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ABSTRACT. The study of entire holomorphic curves contained in projective algebraic varieties is
intimately related to fascinating questions of geometry and number theory — especially through
the concepts of curvature and positivity which are central themes in Kodaira’s contributions to
mathematics. The aim of these lectures is to present recent results concerning the geometric side
of the problem. The Green-Griffiths-Lang conjecture stipulates that for every projective variety
X of general type over C, there exists a proper algebraic subvariety Y of X containing all non
constant entire curves f : C — X. Using the formalism of directed varieties, we show that this
assertion holds true in case X satisfies a strong general type condition that is related to a certain
jet-semistability property of the tangent bundle T'x. It is possible to exploit similar techniques
to investigate a famous conjecture of Kobayashi (1970), according to which a generic algebraic
hypersurface of dimension n and degree d > d,, large enough in the complex projective space P"*1
is hyperbolic: the conjecture has been settled by Damian Brotbek in 2016, with an explicit value
of d,, found shortly afterwards by Ya Deng. We give here a short proof based on a simplification of
their ideas, along with a substantial improvement of the bound, namely d,, = (n + 3)4"*2.
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0. INTRODUCTION

The goal of these lectures is to study the conjecture of Kobayashi [Kob70, Kob78] on the hyper-
bolicity of generic hypersurfaces of high degree in projective space, and the related conjecture by
Green-Griffiths [GG79] and Lang [Lan86] on the structure of entire curve loci.

Let us recall that a complex space X is said to be hyperbolic in the sense of Kobayashi if
analytic disks f : D — X through a given point form a normal family. By a well known result of
Brody [Bro78], a compact complex space is Kobayashi hyperbolic iff it does not contain any entire
holomorphic curve f: C — X (“Brody hyperbolicity”). If X is not hyperbolic, a basic question is
thus to analyze the geometry of entire holomorphic curves f : C — X, and especially to understand
the entire curve locus of X, defined as the Zariski closure

(0.1) BCL(X) = o
f

The Green-Griffiths-Lang conjecture, in its strong form, stipulates

0.2. GGL conjecture. Let X be a projective variety of general type. Then Y = ECL(X) is a
proper algebraic subvariety Y C X

Equivalently, there exists Y C X such that every entire curve f : C — X satisfies f(C) C Y.
A weaker form of the GGL conjecture states that entire curves are algebraically degenerate, i.e.
that f(C) C Yy C X where Yy may depend on f.
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If X C Pg is defined over a number field K (i.e. by polynomial equations with equations with
coefficients in Kg) and Y = ECL(X), it is expected that for every number field K D Ky the set of K-
points in X (K) \Y is finite, and that this property characterizes ECL(X) as the smallest algebraic
subset Y of X that has the above property for all K ([Lan86]). This conjectural arithmetical
statement would be a vast generalization of the Mordell-Faltings theorem, and is one of the strong
motivations to study the geometric GGL conjecture as a first step. S. Kobayashi [Kob70, Kob78|
had earlier made the following tantalizing conjecture.

0.3. Conjecture (Kobayashi).

(a) A (very) generic hypersurface X C P! of degree d > d,, large enough is hyperbolic, especially
it does not possess any entire holomorphic curve f : C — X.

(b) The complement P~ H of a (very) generic hypersurface H C P™ of degree d > d), large enough
is hyperbolic.

M. Zaidenberg observed in [Zai87] that the complement of a general hypersurface of degree 2n
in P™ is not hyperbolic; as a consequence, one must take d), > 2n + 1 in 0.3 (a). A famous result
due to Clemens [Cle86], Ein [Ein88, Ein91] and Voisin [Voi96, Voi98], states that every subvariety
Y of a generic algebraic hypersurface X C P*"*! of degree d > 2n + 2 is of general type. The bound
d, = 2n + 2 would then be a consequence of the Green-Griffiths-Lang conjecture (for surfaces,
the results of Geng Xu [Xu94] would even show that the optimal bound is indeed d2 = 5). These
observations led Zaidenberg to propose the bounds d, = 2n + 1 for n > 2 and d], = 2n + 1 for
n > 1.

One of the early important result in the direction of Conjecture 0.2 is the proof of the Bloch
conjecture, as proposed by Bloch [Blo26a] and Ochiai [Och77]: this is the special case of the
conjecture when the irregularity of X satisfies ¢ = h%(X, QL) > dim X. Various solutions have
then been obtained in fundamental papers of Noguchi [Nog77, 81, 84], Kawamata [Kaw80], Green-
Griffiths [GrGr79], McQuillan [McQ96], by means of different techniques. In the case of complex
surfaces, major progress was achieved by Lu, Miyaoka and Yau [LuYa90], [LuMi95, 96], [Lu96];
McQuillan [McQ96] extended these results to the case of all surfaces satisfying ¢ > ca, in a
situation where there are many symmetric differentials, e.g. sections of H(X, S™T% ® O(—1)),
m > 1 (cf. also [McQ99], [DeEGO00] for applications to hyperbolicity). A more recent result is
the striking statement due to Diverio, Merker and Rousseau [DMR10], confirming Conjecture 0.2
when X C P"*! is a generic non singular hypersurface of sufficiently large degree d > 2" (cf. §10);
in the case n = 2 of surfaces in P3, we are here in the more difficult situation where symmetric
differentials do not exist (we have c¢? < cy in this case). Conjecture 0.2 was also considered by
S. Lang [Lang86, Lang87| in view of arithmetic counterparts of the above geometric statements.

Although these optimal conjectures are still unsolved at present, substantial progress was achieved
in the meantime, for a large part via the technique of producing jet differentials. This is done ei-
ther by direct calculations or by various indirect methods: Riemann-Roch calculations, vanishing
theorems ... Vojta [Voj87] and McQuillan [McQ98] introduced the “diophantine approximation”
method, which was soon recognized to be an important tool in the study of holomorphic foliations,
in parallel with Nevanlinna theory and the construction of Ahlfors currents. Around 2000, Siu
[Siu02, 04] showed that generic hyperbolicity results in the direction of the Kobayashi conjecture
could be investigated by combining the algebraic techniques of Clemens, Ein and Voisin with the
existence of certain “vertical” meromorphic vector fields on the jet space of the universal hypersur-
face of high degree; these vector fields are actually used to differentiate the global sections of the jet
bundles involved, so as to produce new sections with a better control on the base locus. Also, during
the years 2007-2010, it was realized [Dem07a, 07b, Dem11] that holomorphic Morse inequalities
could be used to prove the existence of jet differentials; in 2010, Diverio, Merker and Rousseau
[DMR10] were able in that way to prove the Green-Griffiths conjecture for generic hypersurfaces
of high degree in projective space, e.g. for d > 2" — their proof makes an essential use of Siu’s
differentiation technique via meromorphic vector fields, as improved by Paun [Pau08] and Merker
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[Mer09] in 2008. The present study will be focused on the holomorphic Morse inequality technique;
as an application, a partial answer to the Kobayashi and Green-Griffiths-Lang conjecture can be
obtained in a very wide context : the basic general result achieved in [Deml1] consists of show-
ing that for every projective variety of general type X, there exists a global algebraic differential
operator P on X (in fact many such operators P;) such that every entire curve f : C — X must
satisfy the differential equations P;(f; f,..., f (k)) = (0. One also recovers from there the result
of Diverio-Merker-Rousseau on the generic Green-Griffiths conjecture (with an even better bound
asymptotically as the dimension tends to infinity), as well as a result of Diverio-Trapani [DT10]
on the hyperbolicity of generic 3-dimensional hypersurfaces in P*. Siu [Siul2] has recently intro-
duced a more explicit but more computationally involved approach that would yield the Kobayashi
conjecture for d > d,,, with a very large bound d,, instead of 2n + 1.

As we will see here, it is useful to work in a more general context and to consider the category
of directed projective manifolds (or varieties). Since the problems we consider are birationally
invariant, varieties can in fact always be replaced by nonsingular models whenever this is needed.
A directed projective manifold is a pair (X, V') where X is a projective manifold equipped with an
analytic linear subspace V' C T, i.e. a closed irreducible complex analytic subset V of the total
space of T'x, such that each fiber V, = V NTx ; is a complex vector space. If X is not connected,
V should rather be assumed to be irreducible merely over each connected component of X, but we
will hereafter assume that our manifolds are connected. A morphism @ : (X,V) — (Y, W) in the
category of directed manifolds is an analytic map ® : X — Y such that &,V C W. We refer to
the case V' = Tx as being the absolute case, and to the case V = Tx,g = Kerdr for a fibration
m: X — S, as being the relative case; V may also be taken to be the tangent space to the leaves
of a singular analytic foliation on X, or maybe even a non integrable linear subspace of Tx. We
are especially interested in entire curves that are tangent to V', namely non constant holomorphic
morphisms f : (C,T¢) — (X, V) of directed manifolds. In the absolute case, these are just arbitrary
entire curves f : C — X.

0.4. Generalized GGL conjecture. Let (X,V) be a projective directed manifold. Define the
entire curve locus set of (X, V') to be the Zariski closure of the locus of entire curves tangent to V.,
i.e.

ECL(X,V)= | J f(C)
F:(CTe) = (X,V)
Then, if (X,V) is of general type in the sense that the canonical sheaf sequence K3, is big (cf.
Prop 2.11 below), Y = ECL(X, V) is a proper algebraic subvariety Y C X.

[We will say that (X,V) is Brody hyperbolic if ECL(X,V) = (; by Brody’s reparametrization
technique, this is equivalent to Kobayashi hyperbolicity whenever X is compact.]

In case V has no singularities, the canonical sheaf Ky is defined to be (det O(V'))* where O(V)
is the sheaf of holomorphic sections of V', but in general this naive definition would not work.
Take for instance a generic pencil of elliptic curves AP(z) + uQ(z) = 0 of degree 3 in P4, and the
linear space V' consisting of the tangents to the fibers of the rational map ]P’(% - ]P’(%: defined by
z+ Q(z)/P(z). Then V is given by

PdQ—QdP

0—OV) — (’)(TP%) (’)P%(G) ®Js —0

where S = Sing(V') consists of the 9 points {P(z) = 0} N {Q(z) = 0}, and Jg is the corresponding
ideal sheaf of S. Since det O(Tp2) = O(3), we see that (det(O(V))* = O(3) is ample, thus Problem
0.4 would not have a positive answer (all leaves are elliptic or singular rational curves and thus
covered by entire curves). An even more “degenerate” example is obtained with a generic pencil of
conics, in which case (det(O(V))* = O(1) and #S = 4.

If we want to get a positive answer to Problem 0.4, it is therefore indispensable to give a definition
of Ky that incorporates in a suitable way the singularities of V'; this will be done in Def. 2.12 (see
also Prop. 2.11). The goal is then to give a positive answer to Problem 0.4 under some possibly
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more restrictive conditions for the pair (X, V). These conditions will be expressed in terms of the
tower of Semple jet bundles

(05) (Xk,Vk) — (Xk_l, Vk—l) — ... (Xl, Vl) — (X(), Vb) = (X, V)

which we define more precisely in Section 1, following [Dem95]. It is constructed inductively by
setting X3 = P(Vi_1) (projective bundle of lines of Vj;_1), and all Vi, have the same rank r = rank V',
so that dim Xy = n + k(r — 1) where n = dim X. Entire curve loci have their counterparts for all
stages of the Semple tower, namely, one can define

Zar
(0.6) ECLy(X,V) = i (C)

f((chC)%(va)
where fi) @ (C,Tc) — (X, Vi) is the k-jet of f. These are by definition algebraic subvarieties of
X}, and if we denote by 7, : X — X, the natural projection from Xj to X, 0 < £ <k, we get
immediately

(0.7) meo(BCLL(X,V)) = ECLy(X,V),  ECLo(X,V)=ECL(X,V).

Let Ox, (1) be the tautological line bundle over X}, associated with the projective structure. We
define the k-stage Green-Griffiths locus of (X, V') to be

(0.8) GGr(X,V) = (Xk N Ap)N ﬂ (base locus of Ox, (m) ® 77,";0/1—1)
meN

where A is any ample line bundle on X and Ay = Jyc ey, W,;; (Dy) is the union of “vertical divisors”
(see section 1; the vertical divisors play no role and have to be removed in this context; for this,
one uses the fact that fj;(C) is not contained in any component of Ay, cf. [Dem95]). Clearly,
GGg(X,V) does not depend on the choice of A.

0.9. Basic vanishing theorem for entire curves. Let (X,V) be an arbitrary directed va-
riety with X non singular, and let A be an ample line bundle on X. Then any entire curve
f:(C,Tc) — (X, V) satisfies the differential equations P(f; f',..., f*®)) =0 arising from sections
o € HY( Xy, Ox, (m) ® WZ7OA*1). As a consequence, one has

ECLj(X,V) C GGx(X, V).

The main argument goes back to [GG79]. We will give here a complete proof of Theorem 0.9,
based only on the arguments [Dem95], namely on the Ahlfors-Schwarz lemma (the alternative proof
given in [SY96] uses Nevanlinna theory and is analytically more involved). By (0.7) and (0.9) we
infer that

(0.10) ECL(X,V) Cc GG(X,V).
where GG(X, V) is the global Green-Griffiths locus of (X, V') defined by
(0.11) GG(X,V) = (] mro (GGk(X, V).

keN

The main result of [Dem11] (Theorem 2.37 and Cor. 3.4) implies the following useful information:

0.12. Theorem. Assume that (X,V) is of “general type”, i.e. that the pluricanonical sheaf se-
quence K3, is big on X. Then there exists an integer ko such that GG(X,V) is a proper algebraic
subset of Xy for k > kg [ though 7, 0(GGg(X,V)) might still be equal to X for all k.

In fact, if F' is an invertible sheaf on X such that K}, ® F' is big (cf. Prop. 2.11), the probabilistic
estimates of [Dem11, Cor. 2.38 and Cor. 3.4] produce global sections of

m

(0.13) Oxk(m)@)w};,o(ﬂ(kr (1+%+...+1>F)

k
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for m > k > 1. The (long and elaborate) proof uses a curvature computation and singular
holomorphic Morse inequalities to show that the line bundles involved in (0.11) are big on X}, for
k > 1. One applies this to F = A~! with A ample on X to produce sections and conclude that
GGr(X,V) C X;.

Thanks to (0.10), the GGL conjecture is satisfied whenever GG(X,V) ¢ X. By [DMR10], this
happens for instance in the absolute case when X is a generic hypersurface of degree d > 2" in P!
(see also [Pau08] for better bounds in low dimensions, and [Siu02, Siu04]). However, as already
mentioned in [Lan86|, very simple examples show that one can have GG(X,V) = X even when
(X, V) is of general type, and this already occurs in the absolute case as soon as dim X > 2. A
typical example is a product of directed manifolds

(0.14) (X,V)=(X",V)x (X" V"), V=p'*Vaop* V"

The absolute case V = T, V' = Tx,, V" = Tx» on a product of curves is the simplest instance. It
is then easy to check that GG(X,V) = X, cf. (3.2). Diverio and Rousseau [DR13] have given many
more such examples, including the case of indecomposable varieties (X, Tx), e.g. Hilbert modular
surfaces, or more generally compact quotients of bounded symmetric domains of rank > 2.

The problem here is the failure of some sort of stability condition that is introduced in Re-
mark 12.9. This leads us to make the assumption that the directed pair (X,V) is strongly of
general type: by this, we mean that the induced directed structure (Z, W) on each subvariety
Z C X} that projects onto X either has rank W = 0 or is of general type modulo X; — X, in the
sense that Ky, ® Ox, (p)|z is big for some integer p (see Section 11 for details). Our main result
can be stated

0.15. Theorem (partial solution to the generalized GGL conjecture). Let (X,V) be a
directed pair that is strongly of general type. Then the Green-Griffiths-Lang conjecture holds true
for (X, V), namely ECL(X,V) is a proper algebraic subvariety of X.

The proof proceeds through a complicated induction on n = dim X and k = rank V', which
is the main reason why we have to introduce directed varieties, even in the absolute case. An
interesting feature of this result is that the conclusion on ECL(X, V) is reached without having to
know anything about the Green-Griffiths locus GG(X, V'), even a posteriori. Nevetherless, this is
not yet enough to confirm the GGL conjecture. Our hope is that pairs (X, V) that are of general
type without being strongly of general type — and thus exhibit some sort of “jet-instability” — can be
investigated by different methods, e.g. by the diophantine approximation techniques of McQuillan
[McQ98]. However, Theorem 0.15 provides a sufficient criterion for Kobayashi hyperbolicity [Kob70,
Kob78], thanks to the following concept of algebraic jet-hyperbolicity.

0.16. Definition. A directed variety (X, V) will be said to be algebraically jet-hyperbolic if the
induced directed variety structure (Z, W) on every irreducible algebraic variety Z of X such that
rank W > 1 has a desingularization that is strongly of general type [see Sections 11-13 for the
definition of induced directed structures and further details]. We also say that a projective manifold
X is algebraically jet-hyperbolic if (X,Tx) is.

In this context, Theorem 0.15 yields the following connection between algebraic jet-hyperbolicity
and the analytic concept of Kobayashi hyperbolicity.

0.17. Theorem. Let (X, V) be a directed variety structure on a projective manifold X. Assume
that (X, V) is algebraically jet-hyperbolic. Then (X,V) is Kobayashi hyperbolic.

The following conjecture would then make a bridge between these theorems and the GGL and
Kobayashi conjectures.

0.18. Conjecture. Let X C P"*¢ be a complete intersection of hypersurfaces of respective degrees

di,...,de, codimX = c.

(a) If X is non singular and of general type, i.e. if > d; > n+c+2, then X is in fact strongly of
general type.
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(b) If X is (very) generic and ) d; > 2n+ ¢, then X is algebraically jet-hyperbolic.

Since Conjecture 0.18 only deals with algebraic statements, our hope is that a proof can be
obtained through a suitable deepening of the techniques introduced by Clemens, Ein, Voisin and
Siu. Under the slightly stronger condition ) d; > 2n + ¢ + 1, Voisin showed indeed that every
subvariety Y C X is of general type, if X is generic. To prove the Kobayashi conjecture in its
optimal incarnation, we would need to show that such Y’s are strongly of general type.

In this direction, Dinh Tuan Huynh [DTH15] showed that the complement of a small deformation
of the union of 2n hyperplanes in general position in P" is hyperbolic: the resulting degree d,, =
2n is extremely close to optimality (if not optimal). Very recently, G. Berczi [Berl5| stated a
positivity conjecture for Thom polynomials of Morin singularities, and showed that it would imply
a polynomial bound d,, = 2n'° for the generic hyperbolicity of hypersurfaces.

I would like to thank Simone Diverio, Erwan Rousseau and Mihai Paun for very stimulating
discussions on these questions. These notes also owe a lot to their work.

1. BASIC HYPERBOLICITY CONCEPTS

1.A. KOBAYASHI HYPERBOLICITY

We first recall a few basic facts concerning the concept of hyperbolicity, according to S. Kobayashi
[Kob70, Kob76]. Let X be a complex space. Given two points p,q € X, consider a chain of analytic
disks from p to ¢, that is a sequence of holomorphic maps fo, f1,..., fr : A — X from the unit disk
A =D(0,1) C C to X, together with pairs of points ag, b, . . ., ax, by of A such that

p=folao), a= fi(b), [i(bs) = fir1(aips), i=0,.... k-1
Denoting this chain by «, define its length ¢(«) to be

(1.1,) l(a) =dp(a1,by) + -+ dp(ag, by)
where dp is the Poincaré distance on A, and the Kobayashi pseudodistance d§ on X to be
(1.17) % (p, q) = inf £(c).

a Finsler metric (resp. pseudometric) on a vector bundle E' is a homogeneous positive (resp. non-
negative) positive function N on the total space E, that is,

N = |\|N(E) forall\eCand €€ E,

but in general N is not assumed to be subbadditive (i.e. convex) on the fibers of E. A Finsler
(pseudo-)metric on E' is thus nothing but a hermitian (semi-)norm on the tautological line bun-

dle Op(gy(—1) of lines of E over the projectivized bundle Y = P(FE). The Kobayashi-Royden
infinitesimal pseudometric on X is the Finsler pseudometric on the tangent bundle Tx defined by

(1.2) kx (&) =inf {A>0;3f: A = X, f(0) =z, A\f'(0) =&}, re X, £€Tx,.

Here, if X is not smooth at x, we take T'x , = (mX’x/mg(@)* to be the Zariski tangent space, i.e. the
tangent space of a minimal smooth ambient vector space containing the germ (X, x); all tangent
vectors may not be reached by analytic disks and in those cases we put kx(£) = +0o. When X
is a smooth manifold, it follows from the work of H.L. Royden ([Roy71], [Roy74]) that d¥ is the
integrated pseudodistance associated with the pseudometric, i.e.

dX (p.q) = igf / kx (+/(t)) dt,

where the infimum is taken over all piecewise smooth curves joining p to ¢; in the case of complex
spaces, a similar formula holds, involving jets of analytic curves of arbitrary order, cf. S. Venturini
[Ven96].

1.3. Definition. A complex space X is said to be hyperbolic (in the sense of Kobayashi) if d% is
actually a distance, namely if d5(p,q) > 0 for all pairs of distinct points (p,q) in X.
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When X is hyperbolic, it is interesting to investigate when the Kobayashi metric is complete:
one then says that X is a complete hyperbolic space. However, we will be mostly concerned with
compact spaces here, so completeness is irrelevant in that case.

Another important property is the monotonicity of the Kobayashi metric with respect to holo-
morphic mappings. In fact, if & : X — Y is a holomorphic map, it is easy to see from the definition
that

(1.4) d%(®(p), ®(q)) < d¥(p,q),  forallp,qe X.

The proof merely consists of taking the composition ® o f; for all clains of analytic disks connecting
p and ¢ in X. Clearly the Kobayashi pseudodistance dg on X = C is identically zero, as one can
see by looking at arbitrarily large analytic disks A — C, ¢t +— At. Therefore, if there is any (non
constant) entire curve ® : C — X, namely a non constant holomorphic map defined on the whole
complex plane C, then by monotonicity d§ is identically zero on the image ®(C) of the curve, and
therefore X cannot be hyperbolic. When X is hyperbolic, it follows that X cannot contain rational
curves C' ~ P! or elliptic curves C/A, or more generally any non trivial image ® : W = CP/A — X
of a p-dimensional complex torus (quotient of CP by a lattice). The only case where hyperbolicity
is easy to assess is the case of curves (dim¢ X = 1).

1.5. Case of complex curves. Up to bihomorphism, any smooth complex curve X belongs to one
(and only one) of the following three types.
) (rational curve) X ~ P,

(a

(b) (parabolic type) X ~C, X ~ C, C* or X ~ C/A (elliptic curve)

(¢) (hyperbolic type) X ~A. All compact curves X of genus g > 2 enter in this category, as well
as X =P\ {a,b,c} ~C~{0,1}, or X = C/A ~ {a} (elliptic curve minus one point).

In fact, as the disk is simply connected, every holomorphic map f : A — X lifts to the universal
cover f: A— X ,so that f =po ]/”\where p: X — X is the projection map, and the conclusions
(a,b,c) follow easily from the Poincaré-Koebe uniformization theorem: every simply connected
Riemann surface is biholomorphic to C, the unit disk A or the complex projective line P*.

In some rare cases, the one-dimensional case can be used to study the case of higher dimensions.
For instance, it is easy to see by looking at projections that the Kobayashi pseudodistance on a
product X x Y of complex spaces is given by

(1.6) dX oy (2,y), (@',y)) = max (dx (z,27), d5 (y,4/)),
(1.6") kxxy (€,¢) = max (kx(€), ky(£)),

and from there it follows that a product of hyperbolic spaces is hyperbolic. As a consequence
(C ~ {0,1})2, which is also a complement of five lines in P2, is hyperbolic.

1.B. BRODY CRITERION FOR HYPERBOLICITY

Throughout this subsection, we assume that X is a complex manifold. In this context, we have
the following well-known result of Brody [Bro78]. Its main interest is to relate hyperbolicity to the
non existence of entire curves.

1.7. Brody reparametrization lemma. Let w be a hermitian metric on X and let f : A — X be
a holomorphic map. For every e > 0, there exists a radius R > (1 —¢€)||f'(0)|l, and a homographic
transformation 1 of the disk D(0, R) onto (1 —e)A such that

1
I(Fow)O)le=1,  [I(fov) Bl < TR for every t € D(0, R).

Proof. Select ty € A such that (1 — [¢2)||f/((1 — &)t)||. reaches its maximum for ¢t = to. The reason
for this choice is that (1 — [¢|?)||f'((1 — €)t)|w is the norm of the differential f'((1—¢)t) : Ta — Tx
with respect to the Poincaré metric |dt|?/(1 — [t|?)? on Ta, which is conformally invariant under
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Aut(A). One then adjusts R and v so that ¢(0) = (1 — &)tg and |¢'(0)| || f/(¥(0))]|o = 1. As
[/ (0)| = 1—}_%5(1 — |t0]?), the only possible choice for R is

R=(1-¢e)(1~ [t (@O)]w = 1 —e)llf (0)]

The inequality for (f o))" follows from the fact that the Poincaré norm is maximum at the origin,
where it is equal to 1 by the choice of R. Using the Ascoli-Arzela theorem we obtain immediately:

1.8. Corollary (Brody). Let (X,w) be a compact complex hermitian manifold. Given a sequence
of holomorphic mappings f, : A — X such that lim || f}(0)||. = +00, one can find a sequence of
homographic transformations ¢, : D(0,R,) — (1 — 1/v)A with lim R, = +oc0, such that, after
passing possibly to a subsequence, (f, o 1) converges uniformly on every compact subset of C
towards a non constant holomorphic map g : C — X with ||¢’(0)||w = 1 and supec |9’ (t)]|w < 1.

An entire curve g : C — X such that sup¢ ||¢'||o = M < 400 is called a Brody curve; this concept
does not depend on the choice of w when X is compact, and one can always assume M = 1 by
rescaling the parameter t.

1.9. Brody criterion. Let X be a compact complexr manifold. The following properties are equiv-
alent.

(a) X is hyperbolic.

(b) X does not possess any entire curve f:C — X.
(¢) X does not possess any Brody curve g : C — X.
(

d) The Kobayashi infinitesimal metric kx is uniformly bouded below, namely

kx(§) = cllgllw, >0,

for any hermitian metric w on X.

Proof. (a) = (b) If X possesses an entire curve f : C — X, then by looking at arbitrary large disks
D(0,R) C C, it is easy to see that the Kobayashi distance of any two points in f(C) is zero, so X
is not hyperbolic.

(b) = (c) is trivial.
(c) = (d) If (d) does not hold, there exists a sequence of tangent vectors &, € Tx 5, with || ]lw =1
and kx (&) — 0. By definition, this means that there exists an analytic curve f, : A — X with

f(0) =z, and || f,(0)]|n > (1—%)/kx(§,,) — 400. One can then produce a Brody curve g = C — X
by Corollary 1.8, contradicting (c).

(d) = (a). In fact (d) implies after integrating that d¥(p,q) > cdy(p, q) where d,, is the geodesic
distance associated with w, so d§ must be non degenerate. O

Notice also that if f : C — X is an entire curve such that || f’||,, is unbounded, one can apply
the Corollary 1.8 to f,(t) := f(t + a,) where the sequence (a,) is chosen such that || f,(0)|., =
|| f(ay)|lw — +o00. Brody’s result then produces repametrizations v, : D(0, R,) — D(a,,1 —1/v)
and a Brody curve g = lim fo1), : C — X such that sup ||¢||,, = 1 and g(C) C f(C). It may happen
that the image g(C) of such a limiting curve is disjoint from f(C). In fact Winkelmann [Win07] has
given a striking example, actually a projective 3-fold X obtained by blowing-up a 3-dimensional
abelian variety Y, such that every Brody curve g : C — X lies in the exceptional divisor F C X ;
however, entire curves f : C — X can be dense, as one can see by taking f to be the lifting of a
generic complex line embedded in the abelian variety Y. For further precise information on the
localization of Brody curves, we refer the reader to the remarkable results of [Duv08].

The absence of entire holomorphic curves in a given complex manifold is often referred to as
Brody hyperbolicity. Thus, in the compact case, Brody hyperbolicity and Kobayashi hyperbolicity
coincide (but Brody hyeperbolicity is in general a strictly weaker property when X is non compact).
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1.C. GEOMETRIC APPLICATIONS

We give here two immediate consequences of the Brody criterion: the openness property of
hyperbolicity and a hyperbolicity criterion for subvarieties of complex tori. By definition, a holo-
morphic family of compact complex manifolds is a holomorphic proper submersion X — S between
two complex manifolds.

1.10. Proposition. Let 7 : X — S be a holomorphic family of compact complex manifolds. Then
the set of s € S such that the fiber X5 = m—'(s) is hyperbolic is open in the Euclidean topology.

Proof. Let w be an arbitrary hermitian metric on X, (X5, )s, es a sequence of non hyperbolic fibers,
and s = lims,. By the Brody criterion, one obtains a sequence of entire maps f, : C — X,
such that ||f/(0)||, = 1 and || f] |l < 1. Ascoli’s theorem shows that there is a subsequence of f,
converging uniformly to a limit f : C — X, with || f/(0)]|, = 1. Hence X is not hyperbolic and
the collection of non hyperbolic fibers is closed in S. O

Consider now an n-dimensional complex torus W, i.e. an additive quotient W = C"/A, where
A C C" is a (cocompact) lattice. By taking a composition of entire curves C — C™ with the
projection C™ — W we obtain an infinite dimensional space of entire curves in W.

1.11. Theorem. Let X C W be a compact complex submanifold of a complex torus. Then X is
hyperbolic if and only if it does not contain any translate of a subtorus.

Proof. If X contains some translate of a subtorus, then it contains lots of entire curves and so X
is not hyperbolic.

Conversely, suppose that X is not hyperbolic. Then by the Brody criterion there exists an entire
curve f : C — X such that ||f'[|, < [|f(0)]|w = 1, where w is the flat metric on W inherited from
C". This means that any lifting f: (f, cee f;) : C — C" is such that

-
St
=~
N
—_

<
Il
-

Then, by Liouville’s theorem, ]}7 is constant and therefore f is affine. But then the closure of the
image of f is a translate a + H of a connected (possibly real) subgroup H of W. We conclude that
X contains the analytic Zariski closure of a + H, namely a + H® where HC C W is the smallest
closed complex subgroup of W containing H. O

2. DIRECTED MANIFOLDS

2.A. BASIC DEFINITIONS CONCERNING DIRECTED MANIFOLDS

Let us consider a pair (X, V') consisting of a n-dimensional complex manifold X equipped with a
linear subspace V- C T'x: assuming X connected, this is by definition an irreducible closed analytic
subspace of the total space of T'x such that each fiber V,, = V NTx , is a vector subspace of Tx ;;
the rank x — dim¢ V, is Zariski lower semicontinuous, and it may a priori jump. We will refer
to such a pair as being a (complex) directed manifold. A morphism @ : (X,V) — (Y, W) in the
category of (complex) directed manifolds is a holomorphic map such that @, (V) C W.

