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Kobayashi pseudodistance

Kobayashi pseudodistance

Let X be a complex space, dim¢ X = n.

The Kobayashi pseudodistance df is defined to be

d¥(p, q) = infimum of sums Z,{V;Ol dpoinc(Pi; Pit1)

for all chains of points p = pg, p1,...,pn = g € X such that
pi = &i(t;), pir1 = gi(u;) lie in the image of an analytic disc

gi D — X, and dpoinc(pi, Pit1) = dpoinc(ti, u;) on that disc.
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The Kobayashi pseudodistance df is defined to be

d¥(p, q) = infimum of sums Z,{V;Ol dpoinc(Pi; Pit1)

for all chains of points p = pg, p1,...,pn = g € X such that
pi = &i(t;), pir1 = gi(u;) lie in the image of an analytic disc

gi D — X, and dpoinc(pi, Pit1) = dpoinc(ti, u;) on that disc.

For X algebraic, the following result shows that df retains an
algebraic flavor in spite of the analytic definition.
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Kobayashi pseudodistance

Kobayashi pseudodistance

Let X be a complex space, dim¢ X = n.

The Kobayashi pseudodistance df is defined to be

d¥(p, q) = infimum of sums Z,{V;Ol dpoinc(Pi; Pit1)

for all chains of points p = pg, p1,...,pn = g € X such that
pi = &i(t;), pir1 = gi(u;) lie in the image of an analytic disc

gi D — X, and dpoinc(pi, Pit1) = dpoinc(ti, u;) on that disc.

For X algebraic, the following result shows that df retains an
algebraic flavor in spite of the analytic definition.

Theorem (D, Lempert, Shiffman, Duke Math. J. 1994)

If X is projective algebraic, one obtains the same pseudodistance
by taking algebraic curves C; containing p;, pi+1 and computing
dpoinc(pi, Piv1) as the Poincaré distance on the universal cover C;
of the normalization of C; (with dpoinc(pi, piv1) = 0 if g(G) < 1).
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Kobayashi conjecture

Definition

A complex space X is said to be Kobayashi hyperbolic if the
Kobayashi pseudodistance d¥ is non degenerate, i.e. is a genuine
distance.
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Kobayashi conjecture

Definition

A complex space X is said to be Kobayashi hyperbolic if the
Kobayashi pseudodistance d¥ is non degenerate, i.e. is a genuine
distance.

A\

Kobayashi conjecture (1970)

Let X" C P"*! be a (very) general hypersurface of degree d > d,
large enough. Then X is Kobayashi hyperbolic.

\
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Kobayashi conjecture

Definition

A complex space X is said to be Kobayashi hyperbolic if the
Kobayashi pseudodistance d¥ is non degenerate, i.e. is a genuine
distance.

A\

Kobayashi conjecture (1970)

Let X" C P"*! be a (very) general hypersurface of degree d > d,
large enough. Then X is Kobayashi hyperbolic.

v

Moreover, a very precise optimal degree d, should hold (see below).
Of course, a smooth curve X C P? is hyperbolic iff genus g > 2,
e.d>d, =4.
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Kobayashi conjecture

Definition

A complex space X is said to be Kobayashi hyperbolic if the
Kobayashi pseudodistance d¥ is non degenerate, i.e. is a genuine
distance.

Kobayashi conjecture (1970)

Let X" C P"*! be a (very) general hypersurface of degree d > d,
large enough. Then X is Kobayashi hyperbolic.

Moreover, a very precise optimal degree d, should hold (see below).
Of course, a smooth curve X C P? is hyperbolic iff genus g > 2,
e.d>d, =4.

In 1999, McQuillan and D.-El Goul proved the case n = 2 (with

d, = 35, d, = 21) respectively.
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Kobayashi conjecture

Definition

A complex space X is said to be Kobayashi hyperbolic if the
Kobayashi pseudodistance d¥ is non degenerate, i.e. is a genuine
distance.

Kobayashi conjecture (1970)

Let X" C P"*! be a (very) general hypersurface of degree d > d,
large enough. Then X is Kobayashi hyperbolic.

Moreover, a very precise optimal degree d, should hold (see below).
Of course, a smooth curve X C P? is hyperbolic iff genus g > 2,
ie.d > d, =4.

In 1999, McQuillan and D.-El Goul proved the case n = 2 (with

d, = 35, d, = 21) respectively. Then Y.T. Siu (Abel conf. 2002,
final paper in Invent. Math. 2015) detailed a strategy for the proof
of the Kobayashi conjecture, using Nevanlinna theory.
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Green-Griffiths-Lang conjecture

Useful characterization of Kobayashi hyperbolicity (Brody, 1978)

A compact complex space X is Kobayashi hyperbolic iff it is
Brody hyperbolic, namely if A entire curves f : C — X, f # const.

J.-P. Demailly (Grenoble), Johns Hopkins Univ, March 2, 2019 Hyperbolicity of general algebraic hypersurfaces



Green-Griffiths-Lang conjecture

Useful characterization of Kobayashi hyperbolicity (Brody, 1978)

A compact complex space X is Kobayashi hyperbolic iff it is
Brody hyperbolic, namely if A entire curves f : C — X, f # const.

