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Demailly, Jean-Pierre (F-GREN-F)

On the Ohsawa-Takegoshi-ManiveL? extension theorem. (English, French summaries)
Complex analysis and geome({Baris, 1997), 4782, Progr. Math., 188,Birkhauser Base]
2000.

This paper provides a rather deep insight into the current statii$ ektension techniques for
sections [resp(0, ¢)-forms] of vector bundles over complex analytic submanifolds. The funda-
mental extension theorem of T. Ohsawa and K. Takegoshi [Math9%(1987), no. 2, 197-204;
MR0892051 (88g:32029)refined in many ways by Ohsawa, and in a more geometric setting
by L. Manivel [Math. Z.212(1993), no. 1, 107-122/1IR1200166 (94e:32050)is proven here

in its most general form. Unfortunately, a gap in the proof of Manivel is pointed out, regarding
the regularity of the extension in the caseg0fq)-forms wheng > 0. It thus reappears here as a
conjecture, which is discussed in detail, but without being settled.

This theorem can yield powerful constructions that have been used in transcendental algebr
geometry. First, any psh function on a pseudoconvex open €&t oan be approximated accu-
rately with functions of the fornalog | f| wheref is a holomorphic function; this can be applied
for instance to approximate the curvature current of a singular metric by divisors with multiplic-
ities controlled by the Lelong numbers of the current. Other implications are detailed, amon
them a Briangon-Skoda theorem for multiplier ideal sheaves, and an analytical proof of Fujita’
approximate Zariski decomposition for big line bundles.
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MR1782656 (2001h:32001)32-03 (01A70 32C30 32J25 32U25)

Skoda, Henri (F-PARIS6-MI)

Présence de I'ceuvre de Pierre Lelong dans les grandstimes de recherches d’aujourd’hui.
(French. English, French summaries) [The presence of the work of Pierre Lelong in the big
picture of modern research]

Complex analysis and geome(Baris, 1997), 130, Progr. Math., 188,Birkhauser Base| 2000.

The goal of this article is to discuss the major lines of the research of Pierre Lelong.
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The author begins by outlining the first topics explored by Lelong: plurisubharmonic function:s
and their approximation by logarithmic functions; closed positive currents and the relation betwee
these currents and plurisubharmonic functions; the potential associated with a closed positi
current; the Lelong number of a closed positive curfErdand of a plurisubharmonic function.
He shows that the Lelong number of a closed positive current coincides with that of the potenti
associated with that current.dktander’sL?-estimates allowed Lelong to prove Siu’s theorem,
namely that for alk > 0, the setE, = {z € Q: vp(z) > ¢} is an analytic subset for every closed
positive current on a domain C C", wherevy(z) denotes the Lelong number ©fat the point
Z.
In the third section Skoda shows how Lelong’s methods intersect with those of the geometi
of manifolds and algebraic geometry. These methods have been implemented in a clear way
Demailly, for example in his treatment of the Fujita conjecture [J.-P. Demailly, J. Differential
Geom.37(1993), no. 2, 323—-3741R1205448 (94d:1400F)However, one can in fact encounter
Lelong’s ideas in many other fields, for example transcendental number theory, the theory
potentials of several variables, etc.

In the last section the author gives a sketch of the Hodge conjecture, which has not yet be
proved, and shows that the Poingdrelong equation has provided partial results. (For a study of
the connections between the Hodge conjecture and the theory of closed positive currents se
paper by Demailly [Invent. Matl69 (1982), no. 3, 347-374MNIR0679762 (84f:3200T))
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MR1772670 (2001m:32042)32L10 (14C20 32J25)

Demailly, Jean-Pierre (F-GREN-F)

M éthodesL? et résultats effectifs en @ométrie algébrique. (French. French summary) [L2-
methods and effective results in algebraic geometry]

Séminaire Bourbaki, Vol. 1998/99.

AserisqueNo. 266(2000),Exp. No. 852, 3, 5990.

This paper surveys the recent work that has been done by Demailly, Siu and Nadel among oth
about effective results in algebraic geometry obtained throdiyimiender’sL.>-methods for thé
equation with singular metrics. A first section provides good insight into the basic tools, which ar
defined, and the results, whose proofs are outlined: singular metrics of holomorphic line bundl
over complex analytic manifolds, the Bochner-Kodaira-Nakano identity for the antiholomorphic
Laplace-Beltrami operator (in the case where the metric is smobthgstimates with singular
metrics, Nadel’'s multiplier ideal sheaves and the corresponding vanishing theorem. Two importa
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applications of these techniques are then described in detail: the Fujita conjecture [see Y. T. Siu,
Modern methods in complex analysis (Princeton, NJ, 19822)-318, Ann. of Math. Stud., 137,
Princeton Univ. Press, Princeton, NJ, 198821369144 (98f:32032)and Siu’s theorem about
the invariance of plurigenera under deformation [see Y. T. Siu, Invent. M&th(1998), no. 3,
661-673MR1660941 (99i:3203%)
{For the entire collection sedR1772667 (2001b:00028)
Reviewed byl hierry Bouche

References

1. Y. Akizuki and S. NakanoNote on Kodaira-Spencer’s proof of Lefschetz theordinsc. Jap.
Acad.30(1954), 266—272MR0066694 (16,619a)

2. U. Angehrn and Y.T. Siu Effective freeness and point separation for adjoint bundiagent.
Math.122(1995), 291-308VIR1358978 (97h:32036)

3. A. Andreotti and E. Vesentini €arleman estimates for the Laplace-Beltrami equation in
complex manifold€Publ. Math. I.H.E.S25(1965) 81-130MR0175148 (30 #5333)

4. M. Beltrametti and A.J. SommeseOn k-jet amplenessComplex Analysis and Geometry,
Univ. Series in Math., edited by V. Ancona and A. Silva, Plenum Press, New-York, (1993).
355-376 MR1211891 (949:14006)

5. M. Beltrametti, P. Francia and A.J. Somme$2n Reider’s method and higher order embed-
dings Duke Math. J58 (1989), 425-439MR1016428 (90h:14021)

6. S. Bochner Curvature and Betti numbers (1) and (JAnn. of Math.49 (1948), 379-39050
(1949), 77-93MR0025238 (9,618d)

7. E. Bombieri -Algebraic values of meromorphic mapsvent. Math.10 (1970), 267-287 and
Addenduminvent. Math.11(1970), 163-166VIR0322203 (48 #565)

8. L. Bonavero 1négalitts de Morse holomorphes singaries C. R. Acad. Sci., Paris&. 1317,
n12,1163-1166 (199 R1257232 (94i:32047)

9. J.-P. Demailly EstimationsL? pour I'opérateurd d’un fibré vectoriel holomorphe semi-positif
au-dessus d’une vaie kahlerienne compte Ann. Sci. Ec. Norm. Sufdl5(1982), 457-511.
MR0690650 (85d:32057)

10. J.-P. Demalilly Champs maggtiques et iagalitts de Morse pour la”’-cohomologie Ann.

Inst. Fourier (Grenoble35(1985), 189-229MR0812325 (87d:58147)

11. J.-P. Demailly Transcendental proof of a generalized Kawamata-Viehweg vanishing theorem
C. R. Acad. Sci. Parisé. | Math.309 (1989), 123-126 and:Proceedings of the Conference
“Geometrical and algebraical aspects in several complex variables” held at Cetraro, Univ. del
Calabria, June (1989)R1004954 (90e:32032)

12. J.-P. Demailly Singular hermitian metrics on positive line bundlésoc. Conf. Complex
algebraic varieties (Bayreuth, April 2—6, 1990), edited by K. Hulek, T. Peternell, M. Schneider
F. Schreyer, Lecture Notes in Math., Vol. 1507, Springer-Verlag, Berlin, (198R1L178721
(939:32044)

13. J.-P. Demailly -A numerical criterion for very ample line bundlek Differential Geom37
(1993), 323—-374VIR1205448 (94d:14007)

14. J.-P. Demailly Effective bounds for very ample line bundlesent. Math.124(1996), 243—


/mathscinet/pdf/1369144.pdf
/mathscinet/pdf/1660941.pdf
/mathscinet/pdf/1772667.pdf
/mathscinet/search/publications.html?pg1=IID&s1=271077
/mathscinet/pdf/66694.pdf?pg1=MR&amp;s1=16:619a&amp;loc=fromreflist
/mathscinet/pdf/1358978.pdf?pg1=MR&amp;s1=97b:32036&amp;loc=fromreflist
/mathscinet/pdf/175148.pdf?pg1=MR&amp;s1=30:5333&amp;loc=fromreflist
/mathscinet/pdf/1211891.pdf?pg1=MR&amp;s1=94g:14006&amp;loc=fromreflist
/mathscinet/pdf/1016428.pdf?pg1=MR&amp;s1=90h:14021&amp;loc=fromreflist
/mathscinet/pdf/25238.pdf?pg1=MR&amp;s1=9:618d&amp;loc=fromreflist
/mathscinet/pdf/322203.pdf?pg1=MR&amp;s1=48:565&amp;loc=fromreflist
/mathscinet/pdf/1257232.pdf?pg1=MR&amp;s1=94i:32047&amp;loc=fromreflist
/mathscinet/pdf/690650.pdf?pg1=MR&amp;s1=85d:32057&amp;loc=fromreflist
/mathscinet/pdf/812325.pdf?pg1=MR&amp;s1=87d:58147&amp;loc=fromreflist
/mathscinet/pdf/1004954.pdf?pg1=MR&amp;s1=90e:32032&amp;loc=fromreflist
/mathscinet/pdf/1178721.pdf?pg1=MR&amp;s1=93g:32044&amp;loc=fromreflist
/mathscinet/pdf/1178721.pdf?pg1=MR&amp;s1=93g:32044&amp;loc=fromreflist
/mathscinet/pdf/1205448.pdf?pg1=MR&amp;s1=94d:14007&amp;loc=fromreflist

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

261.MR1369417 (97a:32035)

J.-P. Demailly Pseudoconvex-concave duality and regularization of curydhépublication
Institut Fourier, Septembre 1998, 40NdR1748605 (2002e:32046)

J.-P. Demailly, J. Ka#lr - Semi-continuity of complex singularity exponents aatlr-Einstein
metrics on Fano manifoldgrépublication Institut Fourier 1999.

J.-P. Demailly, Th. Peternell, M. Schneide€empact complex manifolds with numerically
effective tangent bundlg3. Algebraic Geometr$ (1994)295-34951R1257325 (95f:32037)

J.-P. Demailly, Th. Peternell, M. Schneidétseudo-effective line bundles on projective vari-
eties manuscript in preparation (1998).

L. Ein -Note on higher dimensional adjoint linear system®print 1994, personal communi-
cation to the authocf. MR 95a:14006

L. Ein, O. Kichle and R. LazarsfeldL-ocal positivity of ample line bundlg3. Differ, Geom.

42, (1995), 193—-21MR1366545 (96m:14007)

L. Ein and R. Lazarsfeld Seshadri constants on smooth surfacisurrees de @onetrie
Algébrique d’Orsay, Juillet 1992, Astisque282(1993), 177-186MR1265313 (95f:14031)

L. Ein and R. Lazarsfeld Global generation of pluricanonical and adjoint linear series
on smooth projective threefolddour. of Am. Math. Soc6 (1993), 875-903MR1207013
(94c¢:14016)

L. Ein and R. LazarsfeldGlobal generation of linear series on terminal threefglogern. J.
Math.6 (1995) 1-18MR1307300 (95k:14056)

H. Esnault and E. Viehwed ogarithmic De Rham complexes and vanishing theoyémaent.
Math. 86 (1986) 161-194MR0853449 (87:32088)

H. Esnault and E. Viehweg l-ectures on vanishing theoremBMV Seminar, Band20,
Birkhauser Verlag (1992MR1193913 (94a:14017)

G. Ferandez del BustoBogomolov instability and Kawamata-Viehweg vanishihcflgebr.
Geom.4 (1995) 693—-700MR 1339844 (96h:14062)

G. Ferandez del Busto A Matsusaka-type theorem on surfac&sAlgebr. Geom5 (1996),
513-520MR1382734 (98d:14007)

T. Fujita - Semipositive line bundles). Fac. Sci. Univ. of Tokyd30 (1983), 353-378.
MR0722501 (85f:32051)

T. Fujita -On polarized manifolds whose adjoint bundles are not semiposifilgebraic
Geometry, Sendai, 1985, Adv. Stud. in Pure Math., Vol. 10, North Holland, T. Oda (ed.)
(1987), 167-178VIR0946238 (89d:14006)

T. Fujita -Problem list Conference held at the Taniguchi Foundation, Katata, Japan, Augus
1988.

T. Fujita -Remarks on Ein-Lazarsfeld criterion of spannedness of adjoint bundles of polarizet
threefolds preprint 1993.

H. Grauert Ein Theorem der analytischen Garbentheorie und die Mddutre komplexer
Strukturen Publ. Math. I.H.E.S5 (1960), 233—-292MR0121814 (22 #12544)

P.A. Griffiths -Hermitian differential geometry, Chern classes and positive vector bundles
Global Analysis, papers in honor of K. Kodaira, Princeton Univ. Press, Princeton, 1969, 181
251.MR0258070 (41 #2717)


/mathscinet/pdf/1369417.pdf?pg1=MR&amp;s1=97a:32035&amp;loc=fromreflist
/mathscinet/pdf/1748605.pdf?pg1=MR&amp;s1=2002e:32046&amp;loc=fromreflist
/mathscinet/pdf/1257325.pdf?pg1=MR&amp;s1=95f:32037&amp;loc=fromreflist
/mathscinet/pdf/1270522.pdf?pg1=MR&amp;s1=95a:14006&amp;loc=fromreflist
/mathscinet/pdf/1366545.pdf?pg1=MR&amp;s1=96m:14007&amp;loc=fromreflist
/mathscinet/pdf/1265313.pdf?pg1=MR&amp;s1=95f:14031&amp;loc=fromreflist
/mathscinet/pdf/1207013.pdf?pg1=MR&amp;s1=94c:14016&amp;loc=fromreflist
/mathscinet/pdf/1207013.pdf?pg1=MR&amp;s1=94c:14016&amp;loc=fromreflist
/mathscinet/pdf/1307300.pdf?pg1=MR&amp;s1=95k:14056&amp;loc=fromreflist
/mathscinet/pdf/853449.pdf?pg1=MR&amp;s1=87j:32088&amp;loc=fromreflist
/mathscinet/pdf/1193913.pdf?pg1=MR&amp;s1=94a:14017&amp;loc=fromreflist
/mathscinet/pdf/1339844.pdf?pg1=MR&amp;s1=96h:14062&amp;loc=fromreflist
/mathscinet/pdf/1382734.pdf?pg1=MR&amp;s1=98d:14007&amp;loc=fromreflist
/mathscinet/pdf/722501.pdf?pg1=MR&amp;s1=85f:32051&amp;loc=fromreflist
/mathscinet/pdf/946238.pdf?pg1=MR&amp;s1=89d:14006&amp;loc=fromreflist
/mathscinet/pdf/121814.pdf?pg1=MR&amp;s1=22:12544&amp;loc=fromreflist
/mathscinet/pdf/258070.pdf?pg1=MR&amp;s1=41:2717&amp;loc=fromreflist

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.
50.

51.

52.

53.