The rank r € {0,1,...,n} of V is by definition the dimension of V, at a generic point. The
dimension may be larger at non generic points; this happens e.g. on X = C" for the rank 1 linear
space V generated by the Euler vector field: V, = C21<]<n 2j az for z # 0, and Vo Ccn.
Our philosophy is that directed manifolds are also useful to study ‘the “absolute case”, i.e. the
case V = T, because there are certain fonctorial constructions which are quite natural in the
category of directed manifolds (see e.g. §5, 6, 7). We think of directed manifolds as a kind of
“relative situation”, covering e.g. the case when V is the relative tangent space to a holomorphic
map X — S. In general, we can associate to V a sheaf V = O(V) C O(Tx) of holomorphic
sections. These sections need not generate the fibers of V' at singular points, as one sees already
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in the case of the Euler vector field when n > 2. However, V is a saturated subsheaf of O(Tx),
i.e. O(Tx)/V has no torsion: in fact, if the components of a section have a common divisorial
component, one can always simplify this divisor and produce a new section without any such
common divisorial component. Instead of defining directed manifolds by picking a linear space V,
one could equivalently define them by considering saturated coherent subsheaves V C O(Tx). One
could also take the dual viewpoint, looking at arbitrary quotient morphisms Qk — W =V* (and
recovering V = W* = Homp(W, O), as V = V** is reflexive). We want to stress here that no
assumption need be made on the Lie bracket tensor [, | : VxV — O(Tx)/V, i.e. we do not assume
any kind of integrability for V or W.

The singular set Sing(V') is by definition the set of points where V is not locally free, it can
also be defined as the indeterminacy set of the (meromorphic) classifying map a : X --= G,.(Tx),
z =V to the Grasmannian of r dimensional subspaces of T'x. We thus have Vx. ging(v) = @*S
where S — G, (Tx) is the tautological subbundle of G, (T’x). The singular set Sing(V) is an analytic
subset of X of codim > 2, hence V is always a holomorphic subbundle outside of codimension 2.
Thanks to this remark, one can most often treat linear spaces as vector bundles (possibly modulo
passing to the Zariski closure along Sing(V)).

2.B. HYPERBOLICITY PROPERTIES OF DIRECTED MANIFOLDS
Most of what we have done in §1 can be extended to the category of directed manifolds.
2.1. Definition. Let (X,V) be a complex directed manifold.

(i) The Kobayashi-Royden infinitesimal metric of (X,V') is the Finsler metric on V defined for
anyx € X and £ € V, by

kxvy(€) =inf{A>0;3f: A= X, f(0)==, Af(0) =&, f'(A) CV}.

Here A C C is the unit disk and the map f is an arbitrary holomorphic map which is tangent
toV, i.e., such that f'(t) € Vi for allt € A. We say that (X, V') is infinitesimally hyperbolic
if k(x v is positive definite on every fiber V. and satisfies a uniform lower bound k(x v (&) =
elléllw in terms of any smooth hermitian metric w on X, when x describes a compact subset
of X.

(ii) More generally, the Kobayashi-Eisenman infinitesimal pseudometric of (X,V') is the pseudo-
metric defined on all decomposable p-vectors § = §& N -+~ N& € APV, 1 < p < r =rankV,
by

ez(jxyv)(f) = inf {)\ >0;3f: By, = X, f(0) =2, Mi(m0) =&, fu(IB,) C V}

where By, is the unit ball in CP and 10 = 0/0t1 A --- N 0/0ty is the unit p-vector of CP at the
origin. We say that (X, V) is infinitesimally p-measure hyperbolic if ei’ X.V) is positive definite
on every fiber APV, and satisfies a locally uniform lower bound in terms of any smooth metric.

If ®:(X,V)— (Y,W) is a morphism of directed manifolds, it is immediate to check that we
have the monotonicity property

(2.2) kiyw) (@:6) < kex v (§), VEev,
(2~2p) (Y,W)((I)*f) < e(X V) (5) VE=& A A fp € APV

The following proposition shows that virtually all reasonable definitions of the hyperbolicity prop-
erty are equivalent if X is compact (in particular, the additional assumption that there is locally
uniform lower bound for k(1) is not needed). We merely say in that case that (X, V') is hyperbolic.

2.3. Proposition. For an arbitrary directed manifold (X,V'), the Kobayashi-Royden infinitesimal
metric K(x vy is upper semicontinuous on the total space of V.. If X is compact, (X, V) is infinites-
imally hyperbolic if and only if there are no non constant entire curves g : C — X tangent to V.
In that case, k(x vy is a continuous (and positive definite) Finsler metric on V.
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Proof. The proof is almost identical to the standard proof for kyx, for which we refer to Royden
[Roy71, Roy74]. One of the main ingredients is that one can find a Stein neighborhood of the graph
of any analytic disk (thanks to a result of [Siu76], cf. also [Dem90a] for more general results). This
allows to obtain “free” small deformations of any given analytic disk, as there are many holomorphic
vector fields on a Stein manifold. O

Another easy observation is that the concept of p-measure hyperbolicity gets weaker and weaker
as p increases (we leave it as an exercise to the reader, this is mostly just linear algebra).

2.4. Proposition. If (X,V) is p-measure hyperbolic, then it is (p + 1)-measure hyperbolic for all
pe{l,...,r—1}

Again, an argument extremely similar to the proof of 1.10 shows that relative hyperbolicity is
an open property.
2.5. Proposition. Let (X,V) — S be a holomorphic family of compact directed manifolds (by this,
we mean a proper holomorphic map X — S together with an analytic linear subspace V C Ty g C

Tx of the relative tangent bundle, defining a deformation (Xs, Vs)ses of the fibers). Then the set of
s € S such that the fiber (X, Vs) is hyperbolic is open in S with respect to the Euclidean topology.

Let us mention here an impressive result proved by Marco Brunella [Bru03, Bru05, Bru06]
concerning the behavior of the Kobayashi metric on foliated varieties.

2.6. Theorem (Brunella). Let X be a compact Kahler manifold equipped with a (possibly singular)
rank 1 holomorphic foliation which is not a foliation by rational curves. Then the canonical bundle
Kx = F* of the foliation is pseudoeffective (i.e. the curvature of K is > 0 in the sense of currents).

The proof is obtained by putting on Kz precisely the metric induced by the Kobayashi metric
on the leaves whenever they are generically hyperbolic (i.e. covered by the unit disk). The case of
parabolic leaves (covered by C) has to be treated separately.

2.C. PLURICANONICAL SHEAVES OF A DIRECTED VARIETY

Let (X, V) be a directed projective manifold where V' is possibly singular, and let » = rank V.
If p: X — X is a proper modification (a composition of blow-ups with smooth centers, say),
we get a directed manifold (X V) by taking V to be the closure of L(V'), where V! = V| is
the restriction of V over a Zariski open set X' C X ~ Sing(V) such that p : p~1(X') - X' is a
biholomorphism. We say that (X, V) is a modification of (X, V) and write V = p*V.

We will be interested in taking modifications realized by iterated blow-ups of certain nonsingular
subvarieties of the singular set Sing(V'), so as to eventually “improve” the singularities of V';
outside of Sing(V') the effect of blowing-up will be irrelevant. The canonical sheaf Ky, resp. the
pluricanonical sheaf sequence K‘;n ], will be defined here in several steps, using the concept of
bounded pluricanonical forms that was already introduced in [Dem11].

2.7. Definition. For a directed pair (X,V) with X nonsingular, we define YKy, resp. ng/n], for
any integer m = 0, to be the rank 1 analytic sheaves such that

YKy (U) = sheaf of locally bounded sections of Ox (A"V*)(UNnX')
bK?/n}(U) = sheaf of locally bounded sections of Ox ((A"V'*)*™)(U N X')

where © = rank(V), X" = X \ Sing(V), V' = Vixs, and “locally bounded” means bounded with
respect to a smooth hermitian metric h on Tx, on every set W N X' such that W is relatively
compact in U.

In the trivial case r = 0, we simply set ngn] = Ox for all m; clearly ECL(X,V) = ) in that
case, so there is not much to say. The above definition of *K Vm may look like an analytic one, but
it can easily be turned into an equivalent algebraic definition:
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2.8. Proposition. Consider the natural morphism O(A"T%) — O(A"V*) where r = rank V' and
O(A"V*) is defined as the quotient of O(A"T%) by r-forms that have zero restrictions to O(A"V*)
on X ~\ Sing(V). The bidual Ly = Ox (A"V*)** is an invertible sheaf, and our natural morphism
can be written

(2.81) OA'T%) = O(A"V*) = Ly ® Ty C Ly

where Jy is a certain ideal sheaf of Ox whose zero set is contained in Sing(V') and the arrow on
the left is surjective by definition. Then

(2.8,) R N

where T‘T is the integral closure of Jy* in Ox. In particular, ngn] s always a coherent sheaf.
Proof. Let (uy) be a set of generators of O(A"V*) obtained (say) as the images of a basis (dzr) 7=,
of A"T% in some local coordinates near a point x € X. Write u;, = gif where £ is a local generator
of Ly at x. Then Jy = (gr) by definition. The boundedness condition expressed in Def. 2.7 means
that we take sections of the form f¢®™ where f is a holomorphic function on U N X’ (and U a
neighborhood of x), such that

(2:83) n<e(Xlal)”

for some constant ' > 0. But then f extends holomorphically to U into a function that lies in the
integral closure Jy, (it is well known that the latter is characterized analytically by condition (2.83)).
This proves Prop. 2.8. O

2.9. Lemma. Let (X,V) be a directed variety.

(a) For any modification p : ()?,17) — (X,V), there are always well defined injective natural
morphisms of rank 1 sheaves

ngn] N u*(bK%"]) — LE™,

(b) The direct image fi. (bK%n}
= opu: X5 X3 XandV = w*V by V= w*V, i.e. there are injections

) may only increase when we replace p by a “higher” modification

[m]

e (K = f ORI < 2o,
We refer to this property as the monotonicity principle.

Proof. (a) The existence of the first arrow is seen as follows: the differential j, = dp : V- w*V is
smooth, hence bounded with respect to ambient hermitian metrics on X and X, and going to the
duals reverses the arrows while preserving boundedness with respect to the metrics. We thus get
an arrow
POV < by

By taking the top exterior power, followed by the m-th tensor product and the integral closure
of the ideals involved, we get an injective arrow u* (bK ?/n ) — K %n 3 Finally we apply the direct
image fonctor p, and the canonical morphism F — p,u*F to get the first inclusion morphism. The
second arrow comes from the fact that p* (°K ?/n ]) coincides with £3™ (and with det(V*)®™) on the
complement of the codimension 2 set S = Sing(V') U p(Exc(n)), and the fact that for every open
set U C X, sections of Ly defined on U \ S automatically extend to U by the Riemann extension
theorem, even without any boundedness assumption.

(b) Given 4/ : X — X, we argue as in (a) that there is a bounded morphism dy’: V — V. O

By the monotonicity principle and the strong Noetherian property of coherent sheaves, we infer
that there exists a maximal direct image when p : X — X runs over all non singular modifications
of X. The following definition is thus legitimate.
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2.10. Definition. We define the pluricanonical sheaves K{;' of (X,V') to be the inductive limits

ml . brAmly _ by Ml
K = lim e (P = max s (K )
o
taken over the family of all modifications p : (X',‘A/) — (X, V), with the trivial (filtering) partial
order. The canonical sheaf Ky itself is defined to be the same as Kvl . By construction, we have
for every m > 0 inclusions
K[m] — K‘[f”} — LI,
and K[m] J[m] E%m for a certain sequence of integrally closed ideals j‘[/m] C Ox

It is clear from this construction that K‘[;n Vs birationally invariant, i.e. that K‘[;n = Lhs (K‘[;',ﬂ)

for every modification u : (X', V') — (X, V). Moreover the sequence is submultiplicative, i.e. there
are injections

K‘[;nl] ® K‘[;nz} N K‘[;n1+m2]

for all non negative integers mi, ms ; the corresponding sequence of ideals j‘[/m] is thus also submul-
tiplicative. By blowing up J‘[/m] and taking a desingularization X of the blow-up, one can always

find a log-resolution of j‘[,m}, i.e. a modification g, : X’m — X such that u:‘nj‘[/m] C (’))?m is an
invertible ideal sheaf; it follows that

NmK[ — Mmj[m] (M:n*CV)@m

is an invertible sheaf on )?m We do not know whether u,, can be taken independent of m, nor
whether the inductive limit introduced in Definition 2.10 is reached for a p that is independent
of m. If such a “uniform” p exists, it could be thought as a some sort of replacement for the
resolution of singularities of directed structures (which do not exist in the naive sense that V' could
be made non singular). By means of a standard Serre-Siegel argument, one can easily show

2.11. Proposition. Let (X,V) be a directed variety (X,V) and F be an invertible sheaf on X.
The following properties are equivalent :

(a) there exists a constant ¢ > 0 and mo > 0 such that h°(X, K‘[;n] ® FO™) > cm™ for m > my,
where n = dim X.

(b) the space of sections H°(X, K‘[;n] ® F®™) provides a generic embedding of X in projective space
for sufficiently large m;

(c) there exists m > 0 and a log-resolution fiy, : Xm = X of K‘[;n} such that u,ﬁl(K{[;n] @ F®™) is a
big invertible sheaf on X, ;

(d) there exists m > 0, a modification [im : (Xm, Vin) — (X, V) and a log resolution pu, : Xm— X
of bK[ ™ such that ,u’*(bK[ ™ ® 5, F&™) is a big invertible sheaf on X,

We will express any of these equwalent properties by saying that the thsted pluricanonical sheaf

sequence K3, @ F'* is big.

In the special case F = Ox, we introduce
2.12. Definition. We say that (X, V) is of general type if K3, is big.

2.13. Remarks.

(a) At this point, it is important to stress the difference between “our” canonical sheaf Ky, and
the sheaf Ly, which is defined by some experts as “the canonical sheaf of the foliation” defined by
V', in the integable case. Notice that Ly can also be defined as the direct image Ly = i, O(det V*)
associated with the injection 7 : X ~\ Sing(V) < X. The discrepancy already occurs with the
rank 1 linear space V' C Tpn consisting at each point z # 0 of the tangent to the line (0z) (so
that necessarily Vo = Tppo). As a sheaf (and not as a linear space), i.O(V) is the invertible
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sheaf generated by the vector field £ = )" 2;0/0z; on the affine open set C" C P{, and therefore
Ly := i, O(V*) is generated over C™ by the unique 1-form w such that u(§) = 1. Since ¢ vanishes
at 0, the generator u is unbounded with respect to a smooth metric hg on Tpz, and it is easily seen
that Ky is the non invertible sheaf Ky = Ly ® mpz 0. We can make it invertible by considering
the blow-up p: X — X of X = P¢ at 0, so that u*Ky is isomorphic to u*Ly ® Oz (—E) where
F is the exceptional divisor. The integral curves C' of V' are of course lines through 0, and when a
standard parametrization is used, their derivatives do not vanish at 0, while the sections of i, O(V)
do — a first sign that i,.O(V) and i, O(V*) are the wrong objects to consider.

(b) When V is of rank 1 , we get a foliation by curves on X. If (X, V) is of general type (i.e. K3,
is big), we will see in Prop. 4.9 that almost all leaves of V' are hyperbolic, i.e. covered by the unit
disk. This would not be true if K3, was replaced by Ly, In fact, the examples of pencils of conics
or cubic curves in P? already produce this phenomenon, as we have seen in the introduction, right
after conjecture 0.4. For this second reason, we believe that K7, is a more appropriate concept of
“canonical sheaf” than Ly is.

(c) When dim X = 2, a singularity of a (rank 1) foliation V' is said to be simple if the linear part
of the local vector field generating O(V') has two distinct eigenvalues A # 0, u # 0 such that the
quotient A/ is not a positive rational number. Seidenberg’s theorem [Sei68] says there always
exists a composition of blow-ups p : X — X such that V = p*V only has simple singularities.
It is easy to check that the inductive limit canonical sheaf K‘[;n = 1. (°K ‘7m ) is reached whenever
V = u*V has simple singularities.

3. ALGEBRAIC HYPERBOLICITY

In the case of projective algebraic varieties, hyperbolicity is expected to be related to other
properties of a more algebraic nature. Theorem 3.1 below is a first step in this direction.

3.1. Theorem. Let (X,V) be a compact complex directed manifold and let Y wjrdz; @ dz) be a
Kdhler metric on X, with associated positive (1,1)-form w = § > w;rdz; A dzy, dw = 0. Consider
the following three properties, which may or not be satisfied by (X,V) :

(i) (X,V) is hyperbolic.

(ii) There exists € > 0 such that every compact irreducible curve C C X tangent to V' satisfies

—x(C) =29(C) =2 > ¢ deg,,(C)

where g(C) is the genus of the normalization C of C, x(C) its Euler characteristic and deg,,(C) =
fcw. (This property is of course independent of w.)

(iii) There does not exist any non constant holomorphic map ® : Z — X from an abelian variety Z
to X such that ®.(Tz) C V.

Then (i) = (ii) = (iii).

Proof. (i)=-(ii). If (X, V) is hyperbolic, there is a constant 9 > 0 such that k x y(§) > eol|¢|l

for all £ € V. Now, let C C X be a compact irreducible curve tangent to V and let v : C — C be

its normalization. As (X, V) is hyperbolic, C' cannot be a rational or elliptic curve, hence C admits

the disk as its universal covering p : A — C.

The Kobayashi-Royden metric ka is the Finsler metric |dz|/(1—|z|?) associated with the Poincaré
metric |dz|?/(1 — |z]?)? on A, and kg is such that p*kz = ka. In other words, the metric kg
is induced by the unique hermitian metric on C of constant Gaussian curvature —4. If oo =
1dzNdz/(1—|z|?)? and o are the corresponding area measures, the Gauss-Bonnet formula (integral

of the curvature = 27 x(C)) yields

Ldora =3 [ euvic) ==5x(@)
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On the other hand, if j : C'— X is the inclusion, the monotonicity property (2.2) applied to the
holomorphic map jov : C' — X shows that
ke (t) > k) ((ov)at) =

From this, we infer doz > e2(j ov)*w, thus

O = [drpz e [Gonyu=g [ w
C C C

Property (ii) follows with e = 2¢3/7.

vt € T

(ii) = (iii). First observe that (ii) excludes the existence of elliptic and rational curves tangent to V.
Assume that there is a non constant holomorphic map ¢ : Z — X from an abelian variety Z to X
such that ®.(Tz) C V. We must have dim ®(Z) > 2, otherwise ®(Z) would be a curve covered by
images of holomorphic maps C — ®(Z), and so ®(Z) would be elliptic or rational, contradiction.
Select a sufficiently general curve I' in Z (e.g., a curve obtained as an intersection of very generic
divisors in a given very ample linear system |L| in Z). Then all isogenies u, : Z — Z, s — ms map
I'in a 1:1 way to curves u,(I') C Z, except maybe for finitely many double points of w,,(I") (if
dim Z = 2). It follows that the normalization of u,,(I") is isomorphic to I'. If " is general enough,
similar arguments show that the images

Cr 1= ®(upm (L)) © X

are also generically 1 : 1 images of T, thus C,, ~ I' and g(C,,) = ¢(I'). We claim that C,, has
degree = Const m?. In fact

t/w—/@wmw—LMA%@%%

and since every closed (1, 1) form on a torus is cohomologous to a constant form, we have v}, (®*w) =
m2®*w, thus deg,, Cy,, = m? deg,, C; and (2¢9(C,,) — 2)/ deg,, Cp, — 0 contradiction. O

3.2. Definition. We say that a projective directed manifold (X,V') is “algebraically hyperbolic” if
it satisfies property 3.1 (ii), namely, if there exists € > 0 such that every algebraic curve C C X
tangent to V satisfies

29(C) — 2 > € deg,,(C).

A nice feature of algebraic hyperbolicity is that it satisfies an algebraic analogue of the openness
property.
3.3. Proposition. Let (X,V) — S be an algebraic family of projective algebraic directed manifolds
(given by a projective morphism X — S). Then the set of t € S such that the fiber (X, V;) is
algebraically hyperbolic is open with respect to the “countable Zariski topology” of S (by definition,
this is the topology for which closed sets are countable unions of algebraic sets).

Proof. After replacing S by a Zariski open subset, we may assume that the total space X itself
is quasi-projective. Let w be the Kéahler metric on X obtained by pulling back the Fubini-Study
metric via an embedding in a projective space. If integers d > 0, g > 0 are fixed, the set Ay, of
t € S such that X; contains an algebraic 1-cycle C' = ) m;C}; tangent to V; with deg,(C) = d
and g(C) = > m; g(C;) < g is a closed algebraic subset of S (this follows from the existence of a
relative cycle space of curves of given degree, and from the fact that the geometric genus is Zariski
lower semicontinuous). Now, the set of non algebraically hyperbolic fibers is by definition

ﬂ U Adg:
k>0 2g—2<d/k

This concludes the proof (of course, one has to know that the countable Zariski topology is actually
a topology, namely that the class of countable unions of algebraic sets is stable under arbitrary
intersections; this can be easily checked by an induction on dimension). O
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3.4. Remark. More explicit versions of the openness property have been dealt with in the literature.
H. Clemens ([Cle86] and [CKL88]) has shown that on a very generic surface of degree d > 5 in P3,
the curves of type (d, k) are of genus g > kd(d — 5)/2 (recall that a very generic surface X C P3 of
degree > 4 has Picard group generated by Ox (1) thanks to the Noether-Lefschetz theorem, thus any
curve on the surface is a complete intersection with another hypersurface of degree k ; such a curve
is said to be of type (d, k) ; genericity is taken here in the sense of the countable Zariski topology).
Improving on this result of Clemens, Geng Xu [Xu94] has shown that every curve contained in a
very generic surface of degree d > 5 satisfies the sharp bound g > d(d — 3)/2 — 2. This actually
shows that a very generic surface of degree d > 6 is algebraically hyperbolic. Although a very
generic quintic surface has no rational or elliptic curves, it seems to be unknown whether a (very)
generic quintic surface is algebraically hyperbolic in the sense of Definition 3.2.

In higher dimension, L. Ein ([Ein88], [Ein91]) proved that every subvariety of a very generic
hypersurface X C P"*! of degree d > 2n + 1 (n > 2), is of general type. This was reproved by a
simple efficient technique by C. Voisin in [Voi96].

3.5. Remark. It would be interesting to know whether algebraic hyperbolicity is open with respect
to the Euclidean topology ; still more interesting would be to know whether Kobayashi hyperbolicity
is open for the countable Zariski topology (of course, both properties would follow immediately
if one knew that algebraic hyperbolicity and Kobayashi hyperbolicity coincide, but they seem
otherwise highly non trivial to establish). The latter openness property has raised an important
amount of work around the following more particular question: is a (very) generic hypersurface
X C P! of degree d large enough (say d > 2n + 1) Kobayashi hyperbolic ? Again, “very generic”
is to be taken here in the sense of the countable Zariski topology. Brody-Green [BrGr77] and Nadel
[Nad89] produced examples of hyperbolic surfaces in P3 for all degrees d > 50, and Masuda-Noguchi
[MaNo093] gave examples of such hypersurfaces in P" for arbitrary n > 2, of degree d > dy(n) large
enough. The hyperbolicity of complements P* ~. D of generic divisors may be inferred from the
compact case; in fact if D = {P(zp,...,2,) = 0} is a smooth generic divisor of degree d, one may
look at the hypersurface

X ={z,=P(2,...,20)} CP"H!

which is a cyclic d : 1 covering of P". Since any holomorphic map f : C — P~ D can be lifted to X,
it is clear that the hyperbolicity of X would imply the hyperbolicity of P ~. D. The hyperbolicity
of complements of divisors in P” has been investigated by many authors. O

In the “absolute case” V = T¥, it seems reasonable to expect that properties 3.1 (i), (ii) are
equivalent, i.e. that Kobayashi and algebraic hyperbolicity coincide. However, it was observed by
Serge Cantat [Can00] that property 3.1 (iii) is not sufficient to imply the hyperbolicity of X, at
least when X is a general complex surface: a general (non algebraic) K3 surface is known to have
no elliptic curves and does not admit either any surjective map from an abelian variety; however
such a surface is not Kobayashi hyperbolic. We are uncertain about the sufficiency of 3.1 (iii) when
X is assumed to be projective.

4. THE AHLFORS-SCHWARZ LEMMA FOR METRICS OF NEGATIVE CURVATURE

One of the most basic ideas is that hyperbolicity should somehow be related with suitable
negativity properties of the curvature. For instance, it is a standard fact already observed in
Kobayashi [Kob70] that the negativity of T'x (or the ampleness of T%%) implies the hyperbolicity
of X. There are many ways of improving or generalizing this result. We present here a few simple
examples of such generalizations.

4.A. EXPLOITING CURVATURE VIA POTENTIAL THEORY

If (V, h) is a holomorphic vector bundle equipped with a smooth hermitian metric, we denote by
Vi, = V), + V/ the associated Chern connection and by Oy, = ﬁV% its Chern curvature tensor.
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4.1. Proposition. Let (X, V) be a compact directed manifold. Assume that V' is non singular and
that V* is ample. Then (X, V') is hyperbolic.

Proof (from an original idea of [Kob75]). Recall that a vector bundle F is said to be ample if S™F
has enough global sections o1,...,0xN so as to generate 1-jets of sections at any point, when m is
large. One obtains a Finsler metric N on E* by putting

NO=( Y lo@-ep) " e

1<<N

and N is then a strictly plurisubharmonic function on the total space of E* minus the zero section
(in other words, the line bundle Op(g+)(1) has a metric of positive curvature). By the ampleness
assumption on V*, we thus have a Finsler metric IV on V which is strictly plurisubharmonic outside
the zero section. By the Brody lemma, if (X, V') is not hyperbolic, there is a non constant entire
curve g : C — X tangent to V such that supc ||¢'||w < 1 for some given hermitian metric w on X.
Then N(g') is a bounded subharmonic function on C which is strictly subharmonic on {¢’ # 0}.
This is a contradiction, for any bounded subharmonic function on C must be constant. O

4.B. AHLFORS-SCHWARZ LEMMA

Proposition 4.1 can be generalized a little bit further by means of the Ahlfors-Schwarz lemma
(see e.g. [Lang87]; we refer to [Dem95| for the generalized version presented here; the proof is merely
an application of the maximum principle plus a regularization argument).

4.2. Ahlfors-Schwarz lemma. Let ¥(t) = yo(t)idt A dt be a hermitian metric on Ag where
log o is a subharmonic function such that i 001og~y(t) = A~ (t) in the sense of currents, for some
positive constant A. Then ~ can be compared with the Poincaré metric of Ar as follows:
) 2 R7?|dt|
TS ARy
More generally, let v = i) vedt; A dty be an almost everywhere positive hermitian form on
the ball B(0,R) C CP, such that — Ricci(y) := i0dlogdety > Avy in the sense of currents, for

some constant A > 0 (this means in particular that dety = det(v;i) is such that logdet~y is
plurisubharmonic). Then the v-volume form is controlled by the Poincaré volume form :

p+1\P 1
det() < (%) 1 — (/R

4.C. APPLICATIONS OF THE AHLFORS-SCHWARZ LEMMA TO HYPERBOLICITY

Let (X, V) be a projective directed variety. We assume throughout this subsection that X is non
singular.

4.3. Proposition. Assume that V itself is non singular and that the dual bundle V* is “very big”
i the following sense: there exists an ample line bundle L and a sufficiently large integer m such
that the global sections in H°(X,S™V* @ L™') generate all fibers over X \'Y, for some analytic
subset Y C X. Then all entire curves f : C — X tangent to V satisfy f(C) C Y.

Proof. Let o1,...,0n € HY(X,8™V*® L) be a basis of sections generating S™V* @ L~! over
XNY.If f: C — X is tangent to V, we define a semipositive hermitian form v(t) = ~o(t) |dt|* on
C by putting
2
W00 = D llos(F@) - £ I
where || ||z denotes a hermitian metric with positive curvature on L. If f(C) ¢ Y, the form ~ is
not identically 0 and we then find

— 2
i09logyo > — 1Oy
m
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where Oy, is the curvature form. The positivity assumption combined with an obvious homogeneity
argument yield

2 .,
— oLz el f®lsldt > ')

for any given hermitian metric w on X. Now, for any tg with vo(¢9) > 0, the Ahlfors-Schwarz
lemma shows that f can only exist on a disk D(tg, R) such that vo(¢p) < %R*Z, contradiction. [J

There are similar results for p-measure hyperbolicity, e.g.

4.4. Proposition. Assume that V is non singular and that APV* is ample. Then (X,V) is in-
finitesimally p-measure hyperbolic. More generally, assume that APV* is very big with base locus
contained in' Y C X (see 3.3). Then €P is non degenerate over X \Y .

Proof. By the ampleness assumption, there is a smooth Finsler metric N on APV which is strictly
plurisubharmonic outside the zero section. We select also a hermitian metric w on X. For any
holomorphic map f : B, — X we define a semipositive hermitian metric 7 on B, by putting
¥ = f*w. Since w need not have any good curvature estimate, we introduce the function 6(t) =
Ny (AP f'(t) - 79), where 7o = 0/0t1 A --- A 0/t and select a metric ¥ = A conformal to ¥ such
that dety = J. Then A is equal to the ratio N/APw on the element AP f'(t) - 7o € APV} (). Since X
is compact, it is clear that the conformal factor A is bounded by an absolute constant independent
of f. From the curvature assumption we then get

i90logdety =i00logd = (f,APf)*(i00log N) > ef*w > €' .

By the Ahlfors-Schwarz lemma we infer that det y(0) < C for some constant C, i.e., N¢(g) (AP f(0) -

70) < C’. This means that the Kobayashi-Eisenman pseudometric e is positive definite every-

D
(x,v)
where and uniformly bounded from below. In the case APV* is very big with base locus Y, we use

essentially the same arguments, but we then only have N being positive definite on X \ Y. O

4.5. Corollary ([Gri71], KobOT71]). If X is a projective variety of general type, the Kobayashi-
Eisenmann volume form €™, n = dim X, can degenerate only along a proper algebraic set’Y C X.

The converse of Corollary 4.5 is expected to be true, namely, the generic non degeneracy of e™
should imply that X is of general type; this is only known for surfaces (see [GrGr79] and [MoMu82]):

4.6. General Type Conjecture (Green-Griffiths [GrGr79]). A projective algebraic variety X is
measure hyperbolic (i.e. € degenerates only along a proper algebraic subvariety) if and only if X
1s of general type.

An essential step in the proof of the necessity of having general type subvarieties would be to show
that manifolds of Kodaira dimension 0 (say, Calabi-Yau manifolds and holomorphic symplectic
manifolds, all of which have ¢;(X) = 0) are not measure hyperbolic, e.g. by exhibiting enough

families of curves C; covering X such that (2g(C5,) —2)/deg(Cs¢) — 0.