Green-Griffiths-Lang conjecture

A projective variety X is of general type iff 3 an algebraic subvariety
Y C X containing all images of entire curves f : C — X.

V.
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Green-Griffiths-Lang conjecture

Useful characterization of Kobayashi hyperbolicity (Brody, 1978)

A compact complex space X is Kobayashi hyperbolic iff it is
Brody hyperbolic, namely if A entire curves f : C — X, f # const.

Green-Griffiths-Lang conjecture
A projective variety X is of general type iff 3 an algebraic subvariety
Y C X containing all images of entire curves f : C — X.

| \

Conjectural corollary of GGL

A projective variety X is (Kobayashi/Brody) hyperbolic iff all its
subvarieties Y (possibly singular, including X) are of general type.
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Green-Griffiths-Lang conjecture

Useful characterization of Kobayashi hyperbolicity (Brody, 1978)

A compact complex space X is Kobayashi hyperbolic iff it is
Brody hyperbolic, namely if A entire curves f : C — X, f # const.

Green-Griffiths-Lang conjecture

A projective variety X is of general type iff 3 an algebraic subvariety
Y C X containing all images of entire curves f : C — X.

| \

Conjectural corollary of GGL

A projective variety X is (Kobayashi/Brody) hyperbolic iff all its
subvarieties Y (possibly singular, including X) are of general type.

The latter property has been characterized by work of Zaidenberg,
Clemens, Ein, Voisin, Pacienza. In this way, the optimal bound is
expected to be d; =4, d,=2n+ 1 for 2 < n <4 and d, = 2n for
n>b.
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Geometric approaches of the Kobayashi conjecture

The main idea is to use the geometry of jet bundles, and more
specifically Semple bundles introduced in this context by D. in
1995.

Theorem (Brotbek, April 2016)

Let Z be a projective n + 1-dimensional projective manifold and
A — Z a very ample line bundle. Let o € H°(Z, dA) be a generic
section. Then for d>>1 the hypersurface X, = o71(0) is hyperbolic.
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Geometric approaches of the Kobayashi conjecture

The main idea is to use the geometry of jet bundles, and more
specifically Semple bundles introduced in this context by D. in
1995.

Theorem (Brotbek, April 2016)

Let Z be a projective n + 1-dimensional projective manifold and
A — Z a very ample line bundle. Let o € H°(Z, dA) be a generic
section. Then for d>>1 the hypersurface X, = o71(0) is hyperbolic.

The initial proof of Brotbek didn’t provide effective bounds. Through
various improvements, Deng Ya got in his PhD thesis (May 2016)
the explicit bound d, = (n + 1)n>"™3 = O(n>"4).

Theorem (D-, 2018, with a substantially simplified proof)

In the above setting, a general hypersurface X, =c1(0) is

hyperbolic as soon as d > d, = [(en)2™?/3].
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Use of algebraic differential operators

Let C— X, tw f(t)=(f(t),...,f(t)) be a curve written in
some local holomorphic coordinates (zi, ..., z,) on X. It has a
local Taylor expansion
1
F(t) =x+t& + ...+ "+ O(tF), &= V()
where V is the trivial connection on Tx.
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Use of algebraic differential operators

Let C— X, tw f(t)=(f(t),...,f(t)) be a curve written in
some local holomorphic coordinates (z, ..., z,) on X. It has a
local Taylor expansion
1

f(t) =x+t&+ ...+ 5+ O(t"1), & = V()
where V is the trivial connection on Tx.
One considers polynomials on the k-jet bundle J*X defined locally
in coordinate charts by

PO & &) = mana ()& 6%, L EV.

where the a,'s are holomorphic on X.
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Use of algebraic differential operators

Let C— X, tw f(t)=(f(t),...,f(t)) be a curve written in
some local holomorphic coordinates (z, ..., z,) on X. It has a
local Taylor expansion

f(t) =x+ G+ 6+ O, &= %st(O)

where V is the trivial connection on Tx.

One considers polynomials on the k-jet bundle J*X defined locally
in coordinate charts by

PO & &) = mana ()& 6%, L EV.

where the a,'s are holomorphic on X. One can view them as
algebraic differential operators on k-jets of curves f : (C,0), — X
or entire curves f : C — X

P(f f,. = Bnjana, (F(1) F(0) (1) FR(£)
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Invariant differential operators

Some operators f —+ P(f), such as Wronskians ' A ... A f(5) or
more generally polynomial operators of the form
Q' f AF" ... f A...A fK) satisfy the additional property
that for any reparametrization ¢ : C — C, one has
P(fop)=¢"P(f)op

where m is the weighted degree

m = || + 2|ag| + - - + k|-
They form a bundle denoted E; ,, Tx (order k, weighted degree m).
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Invariant differential operators

Some operators f —+ P(f), such as Wronskians ' A ... A f(5) or
more generally polynomial operators of the form
Q' f AF" ... f A...A fK) satisfy the additional property
that for any reparametrization ¢ : C — C, one has
P(fop)=¢"P(f)op

where m is the weighted degree

m = || + 2|ag| + - - + k|-
They form a bundle denoted E; ,, Tx (order k, weighted degree m).