P.A. Griffiths, J. Harris -Principles of algebraic geometryWiley, New York (1978).
MRO0507725 (80b:14001)

S. Helmke -On Fujita’s conjecture Duke Math. J.88 (1997), 201-231MR1455517
(99e:14003)

S. Helmke -Global generation of adjoint linear system€ommunication au Congs
d’Oberwolfach “Komplexe Analysis”, Septembre 199821686947 (2000f:14008)

H. Hironaka Resolution of singularities of an algebraic variety over a field of characteristic
zerg Ann. of Math.79(1964) 109—-326MR0199184 (33 #7333)

L. Hormander 4.2 estimates and existence theorems fottloperator, Acta Math.113(1965),
89-152MR0179443 (31 #3691)

L. Hormander -An introduction to Complex Analysis in several variabl&866, 3rd edition,
North-Holland Math. Libr., vol.7, Amsterdam, London (1999)R1045639 (91a:32001)

Y. Kawamata A generalization of Kodaira-Ramanujam’s vanishing theqrstath. Ann.261
(1982), 43-46MR0675204 (84i:14022)

Y. Kawamata The cone of curves of algebraic varietiésn. of Math.119(1984) 603-633.
MR0744865 (86¢:14013b)

Y. Kawamata On Fujita’s freeness conjecture for 3-folds and 4-folsisth. Ann.308(1997),
491-505MR1457742 (99¢:14008)

Y. Kawamata Deformation of canonical singularitieslg-geom/9712018 (1997), to appear
in J. Amer. Math. SodaMR1631527 (999:14003)

Y. Kawamata On the extension problem of pluricanonical fosrpseprint Univ. of Tokyo at
Komaba, September 199&. MR 2000i:14053

Y. Kawamata, K. Matsuda and K. Matsukintroduction to the minimal problemlgebraic
Geometry, Sendai, 1985, Adv. Stud. in Pure Math., Vol. 10, T. Oda (ed.), North Holland.
Amsterdam (1987), 283-36MR0946243 (89e:14015)

K. Kodaira -On a differential geometric method in the theory of analytic staBkec. Nat.
Acad. Sci. USA39(1953), 1268-12781R0066693 (16,618b)

K. Kodaira -On Kahler varieties of restricted typeAnn. of Math. 60 (1954), 28-48.
MR0068871 (16,952b)

J. Kolbr - Effective basepoint freenesMlath. Ann. 296 (1993), 595-605MR1233485
(941:14004)

J. Kollr - Singularity of pairs Preprint University of Utah, November 1995. MR 96:14010

J. Kolr and T. MatsusakaRiemann-Roch type inequalitiedmer. J. of Math.105(1983),
229-252MR0692112 (85¢:14007)

J. Kolfr, Y. Miyaoka and S. MoriRational connectedness and boundedness of Fano manifolds
J. Differential Geom36 (1992), 765—-779MR1189503 (949:14021)

R. Lazarsfeld, Lectures on linear series, with the assistance of G. &adez del Busto
Lectures of a summer program on Complex Algebraic Geometry, Park City, 1993, Amer
Math. Soc., IAS/Park City Math. S€3.(1997), 163-219MR 1442523 (98h:14008)

P. Lelong -Intégration sur un ensemble analytique comple&all. Soc. Math. Franc&5
(1957), 239-262MR0095967 (20 #2465)

54. P. Lelong Plurisubharmonic functions and positive differential forr@ordon and Breach,


/mathscinet/pdf/507725.pdf?pg1=MR&amp;s1=80b:14001&amp;loc=fromreflist
/mathscinet/pdf/1455517.pdf?pg1=MR&amp;s1=99e:14003&amp;loc=fromreflist
/mathscinet/pdf/1455517.pdf?pg1=MR&amp;s1=99e:14003&amp;loc=fromreflist
/mathscinet/pdf/1686947.pdf?pg1=MR&amp;s1=2000f:14008&amp;loc=fromreflist
/mathscinet/pdf/199184.pdf?pg1=MR&amp;s1=33:7333&amp;loc=fromreflist
/mathscinet/pdf/179443.pdf?pg1=MR&amp;s1=31:3691&amp;loc=fromreflist
/mathscinet/pdf/1045639.pdf?pg1=MR&amp;s1=91a:32001&amp;loc=fromreflist
/mathscinet/pdf/675204.pdf?pg1=MR&amp;s1=84i:14022&amp;loc=fromreflist
/mathscinet/pdf/744865.pdf?pg1=MR&amp;s1=86c:14013b&amp;loc=fromreflist
/mathscinet/pdf/1457742.pdf?pg1=MR&amp;s1=99c:14008&amp;loc=fromreflist
/mathscinet/pdf/1631527.pdf?pg1=MR&amp;s1=99g:14003&amp;loc=fromreflist
/mathscinet/pdf/1718145.pdf?pg1=MR&amp;s1=2000i:14053&amp;loc=fromreflist
/mathscinet/pdf/946243.pdf?pg1=MR&amp;s1=89e:14015&amp;loc=fromreflist
/mathscinet/pdf/66693.pdf?pg1=MR&amp;s1=16:618b&amp;loc=fromreflist
/mathscinet/pdf/68871.pdf?pg1=MR&amp;s1=16:952b&amp;loc=fromreflist
/mathscinet/pdf/1233485.pdf?pg1=MR&amp;s1=94f:14004&amp;loc=fromreflist
/mathscinet/pdf/1233485.pdf?pg1=MR&amp;s1=94f:14004&amp;loc=fromreflist
/mathscinet/pdf/1339664.pdf?pg1=MR&amp;s1=96j:14010&amp;loc=fromreflist
/mathscinet/pdf/692112.pdf?pg1=MR&amp;s1=85c:14007&amp;loc=fromreflist
/mathscinet/pdf/1189503.pdf?pg1=MR&amp;s1=94g:14021&amp;loc=fromreflist
/mathscinet/pdf/1442523.pdf?pg1=MR&amp;s1=98h:14008&amp;loc=fromreflist
/mathscinet/pdf/95967.pdf?pg1=MR&amp;s1=20:2465&amp;loc=fromreflist

55.

56.

S7.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.
68.

69.

70.

71.

72.

73.

74.

New-York, and Dunod, Paris (1969).

L. Manivel -Un theoréeme de prolongemedt’ de sections holomorphes d’'un fébvectorie
Math. Zeitschrift212(1993) 107-122MR1200166 (94e:32050)

T. MatsusakaPolarized varities with a given Hilbert polynomjamer. J. of Math94 (1972),
1027-1077MR0337960 (49 #2729)

S. Mori -Threefolds whose canonical bundles are not numerically effe&ive. of Math.116
(1982), 133-176VIR0662120 (84€:14032)

A.M. Nadel Multiplier ideal sheaves and#hler-Einstein metrics of positive scalar curvature
Proc. Nat. Acad. Sci. U.S./86(1989), 7299-7300 and Annals of Math32(1990), 549-596.
MR1078269 (92d:32038)

S. Nakano -On complex analytic vector bundles. Math. Soc. Japaid (1955), 1-12.
MR0073263 (17,409b)

T. Ohsawa On the extention of.? holomorphic functions, JIPubl. RIMS, Kyoto Univ.24
(1988), 265-279VIR0944862 (89d:32031)

T. Ohsawa and K. TakegosHdn the extension df? holomorphic functiondMath. Zeitschrift
195(1987), 197-204MR0892051 (889g:32029)

I. Reider -Vector bundles of rank 2 and linear systems on algebraic surfafas. of Math.
127(1988), 309-33.MR0932299 (89e:14038)

G. de Rham Variétées diferentiablesHermann, Paris (1955/R0068889 (16,957Db)

F. Sakai -Reider-Serrano’s method on normal surfacsoc. Intern. Conf. on Algebraic
Geometry (L'Aquila, June 1988), Lecture Notes in Math., Vol. 1417, Springer-Verlag, Berlin,
1990, 301-319MR1040564 (91d:14001)

M. Schneider Ein einfacher Beweis des Verschwindungssaizegdsitive holomorphe Vek-
torraumhindel Manuscripta Math11 (1974), 95-101MR0352551 (50 #5038)

B. Shiffman, A.J. Sommesé&/anishing theorems on complex manifgledsogress in Math. no
56, Birkhauser (1985)MR0782484 (86h:32048)

V. Shukorov -The non-vanishing theorerivlath. U.S.S.R. 1zv19 (1985), 591-607.

Y.T. Siu -Analyticity of sets associated to Lelong numbers and the extension of closed positi\
currents Invent. Math.27(1974), 53—156MR0352516 (50 #5003)

Y.T. Siu - An effective Matsusaka big theoresnn. Inst. Fourier4d3 (1993), 1387-1405.
MR1275204 (95f:32035)

Y.T. Siu -Very ampleness criterion of double adjoint of ample line bund®eismceton Conf. in
honor of Robert C. Gunning and Joseph J. Kohn, Princeton University, NJ, USA, Mar. 16—2(
1992; Ann. Math. Studl37(1995), 291-318VIR1369144 (98f:32032)

Y.T. Siu - Effective Very Amplenessnvent. Math. 124 (1996), 563-571MR1369428
(97a:32036)

Y.T. Siu -Invariance of Plurigeneramanuscript October 1997, to appear in Inventiones Math.
MR1660941 (99i:32035)

H. Skoda Sous-ensembles analytiques d’ordre fini ou infini da@hsBull. Soc. Math. France
100(1972), 353—408VIR0352517 (50 #5004)

H. Skoda Applications des techniquds a la theorie des i@éaux d’une algbre de fonctions
holomorphes avec poid&nn. Scient. Ec. Norm. Sup. 4&6e5(1972), 545-579IMR0333246


/mathscinet/pdf/1200166.pdf?pg1=MR&amp;s1=94e:32050&amp;loc=fromreflist
/mathscinet/pdf/337960.pdf?pg1=MR&amp;s1=49:2729&amp;loc=fromreflist
/mathscinet/pdf/662120.pdf?pg1=MR&amp;s1=84e:14032&amp;loc=fromreflist
/mathscinet/pdf/1078269.pdf?pg1=MR&amp;s1=92d:32038&amp;loc=fromreflist
/mathscinet/pdf/73263.pdf?pg1=MR&amp;s1=17:409b&amp;loc=fromreflist
/mathscinet/pdf/944862.pdf?pg1=MR&amp;s1=89d:32031&amp;loc=fromreflist
/mathscinet/pdf/892051.pdf?pg1=MR&amp;s1=88g:32029&amp;loc=fromreflist
/mathscinet/pdf/932299.pdf?pg1=MR&amp;s1=89e:14038&amp;loc=fromreflist
/mathscinet/pdf/68889.pdf?pg1=MR&amp;s1=16:957b&amp;loc=fromreflist
/mathscinet/pdf/1040564.pdf?pg1=MR&amp;s1=91d:14001&amp;loc=fromreflist
/mathscinet/pdf/352551.pdf?pg1=MR&amp;s1=50:5038&amp;loc=fromreflist
/mathscinet/pdf/782484.pdf?pg1=MR&amp;s1=86h:32048&amp;loc=fromreflist
/mathscinet/pdf/352516.pdf?pg1=MR&amp;s1=50:5003&amp;loc=fromreflist
/mathscinet/pdf/1275204.pdf?pg1=MR&amp;s1=95f:32035&amp;loc=fromreflist
/mathscinet/pdf/1369144.pdf?pg1=MR&amp;s1=98f:32032&amp;loc=fromreflist
/mathscinet/pdf/1369428.pdf?pg1=MR&amp;s1=97a:32036&amp;loc=fromreflist
/mathscinet/pdf/1369428.pdf?pg1=MR&amp;s1=97a:32036&amp;loc=fromreflist
/mathscinet/pdf/1660941.pdf?pg1=MR&amp;s1=99i:32035&amp;loc=fromreflist
/mathscinet/pdf/352517.pdf?pg1=MR&amp;s1=50:5004&amp;loc=fromreflist
/mathscinet/pdf/333246.pdf?pg1=MR&amp;s1=48:11571&amp;loc=fromreflist

(48 #11571)

75. H. Skoda EstimationsL? pour I'opérateur 0 et applications arithrétiques Seminaire P.
Lelong (Analyse), anee 1975/76, Lecture Notes in Math., Vol. 538, Springer-Verlag, Berlin
(1977), 314-323VIR0460723 (57 #716)

76. H. Tsuji-Global generation of adjoint bundlgagoya Math. 1142(1996), 5-16MR 1399465
(979:14004)

77. E. Viehweg -Vanishing theorems]. Reine Angew. Math335 (1982), 1-8.MR0667459
(83m:14011)

Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.

(© Copyright American Mathematical Society 2001, 2007

AMERICAN MATHEMATICAL SOCIETY

- Citations
M a th SCI N et Mathemaltical Reviews on the Web From References: 0

From Reviews: 0

MR1772667 (2001b:00028)00B25

% Seminaire Bourbaki. Vol. 1998/99. (French) [Bourbaki Seminar. Vol. 1998/99]
Exposs 850—-864.

Astérisque No. 266 (2000).
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{Vol. 1997/98 has been reviewe®#[R1685659 (99m:0002)
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Maillot, Vincent (F-ENS-MI)

Geometrie d’Arakelov des variétés toriques et fibies en droites inégrables. (French.
English, French summaries) [Arakelov geometry of toric varieties and integrable line
bundles]

Mém. Soc. Math. Fr. (N.SNo. 80(2000),vi+129pp.

In the present monograph, the author develops the arithmetic intersection theory which involvi
characteristic classes of line bundles with singular Hermitian metrics and applies it to smoot
projective toric varieties.

An arithmetic varietyX is a regular scheme which is flat and projective ddetn a remark-
able paper H. Gillet and C. Sa@u[Inst. Hautetudes Sci. Publ. Math. No. 72 (1990), 93-174
(1991); MR1087394 (92d:1401%xonstructed the arithmetic Chow gro@‘(X) of X and
their intersection product. LeX, be the complex manifold associated to the generic fivgr
and F.: X,o — X the complex conjugate ok .. For a vector bundlé on X with an F.-
invariant smooth Hermitian metric on the generic fiber, the Chern class(éf, /) is defined in
CH*(X) [H. A. Gillet and C. Sow#, Ann. of Math. (2)131(1990), no. 1, 163-203R1038362
(91m:140324d)

In Arakelov geometry, we often need to deal with line bundles with non-smooth Hermitian
metrics. But the Chern classes of these bundles cannot be def'ﬁé\mﬂf). One of the purposes
of this monograph is to extend the arithmetic Chow groups so that their Chern classes can
defined.

A Hermitian line bundlg( L, k) on X is called admissible if. is generated by global sections
and if 4 is continuous, positive and uniformly approximated by positive smooth metrics.)
is called integrable if it is written as a difference of two admissible line bundles/CTE/E‘l(X)
denote a group of painsZ, g) consisting of a closed subscheie— X of codimensiorp and a
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real F..-invariant(p — 1, p — 1)-currentg, subject to rational equivalence. We note @(X)
is a subgroup oﬁ\}ﬁ’(X). For a rational section of an integrable line bundléL, &), the pair
(div(s), —log h(s, s)) determines an element/@ﬁl(X), which is denoted by, (L, h).

When the metrich is not smooth,—log (s, s) is no longer a Green current of logarith-
mic type. But for finitely many global sections of admissible line bundle$Z;, h;) and a
Green currentyz for Z C X such that diys;),---,div(s,) and Z intersect properly, the-
product ofgz, —log hi(s1,s1),- -+, —loghy(sg, q), is defined by using the theory of products
of positive currents due to E. Bedford and B. A. Taylor [Acta Math9 (1982), no. 1-2, 1—-

40; MR0674165 (84d:32024and J.-P. Demailly [ifComplex analysis and geometfyl15-193,
Plenum, New York, 1993y1R1211880 (94k:32009)This generalizeé-product yields the prod-
uctaci(Ly, hy) - - -ci1(Lg, hy) in/C\Iﬁ’(X), wherea e@—q(X) and(L;, h;) are integrable line
bundles onX. The subgroup (;(T/I{Y’(X) generated by such products as mentioned above is de-
noted byﬁfm(){) and called the generalized arithmetic Chow group of codimensidnis
obvious tha@‘(X ) Cﬁi*nt(X ). The mostimportant propertyffH\fnt(X ) is that it possesses

a multiplicative structure.

The author applies this generalized arithmetic intersection theory to smooth projective tori
schemes ove¥. Let A be a complete regular fan such that the associated toric scRéhe
is smooth and projective over a ground rid®A) has a natural action of a tords When the
ground ring is a field, the Chow ring & (A) is completely known: LefA(1) be the set of all -
dimensional cones. We can associate te A(1) a 7T-invariant line bundlel, on P(A). Then
the Chow ring ofP(A) over a field is generated by the Chern clagsés,,) for all o € A(1) and
their relations are given in terms of the fan.

In order to seek an analogy of the above result on the arithmetic Chow ring, we have to choo
a canonical Hermitian metric on afiy-invariant line bundle o®(A) and to define its arithmetic
Chern class. In this paper three equivalent ways to construct the metric are introduced. Althou
this metric is not smooth, th&-invariant line bundle with this metric, which is denoted by,
becomes integrable. Hence its arithmetic Chern class is defi@H\m(P(A)).

The author computes the intersection prodégt.,,) - - - ¢1(L,,), of these Chern classes for
o1,---,04 € A(1). The main result s the following: If the usual intersectiQQiL,, ) - - - c1(L,, ) is
zero in the Chow ring, then the arithmetic intersectigfL,, ) - - - 1 (L,, ) is also zero. Furthermore
the author shows that the canonical heights of hypersurfacPgAn) over Z are expressed by
their Mahler measures. At the end, he proves an arithmetic analogue of the Bernstein-Kushniren
theorem.

Reviewed byruichiro Takeda
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MR1768171 (2001e:3205182U35

Herbort, Gregor (D-WUPP)

The pluricomplex Green function on pseudoconvex domains with a smooth boundary.
(English summary)

Internat. J. Math11 (2000),no. 4,509-522.

Let D be a bounded hyperconvex domainGr and letg(z,w) denote the pluricomplex Green
function onD with a (single) pole atv. In the paper under review, the author studies the behaviour
of g as the pole tends to a boundary point. It is well known that for a fixed polg z, w) tends

to zero as: tends to the boundary, but in genegails not symmetric, and in fact it is unknown
whetherlim,, ., g(z, w) = 0 for any wy in the boundary of an arbitrary bounded hyperconvex
domain. This question is interesting not only in itself, but also has consequences for the study
the boundary behaviour of the Bergman metric.

The main result of the paper is that/ifadmits a Hblder continuous bounded plurisubharmonic
exhaustion function, thelim,, ., inf,.cx g(z, w) = 0 for everyw, € 0D and every compact set
K C D. In particular, this statement holds i is a bounded pseudoconvex domain with
boundary.

The proof of the main result is rather technical and depends on careful upper and lower boun
of the integrall; = [ |g(-, w;)|(dd° max{g(-, z;), —n; })™ (where(z,) is a sequence in some fixed
compact sef andn; is a suitable sequence of positive numbers tendingojo The difficult
part is to get a lower bound fdr in terms ofg itself and a Hblder continuous plurisubharmonic
exhaustion function, and this is done by adapting a construction by Demailly.

Reviewed byFrank Wikstbm
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Hwang, Jun-Muk ; To, Wing-Keung (SGP-SING)

On Seshadri constants of canonical bundles of compact quotients of bounded symmetric
domains. (English summary)

J. Reine Angew. Matb23(2000), 173197.

Let L be an ample line bundle over a projective manifadldTo measure the “local positivity” of

L at a given pointz in X, Demailly introduced the Seshadri numh¢r., ). Lower bounds of
these numbers yield precise results about the generatisfet$ by global sections oK'y + L

atx, while upper bounds also carry some local geometric information on the polarized manifols
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(X, L).