4.7. Conjectural corollary (Lang). A projective algebraic variety X is hyperbolic if and only if
all its algebraic subvarieties (including X itself) are of general type.

4.8. Remark. The GGL conjecture implies the “if” part of 4.7, and the General Type Conjec-
ture 4.6 implies the “only if” part of 4.7. In fact if the GGL conjecture holds and every subvariety Y
of X is of general type, then it is easy to infer that every entire curve f : C — X has to be constant
by induction on dim X, because in fact f maps C to a certain subvariety ¥ C X. Therefore X is
hyperbolic. Conversely, if Conjecture 4.6 holds and X has a certain subvariety Y which is not of
general type, then Y is not measure hyperbolic. However Proposition 2.4 shows that hyperbolicity
implies measure hyperbolicity. Therefore Y is not hyperbolic and so X itself is not hyperbolic
either.

We end this section by another easy application of the Ahlfors-Schwarz lemma for the case of
rank 1 (possibly singular) foliations.
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4.9. Proposition. Let (X,V) be a projective directed manifold. Assume that V' is of rank 1 and
that K3, is big. Then S be the union of the singular set Sing(V') and of the base locus of Ky, (namely
the intersection of the images piy,(By,) of the base loci By, of the invertible sheaves u:‘nK‘;n , m >0,
obtained by taking log-resolutions). Then ECL(X,V) C S, in other words, all non hyperbolic leaves
of V are contained in S.

Proof. By 2.11 (d), we can take a blow-up i, : Xm — X and a log-resolution py, : )?m — X, such

that F, = M’,,;‘(’?K[é”}
can find sections o1,...08 € H O(X' ms Fm) that define a (singular) hermitian metric with strictly
positive curvature on Fy,, cf. Def. 8.1 below. Now, for every entire curve f : (C,Tc) — (X, V)
not contained in S, we can choose m and a lifting f : (C,T¢) — (X,V) such that f(C) is not
contained in the base locus of our sections. Again, we can define a semipositive hermitian form

7(t) = Y(t) |dt|? on C by putting
Yo(t) = D oy (F() - £/ (&)™ 1375,

Then 7 is not identically zero and we have i00log~o > v by the strict postivity of the curvature.
One should also notice that g is locally bounded from above by the assumption that the o;’s come
from locally bounded sections on X,,. This contradicts the Ahlfors-Schwarz lemma, and thus it
cannot happen that f(C) ¢ S. d

) is a big invertible sheaf. This means that (after possibly increasing m) we

5. PROJECTIVIZATION OF A DIRECTED MANIFOLD

5.A. THE 1-JET FONCTOR
The basic idea is to introduce a fonctorial process which produces a new complex directed

manifold (X, V) from a given one (X, V). The new structure (X, V) plays the role of a space of
1-jets over X. Fisrt assume that V is non singular. We let

X=PV), VcTx

be the projectivized bundle of lines of V', together with a subbundle V of Tx defined as follows:
for every point (z, [v]) € X associated with a vector v € V,, \ {0},

(5.1) ‘7(90,[11]) = {f € T)’Z7(x7[v]) ; TR € (C’U}, CvcCV, CTxy,,

where 7 : X = P(V) — X is the natural projection and m, : T — 7*Ty is its differential. On
X = P(V) we have a tautological line bundle Ox(—1) C 7#*V such that O%(—1) ,)) = Cv. The
bundle V' is characterized by the two exact sequences

(5.2) 0—Tg/x — V 75 0g(-1) — 0,
(5.2") 0 —0x — 71 Veox(l) —Tx/x — 0,

where Tz /x denotes the relative tangent bundle of the fibration  : X — X. The first sequence
is a direct consequence of the definition of V', whereas the second is a relative version of the Euler
exact sequence describing the tangent bundle of the fibers P(V,). From these exact sequences we
infer

(5.3) dmX =n+r—1, rank V = rank V = r,
and by taking determinants we find det(T%,x) = 7*det V ® O%(r), thus
(5.4) detV = 7*det V @ Ox(r — 1).

By definition, 7 : ()A(; ,‘7) — (X,V) is a morphism of complex directed manifolds. Clearly, our
construction is fonctorial, i.e., for every morphism of directed manifolds ® : (X, V) — (Y, W),
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there is a commutative diagram

™

) — (XV)

|®
Y, w) I (v,w)

(X,
b

€-- <

(5.5)

where the left vertical arrow is the meromorphic map P(V') --> P(W) induced by the differential
O, : V — &I (® is actually holomorphic if @, : V' — ®*W is injective).

5.B. LIFTING OF CURVES TO THE 1-JET BUNDLE

Suppose that we are given a holomorphic curve f : Ap — X parametrized by the disk Ag of
centre 0 and radius R in the complex plane, and that f is a tangent curve of the directed manifold,
i.e., f'(t) € Vi for every t € Ag. If f is non constant, there is a well defined and unique tangent
line [f’(t)] for every t, even at stationary points, and the map

(5.6) Filr—=X,  te f(t)=(f®),[F®))

is holomorphic (at a stationary point to, we just write f'(t) = (t — to)*u(t) with s € N* and
u(tp) # 0, and we define the tangent line at ¢ty to be [u(to)], hence f(t) = (f(¢),[u(t)]) near

to; even for t = tg, we still denote [f’(t9)] = [u(to)] for simplicity of notation). By definition
f'(t) € O%(—1)f1) = Cu(t), hence the derivative f" defines a section
(5.7) fliTag = FFO(-1).

Moreover 7 o f: f, therefore
mf'(t) = f'(t) € Cult) = F'(t) € Viswuy = Viw

and we see that f is a tangent trajectory of ()? , 17) We say that ]? is the canonical lifting of f
to X. Conversely, if g : Ag — X is a tangent trajectory of (X, V), then by definition of V' we see
that f = mo g is a tangent trajectory of (X, V) and that g = f (unless g is contained in a vertical
fiber P(V,,), in which case f is constant).

For any point xg € X, there are local coordinates (z1,...,z,) on a neighborhood €2 of xy such
that the fibers (V. ),cq can be defined by linear equations

(5.8) { 3 5] 6= > a2 forj:r—l—l,...,n},

1<<n 1<k<r

where (aji) is a holomorphic (n — r) x r matrix. It follows that a vector { € V, is completely
determined by its first r components (1,...,&.), and the affine chart §; # 0 of P(V);q can be
described by the coordinate system

S fg L& & )
f ;7 §J g] ’ gj

Let f ~ (f1,..., fn) be the components of f in the coordinates (z1,...,2,) (we suppose here R so
small that f(Agr) C Q). It should be observed that f is uniquely determined by its initial value

x and by the first » components (fi,..., fr). Indeed, as f'(t) € Vj), we can recover the other
components by integrating the system of ordinary differential equations

(5.10) f@)y = > ap(fOVL®), >

1<k<r

(5.9) (zl,...,zn,

on a neighborhood of 0, with initial data f(0) = x. We denote by m = m(f,to) the multiplicity

of f at any point tg € Ap, that is, m(f,tp) is the smallest integer m € N* such that f )(to) #0
for some j. By (5.10), we can always suppose j € {1,...,r}, for example fr )( to) 7é 0. Then
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F(t) = (t — to)™ u(t) with u,(tg) # 0, and the lifting f is described in the coordinates of the
affine chart & # 0 of P(V)q by

(5.11) Fe <f1,...,fn;ﬁ,..., }21)

5.C. CURVATURE PROPERTIES OF THE 1-JET BUNDLE

We end this section with a few curvature computations. Assume that V is equipped with a
smooth hermitian metric h. Denote by V), = V) + V] the associated Chern connection and by
Oy = ﬁv,% its Chern curvature tensor. For every point zg € X, there exists a “normalized”
holomorphic frame (e))1<x<» on a neighborhood of z¢, such that

(5.12) (exeudn =0 — D> CranziZk + O(|2[%),
1< k<n
with respect to any holomorphic coordinate system (z1,...,2y,) centered at xp. A computation of

d'(ex,eu)n = (Vhex, eu)n and Viey = d"V} ey then gives
V%e,\ = — Z CikAuZk de ey + O(|Z|2),
Jiks
i %
(5.13) @V,h(fUO) = o Z Cikapdzj N dz @ e\ @ ey,.
Jiks A

The above curvature tensor can also be viewed as a hermitian form on Tx ® V. In fact, one
associates with ©y, the hermitian form (Oy) on Tx ® V defined for all (¢,v) € Tx xx V by

(5.14) Ovp)((@v) = Z CiinuGiChUATp
1<j,k<n, 1<\, u<r

Let hy be the hermitian metric on the tautological line bundle Op(y)(—1) C 7*V induced by
the metric i of V. We compute the curvature (1,1)-form Oy, (Op1y(—1)) at an arbitrary point
(xo, [vo]) € P(V), in terms of ©yy. For simplicity, we suppose that the frame (e))i<i<, has
been chosen in such a way that [e,(z¢)] = [vo] € P(V) and |vg|p, = 1. We get holomorphic local
coordinates (z1,...,2n; &1,--.,&—1) on a neighborhood of (zg, [vg]) in P(V) by assigning

(21, oy 25 &1y &rmt) — (2, [G1e1(2) + - -+ &m1er—1(2) + er(2)]) € P(V).
Then the function

n(z,§) = &e1(z) + -+ &orer—1(2) +er(2)

defines a holomorphic section of Op(yy(—1) in a neighborhood of (o, [vo]). By using the expansion
(5.12) for h, we find

[l = Itk =1+1€7 = > ciprrzize + O((2] + €)%,

1<j,k<n
i
On, (Op) (1)) (20, jv0]) = —gaéﬂog nli,
/) _
(5.15) = 2*( Z Cjkrrdz; N dZ), — Z déx N dg,\).
i 1<j,k<n 1<A<r—-1

6. JETS OF CURVES AND SEMPLE JET BUNDLES
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6.A. SEMPLE TOWER OF NON SINGULAR DIRECTED VARIETIES

Let X be a complex n-dimensional manifold. Following ideas of Green-Griffiths [GrGr79], we let
Jr — X be the bundle of k-jets of germs of parametrized curves in X, that is, the set of equivalence
classes of holomorphic maps f : (C,0) — (X, x), with the equivalence relation f ~ ¢ if and only
if all derivatives f\)(0) = g{)(0) coincide for 0 < j < k, when computed in some local coordinate
system of X near x. The projection map Ji — X is simply f — f(0). If (z1,...,2,) are local
holomorphic coordinates on an open set {2 C X, the elements f of any fiber J; ., x € 2, can be
seen as C™-valued maps

f=f,. 0 ) (C0)—=QcCC,
and they are completetely determined by their Taylor expansion of order k at ¢t = 0

2 k
f(t):m—l—tf’(o)_|_%f//(0)+,..+%f(k)(0)+0(tk+1)‘

In these coordinates, the fiber Jj, can thus be identified with the set of k-tuples of vectors
(€1,.. &) = (£/(0),..., f®(0)) € (C™)*. Tt follows that Jj is a holomorphic fiber bundle with
typical fiber (C™)¥ over X (however, J, is not a vector bundle for k > 2, because of the nonlinearity
of coordinate changes; see formula (7.2) in §7).

According to the philosophy developed throughout this paper, we describe the concept of jet
bundle in the general situation of complex directed manifolds. If X is equipped with a holomorphic
subbundle V' C T, we associate to V a k-jet bundle JV as follows, assuming V non singular
throughout subsection 6.A.

6.1. Definition. Let (X, V) be a complex directed manifold. We define J,V — X to be the bundle
of k-jets of curves f: (C,0) — X which are tangent to V', i.e., such that f'(t) € Vyqy for allt in a
neighborhood of 0, together with the projection map f +— f(0) onto X.

It is easy to check that JiV is actually a subbundle of Ji. In fact, by using (5.8) and (5.10), we
see that the fibers J,V, are parametrized by

((F100), -+, FL00)); (F1(0), -, £1(0)); . (S (0), ..., £P(0))) € (CT)

for all z € Q, hence J,V is a locally trivial (C")*-subbundle of .J,. Alternatively, we can pick a
local holomorphic connection V on V', defined on some open set {2 C X, and compute inductively
the successive derivatives

Vi=f, NVf=Vp(V)
with respect to V along the cure ¢ — f(¢). Then

(£1,&2, -, &) = (V£(0), V2£(0),...,VF£(0)) € V;ZF

provides a “trivialization” J ka o~ ng. This identification depends of course on the choice of V
and cannot be defined globally in general (unless we are in the rare situation where V' has a global
holomorphic connection). O

We now describe a convenient process for constructing “projectivized jet bundles”, which will
later appear as natural quotients of our jet bundles JiV (or rather, as suitable desingularized
compactifications of the quotients). Such spaces have already been considered since a long time,
at least in the special case X = P2, V = Tp2 (see Gherardelli [Ghe41], Semple [Sem54]), and they
have been mostly used as a tool for establishing enumerative formulas dealing with the order of
contact of plane curves (see [Coll88], [CoKe94]); the article [ASS92] is also concerned with such
generalizations of jet bundles, as well as [LaTh96] by Laksov and Thorup.

We define inductively the projectivized k-jet bundle Xy, (or Semple k-jet bundle) and the associ-
ated subbundle V}, C T'x, by

(6.2) (X0, Vo) = (X, V), (X5 Vi) = (Xp—1, Vie_1)-
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In other words, (X, V) is obtained from (X, V') by iterating A-times the lifting construction
(X,V) — (X,V) described in §5. By (5.2-5.7), we find

(6.3) dim Xy =n+ k(r — 1), rank Vi, =7,
together with exact sequences

(6.4) 0— T, x,_, — Vi ~22% O, (=1) — 0,

(6.4/) 0— OXk — W;Vk71 & OXk(l) — TXk/Xk—l — 0.
where 7y is the natural projection 7 : X — Xj_1 and (7)) its differential. Formula (5.4) yields
(6.5) det Vi, = m, det Vi1 ® Ox, (1 — 1).

Every non constant tangent trajectory f: A — X of (X, V) lifts to a well defined and unique
tangent trajectory fi : Agp — Xj of (X, Vk). Moreover, the derivative f[/k—l} gives rise to a
section

In coordinates, one can compute f|) in terms of its components in the various affine charts (5.9)
occurring at each step: we get inductively

Fy F,_

(6.7) fiy = (Fuo o FN), i) = (FlFNF—/I - 1)
Sr Sr

where N =n+k(r—1) and {s1,...,s.} C{1,...,N}. If k > 1, {s1,...,s,} contains the last r — 1
indices of {1, ..., N} corresponding to the “vertical” components of the projection X — Xj_1, and
in general, s, is an index such that m(Fs,,0) = m(fj,0), that is, F, has the smallest vanishing
order among all components Fy (s, may be vertical or not, and the choice of {si,...,s,} need not
be unique).

By definition, there is a canonical injection Oy, (—1) — 7;Vj_1, and a composition with the
projection (7;_1)« (analogue for order k — 1 of the arrow (7). in sequence (6.4)) yields for all
k > 2 a canonical line bundle morphism

(mh)* (Th—1) %

(68) OXk(_l) — w,’ng_l WZOinl(—l),

which admits precisely Dy = P(Tx, ,/x, ,) C P(Vi—1) = X} as its zero divisor (clearly, Dy is a
hyperplane subbundle of X}). Hence we find

(6.9) Ox, (1) = m,0x,_, (1) ® O(Dy,).
Now, we consider the composition of projections
(6.10) Tjk = Tj41 0 - 0Mp_q 07 : X — Xj.

Then 7oy : X — Xo = X is a locally trivial holomorphic fiber bundle over X, and the fibers
Xie =g, ,i(a;) are k-stage towers of P"~1-bundles. Since we have (in both directions) morphisms
(C",Ter) + (X, V) of directed manifolds which are bijective on the level of bundle morphisms,
the fibers are all isomorphic to a “universal” nonsingular projective algebraic variety of dimension
k(r — 1) which we will denote by R, j; it is not hard to see that R, is rational (as will indeed
follow from the proof of Theorem 7.11 below).

6.B. SEMPLE TOWER OF SINGULAR DIRECTED VARIETIES

Let (X,V) be a directed variety. We assume X non singular, but here V' is allowed to have
singularities. We are going to give a natural definition of the Semple tower(X}, V%) in that case.

Let us take X’ = X ~\ Sing(V') and V' = V|x/. By subsection 6.1, we have a well defined Semple
tower (X, ,V)) over the Zariski open set X’. We also have an “absolute” Semple tower (X[, V%)
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obtained from (X§,V§) = (X,Tx), which is non singular. The injection V' C Tx induces by
fonctoriality (cf. (5.5)) an injection

(6.11) (X5, Vi) € (X0, V)

6.12. Definition. Let (X,V) be a directed variety, with X non singular. When Sing(V') # 0, we
define X, and Vj, to be the respective closures of X}, V| associated with X' = X ~ Sing(V') and
V' = Vix, where the closure is taken in the nonsingular absolute Semple tower (X}, V,!) obtained
from (X8, Vi§) = (X, Tx).

We leave the reader check that the following fonctoriality property still holds.

6.13. Fonctoriality. If ® : (X,V) — (Y, W) is a morphism of directed varieties such that ®, :
Tx — ®*Ty is injective (i.e. ® is an immersion ), then there is a corresponding natural morphism
P+ (X, Vi) = (Yi, Wi) at the level of Semple bundles. If one merely assumes that the differential
. : V. — ©*W is non zero, there is still a natural meromorphic map @ : (X, Vi) === (Y, Wi)
for all k > 0.

In case V is singular, the k-th stage Xj of the Semple tower will also be singular, but we can
replace (Xp, Vi) by a suitable modification (X, V) if we want to work with a nonsingular model
X of Xj. The exceptional set of X over X can be chosen to lie above Sing(V) C X, and
proceeding inductively with respect to k, we can also arrange the modifications in such a way that
we get a tower structure (Xk+1, Vir1) = (Xg, Vi) ; however, in general, it will not be possible to
achieve that V}, is a subbundle of T)A(k.

7. JET DIFFERENTIALS

7.A. GREEN-GRIFFITHS JET DIFFERENTIALS

We first introduce the concept of jet differentials in the sense of Green-Griffiths [GrGr79]. The
goal is to provide an intrinsic geometric description of holomorphic differential equations that a
germ of curve f : (C,0) — X may satisfy. In the sequel, we fix a directed manifold (X, V') and
suppose implicitly that all germs of curves f are tangent to V.

Let Gy, be the group of germs of k-jets of biholomorphisms of (C,0), that is, the group of germs
of biholomorphic maps

t'_>30(t):a1t+a2t2+"‘+aktka ale(C*7 CLjG(C,j}Q,

in which the composition law is taken modulo terms t/ of degree j > k. Then Gy, is a k-dimensional
nilpotent complex Lie group, which admits a natural fiberwise right action on JiV. The action
consists of reparametrizing k-jets of maps f : (C,0) — X by a biholomorphic change of parameter
¢ : (C,0) — (C,0), that is, (f,¢) — f o . There is an exact sequence of groups

1-G)—>G,—-C" =1

where G, — C* is the obvious morphism ¢ — ¢/(0), and G} = [Gy,Gy] is the group of k-jets of
biholomorphisms tangent to the identity. Moreover, the subgroup H ~ C* of homotheties ¢(t) = At
is a (non normal) subgroup of Gy, and we have a semidirect decomposition G, = Gj, x H. The
corresponding action on k-jets is described in coordinates by

A (f " f) = O AR X FO),
Following [GrGr79], we introduce the vector bundle E,?%V* — X whose fibers are complex

valued polynomials Q(f, f”, ..., f*)) on the fibers of J,V, of weighted degree m with respect to
the C* action defined by H, that is, such that

(7.1) QNN NEFRY = XmQ(f!, £, f )
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for all A € C* and (f', f”,..., f®) € J,V. Here we view (f’, f”,..., f*)) as indeterminates with
components

k r
(Fhee s F U P (R F ) € (@)™
Notice that the concept of polynomial on the fibers of JiV makes sense, for all coordinate changes

z — w = ¥(z) on X induce polynomial transition automorphisms on the fibers of JiV, given by a
formula

5=j
(72) @V =W fI 3 Y el YOI )

s=2 ji+jat-tis=j
with suitable integer constants c¢j,._j, (this is easily checked by induction on s). In the “absolute
case” V = Tx, we simply write E,?T%T)*( = E,?SZL If V.C W CTx are holomorphic subbundles,
there are natural inclusions

J V. C JW C Jg, X C P.W C Pq.
The restriction morphisms induce surjective arrows
Egd — EGOW™ — EZSV™,

in particular EE%V* can be seen as a quotient of E,SSL (The notation V* is used here to make the
contravariance property implicit from the notation). Another useful consequence of these inclusions
is that one can extend the definition of JV and Xj to the case where V is an arbitrary linear
space, simply by taking the closure of J;Vx sing(v) and Xp)x - sing(v) in the smooth bundles Ji and
Py, respectively.

IfQ e E,?SLV* is decomposed into multihomogeneous components of multidegree (41, fa, ..., k)
in f/,f", ..., f® (the decomposition is of course coordinate dependent), these multidegrees must
satisfy the relation

b1+ 20y + -+ + kb, = m.
The bundle EE%V* will be called the bundle of jet differentials of order k and weighted degree m.
It is clear from (7.2) that a coordinate change f +— W o f transforms every monomial (f(*)¢ =
(YA - (FR) of partial weighted degree €] := £ + 2o + --- + sls, 1 < s < k, into a
polynomial ((¥o £)®)in (f/, f” ..., f*)) which has the same partial weighted degree of order s

if {11 =--- =4 =0, and a larger or equal partial degree of order s otherwise. Hence, for each
s=1,...,k, we get a well defined (i.e., coordinate invariant) decreasing filtration F? on E,?SLV*
as follows:
" W)Y e ESGVE involvin
3 RSy = QT T € Bl 5L wen.
’ only monomials (f(*)¢ with |[¢|; > p

The graded terms Grzfl(E,SﬁV*) associated with the filtration F ,ffl(E,SﬁV*) are precisely the

homogeneous polynomials Q(f’,..., f*)) whose monomials (f*)¢ all have partial weighted degree
|0|x—1 = p (hence their degree £, in f*) is such that m — p = k¢, and GrZA(EE,S;V*) = 0 unless
klm — p). The transition automorphisms of the graded bundle are induced by coordinate changes
f = VYo f, and they are described by substituting the arguments of Q(f’, ..., f(k)) according to
formula (7.2), namely fU) — (Wo f)U) for j < k, and f*) s W' (f) o £ for j = k (when j = k,
the other terms fall in the next stage F; ,ffll of the filtration). Therefore f(*) behaves as an element
of V' C Tx under coordinate changes. We thus find

(7.4) G (EBPSV™) = BJS 0 V@ SV,

Combining all filtrations F together, we find inductively a filtration F'* on EE%V* such that the
graded terms are

(7.5) Gri(EgOV ) = 8"V @ 8%V @ -0 S%V*,  LeNF, |, =m.



26 JEAN-PIERRE DEMAILLY

The bundles EE‘SZV* have other interesting properties. In fact,
BV = P BV
m=0

is in a natural way a bundle of graded algebras (the product is obtained simply by taking the product

of polynomials). There are natural inclusions E,??V* C E,?f’l JV™ of algebras, hence ESOG,V* =

U0 E,??V* is also an algebra. Moreover, the sheaf of holomorphic sections O(Eg}oG,V*) admits a
canonical derivation VE© given by a collection of C-linear maps

VGG : O(EkG,rCr;LV*) - O(El?ﬁ,erlV*)?

constructed in the following way. A holomorphic section of EE%V* on a coordinate open set 2 C X
can be seen as a differential operator on the space of germs f : (C,0) — Q of the form

(76) Q(f) - Z Aoy ..., (f) (f/)al (f//)a2 S (f(k))ak
ot [+2]az |4+ +k|ag|=m

in which the coefficients a,, ..o, are holomorphic functions on 2. Then V@ is given by the formal
derivative (VQ)(f)(t) = d(Q(f))/dt with respect to the 1-dimensional parameter ¢ in f(¢). For
example, in dimension 2, if Q € H((, O(EQG?)) is the section of weighted degree 4

Q(f) = alfr, f2) [T f5 + b(f1, f2) 112,
we find that VQ € H°(Q, O(Egg)) is given by

da da 0b
(VQ)(f) = aizl(fla f2) fitfs + 8722(]017]02) I+ ale(flvﬁ) i
0b
5, 1 F2) F %+ alfi fo) BFEAfo + F2 1)) + 0(fu, f2) 201 f".
Associated with the graded algebra bundle EIS.GV*, we have an analytic fiber bundle

(7.7) X§9 = Proj(EJJV™) = (JiV ~ {0})/C*

over X, which has weighted projective spaces P(l[r], ol ., k[r]) as fibers (these weighted projective
spaces are singular for k > 1, but they only have quotient singularities, see [Dol81] ; here JiV ~ {0}
is the set of non constant jets of order k ; we refer e.g. to Hartshorne’s book [Har77] for a definition of
the Proj fonctor). As such, it possesses a canonical sheaf O yca (1) such that O yca(m) is invertible

when m is a multiple of lem(1,2,...,%). Under the natural projection 7y : X,?IG — X, the direct
image (7y).O Xge(m) coincides with polynomials
(7.8) P(z;&1,....&) = Z oy (2) E7F L €

arENT, 1<l<k

of weighted degree |ay| + 2|az| + ... + k|ag| = m on J*V with holomorphic coefficients; in other
words, we obtain precisely the sheaf of sections of the bundle E,S’%V* of jet differentials of order k
and degree m.

7.9. Proposition. By construction, if w : X,?G — X is the natural projection, we have the direct
image formula

(m1):Oxge(m) = O(EESV™)
for all k and m.



KOBAYASHI AND GREEN-GRIFFITHS-LANG CONJECTURES 27

7.B. INVARIANT JET DIFFERENTIALS

In the geometric context, we are not really interested in the bundles (J;V ~ {0})/C* themselves,
but rather on their quotients (J;V ~\ {0})/Gy (would such nice complex space quotients exist!).
We will see that the Semple bundle X}, constructed in §6 plays the role of such a quotient. First
we introduce a canonical bundle subalgebra of EE?V*

7.10. Definition. We introduce a subbundle Ej ,V* C EGG V*, called the bundle of invariant jet
differentials of order k and degree m, defined as follows: Ej, mV>k is the set of polynomial differential
operators Q(f', f", ..., [k ) which are invariant under arbitrary changes of parametrization, i.e.,
for every ¢ € Gy,

Q((foe) (fou) ....(fo)®)y = O)™Q(f, f",.... f®)).

Alternatively, Ej ,V* = (E,SS’,LV*)G% is the set of invariants of EE%V* under the action of G..

Clearly, EoooV* = Upzo@nzo EemV™ is a subalgebra of E,S’SLV* (observe however that this
algebra is not invariant under the derivation V&G, since e.g. f]/-’ = VGG fj is not an invariant
polynomial). In addition to this, there are natural induced filtrations F¥(Ej,,V*) = E,V* N
F? (EESZV*) (all locally trivial over X'). These induced filtrations will play an important role later

on.

7.11. Theorem. Suppose that V' has rank r > 2. Let moy : X, — X be the Semple jet bundles
constructed in section 6, and let Ji, V'8 be the bundle of reqular k-jets of maps f : (C,0) — X, that
is, jets f such that f'(0) # 0.
(i) The quotient J V™ /Gy, has the structure of a locally trivial bundle over X, and there is a
holomorphic embedding J V'8 /Gy, — X}, over X, which identifies J, V™8 /Gy, with X,°® (thus
Xy is a relative compactification of J V'8 /Gy, over X).
(ii) The direct image sheaf
(m0,1)+Ox, (m) ~ O(Ej V™)
can be identified with the sheaf of holomorphic sections of Ej, .,V

(iii) For every m > 0, the relative base locus of the linear system |Ox, (m)| is equal to the set Xsmg

of singular k-jets. Moreover, Ox, (1) is relatively big over X.

Proof. (i) For f € J V™%, the lifting f is obtained by taking the derivative (f,[f’]) without any
cancellation of zeroes in f’, hence we get a uniquely defined (k — 1)-jet f (C,0) — X. Inductively,
we get a well defined (k — j)-jet fj;) in Xj, and the value fj;(0) is mdependent of the choice of
the representative f for the k-jet. As the lifting process commutes with reparametrization, i.e.,
(f o)™ = fop and more generally (f o ) = fix) © », we conclude that there is a well deﬁned
set-theoretic map

kareg/Gk — Xllgeg, f mod Gy — f[k] (0)
This map is better understood in coordinates as follows. Fix coordinates (z1,..., z,) near a point
xo € X, such that V,, = Vect(9/0z1,...,0/0z.). Let f = (f1,..., fn) be a regular k-jet tangent
to V. Then there exists i € {1,2,...,7} such that f/(0) # 0, and there is a unique reparametrization
t = (1) such that foy =g = (g1,92,---,9n) With g;(7) = 7 (we just express the curve as a
graph over the z-axis, by means of a change of parameter 7 = fi(t), i.e. t = @(1) = f (1))
Suppose i = r for the simplicity of notation. The space X}, is a k-stage tower of P"~!-bundles.
In the corresponding inhomogeneous coordinates on these P"1’s, the point fi)(0) is given by the
collection of derivatives

k k
((9.0), - 951 (0)): (91(0). . g1 ()i 5 (9170 . 9/ (0)).
[Recall that the other components (g,+1,...,9n) can be recovered from (gi,...,g,) by integrating
the differential system (5.10)]. Thus the map J,V*8 /Gy — X, is a bijection onto X, and the
fibers of these isomorphic bundles can be seen as unions of r affine charts ~ (C"~!)¥, associated with
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each choice of the axis z; used to describe the curve as a graph. The change of parameter formula
d L4 expresses all derivatives g(] )(’7') = d’g;/d7? in terms of the derivatives fi(] )(t) =dlf;/dt/

e OK i
(1o 2 90-1) = (fi fi;);
(7.12) G g = ( {'fﬁj;gfé'f{"“’ ;Hflf-ﬁ v £1>; L
R L)
Also, it is easy to check that f,(%_lggk) is an invariant polynomial in f/, f”,..., f®) of total degree

2k — 1, i.e., a section of Ej, o5_1.