Fundamental vanishing theorem

[Green-Griffiths 1979], [D. 1995], [Siu-Yeung 1996]

VX projective manifold, VA ample line bundle on X,

VP € H(X, Exm T ® O(—A)) : global diff. operator on X,
Vf : C — X entire curve, one has P(f) = 0.
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Proof of the fundamental vanishing theorem

Proof in a simple case. If X has an entire curve g : C — X,
then the Brody reparametrization technique produces a Brody
curve f : C — X, such that sup,¢ [|f'(t)|, < +oo for some
hermitian metric w on X. By raising P to a power, we can assume
A very ample, and view P as a C valued differential operator
whose coefficients vanish on a very ample divisor A.
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Proof of the fundamental vanishing theorem

Proof in a simple case. If X has an entire curve g : C — X,
then the Brody reparametrization technique produces a Brody
curve f : C — X, such that sup,¢ [|f'(t)|, < +oo for some
hermitian metric w on X. By raising P to a power, we can assume
A very ample, and view P as a C valued differential operator
whose coefficients vanish on a very ample divisor A.

The Cauchy inequalities imply that all derivatives f(*) are bounded
in any coordinate chart. Hence u(t) := P(f; f', ... f)(t) is
bounded, and must be constant by Liouville's theorem.
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Proof of the fundamental vanishing theorem

Proof in a simple case. If X has an entire curve g : C — X,
then the Brody reparametrization technique produces a Brody
curve f : C — X, such that sup,¢ [|f'(t)|, < +oo for some
hermitian metric w on X. By raising P to a power, we can assume
A very ample, and view P as a C valued differential operator
whose coefficients vanish on a very ample divisor A.

The Cauchy inequalities imply that all derivatives f(*) are bounded
in any coordinate chart. Hence u(t) := P(f; f', ... f)(t) is
bounded, and must be constant by Liouville's theorem.

Since A is very ample, we can move A € |A| such that A hits
f(C) € X. But then ua vanishes somewhere and so us = 0.
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Proof of the fundamental vanishing theorem

Proof in a simple case. If X has an entire curve g : C — X,
then the Brody reparametrization technique produces a Brody
curve f : C — X, such that sup,¢ [|f'(t)|, < +oo for some
hermitian metric w on X. By raising P to a power, we can assume
A very ample, and view P as a C valued differential operator
whose coefficients vanish on a very ample divisor A.

The Cauchy inequalities imply that all derivatives f(*) are bounded
in any coordinate chart. Hence u(t) := P(f; f', ... f)(t) is
bounded, and must be constant by Liouville's theorem.

Since A is very ample, we can move A € |A| such that A hits
f(C) € X. But then ua vanishes somewhere and so us = 0.

General case. On can use the logarithmic derivative lemma
(Siu-Yeung, 1996), or the Alhfors lemma in case P is invariant
(D. 1995), combined with an induction on m = deg P when P is
non invariant.
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Semple bundles and direct image formula

Semple bundles

One can construct of tower of P"1-bundles
7Tk’0§Xk 7T—k>Xk,1—>"'—>X1 7r—1>X0:X

with dim Xy, = n + k(n — 1),

Xk being equipped with a certain rank n subbundle V) C Tx,,
and inductively X, = P(Vj_1) over X, 1,

such that X is a desingularization of J*X // G, where G is the
group of k-jets of biholomorphisms ¢ : (C,0) — (C,0).

One takes in particular Vo = Tx and X; = P(Tx).
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Semple bundles and direct image formula

Semple bundles

One can construct of tower of P"1-bundles
7Tk’0§Xk 7T—k>Xk,1—>"'—>X1 Tr—1>X0:X

with dim Xy, = n + k(n — 1),

Xk being equipped with a certain rank n subbundle V) C Tx,,
and inductively X, = P(Vj_1) over X, 1,

such that X is a desingularization of J*X // G, where G is the
group of k-jets of biholomorphisms ¢ : (C,0) — (C,0).

One takes in particular Vo = Tx and X; = P(Tx).

Direct image formula

The tautological line bundles Ox, (m) on X, = P(V,_1) have a
direct image (740)+Ox,(m) >~ Ex m Tx
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Reinterpretation of the vanishing theorem

Any global differential operator P € H(X, Ex m» Tx @ O(—A))
corresponds to a section op € H(Xi, Ox, (m) @ 7} ;O(—A)).
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Reinterpretation of the vanishing theorem

Any global differential operator P € H(X, Ex m» Tx @ O(—A))
corresponds to a section op € H(Xi, Ox, (m) @ 7} ;O(—A)).
Saying that a curve f : C — X satisfies the differential equation
P(f;f',...,f9) = 0 means that the k-jet fii; : C — X has its
image fi,(C) contained in the hypersurface o5*(0) C Xq.
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Reinterpretation of the vanishing theorem

Any global differential operator P € H(X, Ex m» Tx @ O(—A))
corresponds to a section op € H(Xi, Ox, (m) @ 7} ;O(—A)).