The paper under review gives lower and upper bounds(ibrx) in terms of metric invariants
when L is the canonical line bundle over a smooth compact quotient of a bounded symmetri
domain ofC", endowed with its natural Poindatike metric of Ricci curvature-1. The method
of proof involves the construction of some singular Hermitian metriéganwith prescribed pole
order atz.

Reviewed byl hierry Bouche

References

1. Bauer, Th., Seshadri constants on algebraic surfaces, Math. 343(1999), 547-583.
MR1678549 (2000d:14006)
2. Chen, E.-H., Cheng, S.-Y. and Lu, Q.-K., On the Schwarz lemma for compé#dtkeKmani-
folds, Sci. Sinic&2(1979), 1238-124M™MR0557331 (81f:53050)
3. Demallly, J.-P., Singular Hermitian metrics on positive line bundles, Lect. Notes W5(7.
(1992), 84—-104MR1178721 (939:32044)
4. Ein, L., Kuchle, O. and Lazarsfeld, R., Local positivity of ample line bundles, J. Diff. Geom.
42(1995), 193-219MR1366545 (96m:14007)
5. Ein, L. and Lazarsfeld, R., Seshadri constants on smooth surfacesedeutea Gonetrie
Algébriques d’'Orsay, Aétisque218(1993), 177-186MR 1265313 (95f:14031)
6. Helgason, S., Differential geometry, Lie groups and symmetric spaces, Academic Press, Nt
York 1978.MR0514561 (80k:53081)
7. Hermann, R., Geometric aspects of potential theory in bounded symmetric domains Il, Mat|
Ann.151(1963), 143-149MR0155342 (27 #5276)
8. Hormander, L., An introduction to complex analysis in several variables, North-Holland, Am-
sterdam 1973VIR0344507 (49 #9246)
9. Hwang, J.-M. and To, W.-K., On Seshadri constants of canonical bundles of compact compl
hyperbolic spaces, Comp. Mathil8(1999), 203—-219vIR1713311 (2000i:32034)
10. Kobayashi, S. and Nomizu, K., Foundations of differential geometry, vol. |, John Wiley anc
Sons, New York 1963aMR0152974 (27 #2945)
11. Lazarsfeld, R., Lengths of periods and Seshadri constants of abelian varieties, Math. Res. L
3(1996), 439-44MR1406008 (98e:14044)
12. Mok, N., Uniqgueness theorems of Hermitian metrics of seminegative curvature on quotients
bounded symmetric domains, Ann. Matt25(1987), 105-152MR0873379 (88f:32076)
13. Mok, N., Metric rigidity theorems on Hermitian locally symmetric manifolds, World Scientific,
Teaneck, NJ, 198%R1081948 (92d:32046)
14. Royden, H. L., The Ahlfors-Schwarz lemma in several complex variables, Comment. Matt
Helv. 55(1980), 547-558VIR0604712 (82i:32049)
15. Siu, Y.-T., Complex-analyticity of harmonic maps, vanishing and Lefschetz theorems, J. Diff
Geom.17(1982), 55-138MR0658472 (83j:58039)
16. Wan, Z. X., Lie Algebras, Pergammon Press, New York 180412238 (54 #365)
17. Wolf, J., Fine structure of Hermitian symmetric spaces, in: Boothby, W. and Weiss, G. (eds.
Symmetric Spaces, Marcel Dekker, New York (1972), 271-880404716 (53 #8516)


/mathscinet/search/publications.html?pg1=IID&s1=271077
/mathscinet/pdf/1678549.pdf?pg1=MR&amp;s1=2000d:14006&amp;loc=fromreflist
/mathscinet/pdf/557331.pdf?pg1=MR&amp;s1=81f:53050&amp;loc=fromreflist
/mathscinet/pdf/1178721.pdf?pg1=MR&amp;s1=93g:32044&amp;loc=fromreflist
/mathscinet/pdf/1366545.pdf?pg1=MR&amp;s1=96m:14007&amp;loc=fromreflist
/mathscinet/pdf/1265313.pdf?pg1=MR&amp;s1=95f:14031&amp;loc=fromreflist
/mathscinet/pdf/514561.pdf?pg1=MR&amp;s1=80k:53081&amp;loc=fromreflist
/mathscinet/pdf/155342.pdf?pg1=MR&amp;s1=27:5276&amp;loc=fromreflist
/mathscinet/pdf/344507.pdf?pg1=MR&amp;s1=49:9246&amp;loc=fromreflist
/mathscinet/pdf/1713311.pdf?pg1=MR&amp;s1=2000i:32034&amp;loc=fromreflist
/mathscinet/pdf/152974.pdf?pg1=MR&amp;s1=27:2945&amp;loc=fromreflist
/mathscinet/pdf/1406008.pdf?pg1=MR&amp;s1=98e:14044&amp;loc=fromreflist
/mathscinet/pdf/873379.pdf?pg1=MR&amp;s1=88f:32076&amp;loc=fromreflist
/mathscinet/pdf/1081948.pdf?pg1=MR&amp;s1=92d:32046&amp;loc=fromreflist
/mathscinet/pdf/604712.pdf?pg1=MR&amp;s1=82i:32049&amp;loc=fromreflist
/mathscinet/pdf/658472.pdf?pg1=MR&amp;s1=83j:58039&amp;loc=fromreflist
/mathscinet/pdf/412238.pdf?pg1=MR&amp;s1=54:365&amp;loc=fromreflist
/mathscinet/pdf/404716.pdf?pg1=MR&amp;s1=53:8516&amp;loc=fromreflist

18. Zhong, J.-C., The degree of strong nondegeneracy of the bisectional curvature of exceptio
bounded symmetric domains, in: Kohn, J. J., Lu, Q.-K., Remmert, R. and Siu, Y.-T. (eds.), Se\
eral Complex Variables, Proceedings of the 1981 Hangzhou Conferenceaiisedh Boston
(1984), 127-139MR0897589 (88m:32062)

Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.

© Copyright American Mathematical Society 2001, 2007

AMERICAMN MATHEMATICAL SOCIETY

- Citations
M a th SCI N et Mathemaltical Reviews on the Web From References: 0

Article From Reviews: 0
MR1760443 (2001i:32040)32Q45(32H02 32J15)
Cantat, Serge(F-ENSLY)

Deux exemples concernant une conjecture de Serge Lang. (French. English, French
summaries) [Two examples related to a conjecture of Serge Lang]

C.R. Acad. Sci. Parisé&. | Math.330(2000),no. 7,581-586.

A compact complex analytic spacé is hyperbolic if every holomorphic map from the complex
plane C to X must be constant. M. Green and P. Griffiths ihe Chern Symposium 1979
(Proc. Internat. Sympos., Berkeley, Calif., 1942074, Springer, New York, 198MR0609557
(82h:32026)) conjectured that ifX is a pseudo-canonical (Lang’s “functorial” terminology for
“general type”) projective variety, then the image of any holomorphic map frtbta X will be
contained in a proper Zariski subvariety &t Thus, S. Lang [Bull. Amer. Math. Soc. (N.SL}
(1986), no. 2, 159-209vIR0828820 (87h:3205]1 ronjectured that ifX is a projective variety,
then every subvariety oX, including X itself, is pseudo-canonical if and onlyX is hyperbolic.
Lang also conjectured that X is a projective variety which is not pseudo-canonical, then there
will be an abelian varietyl and a non-constant rational map frohto X. Thus, Lang conjectured
that a projective varietyX is hyperbolic if and only if every rational map from every abelian
variety to X must be constant. Note that the existence of subvarieties, and hence the projectivi
assumption onX, is essential to Lang’s reasoning sketched here. However, some authors, fc
example J.-P. Demailly [iAlgebraic geometry—Santa Cruz 19285-360, Proc. Sympos. Pure
Math., 62, Part 2, Amer. Math. Soc., Providence, RI, 199R1492539 (99b:3203{onjecture
2.6)] and J. Winkelmann [@m. Soc. Math. Fr. (N.S.) No. 72-73 (1998), x+219 ppR 1654465
(999:32058)Question 4.14.4)], left out the projectivity assumption and asked simply: i a
compact complex analytic space such that every holomorphic map from a complex tofus to
must be constant, then mustbe hyperbolic?

The paper under review gives examples of non-projective compact complex manifolds that shc
that this generalization of Lang’s conjecture to non-projective manifolds is false, even if one
restricts oneself to compac@ler manifolds. The author’s first examples are non-projedtige
surfaces, which are &hler. He shows that iX is a K3 surface without any projective curves,
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then there are no non-constant holomorphic maps from complex totkinkedeed, if there were
a non-constant holomorphic map from a complex torus, it would necessarily be surjective b
the proper mapping theorem and the absence of one-dimensional subvarieties. This would tt
contradict the fact thaX is simply connected. The fact that hyperbdki@ surfaces form an open
subset of the moduli space of a3 surfaces, and the fact that Kummer surfaces are dense in
that moduli space, imply that n§3 surface is hyperbolic. The author’s second examples of non-
hyperbolic surfaces with no nontrivial images of complex tori are certain rimef quotients of
D x C, known as Inoue surfaces [M. Inoue, Invent. M&2h.(1974), 269-310MR0342734 (49
#7479] The paper concludes with a discussion of why one cannot use a construction like Inoue
to produce higher-dimensional projective counterexamples to Lang’s original conjecture.
Reviewed bywilliam A. Cherry

References

1. Bogomolov F.A., Tschinkel Yu., Density of rational points on elligtié surfaces, Preprint,
1999.cf. MR 2000e:14025

2. Campana F., An application of twistor theory to the non-hyperbolicity of certain compact
symplectic Kahler manifolds, J. Reine Angew. Math. (1992) 1IMR1151311 (939g:32036)

3. Demailly J.-P., Algebraic criteria for Kobayashi hyperbolic projective varieties and jet differ-
entials, in: Kollar J. et al. (Ed.), Algebraic Geometry, Proc. of the Summer Research Institute
Santa Cruz, Providence, Vol. 425, 1995, pp. 285-86R1492539 (99b:32037)

4. Fujiki A., On automorphism groups of compadciider manifolds, Invent. Math. 44 (3) (1978)
225-258MR0481142 (58 #1285)

5. Green M., Griffiths P., Two applications of algebraic geometry to entire holomorphic mappings

in: Differential Geometry, Proc. int. Chern Symp., Berkeley, 1979, pp. 41MR0609557

(82h:32026)

Inoue M., On surfaces of cla§d1, Invent. Math. 24 (1974) 269-31BIR0342734 (49 #7479)

7. Katzarkov L., Ramachandran M., On the universal coverings of algebraic surfaces, Ann. Sciel
Ec. Norm. Sup., IV. Ser. 31 (4) (1998) 525-588R1634091 (99h:14015)

8. Katzarkov L., On the Shafarevich maps, in: Kollar J. et al. (Ed.), Algebraic Geometry, Proc
of the Summer Research Institute, Santa Cruz, Providence, 1995, pp. 1784R1492537
(2000a:14009)

9. Lang S., Introduction to Complex Hyperbolic Spaces, Springer-Verlag, New York, 1987
MR0886677 (88f:32065)

10. Mori S., Mukai S., The uniruledness of the moduli space of curves of genus 11, in: Algebrai
Geometry, Proc. Jap.—Fr. Conf., Tokyo and Kyoto 1982, Lect. Notes in Math. 1016, Springet
Verlag, 1983, pp. 334-3581R0726433 (85b:14033)

11. Sminaire Palaiseau,&netrie des surfaceK3: modules et priodes, Agtrisque 126, Soc.
Math. de France, 1985.

12. Winkelman J., Compact Complex Parallelisable Manifolds, Soc. Math. de France, 1999.

Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.

(© Copyright American Mathematical Society 2001, 2007

»


/mathscinet/pdf/342734.pdf
/mathscinet/pdf/342734.pdf
/mathscinet/search/publications.html?pg1=IID&s1=292846
/mathscinet/pdf/1695791.pdf?pg1=MR&amp;s1=2000e:14025&amp;loc=fromreflist
/mathscinet/pdf/1151311.pdf?pg1=MR&amp;s1=93g:32036&amp;loc=fromreflist
/mathscinet/pdf/1492539.pdf?pg1=MR&amp;s1=99b:32037&amp;loc=fromreflist
/mathscinet/pdf/481142.pdf?pg1=MR&amp;s1=58:1285&amp;loc=fromreflist
/mathscinet/pdf/609557.pdf?pg1=MR&amp;s1=82h:32026&amp;loc=fromreflist
/mathscinet/pdf/609557.pdf?pg1=MR&amp;s1=82h:32026&amp;loc=fromreflist
/mathscinet/pdf/342734.pdf?pg1=MR&amp;s1=49:7479&amp;loc=fromreflist
/mathscinet/pdf/1634091.pdf?pg1=MR&amp;s1=99h:14015&amp;loc=fromreflist
/mathscinet/pdf/1492537.pdf?pg1=MR&amp;s1=2000a:14009&amp;loc=fromreflist
/mathscinet/pdf/1492537.pdf?pg1=MR&amp;s1=2000a:14009&amp;loc=fromreflist
/mathscinet/pdf/886677.pdf?pg1=MR&amp;s1=88f:32065&amp;loc=fromreflist
/mathscinet/pdf/726433.pdf?pg1=MR&amp;s1=85b:14033&amp;loc=fromreflist

AMERICAMN MATHEMATICAL SOCIETY

- Citations
M a th SCI N et Mathemaltical Reviews on the Web From References: 5

From Reviews: 0

MR1758586 (2001):32037)32U40 (32C30 32U25 32W20)

Ben Messaoud, Hed{TN-SFAXS); EIMir, Hassine (TN-TUNISM)

Opérateur de Monge-Ampere et tranchage des courants positifs feris. (French)
[Monge-Ampere operator and slicing of closed positive currents]

J. Geom. Anal10 (2000),no. 1,139-168.

Fork < p <n, R acurrent of bidimensiofp, p) in the unit polydiskA™ in C" (R € D’(p p)(A”)),

anda > 0 a bounded, measurable function with compact suppat'irsuch that/. acd )\ = 1,

the slice ofR ata € Ay, denoted by R, 7, a),, is the weak limit inﬂ)’(p_hp_k)(A”) of

1 F— 1
R/\7r*<87ka<z . °) .4kk!(dd0\z'\2)k)

ase — 0, provided this limit exists. Here; = (2, 2") € A* x A" * andr(z) = 2/ (warning: in
the second paragraph of the introduction, where this definition is gigérs tistakenly written
“e”). If a is the (normalized) characteristic function of the unit ballG#, this agrees with the
definition of Federer; itv is a smooth, compactly supported function, this agrees with the notion
of R. Harvey and B. Shiffman [Ann. of Math. (8P (1974), 553-587MR0355095 (50 #7572)
(we remark that Federer, as well as Harvey-Shiffman, allows the projectiobe replaced by an
arbitraryC>°-map of an open set i@” = R*" to C* = R?Y).

When R = F' + dG where F' and G have locally integrable coefficients (i.e? is locally
flat), it is well-known that the slice of? exists over each poini € A; outside of a set of
2k-dimensional Lebesgue measure zero. Lebe a positive, closed current of bidimension
(p,p) in a neighborhood of the closed unit polydigk® in C". The main result of the pa-
per is Theorem 1.2: there exists a pluripolar 8t A*, independent ofy, such that for all
a € A\ E, the slice(T, ,a), exists and is independent af moreover, for a smooth, com-
pactly supportedp — k, p — k)-form ¢ on A™ and a locally bounded plurisubharmonic function
in A*,
(1) / T A(dd“(vom))f A= / (T, 7, a)(p)(ddv)".

n a€ Ak

The proof uses a special regularization procedure: one considers the regularized curre|
T * j, Wherea;(|z|) := j*"a(j|z|), and then studies the weak convergence of the sequence
{(T * aj) A (dd“v;)*}; where{v;}; are plurisubharmonic (psh) functions decreasing to a psh
functionv whose unbounded locugv) avoids supf” in a local sense (Theorem 1.3). A key tool
in proving Theorem 1.3, developed in Section 2, is the potebtial U(n,T) = U(2,T) asso-
ciated to a positive, closed curréfitof bidimension(p, p) in an open sef); ¢ C". ForQ) CC
Q; andn € D(Q4), 0 <n < 1 with n =1 on a neighborhood d, U is the negative current of
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bidimension(p + 1,p+ 1) in C" defined by

—1 (dd“(Jz —z*)" "
D e TOTON
Utilizing techniques developed by J.-P. Demailly lomplex analysis and geometfy15-193,
Plenum, New York, 1993y1IR1211880 (94k:32009)the authors obtain weak convergence of the
sequencd (T * ;) A (ddv;)*};.

Section 3 begins the discussion on slicing. After the definition and basic properties are give
results on slicing the potential are proved; it is shown that slices Gfexist outside a pluripolar
setand (1) holds far’; from this, one deduces the analogous results on the positive, closed currel
T'. Section 4 includes applications of the slicing results; for example, modifications, using (1)
are indicated which give a simplification of the proof from [H. Ben Messaoud and H. El Mir, C.
R. Acad. Sci. Paris&. | Math.316(1993), no. 11, 1173-1176R1221644 (94e:3202Ddf the
main result in that paper: ifl is a closed, complete pluripolar set in the unit polydisk (there
existsu psh in A" with A = {z € A" u(z) = —o0}), and if T' is a positive, closed current in
A"~ A of bidimension(p, p) such thafl” has finite mass if(z/, 2") € A™: r < |2”|}, somer <
1, and(T, 7, 2') exists and has finite mass for everyin a nonpluripolar subsef of A*, then
the trivial extension ofl’ by zero onA is a closed, positive current. At the end of this section, a
pair of interesting results are proved. First, a nice sufficient condition for the existence of the slic
(T, 7, a), ata € Ay is provided in Theorem 4.4: the functian— hy(a — ), wherehy(z) is the
standard Newtonian kernel {@* = R?*, should be inL{. .(A", 07.), where

or =T A (dd|2'|*)" 1T A (dd]2"|)P~—

(the trace measure @fA (dd°|2’|?)*~1). Then itis shown that for any pluripolar sBtc A*, there
exists a positive, closed currehtof bidimension(p, p) in A" such that the slice df ata € F

does not exist. Finally, in Section 5, it is shown that the Lelong number is preserved under slicing
outside of an exceptional pluripolar set.