(ii) Since the bundles X} and Ej,,,V* are both locally trivial over X, it is sufficient to identify
sections o of Ox, (m) over a fiber X, , = Wa,i(a:) with the fiber Ej ,, V', at any point z € X. Let
f € JiV3® be a regular k-jet at z. By (6.6), the derivative f[’k,_l}(()) defines an element of the fiber
of Ox,(=1) at fi4)(0) € X;. Hence we get a well defined complex valued operator

(7.13) QU 1", 1®) = o (fug(0)) - (ff_py(0))™

Clearly, @ is holomorphic on JV; (by the holomorphicity of ), and the G-invariance condition
of Definition 7.10 is satisfied since fj;;(0) does not depend on reparametrization and

(fo (P)/[k—l] (0) = f[/k—l}(o)@/(o)'

Now, J;V;® is the complement of a linear subspace of codimension n in J,V,, hence Q extends
holomorphically to all of J,V,, ~ ((C")”c by Riemann’s extension theorem (here we use the hypothesis
r > 2; if r = 1, the situation is anyway not interesting since X = X for all k). Thus @ admits an
everywhere convergent power series

QU "o ) = 37 aarag (I ()2 - (F ),
a1,02,...,a ENT

The Gp-invariance (7.10) implies in particular that @@ must be multihomogeneous in the sense of
(7.1), and thus @ must be a polynomial. We conclude that Q € Ej, ,, V', as desired.

Conversely, by [Deml1, Cor. 5.12] there exists a holomorphic family of germs f,, : (C,0) — X
such that (fu)p(0) = w and (fw)’[k_” (0) # 0, for all w in a neighborhood of any given point

wo € Xj 5. Then every Q € Ej V' yields a holomorphic section o of Ox, (m) over the fiber X
by putting

(7.14) a(w) = Q(f firs - FINO) ((fu) oy (0)) ™.

(ili) By what we saw in (i)-(ii), every section o of Ox,(m) over the fiber X}, is given by a
polynomial @ € Ej,,V;", and this polynomial can be expressed on the Zariski open chart f, # 0 of
X, as

k,x

(7.15) QU I f9) = 1QUd g g ™),
where @ is a polynomial and g is the reparametrization of f such that g,(7) = 7. In fact Cj is
obtained from @ by substituting f; = 1 and j}g] ) =0 for j = 2, and conversely () can be recovered

easily from @ by using the substitutions (7.12).

In this context, the jet differentials f — fi,..., f + f] can be viewed as sections of Ox, (1) on a
neighborhood of the fiber X}, ,. Since these sections vanish exactly on Xzing, the relative base locus
of Ox,(m) is contained in Xzing for every m > 0. We see that Ox, (1) is big by considering the
sections of Oy, (2k — 1) associated with the polynomials Q(f', ..., f*)) = ff,%_lgz(j), 1<i<r—1,

reg

1 < j < k; indeed, these sections separate all points in the open chart f; # 0 of X >.
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Now, we check that every section o of Ox, (m) over X}, must vanish on X;7%. Pick an arbitrary
element w € X;"® and a germ of curve f: (C,0) — X such that f,)(0) = w, f[/k—l] (0) # 0 and
s =m(f,0) > 0 (such an f exists by Corollary 6.14). There are local coordinates (z1,...,2,) on
X such that f(t) = (fi(t),..., fu(t)) where f.(t) = t°. Let @, @ be the polynomials associated
with ¢ in these coordinates and let (f/)®(f”)%2 ... (f*))* be a monomial occurring in Q, with
a; € N, |oj| = 45, b4 +20+ -+ kl, =m. Putting 7 = ¢, the curve t — f(t) becomes a

Puiseux expansion 7 — ¢(7) = (91(7), ..., gr—1(7),7) in which g; is a power series in 71/%, starting
with exponents of 7 at least equal to 1. The derivative g\ )(7') may involve negative powers of 7,
but the exponent is always > 1 + % — j. Hence the Puiseux expansion of Q(¢’,¢",...,9*)) can

only involve powers of 7 of exponent > — maxg((1 — 1)l + -+ (k—1— 1)¢;). Finally f/(t) =
st*~1 = s7171/5_ thus the lowest exponent of 7 in Q(f,..., f(k)) is at least equal to

(- (1 B+ (1 )

(1 (- e s (-2

where the minimum is taken over all monomials (f')*1(f")22 ... (f*))*%  |a;| = £;, occurring in Q.

Choosing s > k, we already find that the minimal exponent is positive, hence Q(f’, ..., f#)(0) =0

and o(w) = 0 by (7.14). O
Theorem 7.11 (iii) shows that Ox, (1) is never relatively ample over X for k& > 2. In order to

overcome this difficulty, we define for every a = (a1,...,a;) € ZF a line bundle Oy, (a) on X}, such

that

(7.16) Oxk(a) = Wiko)ﬁ (a1) ® ﬂ-;,kOXQ (ag) Q& (’)Xk,(ak).

By (6.9), we have 77, Ox,(1) = Ox, (1) ® Ox, (=71 yDj+1 — -+ — Dy), thus by putting D} =

77}‘+17ij+1 for 1 <j<k—1and D =0, we find an identity

(7.17) Ox,(a) = Ox, (by) ® Ox,(=b-D*), where

b:(bla"'abk)ezk’ bj:a1+“'+aj,
b-D*= Y bjmD

1<j<k—1
In particular, if b € N¥ ie., a3 +---+ a; = 0, we get a morphism
(7.18) Oxk(a) = OXk(bk) X Oxk(—b . D*) — OXk(bk)-

7.19. Remark. As in Green-Griffiths [GrGr79], Riemann’s extension theorem shows that for every
meromorphic map ® : X ---> Y there are well-defined pullback morphisms

o*: HOY,EFS) — HO(X,EFS), @ : HYY, Eym) — HY(X, Ej ).

In particular the dimensions h?(X, EZS) and h°(X, EZC) are bimeromorphic invariants of X. The

same is true for spaces of sections of any subbundle of E,?S’L or Ej, ,, constructed by means of the
canonical filtrations Fy.

7.20. Remark. As G is a non reductive group, it is not a priori clear that the graded ring
Ak = Dez Er,m V™ is finitely generated (pointwise). This can be checked by hand ([Dem07a),
[Dem07b]) for n = 2 and k < 4. Rousseau [Rou06] also checked the case n = 3, k = 3, and then
Merker [Mer08, Mer10] proved the finiteness for n = 2,3,4, k < 4 and n = 2, k = 5. Recently,
Bérczi and Kirwan [BeKil0] made an attempt to prove the finiteness in full generality, but it
appears that the general case is still unsettled.
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7.C. SEMPLE TOWER OF A DIRECTED VARIETY OF GENERAL TYPE

If (X, V) is of general type, it is not true that (Xg, Vi) is of general type: the fibers of X} — X
are towers of P"~! bundles, and the canonical bundles of projective spaces are always negative !
However, a twisted version holds true.

7.21. Lemma. If (X, V) is of general type, then there is a modification (X V) such that all pairs
(Xk, Vk) of the associated Semple tower have a twisted canonical bundle K . ® Oz ( ) that is still
big when one multiplies KA by a suitable Q-line bundle O ( ), p€Qy.

Proof. First assume that V has no singularities. The exact sequences (6.4) and (6.4’) provide
=det Vi =det(Tx, /x, ,) ® Ox, (1) = 71Ky, , @ Ox, (—(r — 1))

where r = rank(V). Inductively we get

(7.22) Ky, = mioKv ® Ox, (—(r—1)1),  1=(1,..,1) e N*.

We know by [Dem95] that Ox, (c) is relatively ample over X when we take the special weight
c=(23F2..,23771 ..6,2,1), hence

Ky, ® Ox, ((r — 1)1 +ec) = 1, Ky ® Ox, (ec)

is big over X}, for any sufficiently small positive rational number e € Q* . Thanks to Formula (1.9),
we can in fact replace the weight (r—1)1+ec by its total degree p = (r—1)k+¢[c| € Q1. The general
case of a singular linear space follows by considering suitable “sufficiently high” modifications X of
X, the related directed structure V on X and embedding (Xk, Vk) in the absolute Semple tower
(X,‘C‘, Vk ) of X. We still have a well deﬁned morphism of rank 1 sheaves

(7.23) 7T;;OK‘7 ® O)A(k(—(r -11) — .K‘;I€

because the multiplier ideal sheaves involved at each stage behave according to the monotonicity
principle applied to the projections Wg,k—l : X — Xi_, and their differentials (W,‘;’k_l)*, which
yield well-defined transposed morphisms from the (k — 1)-st stage to the k-th stage at the level of
exterior differential forms. Our contention follows. O

7.D. INDUCED DIRECTED STRUCTURE ON A SUBVARIETY OF A JET BUNDLE

We discuss here the concept of induced directed structure for subvarieties of the Semple tower
of a directed variety (X, V). This will be very important to proceed inductively with the base loci
of jet differentials. Let Z be an irreducible algebraic subset of some k-jet bundle X}, over X, k > 0.
We define the linear subspace W C Tz C T, |z to be the closure

(7.24) W =T, NV,

taken on a suitable Zariski open set Z’' C Z,eg where the intersection Tz NV, has constant rank and
is a subbundle of T/. Alternatively, we could also take W to be the closure of Tz NV} in the k-th
stage (X[, Vi?) of the absolute Semple tower, which has the advantage of being nonsingular. We
say that (Z,W) is the induced directed variety structure; this concept of induced structure already
applies of course in the case k = 0. If f: (C,Tc) — (X, V) is such that fj;(C) C Z, then

(7.25) either fi,)(C) C Z, or f[’k] (C) cw,

where Z, is one of the connected components of Z ~\ Z’ and Z’ is chosen as in (7.24); especially,
if W =0, we conclude that fj;(C) must be contained in one of the Z,’s. In the sequel, we always
consider such a subvariety Z of Xj as a directed pair (Z, W) by taking the induced structure
described above. By (7.25), if we proceed by induction on dim Z, the study of curves tangent to
V' that have a k-lift fi(C) C Z is reduced to the study of curves tangent to (Z, W). Let us first
quote the following easy observation.
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7.26. Observation. For k > 1, let Z C Xy be an irreducible algebraic subset that projects
onto Xy_1, i.e. mpp—1(2) = Xy—1. Then the induced directed variety (Z, W) C (X, Vi), satisfies

1 <rank W < r :=rank(V}).

Proof. Take a Zariski open subset Z’ C Zez such that W' = Tz NV} is a vector bundle over
Z'. Since X — Xj_; is a P""l-bundle, Z has codimension at most » — 1 in Xj. Therefore
rank W > rank Vi, — (r — 1) > 1. On the other hand, if we had rank W = rank V}, generically, then
Tz would contain V7, in particular it would contain all vertical directions T, /x, , C Vi that
are tangent to the fibers of X — X;_1. By taking the flow along vertical vector fields, we would
conclude that Z’ is a union of fibers of X, — X;_1 up to an algebraic set of smaller dimension,
but this is excluded since Z projects onto Xy_1 and Z C Xj. O

7.27. Definition. For k > 1, let Z C X}, be an irreducible algebraic subset of Xy and (Z,W) the
induced directed structure. We assume moreover that Z ¢ Dy, = P(Tx, ,/x, ,) (and put Dy =0
in what follows to avoid to have to single out the case k = 1). In this situation we say that (Z, W)
is of general type modulo Xy — X if either W =0, or rank W > 1 and there exists p € Q4 such
that K3, @ Ox,, (p)l'Z is big over Z, possibly after replacing ZAby a suitable nonsingular model Z

(and pulling-back W and Ox, (p)|z to the nonsingular variety Z ).

7.E. RELATION BETWEEN INVARIANT AND NON INVARIANT JET DIFFERENTIALS

We show here that the existence of Gg-invariant global jet differentials is essentially equivalent
to the existence of non invariant ones. We have seen that the direct image sheaf

Te00x, (m) == By V* C EZGV*

has a stalk at point x € X that consists of algebraic differential operators P(f};)) acting on germs
of k-jets f: (C,0) — (X, x) tangent to V, satisfying the invariance property

(7.28) P((fop)w) = ()" P(fig) o ¢

whenever ¢ € Gy, is in the group of k-jets of biholomorphisms ¢ : (C,0) — (C,0). The right action
J )V x G = Ji;V, f = f oo induces a dual left action of G on @m'gm E,gg,v* by

(729)  Gpx @ EJSVE — € ECSVE, (9.P) = o*P, (9" P)(fir) = P((f o )k

m/<m m/'<m

so that ¢*(¢*P) = (¢ o )*P. Notice that for a global curve f : (C,7¢) — (X,V) and a global
operator P € H(X, ESCV* ® F) we have to modify a little bit the definition to consider germs of
curves at points ty € C other than 0. This leads to putting

©"P(fi)(to) = P((f o p1,)x))(0)  where ¢ (t) = to + (1), t € D(0,¢).

The C*-action on a homogeneous polynomial of degree m is simply hiP = AP for a dilation
hx(t) = At, A € C*, but since @ o hy # h) o ¢ in general, ¢* P is no longer homogeneous when P is.
However, by expanding the derivatives of ¢ — f(¢(t)) at t = 0, we find an expression

(7.30) @P)fw) = >, #“N0) Palfiw),
aeNF, |aly=m

where o = (ay,...,ay) € NF, 0@ = (oo (p")e2 . (") |al, = a; + 209 + ... + kay, is the

weighted degree and P, is a homogeneous polynomial. Since any additional derivative taken on ¢’

means one less derivative left for f, it is easy to see that for P homogeneous of degree m we have
me i=deg Py =m— (e +2as+...+ (k—1)ag) =a1 + a2 + ... + ag,

in particular deg P, < m unless « = (m,0,...,0), in which case P,, = P. Let us fix a non zero global
section P € HY(X,EJCV* ® F) for some line bundle F over X, and pick a non zero component
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P,, of minimum degree m,, in the decomposition of P (of course mq, = m if and only if P is
already invariant). We have by construction

P, € HY(X,Ef VF @ F).

Ma

We claim that P,, is Gg-invariant. Otherwise, there is for each o a decomposition

(7.31) WP (fup) = >, ¥P(0) Pas(fim),

BENF, | Blw=ma
and the non invariance of P, would yield some non zero term P, g, of degree
deg P, 5, < deg Py, < deg P =m.
By replacing f with fo1) in (7.30) and plugging (7.31) into it, we would get an identity of the form

(o) P(fu) = Y_ o)) Pal(fi) = > #“(0)P(0) Pas(fig):

a€eNFk a,BeNk

but the term in the middle would have all components of degree > m,,,, while the term on the right
possesses a component of degree < my, for a sufficiently generic choice of ¢ and v, contradiction.
Therefore, we have shown the existence of a non zero invariant section

Poy € H'(X, Epmo , VF @ F), gy < m. =

8. k-JET METRICS WITH NEGATIVE CURVATURE

The goal of this section is to show that hyperbolicity is closely related to the existence of k-jet
metrics with suitable negativity properties of the curvature. The connection between these prop-
erties is in fact a simple consequence of the Ahlfors-Schwarz lemma. Such ideas have been already
developed long ago by Grauert-Reckziegel [GRec65], Kobayashi [Kob75] for 1-jet metrics (i.e.,
Finsler metrics on Tx) and by Cowen-Griffiths [CoGr76], Green-Griffiths [GrGr79] and Grauert
[Gra89] for higher order jet metrics.

8.A. DEFINITION OF k-JET METRICS

Even in the standard case V' = T, the definition given below differs from that of [GrGr79],
in which the k-jet metrics are not supposed to be G)-invariant. We prefer to deal here with G}-
invariant objects, because they reflect better the intrinsic geometry. Grauert [Gra89] actually deals
with G}-invariant metrics, but he apparently does not take care of the way the quotient space
JZegV/ Gy can be compactified; also, his metrics are always induced by the Poincaré metric, and it
is not at all clear whether these metrics have the expected curvature properties (see 8.14 below). In
the present situation, it is important to allow also hermitian metrics possessing some singularities
(“singular hermitian metrics” in the sense of [Dem90b]).

8.1. Definition. Let L. — X be a holomorphic line bundle over a complex manifold X. We say
that h is a singular metric on L if for any trivialization Ly ~ U x C of L, the metric is given by
€2 = [£]2e™% for some real valued weight function ¢ € Li _(U). The curvature current of L is then
defined to be the closed (1,1)-current ©r,j, = %85@, computed in the sense of distributions. We
say that h admits a closed subset ¥ C X as its degeneration set if ¢ is locally bounded on X \ X

and is unbounded on a neighborhood of any point of 3.

An especially useful situation is the case when the curvature of h is positive definite. By this,
we mean that there exists a smooth positive definite hermitian metric w and a continuous positive
function € on X such that ©r j > ew in the sense of currents, and we write in this case O j > 0.
We need the following basic fact (quite standard when X is projective algebraic; however we want
to avoid any algebraicity assumption here, so as to be able to cover the case of general complex
tori in §10).

8.2. Proposition. Let L be a holomorphic line bundle on a compact complex manifold X .
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(i) L admits a singular hermitian metric h with positive definite curvature current ©r, p, > 0 if and
only if L is big. Now, define B, to be the base locus of the linear system |H°(X, L¥™)| and let

®,,: X B, — PN

be the corresponding meromorphic map. Let X, be the closed analytic set equal to the union of
B, and of the set of points ¥ € X \ By, such that the fiber @ 1(®,,(x)) is positive dimensional.

(ii) If B # X and G is any line bundle, the base locus of L®* @ G™1 is contained in %, for k
large. As a consequence, L admits a singular hermitian metric h with degeneration set 3, and
with Op, j, positive definite on X.

(iii) Conversely, if L admits a hermitian metric h with degeneration set ¥ and positive definite
curvature current ©p, p,, there exists an integer m > 0 such that the base locus By, is contained
in X and @, : X N X — Py, is an embedding.

Proof. (i) is proved e.g. in [Dem90b, 92], and (ii) and (iii) are well-known results in the basic theory
of linear systems. O

We now come to the main definitions. By (6.6), every regular k-jet f € JiV gives rise to

an element f[’k_l] (0) € Ox,(—1). Thus, measuring the “norm of k-jets” is the same as taking a
hermitian metric on Ox, (—1).
8.3. Definition. A smooth, (resp. continuous, resp. singular) k-jet metric on a complex directed
manifold (X, V') is a hermitian metric hy, on the line bundle Ox, (—1) over Xy, (i.e. a Finsler metric
on the vector bundle Vi_1 over Xy_1), such that the weight functions ¢ representing the metric
are smooth (resp. continuous, Llloc). We let ¥y, C X be the singularity set of the metric, i.e., the
closed subset of points in a neighborhood of which the weight ¢ is not locally bounded.

We will always assume here that the weight function ¢ is quasi psh. Recall that a function ¢ is
said to be quasi psh if ¢ is locally the sum of a plurisubharmonic function and of a smooth function

(so that in particular ¢ € Li ). Then the curvature current

1

6,1 (0x, (1) = 3-00¢.

is well defined as a current and is locally bounded from below by a negative (1, 1)-form with constant
coefficients.

8.4. Definition. Let hy be a k-jet metric on (X, V). We say that hy, has negative jet curvature (resp.
negative total jet curvature) if Op, (Ox,(—1)) is negative definite along the subbundle Vi, C Tk,
(resp. on all of Tx,), i.e., if there is € > 0 and a smooth hermitian metric wy on Tx, such that

(0,4 (Ox ())(E) > clél?,. VeV CTx, (resp. VEeTy,).

(If the metric hy is not smooth, we suppose that its weights ¢ are quasi psh, and the curvature
inequality is taken in the sense of distributions.)

It is important to observe that for k > 2 there cannot exist any smooth hermitian metric Ay on
Ox,, (1) with positive definite curvature along T'y, /x, since Ox, (1) is not relatively ample over X.
However, it is relatively big, and Prop. 8.2 (i) shows that Ox, (—1) admits a singular hermitian
metric with negative total jet curvature (whatever the singularities of the metric are) if and only if
Ox, (1) is big over Xj. It is therefore crucial to allow singularities in the metrics in Def. 8.4.

8.B. SPECIAL CASE OF 1-JET METRICS

A 1-jet metric h; on Ox,(—1) is the same as a Finsler metric N = y/h; on V C Tx. Assume
until the end of this paragraph that h is smooth. By the well known Kodaira embedding theorem,
the existence of a smooth metric h; such that @hfl (Ox,(1)) is positive on all of T, is equivalent

to Ox, (1) being ample, that is, V* ample.
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8.5 Remark. In the absolute case V' = T'x, there are only few examples of varieties X such that T
is ample, mainly quotients of the ball B,, C C" by a discrete cocompact group of automorphisms.

The 1-jet negativity condition considered in Definition 8.4 is much weaker. For example, if the
hermitian metric h; comes from a (smooth) hermitian metric h on V, then formula (5.15) implies
that h; has negative total jet curvature (i.e. @hl—l (Ox, (1)) is positive) if and only if (©y ) ((®v) < 0
for all ¢ € Tx ~ {0}, v € V ~. {0}, that is, if (V| h) is negative in the sense of Griffiths. On the other

hand, V1 C T, consists by definition of tangent vectors T € T'x, (4 [y)) Whose horizontal projection

Hr is proportional to v, thus Op, (Ox, (—1)) is negative definite on V; if and only if Oy, satisfies

the much weaker condition that the holomorphic sectional curvature (Oyp)(v ® v) is negative on
every complex line. O

8.C. VANISHING THEOREM FOR INVARIANT JET DIFFERENTIALS

We now come back to the general situation of jets of arbitrary order k. Our first observation is
the fact that the k-jet negativity property of the curvature becomes actually weaker and weaker as
k increases.

8.6. Lemma. Let (X, V) be a compact complex directed manifold. If (X,V) has a (k—1)-jet metric
hi_1 with negative jet curvature, then there is a k-jet metric hy with negative jet curvature such
that X, C 7,  (Sh,_,) U Dy.. (The same holds true for negative total jet curvature).

Proof. Let w_1, wy, be given smooth hermitian metrics on T, , and T, . The hypothesis implies
(€)1, (Ox (DO 2 elel,_,, Ve Vi

for some constant ¢ > 0. On the other hand, as Ox, (Dy) is relatively ample over Xj_; (Dy is a

hyperplane section bundle), there exists a smooth metric h on Ox, (Dy) such that

(05:(Ox, (D)) (&) = 61¢2, — Cl(mp)ol,_,»  VE€Tx,

for some constants ¢, C' > 0. Combining both inequalities (the second one being applied to £ € Vi
and the first one to (7)€ € Vi—1), we get

(O (reny_1y-ri (MOx, 1 (P) © Ox, (D)) () =
> 0l¢lZ, + (pe — O)(mp)Ll3, ., VEE Vi

Hence, for p large enough, (W,’;hk_l)*pﬁ has positive definite curvature along V. Now, by (6.9),
there is a sheaf injection

Ox,(=p) = m0x,_, (—p) ® Ox, (=pDi) = (1;0x,_, (p) ® Ox,(Dr)) "

obtained by twisting with Ox, ((p — 1)Dy). Therefore hy := ((wfhy_1) Ph)"Y? = (xthy_1)h~1/P
induces a singular metric on Ox, (1) in which an additional degeneration divisor p~(p — 1) D,
appears. Hence we get X, = 7rk_12hk71 U Dy and

1 p—1
0,,-1(0x, (1)) = Eg(w;hk,l)wﬁ + T[Dk]

1

is positive definite along V. The same proof works in the case of negative total jet curvature. O

One of the main motivations for the introduction of k-jets metrics is the following list of algebraic
sufficient conditions.

8.7. Algebraic sufficient conditions. We suppose here that X is projective algebraic, and we
make one of the additional assumptions (i), (ii) or (iii) below.

(i) Assume that there exist integers k,m > 0 and b € N¥ such that the line bundle L := Oy, (m) ®
Ox, (—b - D*) is ample over X;. Then there is a smooth hermitian metric hy on L with positive
definite curvature on Xj. By means of the morphism yp : Ox, (—m) — L1, we get an induced metric
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hi, = (whp")Y™ on Ox, (—1) which is degenerate on the support of the zero divisor div(u) = b-D*.
Hence ¥, = Supp(b - D*) C X, and
1 1 1
— = — — . * > I .
0,1(0x,(1) = -0, (1) + L1p- DT> Loy, (1) >0

In particular hi has negative total jet curvature.
(ii) Assume more generally that there exist integers k,m > 0 and an ample line bundle A on X
such that HY(Xy, Ox, (m) @ g, A~1) has non zero sections o1,...,0n. Let Z C X}, be the base

locus of these sections; necessarily Z D Xzing by 7.11 (iii). By taking a smooth metric h4 with
positive curvature on A, we get a singular metric k) on Ox, (—1) such that

1/m
@ =( X low) €2.)"" weXi £eOx (-1
1<j<N

Then X =2, and by computing %65 log h).(§) we obtain

1 *
O -1(0x, (1)) = —m5,,O.4-

By (7.17) and an induction on k, there exists b € Q% such that Ox, (1) ® Ox, (—b- D*) is relatively
ample over X. Hence L = Ox, (1)®0x, (—b-D*)®@n} , A®P is ample on X for p > 0. The arguments

used in (i) show that there is a k-jet metric hj on Ox, (1) with ¥, = Supp(b - D*) = Xzing and
Oyr-1(0x, (1)) = OL + [b- D] — pm;,Oa,

where O, is positive definite on Xj,. The metric hy, = (h;mphg)l/(mpﬂ) then satisfies X, =X, =
Z and

@hgl(OXk(l)) > — 1@L > 0.

(iii) If By, V* is ample, there is an ample line bundle A and a sufficiently high symmetric power
such that SP(Ej,,V*) ® A™! is generated by sections. These sections can be viewed as sections of

Ox, (mp) ® w}  A™1 over X, and their base locus is exactly Z = szg by 7.11 (iii). Hence the

k-jet metric hy, constructed in (ii) has negative total jet curvature and satisfies ¥, = Xzing. O

An important fact, first observed by [GRe65] for 1-jet metrics and by [GrGr79] in the higher
order case, is that k-jet negativity implies hyperbolicity. In particular, the existence of enough
global jet differentials implies hyperbolicity.

8.8. Theorem. Let (X, V) be a compact complex directed manifold. If (X,V) has a k-jet metric
hy with negative jet curvature, then every entire curve f : C — X tangent to V is such that
fiw)(C) C B, . In particular, if ¥y, C X8 then (X,V) is hyperbolic.

Proof. The main idea is to use the Ahlfors-Schwarz lemma, following the approach of [GrGr79].
However we will give here all necessary details because our setting is slightly different. Assume
that there is a k-jet metric hy as in the hypotheses of Theorem 8.8. Let wy be a smooth hermitian
metric on T, . By hypothesis, there exists € > 0 such that

(0,1 (0x, (M))(€) > cléls,  VEE Vi

Moreover, by (6.4), (m)« maps Vi continuously to Oy, (—1) and the weight e? of hy is locally
bounded from above. Hence there is a constant C > 0 such that

[(m)«&l7, < CIELZ,,  VEE Vi

Combining these inequalities, we find

(0,-1(Ox, (N = Sl(m)stli,,  VEE Vi

Qlo
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Now, let f: Agr — X be a non constant holomorphic map tangent to V' on the disk Ar. We use
the line bundle morphism (6.6)

to obtain a pullback metric
v ="0(t)dt @ dt = F*hy, on Tay.

If f)(Ag) C Xp, then v = 0. Otherwise, F/(t) has isolated zeroes at all singular points of fj,_y
and so y(t) vanishes only at these points and at points of the degeneration set ( f[k])_l(th) which
is a polar set in Agr. At other points, the Gaussian curvature of «y satisfies

i99logo(t) _ —27 (fir))"On, (Ox, (-1) (0,1 (Ox,, () (f5(1)) N

7(t) F*hy N ey (D17, e
since f[’k_l] (t) = (Wk)*f[/k] (t). The Ahlfors-Schwarz lemma 4.2 implies that « can be compared with
the Poincaré metric as follows:
2C  R7%|dt]? , , _ 20 R~
) — s t L———F5—5-
S TaemE = Mk S Sy

If f:C — X is an entire curve tangent to V' such that fj;(C) ¢ X, , the above estimate implies

as R — +oo that f,_;) must be a constant, hence also f. Now, if ¥ C Xzing, the inclusion
fi)(C) C X, implies f'(t) = 0 at every point, hence f is a constant and (X, V') is hyperbolic. [

Combining Theorem 8.8 with 8.7 (ii) and (iii), we get the following consequences.

8.9. Vanishing theorem. Assume that there exist integers k,m > 0 and an ample line bundle L on
X such that HY(Xy, Ox, (m) ®7rg’kL_1) ~ HY(X, EymV*®L™1) has non zero sections a1, ...,0N.
Let Z C Xy be the base locus of these sections. Then every entire curve f : C — X tangent to
V' is such that f (C) € Z. In other words, for every global Gg-invariant polynomial differential
operator P with values in L™, every entire curve f must satisfy the algebraic differential equation

P(fi) =0. .

8.10. Corollary. Let (X, V) be a compact complex directed manifold. If Ey, ,,V* is ample for some
positive integers k,m, then (X, V) is hyperbolic. O

8.11. Remark. Green and Griffiths [GrGr79] stated that Theorem 8.9 is even true for sections
o; € HY(X, E,?S’l(V*) ® L™1), in the special case V = Tx they consider. This is proved below in
§8.D; the reader is also referred to Siu and Yeung [SiYe97] for a proof based on a use of Nevanlinna
theory and the logarithmic derivative lemma (the original proof given in [GrGr79] does not seem
to be complete, as it relies on an unsettled pointwise version of the Ahlfors-Schwarz lemma for
general jet differentials); other proofs seem to have been circulating in the literature in the last
years. Let us first give a very short proof in the case where f is supposed to have a bounded
derivative (thanks to the Brody criterion, this is enough if one is merely interested in proving
hyperbolicity, thus Corollary 8.10 will be valid with E,?%V* in place of Ej,,V*). In fact, if f’is
bounded, one can apply the Cauchy inequalities to all c70mp0nents fj of f with respect to a finite
collection of coordinate patches covering X. As f’ is bounded, we can do this on sufficiently small
discs D(t,8) C C of constant radius & > 0. Therefore all derivatives f/, f”, ... f*) are bounded.
From this we conclude that o;(f) is a bounded section of f*L~1. Its norm |o;(f)|;-1 (with respect
to any positively curved metric | | on L) is a bounded subharmonic function, which is moreover
strictly subharmonic at all points where f’ # 0 and o;(f) # 0. This is a contradiction unless f is
constant or o;(f) = 0. O

The above results justify the following definition and problems.
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8.12. Definition. We say that X, resp. (X, V), has non degenerate negative k-jet curvature if
there exists a k-jet metric hy, on Ox, (—1) with negative jet curvature such that £, C X;"®.

8.13. Conjecture. Let (X,V) be a compact directed manifold. Then (X,V) is hyperbolic if and
only if (X,V) has nondegenerate negative k-jet curvature for k large enough.

This is probably a hard problem. In fact, we will see in the next section that the smallest
admissible integer k£ must depend on the geometry of X and need not be uniformly bounded
as soon as dim X > 2 (even in the absolute case V' = Tx). On the other hand, if (X,V) is
hyperbolic, we get for each integer k > 1 a generalized Kobayashi-Royden metric k(x, |y, ) on
Vi—1 (see Definition 2.1), which can be also viewed as a k-jet metric hy on Ox, (—1); we will call
it the Grauert k-jet metric of (X, V), although it formally differs from the jet metric considered in
[Gra89] (see also [DGr91]). By looking at the projection 7y : (X, Vi) — (Xg—1, Vk—1), we see that
the sequence hy is monotonic, namely 7}hy < hyqy for every k. If (X, V) is hyperbolic, then h; is
nondegenerate and therefore by monotonicity X, C X;"® for k > 1. Conversely, if the Grauert
metric satisfies X, C X8, it is easy to see that (X, V) is hyperbolic. The following problem is
thus especially meaningful.

