-R;) C B(zj, =

B; C B(l’j, -

and the Schwarz lemma applied to the two intermediate balls lead to inequality

(5.2) sup |s| < exp(Ak + Cp)37Psup |s|,
B’ B,

J

where A = max; g j<m diam ¢ ;(Bj) depends only on of E , and where Cr is a constant > 0
which depends on the metric of F' .

Let p < r =rank(F) be the maximum for x € X of the dimension of the subspace of the
F, fiber generated by the s(x) vectors when s describes J,cy HO(X,E*®F) . If p=0,
then H*(X, E*®F) = 0 for all k . Let us now distinguish two cases according to whether
p=lorp>1.

(a)Assume p = 1.

Let hy, = dim H*(X, E¥ ® F) , assumed > 0 . Under the hypothesis p = 1 , the global
sections of E* @ F define a holomorphic application

0 X N Zj, = PH(Q)

where Zy, C X is the analytical subset of their zeros common. Let d the mazimum
rank of the differential ®, on X \ Z, . We necessarily have d < a , otherwise the
body of the rational fractions of P"*~1(C) would induce a body of functions metamorphs
on X of degree of transcendence > d > a , which is absurd. Let’s choose for all j =
1,...,m a point x; € B;- N Zy such that @) is of maximum rank = d in x; , and
either so € HY(X, E¥ ® F) a section that does not cancel in any way point z; . For all
s€ H'(X,E*¥®F) , the quotient s/sq is well defined as a meromorphic function on X |
and moreover s/sg is a holomorphic function in the neighborhood of x; , constant along
the fibers of @y, . As @y, is a submersion in the vicinity of each point x; , one can choose
a submergence sub-variety M; of dimension d passing through x; and transverse to the
fiver @1 (®x(z;)) . The section s will cancel in the order p at each point x; , 1 < j < m
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, if and only if partial derivatives of order < p of s/so along M; cancel each other in x;
. This corresponds to the total cancellation of

p+d—1
m
d
derivatives. If we choose p = [Ak + Cp|+ 1, then inequality (5.2) leads to
e\P
sup s| < (%) sup|sl,
X 3/ x
hence s =0 . As d < a , we therefore get

p+a—1

dim H(X,E* @ F) < m(
a

) < Cgk® + o(k?)
with Cp = mA®/a! .

(b)Assume p > 1.

There are then sections s; € HO(X,E**®F) , 1<t < p, and a point xg € X such as the
vectors s1(xo), ..., Sp(x0) are linear independent. By construction, for any k € N and
any section s € H*(X, EX®F) , the right C-s(x) is contained in the subspace generated by
(s1(x),...,s,(x)) , except perhaps above the analytical subset {x € X;s51N...As,(x)} =0
. So we have an injectable morphism

HYX,E*® F) - @ H(X,E"™* @ APF)

1<t<p

where k; = (k1 +--- + k,) — k¢ , whose index component t is given by the morphism
s = 81N A5 A---Ns,N\s . The image of H*(X, E* ® F) on each component is formed
collinear sections at almost any point in sy A---As, . So we meet again in a situation
analogous to (a), where F is replaced by by E¥ @ APF ; thereafter :

dim H°(X, E* @ F) < Cppk® + o(k%), p<T O

Let’s choose in particular for F' the trivial fiber X x C . By comparing the theorems /./
and 5.1, we obtain the characterization geometrically following varieties of egosezon.

Theorem 5.2.— For a variety C -analytical compact related X of dimension n either of
Mesezon, it is enough that there is a fiber in straight lines hermitian holomorph E above

X such as
/ (ic(E))™ > 0. O
X(<1)

This theorem in turn leads to the 0.8 theorem. since 0.8 (¢) = 0.8(b) = 0.8(a).
On improves Y.T.’s results. Siu [17], [18], and one can thus finds in particular a new
demonstration of the conjecture of Grauert-Riemenschneider [10].
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