U(z):=

Reviewed byNorman Levenberg
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Demailly, Jean-Pierre(F-GREN-F) El Goul, Jawher (F-TOUL3)

Hyperbolicity of generic surfaces of high degree in projective 3-space. (English summary)
Amer. J. Math122(2000),no0. 3,515-546.

S. Kobayashi Hyperbolic manifolds and holomorphic mappind3ekker, New York, 1970;
MRO0277770 (43 #3503)conjectured that a generic hypersurface of dimension the pro-
jective spaceP”*! is hyperbolic, i.e., every holomorphic map from the affine complex {the
into such a hypersurface is constant. In the paper under review the authors verify the above c
jecture for a very generic surface P of degreed > 21 (i.e., away from a possible countable
union of subvarieties in the moduli space of surfaces of degyeklore precisely, the surfaces
for which the claim holds are of general type, have Picard nurlagrd their Chern classes sat-
isfy certain inequalities. The methods and techniques developed and used in the paper might
of independent interest but they are far too elaborate to be discussed here.. For the purpose of
review we outline briefly the key ideas of the proof which goes as follows. Using the Riemann
Roch theorem one produces a branched covefing X living in the projectivized tangent bundle
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of X. If f:C — X is a non-constant holomorphic map, then its first differential extends to a
holomorphic map whose image is contained in a leaf of an algebraic foliation. @y a re-
cent argument of M. McQuillan [Inst. Hauté&tudes Sci. Publ. Math. No. 87 (1998), 121-174;
MR1659270 (99m:32028)the resulting curve must be algebraically degenerate, i.e., containec
In a proper algebraic subvariety af. In order to apply this result one is in fact forced to con-
sider2-jets. Then the closure of the image pfis either a rational or an elliptic curve. On the
other hand, by a result of H. Clemens [Ann. Satole Norm. Sup. (419(1986), no. 4, 629-636;
MRO0875091 (88c:1403F,)a generic surface of degree at le@sih the projective space contains
no rational or elliptic curves which implies thétis in fact constant.

Similar results in a more general context (implying, in particular, the Kobayashi conjecture fo
generic surfaces of degree at ledétin P?) were obtained recently in [M. McQuillan, Geom.
Funct. Anal.9 (1999), no. 2, 370-392/1R1692470 (2000f:3203})

Reviewed byfomasz Szemberg
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Zhan, Hui Rong (PRC-XIAM); Yao, Zong Yuan (PRC-XIAM)

A generalization of the Koppelman formula for differential forms of type (p, ¢) on Stein
manifolds. (Chinese. English, Chinese summaries)

Xiamen Daxue Xuebao Ziran Kexue Bz#(2000),no. 2,147-151.

Summary: {p, q)-type differential forms on Stein manifolds cannot adopt the Euclidean metric
as they can irC" because the Euclidean metric on a Stein manifold is not invariant under holo-
morphic transformations. This article adopts Demailly and Laurent-Thiebaut’s methods to solv
the problem of the invariant metric by using a Hermitian metric and the Chern connection. A ger
eralization of the Koppelman formula for differential forms(@f ¢)-type on Stein manifolds is
obtained by introducing a chosen parametera natural number which is greater than or equal
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to 2. Whenm is 2, the formula is just the original Koppelman formula for differential forms of
(p, q)-type on Stein manifolds. When is equal ta3,4,-- -, N (N < +00), respectively, a series
of Koppelman formulas with different forms can be given.”

(© Copyright American Mathematical Society 2001, 2007
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Group actions onS® and complex structures onPs.

Duke Math. J102(2000),n0. 1,101-124.

It has been known for a long time that the 6-sph&feadmits almost complex structures, while
the other sphereS?” for n > 1 have no almost complex structures. But it is not known whether
any of these almost complex structures®rare integrable.

In this paper the authors assume thais S with a complex structure. Under this assumption, it
Is then proved thak is not an almost homogeneous manifold, i.e., that the group of holomorphic
automorphisms (which is a complex Lie group) does not have an open orkit on

The proof roughly goes as follows. By a result of F. Campana, J.-P. Demailly and T. Peterne
[Compositio Math112(1998), no. 1, 77-9IMR1622747 (99e:3204F)he manifold X does not
have any nonconstant meromorphic functions. As a consequenkecantained an open orbit
of its automorphism group it would necessarily be of the fa¥ii", whereG is a 3-dimensional
complex Lie group and’ is a discrete subgroup @f. HenceG would be either semisimple or
solvable. The first case is easily eliminated. The second is more complicated and proceeds
elimination of the various 3-dimensional solvable complex Lie groups.

This paper also contains some observations about complex structdPgotained by assum-
ing thatS% has a complex structure and blowing up a point.

Reviewed byB. Gilligan
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MR1748605 (2002e:3204632U40 (32C30 32C37 32F10 53C60)
Demailly, Jean-Pierre (F-GREN-F)
Pseudoconvex-concave duality and regularization of currents. (English summary)

Several complex variabl¢Berkeley CA, 1995-1996), 233271,Math. Sci ResInst Publ., 37,
Cambridge UnivPress Cambridge 1999.

The goal of this paper is to investigate some duality properties connecting pseudoconvexity al
pseudoconcavity in a certain perspective to obtain a geometric version of the Serre duality theore
These duality properties are related to several geometric problems, such as the conjecture
Hartshorne asserting that the complement@tadimensional algebraic subvariétywith ample
normal bundleVy in a projective algebraic variety is g-convex in the sense of Andreotti-Grauert.
M. Schneider proved the conjecture in the case that the normal bundle is positive in the sense
Griffiths. Using Sommese’s result, the author proves the conjecture in the cas¥thas a
strictly convex plurisubharmonic Finsler metric.

Let X be a complex manifold of dimensianand £ a holomorphic vector bundle of rank
Demailly treats the problem of approximation of closed positive )-currents and the attenuation
of their singularities. In general a closed positive curfEBrtannot be approximated in the weak
topology by smooth closed positive currents. J.-P. Demailly [Ann. Bmile Norm. Sup. (415
(1982), no. 3, 457-51NR0690650 (85d:32057)). Algebraic Geoml (1992), no. 3, 361-409;
MR1158622 (93e:32015)n Contributions to complex analysis and analytic geomet@5—
126, Vieweg, Braunschweig, 199MR1319346 (96k:32012)roved that this approximation is
possible if we allow the regularizatidh to have a small negative part. The main point is to control
the negative part in terms of the global geometry of the ambient geomXetiyturns out that
more or less optimal bounds can be described in terms of the convexity of a Finsler metric on tt
tangent bundld’y. The author gives an easy proof based on the use of symmetric products ¢
Finsler metrics.
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MR1748597 (2000k:32002)32-06
% Several complex variables.
Papers from the MSRI Program held in Berkeley, CA, 1995-1996.
Edited by Michael Schneider and Yum-Tong Siu.
Mathematical Sciences Research Institute Publications, 37.
Cambridge University Pres€ambridge 1999.xii+564pp. $59.95.I1SBN0-521-77086-6

Contents: M. Salah Baouendi and Linda Preiss Rothschild, Local holomorphic equivalence of re
analytic submanifolds i€? (1-24); Daniel Barlet, How to use the cycle space in complex geom-
etry (25-42); Edward Bierstone and Pierre D. Milman, Resolution of singularities (43—78); Harolc
P. Boas and Emil J. Straube, Global regularity of taBleumann problem: a survey of ttg-
Sobolev theory (79-111); Ederic Campana and Thomas Peternell, Recent developments in the
classification theory of compactaler manifolds (113-159); Michael Christ, Remarks on global
irregularity in thed-Neumann problem (161-198); John P. D’Angelo and Joseph J. Kohn, Subel
liptic estimates and finite type (199-232); Jean-Pierre Demailly, Pseudoconvex-concave dual
and regularization of currents (233—-271); John Erik Fornaess and Nessim Sibony, Complex d
namics in higher dimension (273—-296); John Erik Fornaess and Brendan Weickert, AttraBtors in
(297-307); Peter Heinzner and Alan Huckleberry, Analytic Hilbert quotients (309-349); Jun-Mul
Hwang and Ngaiming Mok, Varieties of minimal rational tangents on uniruled projective mani-
folds (351-389); Christian Okonek and Andrei Teleman, Recent developments in Seiberg-Witte
theory and complex geometry (391-428); Yum-Tong Siu, Recent techniques in hyperbolicity prof
lems (429-508); Domingo Toledo, Rigidity theorems iafer geometry and fundamental groups
of varieties (509-533); Paul Vojta, Nevanlinna theory and Diophantine approximation (535-564
{The papers are being reviewed individuglly.
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MR1724404 (2000i:32057)32U25 (32C30)

Favre, Charles(S-RIT)

Note on pull-back and Lelong number of currents. (English, French summaries)
Bull. Soc. Math. Franc&27(1999),no. 3,445-458.

The main result of this paper is the following: ff (C™,0) — (C",0) is a holomorphic map of
maximal rank equal t@, andT" a positive closed current of bidegree (1,1), then the pull-back
f*T is well defined and there exists a constaht- 0 (depending only ory) such that one has
the inequalities/(7,0) < v(f*T,0) < C-v(T,0). The author proves a semilocal version of the
main result and gives some relations of his result with the results of J.-P. Demai@pfnplex
analysis and geometryt15-193, Plenum, New York, 1998t1R1211880 (94k:32009)M. Meo
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[C. R. Acad. Sci. Paris&. | Math.322(1996), no. 12, 1141-114¥R1396655 (97d:3201B8and
C. O. Kiselman [“Le nombre de Lelong des images inverses des fonctions plurisousharmonique
Bull. Sci. Math., to appeatr].

Reviewed byMongi Blel
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MR1722815 (2000i:32066)32W20

Xing, Yang (S-UMEA)

Complex Monge-Ampere equations with a countable number of singular points. (English
summary)

Indiana Univ. Math. J48 (1999),no. 2,749-765.

As proven by J.-P. Demailly [Math. 2.94 (1987), no. 4, 519-564yIR0881709 (88g:32034)
one can definédd“u)" if w is a plurisubharmonic function such that the set wheienot locally
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bounded is relatively compact. In the paper under review the author proves that under certe
technical assumptions on a nonnegative Borel megs(irecluding the assumption thathas at
most countably many singular points) there existgith (dd‘u)" = p.
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MR1714825 (2000i:14008)14C20(14J10)

Kuchle, Oliver (D-BAYR-IM) ; Steffens, Andreaqg D-BAYR-IM)

Bounds for Seshadri constants.

New trends in algebraic geometfywarwick 1996), 235254, London MathSoc Lecture Note
Ser, 264,Cambridge UnivPress Cambridge 1999.

In recent years there has been considerable interest in understanding the local positivity of am,
line bundles on algebraic varieties. Seshadri constants, introduced by J.-P. Dem&lyripiex
algebraic varieties (Bayreuth, 199087-104, Lecture Notes in Math., 1507, Springer, Berlin,
1992;MR1178721 (939g:32044l)emerged as a natural measure of the local positivity of a line
bundle. These numbers are very hard to control and their exact value is known only in very fe
cases. Therefore, given a polarized variely, L) of dimensionn, it is interesting to ask for
bounds for the Seshadri constaiif, =) at a pointz € X. Whereas there is a universal upper
bounde(L, ) < (L"), the non-existence of a universal lower bound follows from examples
given by Miranda. On the other hand, L. M. H. Ein and R. K. LazarsfeldgAstjue No. 218
(1993), 177-186MR1265313 (95f:14031showed that ifX is a surface then(L, z) > 1 for all

but countably many points € X (in fact, all but finitely many provided? > 1). Itis conjectured

that the bound: (L, x) > 1 is valid in any dimension, at least farc X very general i.e. away
from a countable union of proper subvarieties. A weaker regiltz) > 1/n for x very general

was shown by Ein, Kchle and Lazarsfeld [J. Differential Geo#?2 (1995), no. 2, 193-219;
MR1366545 (96m:1400F)

In the paper under review the authors refine the study of lower bounds for Seshadri constan
The strategy consists of finding via the Riemann-Roch theorem an effective divigdrjm high
multiple of L, having large multiplicity at the given point The procedure splits then according to
whether the singularity at is isolated or not, the second case imposing existence of a subvariet
on X with unusual low degree with respectfo The bounds obtained look technically involved
but they can be flexibly adjusted to a concrete situation at hand.

The methods presented in the paper combined with the effective very ampleness results due
U. Angehrn and Y. T. Siu [Invent. Matii.22 (1995), no. 2, 291-308¥1IR1358978 (97b:32036)
allow the authors to give bounds valid at arbitrary pointXofThese bounds depend of course on
the geometry ofX .
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Hwang, Jun-Muk (KR-SNU); To, Wing-Keung (SGP-SING)

On Seshadri constants of canonical bundles of compact complex hyperbolic spaces. (English
summary)

Compositio Math118(1999),no. 2,203-215.

Seshadri constants were introduced by J.-P. Demaillgfimplex algebraic varieties (Bayreuth,
1990) 87-104, Lecture Notes in Math., 1507, Springer, Berlin, 1898R1178721 (939:32044xs
away to measure the local positivity of an ample line bundle. They emerged firstin connection wit
problems revolving around Fujita’s conjecture concerning global generation and very amplene
of adjoint line bundles. In the course of time they have constantly gained more and more intere
in their own right [L. M. H. Ein, O. Kichle and R. K. Lazarsfeld, J. Differential Geo#2.(1995),

no. 2, 193-219MR1366545 (96m:14007)l. Bauer, Math. Ann313 (1999), no. 3, 547-583;
MR1678549 (2000d:1400p)Since these numbers are very hard to control and their exact values
are known only in very few cases, itis interesting, given a polarized varéty. ) of dimensiomn,

to ask for bounds for the Seshadri consta(it, =) at a pointr € X . Kleiman’s nefness criterion
provides a universal upper boun., =) < (L")'/". If the actual value of (L, z) is strictly lower

than the upper bound, it has strong geometric consequencés fon the other hand, examples
due to Miranda show there is no universal lower bound. However Hiohle and Lazarsfeld [op.
cit.] showed thatl /n is such a bound if is sufficiently general. It is conjectured that an ample
line bundle behaves as a very ample line bundle at a very general point (i.e. away from a countal
union of proper subvarieties); in particular, the actual lower bound at such points is expected
be 1. This conjecture was proved for surfaces by Ein and Lazarsfel@&fisiue No. 218 (1993),
177-186MR1265313 (95f:14031])

For all the above reasons it is interesting and important to study bounds for Seshadri constal
for specific classes of polarized varieties. In the article under review the authors provide lowe
and upper bounds for Seshadri constants of the canonical bundle on compact quotients of -
unit ball in C™. These bounds are expressed in terms of the Pd@nmatric invariants. The proof
for the lower bound builds upon ideas of Lazarsfeld [Math. Res. Bgtt996), no. 4, 439-447;
MR1406008 (98e:14044applied originally to abelian varieties. The proof for the upper bound
IS more involved. It relies on properties of plurisubharmonic functions which are shown in the
second half of the paper.

Reviewed byfomasz Szemberg
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MR1704301 (2000i:32021)32F45(32F17 32U10)

Chen, Bo-Yong(PRC-FUDAN-IM)

Completeness of the Bergman metric on non-smooth pseudoconvex domains. (English
summary)

Ann. Polon. Math71 (1999),no. 3,241-251.

The author proves that {2 is either a bounded pseudoconvex domain with Lipschitz boundary
in C™ or a bounded regular domain @ then it is complete with respect to the Bergman metric.
He also gives an example of a bounded domai@ which is Bergman complete but not regular.
As proven by J.-P. Demailly [Math. 2.94 (1987), no. 4, 519-564YIR0881709 (88g:32034)
pseudoconvex domains with Lipschitz boundaryGh are hyperconvex (that is, they admit a
bounded plurisubharmonic exhaustion function), whereas regularity of domaihis iequivalent

to hyperconvexity. It has been recently shown by P. Pflug and the reviewer [Nagoya Math. .
151 (1998), 221-225MR1650305 (2000b:3206pband, independently, by G. Herbort [Math.

Z. 232 (1999), no. 1, 183-196yIR1714284 (2000i:32020xee the preceding review], that all
hyperconvex domains are Bergman complete. In the first of these works the article under revie
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Di Rocco, Sandra(S-RIT)

Generation of k-jets on toric varieties. (English summary)
Math. Z.231(1999),no. 1,169-188.

In recent years, there has been interest in understanding higher order embeddings of algeb!
varieties. Several notions of higher order embeddings were introduced [M. C. Beltrametti an
A. J. Sommese, iProblems in the theory of surfaces and their classification (Cortona, 1988)
33-48, Sympos. Math., XXXII, Academic Press, London, 199R1273371 (95d:14005)n
Complex analysis and geometBb5—-376, Plenum, New York, 1998tR1211891 (949:14008§)

two of which—%&-very ampleness ankkjet ampleness—attracted quite a lot of attention in the
past decade. Whereas by now well understood in the case of surfaces, these notions remain mc
unexplored for polarized varieties of arbitrary dimension. The paper under review contribute
towards understanding higher order embeddings of the broad class of varieties: toric varieties. T
author shows that for toric varieties both notions mentioned above are equivalent and that they :
equivalent to higher convexity for A-support function as defined by the author. This is a nice
generalization of strict convexity introduced by Demazure and Oda, which in turn is known to b
equivalent to very ampleness of the line bundle in question.