8.14. Problem. Estimate the k-jet curvature @hgl(OXk(l)) of the Grauert metric hy, on (Xg, Vi)

as k tends to +o00.

8.D. VANISHING THEOREM FOR NON INVARIANT JET DIFFERENTIALS

As an application of the arguments developed in §7.E, we indicate here a proof of the basic
vanishing theorem for non invariant jet differentials. This version has been first proved in full
generality by Siu [Siu97] (cf. also [Dem97]), with a different and more involved technique based on
Nevanlinna theory and the logarithmic derivative lemma.

8.15. Theorem. Let (X,V) be a directed projective variety and f : (C,T¢) — (X,V) an entire
curve tangent to V.. Then for every global section P € H(X, E,?S‘lv* ® O(—A)) where A is an
ample divisor of X, one has P(f)) = 0.

Sketch of proof. In general, we know by 8.9 that the result is true when P is invariant, i.e. for P €
H%(X, By, V* ® O(—A)). Now, we prove Theorem 8.15 by induction on k and m (simultaneously
for all directed varieties). Let Z C Xj be the base locus of all polynomials Q € H°(X, E,SS;,V* ®
O(—A)) with m’ < m. A priori, this defines merely an algebraic set in the Green-Griffiths bundle
XPC = (JyV ~ {0})/C*, but since the global polynomials ¢*@ also enter the game, we know that
the base locus is Gg-invariant, and thus descends to X. Let f : (C,T¢) — (X, V). By the induction
hypothesis hypothesis, we know that f;;(C) C Z. Therefore f can also be viewed as a entire curve
drawn in the directed variety (Z, W) induced by (X, Vi). By (7.30), we have a decomposition

@ P)op) = >, ©0) Palgp), with deg Py < deg P for a # (m,0,...,0),
aeNF | |aly=m
and since Py (gx)) = 0 for all germs of curves g of (Z, W) when a # (m,0,...,0), we conclude that
P defines an invariant jet differential when it is restricted to (Z, W), in other words it still defines
a section of
H®(Z,(0x,(m) @ m 0Ox (= A))|2)-

We can then apply the Ahlfors-Schwarz lemma in the way we did it in §8.C to conclude that
P(fi) =0. .

9. MORSE INEQUALITIES AND THE GREEN-GRIFFITHS-LANG CONJECTURE

The goal of this section is to study the existence and properties of entire curves f : C — X drawn
in a complex irreducible n-dimensional variety X, and more specifically to show that they must
satisfy certain global algebraic or differential equations as soon as X is projective of general type.
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By means of holomorphic Morse inequalities and a probabilistic analysis of the cohomology of jet
spaces, it is possible to prove a significant step of the generalized Green-Griffiths-Lang conjecture.
The use of holomorphic Morse inequalities was first suggested in [Dem07a], and then carried out
in an algebraic context by S. Diverio in his PhD work ([Div08, Div09]). The general more analytic
and more powerful results presented here first appeared in [Dem11, Dem12].

9.A. INTRODUCTION

Let (X,V) be a directed variety. By definition, proving the algebraic degeneracy of an entire
curve f;(C,T¢) — (X, V) means finding a non zero polynomial P on X such that P(f) = 0. As
already explained in § 8, all known methods of proof are based on establishing first the existence of
certain algebraic differential equations P(f; f', f", ..., f(k)) = 0 of some order k, and then trying
to find enough such equations so that they cut out a proper algebraic locus Y C X. We use for this
global sections of H(X, E,S’SLV* ®O(—A)) where A is ample, and apply the fundamental vanishing

theorem 8.15. It is expected that the global sections of H(X, E¢SV*®(O(—A)) are precisely those
which ultimately define the algebraic locus Y C X where the curve f should lie. The problem is
then reduced to (i) showing that there are many non zero sections of H(X, EESLV* ®O(—A)) and
(ii) understanding what is their joint base locus. The first part of this program is the main result
of this section.

9.1. Theorem. Let (X,V) be a directed projective variety such that Ky is big and let A be an
ample divisor. Then for k > 1 and 6 € Q4 small enough, § < c(logk)/k, the number of sections
RY(X, E,?SLV* ® O(—mdA)) has mazimal growth, i.e. is larger that c;m™ =1 for some m > my,
where ¢, ¢, > 0, n = dim X and r = rank V. In particular, entire curves f : (C,T¢) — (X, V)
satisfy (many) algebraic differential equations.

The statement is very elementary to check when r = rankV = 1, and therefore when n =
dim X = 1. In higher dimensions n > 2, only very partial results were known at this point,
concerning merely the absolute case V' = Tx. In dimension 2, Theorem 9.1 is a consequence of
the Riemann-Roch calculation of Green-Griffiths [GrGr79], combined with a vanishing theorem
due to Bogomolov [Bog79] — the latter actually only applies to the top cohomology group H", and
things become much more delicate when extimates of intermediate cohomology groups are needed.
In higher dimensions, Diverio [Div08, Div09] proved the existence of sections of H°(X, E,S’SLV* ®
O(—1)) whenever X is a hypersurface of IE”%le of high degree d > d,,, assuming k > n and m > m,,.
More recently, Merker [Mer15] was able to treat the case of arbitrary hypersurfaces of general type,
i.e. d > n+ 3, assuming this time k to be very large. The latter result is obtained through explicit
algebraic calculations of the spaces of sections, and the proof is computationally very intensive.
Bérczi [Ber10] also obtained related results with a different approach based on residue formulas,
assuming d > 27" logn,

All these approaches are algebraic in nature. Here, however, our techniques are based on more
elaborate curvature estimates in the spirit of Cowen-Griffiths [CoGr76]. They require holomorphic
Morse inequalities (see 9.10 below) — and we do not know how to translate our method in an alge-
braic setting. Notice that holomorphic Morse inequalities are essentially insensitive to singularities,
as we can pass to non singular models and blow-up X as much as we want: if p: X — X is a
modification then 1,0 = Ox and R, O is supported on a codimension 1 analytic subset (even
codimension 2 if X is smooth). It follows from the Leray spectral sequence that the cohomology
estimates for L on X or for L = p*L on X differ by negligible terms, i.e.

(9.2) hI(X,L®™) — h9(X, L) = O(m" ).

Finally, singular holomorphic Morse inequalities (in the form obtained by L. Bonavero [Bon93|)
allow us to work with singular Hermitian metrics h; this is the reason why we will only require to
have big line bundles rather than ample line bundles. In the case of linear subspaces V C Tx, we
introduce singular Hermitian metrics as follows.
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9.3. Definition. A singular hermitian metric on a linear subspace V. C Tx is a metric h on the
fibers of V' such that the function logh : £ — log ]5\,21 1s locally integrable on the total space of V.

Such a metric can also be viewed as a singular Hermitian metric on the tautological line bundle
Opy(—1) on the projectivized bundle P(V') = V'\.{0} /C*, and therefore its dual metric h* defines
a curvature current ©p, 1) n of type (1,1) on P(V) C P(Tx), such that

(9.4) P OO0, (1) = %88 log h, where p: V ~ {0} — P(V).

If log h is quasi-plurisubharmonic (or quasi-psh, which means psh modulo addition of a smooth
function) on V, then log h is indeed locally integrable, and we have moreover

(95) @OP(V)(I)JL* > —Cw

for some smooth positive (1, 1)-form on P(V') and some constant C' > 0 ; conversely, if (9.5) holds,
then log h is quasi-psh.

9.6. Definition. We will say that a singular Hermitian metric h on V is admissible if h can be
written as h = e?hqpy where hg is a smooth positive definite Hermitian on Tx and ¢ is a quasi-psh
weight with analytic singularities on X, as in Definition 9.3. Then h can be seen as a singular
hermitian metric on Op(v)(l), with the property that it induces a smooth positive definite metric
on a Zariski open set X' C X ~ Sing(V'); we will denote by Sing(h) D Sing(V') the complement of
the largest such Zariski open set X'.

If h is an admissible metric, we define Oy (V*) to be the sheaf of germs of holomorphic sections
sections of V‘X\Smg(h) which are h*-bounded near Sing(h); by the assumption on the analytic
singularities, this is a coherent sheaf (as the direct image of some coherent sheaf on P(V)), and
actually, since h* = e~ ?hg, it is a subsheaf of the sheaf O(V*) := Oy, (V*) associated with a smooth
positive definite metric hg on Tx. If r is the generic rank of V and m a positive integer, we define

similarly

(9.7) 'K ?/n }]L = sheaf of germs of holomorphic sections of (det Vljg(,)@)m = (ATV&,)@””
which are det h*-bounded,

so that ’K 5“ l— g @L }]LO according to Def. 2.7. For a given admissible Hermitian structure (V, h),
we define similarly the sheaf EESLV,L* to be the sheaf of polynomials defined over X \ Sing(h) which
are “h-bounded”. This means that when they are viewed as polynomials P(z; &,...,&) in terms
of § = (v}ll,oo)jf(o) where V}L’OO is the (1, 0)-component of the induced Chern connection on (V, hg),
there is a uniform bound

(9.8) Pz &1, < (S lgl)”

near points of X \ X’ (see section 2 for more details on this). Again, by a direct image argument,
one sees that EGG Vi*is always a coherent sheaf. The sheaf EGG V* is defined to be EGG Vi when
h = hg (it is actually independent of the choice of hg, as follows from arguments sumlar to those
given in section 2). Notice that this is exactly what is needed to extend the proof of the vanishing
theorem 8.15 to the case of a singular linear space V' ; the value distribution theory argument can
only work when the functions P(f; f',..., f*)(t) do not exhibit poles, and this is guaranteed
here by the boundedness assumption.

Our strategy can be described as follows. We consider the Green-Griffiths bundle of k-jets
XSG = JkV  {0}/C*, which by (9.3) consists of a fibration in weighted projective spaces, and its
assomated tautological sheaf

L= OX,?G(l)’
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viewed rather as a virtual Q-line bundle OXkGG(m())l/mO with mg = lem(1,2, ..., k). Then, if
Ty - X,SG — X is the natural projection, we have

E,S'SL = (Wk)*OXSG(m) and Rq(ﬂ'k)*OXEG (m) =0 for ¢ > 1.
Hence, by the Leray spectral sequence we get for every invertible sheaf F' on X the isomorphism
(9.9) HI(X, B{V* @ F) >~ HY(X{%, Oxoa(m) © mp F).

The latter group can be evaluated thanks to holomorphic Morse inequalities. Let us recall the main
statement.

9.10. Holomorphic Morse inequalities ([Dem85]). Let X be a compact complex manifolds,
E — X a holomorphic vector bundle of rank r, and (L, h) a hermitian line bundle. The dimensions
hi(X,E ® L¥) of cohomology groups of the tensor powers E @ L¥ satisfy the following asymptotic
estimates as k — 400 :

(WM) Weak Morse inequalities:

n

k
h(X,E®LF) <r—
n.

/ (—1)707 , + o(k"™) .
X(L,h,q)

(SM) Strong Morse inequalities:
> (-1)(X,Ex L) <r

, n!
0<j<q

[ e o).
X(L,h,<q)
(RR) Asymptotic Riemann-Roch formula:

o En
XX, E@LF):= Y (-1)/W(X,E®LF) = 7’/ 7, +o(k") .
- n! X ’
0<jsn
Moreover (cf. Bonavero’s PhD thesis [Bon93]), if h = e™% is a singular hermitian metric with
analytic singularities, the estimates are still true provided all cohomology groups are replaced by
cohomology groups HY(X, E ® LF @ Z(h*)) twisted with the multiplier ideal sheaves

I(h*) =Z(ky) = {f € Oxp, IV 21, / |f(2)[Pe R dA(2) < +ool.
1%

The special case of 9.10 (SM) when ¢ = 1 yields a very useful criterion for the existence of sections
of large multiples of L.

9.11. Corollary. Under the above hypotheses, we have

n

w
— o7, —o(k") .
n! X(Lh<1) L,h ( )

Especially L is big as soon as fX(L h,<1) @z,h > 0 for some hermitian metric h on L.

WX, EQLM > X, ExLF)—h(X,ExLF) >r

Now, given a directed manifold (X, V'), we can associate with any admissible metric h on V a
metric (or rather a natural family) of metrics on L = Oycc(1). The space X E’G always possesses
quotient singularities if k¥ > 2 (and even some more if Vs singular), but we do not really care
since Morse inequalities still work in this setting thanks to Bonavero’s generalization. As we
will see, it is then possible to get nice asymptotic formulas as k¥ — +oo. They appear to be of a
probabilistic nature if we take the components of the k-jet (i.e. the successive derivatives ; = f () (0),
1 < j < k) as random variables. This probabilistic behaviour was somehow already visible in the
Riemann-Roch calculation of [GrGr79]. In this way, assuming Ky big, we produce a lot of sections
oj = HY(XFCS, Oycc(m) @ 7} F), corresponding to certain divisors Z; C XFC. The hard problem
which is left in order to complete a proof of the generalized Green-Griffiths-Lang conjecture is to
compute the base locus Z = () Z; and to show that ¥ = 7m;,(Z) C X must be a proper algebraic
variety.
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9.B. HERMITIAN GEOMETRY OF WEIGHTED PROJECTIVE SPACES

The goal of this section is to introduce natural Kahler metrics on weighted projective spaces,
and to evaluate the corresponding volume forms. Here we put d° = ﬁ(é — 0) so that dd° = %85.
The normalization of the d° operator is chosen such that we have precisely (ddlog |z|?)" = o for
the Monge-Ampere operator in C™. Given a k-tuple of “weights” a = (ay,...,ax), i.e. of integers
as > 0 with ged(aq, ..., ar) = 1, we introduce the weighted projective space P(ay,...,ax) to be the
quotient of C* <. {0} by the corresponding weighted C* action:

(9.12) P(ay,...,a;) = CF~{0}/C*,  A-z=(A\"z,...,\%z,).

As is well known, this defines a toric (k — 1)-dimensional algebraic variety with quotient singular-
ities. On this variety, we introduce the possibly singular (but almost everywhere smooth and non
degenerate) Kéhler form w,, defined by

1
(9.13) TaWa,p = dd“Qq p, Pap(2) = —log Z ‘Zs‘Qp/as7
p 1<s<k
where 7, : C¥~ {0} — P(a1,...,ay) is the canonical projection and p > 0 is a positive constant. It

is clear that ¢, , is real analytic on C* \ {0} if p is an integer and a common multiple of all weights
as, and we will implicitly pick such a p later on to avoid any difficulty. Elementary calculations
give the following well-known formula for the volume

1
9.14) / whol— =
( P(ay,...,ax) ap a...ak

(notice that this is independent of p, as it is obvious by Stokes theorem, since the cohomology class
of wg, does not depend on p).

Our later calculations will require a slightly more general setting. Instead of looking at C¥, we
consider the weighted C* action defined by

(9.15) CM=Cmx...xC*,  Xoz=A\"z,...,A%z).
Here z, € C™ for some k-tuple r = (ry,...,rg) and |r| = r1 + ...+ rg. This gives rise to a weighted
projective space
P(a[lrl]V"?aE:k]) :P(alv"'vala'”7ak7”'7ak)7
(9.16) Tar : Ctx .. x CF {0} — P(a[lrl], ey ag’“})

obtained by repeating r, times each weight as. On this space, we introduce the degenerate Kéahler
metric wq,rp such that

1
(9-17) Tar@arp = 4 Parp,  Parp(z) = log D lasfPre

1<s<k

where |z, stands now for the standard Hermitian norm (3, |25.51%)/? on C™. This metric
is cohomologous to the corresponding “polydisc-like” metric w,;, already defined, and therefore
Stokes theorem implies

1
9.18 )Ly R —
(9.18) /P(allmwagm) LRtk
Using standard results of integration theory (Fubini, change of variable formula...), one obtains:

9.19. Proposition. Let f(z) be a bounded function on P(a[lrl],...,ag’“]) which is continuous
outside of the hyperplane sections zs = 0. We also view f as a C*-invariant continuous function
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on [[(C"s <. {0}). Then
|r[—1
/ o T

st

(Ir| = 1!

==
Hs as /(%U)EAk—lXHSQTSl

where Ag_1 is the (k—1)-simplex {zs > 0, Y xs =1}, dv = dx1 \...Ndzx_; its standard measure,
and where dp(u) = dpy(uy) . .. dug(ug) is the rotation invariant probability measure on the product
I, S2rs=1 of unit spheres in C™ x ... x C™. As a consequence

lim O — /H o T ),

Ts
p——+00 P(a[lrl]“_wagk]) Hs Qg

rs—1

a a Ty
f($11/2pu1, ceey :L‘kk/2puk) H m dx dp(u)

1<s<k

Also, by elementary integrations by parts and induction on k, r1,...,rg, it can be checked that
_ 1
(9.20) / H e Ydoy .. dep_y = TS H (r¢ —1)!.
$€Ak_1 lgsék (‘T’ - )' 1<S<k

rs—1
This implies that (|r| — 1)'[];c.cp % dz is a probability measure on Ag_1.

9.C. PROBABILISTIC ESTIMATE OF THE CURVATURE OF k-JET BUNDLES

Let (X, V) be a compact complex directed non singular variety. To avoid any technical difficulty
at this point, we first assume that V is a holomorphic vector subbundle of T, equipped with a
smooth Hermitian metric h.

According to the notation already specified in §7, we denote by J*V the bundle of k-jets of
holomorphic curves f : (C,0) — X tangent to V at each point. Let us set n = dimc¢ X and
r = rankc V. Then J*V — X is an algebraic fiber bundle with typical fiber C"*, and we get a
projectivized k-jet bundle

(9.21) X5C .= (JFV {0})/C*,  me XPY 5 X

which is a P(1I7, 2l kIl weighted projective bundle over X, and we have the direct image
formula (Wk)*OXIg;G (m) = O(E,?%V*) (cf. Proposition 7.9). In the sequel, we do not make a direct
use of coordinates, because they need not be related in any way to the Hermitian metric h of V.
Instead, we choose a local holomorphic coordinate frame (eq(2))i1<a<r of V' on a neighborhood U
of x(, such that

(9:22) (ea(2), €5(2)) = dap + > cijapziZj + O(|2[)
1<i,j<n, 1<a,B<r

for suitable complex coefficients (c;jo3). It is a standard fact that such a normalized coordinate
system always exists, and that the Chern curvature tensor ﬁD‘Q/ p of (V,h) at xg is then given by

{ - x
(9.23) @V,h(l'o) = 50 'Zﬂ Cijap dzi NdZ; ® e, ® eg.
27]7a7
Consider a local holomorphic connection V on Vj;; (e.g. the one which turns (e,) into a parallel
frame), and take & = V¥ £(0) € V, defined inductively by V!f = f' and V5f = V (V51 f). This
gives a local identification

TWVie = Vi fe (G &) = (V). V0)),
and the weighted C* action on JiV is expressed in this setting by
A (51752) LI 75143) = ()\517 )\2527 ey Akgk)

Now, we fix a finite open covering (U, )acr of X by open coordinate charts such that Viu,, 1s trivial,
along with holomorphic connections V4 on V. Let 6, be a partition of unity of X subordinate
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to the covering (U,). Let us fix p > 0 and small parameters 1 = &1 > €2 > ... > ¢ > 0. Then
we define a global weighted Finsler metric on J*V by putting for any k—jet feJktv

(9.24) o) = (Y bale) X 2 Ivas22)"”
acl 1<s<k

where || || is the Hermitian metric h of V' evaluated on the fiber V;, z = f(0). The function
U}, pe satisfies the fundamental homogeneity property

(9'25) ‘llh,p,e(A ) f) = ‘I]h,p,e(f) |>‘|2

with respect to the C* action on J*V, in other words, it induces a Hermitian metric on the dual
L* of the tautological Q-line bundle Ly = O ch(l) over X ,?G. The curvature of Ly is given by

(9.26) WZ@Lk"ytL,p,E = dd° log \I’}%p’g

Our next goal is to compute precisely the curvature and to apply holomorphic Morse inequalities
to L - X ,?G with the above metric. It might look a priori like an untractable problem, since
the definition of Wy, . is a rather unnatural one. However, the “miracle” is that the asymptotic
behavior of Wy, . as €,/es—1 — 0 is in some sense uniquely defined and very natural. It will lead
to a computable asymptotic formula, which is moreover simple enough to produce useful results.

9.27. Lemma. On each coordinate chart U equipped with a holomorphic connection ¥V of Vi,
let us define the components of a k-jet f € J*V by & = V*f(0), and consider the rescaling
transformation

pve(&r, o, &) = (e1&1, 6560, ... ef&r) on JFV, 2 €U
(it commutes with the C*-action but is otherwise unrelated and not canonically defined over X as
it depends on the choice of V). Then, if p is a multiple of lem(1,2,...,k) and e5/e5—1 — 0 for all

s=2,...,k, the rescaled function ¥y, . o pglg(gl, ..., &) converges towards
2
(X e ”5)
1<s<k

on every compact subset of JkV|U ~ {0}, uniformly in C° topology.
Proof. Let U C X be an open set on which Vi is trivial and equipped with some holomorphic
connection V. LetNus pick another holomorphic connection V =V +T where I € H (U, Qﬁ( ®
Hom(V, V). Then V2f = V2f +T(f)(f') - f/, and inductively we get

Vef=Vof+P(f; Vif,...,V7Lf)

where P(x; &1,...,&—1) is a polynomial with holomorphic coefficients in z € U which is of
weighted homogeneous degree s in (§1,...,&s—1). In other words, the corresponding change in
the parametrization of J kVW is given by a C*-homogeneous transformation

& =&+ Polws &1, 6).
Let us introduce the corresponding rescaled components
(€1 Ehe) = (€160, v eflr)s  (Erereeor i) = (616, f ).
Then _ .
5575 :ﬁs,a+5§ Ps(x; 51_151,87"' S )fs 15)
=& + 0(es/e5-1)° O(H&E” +..t ”55_176”1/(5—1))3

and the error terms are thus polynomials of fixed degree with arbitrarily small coefficients as
€s/€s—1 — 0. Now, the definition of W}, ,, . consists of glueing the sums

Z 2pH§kH2p/s 217/8

1<s<k 1<s<k
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corresponding to & = V2,f(0) by means of the partition of unity Y 6,(x) = 1. We see that
by using the rescaled variables & . the changes occurring when replacing a connection V, by an
alternative one Vg are arbitrary small in C* topology, with error terms uniformly controlled in
terms of the ratios £5/e,_1 on all compact subsets of V¥~ {0}. This shows that in C* topology,

U peopo- (&1, .., &) converges uniformly towards (X 1<s<h ||£k||2p/s)1/p, whatever the trivializing
open set U and the holomorphic connection V used to evaluate the components and perform the
rescaling are. O

Now, we fix a point g € X and a local holomorphic frame (eq(z))1<a<r satisfying (9.22) on
a neighborhood U of zy. We introduce the rescaled components {; = £5V*f(0) on J"“V|U and
compute the curvature of

_ 2p/s
Unpeopehlei ) = (3 Il )

1<s<k

(by Lemma 9.27, the errors can be taken arbitrary small in C*° topology). We write £ =
> 1cacy Esaca- By (9.22) we have

6l =32 6ol + 3 cijanzizitinis + OU=LIEP)

i,5,0,8

The question is to evaluate the curvature of the weighted metric defined by

veigng) = (X \Ifs\l2p/8>

1<s<k
/s
< Z (Z‘€SQ| +Z ngaﬁzzzjgsagsﬁ)p > +O(’Z’)
1<s<k a i,5,0,8

We set &2 =", [€sal?. A straightforward calculation yields
log\IJ(z, 51)" : 7‘5]43) =

s 1 55 217/5 — 680&55
log Z ‘€s|2p/ + Z & Z CijaBrizj €5 ’2/8 O(|Z’3)

2p/t
1<s<k 1<k ® 2 &l S lalrt ij,a.B

By (9.26), the curvature form of L = OXIS;G(l) is given at the central point z¢ by the following
formula.

9.28. Proposition. With the above choice of coordinates and with respect to the rescaled compo-
nents £ = €SV f(0) at o € X, we have the approximate expression

; 1 2p/s sal s B
9Lk,\ll* ( Zo, [é]) >~ wa,r,p(g) + L Z |§ | Z ”a[}ngQB dZZ‘ AN de

e 271-1< <ksZ |§t‘2p/tmaﬁ

where the error terms are O(maxacs<k(es/€s-1)°) uniformly on the compact variety XSG, Here
Warp i the (degenerate) Kdihler metric associated with the weight a = (11,201 k1) of the
canonical C* action on J*V.

Thanks to the uniform approximation, we can (and will) neglect the error terms in the calcu-
lations below. Since wq,p is positive definite on the fibers of X IS’G — X (at least outside of the
axes & = 0), the index of the (1,1) curvature form @Lmq,;p’g(z, [€]) is equal to the index of the
(1,1)-form

. 2p/s sals
(9.29) (2, €) ;:QL Z L_J& Z Cijas(2) 5 fBd i NdZ;

o<k ® 2 &l irj0,3 &I?
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depending only on the differentials (dz;j)1<j<n on X. The g-index integral of (Lg, ¥}, , ) on Xge
is therefore equal to

@n-{—kr* 1 —
T
mrh =2 Oy 02 (2, )"
s ) k<
n' kr—1)! J.ex ¢eP(1l .. k) P koA

where 1, 4(2,&) is the characteristic function of the open set of points where 7;(z,€) has sig-
nature (n — ¢, q) in terms of the dz;’s. Notice that since v4(z,£)" is a determinant, the product

L, 4(2,&)vk(z, €)™ gives rise to a continuous function on X . Formula 9.20 withr; = ... =7, =7
and ags = s yields the slightly more explicit integral
/ @nJrkr 1 _ (n—i—kr—l)'
Xgo ) PV iR
r—1
|/ oz, 0) g (2, 0)" I g ),

2€X J (T u)EAL_1 X (S2r—1)k (7“ - 1)

. 1/2p k/ P is oi
where gy, (2, z,u) = w(z, 27" T u, ..., 2y, ) is given by
(9.30) gk(z,x,u) = — Z *:L's Z Cijap(2) Usallsp dzi N dZ;

1<s<k i,7,0,3

and 1y, (z,z,u) is the characteristic function of its g-index set. Here

r—1

(9.31) dvy () = (kr —1)! w

is a probability measure on Ap_1, and we can rewrite

/ G)n—l—kr—l _ (n + kr — 1)‘ >

XSG(Lk,q) Lk,\If}ip’E n'(k')r(kr — ].)'

(9.32) / / Ng, o(2, 2, u) gk (2, 2, u)" dvg r(x) du(u).
2€X J(zu)eA_1x(S2r—1)k

Now, formula (9.30) shows that gi(z,z,u) is a “Monte Carlo” evaluation of the curvature tensor,
obtained by averaging the curvature at random points us € S?"~! with certain positive weights
xs/s; we should then think of the k-jet f as some sort of random variable such that the derivatives
V*£(0) are uniformly distributed in all directions. Let us compute the expected value of (z,u)
gk(2z, x,u) with respect to the probability measure dvy, () dp(u). Since fSW*l UsaUsgdpt(us) = %5(15
and fAk—l T dvg,(z) = %, we find

1 1 2
E(gk(27'a')) = H Z ; : % Z Cijaa(z) dZi VAN d?j.

1<s<k i,g,0

dx

In other words, we get the normalized trace of the curvature, i.e.
1 1 1
(9.33) E(gr(z,0,0)) = Tr (1 tgtt %)@det(V*),det h*s
where O e (v+),deth+ 18 the (1,1)-curvature form of det(V*) with the metric induced by h. It is
natural to guess that gx(z,z,u) behaves asymptotically as its expected value E(gx(z,e,e)) when k
tends to infinity. If we replace brutally g by its expected value in (9.32), we get the integral
(n+kr—1)! 1 ( 1 1 n/
1+=+... f) 1, ",
A Ger — D e W T2 T T ) [ el

where 7 := Ogeq(v+),det n+ and 1 4 is the characteristic function of its g-index set in X. The leading
constant is equivalent to (log k)™ /n!(k!)" modulo a multiplicative factor 1+0O(1/log k). By working
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out a more precise analysis of the deviation, the following result has been proved in [Dem11] and
[Dem12].

9.34. Probabilistic estimate. Fiz smooth Hermitian metrics h on 'V and w = i > wijdz; Ndz;

on X. Denote by Oy, = —% Y Cijapdzi N dZ; ® €}, ® eg the curvature tensor of V with respect to
an h-orthonormal frame (ey), and put
i
1(2) = Odet(v=),deths = 5 > migdzi AdZ, M= Y Cijaa:
1<i,j<n Igasr
Finally consider the k-jet line bundle Ly = Oyca(l) — XEG equipped with the induced metric

\If;i’p’e (as defined above, with 1 = &1 > e3> ... 5 er > 0). When k tends to infinity, the integral

of the top power of the curvature of Ly on its q-index set X,?G(Lk, q) is given by

_ log k)™ -
oprlyt =1 (/]1 "0 1ok1)
/)(SG(Lk,Q) Be¥ipe — nl (R \ Jx 'l ((log k)™)

for allq=0,1,...,n, and the error term O((logk)™') can be bounded explicitly in terms of Oy, n
and w. Moreover, the left hand side is identically zero for ¢ > n.

The final statement follows from the observation that the curvature of Lj is positive along the
fibers of X ,?G — X, by the plurisubharmonicity of the weight (this is true even when the partition
of unity terms are taken into account, since they depend only on the base); therefore the g-index
sets are empty for ¢ > n. It will be useful to extend the above estimates to the case of sections of

(9.35) Lk:OX]S;G(l)®WZO<%<1+%+...+%>F)

where F' € Picg(X) is an arbitrary Q-line bundle on X and 7, : X E’G — X is the natural projection.
We assume here that F' is also equipped with a smooth Hermitian metric hp. In formulas (9.32—
9.34), the renormalized curvature n(z,x,u) of Ly takes the form

1
TA+3+...+1)

(936) nk(zaxvu) = gk(z,x,u) +®F,hp(z)7

and by the same calculations its expected value is

(9.37) n(z) == E(ni(2,e,0)) = Odet v+ det h* (2) + OFhp (2).

Then the variance estimate for np — 7 is unchanged, and the LP bounds for 7 are still valid, since
our forms are just shifted by adding the constant smooth term Oy, (2). The probabilistic estimate
9.34 is therefore still true in exactly the same form, provided we use (9.35 — 9.37) instead of the
previously defined L, nr and . An application of holomorphic Morse inequalities gives the desired
cohomology estimates for

m

1 1
hq(X, EGGy 0( (1 4 —)F))
et @O T T
o T 1 1
— (X0, O ga (m) @ ka(H(l Fotot E)F))
provided m is sufficiently divisible to give a multiple of F’ which is a Z-line bundle.