Saying that a curve f : C — X satisfies the differential equation
P(f;f',...,f9) = 0 means that the k-jet fii; : C — X has its
image fi,(C) contained in the hypersurface o5*(0) C Xq.
Consequence

All entire curves lie in the so called Green-Griffiths locus
GG(X) = [ mo(GG(Xy), GG(Xy) = ﬂa ) C X,

k
hence (x): GG(X) € X would imply the GGL conjecture
Unfortunately () not always true! (Green, Lang, Diverio-Rousseau).

v
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Reinterpretation of the vanishing theorem

Any global differential operator P € H(X, Ex m» Tx @ O(—A))
corresponds to a section op € H(Xi, Ox, (m) @ 7} ;O(—A)).

Saying that a curve f : C — X satisfies the differential equation
P(f;f',...,f9) = 0 means that the k-jet fii; : C — X has its
image fi,(C) contained in the hypersurface o5*(0) C Xq.
Consequence

All entire curves lie in the so called Green-Griffiths locus
GG(X) = [ mo(GG(Xy), GG(Xy) = ﬂa ) C X,

k
hence (x): GG(X) € X would imply the GGL conjecture
Unfortunately () not always true! (Green, Lang, Diverio-Rousseau).

Hope: existence theorem for jet differentials (D-, 2010)

Let X be of general type, i.e. Kx big. Then for m> k> 1
h°(Xk, Ox, (m) @ mi qO(—A)) > cem™ X, ¢, > 0.
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Sketch of proof of the existence theorem

One starts with a hermitian metric hx on Tx such that its
determinant yields a singular hermitian metric det(h%) on Kx with
strictly positive curvature current. One can then equip J*X with a
natural Finsler metric that induces a singular hermitian metric on
Ox,(1). One finally applies holomorphic Morse inequalities to
L = oxfe(nmio(— %<1+ % T %)A), eeqQ,
n= eKX,det hy — €@A,hA-
Then for all g > 0 and all m > k > 1 such that m is sufficiently
divisible, one gets upper and lower bounds [g = 0 most useful!]

C
hq(XkGG,O(Lk@m)) S Ck,nmn+k(n1)</x( )(_1)q7}n+ Iogk>
.9
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Sketch of proof of the existence theorem

One starts with a hermitian metric hx on Tx such that its
determinant yields a singular hermitian metric det(h%) on Kx with
strictly positive curvature current. One can then equip J*X with a
natural Finsler metric that induces a singular hermitian metric on
Ox,(1). One finally applies holomorphic Morse inequalities to
L = oxfe(nmio(— %<1+ % T %)A), eeqQ,
n= eKX,det hy — €@A,hA-
Then for all g > 0 and all m > k > 1 such that m is sufficiently
divisible, one gets upper and lower bounds [g = 0 most useful!]

C
hq(XkGG,O(Lk@m)) S Ck,nmn+k(n1)</x( )(_1)q7}n+ Iogk>
.9

BIXEC, O(LE™)) > G pm™HrD) ( [ - )
X(n,q,q+1) log k
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Wronskian operators are easier to deal with ...

Let L — X be a line bundle, and let
So,---,5k € HO(X, L)

be arbitrary sections. One defines Wronskian operators acting on
f:C— X, t—f(t) byD:%and

DSO(f’)r Dsl(f’)f . DSk(fj)f
W(so,...,sx)(f) = (S(:( ) (s:(F)) - (Sk;( )
D¥(so(f)) D*(si(f)) ... DX(si(f))
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Wronskian operators are easier to deal with ...

Let L — X be a line bundle, and let
So,---,5k € HO(X, L)

be arbitrary sections. One defines Wronskian operators acting on
f:C— X, t—f(t) byD:%and

so(f) s1(f) s(f)
W5 — | PEE) D&  D(sd()
DX((f) DH(s(f) .. DH(s()
This actually does not depend on the trivialization of L and defines
Wi(so,...,sx) € HO(X, Exp Ty @ LK), K = k(k;l)
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Wronskian operators are easier to deal with ...

Let L — X be a line bundle, and let
So,---,5k € HO(X, L)

be arbitrary sections. One defines Wronskian operators acting on
f:C— X, t—f(t) byD:%and

so(f) s1(f) s(f)
W5 — | PEE) D&  D(sd()
DX((f) DH(s(f) .. DH(s()
This actually does not depend on the trivialization of L and defines
Wi(so,...,sx) € HO(X, Exp Ty @ LK), K = k(k;l)

Problem. One has to take L > 0, hence LXT! > 0 : seems useless!
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Wronskian operators can sometimes be simplified !

Take e.g. X =PV, A= O(1) very ample, k < N, d > k and
si(z) =z = s;€ H(X,A%).
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Wronskian operators can sometimes be simplified !

Take e.g. X =PV, A= O(1) very ample, k < N, d > k and
si(z) =z = s;€ H(X,A%).