In the last part of the paper the author shows that local and global positivity of a line bundl
on a toric variety are closely related. In particular, she shows (Corollary 6.5) that if the Seshac
constant [see J.-P. Demailly, @omplex algebraic varieties (Bayreuth, 1998y—104, Lecture
Notes in Math., 1507, Springer, Berlin, 1992R1178721 (939:32044df a line bundle at a point
is at least: then the line bundle i&-jet ample, the converse being true for arbitrary varieties.
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MR1688140 (2000d:32034)32J27(32C30 32J15 32Q15)

Lamari, Ahcene

Courants kahlériens et surfaces compactes. (French. English, French summaries) 4Kler
currents and compact surfaces]

Ann. Inst. Fourier (Grenoble39 (1999),no. 1,vii, X, 263-285.

It has been known for a while that every compact complex surface with even first Betti numbe
is Kahler. The classical proof (completed in 1983 by Y. T. Siu’s paper [Invent. M&t{1983),
no. 1, 139-150MR0707352 (84}:32036) relies on the Kodaira classification, and a case by case
examination. The paper under review provides a relatively short and self-contained unified proof
this fact. The strategy, inspired by Harvey-Lawson’s work on intrinsic characterizatioaldéK
manifolds through currents, is to show the existence of aHlir current” (closed positive, 1)-
current bounded below by a Hermitian metric), which in turn provides a smoalteK metric
in codimension 2. These constructions are not limited to the surface case; they are interesting
themselves. The main tool here is the regularization theorem of J.-P. Demailly [J. Algebraic Geor
1(1992), no. 3, 361-40%R1158622 (93e:3201p)

Reviewed byl hierry Bouche
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Bauer, Thomas(D-ERL-MI)

Seshadri constants on algebraic surfaces.

Math. Ann.313(1999),no. 3,547-583.

Seshadri constants are invariants introduced by J.-P. Demaillgdmplex algebraic varieties
(Bayreuth, 199Q)87-104, Lecture Notes in Math., 1507, Springer, Berlin, 199R1178721
(939:32044). They encode information on the local positivity of an ample line bundle. The name
originates in the Seshadri criterion for ampleness [R. Hartshéme]e subvarieties of algebraic
varieties Springer, Berlin, 1970MR0282977 (44 #211)

Given a smooth variet)X of dimension, a line bundlel, on X and a point: € X we denote by
e(L, x) the Seshadri constant éfatz. This is the biggest numbersuch that th&R-line bundle
f*L —ecFE is nef, wheref is the blowup ofX at x with exceptional divisotF. It is natural to
ask what restrictions, if any, can be imposed on that quantity. An upper kgdina) < (L")'/"
follows easily from S. L. Kleiman'’s criterion [Ann. of Math. (8% (1966), 293-344MR0206009
(34 #5834). On the other hand, Miranda gave examples which show that there is no general lowze
bound in any dimension. Somehow surprisingly, in this context L. M. H. Ein,@hke and R. K.
Lazarsfeld [J. Differential Geon42 (1995), no. 2, 193-21%IR1366545 (96m:1400Fshowed
thate(L,x) > 1/n at a very general point € X, i.e. outside a countable union of divisors on
X. Itis conjectured that the actual bound can be improved fox) > 1, some evidence being
provided by earlier work of Ein and Lazarsfeld on surfacesé&fistjue No. 218 (1993), 177-186;
MR1265313 (95f:14031])

The bounds(L, z) > 1 is obvious if X is an abelian variety (and it does not dependrpm@s
X is homogeneous). M. Nakamaye [Amer. J. Math8 (1996), no. 3, 621-639¥IR1393263
(97k:14005) observed that the equality has strong geometric implications, namelplits as a
product of an elliptic curve and an abelian variety of dimension 1. Proceeding along these
lines, Lazarsfeld [Math. Res. Le8(1996), no. 4, 439-44'KIR1406008 (98e:1404}xnd Bauer
[Math. Ann. 312 (1998), no. 4, 607-623¥IR1660259 (2000a:14054%howed that Jacobians,
respectively Prym varieties, have small Seshadri constants among principally polarized abeli
varieties. This is equivalent to saying that they have a period of unusually short length, as explain
by Lazarsfeld, building upon results of P. Buser and P. C. Sarnak [Invent. MBt(1994), no. 1,
27-56;MR1269424 (951:22018)

Seshadri constants are very hard to compute in general. They are not known even in the seemir
easy case of surfacés C P? of degreel > 5 (see Bauer [Math. Anr809(1997), no. 3, 475-481;
MR1474202 (98i:14009%¥or d < 4). In the paper under review the author restricts his attention to
algebraic surfaces and proves a long list of interesting results in this setup.

The paper consists of eight sections. The first one has an introductory character. Every ott
section could be viewed as a paper on its own.

In the second section a list of possible values for the Seshadri constant of a smooth siPface in
is given. The author shows that there are only a few choices for small Seshadri numbers and t|
they are related to the global geometry of the surface.

In the next section the author gives a lower bound for the Seshadri constant of an ample lir
bundle L in terms of the canonical slope df, which is defined as the minimal real number
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o =o(L) such thav L — K is nef. Furthermore, Miranda’s examples, originally constructed on
rational surfaces, are generalized to arbitrary surfaces.

The next two sections contain a bound on the degree of curves whichafdusg to be small
at a very general point € X. This bound is used to give a quick proof of Nakamaye'’s result
mentioned above in the case of abelian surfaces. The author also discusses the question of |
many curves can causél, ) to be sub-maximal, i.e(L, z) < VL2

The last three sections deal with different aspects of Seshadri constants on abelian surfac
If (X, L) is a polarized abelian surface with Picard numpeK) = 1 then the author in fact
computes the Seshadri constant.ofAbelian surfaces thus constitute the first nontrivial class of
algebraic varieties for which Seshadri constants have been computed. The numbers in effect w
conjectured in the previous joint work of the author and the reviewer [T. Bauer, op. cit., 199¢
(Appendix)]. The next result presented here is a detailed description of the nef cone of an abeli
surface with arbitrary Picard number (it is well known that p(X') < 4). Finally, multiple point
Seshadri constants are introduced. These invariants are even harder to control in general; it suffi
to say that their computation f@&? is equivalent to the unsolved Nagata conjecture [M. Nagata,
Chinese J. Mathl1 (1983), no. 1, 1-4MIR0692988 (84f:14008) In the case of abelian surfaces
the author gives interesting lower bounds for multiple point Seshadri constants valid in any point
Previous results along these lines proved hiycKle [Ann. Inst. Fourier (Grenoble)6 (1996),
no. 1, 63—71MR1385510 (97d:1401Dare valid only for very general points.

One of the upshots of the paper under review is that Seshadri constants of abelian surfas
are rational numbers. Although there is not much other evidence, it is tempting to finish with
conjecture, not addressed directly in the paper, that Seshadri constants are always rational.

Reviewed byfomasz Szemberg
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MR1678537 (2000b:32017)32C30(32E20 32U25)
Guedj, Vincent (F-PARIS11)

Approximation of currents on complex manifolds.
Math. Ann.313(1999),no. 3,437474.

The purpose of this work is the approximation of positive closed currents of bidé¢tyrég

on complex projective algebraic manifolds by rational divisors. Xoa pseudoconvex domain

of C" and H%(X,R) = 0, in 1972 P. Lelong proved this kind of approximation. In 1982 J.-P.
Demailly [Invent. Math.69 (1982), no. 3, 347-374YIR0679762 (84f:32007)generalized this
result to the case wher€ is a Stein or projective algebraic manifold modulo some cohomological
assumption, and gave a control of the Lelong numbers of the approximation. In 1995 J. Duval al
N. Sibony [Duke Math. J79 (1995), no. 2, 487-513VIR1344768 (96f.32016)showed that one
can approximate él, 1) positive currentl” by rational divisors whose support converges to the
support ofl’ in the Hausdorff metric.

The paper under review can be seen as a combination of the result of Demailly, and that of Du\
and Sibony. The first main result of this work is the following: Every positive closed cufrent
bidegreg(1, 1) on the projective spad€P” [resp. the Grassmann manifalg, ,,,(C) of k-planes
of C™, resp. the hyperquadrig,,(C) for m > 4] can be weakly approximated by rational divisors
whose support converges$app 7.

In the second section the author generalizes the notion of rational convexity and gives a gen
alization of the result of Duval and Sibony. In the last section the author gives the second ma
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result on the approximation of closed positive currents. He proves the following: beta pos-
itive closed current of bidegred, 1) on a projective algebraic manifold. Let A > 0 be such
that[\T] = ¢1 (L) for some holomorphic line bundle which we assume is positive. Assurfie=
[H]+ R, whereH = }%_, \;[Z;], whereZ; is an irreducible algebraic hypersurfaceXfand R
is a positive closed current of bidegr@le 1) on X such that the level sets of the Lelong numbers
of R are of codimension greater than 27Ifsatisfies some condition of convexity X' CC X ~
Supp 7', KT cc X ~ SuppT’) then we can approximate by rational divisors with control of the
Lelong numbers of the approximation.
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Focal loci of families and the genus of curves on surfaces. (English summary)
Proc. Amer. Math. Sod.27(1999),no0. 12,3451-3459.

In the context of the problem of characterizing which projective algebraic varieties over the
complex field are hyperbolic and in view of the Kobayashi-Lang conjecture, the authors pa
attention to the intermediate concept of algebraically hyperbolic varieties and their properties |[.
P. Demailly, inAlgebraic geometry—Santa Cruz 19285-360, Proc. Sympos. Pure Math., 62,
Part 2, Amer. Math. Soc., Providence, RI, 198R1492539 (99b:3203Fjvhere the problem is
connected with the study of the geometric genus of curves in the varieties.

They obtain several results concerning the genus of curves in general surfad@éshatt let
them conclude the algebraic hyperbolicity of these surfaces when certain conditions are satisfi
The key point is that they apply the classical theory of focal loci, recently rephrased in moder
terms by C. Ciliberto and E. Sernesi [J. Algebraic Ger{1992), no. 2, 231-250MIR1144438
(92):14034) for this purpose.

In this way, they are able to give a short proof of one of the main theorems of G. Xu [J. Differentia
Geom.39 (1994), no. 1, 139-172VIR1258918 (95d:1404B)y translating Xu’'s local analysis
with a global property of the focal locus of a family of curves.

With the same method, they also study surfaceBinhat are general in a given component of
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the Noether-Lefschetz locus and finally they obtain the algebraic hyperbolicity of some gener
projectively Cohen-Macaulay surfacesh.
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Takayama, Shigeharu(J-OSAKEGS)

Nonvanishing theorems on an algebraic variety with large fundamental group.
J. Algebraic Geom8 (1999),no. 1,181-195.

Let X be a smooth projective manifold ov€r with infinite fundamental group. J. Kdlt’s
Shafarevich map [Invent. Mati.13 (1993), no. 1, 177-2159¥IR1223229 (94m:14018)s an
important tool for analyzing the influence of (X) on the algebro-geometric properties %t
F. Campana [Bull. Soc. Math. Frand®2 (1994), no. 2, 255-284yIR1273904 (95f:32036)
gave an independent construction also valid in tléhlkr case. Ko#lr [Shafarevich maps and
automorphic formsPrinceton Univ. Press, Princeton, NJ, 198821341589 (96i:14016).8)]
refined this construction and defined a quasi-fibrattotX’ — Y whose general fibeF' is a
subvariety ofX with finite fundamental group which is maximal among such subvarieties.

This article gives a partial solution to Conjecture (18.9.1) in &cddl book [op. cit., 1995].
Its main theorem states that, given a Cartier divisasn X satisfyingh?(F, Kr + L) # 0 and
L =M+ A, whereM is a nef and bigQ-divisor and(X, A) is Kawamata log terminal, then
(X, Kx+L)#0.,

Here is a sketch of the proof. Let X — X be the universal covering space &f Atiyah'’s
Lo-index theorem and the Demailly-Nadel version of the Kawamata-Viehweg vanishing theo
rem reduces the problem to proving thet( Ky + L) has a nonzero square-integrable holo-
morphic section. Letb be a generic fiber of the Shafarevich map. Assume, inductively, that
hY(®, Ko + L) # 0. Then, for alls > 0, 7* L has a singular Hermitian metric with an isolated pole
along® of order> s. Existence of the sought for nonzefg holomorphic section then follows
from the Demailly-Nadel theorem.

A slight variant of this theorem (witl#' replaced by®) has been obtained independently by
the reviewer using similar arguments [Ann. Inst. Fourier (Greno#8()1999), no. 1, vi, ix—X,
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MR1707735 (2000k:32020)32L10 (32C30 32L20)

Bonavero, Laurent (F-GREN-FM)

Inégalités de morse holomorphes singudres. (French. English summary) [Singular
holomorphic Morse inequalities]

J. Geom. Anal8 (1998),no0. 3,409-425.

Let £ be a holomorphic line bundle on a compact complex maniféldand suppose that

Is endowed with a smooth Hermitian metric. Demailly’s holomorphic Morse inequalities [J.-P.
Demailly, Ann. Inst. Fourier (Grenobl&5 (1985), no. 4, 189-229WR0812325 (87d:5814YF)
give asymptotic estimates for the dimensions of the Dolbeault cohomology grougstefin
terms of certain curvature integrals depending on the metric.

In the paper under review, these inequalities are extended to the case of singular metrics (w
restrictions on the type of the singularities). The estimates are then the same as the original o
of Demailly, providedE®* is twisted by a suitable multiplier ideal sheaf.

One of the main applications of Demailly’s inequalities was a solution of the Grauert-
Riemenschneider conjecture (another proof was given independently by Y. T. SMofkshop
Bonn 1984 (Bonn, 1984)169-192, Lecture Notes in Math., 1111, Springer, Berlin, 1985;
MRO0797421 (87b:32059) which, in the spirit of the famous projectivity criterion of Kodaira,
gave a sufficient condition for a compact complex variety to be Moishezon. As the author point
out, this sufficient condition is not necessary: an explicit counterexample is provided. Then
deduces from his singular holomorphic Morse inequalities a complete characterization of Moish
zon varieties in terms of the existence, not of a Hermitian line bundle, butlofla-current with
certain positivity properties.

Reviewed by aurent Manive(Saint-Martin-d’Heres)
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MR1703223 (2000i:32032)32J17(32Q15)
Alessandrini, L. (I-MILANP)

Curves which are obstructions to the existence of Ehler metrics on threefolds. (English,
Italian summaries)

Rend. Mat. Appl. (718 (1998),no. 4,683-706 (1999).

In this paper, the author studies complex compact threefdldsontaining a smooth curve
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C of strictly positive genus such that/ ~ C is Kahler. The main result is the follow-
ing: put My, = M and let by inductionM,,; be the manifold obtained by blowing ujf,
along the curveC,, of minimal self-intersection in the exceptional divisdé:, of M, —
M, 1 (of courseCy = C). Lete, = —C,, - C,,. Then, under the assumption that > 0 and
E, -C, >0 foreveryn > 1, M is Kahler if and only ifC' is not homologous to zero in the Aep-
pli groupVé’Z(M). The proof uses Demailly’s regularization theorem of closed positive currents,
the Harvey-Lawson criterion and the machinery of ruled surfaces.

Reviewed by aurent Bonavero
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MR1689425 (2000d:32041)32Q10(32E40 32L20 32Q15 32Q28)

Takayama, Shigeharu(J-NARU)

The Levi problem and the structure theorem for non-negatively curved complete Khler
manifolds.

Analysis and geometry appearing in multivariable function theory (Japanese) (Kyoto, 1997).
Surikaisekikenkysho KokyurokuNo. 1058(1998), 105113,

The main result is as follows: Let be a complex manifold with negative canonical bundle.
ThenX is holomorphically convex if and only iX is pseudoconvex. It generalizes the following
result of Ohsawa [T. Ohsawa, Publ. Res. Inst. Math. 5€{1981), no. 1, 153-1641R0613939
(82):32031) supplementMR0650217 (83h:3202))Let X be a 2-dimensional complex mani-
fold with negative canonical bundlE x. Then X is holomorphically convex if and only if it is
weakly 1-complete. The author also proves a structure theorem: Every compalder Khanifold
with non-negative sectional curvature and positive Ricci curvature has a structure of holomorph
fiber bundle over a Stein manifold whose typical fiber is biholomorphic to some compact Her
mitian symmetric manifold. The author uses some new techniques from recent developments
complex geometry and analysis on adjoint bundles on projective manifolds by J.-P. Demailly [i
Proceedings of the International Congress of Mathematicians, Vol. 1ij2cfZ, 1994) 817-827,
Birkhauser, Basel, 199%R1403982 (98e:3205band Siu [U. Angehrn and Y. T. Siu, Invent.
Math.122(1995), no. 2, 291-308/R1358978 (97h:3203%)

{For the entire collection sedR1689414 (2000a:00014)

Reviewed byShanyu Ji
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MR1690918 (2000e:32043B2Uxx (32-06 32C30)
Lelong, Pierre
* Positivity in complex spaces and plurisubharmonic functions/Positivié dans les espaces
complexes et fonctions plurisousharmoniques. (French summary)
Edited and with a note by Paulo Ribenboim.
Queen’s Papers in Pure and Applied Mathematics, 112.
Queens University Kingston ON, 1998.x+243pp. ISBN0-88911-828-0

This book is a collection of previously published works by the author on the theory of closec
positive currents and plurisubharmonic functions.