9.38. Theorem. Let (X,V) be a directed manifold, F — X a Q-line bundle, (V,h) and (F,hr)
smooth Hermitian structure on 'V and F respectively. We define

Ly = OXgG(1)®WZO<%<1+ % ++%)F>

N = Odet V* det h* + OF hp-
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Then for all ¢ = 0 and all m > k > 1 such that m is sufficiently divisible, we have

anrkr 1 o n
(a) h(XFE, O(LE™) < R S'?Iﬁ'; </ (=1)%" 4+ O((log k)—1)>’

mn-l—kr—l o n
(v XS, 0 2 e (L, o Ottes k™) ).

n-l—k:r—l (log k,)n
(n+ kr — 1) nl (kD"

() X(XFC,0(L7™)) = (cr(V* @ F)" + O((logk)™)).

Green and Griffiths [GrGr79] already checked the Riemann-Roch calculation (9.38¢) in the spe-
cial case V = T% and F' = Ox. Their proof is much simpler since it relies only on Chern class
calculations, but it cannot provide any information on the individual cohomology groups, except
in very special cases where vanishing theorems can be applied; in fact in dimension 2, the Euler
characteristic satisfies y = h® — ! +h? < h9 + h2, hence it is enough to get the vanishing of the top
cohomology group H? to infer h® > y ; this works for surfaces by means of a well-known vanishing
theorem of Bogomolov which implies in general

H”(X J_@,SGz}(@QO(lC (1+ ; +ot ;)F))> —0

as soon as Kx ® F is big and m > 1.

In fact, thanks to Bonavero’s singular holomorphic Morse inequalities [Bon93|, everything works
almost unchanged in the case where V' C T'x has singularities and h is an admissible metric on
V' (see Definition 9.6). We only have to find a blow-up p : X — X so that the resulting
pull-backs p*Lj, and p*V are locally free, and p* det h*, u*Wy,, . only have divisorial singularities.
Then 7 is a (1,1)-current with logarithmic poles, and we have to deal with smooth metrics on
p*LP™ ® O(—mE}y) where Ej is a certain effective divisor on Xj, (which, by our assumption in
9.6, does not project onto X ). The cohomology groups involved are then the twisted cohomology
groups

HY(XF, O(LP™) © Tim)
where Jim = p«(O(—mkE})) is the corresponding multiplier ideal sheaf, and the Morse integrals
need only be evaluated in the complement of the poles, that is on X (7, ¢) ~ .S where S = Sing(V)U
Sing(h). Since

(1)« (O(LE™) @ Tiem) C By V*®(9<k (1+;+ +]1€)F>)

we still get a lower bound for the H of the latter sheaf (or for the H? of the un-twisted line bundle
(’)(L%m) on X EG) If we assume that Ky ® F' is big, these considerations also allow us to obtain
a strong estimate in terms of the volume, by using an approximate Zariski decomposition on a
suitable blow-up of (X, V). The following corollary implies in particular Theorem 9.1.

9.39. Corollary. If F is an arbitrary Q-line bundle over X, one has

1 1
i (XEC, Oxgotm) 0 O (f (14 5 4.+ 1)) )
N mn—i—kr—l (IOg k‘)
T (n+kr— D! nl (k)"

when m > k> 1, in particular there are many sections of the k-jet differentials of degree m twisted
by the appropriate power of F if Ky ® F 1is big.

<V01(Kv ® F) — O((log k)—l)) — o(m" 1),

Proof. The volume is computed here as usual, i.e. after performing a suitable modification p : X -
X which converts Ky into an invertible sheaf. There is of course nothing to prove if Ky ® F' is not
big, so we can assume Vol(Ky ® F') > 0. Let us fix smooth Hermitian metrics hg on Tx and hp
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on F. They induce a metric p*(det hy' @ hr) on p*(Ky @ F) which, by our definition of Ky, is
a smooth metric. By the result of Fujita [Fuj94] on approximate Zariski decomposition, for every
6 > 0, one can find a modification us : X5 — X dominating p such that

ps(Ky @ F) = O (A+ E)
where A and E are Q-divisors, A ample and E effective, with
Vol(4) = A™ > Vol(Ky ® F) — 0.
If we take a smooth metric hy with positive definite curvature form © 4y, ,, then we get a singular
Hermitian metric hahp on pu3(Ky ® F') with poles along F, i.e. the quotient hahg/u*(det ho'®@hp)
is of the form e~% where ¢ is quasi-psh with log poles log |og|?> (mod C*(Xs)) precisely given by
the divisor £. We then only need to take the singular metric h on T’x defined by
h = hger(#o)*¢

(the choice of the factor % is there to correct adequately the metric on det V'). By construction h
induces an admissible metric on V' and the resulting curvature current n = O, deth* + OFpy is
such that
psn =Oan, + [E], [E] = current of integration on E.
Then the 0-index Morse integral in the complement of the poles is given by
/ = [ e, = A" > Vol(Ky © F) — 6
X (0,08 Xs
and (9.39) follows from the fact that § can be taken arbitrary small. O

The following corollary implies Theorem 0.12.
9.40. Corollary. Let (X, V) be a projective directed manifold such that K3, is big, and A an ample
Q-divisor on X such that K3, ® O(—A)* is still big. Then, if we put 6 = ﬁ(l + % +.. + %),
r =rank V', the space of global invariant jet differentials

H(X, By V* @ O(—mdiA))
has (many) non zero sections for m >k > 1 and m sufficiently divisible.

Proof. Corollary 9.39 produces a non zero section P € HO(ESSV*® Ox(—mdiA)) for m > k> 1,
and the arguments given in subsection 7.D (cf. (7.27)) yield a non zero section

Q € HY By V* @ Ox(—mdA)), m' < m.
By raising Q to some power p and using a section o € H%(X, Ox(dA)), we obtain a section
QPo™ € HY(X, Eg p V* @ O(=m(pdy, — qd) A)).
One can adjust p and ¢ so that m(pdx — qd) = pm/dy, and pm/J§ A is an integral divisor. O

9.41. Example. In some simple cases, the above estimates can lead to very explicit results.
Take for instance X to be a smooth complete intersection of multidegree (dy,ds,...,ds) in IF’Z&‘FS
and consider the absolute case V' = Tx. Then Kx = Ox(d1 +...+ds —n — s — 1) and one can
check via explicit bounds of the error terms (cf. [Dem11], [Dem12]) that a sufficient condition for
the existence of sections is
k> exp (7.38 n”+1/2( 2di+1 )")
Ydi—-n—s—a—1

This is good in view of the fact that we can cover arbitrary smooth complete intersections of general
type. On the other hand, even when the degrees d; tend to +oo, we still get a large lower bound
k ~ exp(7.38n™+1/2) on the order of jets, and this is far from being optimal : Diverio [Div08, Div09)
has shown e.g. that one can take k = n for smooth hypersurfaces of high degree, using the algebraic
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Morse inequalities of Trapani [Tra95]. The next paragraph uses essentially the same idea, in our
more analytic setting. O

9.D. NON PROBABILISTIC ESTIMATE OF THE MORSE INTEGRALS

We assume here that the curvature tensor (c;jo3) satisfies a lower bound

(9.42) > ijapbiliuatis = — > &l [, VEETx, ueV

’l‘,j,Oé,B
for some semipositive (1,1)-form v = 5= 3" v;;(2) dz; A dZ; on X. This is the same as assuming
that the curvature tensor of (V*, h*) satisfies the semipositivity condition

in the sense of Griffiths, or equivalently Oy, — v ® Idy < 0. Thanks to the compactness of X,
such a form 7 always exists if h is an admissible metric on V. Now, instead of replacing Oy
with its trace free part ©y and exploiting a Monte Carlo convergence process, we replace Oy with
@}Y/ =0y —y®Idy <0, ie. ¢jas by CZjaB = Cijap + Vijoap. Also, we take a line bundle F' = AL
with © 45, > 0, i.e. F' seminegative. Then our earlier formulas (9.28), (9.35), (9.36) become instead

1 1 _ _
(9.43) g (z,x,u) = 5 Z S Z chaﬁ(z) Usallsp dz; N dZj 2 0,
1<s<k i,5,0,
(9.44) Lk:(’)Xsc(l)®7r;§(’)(—%<1+%+...+%>A),
1
(945) @Lk = 77k<27 xz, U) = gz(Z,x, u) - (@A,hA (Z) + rf)/(z))

E(1+3+...47)

In fact, replacing ©y by Oy — v ® Idy has the effect of replacing Oget v+ = Tr Oy« by Oget v+ + 17.
The major gain that we have is that n, = O, is now expressed as a difference of semipositive
(1,1)-forms, and we can exploit the following simple lemma, which is the key to derive algebraic
Morse inequalities from their analytic form (cf. [Dem94], Theorem 12.3).

9.46. Lemma. Let n = o — 8 be a difference of semipositive (1,1)-forms on an n-dimensional
complex manifold X, and let 1, <, be the characteristic function of the open set where n is non
degenerate with a number of negative eigenvalues at most equal to q. Then

(1) g " < 3 (~1)7 a4,
0<j<q
i particular

>a" —na" I AB forqg=1.

Proof. Without loss of generality, we can assume « > 0 positive definite, so that « can be taken as
the base hermitian metric on X. Let us denote by

AMZ2X=...27 20
the eigenvalues of § with respect to . The eigenvalues of n = o — 8 are then given by
1A <. . <1=A<1=A1 <...<1= ),

hence the open set {\;+1 < 1} coincides with the support of 1,, <4, except that it may also contain
a part of the degeneration set ™ = 0. On the other hand we have

<7;> Q"IN B = 0%()\) a”,



50 JEAN-PIERRE DEMAILLY

where UZL()\) is the j-th elementary symmetric function in the \;’s. Thus, to prove the lemma, we

only have to check that

PONES L ACVES BWRIES ML | [CEPH =
0<y<q 1<i<n
This is easily done by induction on n (just split apart the parameter \,, and write a%()\) = Ufl_l()\)—i—
j—1
al_1(AN) An). O

n—1

We apply here Lemma 9.46 with
1 1
QZQZ(%%U): ﬁ /Bk_ 7( + = 2 + . %)(@A,hA—f_T’Y)a

which are both semipositive by our assumption. The analogue of (9.32) leads to

C_)n—&-kr*—l
/)(gG(Lk,<1) R
(n+kr—1)! / / ,
— nd . d
Tl k)T — 1! Soex Jamen, sz 9 PeS (g — Br)" dvir () dp(u)

(n + kT — 1 / / -1
> ((g)" = n(g)" ™" A Br) dvg () dpa(u).
TL' k' kr — 1 2€X J(@u)EAL_1 X (S2r—1)k F F ( (

The resulting integral now produces a “closed formula” which can be expressed solely in terms of
Chern classes (at least if we assume that 7 is the Chern form of some semipositive line bundle). It
is just a matter of routine to find a sufficient condition for the positivity of the integral. One can
first observe that g/ is bounded from above by taking the trace of (¢;jag), in this way we get

Z a?:) (Odet v+ +17)

1<s<k

0<QZ<<

where the right hand side no longer depends on u € (S*"~1)k. Also, g} can be written as a sum of
semipositive (1, 1)-forms

T _ _
gl = Z fm(us), 07 (u) = Z iapllalp dzi N\ dZj,
1<s<k i,5,0,8

hence for k£ > n we have

G =n Y T g YA (ugy) A A (us,).

S1...8
1<81<...<8n <k 1 n

Since [go,—1 07(u) du(u) = L Tr(Ov+ +7) = 1Oget v+ + 7, we infer from this

/ (g1)" dvg, () dpa(w)
(z,u)EA_1 x(S2r—1)k s

1 1 n
Z n! Z M(/Akl T1...Tp dl/k’r($)> (;G)detV* + ’Y) .

1<s1<...<sn <k
By putting everything together, we conclude:
9.47. Theorem. Assume that Oy > —vy ® Idy~ with a semipositive (1,1)-form v on X. Then the
Morse integral of the line bundle

1

Lk:OX§G(1)®7T,‘;O<—H(1+%+...+E)A), A0
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satisfies for k > n the inequality
1 / n+kr—1
Ly, Ut
(n+ kr —1)! XCC(Ly,<1) F T hpe

1
() Z ey Ger — 1)

where
! 1
n!
Crrk = 7( > 7) / T T dug (1),
r 51807 Ja,_,

1<s1<...<sp <k

, /X ik (Odesve +17)" = &y (Odet ve + Tv)n_l A (Oan, +17)

/ n

e re D[ (T o

1<s<k

Especially we have a lot of sections in HO(X,SG, mLy), m > 1, as soon as the difference occurring
in () is positive.

The statement is also true for k& < n, but then ¢,,; = 0 and the lower bound (x) cannot
be positive. By Corollary 9.11, it still provides a non trivial lower bound for h%(X ,?G,mLk) —
hl(X,SG,mLk), though. For k > n we have ¢, > 0 and (%) will be positive if Ogety+ is large
enough. By Formula 9.20 we have

n! (kr —1)! 1 (kr —1)!
9.48 = T ) > ,
(9.48) Ok (n+kr—1)! Z 1...8, (n+kr—1)

1<s1<...<sn<k s
(with equality for £ = n), and by ([Dem11], Lemma 2.20 (b)) we get the upper bound

n

r  (kr+n—1)rm2 1 e[ 182 2m(n—1)! 1 1\-m
k< 14+ +... 7) 1+ = 7<1 St f) .
Cn e,y k/n ( +2+ +k {+3nlz_:2(n—1—m)! +2+ +k: ]

The case k = n is especially interesting. For k = n > 2 one can show (with » < n and H,, denoting
the harmonic sequence) that

(9.49)

Crkor < n?+n— 1n"_2 exp (2(n —1)

1 n
< log H ) < = (nlog(nlog 24n))".
— 3 T +nlog Hy, 3 (n og(nlog n))

We will later need the particular values that can be obtained by direct calculations (cf. Formula
(9.20 and [Dem11, Lemma 2.20]).

1 9 Choa 45
9502 6222 = —, C/ = —, i) =
(9.502) 22790 222716 222 4

1 451 333 _ 4961
9.50 “990° 9% 1560 s 51
(9.503) 5T 990" B3 TUS0" ez b4

10. HYPERBOLICITY PROPERTIES OF HYPERSURFACES OF HIGH DEGREE

10.A. GLOBAL GENERATION OF THE TWISTED TANGENT SPACE OF THE UNIVERSAL FAMILY

In [Siu02, Siu04], Y.T. Siu developed a new stategy to produce jet differentials, involving mero-
morphic vector fields on the total space of jet bundles — these vector fields are used to differentiate
the sections of E,?g so as to produce new ones with less zeroes. The approach works especially well
on universal families of hypersurfaces in projective space, thanks to the good positivity properties
of the relative tangent bundle, as shown by L. Ein [Ein88, Ein91] and C. Voisin [Voi96]. This allows
at least to prove the hyperbolicity of generic surfaces and generic 3-dimensional hypersurfaces of
sufficiently high degree. We reproduce here the improved approach given by [Pau08] for the twisted
global generation of the tangent space of the space of vertical two jets. The situation of k-jets in
arbitrary dimension n is substantially more involved, details can be found in [Mer09].
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Consider the universal hypersurface X C P! x PN of degree d given by the equation

Z Ay Z% =0,

|a|=d
where [Z] € Pn+17 [A] € ]P)Nd7 o = (O[(), .. -7an+1) S Nn+2 and
Ny = <n+j+1> 1

Finally, we denote by V C X the vertical tangent space, i.e. the kernel of the projection
T:X > UcPNV

where U is the Zariski open set parametrizing smooth hypersurfaces, and by Ji) the bundle of
k-jets of curves tangent to V, i.e. curves contained in the fibers Xy = m~!(s). The goal is to describe
certain meromorphic vector fields on the total space of JpV. By an explicit calculation of vector
fields in coordinates, according to Siu’s stategy, Paun [Pau08] was able to prove:

10.1. Theorem. The twisted tangent space Ty, @ Ops(7) ® Opn, (1) is generated over by its global
sections over the complement JoV ~ W of the Wronskian locus VW. Moreover, one can choose
generating global sections that are invariant with respect to the action of Go on JoV.

By similar, but more computationally intensive arguments [Mer09], one can investigate the higher
dimensional case. The following result strengthens the initial announcement of [Siu04].

10.2. Theorem. Let J)*"(X) be the space of vertical k-jets of the universal hypersurface
X c Pt x pha

parametrizing all projective hypersurfaces X C P of degree d. Then for k = n, there exist
constants ¢, and ¢, such that the twisted tangent bundle

TJ}\C/ert(X) X OPn+1 (Cn) & O]P’Nd (C;L)

is generated by its global Gp-invariant sections outside a certain exceptional algebraic subset 3 C
JY(X). One can take either ¢, = 1(n? +5n), ¢, = 1 and ¥ defined by the vanishing of certain

n

Wronskians, or ¢, = n? 4+ 2n and a smaller set YCy defined by the vanishing of the 1-jet part.

10.B. GENERAL STRATEGY OF PROOF

Let again X C P**! x PN be the universal hypersurface of degree d in P**1.
(10.3) Assume that we can prove the existence of a non zero polynomial differential operator

P e HY(X,EGSTy @ O(—A)),

where A is an ample divisor on X, at least over some Zariski open set U in the base of the projection
m:X = U cCPNe,

Observe that we now have a lot of techniques to do this; the existence of P over the family follows

from lower semicontinuity in the Zariski topology, once we know that such a section P exists on a
generic fiber X = 77 1(s). Let Y C X be the set of points € X where P(z) = 0, as an element
in the fiber of the vector bundle E,SS;T v ® O(—A)) at . Then Y is a proper algebraic subset of
X, and after shrinking U we may assume that Y; = ) N X, is a proper algebraic subset of X for
every s € U.
(10.4) Assume also, according to Theorems 10.1 and 10.2, that we have enough global holomorphic
Gp-invariant vector fields 0; on Ji,V with values in the pull-back of some ample divisor B on X, in
such a way that they generate T,y @ piB over the dense open set (JpV)"® of reqular k-jets, i.e.
k-jets with non zero first derivative (here py : JgV — X is the natural projection).

Considering jet differentials P as functions on JiV, the idea is to produce new ones by taking
differentiations

Q]:GJIHNP, O<£<m7j:(jl77jz)
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Since the 60;’s are Gj-invariant, they are in particular C*-invariant, thus
Qj € HY(X,EJSTy ® O(—A+ (D))

(and @ is in fact G} invariant as soon as P is). In order to be able to apply the vanishing theorems
of §8, we need A — mB to be ample, so A has to be large compared to B. If f : C — Xj is
an entire curve contained in some fiber X, C X, its lifting ji(f) : C — JiV has to lie in the
zero divisors of all sections ;. However, every non zero polynomial of degree m has at any point
some non zero derivative of order ¢ < m. Therefore, at any point where the 6; generate the
tangent space to JiV, we can find some non vanishing section ();. By the assumptions on the 6;,
the base locus of the @;’s is contained in the union of p,;l(y) U (JgV)5"8; there is of course no
way of getting a non zero polynomial at points of ) where P vanishes. Finally, we observe that
Jk(f)(C) ¢ (JrV*"8 (otherwise f is constant). Therefore jx(f)(C) C p,'(¥) and thus f(C) C Y,
ie. f(C)CYs=YNXs.

10.5. Corollary. Let X C P x PNa be the universal hypersurface of degree d in P**t. If d > d,
is taken so large that conditions (10.3) and (10.4) are met with A —mB ample, then the generic
fiber Xs of the universal family X — U satisfies the Green-Griffiths conjecture, namely all entire
curves f: C — X are contained in a proper algebraic subvariety Ys C X, and the Yy can be taken
to form an algebraic subset Y C X.

This is unfortunately not enough to get the hyperbolicity of X, because we would have to
know that Y itself is hyperbolic. However, one can use the following simple observation due to
Diverio and Trapani [DT10]. The starting point is the following general, straightforward remark.
Let £ — X be a holomorphic vector bundle let o € H(X,E) # 0; then, up to factorizing by an
effective divisor D contained in the common zeroes of the components of o, one can view o as a
section

o€ H (X, ® Ox(—D)),

and this section now has a zero locus without divisorial components. Here, when n > 2, the very
generic fiber X, has Picard number one by the Noether-Lefschetz theorem, and so, after shrinking
U if necessary, we can assume that Oy (—D) is the restriction of Opn+1(—p), p = 0 by the effectivity
of D. Hence D can be assumed to be nef. After performing this simplification, A — mB is replaced
by A — mB + D, which is still ample if A — mB is ample. As a consequence, we may assume
codim ) > 2, and after shrinking U again, that all Y; have codim Yy > 2.

10.6. Additional statement. In corollary 10.5, under the same hypotheses (10.3) and (10.4), one
can take all fibers Yy to have codimYy > 2.

This is enough to conclude that X is hyperbolic if n = dim X < 3. In fact, this is clear if n = 2
since the Y, are then reduced to points. If n = 3, the Y are at most curves, but we know by Ein
and Voisin that a generic hypersurface X, C P* of degree d > 7 does not possess any rational or
elliptic curve. Hence Y is hyperbolic and so is X, for s generic. O

10.7. Corollary. Assume that n = 2 or n = 3, and that X C P! x PNa s the universal
hypersurface of degree d > d, > 2n + 1 so large that conditions (10.3) and (10.4) are met with
A —mB ample. Then the very generic hypersurface X, C P"t1 of degree d is hyperbolic.

10.C. PROOF OF THE GREEN-GRIFFITHS CONJECTURE FOR GENERIC HYPERSURFACES IN prtl

The most striking progress made at this date on the Green-Griffiths conjecture itself is a recent
result of Diverio, Merker and Rousseau [DMR10], confirming the statement when X C P is a
generic hypersurface of large degree d, with a (non optimal) sufficient lower bound d > 2. Their
proof is based in an essential way on Siu’s strategy as developed in § 10.B, combined with the earlier
techniques of [Dem95]. Using our improved bounds from §9.D, we obtain here a better estimate
(actually of exponential order one O(exp(n'*¢)) rather than order 5).
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10.8. Theorem. A generic hypersurface X C P! of degree d > d,, with
4
dy =286, ds="T7316, d,= V; (nlog(n 10g(24n)))nJ forn >4,

satisfies the Green-Griffiths conjecture.

Proof. Let us apply Theorem 9.47 with V = Tx, r = n and k = n. The main starting point is the
well known fact that 7,1 ® Opn+1(2) is semipositive (in fact, generated by its sections). Hence
the exact sequence

0 = Opn+1(—d) = T x = Tx =0

implies that T ® Ox(2) > 0. We can therefore take v = Oy = 2w where w is the Fubini-
Study metric. Moreover detV* = Ky = Ox(d — n — 2) has curvature (d — n — 2)w, hence
Ogdet v+ + 77 = (d +n — 2)w. The Morse integral to be computed when A = Ox(p) is

[ (cnnaldn =2 = (=274 4 2m) )
X

so the critical condition we need is

C;’L,?’L,?’L (

d+n—2> P+ 2n).

Cnnn

On the other hand, Siu’s differentiation technique requires 2% (1 + % 4.+ %)A —mB to be ample,

n?

where B = Ox (n? + 2n) by Merker’s result 10.2. This ampleness condition yields
1 1 1 )
ﬁ(1+§+...+ﬁ)p—(n +2n) > 0,

so one easily sees that it is enough to take p = n* — 2n for n > 3. Our estimates (9.49) and (9.50;)
give the expected bound d,,. O

Thanks to 10.6, one also obtains the generic hyperbolicity of 2 and 3-dimensional hypersurfaces
of large degree.

10.9. Theorem. For n = 2 or n = 3, a generic hypersurface X C P! of degree d > d,, is
Kobayashi hyperbolic.

By using more explicit calculations of Chern classes (and invariant jets rather than Green-
Griffiths jets) Diverio-Trapani [DT10] obtained the better lower bound d > d3 = 593 in dimension 3.
In the case of surfaces, Paun [Pau08] obtained d > ds = 18, using deep results of McQuillan
[McQ98].

One may wonder whether it is possible to use jets of order £ < n in the proof of 10.8 and
10.9. Diverio [Div08] showed that the answer is negative (his proof is based on elementary facts of
representation theory and a vanishing theorem of Briickmann-Rackwitz [BR90)):

10.10. Proposition ([Div08]). Let X C P"*! be a smooth hypersurface. Then
HO(X, BSTY) = 0

,m

form > 1 and 1 < k < n. More generally, if X C P""% is a smooth complete intersection of
codimension s, there are no global jet differentials for m > 1 and k < n/s.

11. STRONG GENERAL TYPE CONDITION AND THE GGL CONJECTURE

The main result of this section is a proof of the partial solution to the Green-Griffiths-Lang
conjecture asserted in Theorem 0.15. The following important “induction step” can be derived by
Corollary 9.39.

11.1. Proposition. Let (X, V) be a directed pair where X is projective algebraic. Take an irre-
ducible algebraic subset Z ¢ Dy, of the associated k-jet Semple bundle Xy, that projects onto Xg_1,
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k > 1, and assume that the induced directed space (Z,W) C (X, Vi) is of general type modulo
Xr — X, rank W > 1. Then there exists a divisor ¥ C Zy in a sufficiently high stage of the Semple
tower (Zy, Wy) associated with (Z, W), such that every non constant holomorphic map f:C — X
tangent to V' that satisfies fi1)(C) C Z also satisfies fip4¢(C) C 2.

Proof. Let E C Z be a divisor containing Zgne U (Z N w,;(l](Sing(V))), chosen so that on the
nonsingular Zariski open set Z' = Z ~ E all linear spaces Ty, Vi|z: and W' = Ty NV, are
subbundles of T'x, |z, the first two having a transverse intersection on Z'. By taking closures over
Z' in the absolute Semple tower of X, we get (singular) directed pairs (Zy, Wy) C (Xpye, Vise),
which we eventually resolve into (Z¢, Wy) C (Xg4s, Vi) over nonsingular bases. By construction,
locally bounded sections of O%, ,,(m) restrict to locally bounded sections of Oz, (m) over Zy.
Since Corollary 9.39 and the related lower bound of h° are universal in the category of directed
varieties, we can apply them by replacing X with ZcX &, the order k by a new index ¢, and F' by

F,=u* ((Oxk, () ® TFZ,OOX(_EA)) \Z>

where p : 7 — 7 is the desingularization, p € Qy is chosen such that Ky ® Oy, (p)|z is big, A is
an ample bundle on X and ¢ € Q% is small enough. The assumptions show that Ki;; ® Fy, is big
on Z, therefore, by applying our theorem and taking m > ¢ > 1, we get in fine a large number of
(metric bounded) sections of

05, (m) @7y O( (1 4ot 1) )

Ly’ 2 l
_ 0. N @ 7 - 1 1) )
_(’)Xk+£(ma)®7rk+&0(’)< . 1+2+"'+k A 2,
where a’ € Q’fz is a positive weight (of the form (0,...,A,...,0,1) with some non zero component

A € Q4 at index k). These sections descend to metric bounded sections of

~ me 1 1
Oxy o (1+N)m) @7 ( ~ ﬁ@ ot %)A)W
Since A is ample on X, we can apply the fundamental vanishing theorem 8.14 (see e.g. [Dem97]
or [Dem11], Statement 8.15), or rather an “embedded” version for curves satisfying f,;(C) C Z,
proved exactly by the same arguments. The vanishing theorem implies that the divisor ¥ of any
such section satisfies the conclusions of Proposition 11.1, possibly modulo exceptional divisors of
Z — Z; to take care of these, it is enough to add to X the inverse image of the divisor £ = Z ~ Z’
initially selected. O

We now introduce the ad hoc condition that will enable us to check the GGL conjecture.

11.2. Definition. Let (X, V') be a directed pair where X is projective algebraic. We say that that
(X,V) is “strongly of general type” if it is of general type and for every irreducible algebraic set
Z C Xy, Z ¢ Dy, that projects onto X, the induced directed structure (Z, W) C (X, Vi) is of
general type modulo Xy — X.

11.3. Example. The situation of a product (X, V) = (X', V') x (X", V") described in (0.14) shows
that (X, V) can be of general type without being strongly of general type. In fact, if (X', V') and
(X", V") are of general type, then Ky = pr’* Ky ® pr”* Ky~ is big, so (X, V) is again of general
type. However
Z=Pp'"V)=X|xX"C Xy

has a directed structure W = pr’* V{ which does not possess a big canonical bundle over Z, since
the restriction of Ky to any fiber {2’} x X" is trivial. The higher stages (Zx, Wj) of the Semple
tower of (Z,W) are given by Zp = X; ., x X" and Wy = pr'* V), so it is easy to see that
GG (X, V) contains Zj_1. Since Zj projects onto X, we have here GG(X, V) = X (see [DR13] for
more sophisticated indecomposable examples).
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11.4. Remark. It follows from Definition 7.27 that (Z, W) C (X, Vi) is automatically of general
type modulo X, — X if Ox, (1) is big. Notice further that

Ox, (1 + E)IZ = (OXk (e)® Wlt,k—loXkﬂ(l) ® O(Dk))\z

where O(Dy,)|z is effective and Ox, (1) is relatively ample with respect to the projection X —
Xk—1. Therefore the bigness of Ox, ,(1) on Xj_; also implies that every directed subvariety
(Z,W) C (Xk, V) is of general type modulo X} — X. If (X,V) is of general type, we know by
the main result of [Demll1] that Ox, (1) is big for k& > ko large enough, and actually the precise
estimates obtained therein give explicit bounds for such a kg. The above observations show that
we need to check the condition of Definition 11.2 only for Z C X, k < ko. Moreover, at least in
the case where V', Z, and W =Tz NV}, are nonsingular, we have

Kw ~ Ky ®det(Tz/W) ~ Ky, ®det(TXk/Vk)|Z ~ KZ/Xk—l ® OXk(l)\Z

Thus we see that, in some sense, it is only needed to check the bigness of Ky modulo X — X
for “rather special subvarieties” Z C Xy over Xj_1, such that Kz /x, | is not relatively big over
Xi_1. O

11.5. Hypersurface case. Assume that Z # Dy is an irreducible hypersurface of X that projects
onto Xj_1. To simplify things further, also assume that V is nonsingular. Since the Semple jet-
bundles X}, form a tower of P"~!-bundles, their Picard groups satisfy Pic(X}) ~ Pic(X) @ ZF and
we have Ox, (Z) ~ Ox,(a) ® m; (B for some a € 7F and B € Pic(X), where ar, = d > 0 is the
relative degree of the hypersurface over X;_1. Let 0 € H(X}, Ox,(Z)) be the section defining Z
in X%. The induced directed variety (Z, W) has rank W =r —1 = rank V' — 1 and formula (1.12)
yvields Ky, = Ox, (—=(r —1)1) ® 7} o(Kv). We claim that

(11.5.1) Kw 5 (Kv, ® 0x,(2)),, ® Js = (Ox,(a— (r — 1)) @ 7 o(B @ Kv)) , ® Ts

where S C Z is the set (containing Zing) where o and doyy, both vanish, and Js is the ideal locally
generated by the coefficients of doyy, along Z = o~1(0). In fact, the intersection W = Tz NV} is
transverse on Z \. S'; then (11.5.1) can be seen by looking at the morphism

dU‘Vk
Viz — Ox,(2),z,

and observing that the contraction by Ky, = A"V,)* provides a metric bounded section of the

canonical sheaf Ky . In order to investigate the positivity properties of Ky, one has to show that

B cannot be too negative, and in addition to control the singularity set S. The second point is

a priori very challenging, but we get useful information for the first point by observing that o

provides a morphism 7} ;Ox (—B) — Ox, (a), hence a nontrivial morphism

Ox(—B) — By = (Wk,o)*OXk (a)
By [Dem95, Section 12], there exists a filtration on Ej, such that the graded pieces are irreducible
representations of GL(V) contained in (V*)®¢, ¢ < |a|. Therefore we get a nontrivial morphism
(11.5.2) Ox(—B) = (V")®,  (<]al.