Then derivatives D*(s; o f) are divisible by zjd_k for ¢ < k,
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Wronskian operators can sometimes be simplified !

Take e.g. X =PV, A= O(1) very ample, k < N, d > k and
si(z) =z = s € H(X AY).
Then derivatives D*(s; o f) are divisible by zjd_k for ¢ < k,
and (taking L = A9) we find
[T 2 W(s....s0) € H(X, Eipo Tie @ AdkFD=(d=R k1))

J
= HO(X, E o T3, @ ALY,

0<j<k
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Wronskian operators can sometimes be simplified !

Take e.g. X =PV, A= O(1) very ample, k < N, d > k and
si(z) =z = s;€ H(X,A%).

Then derivatives D*(s; o f) are divisible by zjd_k for ¢ < k,
and (taking L = A9) we find

H Zj—(d—k)W(sm s € HO(X, Eew Ty ® Ad(k+l)—(d—k)(k+1))
= HO(X, E o T3, @ ALY,

0<j<k
Not enough, but the exponent is independent of d and a division
by one more factor zjd_k would suffice to reach A<C, for d > k.

J.-P. Demailly (Grenoble), Johns Hopkins Univ, March 2, 2019 Hyperbolicity of general algebraic hypersurfaces



Wronskian operators can sometimes be simplified !

Take e.g. X =PV, A= O(1) very ample, k < N, d > k and
si(z) =z = s;€ H(X,A%).
Then derivatives D*(s; o f) are divisible by zjd_k for ¢ < k,
and (taking L = A9) we find
[T 2 W(s....s0) € H(X, Eipo Tie @ AdkFD=(d=R k1))
= HO(X, E o T3, @ ALY,

0<j<k
Not enough, but the exponent is independent of d and a division
by one more factor zjd_k would suffice to reach A<C, for d > k.

If we take the Fermat hypersurface X = {z§ + ... + z§ = 0} and
k=N-—1, then z§ = =3,z implies that
W(so,...,sk) = (—1)*W(sn,s1, ..., ) is also divisible by zg ¥,
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Wronskian operators can sometimes be simplified !

Take e.g. X =PV, A= O(1) very ample, k < N, d > k and
si(z) =z = s;€ H(X,A%).
Then derivatives D*(s; o f) are divisible by zjd_k for ¢ < k,
and (taking L = A9) we find
[T 2 W(s....s0) € H(X, Eipo Tie @ AdkFD=(d=R k1))
= HO(X, E o T3, @ ALY,

0<j<k
Not enough, but the exponent is independent of d and a division
by one more factor zjd_k would suffice to reach A<C, for d > k.

If we take the Fermat hypersurface X = {z§ + ... + z§ = 0} and
k=N-—1, then z§ = =3,z implies that

W(sp,. .-, sk) = (=1)*W(sn, 51, ..., ) is also divisible by z™*, so
P = H z,._(d_k)W(so,...sk) € H(X, Ex i T @ AKK+2)-d),
0<i<k+1
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A result of Shiffman-Zaidenberg

By the vanishing theorem, if d > k(k +2) + 1 = N2, then

W (so,-..,sk)(f) =0, which means that f satisfies an extra
Fermat type equation ZjN;Ol cjzjd = 0, and one can then use
induction on N to show that the f;'s are pairwise proportional
(Toda '71, Fujimoto '74, Green '75).
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A result of Shiffman-Zaidenberg

By the vanishing theorem, if d > k(k +2) + 1 = N2, then

W (so,-..,sk)(f) =0, which means that f satisfies an extra
Fermat type equation ZjN;Ol cjzjd = 0, and one can then use
induction on N to show that the f;'s are pairwise proportional
(Toda '71, Fujimoto '74, Green '75).

Using this result, inspired J. Noguchi's construction of explicit
n-dim hyperbolic hypersurfaces (1996), Shiffman-Zaidenberg proved

Theorem (Shiffman-Zaidenberg 2001)

For N = 2n and d > N? = 4n?, the intersection of the Fermat
hypersurface H = {3~ z! = 0} C P°" with a sufficiently general
projective linear subspace A ~ P™1 C P2 yields a hyperbolic
hypersurface X := HN A C P,
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A result of Shiffman-Zaidenberg

By the vanishing theorem, if d > k(k +2) + 1 = N2, then

W (so,-..,sk)(f) =0, which means that f satisfies an extra
Fermat type equation ZjN;Ol cjzjd = 0, and one can then use
induction on N to show that the f;'s are pairwise proportional
(Toda '71, Fujimoto '74, Green '75).