The first article originally appeared as a bodlorjctions plurisousharmoniques et formes
differentielles positivesGordon & Breach, Paris, 1968/1R0243112 (39 #443f)that served
as a reference text in the theory of closed positive currents and plurisubharmonic functions.
particular, the author outlines the connections among holomorphic functions, plurisubharmon
functions and closed positive currents. Finally he introduces the integration of a differential forn
on an analytic subset.

In the second article [Bull. Soc. Math. Fran8g (1957), 239—-262MR0095967 (20 #246%)
Lelong shows that ifX is an analytic subset of pure dimensjm a complex-analytic manifold,
then the integration currenX| on X defines a closed positive, p) current. This current is
defined as the continuation of the integration current on the regular points bof particular,
Lelong proves that the mass of this current near the singular points is finite.

In the third article [inLes probabiliés sur les structures addpriques (Actes Collog. Internat.
CNRS, No. 186, Clermont-Ferrand, 1969)31—263Editions Centre Nat. Recherche Sci., Paris,
1970;MR0409897 (53 #13649)he author studies the frequency of obtaining certain functions in
the algebrad (2) of holomorphic functions of2, a domain of holomorphy i€", with n > 2. He
shows that ify is a subset of functions o(€2) that can be continued outsidk theny is a thin
set. The notions of negligible and polar sets are introduced.

The fourth article [inSeminaire Pierre Lelong (Analyse), Ae@ 1971-1972112-131. Lecture
Notes in Math., 332, Springer, Berlin, 19718R0412474 (54 #60Q)s a study of the extremal
elements of the cone of closed positive currents on a complex-analytic manifioéd is countable
at infinity. In particular, Lelong proves thatX is an irreducible analytic subset of pure dimension
p, then the integration currepX’| on X is an extremal current in the cone of closed positjve)
currents orf). This kind of problem is associated with the Hodge conjecture, as has been studie
by J.-P. Demailly [Invent. Math69 (1982), no. 3, 347-374YIR0679762 (84f:3200T7) Lelong
shows that in a pseudoconvex dom&iin C" for which H?(2, C) = 0, the cone of integration
currents on analytic subsets of pure dimensicn 1 is dense in the cone of closed positive—
1,n—1) currents.

In the fifth article [inSeminaire Pierre Lelong (Analyse) (aga 1972-1973097-106. Lecture
Notes in Math., 410, Springer, Berlin, 19MR0372904 (51 #9108}he author proves a support
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theorem for current%’ in a manifold) such thatl” andoT are of order zero anSupp 7' is in a
C* submanifold that is smoothly embeddedih

In the sixth article [inSeminaire Pierre Lelong (Analyse) (aéa 1975/76)136—156. Lecture
Notes in Math., 578, Springer, Berlin, 197MR0486608 (58 #6328)_elong associates with
every closed positivép, p) current?’ on a pseudoconvex domain a closed positivg ) current
that has the same Lelong number at every point of the domain. This current is obtained from
potential associated with which is an almost plurisubharmonic function. This result allows the
author to give a simpler proof of Siu’s theorem on the analyticity of the density set of a closel
positive current.

The seventh article [Exposition. MatB(1985), no. 2, 149-16MR0816400 (87f:32001)s a
discussion of three important directions of research: the representation of analytic sets as den:
sets, the continuation of closed positive currents and the notion of capacity in complex analys
(see the article for details).

In the eighth article [Exposition. MatB8.(1985), no. 2, 187-19MR0816405 (87m:3200P)he
author notes the priority of S. Lang and E. Bombieri’'s 1970 article [Invent. MEi1970), 1—
14;MR0296028 (45 #5089pver a paper by Bombieri of the same year [Invent. Math(1970),
267-287MR0306201 (46 #5328)

The ninth article [inGeometrical and algebraical aspects in several complex variables (Ce-
traro, 1989) 211-229, EditEl, Rende, 199R1222216 (949:32016roncerns the existence of
a principal partfg(x) at every point in the class of plurisubharmonic functions of minimal (log-
arithmic) growth for every plurisubharmonic functigiin a locally convex complex vector space
(see the paper for details).

In the last article [Math. Ann299 (1994), no. 4, 673-699y1IR1286891 (959:3202%) elong
studies plurisubharmonic functions of logarithmic type ©f. He considers the existence of
constants independent &ffor the inequalities (AD < m(f,0,R) — A(f,0,R) < oC,, (B) 0 <
M(f,0,R) — \(f,0,R) < o7,. Moreover, assuming tha}, is of logarithmic typeo;. for k =
1,---,m, and that thereforg¢ = > fi is of typeoc = > oy, he studies the existence of constants
0, Independent ofn and R such that

1 1
(see the paper for further details).
Reviewed byMongi Blel
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MR1677100 (2000b:14020)14E30 (14J30)

Peternell, Thomas(D-BAYR-IM) ; Serrano, Fernando
Threefolds with nef anticanonical bundles. (English summary)
Dedicated to the memory of Fernando Serrano.

Collect. Math.49 (1998),n0. 2-3,465-517.

Mori theory, the cornerstone of birational classification theory, aims at finding a minimal mode
of a non-singular variety, i.e., a birational model with only “mild” singularities and with a nef
canonical bundle. At this time the theory is complete in dimension 3 only, but the framework i
laid out in all dimensions, except for one (albeit very hard) step.

The subject of the paper under review is a class of varieties at the other end of the spectrum:
rieties with a nef anticanonical bundle. The main goal of the paper is to confirm the conjecture th
for smooth varieties with a nef anticanonical bundle the Albanese map is a surjective submersic
The authors succeed in proving this in dimension 3 with the help of Mori theory.

Considerable work had been done on questions related to this one before this article. The fi
author along with J.-P. Demailly and M. Schneider [Compositio M&Hh(1993), no. 2, 217-
240;MR1255695 (95b:32044had proved the same statement fatder manifolds with a semi-
positive Ricci curvature. They also proved surjectivity for this larger class of varieties in dimensiotr
3, while Q. Zhang [J. Reine Angew. Ma#h78(1996), 57-60MR 1409052 (97m:1403Pproved
surjectivity in all dimensions. Therefore the interesting part of the statement remaining was tr
smoothness of the Albanese map, which is proved in the present article in dimension 3 and is s
open in higher dimensions.

The main idea of the proof is the following: First one can assume that the canonical bundle is n
nef, otherwise the statement would follow by the Beauville-Bogomolov-Kobayashi decompositio
theorem [A. Beauville, J. Differential Geom8 (1983), no. 4, 755-782 (1984MR0730926
(86¢:32030). Now if the canonical bundle is not nef, then Mori theory produces an extremal ray
that can be contracted and either one gets a fibration over a smaller-dimensional variety or t
second Betti number drops.

Certainly not everything is so easy. First of all, in order to run Mori theory one has to allow
singularities, but this is not a major concern, as the singularities appearing are indeed very mild a
have been extensively studied. The big drawback is that working with them makes the argumer
longer and more technical (and of course it is somewhat harder to work with them than wit|
smooth varieties).

The fibration case is relatively well understood, but the other one poses some problems. Itis r
at all clear that the resulting variety will still have a nef anticanonical bundle. The authors’ way o
dealing with this problem is to further enlarge the category, namely, they study varieties with a
almost nef canonical bundle, i.e., they allow the canonical bundle to be negative on finitely mar
curves. This actually does the trick, and the induction works.

The authors prove atheorem that has evaded researchers for a long time and they find solution
many problems along the way; yet one hopes that there is a simpler proof. Indeed the proof giv
here is dependent on the dimension restriction in more than one way. The dependency does
stop at the one coming from Mori theory. The way the fibration case is handled seems at times
hoc and uses the benefits of low dimension every now and then. One hopes that perhaps these |
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could be replaced with arguments working in all dimensions and one could confine the dimensic
restriction to the one coming from Mori theory.
{For the entire collection sedR1673613 (99i:00032)
Reviewed bygandor J. Koacs
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MR1660941 (99i:32035)32L10 (32G13 32J18)
Siu, Yum-Tong (1-HRV)

Invariance of plurigenera.

Invent. Math.134(1998),no. 3,661-673.

FEATURED REVIEW.

Starting with the works of Euler and Abel on integrals on algebraic curves it has become clear th
all the analytic information about a compact Riemann surface is contained in global holomorphi
1-forms. These are objects that locally can be writtefi(@sdz, wherez is a local coordinate and
f is a holomorphic function. Riemann established that the dimension of the vector space of glob
holomorphic 1-forms is the same as the topological genus of the underlying surface. This is ol
of the earliest results establishing the topological nature of certain analytically defined numbers

In the past 100 years much effort was directed towards finding higher-dimensional versions
the result of Riemann. One direction is to replace the dimension of the vector space of glob
holomorphic 1-forms with the Euler characteristic of the line bundle of holomorpHmms
wheren is the dimension. The Hirzebruch-Riemann-Roch theorem expresses this number in terr
of the Chern classes of the complex manifold. The situation becomes murkier if we would like ti
study the vector space of global holomorphiforms. Hodge theory shows that this is naturally
a subspace of one of the topological cohomology groups, but it is still unknown how to convelt
this information into an explicit formula. The theory does, however, imply the following weaker
statement: IfX; is a family of smooth, complex, projective varieties depending continuously on
a parametet then the dimension of the vector space of global holomorphkiorms onX; is a
locally constant function of.

It has also been realized that in higher dimensions this single number does not carry enou
information about a variety. Instead, one should look at global sections of tensor powers of tf
line bundle ofn-forms. This line bundle is frequently denoted Ky, and its local sections can
be written as

flz1, - z)(dzg A - - Ndzy)®™.

The dimension of the vector space of global section&§f" is called themth plurigenus ofX
and it is denoted by’,,(X). A very natural question is: are the numbéis(X) topological in
nature? Very little is known about this problem. The following weaker conjecture received mucl
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attention because it is especially important in moduli problems:X;elbe a family of smooth,
complex, projective varieties depending continuously on a parametee the P, (X;) locally
constant functions af?

The traditional approach is to convef},(X;) into an Euler characteristic and then use the
Hirzebruch-Riemann-Roch theorem. Unfortunately, the higher cohomology group§ ofare
usually nonzero and they vary wildly within the birational equivalence class. dthis, however,
led to the first approaches to the conjecture. In many cases one can find a suitable birational mo
X* such thatP,,(X) = P,,(X*) = x(K%™). If such a model can be found for eve®, in a
family in a continuous manner then we arrive at a solution of the conjecture. This approach h:
been successfully carried out for surfaces [S. litaka, J. Math. Soc. 2&pd®70), 247-261;
MR0261639 (41 #6252and for threefolds [J. Ko#lr and S. Mori, J. Amer. Math. S06.(1992),
no. 3, 533-703MR1149195 (93i:1401%) Some cases were settled in all dimensions by M. N.
Levine [Invent. Math74 (1983), no. 2, 293—-30}1R0723219 (85d:32054)

The paper under review approaches the question differently. Instead of changing the Xariety
we would like to change the line bundiéy"" in such a way that we do not change the space of
global sections but we do eliminate higher cohomology groups. (In general this is only possibl
if K is replaced by a sheaf which is not locally free.) The key step is to introduce a metri
on the line bundlek’{" which blows up along a subvariety in a carefully controlled manner.
These ideas were introduced in algebraic geometry by litaka and his school [cf. Y. Kawamata, |
Matsuda and K. Matsuki, iAlgebraic geometry, Sendai, 19883-360, Adv. Stud. Pure Math.,
10, North-Holland, Amsterdam, 198WtR0946243 (89e:1401band in complex manifold theory
by J.-P. Demailly [inComplex algebraic varieties (Bayreuth, 1998y—-104, Lecture Notes in
Math., 1507, Springer, Berlin, 199RR1178721 (939:32044)

Inthe paper under review the author proves the deformation invariance of plurigenera for varietis
where sections of{ """ separate points over a dense open set. These are usually called varieti
of general type. For such varieties there is a natural choice of the singular metr¢ bleed basis
of the global sections ok {"; then we can declare thé} |g:|%)!/?" is a section ofK x which
has norm 1 everywhere. We get a singular metric which depends on the choice of the basis and
The proof now depends on two key observations. First, all global sectidii§ 6fare L in these
metrics and this remains so after small perturbations of the metric. In particular, the dependen
onm is not a serious problem. Second, the extension theorems of T. Ohsawa and K. Takego:
[Math. Z.195(1987), no. 2, 197-2041R0892051 (889g:3202%pand L. Manivel [Math. Z.212
(1993), no. 1, 107-12NR1200166 (94e:3205Dkan be globalized to extent? sections from
Xy to nearbyX; with a suitable perturbation of the metric. The perturbations required for the
second part are just small enough that they do not matter if all choices are made carefully.

Besides solving a long-standing problem, the author’s method is applicable to several other prc
lems concerning deformations of varieties. Two such results are in papers by Kawamata [J. Am
Math. Soc12(1999), no. 1, 85-92¥IR1631527 (99g:14008and N. Nakayama [“Invariance of
the plurigenera of algebraic varieties”, Preprint, Res. Inst. Math. Sci., Kyoto Univ., Kyoto, 1998
per revr.].
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The purpose of the paper under review is to extend the techniques related to singular Hermiti
metrics on line bundles to the higher-rank case. This generalization is carefully carried out ¢
that it yields natural extensions to works of Nadel, Demailly and Siu, among which the following
are well known: multiplier ideal sheaves, Nadel’s version of the Kawamata-Viehweg vanishin
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theorem, and effective very ampleness.
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MR1643933 (99k:14062)14J30(14J40 32J18 32J25)
Peternell, Thomas(D-BAYR-IM)

Moishezon manifolds and rigidity theorems. (English summary)
Bayreuth. Math. Schio. 54(1998), +-108.

Let X be a complex compact manifold of dimensianX is said to be a Moishezon manifold if the
transcendence degree of the field of meromorphic functions@uvsrequal ton. B. Moishezon
studied these manifolds and also proved that they become projective after a finite number
monoidal transformations (i.e. blow-ups) with nonsingular center. In the present paper the auth
discusses some central questions relative to these manifolds with special emphasis on dimen:
3.

He starts by recalling some projectivity criteria: a Moishezon manifold is projective if and only
if it is a Kahler manifold (this is due to Moishezon) or if and only if it has a line bundle whose
curvature is semipositive and positive in at least one point (this is due to Siu and Demailly).

Then he proves a new projectivity criterion for Moishezdfolds X which says thatX is
projective if and only if there is no irreducible cur¢éC X homologous to zero am¥E(X) N
—NE(X) = 0, whereNE(X) is the cone of effective curves in the vector space of 1-cycles modulo
numerical equivalence.

The proof uses the so-called Mori theory; it is not known whether the closure can be omittec
and also, at the moment, there is not a clear generalization to higher dimension.

Among others things, in the rest of the paper the author proves that a Moishezon 8-fold
homeomorphic tdP? is actually (isomorphic toP? and that every nonprojective Moishezon
3-fold contains a rational curve. The latter is a conjecture in higher dimension.

The interested reader can find similar results and arguments in [drKoBurveys in differential
geometry (Cambridge, MA, 199Q)13-199, Lehigh Univ., Bethlehem, PA, 19MR1144527
(93b:14059),
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Koziarz, Vincent (F-NANCS-IE)

Annulation de la cohomologie pour les fibés semi-positifs. (French. English, French
summaries) [Vanishing theorems for semipositive bundles]

C.R. Acad. Sci. Paris&. | Math.327(1998),n0. 2,143-148.

This paper presents a general technique for proving vanishing theorems for holomorphic vect
bundles over some special Hermitian complex-analytic manifolds. The mainidea, which goes ba
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to J.-P. Demailly [inSéminaire d’analyse P. Lelong-P. Dolbeault-H. Skoda, @ 1983/1984
88-97, Lecture Notes in Math., 1198, Springer, Berlin, 199®0874763 (88f:32069) is to
describe these groups as an inductive limiLéfveighted cohomology groups, and reducé.te
cohomology vanishing theorems. This only requires a sufficient collection of weights so that ar
C™ section ofE eventually becomes?. This is formalized here under the term “having enough
metrics”, further arguments boiling down to Demailly’s. The rest of the paper presents variou
consequences of this technique, among them a relative Nakano vanishing theorem over irreduci
Kahler analytic spaces. Unfortunately, the required collection of weights is not made explicit her:
Reviewed byl hierry Bouche
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Tsai, I-Hsun (RC-NTAI)

Chow varieties and finiteness theorems for dominant maps.
J. Algebraic Geom7 (1998),n0. 4,611-625.

The litaka-Severi conjecture states that the number of smooth complex projective varieties
general type that arise as a dominant rational image€ o finite up to birational equivalence.

This article is one of many of the author’s that are related to this topic. The central goal of th
present article is giving effective estimates in the case when the target is assumed to be a surfa

The estimates heavily depend on effective very ampleness of adjoint bundles (as in Fuijita
conjecture) of J.-P. Demailly, J. Kalf, L. Ein-R. Lazarsfeld, and Y. T. Siu. Therefore, although
these estimates are probably far from being sharp, as soon as there are better estimates for
ampleness they should yield better ones in this case.