If we know about certain (semi-)stability properties of V', this can be used to control the negativity
of B. O

We further need the following useful concept that slightly generalizes entire curve loci.

11.6. Definition. If Z is an algebraic set contained in some stage Xy of the Semple tower
of (X,V), we define its “induced entire curve locus” IELx v (Z) C Z to be the Zariski closure
of the union | fi(C) of all jets of entire curves f : (C,Tc) — (X, V) such that fi;(C) C Z.
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We have of course IELx y(IELx,/(Z)) = IELx v (Z) by definition. It is not hard to check that
modulo certain “vertical divisors” of X}, the IELx 1/(Z) locus is essentially the same as the entire
curve locus ECL(Z, W) of the induced directed variety, but we will not use this fact here. Notice
that if Z = |J Z, is a decomposition of Z into irreducible divisors, then

IELx,v(Z) = JIELx v (Za).
«

Since IEL y v (Xj) = ECLg(X, V), proving the Green-Griffiths-Lang property amounts to showing
that IELy v (X) € X in the stage k = 0 of the tower. The basic step of our approach is expressed
in the following statement.

11.7. Proposition. Let (X,V) be a directed variety and po < n = dim X, pg > 1. Assume that
there is an integer kg = 0 such that for every k > ko and every irreducible algebraic set Z C Xy,
Z ¢ Dy, such that dimmy, 1, (Z) > po, the induced directed structure (Z, W) C (X, Vi) is of general
type modulo X, — X. Then dim ECLy, (X, V) < po.

Proof. We argue here by contradiction, assuming that dim ECLg, (X, V) > po. If
pl = dim ECLg, (X, V) > po

and if we can prove the result for pf, we will already get a contradiction, hence we can assume
without loss of generality that dim ECLy,(X,V) = po. The main argument consists of producing
inductively an increasing sequence of integers

ko <kir<...<k;j<...
and directed varieties (Z7, W7) C (X, k;> Vi, ) satisfying the following properties :
(11.7.1) Z° is one of the irreducible components of ECLy, (X, V) and dim Z° = py ;
(11.7.2) Z7 is one of the irreducible components of ECLy, (X, V) and my, 1, (27) = Z° ;
(11.7.3) for all j > 0, IELx y(Z7) = Z/ and rank W; > 1 ;
( )

11.7.4) for all j > 0, the directed variety (Z7*1, WJT!) is contained in some stage (of order ¢; =
kj+1 — kj) of the Semple tower of (Z7, W7), namely
(27 W) € (2] W) € (X, Vi

jar0 Vi)

and
Wit =Ty AW] = Ty AT,

is the induced directed structure; moreover my, , i, (Z+Y) = Z3.

11.7.5) for all j > 0, we have Zitl C Zj_ but Zith) = Zj_ .
= “ £;—1
J J

For j = 0, we simply take Z° to be one of the irreducible components S, of ECLy, (X, V) such that
dim S, = po, which exists by our hypothesis that dim ECL, (X, V) = po. Clearly, ECLy, (X, V)
is the union of the IELx y(S,) and we have IELx y(S,) = S, for all those components, thus
IELx y(Z°) = Z° and dim Z° = py. Assume that (Z7, W7) has been constructed. The subvariety
ZJ cannot be contained in the vertical divisor Dy;. In fact no irreducible algebraic set Z such
that IELx v(Z) = Z can be contained in a vertical divisor Dy, because my, j—2(Djy,) corresponds
to stationary jets in Xjp_o; as every non constant curve f has non stationary points, its k-jet
fi) cannot be entirely contained in Dy ; also the induced directed structure (Z, W) must satisfy
rank W > 1 otherwise IELy,y(Z) C Z. Condition (11.7.2) implies that dim 7, x,(Z7) > po, thus
(Z3,W7) is of general type modulo Xk; — X by the assumptions of the proposition. Thanks

j+1,k:]-+1—1(

to Proposition 2.5, we get an algebraic subset ¥ C Zg in some stage of the Semple tower (ZZ )
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of Z7 such that every entire curve f : (C,T¢) — (X, V) satisfying f[kj](C) C Z7 also satisfies
fik;+0(C) C X. By definition, this implies the first inclusion in the sequence

Z) = IELXJ/(Zj) C Thj+0,k; (IELX,\/'(E)) - Tk +0,k; (E) - ZJ

(the other ones being obvious), so we have in fact an equality throughout. Let (S/,) be the irreducible
components of IELy y(X). We have IELx y(S,,) = S/, and one of the components S}, must satisfy

Ty ey (Sh) = 27 = 74,

We take £; € [1,/] to be the smallest order such that Z/*! := m o5 10 (S,) C ZZ],, and set
kjt1 = kj + ¢; > kj. By definition of ¢;, we have ﬂkj+1,kj+1,1(zj+l) = Z) _,, otherwise £; would
not be minimal. Then ﬂij’kj(ZjH) = ZJ, hence 7rkj+1,k0(Zj+1) — 79 by induction, and all
properties (11.7.1 — 11.7.5) follow easily. Now, by Observation 7.26, we have

rank W79 < rank W7~ ! < ... < rank W' < rank W° = rank V.

This is a contradiction because we cannot have such an infinite sequence. Proposition 11.7 is
proved. O

The special case kg = 0, pg = n of Proposition 11.7 yields the following consequence.

11.8. Partial solution to the generalized GGL conjecture. Let (X, V) be a directed pair that
is strongly of general type. Then the Green-Griffiths-Lang conjecture holds true for (X, V'), namely
ECL(X,V) C X, in other words there exists a proper algebraic variety Y C X such that every non
constant holomorphic curve f: C — X tangent to V satisfies f(C) C Y.

11.9. Remark. The proof is not very constructive, but it is however theoretically effective. By
this we mean that if (X, V') is strongly of general type and is taken in a bounded family of directed
varieties, i.e. X is embedded in some projective space P with some bound § on the degree,
and P(V) also has bounded degree < ¢’ when viewed as a subvariety of P(Tpn), then one could
theoretically derive bounds dy (n, d, ") for the degree of the locus Y. Also, there would exist bounds
ko(n,d,d") for the orders k and bounds di(n, d, ") for the degrees of subvarieties Z C X}, that have
to be checked in the definition of a pair of strong general type. In fact, [Dem11] produces more or
less explicit bounds for the order k such that Proposition 2.5 holds true. The degree of the divisor
¥ is given by a section of a certain twisted line bundle Ox, (m) ® 7}, ;Ox(—A) that we know to
be big by an application of holomorphic Morse inequalities — and the bounds for the degrees of
(Xk, Vi) then provide bounds for m. O

11.10. Remark. The condition that (X, V) is strongly of general type seems to be related to
some sort of stability condition. We are unsure what is the most appropriate definition, but here
is one that makes sense. Fix an ample divisor A on X. For every irreducible subvariety Z C Xj
that projects onto X1 for £ > 1, and Z = X = X, for k = 0, we define the slope pa(Z, W) of
the corresponding directed variety (Z, W) to be

inf A

Z,W) =
Halz. W) rank W’
where A runs over all rational numbers such that there exists m € Q4 for which

Kw @ (Ox, (m) ® 77,”;70(9()\A))|Z is big on Z

(again, we assume here that Z ¢ Dy, for k > 2). Notice that (X, V') is of general type if and only if
pa(X,V) <0, and that pa(Z, W) = —oo if Ox, (1) 4 is big. Also, the proof of Lemma 7.21 shows
that

A ( Xk, Vie) < pa(Xi—1, Viee1) < ... < pa(X, V) forall k
(with pa(Xg, Vk) = —oo for k = ko > 1 if (X,V) is of general type). We say that (X,V) is
A-jet-stable (resp. A-jet-semi-stable) if ps(Z, W) < pa(X,V) (resp. pa(Z, W) < pa(X,V)) for all
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Z C Xj as above. It is then clear that if (X,V) is of general type and A-jet-semi-stable, then
it is strongly of general type in the sense of Definition 11.2. It would be useful to have a better
understanding of this condition of stability (or any other one that would have better properties). [

12. ALGEBRAIC JET-HYPERBOLICITY IMPLIES KOBAYASHI HYPERBOLICITY

Let (X,V) be a directed variety, where X is an irreducible projective variety; the concept still
makes sense when X is singular, by embedding (X, V) in a projective space (P, Tpy) and taking
the linear space V to be an irreducible algebraic subset of Tp» that is contained in T’y at regular
points of X.

12.1. Definition. Let (X,V) be a directed variety. We say that (X,V) is algebraically jet-
hyperbolic if for every k > 0 and every irreducible algebraic subvariety Z C Xy, that is not contained
in the union Ay of vertical divisors, the induced directed structure (Z, W) either satisfies W = 0,
or is of general type modulo Xy — X, i.e. Ky, ® Ox, (p)|z is big for some rational number p € Q.

Proposition 12.6 then gives

12.2. Theorem. Let (X, V) be an irreducible projective directed variety that is algebraically jet-
hyperbolic in the sense of the above definition. Then (X,V') is Brody (or Kobayashi) hyperbolic,
i.e. ECL(X,V) = 0.

Proof. Here we apply Proposition 12.6 with kg = 0 and pg = 1. It is enough to deal with subvarieties
Z C Xy such that dim7(Z) > 1, otherwise W = 0 and can reduce Z to a smaller subvariety
by (2.2). Then we conclude that dimECL(X, V) < 1. All entire curves tangent to V have to be
constant, and we conclude in fact that ECL(X, V) = 0. O

13. MEROMORPHIC CONNECTIONS WITH LOW POLE ORDERS

We describe here an important method introduced by Siu [Siu87] and later developped by Nadel
[Nad89], which is powerful enough to provide explicit examples of algebraic hyperbolic surfaces.
It yields likewise interesting results about the algebraic degeneration of entire curves in higher
dimensions. The main idea is to use meromorphic connections with low pole orders, and the
associated Wronskian operators. In this way, Nadel produced examples of hyperbolic surfaces in
P3 for any degree of the form p = 6k + 3 > 21. We present here a variation of Nadel’s method,
based on the more general concept of partial projective connection, which allows us to extend his
result to all degrees p > 11. This approach is inspired from the PhD work of J. El Goul [EG96],
and is in some sense a formalization of his strategy.

Let X be a complex n-dimensional manifold. A meromorphic connection V on Tx is a C-linear
sheaf morphism

M(U, Tx) — M(U, 9y ® Tx)
(where M (U, ) stands for meromorphic sections over U), satisfying the Leibnitz rule

V(fs)=df ® s+ fVs

whenever f € M(U) (resp. s € M(U,Tx)) is a meromorphic function (resp. section of Tx). Let
(21, ..., 2n) be holomorphic local coordinates on an open set U C X. The Christoffel symbols of V
with respect to these coordinates are the coefficients I‘;‘M such that

I‘I); = Z F;‘Mdzj = A-th component of V(i>

z
1<j<n Oz
The associated connection form on U is the tensor

a * *
r= Y F]*Mdzj@uiz,ugua—zA € M(U, Tk @ Tx @ Tx).

1<, A 1<n
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Then, for all local sections v =} ;.\, UA%, W= e U’)\az of M(U,Tx), we get

3 (dv,\—i— 3 I‘ﬁv#)(;;:dv—l—F-v,

1<A<n 1<psn
81})\ 0
Vb = E (wj——l— E F wjv“>——dwv—|—F-(w,v).
1< A<n 1<p<n

The connection V is said to be symmetric if it satisfies V,w — Vv = [v, w], or equivalently, if the
Christoffel symbols FJA-M = Fﬁj are symmetric in j, p.

We now turn ourselves to the important concept of Wronskian operator. Let B be the divisor
of poles of V, that is, the divisor of the least common multiple of all denominators occuring in the
meromorphic functions F;‘M. If 3 € H'(X,0(B)) is the canonical section of divisor B, then the
operator SV has holomorphic coefficients. Given a holomorphic curve f : D(0,7) — X whose image
does not lie in the support |B| of B, one can define inductively a sequence of covariant derivatives

k k
f/7 %:Vf/(f/)a HRRE é—i_l)' f’(f(v))
These derivatives are given in local coordinates by the explicit inductive formula
k d
(13.1) FED @), = Z(f )+ ST @0 N 1P ),
1<usn

Therefore, if Im f ¢ |B|, one can define the Wronskian of f relative to V as

(13.2) Wolf) = AFEA- A

Clearly, Wy (f) is a meromorphic section of f*(A"T). By induction B(f)*1 f(vk) is holomorphic
for all k > 1. We infer that B(f)" ™ D/2Wg(f) is holomorphic and can be seen as a holomor-
phic section of the line bundle f*(A"Tx ® Ox(3n(n —1)B). From (13.1) and (13.2) we see that

P = pgMn=D/21g is a global holomorphic polynomial operator f — P(f’, f",..., f™) of order
n and total degree n(n + 1)/2, with values in A"Tx ® Ox(3n(n — 1)B). Moreover, if we take a
biholomorphic reparametrization ¢, we get inductively

(fo (p)(vk) = (gp’)kfék) o ¢ + linear combination of f(vj) op, j<k.
Therefore

Wy (f o) = ()" IWy(f)

and " D/21) can be viewed as a section
(13.3) a2 We € HY(X, By iy 2Tk @ LY,
where L is the line bundle

L:KX®OX<—%n(n—1)B).

From this, we get the following theorem, which is essentially due to [Siu87] (with a more involved
proof based on suitable generalizations of Nevanlinna’s second main theorem).

13.4. Theorem (Y.T. Siu). Let X be a compact complexr manifold equipped with a meromorphic
connection V of pole divisor B. If Kx ® OX(—%n(n — 1)B) is ample, then for every non constant
entire curve f : C — X, one has either f(C) C |B| or Wy(f) =0.

Proof. By Corollary 8.9 applied with P = 8"~ 1/2\}/y, we conclude that
grVR(HWe(f) =0,

whence the result. O
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13.5. Basic observation. It is not necessary to know all Christoffel coefficients of the meromorphic
connection V in order to be able to compute its Wronskian Wy,. In fact, assume that V is another
connection such that there are meromorphic 1-forms «, 8 with

V=V+a®ldy +(8®Idp )r,,  ie.,
Vv = Vv + a(w)v + (v)w,
where 712 means transposition of first and second arguments in the tensors of T ® Ty ® T'x. Then

. k = S I fet+1 k
Wy = Wg. Indeed, the defining formula f(% AR Vf/(f(%)) implies that f(%Jr ) = Vf/(fé)) +

a(f") f%k) + B( fg)) /', and an easy induction then shows that the V derivatives can be expressed as
linear combinations with meromorphic coefficients

B0 =P+ > w5 R O

1<j<k

The essential consequence of Remark 13.5 is that we need only have a “partial projective con-
nection” V on X, in the following sense.

13.6. Definition. A (meromorphic) partial projective connection V on X is a section of the quo-
tient sheaf of meromorphic connections modulo addition of meromorphic tensors in (Q}( ®@Idr,) @
(Q% ®Idry )ry,. In other words, it can be defined as a collection of meromorphic connections V;
relative to an open covering (U;) of X, satisfying the compatibility conditions

V-V, = Ak & Id7, —l—(ﬂjk & Ide)le
for suitable meromorphic 1-forms o, Bjr on Uj N Uy.

If we have similar more restrictive compatibility relations with 3;; = 0, the connection form I'
is just defined modulo Q}( ® Idr, and can thus be seen as a 1-form with values in the Lie algebra
pgl(n,C) = sl(n,C) rather than in gl(n,C). Such objects are sometimes referred to as “projective
connections”, although this terminology has been also employed in a completely different meaning.
In any event, Proposition 13.4 extends (with a completely identical proof) to the more general case
where V is just a partial projective connection. Accordingly, the pole divisor B can be taken to be
the pole divisor of the trace free part

' =T mod (Q}( ®@Idr, ) @ (Q}( ® Idry )7 -

Such partial projective connections occur in a natural way when one considers quotient varieties
under the action of a Lie group. Indeed, let W be a complex manifold in which a connected complex
Lie group G acts freely and properly (on the left, say), and let X = W/G be the quotient complex
manifold. We denote by m : W — X the projection. Given a connection V on W and a local
section o : U — W of 7, one gets an induced connection on T'x |y by putting

(13.7) V =m0 (0*V),

where 0*V is the induced connection on o*Tw and 7, : Ty — ©*Tx is the projection. Of course,
the connection V may depend on the choice of o, but we nevertheless have the following simple
criterion ensuring that it yields an intrinsic partial projective connection.

13.8. Lemma. Let V =d+1T be a meromorphic connection on W. Assume that v satisfies the
following conditions:

i) V is G-invariant;
ii) there are meromorphic 1-forms o, 8 € M(W, Ty x) along the relative tangent bundle of X —

W, such that for all G-invariant holomorphic vector fields v, T on W (possibly only defined
locally over X) such that T is tangent to the G-orbits, the vector fields

Vv — alr)o, Vor — B(T)v
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are again tangent to the G-orbits (o and ( are thus necessarily G-invariant, and o = 3 if V is
symmetric).
Then Formula (13.7) yields a partial projective connection ¥V which is globally defined on X and
independent of the choice of the local sections o.

Proof. Since the expected conclusions are local with respect to X, it is enough to treat the case

when W = X x G and G acts on the left on the second factor. Then W/G ~ X and 7 : W — X is

the first projection. If dg is the canonical left-invariant connection on G, we can write V as
V=dx+de+I, T =I(z,9), z€X, geg,

where dx is some connection on X, e.g. the “coordinate derivative” taken with respect to given local
coordinates (z1,...,2,) on X. Then V is left invariant on W = X x G if and only if I'(z, g) = I'(x) is
independent of g € G (this is meaningful since the tangent bundle to G is trivial), and condition ii)
means that
[(z)-(r,v) —a(t)v and T'(z)-(v,7)—B(T)v
are tangent to the G-orbits. A local section o : U — W of 7 can be written o(z) = (z, h(x)) for
some holomorphic function h : U — G. Formula (13.7) says more explicitly that
Vuwt = Tr*((o**%)wv) = T (do,wosv + Too)- (ouw, o.v)).

Let v =) vj(2)0/0zj, w =) w;(2)0/0z; be local vector fields on U C X. Since o,v = v + dh(v),
we get
(0*V)wv = dw+dh(w)(v + dh(v)) + T'(z, h(x)) - (w + dh(w),v + dh(v))
= dyv + d’h(w,v) + T(z) - (w + dh(w),v + dh(v)).
As v, w, dh(v), dh(w) depend only on X, they can be seen as G-invariant vector fields over W,
and dh(v), dh(w) are tangent to the G-orbits. Hence

D(@) - (dh(w),v) — aldh(w))v, () (w,dh(v)) = Bdh())w, () (dh(w),dh(v))
are tangent to the G-orbits, i.e., in the kernel of 7w,. We thus obtain
Vwt = m((a*%)wv) =dyv +TI'(z) - (w,v) + a(dh(w))v + S(dh(v))w.
From this it follows by definition that the local connections Vy; defined by various sections o :

U; — W can be glued together to define a global partial projective connection V on X. O

13.9. Remark. Lemma 13.8 is also valid when V is a partial projective connection. Hypothesis
13.8 ii) must then hold with local meromorphic 1-forms a;, 8; € M(U|;, Ty x ) relatively to some
open covering U|; of W. d

In the special case P* = (C"*! < {0})/C*, we get

13.10. Corollary. Let V = d+T be a meromorphic connection on C"t*. Let ¢ = > 2;0/0zj be the
Euler vector field on C™*' and 7 : C**1 {0} — P" be the canonical projection. Then V induces
a meromorphic partial projective connection on P" provided that

i) the Christoffel symbols I;]A-u are homogeneous rational functions of degree —1 (homothety invari-
ance of the connection V) ;

ii) there are meromorphic functions o, B and meromorphic 1-forms «y, n such that
f'(g’v) :O‘v_}"Y(v)e? f-(w,&) =5w+77(w)5
for all vector fields v, w. O
Now, our goal is to study certain hypersurfaces Y of sufficiently high degree in P”. Assume for

the moment that Y is an hypersurface in some n-dimensional manifold X, and that Y is defined
locally by a holomorphic equation s = 0. We say that Y is totally geodesic with respect to a
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meromorphic connection V on X if Y is not contained in the pole divisor |B| of V, and for all
pairs (v, w) of (local) vector fields tangent to Y the covariant derivative Vv is again tangent to Y.
(Notice that this concept also makes sense when V is a partial projective connection.) If Y is
totally geodesic, the ambient connection V on Tx induces by restriction a connection Vy on Ty.

We now want to derive explicitly a condition for the hypersurface Y = {s = 0} to be totally
geodesic in (X, V). A vector field v is tangent to Y if and only if ds-v = 0 along s = 0. By taking
the differential of this identity along another vector field w tangent to Y, we find

(13.11) d?s - (w,v) +ds - (dyv) =0

along s = 0 (this is meaningful only with respect to some local coordinates). On the other hand,
the condition that Vv = d,v + 1T - (w,v) is tangent to Y is

ds - Vv =ds- (dyv) +dsol' - (w,v) = 0.
By subtracting the above from (13.11), we get the following equivalent condition: (d?*s —dsoT) -
(w,v) = 0 for all vector fields v, w in the kernel of ds along s = 0. Therefore we obtain the

13.12. Characterization of totally geodesic hypersurfaces. The hypersurface Y = {s = 0}
is totally geodesic with respect to V if and only if there are holomorphic 1-forms a = ) ajdz;j,
b=7> bjdz; and a 2-form ¢ =) cj,dz; @ dz, such that

V*(ds)=d*’s —dsol =a®ds+ds@b+sc
in a neighborhood of every point of Y (here V* is the induced connection on T3 ).

From this, we derive the following useful lemma.

13.14. Lemma. Let Y C X be an analytic hypersurface which is totally geodesic with respect to a
meromorphic connection V, and let n = dim X = dimY +1. Let f : D(0, R) — X be a holomorphic
curve such that Wy (f) = 0. Assume that there is a point tog € D(0, R) such that

i) f(to) is not contained in the poles of V;

ii) the system of vectors (f'(t), fo(t),. .., énil)(t)) achieves its generic rank (i.e. its mazximal
rank) att = to;

iii) f(to) € Y and f'(t0), fL(to),---» O (t0) € Ty pun)-
Then f(D(0,R)) C Y.

Proof. Since Wy (f) = 0, the vector fields f/, £, ..., (Vn) are linearly dependent and satisfy a non
trivial relation

wr(t)f'(8) + ua(t) G (t) + -+ ua(t) 57 (1) = 0
with suitable meromorphic coefficients w;(t) on D(0, R). If u, happens to be = 0, we take V-

derivatives in the above relation so as to reach another relation with u,, # 0. Hence we can always
write

-1
P& = o f o fl ot e fY
for some meromorphic functions vy, ..., v,_ 1 We can even prescribe the v; to be 0 eXcept for

indices j = ji € {1,...,n — 1} such that (f ( )) is a minimal set of generators at t = tg. Then
the coefficients v; are uniquely defined and are holomorphic near ¢y. By taking further derivatives,

we conclude that fék) (to) € T, f(1y) for all k. We now use the assumption that X is totally geodesic

to prove the following claim: if s = 0 is a local equation of Y, the k-th derivative c(;tk (so f(t)) can
be expressed as a holomorphic linear combination

k .
O (50 7(0) = x50 £+ X elt)dsyy - 1)

1<k
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on a neighborhood of ty3. This will imply i—i(s o f)(to) =0 for all k£ > 0, hence so f = 0. Now, the
above claim is clearly true for kK = 0,1. By taking the derivative and arguing inductively, we need
only show that

d
is again a linear combination of the same type. However, Leibnitz’s rule for covariant differentiations
together with 13.12 yield

d V 6 (
= (s 1 ®) = dsg - (18 0) + V*(ds) o - (£, £ 0)
=ds- fV) + (a- f1(1)(ds - Y <t>)

+(ds- ') (6 1) + (so f0)) (e (1), 1)),
as desired. O

If Y = {s =0} C X is given and a connection V on X is to be found so that Y is totally
geodesic, condition 13.12 amounts to solving a highly underdetermined linear system of equations

0?%s 0s 0s Os
aZjaZM Z “‘82,\ a] 6zu + “8zj + SC]/“ s "
1<A<n

in terms of the unknowns FJ " aj, b, and cj,. Nadel’s idea is to take advantage of this indeterminacy
to achieve that all members in a large linear system (Y, ) of hypersurfaces are totally geodesic with

respect to V. The following definition is convenient.

13.14. Definition. For any (n + 2)-tuple of integers (p,ko,ki...,k,) with 0 < k;j < p/2, let
Sp: ko,... kn D€ the space of homogeneous polynomials s € Clzg, 21, . .., zn] of degree p such that every
monomial of s is a product of a power zﬁ?_kj
of degree kj. Any polynomial s € Sp. iy, k

of one of the variables with a lower degree monomial
admits a unique decomposition

n
S = 80+81 +"'+Sn7 Sj 68p5k07"'7kn

. L —k;
where s; is divisible by A0
J
Given a homogeneous polynomial s = sg + 81 + -+ + 5, € Sp. ... .k, We consider the linear
system

(13.15) Y, = {aoso + 181+ oS, = O}, a=(ag,...,apn) € C"

Our goal is to study smooth varieties Z which arise as complete intersections Z = Y,1 N --- N Yqaq
of members in the linear system (the o’/ being linearly independent elements in C"*1). For this,
we want to construct a (partial projective) meromorphic connection V on P" such that all Y, are
totally geodesic. Corollary 13.10 shows that it is enough to construct a meromorphic connection
V =d+T on C"! satisfying 13.10 i) and ii), such that the conic affine varieties Y|, C C"*! lying
over the Y, are totally geodesic with respect to V. Now, Characterization 13.12 yields a sufficient
condition in terms of the linear system of equations

~, 0s 0?s
13.16 > Thmr = L 0< gk p <
( ) Hozy 020z, SRS
0<A<n

(We just fix the choice of aj, b, and cj, to be 0). This linear system can be considered as a
collection of decoupled linear systems in the unknowns (F;\u) A, When j and p are fixed. Each of
these has format (n+ 1) x (n+ 1) and can be solved by Cramer’s rule if the principal determinant
05y

82A>0<mkén

(13.17) 5= det( £0

is not identically zero. We always assume in the sequel that this non degeneracy assumption is
satisfied. As 0s,/0z) is homogeneous of degree p — 1 and 9%s,/ 02j0z, is homogeneous of degree
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p — 2, the solutions f;‘u(z) are homogeneous rational functions of degree —1 (condition 13.10 i)).
Moreover, V is symmetric, for 9%s/0z;0z, is symmetric in j, s. Finally, if we multiply (13.16) by
zj and take the sum, Euler’s identity yields

~ 85 825 85
A K K K

E: 2l = E:Zj ) =p-15, 0< K, p <.
om0 oEZ, 970 &

The non degeneracy assumption implies (3, zjf;‘“) a = (p—1)1d, hence

F(E,U) = F(U,é‘) = (p - 1)U
and condition 13.10 ii) is satisfied. From this we infer

13.18. Proposition. Let s = 5o+ -+ + 8y € Spkq,... .k, € Salisfying the non degeneracy condition
0 :=det(0s4/02x)o<rr<n 0. Then the solution I' of the linear system (13.16) provides a partial
projective meromorphic connection on P such that all hypersurfaces

Yo ={aoso + -+ + aps, =0}
are totally geodesic. Moreover, the divisor of poles B of V has degree at most equal to n+1+> k;.
Proof. Only the final degree estimate on poles has to be checked. By Cramer’s rule, the solutions

are expressed in terms of ratios
A
O
Jjm 5

where (5J)-‘M is the determinant obtained by replacing the column of det(0s,/02))o<xkr<nof index A
by the column (9%s,,/02;02,)0<rk<n. Now, ds,/0z) is a homogeneous polynomial of degree p — 1
which is divisible by 22 "' hence 4 is a homogencous polynomial of degree (n + 2)(p — 1) which
is divisible by [] z? Rt Similarly, 82s,,/9z;0z, has degree p—2 and is divisible by 2P7F=2 This
implies that 5;‘# is divisible by Hzﬁ7 “RiT2 After removing this common factor in the numerator
and denominator, we are left with a denominator of degree

S (- -(p—k=2) =D (+1)=n+1+ k;
0<jsn

as stated. d

An application of Theorem 13.4 then yields the following theorem on certain complete intersec-
tions in projective spaces.
13.19. Theorem. Let s € Sp;ky.....kniq C Cl20,21, -+, Zniq] be a homogeneous polynomial satisfying
the non degeneracy assumption det(0s,/0zy) # 0 in C"TI+L. Let

Yo = {aoso + o151+ + QnygSnyq =0} C P
be the corresponding linear system, and let
Z=Y, N --NYy C P71

be a smooth n-dimensional complete intersection, for some linearly independent elements of €
CnHa+l such that ds,i A--- Adsaa does not vanish along Z. Assume that Z is not contained in the

set of poles |B| of the meromorphic connection V defined by (13.16), nor in any of the coordinate
hyperplanes z; = 0, and that

1
pq>n+q+1—|—§n(n—1)<n+q+1+2kj).

Then every nonconstant entire curve f: C — Z 1is algebraically degenerate and satisfies either
i) f(C)c Zn|Bj| or
ii) f(C) C ZNY, for some member Y, which does not contain Z.
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Proof. By Proposition 13.18, the pole divisor of V has degree at most equal to n + ¢+ 1+ > kj,
hence, if we let B = O(n+q+ 1+ > k;), we can find a section § € H°(P"", B) such that the
operator f — Arnt1)/ 2(f)Wzv(f) is holomorphic. Moreover, as Z is smooth, the adjunction
formula yields

Ky = (Kﬂm+q ® O(IOQ))[Z =0z((pg—n—q—1).