Using this result, inspired J. Noguchi's construction of explicit
n-dim hyperbolic hypersurfaces (1996), Shiffman-Zaidenberg proved

Theorem (Shiffman-Zaidenberg 2001)

For N = 2n and d > N? = 4n?, the intersection of the Fermat
hypersurface H = {3~ z! = 0} C P°" with a sufficiently general
projective linear subspace A ~ P™1 C P2 yields a hyperbolic
hypersurface X := HN A C P,

However, one gets here only one Wronskian, so that the genericity
of hyperbolicity in such low degrees d = O(n?) is hard to establish.
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Getting more jet differentials from Wronskians

A “better choice” than the Fermat hypersurface is to take
X =o71(0) C P! with 0 € HO(P"*, O(d)) given by
o = Z a,-(z)m,-(z)5, a; “random”, dega;=p >k, m;(z H’TJ
0<i<N J3i

where the J's run over all subsets J C {0,1,..., N} with card J = n,
7, € HY(P"™, O(1)) is a sufficiently general linear section and § > 1.
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Getting more jet differentials from Wronskians

A “better choice” than the Fermat hypersurface is to take
X =o71(0) C P! with 0 € HO(P"*, O(d)) given by
o = Z a,-(z)m,-(z)5, a; “random”, dega;=p >k, m;(z H’TJ
0<i<N J3i

where the J's run over all subsets J C {0,1,..., N} with card J = n,
7, € HY(P"™, O(1)) is a sufficiently general linear section and § > 1.

An adequate choice to ensure smoothness of X is N = n(n+ 1).
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Getting more jet differentials from Wronskians

A “better choice” than the Fermat hypersurface is to take
X =o71(0) C P! with 0 € HO(P"*, O(d)) given by
o = Z a,-(z)m,-(z)5, a; “random”, dega;=p >k, m;(z H’TJ
0<i<N J3i

where the J's run over all subsets J C {0,1,..., N} with card J = n,
7, € HY(P"™, O(1)) is a sufficiently general linear section and § > 1.

An adequate choice to ensure smoothness of X is N = n(n+ 1).
Then, for k> N and all JC{0,1,..., N}, card J = n, the Wronskians

Works =W ...,q7 7" (aim)icts), r=k—N+n

with deg q; = k are divisible by (7 972 cjcnand (M )iy =

Pazis = liceymi OO T 72 Wi, € HU(X, B T ® A%)
where ¢, = k(k+1)deg m; = O((en)”+5/2).
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Getting more jet differentials from Wronskians

A “better choice” than the Fermat hypersurface is to take
X =o71(0) C P! with 0 € HO(P"*, O(d)) given by
o = Z a,-(z)m,-(z)5, a; “random”, dega;=p >k, m;(z H’TJ
0<i<N J3i

where the J's run over all subsets J C {0,1,..., N} with card J = n,
7, € HY(P"™, O(1)) is a sufficiently general linear section and § > 1.

An adequate choice to ensure smoothness of X is N = n(n+ 1).
Then, for k> N and all JC{0,1,..., N}, card J = n, the Wronskians

Works =W ...,q7 7" (aim)icts), r=k—N+n

with deg q; = k are divisible by (7 972 cjcnand (M )iy =
Pq,?,k,J = HIEEJ H ?d 2k Wkr c HO(X Ek k! T; ® AC”)
where ¢, = k(k+1) deg m;j = O((en)">/2). As aym} = — 3", a;m’

on X, we infer the divisibility of Pz, ; by the extra factor 7 ‘5 k,
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Strategy of proof of the Kobayashi conjecture

(Brotbek 2016, simplified by D. in 2018)

Let 7 : X — S be family of smooth projective varieties, and let
Xy — S be the relative Semple tower of (X, Tx/s).

If X, =71(t), t €S, is the general fiber, then the fiber of

X — S is the k-stage of the Semple tower X; , — X;
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Strategy of proof of the Kobayashi conjecture

(Brotbek 2016, simplified by D. in 2018)

Let 7 : X — S be family of smooth projective varieties, and let
Xy — S be the relative Semple tower of (X, Tx/s).

If X, =71(t), t €S, is the general fiber, then the fiber of

X — S is the k-stage of the Semple tower X; , — X;

(the idea is to consider the universal family of hypersurfaces

X C P! of sufficiently high degree d > 1.)
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Strategy of proof of the Kobayashi conjecture
(Brotbek 2016, simplified by D. in 2018)

Let 7 : X — S be family of smooth projective varieties, and let
Xy — S be the relative Semple tower of (X, Tx/s).

If X, =71(t), t €S, is the general fiber, then the fiber of

X — S is the k-stage of the Semple tower X; , — X;

(the idea is to consider the universal family of hypersurfaces

X C P! of sufficiently high degree d > 1.)

Basic observation

Assume that there exists t; € S such that we get on Xy, x a nef
“twisted tautological sheaf” Q‘Xto’k where

G :=0x(m) @ Ly m® mp oAt
(in the sense that a log resolution of G is nef), and Zy , is a

suitable “functorial” multiplier ideal with support in the set A"
of singular jets. Then X is Kobayashi hyperbolic for general t € S.
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Simplified proof of the Kobayashi conjecture

Proof. By hypothesis, One can take a resolution fix p, : X — Xy
of the ideal Zy ,, as an invertible sheaf WmLk,m ON Xk m, SO that
liem9 %, , is a nef line bundle.

: .
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Simplified proof of the Kobayashi conjecture

Proof. By hypothesis, One can take a resolution fix p, : X — Xy
of the ideal Zy ,, as an invertible sheaf WmLk,m ON Xk m, SO that
liem9 %, , is a nef line bundle.