Besides using effective very ampleness results, the paper studies Chow varieties and uses res
of F. M. E. Catanese [J. Algebraic Geoin(1992), no. 4, 561-59W1R1174902 (93:1400%)
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Yoshikawa, Ken-ichi (J-NAGO-GM)

Smoothing of isolated hypersurface singularities and Quillen metrics. (English summary)
Asian J. Math2 (1998),no. 2,325-344,

The author considers the following. Let X — S = {t € C; |t| < 1} be a proper surjective
holomorphic map of complex manifolds. Suppose thas of maximal rank outside of a finite
number of points inXy = 71(0); this family (7, X, S) is then said to be a smoothing of isolated
hypersurface singularities (IHS). Let be a Kahler metric ofX andgy/s be the induced metric
on TX/S. Let (E,h) be a holomorphic Hermitian vector bundle o Write A\(E) for the
determinant line bundle associated with cohnomologies,|@an@ for its Quillen metric relative
to gx/s andh. Assume thatr, X, S) is projective ovelS. Then the main theorem of this paper
computes the curvature current|pf||o:

ca(ME), [ -llq) =

_ 1\n+1
o EXo)-+ 7. (TA(TX/S, g5, ),

Heredim X =n+ 1, r(F) is the rank ofE, ¢, the Dirac measure @tand (X)) is the Milnor
number of the singular fiber. Moreover the second term on the right-hand side liés(ifi) for
somep > 1 depending only oB8ing X. (See [J.-M. Bismut and J.-B. Bost, Acta Ma1l65(1990),

no. 1-2, 1-103MR1064578 (91h:58122).-M. Bismut, J. Algebraic Geoné.(1997), no. 1, 19—
149; MR1486991 (2000a:5808Kjor the case of ordinary singularities.) The main theorem is
applied in this paper to study the asymptotic behavior of analytic torsion in the case of smoothir
of IHS, whose principal term turns out to be determined by the total Milnor number of the singula
fiber and determinant of period integrals. (See [M. S. Farber, J. Differential G&b(1995),

no. 3, 528-572MR1338482 (96e:5816bjor a related result.) Concerning the proof, the author
first proves the main theorem in the case wheXeF) is globalizable, i.eX can be embedded

In a projective algebraic manifold of the same dimension, Erektends as a coherent sheaf. For
this part a main tool is a theorem of Bismut and G. Lebeau [Inst. Haittefes Sci. Publ. Math.

No. 74 (1991), ii+298 pp. (1992MR1188532 (94a:5820band the method of proof is similar to
that of Bismut [op. cit.]. After this is done, using an approximation result by J.-P. Demailly, L.
Lempert and B. Shiffman [Duke Math. 36 (1994), no. 2, 333-363¥IR1302317 (95i:32022)

the author proceeds with the approximation by algebraic families and completes the proof of tt
main theorem. All of the proofs in this paper are essentially analytical in nature; concerning a
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algebraic approach to similar problems, see [Y. L. L. Tong and I. H. Tsai, Comm. Math.Fiys.
(1995), no. 3, 589-606/IR1346173 (96j:5817T)
Reviewed byi-Hsun Tsal
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MR1637927 (99k:32049)32L10 (32C17)

Takayama, Shigeharu(J-OSAKEGS)

Adjoint linear series on weakly 1-complete Kahler manifolds. I. Global projective
embedding.

Math. Ann.311(1998),no. 3,501-531.

The paper under review successfully applies the recent developments of effective adjunction tt
ory for ample line bundles over weaklycomplete Kahler manifolds. It has been known for a
while (T. Ohsawa [Proc. Japan Acad. Ser. A Math. S6i(1979), no. 5, 193-194IR0533546
(80e:32017)) answering a question of Nakano) that a line bunbdlenay be positive over such
a manifold, but not ample, in the sense that global holomorphic sections of a high tensor pow
generatd -jets at every point (and hence define a global one-to-one immersion into some proje
tive space). The original idea, based on recent work related to the Fujiki conjecture, is to sho
that some adjoint bundlek x ® L®™ will be ample for largem. This idea is shown to work
extremely well on the mentioned problem. The main theorem, whose proof is rather involve
but very cleanly exposed, yields an explicit bound for the separation of points by sections ¢
Kx ® L®™ over “pseudo-balls” (or level sets of an exhaustive psh function). Its proof follows
the scheme developed by Angehrn and Siu or Tsuji in the compact case: the Riemann-Roch f
mula is replaced by Demailly’s holomorphic Morse inequalities (applied on relatively compac
level sets) in order to construct singular metrics with controlled singularity at some points, thank
to Shokurov’s concentration method; the Nadel vanishing theorem is then applied to that situ
tion. Among the fine results derived from these main technical results, we can single out: “Le
X be ann-dimensional weaklyt-complete manifold with a positive line bundie Then the line
bundle(K x @ L®™)*"2 is very ample form > n(n + 1)/2.” Also, “If the anticanonical bundle
K}‘?‘l is positive, X is Stein iff X has no compact complex subspaces of positive dimension.”
Reviewed byThierry Bouche
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MR1632996 (99e:32013)32C30

Meo, Michel (F-ANGR)

Inégalites d’auto-intersection pour les courants positifs ferras cefinis dans les varetes
projectives. (French) [Self-intersection inequalities for closed positive currents defined in
projective varieties]

Ann. Scuola Norm. Sup. Pisa Cl. Sci. ¢ (1998),n0. 1,161-184.

Let 7" be a closed positive current of bidimensign p) defined on a complex variety) of
dimensiom. For allc > 0, the sets, = {x € X : vp(x) > ¢} are analytic subsets of dimension
at mostp. For X compact and equipped with aakler metricw, J.-P. Demailly [J. Algebraic
Geom.1 (1992), no. 3, 361-40%R1158622 (93e:3201byave an upper bound on the degree
with respect tav of g-dimensional irreducible componentsii in terms of the cohomology class
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of T"whenT is of bidimensionn — 1,n — 1); namely, he proved that

S g = bua) - (v, b= by {Zy, kHw} <
k>1
AT} +basfud) - (T} + b {ub){w}

with u a semipositive cohomology classisuch that; (O7x (1)) + 7% {u} is semipositiveh, =
inf{c > 0; dim E. < ¢}, b_; = max,cx v(T,x) and(Z, ;),>1 is the at most countable family of
g-dimensional irreducible componentskh for c € (b,, b,-1] andv, , = mingez , (T, ).

In the caseX = P", one can take = 0, and the above inequality becomes

Z(Vq,k —bn-1) -+ (Vg — bg)0(Zg ) < 0(T)" .
k>1
The author’s goal in this paper is to prove an analogous inequality for a closed positive curre
TinP™
Z(Vq,k —bp1) - (Vg = bg)3(Zyx) < S(T)PHH0.
k>1
The idea is to construct a closed positive current of bide@gteg) in P" which has the same
degree ag’ and the same Lelong number at every point. This construction is similar to that o
Lelong and Skoda, which consists of constructing a potential associated with the @urrent
WhenT is defined on a projective variety andw is a Kahler metric onX defining an entire
cohomology class, the author proves the inequality

Z(Vq,k —bn1) -+ (Vg — bg)0(Zg) < Co(T)P1.
k>1
He uses Matsusaka’s embedding theorem to prove the existence of the céhstant
Reviewed byMongi Blel
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Campana, Frederic (F-NANC); Demailly, Jean-Pierre (F-GREN-F)

Peternell, Thomas(D-BAYR-IM)

The algebraic dimension of compact complex threefolds with vanishing second Betti number.
(English summary)

Compositio Math112(1998),no0. 1,77-91.

A compact complex threefold with vanishing second Betti number cannot be algebraatierK
Then the natural question is: What possibilities are there for the algebraic dimension of such ma
ifolds? (Algebraic dimension is the transcendence degree of the field of meromorphic functior
overC.)

The main result of this article is that if the algebraic dimension is positive, then the topologica
Euler characteristic is 0 and then eitlter= 0 andbs = 2 or b; = 1 andbs = 0. An interesting
corollary is thatS® does not admit a complex structure with a non-constant meromorphic function
The authors deduce the main result as a straightforward consequence of a vanishing theorem
vector bundles twisted by generic element®af . Examples of threefolds with positive algebraic
dimension and vanishing second Betti number and topological Euler characteristics are also giv
showing that the result is optimal.

The authors also investigate more deeply threefolds with vanishing second Betti number al
whose algebraic dimensionis 1.

This is another interesting article from these distinguished authors presenting ideas of gre
interest to algebraic and complex analytic geometers alike.

Reviewed bygandor J. Kowacs
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MR1613763 (99d:32037)32L07 (53C55)

Mihai, Paun [Paun, Mihai] (F-GREN-FM)

Sur les variétés kahlériennes compactea classe de Ricci nurariquement effective. (French)
[On compact Kahler manifolds with numerically effective Ricci class]

Bull. Sci. Math.122(1998),no. 2,83-92.

In this paper compact &ler manifolds with numerically effective (nef) anticanonical bundle
are investigated; in particular the structures of the Albanese map and of the fundamental gro
are studied. The main result is the following: LEtbe a compact Ehler manifold of complex
dimensiom with nef anticanonical bundle. Then: fij (X, Ox) < n; (ii) if T'is afinitely generated
subgroup of the fundamental group &f, then there exists a normal subgraupof I' of finite
index generated by at mogt” + 1 elements. The proof makes use of the Aubin-Calabi-Yau
theorem and of some results of Gromov and Demailly-Peterell-Schumacher. This paper contint
the results obtained in papers by F. Campana and T. Peternell [Math.288r§{1991), no. 1,
169-187MR1087244 (91m:14061and J.-P. Demailly, Peternell and M. Schneider [J. Algebraic
Geom.3 (1994), no. 2, 295-349IR1257325 (95f:32037)Compositio Math89 (1993), no. 2,
217-240MR1255695 (95b:32044)
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Lelong, Pierre

Remarks on pointwise multiplicities in complex spaces.
Dedicated to Professor Vyacheslav Pavlovich Zahariuta.
Linear Topol. Spaces Complex Ara(1997), 112119.

Let /' be a holomorphic function in a neighborhood of the closed unit polydisk {z €
C": sup; |xx| < 1} with F(0) = 0. The theme of the paper is a discussion of generalizations of
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the classical notion of the multiplicity, of the zero off” at the origin; i.e., the order of the zero of
the restriction ofF' to a generic complex line; the non-generic lines form a small exceptional set
For anyn-tuplea = (a4, - - -, a,) wWith a; > 0, the indexI (F, 0, a) of I at the origin0 is defined

as follows: for0 < w < 1, replacer;, by w®xy. in the power series faF' (x) at0 to getF (w, ) :=

> ~;w’ Py(x), whereP;(z) are polynomials. Then

= I(F,0,a) = lim 2817 (0. 2)]
w—0 log w
is the degree inv of w — F(w,x) for genericzx, the exceptional set being the algebraic set
Pr(x) = 0. This recovers the classical notion of multiplicity bfat0 if a; = - -- = a, = 1. This
notion is extended to nonpositive plurisubharmonic (psh) functipméich are—oo at 0; the
index, denoted( f, 0, a), is defined by considering

f(walxla CU 7wan$n) .

h =
(w,) log1/w

then K (x) := limsup,,_,o h(w, x) has the property that its upper semicontinuous regularization

K*(z) is constant; this constant value is defined to-€f, 0, o). Here, the exceptional seit:=

{x e C": K(x) < —s(f,0,a)} is pluripolar. The index(f, 0, a) reduces to the Lelong number

v of the curren{(1/2m)dd‘ f at the origin whem; = - - - = a,, = 1. In particular, if

() = 5log 3 IFy(a)P

where F; are holomorphic in a neighborhood &f, we haves(f,0,a) = inf; I(F},0,a). J.-
P. Demailly’s notion of a generalized Lelong numhsfT’, 0, ) of a closed positive current
for a psh weighty (with exp ¢ continuous) is recalled [BIm. Soc. Math. France (N.S.) No. 19
(1985), 124 pp.MR0813252 (879:32030Acta Math.159(1987), no. 3-4, 153-168JR0908144
(89b:32019) for certain special weightg, one gets nice formulas for(dd* f, 0, ) for f psh.
Finally, the author studies polynomial mappings= (P, ---, P,): C" — C", deg P, = dj, near
pointsz of their zero set$Vp which have regular multiplicity (x), i.e.,

log | P
v(z) = lim log |P(z)] > 1.
y—u log |z —y|

Let up := (2m)""(dd"log | P|)" be the Monge-Am@re measure dbg | P|. Let Wp be compact
and of dimension zero. Itis shown thaf i } are the isolated zeros &f with regular multiplicity,
then

wp =S WG < di - d,.

S

{For the entire collection sedR1632477 (99a:00052)
Reviewed byNorman Levenberg
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MR1622653 (99¢:32006)32C30(32F07)

Coman, Dan(R-CLUJMI)

Integration by parts for currents and applications to the relative capacity and Lelong
numbers.

Mathematice39(62)(1997),no. 1,45-57.

Let 2 be a bounded domain @", let u andv be locally bounded plurisubharmonic functions in
2, and letT" be a closed positive current of bidimension (1,1). When is the integration by part:
formula

(1) / uddv AT = / vdduNT
Q Q

or the inequality

(2) / uddvN\NT < / vddu \N'T
Q0 )

valid? The author first shows thatifandv are negative and agree outside a compact subs$gt of
then equality (1) holds; he then relaxes the hypotheses a bit to give weaker conditions sufficie
to guarantee (1) or (2); e.g., (1) holds(if is hyperconvexu and v are negative exhaustion
functions for(2, and both/,, dd“u A T and [, dd“v A T are finite. These results are used to obtain
upper and lower bounds for the relative capacity of a regular compact sublev&l sefz ¢
Q: ¥(z) < —vy < 0} of ahyperconvex domail = {z € V: ¥ (z) < 0} cC Q' wherey € C?*(Q)
andy) = 0 on9f) and also to generalize slightly a formula of J.-P. DemaillyJomplex analysis
and geometry115-193, Plenum, New York, 1998tR1211880 (94k:32009)egarding Lelong
numbers with weights.

Reviewed byNorman Levenberg

(© Copyright American Mathematical Society 1999, 2007

AMERICAN MATHEMATICAL SOCIETY

- Citations
M a th SCI N et Mathematical Reviews on the Web From References: 3

From Reviews: 0


/mathscinet
/mathscinet/search/publications.html?refcit=1622653&amp;loc=refcit
/mathscinet/search/mscdoc.html?code=32C30%2C%2832F07%29
/mathscinet/search/publications.html?pg1=IID&s1=325057
/mathscinet/search/institution.html?code=R_CLUJMI
/mathscinet/search/journaldoc.html?&cn=Mathematica
/mathscinet/search/publications.html?pg1=ISSI&s1=164920
/mathscinet/pdf/1211880.pdf
/mathscinet/search/publications.html?pg1=IID&s1=113190
/mathscinet
/mathscinet/search/publications.html?refcit=1614576&amp;loc=refcit

MR1614576 (2000a:32042)32L05 (14F05 32J27)

Mourougane, Christophe (F-GREN-F)

Images directes de fibés en droites adjoints. (French. English summary) [Directimages of
adjointline bundles]

Publ. Res. Inst. Math. S&33 (1997),n0. 6,893-916.

Recall that some results for the direct image of the canonical fiber bundle over a projectiv
manifold had been obtained by Y. Kawamata [Compositio Md®h(1981), no. 2, 253-276;
MR0622451 (83j:1402%9rand J. Kolar [Ann. of Math. (2)123(1986), no. 1, 11-42yiIR0825838
(87c:14038). A study of the numerically effective properties of fiber bundles was given by J.-
P. Demalilly, T. Peternell and M. H. Schneider [J. Algebraic Ge8r{il994), no. 2, 295-345;
MR1257325 (95f:3203T) In the paper under review the more general situation of holomorphic
line bundlesl. over compact complex manifoldd is considered and especially its direct images
v, L under a smooth holomorphic mappingM — N . The author’s attention is focussed on
the properties of ampleness and positivity and on the question of their implications for the dire
image p, L or at least for that of the adjoint line bundle. The methods used include a variety
of techniques, algebraic and analytic in spirit, which help the author to separate some origin
algebraic version based on some algebraic treatment of positivity, without curvature tensors, €
Applications are given. Sometimes the reviewer found the author’s exposition hard to understar
Reviewed by&. Dimiev
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Demailly, Jean-Pierre (F-GREN-F)

Vari étés projectives hyperboliques eéquations differentielles algebriques. (French)
[Hyperbolic projective varieties and algebraic differential equations]

Jourrée en’lHonneur de Henri Cartan3-17, SMF JournAnnu, 1997,Soc Math. France Paris,
1997.

This is a very well-written survey of some of the more recent developments in the theory o
holomorphic curves in algebraic varieties, a holomorphic curve in an algebraic variety being
holomorphic mapping from the complex plane to the variety. The author’s survey concentrate
in particular on the recent work of Y. T. Siu and S.-K. Yeung [Amer. J. Mafl9(1997), no. 5,
1139-1172;MR1473072 (98h:32044) An extensive bibliography is also provided. Although
probably best suited for those readers already familiar with the language of complex differenti
geometry, and in particular the language used when working with Hermitian vector bundles ar
meromorphic connections, the survey is for the most part a very accessible introduction to sor
of the latest developments in the field and assumes little prior knowledge of Nevanlinna theor
algebraic geometry, or the other techniques commonplace in the study of holomorphic curves.

The reviewer’s translation of the author’s first paragraph reads as follows: “The goal of this te»
Is to offer an introduction, which is as elementary as possible, to an important result concernir
the geometry of the images of holomorphic curves in complex algebraic varieties. This result finc
its origin in the fundamental work of A. Bloch [J. Math. Pures Appl. §9)1926), 19-66; JFM
52.0373.05] and in the thesis of H. Cartan [Ann. Saiole Norm. Sup45(1928), 255-346; JFM
54.0357.06]. The proof that we give here is a very recent contribution by Siu and Yeung [op. cit.
It proceeds in a relatively simple manner with help from classical estimates in Nevanlinna theor
like the lemma on the logarithmic derivative, and by making use of differential operators such &
Wronskians, all ideas whose germs were already sown in Henri Cartan’s thesis [op. cit.].”

