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7. F. Breuer - ”La conjecture d’André-Oort pour le produit de deux courbes modulaires de Drin-
feld”, C. R. Math. Acad. Sci. Paris335(2002), no. 11, p. 867–870.MR1952541 (2004a:11050)

8. L. Clozel & E. Ullmo - ”Correspondances modulaires et mesures invariantes”,J. Reine Angew.
Math.558(2003), p. 47–83.MR1979182 (2005a:11056)
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I. Math.333(2001), no. 10, p. 935–938.MR1873811 (2002k:32036)
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The paper under review uses characteristicpmethods including tight closure to generalize certain
properties of multiplier ideals to the case of singular varieties.

Recall that for aQ-Gorenstein normal varietyX over a field of characteristic zero, an ideal sheaf
a⊂ OX , and a real numbert≥ 0, one has the associated multiplier ideal sheafJ(at)⊆ OX . Details
may be found in [R. K. Lazarsfeld,Positivity in algebraic geometry. II, Springer, Berlin, 2004;
MR2095472 (2005k:14001b)]. One also defines “mixed” multiplier idealsJ(atbs). The multiplier
ideals satisfy a number of interesting properties, including the following two:

Subadditivity: J.-P. Demailly, L. M. H. Ein and Lazarsfeld [Michigan Math. J.48 (2000), 137–
156;MR1786484 (2002a:14016)] showed the following subadditivity property of multiplier ideals
on a smooth variety:

J(atbs)⊆ J(at)J(bs).

Summation: M. Mustaţǎ [Trans. Amer. Math. Soc.354 (2002), no. 1, 205–217 (electronic);
MR1859032 (2002k:14006)] showed the following summation formula for multiplier ideals on a

/mathscinet/pdf/1932713.pdf?pg1=MR&amp;s1=2003j:14007&amp;loc=fromreflist
/mathscinet/pdf/2104208.pdf?pg1=MR&amp;s1=2005h:14015&amp;loc=fromreflist
/mathscinet/pdf/2004430.pdf?pg1=MR&amp;s1=2005a:14039&amp;loc=fromreflist
/mathscinet/pdf/214812.pdf?pg1=MR&amp;s1=35:5661&amp;loc=fromreflist
/mathscinet/pdf/141668.pdf?pg1=MR&amp;s1=25:5065&amp;loc=fromreflist
/mathscinet
/leavingmsn?url=http://muse.jhu.edu/journals/american_journal_of_mathematics/v128/128.6takagi.pdf
/mathscinet/search/mscdoc.html?code=14B05%2C%2813A35%2C14M05%29
/mathscinet/search/publications.html?pg1=IID&s1=254063
/mathscinet/search/publications.html?pg1=IID&s1=254063
/mathscinet/search/institution.html?code=J_KYUSM
/mathscinet/search/journaldoc.html?&cn=Amer_J_Math
/mathscinet/search/publications.html?pg1=ISSI&s1=247810
/mathscinet/pdf/2095472.pdf
/mathscinet/pdf/1786484.pdf
/mathscinet/pdf/1859032.pdf


smooth variety:

J((a + b)t) =
∑
λ+µ=t

J(aλ)J(bµ).

The paper under review generalizes these formulas to the case ofQ-Gorenstein normalX over
a fieldK of characteristic zero. The generalizations involve the Jacobian ideal ofX overK,
J(X/K):

J(X/K)J(atbs)⊆ J(at)J(bs),

J((a + b)t) =
∑
λ+µ=t

J(aλbµ).

The method relies on the theory of tight closure introduced by M. Hochster and C. L. Huneke
[J. Amer. Math. Soc.3 (1990), no. 1, 31–116;MR1017784 (91g:13010)]. A generalization, called
at-tight closure, was introduced by N. Hara and K. Yoshida [Trans. Amer. Math. Soc.355(2003),
no. 8, 3143–3174 (electronic);MR1974679 (2004i:13003)]. The test idealsτ(a) introduced by
Hochster and Huneke were generalized toat-test idealsτ(at) by Hara and Yoshida, who showed
that theat-test ideals correspond to the multiplier idealJ(at) via reduction to characteristicp�
0.