: .

Then one can add a small Q-divisor P, that is a combination of
the lower stages Ox,(m’), ¢ < k, and of the exceptional divisor of
fik,m SO that (pj ,G ® P:) g is an ample line bundle.

) to,

J.-P. Demailly (Grenoble), Johns Hopkins Univ, March 2, 2019  Hyperbolicity of general algebraic hypersurfaces



Simplified proof of the Kobayashi conjecture

Proof. By hypothesis, One can take a resolution fix p, : X — Xy
of the ideal Zy ,, as an invertible sheaf WmLk,m ON Xk m, SO that
liem9 %, , is a nef line bundle.

: .

Then one can add a small Q-divisor P, that is a combination of
the lower stages Ox,(m’), ¢ < k, and of the exceptional divisor of
fik,m SO that (pj ,G ® P:) g is an ample line bundle.

) to,

Since ampleness is a Zariski open property, one concludes that
(e mG @ Gg)p?tk is ample for general t € S. The fundamental
vanishing theorem then implies that X, is Kobayashi hyperbolic. O
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Simplified proof of the Kobayashi conjecture

Proof. By hypothesis, One can take a resolution fix p, : X — Xy
of the ideal Zy ,, as an invertible sheaf WmLk,m ON Xk m, SO that
liem9 %, , is a nef line bundle.

: .

Then one can add a small Q-divisor P, that is a combination of
the lower stages Ox,(m’), ¢ < k, and of the exceptional divisor of
fik,m SO that (pj ,G ® P:) g is an ample line bundle.

) tg,
Since ampleness is a Zariski open property, one concludes that
(e mG @ Gg)p?tk is ample for general t € S. The fundamental
vanishing theorem then implies that X, is Kobayashi hyperbolic. O
The next idea is to produce a very particular hypersurface X, on
which there are a lot of non trivial Wronskian operators that
generate the required sheaf

g = O;(k(m) Q@ Lkm 7Tk70A71.

Then Q|Xk7t0 is nef and we are done.
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Conclusion: analyzing base loci of Wronskians

We need § > k + ¢, to reach a negative exponent A<°
= d > d, = O((en)?"*2).
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Conclusion: analyzing base loci of Wronskians

We need § > k + ¢, to reach a negative exponent A<°
= d > d, = O((en)?"*2).

A Bertini type lemma
For k > n* + n? + 1, the k-jets of the coefficients a; are general

enough, the simplified Wronskians P,z « ; generate the universal
Wronskian ideal Zj 4 outside of the hyperplane sections 7, *(0).
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Conclusion: analyzing base loci of Wronskians

We need § > k + ¢, to reach a negative exponent A<°
= d > d, = O((en)?"*2).

A Bertini type lemma

For k > n* + n? + 1, the k-jets of the coefficients a; are general
enough, the simplified Wronskians P,z « ; generate the universal
Wronskian ideal Zj 4 outside of the hyperplane sections 7, *(0).

The proof is achieved by induction on dim X. By taking
X' = 7,1(0) one can define further simplified Wronskian sections

that generate the universal line bundle G everywhere on Xy, . U
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Conclusion: analyzing base loci of Wronskians

We need § > k + ¢, to reach a negative exponent A<°
= d > d, = O((en)?"*2).

A Bertini type lemma

For k > n* + n? + 1, the k-jets of the coefficients a; are general
enough, the simplified Wronskians P,z « ; generate the universal
Wronskian ideal Zj 4 outside of the hyperplane sections 7, *(0).

The proof is achieved by induction on dim X. By taking
X' = 7,%(0) one can define further simplified Wronskian sections

that generate the universal line bundle G everywhere on Xy, . U

In order to improve the bounds (and eventually to prove the GGL
conjecture), one would need to achieve a betting understanding of
the geometry of Semple jet bundles and of base loci of jet
differentials.
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Concept of algebraic jet hyberbolicity

Fix X projective. An irreducible algebraic subset Z C X, of the
Semple k-jet bundle is said admissible if it does not project into
the intermediate “vertical divisors” P(Tx, ,/x, ,) C X¢, 2 <€ < k.
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Concept of algebraic jet hyberbolicity

Fix X projective. An irreducible algebraic subset Z C X, of the
Semple k-jet bundle is said admissible if it does not project into
the intermediate “vertical divisors” P(Tx, ,/x, ,) C X¢, 2 <€ < k.
One then defines an induced directed structure (Z, W) < (Xk, Vi)
by putting W = Tz N Vi, where the intersection is taken on a
suitable Zariski open set Z’ C Z., where the intersection has
constant rank and is a subbundle of T,.
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Concept of algebraic jet hyberbolicity

Fix X projective. An irreducible algebraic subset Z C X, of the
Semple k-jet bundle is said admissible if it does not project into
the intermediate “vertical divisors” P(Tx, ,/x, ,) C X¢, 2 <€ < k.