More specifically, the author explains techniques for showing that a holomorphic curve in a
algebraic variety is algebraically degenerate, meaning that its image is contained in a prop
algebraic subvariety. A fundamental conjecture along these lines is the conjecture of Green a
Griffiths stating that a holomorphic curve in a variety of general type must be algebraically
degenerate. The surveyis centered around the following fundamental vanishing the gr&cn—

X is a holomorphic curve in a projective variely, if L is a positive line bundle oX, and if

P is an algebraic differential operator on with values inL~!, then P applied tof is zero.

For hypersurfaces in projective space, this theorem can be applied to Wronskian-like differenti
operators coming from explicitly constructed meromorphic connections, as in the work of A
M. Nadel [Duke Math. J58 (1989), no. 3, 749-771MR1016444 (91a:3203p) This results

in specific examples of general type projective varieties in which every holomorphic curve i
algebraically degenerate. This method also proves that in some of these varieties, the image
every holomorphic curve must be constant; such varieties are called hyperbolic.

{For the entire collection sedR1492594 (98h:00041})

Reviewed bywilliam A. Cherry
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MR1492594 (98h:00041)00B30
Hirzebruch, Friedrich ; Demalilly, Jean-Pierre(F-GREN-F) Lannes, Jean
*Journée en ’Honneur de Henri Cartan. (French) [Conference in Honor of Henri Cartan]
SMF Jourmee Annuelle [SMF Annual Conference], 1997.
Socete Matlematique de Frangéaris, 1997. iv+27pp.

Contents: F. Hirzebruch, Learning complex analysis in Muenster-Paris, Zuerich and Princetc
from 1945 to 1953 (1-2); Jean-Pierre Demailly, \é#@s projectives hyperboliques @&guations
différentielles algbriques [Hyperbolic projective varieties and algebraic differential equations]
(3—17); Jean Lannes, Divers aspects degafpons de Steenrod [Various aspects of the Steenrod
operations] (18-27).

{Most of the papers are being reviewed individually.
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MR1492539 (99b:32037)32H20 (14340 32L10)

Demailly, Jean-Pierre (F-GREN-F)

Algebraic criteria for Kobayashi hyperbolic projective varieties and jet differentials.
(English summary)

Algebraic geometry—Santa Cri895, 285360, Proc. SymposPure Math, 62,Part 2, Amer.
Math. Soc, ProvidenceRlI, 1997.

The article under review is an expanded version of five lectures delivered at the Santa Cr
AMS Summer School on Algebraic Geometry. It proposes an important framework for solving
several geometry questions related to hyperbolicity in the sense of Kobayashi. This framework w
initiated by M. Green and P. Griffiths [ifhe Chern Symposium 1979 (Proc. Internat. Sympos.,
Berkeley, Calif., 1979)41-74, Springer, New York, 1980/R0609557 (82h:3202%)Aiming,
among other things, to fix a gap in Green-Griffiths’ proof of the pointwise version of the Ahlfors-
Schwarz lemma for jet differentials, Demailly introduces the concept of “directed manifold” and ar
associated tower of projective bundles oyefcalled Semple jet bundles). The Ahlfors-Schwarz
lemma is then established in this setting, and the proof of Bloch’s theorem is recovered followin
the approach of Green and Griffiths. Several important new results are also obtained in this pag
Moreover, the author believes that the Semple bundle construction should be an efficient to
to calculate the case locus; therefore several important open problems in the theory of compl
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hyperbolicity hopefully could be settled under this framework. It should be noted that, since th
appearance of this article, Demailly has proved jointly with J. El Goul that every generic surfac
in P3 of degree greater than or equal4®is Kobayashi hyperbolic. It has been conjectured by
Kobayashi that every generic surfaceRi of degree greater than or equalids Kobayashi
hyperbolic.

This paper is a quite important contribution to the theory of complex hyperbolicity. The pape
is self-contained and the exposition is excellent. It is highly recommended to the experts in th
field, as well as to anyone who desires a general overview of this subject.

We will now try to outline this article. A complex directed manifold is a p@ir, V') whereX
is a complex manifold and is a holomorphic subbundle @fx; hereTx is the tangent bundle
of X. To study the complex hyperbolicity ¢fX, V'), a well-known major technique is the so-
called “negative curvature method”. The method is based on the following observation: by th
Ahlfors-Schwarz lemma, the existence of a Hermitian metric on the line buhslle (—1) over
P (V) (i.e. a Finsler metric o) with negative curvature implies thaX, V') is hyperbolic. Let
us recall here how to construct such a metric. Assume litfais “very big” in the following
sense: there exist an ample line bundlland a sufficiently large integen such that the global
sectionsH’ (X, S™V* @ L~1) generate all fibers oveX \ Y, for some analytic subsét c X.

Letoq,---,on be such global sections, and define
m 1/2m "
NE = (Y loja)- €)', gevy
1<j<N

N then gives rise to such a metric. Therefore we have the following resultX_ét ) be a directed
complex manifold. Assume th&t* is “very big”. Then every entire curvg C — X tangent td/
satisfiesf(C) C Y, whereY is the subset oK defined above. In particular, ¥* is ample, then
(X, V) is hyperbolic.

The heart of the article consists of Chapters 4 to 7. They are devoted to extending the abo
result to k-jet differentials. The idea is based on the important fact, first observed by Greel
and Griffiths, that the Ahlfors-Schwarz lemma still works fofet differentials, and thus-jet
negativity also implies hyperbolicity. Unfortunately, there is a slight technical gap in Green an
Griffiths’ approach in the step proving the pointwise Ahlfors-Schwarz lemma for jet differentials.
In his paper, Demailly fills the gap in the case of invariant jet differentials, and also extend:
the result to the more general situation of directed manifolds. (Note: Another solution has bee
provided later by Y. T. Siu and S.-K. Yeung by means of Nevanlinna’s second main theorem [se
Amer. J. Math119(1997), no. 5, 1139-117®JR1473072 (98h:32044)

To do this, Demailly introduces a canonical tower of projective bundles (also called Semple e
bundles). Given a complex directed manif¢ld, V), a new complex directed manifold(, V) is
produced as follows. LeX = P (V') be the projectivized bundle of lines bf, and letV C T be

the subbundle of'; defined as follows: for every poirt, [v]) € X associated with a vectere
Ve {0},

‘/(a“,,[v]) = {f € T)N((KL’[U]) & € C}a Ve C TX,.T)

wherer: X = P (V) — X is the natural projection. The projectivizédet bundleP .V = X, (or
Semplek-jet bundle) and the associated subbundle T'x, are defined inductively byX, V) =


/mathscinet/pdf/1473072.pdf

(X, V), (Xi, Vi) = (X4_1, Vi_1). Every non-constant tangent trajectgiyA — X of (X, V)
lifts to a well-defined and unique tangent trajectgy: A — X, of (Xj, Vi).

The author shows that the Ahlfors-Schwarz lemma works at each level of the tower of projectiv
bundles. That is: If X, V') has ak-jet metric h;, on the line bundledp,-(—1) (i.e. a Finsler
metric on the vector bundlé,_; overP;_,V), with negative jet curvature, then every entire curve
f:C — X tangent to/ satisfiesf|;;(C) C Xj,, whereX,, is the singularity set of the metrig,.

To produce such metrids,, one uses global sections B (P V, Op,y(m) ® Waqu), where
L is an ample line bundle aif. The author also shows that the directimages:).Op, (m) can
be viewed as bundles of algebraic differential operators of dréderd degreen, acting on germs
of curves and invariant under reparametrization. This bundle is denot&g byl *). Therefore
HY(PyV,0p,y(m) @mo L) ~ HY(X, Exn(V¥) @ L.

The above discussion leads to the following result: Assume that there exist integers 0 and
an ample line bundl& on X such that?’ (X, E,,(V*) ® L~1) has nonzero sections, - - -, o.
Let Z C P,V be the base locus of these sections. Then every entire gufWe— X tangent to
V satisfiesfy;,(C) C Z. In other words, for every global parametrization invariant polynomial
differential operato® with values inL !, every entire curvg’ as above must satisfy the algebraic
differential equatiorP(f) = 0.

The dimension

(X, En(V)e L) =dim H' (X, B (V)@ L)

can be computed by using the Riemann-Roch theorem and a vanishing theorem due to Bogomo!
In particular, in the surface case, the Riemann-Roch theorem yields the following (see Chapter
Corollary 13.9): IfX is an algebraic surface of general type dndn ample line bundle oveX,

then
4

hO(X, By T*X ® O(—L)) > %(13@% —9¢y) — O(m?).

In particular, every smooth surfacé C P?3 of degreed > 15 admits a nontrivial section, and
every entire functiory: C — X must satisfy the corresponding algebraic differential equations.

However, it seems very difficult to conclude thasatisfies an algebraic equation. The author
suggests in Chapter 13 that the Riemann-Roch calculations might be helpful to locate the be
locus, thus to conclude the algebraic degeneracy.

Another important part of this article is Chapter 2 and Chapter 9, where Demailly shows the
Kobayashi hyperbolicity is related to other properties of a more algebraic nature. A projectiv
directed manifold X, V) is called algebraically hyperbolic if there exists> 0 such that every
algebraic curve®’ C X tangent toV satisfies2 g(C) — 2 > edeg,(C) (C is the normalization
of C'). The main result of Chapter 2 is that(ik, V') is hyperbolic, ther{ X, V') is algebraically
hyperbolic. Chapter 9 extends this resultkiget metrics and shows that the negativity /6fet
curvature implies strong restrictions of an algebraic nature on curve genera and their singulari
indices.

Chapter 11 recalls the “meromorphic connection” method introduced by Siu [Y. T. Siu, Duke
Math. J.55 (1987), no. 1, 213-25IMR0883671 (89a:3203P0A. M. Nadel, Duke Math. J58
(1989), no. 3, 749-77IMR1016444 (91a:3203p)Using this method, the author reports on a
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joint work with J. El Goul, where examples of hyperbolic surface®inare produced for any
degree> 11.
{For the entire collection sedR1492532 (98h:14003)
Reviewed byMin Ru
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MR1492532 (98h:14003)14-06
* Algebraic geometry—Santa Cruz 1995.
Proceedings of the AMS Summer Research Institute held at the University of California, Santa
Cruz, CA, July 9-29, 1995.
Edited by &nos Kolbr, Robert Lazarsfeld and David R. Morrison.
Proceedings of Symposiain Pure Mathematics, 62, Part 2.
American Mathematical SocietiyrovidenceRlI, 1997. xviii+449pp. $89.00; $159.00 the
two-volume setlISBN0-8218-0895-8; 0-8218-0493-6

{For Part 1 see the preceding revieMR1492516 (98h:14002)

Contents: Ron Y. Donagi, Seiberg-Witten integrable systems (3—43); W. Fulton and R. Pan
haripande, Notes on stable maps and quantum cohomology (45-96); Richard Hain and Edu
Looijenga, Mapping class groups and moduli spaces of curves (97—-142); Jun Li{Jand.Gang
Tian, Algebraic and symplectic geometry of Gromov-Witten invariants (143-170); L. Katzarkov,
On the Shafarevich maps (173-216); Carlos Simpson, The Hodge filtration on nonabelian coh
mology (217-281); Jean-Pierre Demailly, Algebraic criteria for Kobayashi hyperbolic projective
varieties and jet differentials (285-360); Claude LeBrun, Twistors for tourists: a pocket guide fo
algebraic geometers (361-385); David A. Cox, Recent developments in toric geometry (389—43t
Bernd Sturmfels, Equations defining toric varieties (437-449).

{The papers are being reviewed individuglly.
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MR1481120 (98i:32022)32F07 (32F05 35J65)

Zeriahi, Ahmed (F-TOUL3-LM)

Pluricomplex Green functions and the Dirichlet problem for the complex Monge-Ampere
operator.

Michigan Math. J44 (1997),no. 3,579-596.

In this paper the notion of the pluricomplex Green function (first studied by Lempert, Klimek anc
Demailly) is generalized in the following way. Fix a functigrwhich is plurisubharmonic (psh)
in a hyperconvex domai such thak? is continuous and the singular s&t := {¢ = —oo} is
compact and contains a dense subset of polptsvhere the Lelong number of is positive. To
suchy one can associate a generalized Green funciipf, ¢) which is the supremum over the
family of negative psh functionsin D which satisfy the inequality for Lelong number&u, a) >
v(p,a).

The author proves the basic propertiesbE Gp(-, ¢). It is continuous oD . S, and satis-
fies the complex Monge-Angpe equatior{dd“G)" = 0 in this set. Moreovery = —oo on A,,.
The function is also the unique solution of the Dirichlet problem for the Monge-&mpqua-
tion where one preassigns boundary values, Lelong numlfersz) on A, and the measure
(2m)" > v(p, a)"da

It is not clear ifG = —oo on the whole sef5,. The author poses a question concerning that
problem. In particular, it would be interesting to know if givép one can find: € PSH(D) with
Su =S, and(ddu)" =0onD \ S,.

Reviewed byStawomir Kotodziej
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MR1474805 (98i:32051)32L30 (14J99 32J15)

Brunella, Marco (F-DJON-T)

Feuilletages holomorphes sur les surfaces complexes compactes. (French. English, French
summaries) [Holomorphic foliations on compact complex surfaces]

Ann. SciEcole Norm. Sup. (430 (1997),n0. 5,569-594.

FEATURED REVIEW.

In this remarkable, carefully written and deep work, the classification of (hon-singular) holo-
morphic foliations on compact complex surfaces is achieved. The first two sections of the pap
recall and exploit the basic and essential material needed, especially P. Baum and R. Bott’s f
mulae in the two-dimensional case [see J. Differential GeonTgtt@72), 279-342MMR0377923
(51 #14092), as well as behaviour under blowing-up. For instance, a nice and simple applica
tion of the contents of Section 1 is the following: SuppéSes a compact complex surface afid
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and§ are non-singular holomorphic foliations dn which are transverse. LétC X be a curve
which is neitheF-invariant nor§-invariant. It follows thatS - S > x(.5) and hence, thak does
not contain holomorphic spheres with negative self-intersection; in particulesrminimal.

The remainder of the work can be divided into two parts, one dealing with surfaces of non-gener
type, the other with surfaces of general type.

In the first part, Sections 3, 4 and 5, foliations on surfaces of non-general type are studied. T!
Enriques-Kodaira classification is used throughout [see W. P. Barth, C. A. M. Peters and A. J. |
M. Van de Ven,Compact complex surfaceSpringer, Berlin, 1984MR0749574 (86¢:32028)
General arguments are developed in Sections 3 and 4, especially exploiting the existence
fibrations, over “most” algebraic surfaces, with generic fibre a rational or an elliptic curve.
These fibrations are cleverly used as “reference fibrations”, with which a foligtion X is
compared, that is, eithér coincides with the fibration, is transverse to it, or else is a “turbulent”
foliation. The concept of turbulent foliation is due to Reeb and was generalized, in the comple
context, byE. Ghys [Ann. Fac. Sci. Toulouse Math. (6)1996), no. 3, 493-51¥R1440947
(98d:32037). Inspired by the definition of Ghys, the author defines a turbulent foliation on a
compact complex surfack as a foliation® with the following property: there is a regular elliptic
fibration of X such that: (i) a finite number of fibres a¥einvariant and (ii) all other fibres are
transverse td&. The results in the case of algebraic surfaces can be summarizedXass la
compact complex algebraic surface @hd a non-singular holomorphic foliation oXi, then we
have one of the following (non-exclusive) possibilities: §lis a fibration; (2YF is transverse to a
fibration; therefore, it is a suspension of an automorphism group of an algebraic cur¥as(8)
linear foliation on a complex torus; (4) is a transversely hyperbolic foliation with dense leaves
whose universal cover is a fibration over the disc, with the disc as typical fibr&;i¢5 turbulent
foliation over an elliptic surface.

Section 5 of the paper displays the structure of foliations over surfaces of non-general type, a
the results are: LeF be a non-singular holomorphic foliation on a compact complex sutkace
of Kodaira dimension< 2. Thend is one of the following objects (observe that such surfaces
satisfyc? (X) = 2¢2(X)): (1) an elliptic or rational fibration; (2) a foliation transverse to an elliptic
or rational fibration; (3) a linear foliation on a complex torus; (4) certain (precisely described
foliations on Hopf and Inoue surfaces; (5) a turbulent foliation.

In the second part, Sections 6 and 7, the case of foliations on surfaces of general type is trea
by considering dynamical properties of the foliation; essentially, a transverse invariant metric |
constructed, and the arguments here are quite involved and make use of a result of J.-P. Deme
[in Complex algebraic varieties (Bayreuth, 1998§—104, Lecture Notes in Math., 1507, Springer,
Berlin, 1992;MR1178721 (939:32044)The main result of Sections 6 and 7 is:difis a non-
singular foliation on a surface of general type, th€ns either a fibration or a transversely
hyperbolic foliation with dense leaves whose universal cover is a fibration over the disc, with th
disc as typical fibre.

Let us point out some amazing consequences of the results above: (i) The only non-minim
surface which admits a non-singular foliationi*$, blown up at a point, and this foliation is the
blow-up of the radial foliation centered at this point. (ii) If a surfaceadmits a regular foliation,
then its signature is non-negative, thatig; (X ) — 2c2(X)) > 0. In particular, the only complete
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in

tersection which admits a non-singular foliatiords< C.
In conclusion, Brunella has synthesized and clearly presented a key and very important rest

This is a very substantial contribution to the area.
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Reviewed byM. G. Soares
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