By (13.3), the differential operator B N/2(f)W,g(f) defines a section in
HY(Z, By py(n41)2T5 © L71) with

L:KZ®(’)Z<— %n(n—l)B)

1
:(’)Z(pq—n—q—l—in(n—l)(n—i-q—l—l—i-ij)).
Hence, if f(C) ¢ |B|, we know by Theorem 13.4 that Wz v(f) = 0. Fix a point ¢, € C such

that f(to) ¢ |B| and (f'(to), f&(to),-- -, én) (to)) is of maximal rank r < n. There must exist an
hypersurface Y, 2 Z such that
J(to) € Yoy f'(t0), J(to)s- ., 1§ (t0) € Ty st0)

In fact, these conditions amount to solve a linear system of equations

S aysi(f(te) =0, S aydsi (£ (1) = 0
0<j<n+gq 0<j<n+q
in the unknowns (g, 1, ..., an4q) = o, which has rank < r + 1 < n. Hence the solutions form
a vector space Sol of dimension at least ¢ + 1, and we can find a solution o which is linearly
independent from o!,...,a9. We complete (o, al,...,a?) into a basis of C"*9+! and use the fact
that the determinant ¢ = det(Js,/0s)) does not vanish identically on Z, since

Zafo=0tczn(Blu{]]z=0}) ¢ 2

From this we see that ) a;ds; does not vanish identically on Z, in particular Z ¢ Y,. By taking
a generic element a € Sol, we get a smooth n-dimensional hypersurface Z, = Y, NY, 2 N+ N Yaa
in W=Y,nN--NYy. Lemma 13.13 applied to the pair (Z,, W) shows that f(C) C Z,, hence
f(C)cZnZ,=2ZNY,, as desired. O

If we want to decide whether Z is hyperbolic, we are thus reduced to decide whether the hyper-
surfaces Z N |B| and Z NY, are hyperbolic. This may be a very hard problem, especially if Z N |B|
and Z NY, are singular. (In the case of a smooth intersection Z NY,, we can of course apply
the theorem again to Z’ = Z NY, and try to argue by induction). However, when Z is a surface,
ZN|B| and ZNY, are curves and the problem can in principle be solved directly through explicit
genus calculations.

13.20. Examples.
i) Consider the Fermat hypersurface of degree p

Z={zf+4+ -+, =0}
in P"*! which is defined by an element in Sp, . o. A simple calculation shows that § = p" ™2 [ z;) -
0 and that the Christoffel symbols are given by f; ;= (p—1)/z; (with all other coefficients being
equal to 0). Theorem 13.19 shows that all nonconstant entire curves f : C — Y are algebraically
degenerate when

1
p>n+2—|—§n(n—1)(n+2).

In fact the term $n(n—1)(n+2) coming from the pole order estimate of the Wronskian is by far too

pessimistic. A more precise calculation shows in that case that (zg---2,+1)" ' can be taken as a
denominator for the Wronskian. Hence the algebraic degeneracy occurs for p > n+24(n+2)(n—1),
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i.e., p > (n+1)2. However, the Fermat hypersurfaces are not hyperbolic. For instance, when n = 2,
they contain rational lines z1 = wzp, 23 = w'zy associated with any pair (w,w’) of p-th roots of —1.

ii) Following J. El Goul ([EG96, 97]), let us consider surfaces Z C P? of the form
Z = {2b 4+ 28+ 25+ 2B (e02d + e128 4 €022 + 23) = 0},

defined by the element in Sp.0,0,0,2 such that s3 = Zp72(€[)zg + €122 4+ €925 + 23) and s; = Z;D for
0 < j < 2. One can check that Z is smooth provided that

P P

=} 2 P

p—2 P\ p—2

(13.21) S # ﬁ< - 5) . WJc{0,1,2),
jeJ

for any choice of complex roots of order p — 2. The connection V = d + I' is computed by solving

linear systems with principal determinant 6 = det(0s,/0z)) equal to

ph! 0 0 0

0 pAt 0 0

0 0 pb 0
2502:025_2 2512125_2 2522225_2 (p— 2)z§_3 (2028 + €12} + €223 + 1%23)

=pP(p — 2)zg_1zp_1z§_1z§_3 (602(2) 4 £122 4 £923 + , P 2,232,) £ 0.

The numerator of f;‘u is obtained by replacing the column of index A of & by

(025,020 )0<n<s, and zb 220722072207 cancels in all terms. Hence the pole order of V and of

W< is 6 (as given by Proposition 13.18), with

2 2 2 /2
207172223 (5020 +e12] + €225 + ﬁz:,,)

as the denominator, and its zero divisor as the divisor B. The condition on p we get is p >

n+ 246 = 10. An explicit calculation shows that all curves Z N |B| and Z N'Y, have geometric
genus > 2 under the additional hypothesis

{ none of the pairs (g, ¢;) is equal to (0,0),

(13.22) , _
ei/ej # —0° whenever 6 is a root of 67 = —1.

[(13.22) excludes the existence of lines in the intersections Z NY,.]

13.24. Corollary. Under conditions (13.21) and (13.22), the algebraic surface
Z={zh++L+ z§72(5028 6127 + 928 + 22) = 0} C P3

18 smooth and hyperbolic for all p > 11. O

Another question which has raised considerable interest is to decide when the complement P2~ C'
of a plane curve C' is hyperbolic. If C' = {o = 0} is defined by a polynomial o(zo, 21, 22) of degree p,
we can consider the surface X in P3 defined by 2§ = (20, 21, 22). The projection

p: X — PQ’ (ZO,Zl,ZQ,Zg) = (20721722)

is a finite p : 1 morphism, ramified along C. It follows that P? \. C is hyperbolic if and only if
its unramified covering X ~ p~!(C) is hyperbolic; hence a sufficient condition is that X itself is
hyperbolic. If we take e2 = 0 in Cor. 13.23 and exchange the roles of z2, 23, we get the following

13.24. Corollary. Consider the plane curve
C={z++ 272 (e02d + 128 + 23) = 0} c P2 €0, €1 € C*.

_pP_
Assume that neither of the numbers g, €1, €9 + €1 s equal to 17%2( — %)IF? and that e1/eq # —6?

whenever 0P = —1. Then P? ~. C is hyperbolic. O
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14. PROOF OF THE KOBAYASHI CONJECTURE

We give here a simple proof of the Kobayashi conjecture, combining ideas of Green-Griffiths
[GrGr79], Nadel [Nad89], Demailly [Dem95], Siu-Yeung SiYe96a], Shiffman-Zaidenberg [ShZa01],
Brotbek [Brot16], Ya Deng [Dengl6], in chronological order.

14.A. GENERAL WRONSKIAN OPERATORS
This section follows closely the work of D. Brotbek [Brot16]. Let U be an open set of a complex

manifold X, dim X = n, and sg,..., sy € Ox(U) be holomorphic functions. To these functions, we
can associate a Wronskian operator of order k defined by
so(f) si(f) o s(f)
D(so(f)) D(s1(f)) ... D(sk(f))
(14.1) Wi(so,.--,sk)(f) = . ,

D*(so(f)) D(s1(f)) ... D*(si(f))

where f:t+— f(t) € U C X is a germ of holomorphic curve (or a k-jet of curve), and D = %. For
a biholomorphic change of variable ¢ of (C,0), we find by induction on ¢ a polynomial differential
operator )y, of order < £ acting on ¢ satisfying

D'(sj(fop)) =" D'si(f) o0+ > prs()D(si(f)) o .
s<t

It follows easily from there that

Wi(s0,- - s6)(f o @) = () 2T Wi(so, ..., s6) () o @,

hence Wi(so, - .., sx)(f) is an invariant differential operator of degree k' = %k(k‘ + 1). Especially,
we get in this way a section that we denote

S0 S1 e Sk
(14.2) Witso. o) = | Do) Dlen) oo D(:S’“) € HO(U, By wT5).
Dk(S(]) Dk<81) e Dk(sk)

14.3. proposition. These Wronskian operators satisfy the following properties.
(a) Wi(s1,...,sk) is C-multilinear and alternate in (si,...,sk).
(b) For any g € Ox(U), we have

Wi(gso, .., 98K) = ngWk(so, ey SE)-

Property 14.3 (b) is an easy consequence of the Leibniz formula

1 ) _ : ¢ k 0—kq. .
D g(£)s;(£) =D ()P a(F)D (s5(1),

k=0
by performing linear combinations of rows in the determinants. This property implies in its turn
that one can define more generally an operator
(14.5) Wi(s1,...,81) € H'(U, Ep o Ty @ LF1)

for any (k4 1)-tuple of sections sy, ..., s; € H°(U, X) of a holomorphic line bundle L — X. In fact,
when we compute the Wronskian in a local trivialization of Ly, Property 14.3 (b) shows that the
determinant is independent of the trivialization. Moreover, if g € H°(U,G) for some line bundle
G — X, we have

(14.6) Wi(gs1, .-, gs8) = ¢" T Wi(s1, ..., s,) € H'(U, By u Tk ® LFTT @ G,
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Now, let ¥ € H°(X, L) be a vector subspace such that Wj(s1,...,s;) #Z 0 for generic elements
S1,...,8; € X. We view here Wi (s1,...,sg) as a section of H(Xy, Ox, (k') ® 7} oL**1) on the
k-stage of the Semple tower. As the Wronskian is alternate and multilinear, we get a meromorphic
map X}, --=> P(A*15*) by sending a k-jet v = fj4)(0) € Xj, to the point [Wy(uiy, - - ., ug, ) (f)(0)]1cs
where (u;)jes is a basis of ¥. This assignment factorizes through the Pliicker embedding into a
meromorphic map ® : X ---> Grgy1(X) into the Grassmannian of dimension k + 1 subspaces of ¥*
(or codimension k + 1 subspaces of ¥, alternatively). In fact, if L;y ~ U x C is a trivialization of L
in a neighborhood of a point zg = f(0) € X, we can consider the map ¥y : X — Hom(X, CF+1)
given by
TooU) 3 fug = (s = (D(s(f))o<e<k))

and associate either the k + 1 exterior power or the kernel of Wy (fj)) (assuming that we are at
a point where the rank is equal to k + 1). Let Og,(1) be the tautological very ample line bundle
on Grp4+1(2) (equal to the restriction of Op(prt15+)(1)). By construction, @ is induced by the

linear system of sections Wy (uiy, ..., u;,) € HY(Xy, Ox, (k') ® L¥+1), and we thus get a natural
isomorphism
(14.7) Ox, (k) @ LF ~ *Og, (1) on Xj ~ By

where B C X is the base locus of our linear system of Wronskians. In order to avoid the
indeterminacy set, we have to introduce the ideal sheaf J »» C Ox, generated by the linear system,

and take a log resolution pgx; : )?k,Z — X} in such a way that MZ’EJkQ) = (’))?k Z(—Fk,g) for some

normal crossing divisor Fjy in )?hz. Then @ is resolved into a morphism ® o py x : )?k,g —
Gri41(X), and on Xj x, (14.7) becomes an everywhere defined isomorphism

(14.8) ti5(Ox, (k) © LM @ Og, o (—Frs) = (® 0 ppx)* Ocr(1).

In this context, there is a maximal universal ideal sheaf J; O Ji 5 achieved by linear systems X
that generate k-jets of sections at every point. In fact, according to an idea of Ya Deng [Dengl6],
the bundle X}, — X is turned into a locally trivial product U x R,, ;, when we fix local coordinates
(21y...,2n) on U (cf. the end of §6.A). In this setting, Jj is the pull-back by the second projection
U xRy — R, of an ideal sheaf defined on the fibers R,,  of X — X therefore, in order to get
the largest possible ideal Jj, we need only consider all possible Wronskian sections

Rn,k ~ 7['];(1)(%0) = f[k] — Wk(SO, ceey Sk)(f) S OXk. (kl)[Rn’k,

associated with germs of sections s;, but they clearly depend only on the k-jets of the s;’s at g
(even though we might have to pick for f a Taylor expansion of higher order to reach all points of
the fiber). We can therefore summarize this discussion by the following statement.

14.9. Proposition. Assume that L generate all k-jets of sections (e.g. take L = AP with A very
ample and p > k), and let ¥ C H°(X, L) be a linear system that also generates k-jets of sections
at any point of X. Then we have a universal isomorphism

i (Ox, (K) © LM @ O%, o (= Fk) = (P o )" Ocx(1)

for a certain natural log resolution py : )?k — X of the mazimal ideal sheaf J), C Ox, associated
with order k Wronskians, and Fy, a certain universal divisor of Xy resolving Jj.

14.B. SPECIALIZATION TO FERMAT-WARING HYPERSURFACES

A basic idea, inspired by the work of Brody-Green [BrGr77], Nadel [Nad89] and Shiffman-
Zaidenberg [ShZa01] is to consider Wronskian operators on the Fermat-Waring hypersurface of
degree d in projective space, namely the subvariety

(14.10) X = {[z} ePV, > z;lzo}

0<j<N
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where (2, 21, . . ., zn) denote the homogeneous coordinates on CVN*1. We also put
(14.11) X\ = {[z] eP(A); > 2= o}
0<GSN

where A is a generic vector subspace of CN*! of codimension ¢ > 0. Then dim X = N — 1 and X,
is smooth of dimension dim X5, = n := N — 1 — ¢. The Fermat hypersurface is not hyperbolic for
N > 3, since it contains for instance a projective subspace S¢ ~ P™, m = [(N — 1)/2] defined by
Z9j = uj, Z2j41 = Cjuj, 0 < j < m, where Cj‘-’l = —1 and [ug,...,uy] € P (we set zy = 0 if N is
even). This is the reason why we have to cut X with a suitably chosen linear subspace — we already
see from the above that the codimension ¢ of P(A) will have to be at least m = [(N —1)/2], as
otherwise S¢ N P(A) would be of positive dimension. Thus we need n < N —1 — [(N —1)/2],
ie.n < |N/2|.

We deal with the Semple bundle PY of k-jets of PV (assuming k£ > N), and put A = Opn(1)
to simplify notation. For each (k + 1)-tuple p = (po,...,pr) of homogeneous polynomials p; €
Clzo, ..., 2N] of degree k and each (k + 1)-tuple 3 = (fo,...,B%) of linear forms on CN*!, we
associate a Wronskian operator

(14.12) Wi = Wi(DoBg, - o).

Here d will be taken large, we need certainly at least d > k. Since p; B}i is a section of HO(PN, AdHk),
we can view Wp, g as a section of

HO(PN, By o Tpw @ ARV o HOPT, Opn (K) @ g AFTDITHR)),

Since all derivatives D* (p;jB;) are divisible by 6;-1_]“ for £ < k, it is clear that Wy, ), 5 is divisible by
the factor ([ 3;)9* of degree (k + 1)(d — k). In this way we obtain a polynomial section

~ —(d—k) .
(14.13) Wipsi=(T18) " Weps € HOBY, Opy (k) @ 7 g AFE2),

with the great advantage that the degree k(2k+2) now no longer depends on d (and could eventually
be decreased further if more divisibility can be achieved). We know that O]P{j(l)er = Ox, (1).

The restrictions
(14.14) Wipsix, € HO(Xg, Ox, (K) @ mf o AFCH2)

to the k-th stage X C Piv of the Semple tower of X C PV will be of special interest, for example
when the initial linear forms are taken to be the coordinate linear forms 3;(z) = z;. For instance,
we consider Wronskians of the form

(14‘15) Wk,p,ﬁ,r (p()(f)fgv s 7p0(f)f7€lflapr(f)5r(f)da cee 7pk(f)/8k‘(f)d)

where the p;’s and $3;’s run over all possible choices of degree £ polynomials and linear forms,
respectively; the tilde means that we have performed the simplification explained above. We want
to stress that pg is indeed repeated in the first r arguments, this is not a mistake!

14.16. Lemma. The base locus in Piv’reg of the above Wronskian operators ka”g’r in (14.15)
consists of jets fi)(0) € P]kv’reg such that the matrix (Dé(f]d)(()))ggggk’ 0<j<r—1 18 not of maximal
rank (i.e., of rank at most v — 1); this of course includes all jets fi,)(0) such that f;(0) = 0 for
some j =0,1,...,r— 1.

Proof. For a given base point f(0) = [zo] € PV, 29 = (20,21,...,2n) € CVFL < {0}, we can take
linear forms f3; so that 5;(xo) # 0, and then adjust the k-jet of the polynomials p,, ..., py in order
to generate any matrix of derivatives (D (p;(f)Bj(f)%(0))o<e<k, r<j<n (the fact that f/(0) # 0 is
used for this!). Therefore, by expanding the determinant according to the last k — r + 1 columns,
we see that the base locus is defined by the equations

(%) det(D" (po(f) f{)(0))o<sjcr—1 =0, Vpo, Y(lo, ..., br1).
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Now, the k-jet of po(f) can also be adjusted randomly — especially to the k-jet of the constant
function 1, so it is clear by Leibniz’ rule and by linear combinations of rows that the equations (x)
are equivalent to the conditions det(D*% (f;l)(O))ogs’j@_l =0 for all (4o,...,0r—1). O

In order to analyze the base locus, it is easier to work with a “raw version” of the Semple
bundle P]kv of PV, so as to deal with an extremely simple space; in the end, by lifting curves
via the natural projection map CN*! <\ {0} — PV, what we have to look at is simply the
space Py of k-jets f : (C,0) — CNFL {0}, i.e. Taylor coefficients (Défj(o))ogegk 0<j<N with
f(0) = (f(0))ogj<n # 0, modulo the multiplicative action of the group I'y, of k-jets u :’((C, 0) — C*

(u, f) = (u- g = (Dé(ufj)(o))ogfgk,ogjéN'

The Semple k-get bundle, up to a modification, is obtained by taking a certain desingularization
of the double GIT quotient I'y, \\ Pn 1 // G, via the action of I';, and the reparametrization action
of Gy, namely (f,p) — fop. These two actions commute, and we can essentially forget about
them, since their effect is just to decrease the dimension of Py which is a Zariski open set of
CE+DIN+D) by dim Ty, 4+ dim Gy, = 2k + 1. The regular part Pﬁi consists of those k-jets such that

(fj/5)'(0) # 0 for some pair (j,s) with f5(0) # 0, i.e.

(14.17) Pﬁiz {f[k] G'PNJC; dj,s € {0,1,...,N},

f3(0) fs(0) }
0.
OO
We will be concerned with the k-jets lying in the Fermat hypersurface X = {Z zjd = O} c PV,
hence we introduce

(14.18) XNk C Pny defined by the equations Z Dé(ff)(O) =0, ¥, 0<£<k.

0<j<N

Finally, given a generic vector subspace A C CV*! of codimension e, defined by a set of equations
> o<jen Nijzi = 0, 1 < i < ¢, we associate to Xp = X N P(A) the corresponding “raw” Green-
Griffiths bundle X; y 1 C Py i of the cone of X, :

(1419) Xanp = { > XADf(0)=0, > DI(fI)0)=0, Vi, f, 1<i<c, 0<L< k}
0<j<N 0<jSN

In what follows, we associate to each k-jet fi : (C,0) — CN+1 {0} the simplified column of

derivatives V?’k(f) = (f;) "R (DE(£;)%(0))o<e<k of the d-th power of the j-th component f;, the

(k+1) x (N + 1) matrix (V%

j7k(f>)0<j<N and its rank

(14.20) Pd’k(f) = rank (v?’k(f))ogjgN‘

For f: (C,0) — X, the relation ZO<J’<N f]d = 0 implies by differentiation

(14.21) Z (fj)d_kV?’k(f) =0 hence p®*(f) < N on Xy.
0<j<N
One of the main points in our reasoning is that we often have more divisibility of the Wronskians

than what comes from (14.13). We start with the simple case of the highest rank N, and then state
more subtle divisibility properties for lower ranks.

14.22. Lemma. For all m € {0,1,..., N}, consider the Wronskians

—

Wipgm(f) = Wi (o ()£ po(F)f4, - po(f) faron (F) B - oi(F)BL),

where a wide hat means that the term is omitted. Then the restrictions Wy, 3 mx, are divisible by
(fofr--- INTLB;(£)4F, i.e., they are divisible by the additional factor f& %, and we have a well
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defined global section
—(d—Fk)

orps(f) = (0" (fohi - IN[IBIN) T Wepsme, (f) € HO(Xy, Ox, () @ AFEHd),
The base locus of these sections intersected with X, := X]reg ~ U0<J<N T O(H-) consists of reqular
k-jets fi € X, such that pbE(f) < N —1.
Proof. We know that

—~ (d—

W (D) = (0" (fofroo T i TL8D) T Wapiin ()
defines a global section on X}, (it is actually the restriction of a global section on IP{CV ). On Xp, by
using the equation f¢ = — Z#S f;-l and a substitution of the column of index j = s in Wy}, 3.,

one sees that the sections
(-D" =
d—k Wk,p,ﬁ,'fﬁ(Xk (f)a
m

a priori defined on the Zariski open set U, = Xi \ ch_(l) (H,,), coincide in the mutual intersections
of these open sets. As (Up,) is an open covering of X}, they glue into a global section oy, g. The
assertion on the base locus is a consequence of Lemma 14.16. O

The important idea contributed by Brotbek [Brot16] is the use of a certain Grassmannian con-
struction related to Wronskians, and a gain of positivity by means of the Pliicker embedding.
In our situation, this will be expressed by a universal divisibility property of Wronskians, that
will help us to decrease the rank of our matrices inductively. To each family (po,p1, ..., Dk+1—m)
of degree k polynomials, each family of linear forms (81, ..., Bk+1—m) on CN*1 and each subset
J={joy--sJm-1} € {0,1,..., N} of cardinal m, we associate a simplified Wronskian operator

—(d—k)

N m—1 k
Wip,8,.(f) = ( 115 11 Bj(f)) X
=0 j=m

Wi (po(F) L 0ol ) F o p1(F)BLE), s Drrt—m () Bra1—m (£)7)

which can be seen, in restriction to Xy, as a section of H(Xy, Ox, (k') ® m} Ak(2k+2)) Of course

WQ’g’ (f) = 0if m > p®k(f), so we will have to pick m < r if we want to get anything useful for
jets of rank p®*(f) = r. Let (ej)ocj<n be the canonical basis of CNT1, (e e} )oj<n its dual basis,

ey i=ej N...Nej, € N CNT! for any multi-index J = {ji,...,jm}, and let % be the analogue
dual exterior product. We consider the sums
(14.23) Ohppm = > Wippses € H(Xy, Ox, (K) @ nf g AFEFH2) @ Am(CVH)).
|J|=m
Alternatively, if we introduce extra independent vectors eny1,...,eN+kt+1-m and their duals e7,

we can express o p 3.m as a contracted exterior product

Okpsm(f) = N\ ( Y UD€

0<e<k \ 0<j<N

+ Y BT PD i ()8(H)) e*N—i-j) “(eNy1 Ao AeNyhr1-m)-
1<j<k+1-m
Let us put vs(2) := > o< jen z‘sej. Then ok g.m(f) - va—i(f) =0 in A"~ (CNF1)* since

> )P (N ) e - vak(F) = D Dol £)f]) = D' (po(/)X f]) = 0.

0<j<N 0<j<N
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This can be interpreted geometrically by considering the rank N vector bundle F5 on PV such that
(F3)s) = CN1!/Cus(z). By definition, there is an exact sequence 0 — O(—0) — O®N*T! — Fy — 0,

hence Fj is generated by global sections and we have det F; = O(p) = A%, We see that Ok,p.B,m
actually defines a section

(14.24) Orpgm € HO (X, Ox (k) @ i o (AR @ AT (Fy L)) ).
Now, since AN (Fy_i)* = O(—(d — k)) = A=(4=%) we get in particular a section
(14.25) Ok,p,B,N € H° (Xka Ox, (k') @ 77;::,0 (Ak(2k+3)_d) [X)

which can be identified with the section oy, g of Lemma 14.22. In order to exploit these sections
for lower ranks r < N — 1, we introduce a variant of Brotbek’s Grassmannian construction (in
our simpler context). Let M C X} be an irreducible algebraic subset that is not contained in

Xy Uo<j<n 77,;(1) (H;) and assume that
d.k
r:= max p®"(f) < N —1.
jmax p (f) <
Then r is the generic value of the rank over M, and we can therefore define a meromorphic (rational)

map into the Grassmannian Gryyi, of codimension r subspaces in CN+L
(14.26)
’QD M ---> G’I‘NJFI’T, f[k] — Qf)(f[k]) = {’LL = (uo, .. .,’LLN) € (CN+1; Z uJVj’k(f) = 0}.
0<y<N
The subspace ¥(fj]) is intrinsically defined, i.e. invariant by the I'y and Gy, actions on f). Notice
that 1 (fj) is contained in the hyperplane ff(O) = 0, as one sees by looking at the top row of
dk

our matrix (V;(f)). This leads in a natural way to the consideration of the incidence varieties

(14.27) Y ={([2],5) € X x Grysrps Vues, Y wzh =0},
0<jsN
(14.274) Vi = {(fig:5) € Xo % Grnynps Yues, S V() =0},
0<j<N

Notice that Y is smooth (as the first projection pr; : Y — X is a fiber bundle with typical fiber
Gry,), but in general Y}, is singular; we will denote by 7y;;, the natural projection 7 o xId : ¥, — Y.

The graph of ¢ in M x Gry41, resolves ¢ as a morphism 1Z : M — Gr N+1, (given by the second
projection of the graph), and the first projection u : M — M is a proper modification; also, we get
by construction a natural morphism

(14.28) UM =Y,  ae (u@),d(@).

Now, we consider on Gryyi, the tautological subbundle S of the trivial bundle CN*L with fiber s
at any point s € Gry41,, and Q = CN*1/8 the tautological quotient vector bundle. We have

rank S = N + 1 — r and rank Q = r, and the pull-back @*Q is a rank r vector bundle on M.
14.29. Lemma. By taking for m = r the restriction to M C X}, of the sections oy, g.m defined in
(14.23) and pulling-back by p = pryo¥ : M — M, we get sections

M*Uk;’p,ﬁ;r{M c HO <M, /1/* (OXk(k/) ® 7T;:,70Ak(2k+2)) M ® {Z)\* /\T' Q*) )

. : dk -
Proof. The reason is that for u = (ug, ..., un) € S, the relation > o, u; V5" (f) = 0 implies

( > (fj>—<d—’“>Df(po<f>f;l>e;> ( > um-) =0,

0<j<N 0<j<N
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hence our sections actually take values in the pull-back of the subbundle

/\'r Q* — /\T(CN+1/S)* C /\T((CN+1)*‘ 0
On Y, there is an injective morphism pr{ O(—(d — k)) — pr3 S € CV*! given by
u > u(zg_k, .. ,z%_k),

and the quotient bundle S” := pr} S/ pri O(—(d — k)) is the rank N — r subbundle of the rank N
pull-back pr} Fy_j, = pri(CN+1/O(—(d — k)) from X. By construction

AN Q* =detQ* =detS on Gryi1,, hence pry A" Q" =det S’ @ pri O(—(d —k)) onY.
In order to control the positivity of det S’ = AN 5", we need sections of AN~ S (eventually
twisted with a “small” line bundle).

If we can find r — 1 vector fields & = ZoéjéN &ijej, 1 <i<r—1, that satisfy
C (pryomy o U)* A"(Fy—i)* by formula (14.29). O

Now, let S be the tautological subbundle of the trivial bundle CN*! on Gryy1, with fiber s C
CN*L Its rank is N + 1 — 7. Let T = CN*1/S be the tautological quotient rank r vector bundle
on Gryyi,. Thenon Y

pry T = €41/ pry § = prt (CY41/O(—(d = 1)) /(pr3 S/ pri O(—(d = 1)) = pr} Fai /',
On ]\7, as pry oMy = T © pry; and pry o7y, = Pry,
prloﬂ'cho‘I/Z]/\Z—)Yk—)Y—)X and wkyoo,u:]\/f—)MCXk—)X coincide,

and
p=prgomyroW: M =Y, =Y = Grygi,.
Therefore we get a rank r vector bundle

(14.29) G = ()T = (pryomyr 0 W)*'T = (my, 0 U)*(pr} Fy_g/5"),
and
(14.30) det(G) = ()" det(S) ™ = (mp0 0 p)*Fug @ (myx 0 ¥)* det(S") L.

By construction, the surjection prj S — S’ also yields a surjection

prs AN S — det(S")

14.30. Lemma. By taking the restriction to M C Xy and pulling-back by p = pry oV : M — M,
the sections oy 3.m in (14.24) yield for m = r sections

10k € HO (M, (Ox, () @ w0 AFPH2) @ A7 G,

The rest of the proof essentially reduces to the following two statements (the first one is very
much related to the techniques employed by Shiffman-Zaidenberg [SZ01]).

14.29. Lemma. For N > 2n and A C CNT1 q linear subspace of dimension n+ 2 of the form

zn € C arbitrary, 2z = Z Nijzj, n+1<i<N -1
0<j<n

with generic coefficients (\;j) € CHIWN="=1) “4he intersection Xy = X N P(A) has a k-jet bundle
XAk C X such that BN Xy, = 0.

Proof. We restrict ourselves to the Zariski open set of coefficients U ¢ C"+tD(N="=1) gych that the
intersection X N P(A) is smooth. Then the set of “raw” k-jets X n has dimension (n+1)(k+1).
In fact, in the complement of the hypersurface zy = 0, we can choose (29, 21, - - ., 2, ) as coordinates
on the cone Xy € CN*1 of X4, the next coordinates Zn+1,---52N—1 being obtained by the linear
relations z; = ZO< j<n Aijzj, and the last coordinate zy by z?\, = —> J<N zjl. Therefore, on
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XA N Hy, a jet is entirely determined (up to the choice of a d-th root of unity for prescribing the
value of fn(0)) by the components (f;)o<j<n. We look at the corresponding universal family

Vi = UXA,N,k x {(\ij)} C X x U.

Its dimension is (n+1)(k+1)+ (n+1)(N—n—1) = (n+1)(k+ N —n). What we have to do is to
show that for s = 2 the equations (14.28) determine in };*® an algebraic set of dimension strictly
less than dimU = (n + 1)(N —n — 1), i.e. of codimension larger than (n + 1)(k + 1). Then the
projection to U will be a constructible set of empty interior in U, and the conclusion will follow.
Notice that if we take s = 2 and mj, mg ~ N/2, the number of equations is a priori much larger
than (kK — N/2)? > (n + 1)(k + 1), but we have to check that these equations are “sufficiently
independent”.

14.30. Lemma. When restricted to Xy and the associated algebraic subsets M C Xy i, our “multi-
Wronskian” sections provide an empty “iterated base locus” whenever A is generic and d > ....
In particular, the “universal line bundle” defined in Proposition 14.9 is nef on the universal log
resolution of the k-stage of the Semple tower of Xy .

14.31. Theorem. Let X C P"! be a generic hypersurface of degree d > 64n® +20n+1. Then X
is Kobayashi hyperbolic.

Proof. Take N = 2n, k = 2N = 4n and s = 2 in (14.26). We need d > k(4k +5) = 64n? + 20n. O
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