One then defines an induced directed structure (Z, W) < (Xk, Vi)
by putting W = Tz N Vi, where the intersection is taken on a
suitable Zariski open set Z’ C Z., where the intersection has
constant rank and is a subbundle of T7/. Then there is a naturally
defined canonical sheaf Ky = det W* ® Zy, where Zyy is a certain
ideal sheaf depending on the singularities of W'.
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Concept of algebraic jet hyberbolicity

Fix X projective. An irreducible algebraic subset Z C X, of the
Semple k-jet bundle is said admissible if it does not project into
the intermediate “vertical divisors” P(Tx, ,/x, ,) C X¢, 2 <€ < k.

One then defines an induced directed structure (Z, W) < (Xk, Vi)
by putting W = Tz N Vi, where the intersection is taken on a
suitable Zariski open set Z’ C Z., where the intersection has
constant rank and is a subbundle of T7/. Then there is a naturally
defined canonical sheaf Ky = det W* ® Zy, where Zyy is a certain
ideal sheaf depending on the singularities of W'.

Definition

Let X be of general type. We say that X is “algebraically jet
hyperbolic”, [resp. “strongly of general type"], if for every
admissible alg. subvariety Z C X [resp. such that 74 o(Z) = X)],
the induced directed structure (Z, W) C (X, Vi) is of general type
modulo X, — X, i.e. Ky ® Ox,(m),z is big for some m € Q..

J.-P. Demailly (Grenoble), Johns Hopkins Univ, March 2, 2019  Hyperbolicity of general algebraic hypersurfaces



Relation between the GGL conjecture and

hyperbolicity
Theorem (D., 2015)

Let X be a projective variety.

(i) If X is strongly of general type, then X satisfies the GGL
conjecture.

(i) If X is algebraically jet hyperbolic, then X is Kobayashi
hyperbolic.
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Relation between the GGL conjecture and

hyperbolicity

Theorem (D., 2015)
Let X be a projective variety.

(i) If X is strongly of general type, then X satisfies the GGL
conjecture.

(i) If X is algebraically jet hyperbolic, then X is Kobayashi
hyperbolic.

Another important result was obtained in 2018 by Eric Riedl and
David Yang, thanks to a general Grassmannian construction.

Theorem (Riedl, Yang 2018 - rough statement)

Assume that a general hypersurface X C P satisfies the GGL
conjecture for d > dgar(n). Then a general hypersurface
X C P! satisfies the Kobayashi conjecture for d > dgar(2n).
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Recent result of J. Merker

Using the Riedl-Yang approach, J. Merker recently proved
Theorem (J. Merker, January 2019)

Let X C IP" be a general hypersurface of degree d.
(i) If d > (v/nlogn)", then X satisfies GGL.
(i) If d > (nlogn)", then X is Kobayashi hyperbolic.
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Recent result of J. Merker

Using the Riedl-Yang approach, J. Merker recently proved
Theorem (J. Merker, January 2019)

Let X C IP" be a general hypersurface of degree d.
(i) If d > (v/nlogn)", then X satisfies GGL.
(i) If d > (nlogn)", then X is Kobayashi hyperbolic.

Part (i) is obtained by producing jet differentials via holomorphic
morse inequalities, and applying Siu's technique of slanted
holomorphic vector fields, along with careful estimates.
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Recent result of J. Merker

Using the Riedl-Yang approach, J. Merker recently proved
Theorem (J. Merker, January 2019)

Let X C IP" be a general hypersurface of degree d.
(i) If d > (v/nlogn)", then X satisfies GGL.
(i) If d > (nlogn)", then X is Kobayashi hyperbolic.

Part (i) is obtained by producing jet differentials via holomorphic
morse inequalities, and applying Siu's technique of slanted
holomorphic vector fields, along with careful estimates.

Part (ii) is now a consequence of the above theorem of Riedl-Yang.
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Recent result of J. Merker

Using the Riedl-Yang approach, J. Merker recently proved
Theorem (J. Merker, January 2019)

Let X C IP" be a general hypersurface of degree d.
(i) If d > (v/nlogn)", then X satisfies GGL.
(i) If d > (nlogn)", then X is Kobayashi hyperbolic.

Part (i) is obtained by producing jet differentials via holomorphic
morse inequalities, and applying Siu's technique of slanted
holomorphic vector fields, along with careful estimates.

Part (ii) is now a consequence of the above theorem of Riedl-Yang.

(At this date — February 2019 — this is the best known estimate).
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Recent result of J. Merker

Using the Riedl-Yang approach, J. Merker recently proved
Theorem (J. Merker, January 2019)

Let X C IP" be a general hypersurface of degree d.
(i) If d > (v/nlogn)", then X satisfies GGL.
(i) If d > (nlogn)", then X is Kobayashi hyperbolic.

Part (i) is obtained by producing jet differentials via holomorphic
morse inequalities, and applying Siu's technique of slanted
holomorphic vector fields, along with careful estimates.

Part (ii) is now a consequence of the above theorem of Riedl-Yang.
(At this date — February 2019 — this is the best known estimate).

In 2010, G. Bérczi has formulated a combinatorial conjecture for
Thom polynomials that would imply polynomial bounds.
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Best wishes Bernie!
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