In the paper under review, analogs of the subadditivity and summation formulas are proved
for the test idealsτ(at), allowing the author to prove the promised generalizations for multiplier
ideals on singular varieties. Similar formulas are proved for asymptotic multiplier ideals [L. M.
H. Ein, R. K. Lazarsfeld and K. E. Smith, Invent. Math.144(2001), no. 2, 241–252;MR1826369
(2002b:13001)] using asymptotic versions of the test ideals.

Finally, the subadditivity formula for asymptotic multiplier ideals is applied to answer a question
of Hochster and Huneke [Invent. Math.147(2002), no. 2, 349–369;MR1881923 (2002m:13002)]
on the growth of symbolic powers of an ideal.

Reviewed byZach Teitler
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Rashkovskii, Alexander[Rashkovskĭı, A. Yu.]
Relative types and extremal problems for plurisubharmonic functions.
Int. Math. Res. Not.2006,Art. ID 76283, 26pp.

The paper under review is concerned with singularities of plurisubharmonic (psh) functions. A
psh functionu defined in a neighborhood of a pointζ ∈ Cn is said to have a singularity atζ if
u(ζ) =−∞.

There are many ways of measuring the “strength” of the singularity. The most basic invariant is
the Lelong number. It can be defined in two different ways: as a growth order ofu at the origin, or
as a Monge-Amp̀ere mass (or intersection number). More precisely, if we setϕ(x) = log |x− ζ|,
then the first characterization of the Lelong number is as thelim inf whenx→ ζ of u(x)/ϕ(x).
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The second characterization is as the mass of the measureddcu∧ ddcϕ atζ.
J.-P. Demailly [Acta Math.159 (1987), no. 3-4, 153–169;MR0908144 (89b:32019)] defined a

generalized Lelong numberν(ϕ, u) with respect to an arbitrary psh weightϕ (i.e. a psh function
with an isolated singularity atζ) using the second formula above. He observed that these gener-
alized Lelong numbers share many of the same properties as the usual Lelong number, especially
when the weight is locally maximal outside the origin.

Here the author instead generalizes the first characterization of the Lelong number, thus defining
the relative typeσ(ϕ, u) which in general differs from the corresponding generalized Lelong num-
berν(ϕ, u). They do, however, agree whenϕ = max1≤k≤n a

−1
k log |xk− ζk| for some constants

ak > 0, and in this case one obtains the directional Lelong numbers defined by C. O. Kiselman
[Ann. Polon. Math.60 (1994), no. 2, 173–197;MR1301603 (95i:32024)].

One can define a tropical structure on the cone of psh functions, with the tropical addition given
by max{u, v} and the tropical multiplication byu+ v. Endow the set[0,+∞] with an analogous
tropical structure, but where tropical addition is given bymin{s, t}. For a given psh weightϕ,
the generalized Lelong numberν(ϕ, ·) is then tropically multiplicative, but not tropically additive
in general. On the other hand, the relative typeσ(ϕ, ·) is tropically additive, but not tropically
multiplicative in general.

A main result in the paper (Theorem 4.3) characterizes relative weights as functionals on psh
functions nearζ that are upper semicontinuous, positively homogeneous and tropically additive.

If ϕ is chosen such that the relative weightσ(ϕ, ·)≡ ν(ϕ, ·), then the resulting functional is both
tropically additive and multiplicative. It can then be checked that the assignmentf 7→ σ(ϕ, log |f |)
defines a valuation on the ring of holomorphic germs atζ [see C. Favre and M. Jonsson, Invent.
Math.162(2005), no. 2, 271–311;MR2199007 (2006k:32064)].

As the author points out, “Tropical additivity of the relative types make them a perfect tool for
dealing with upper envelopes of families of plurisubharmonic functions with prescribed singulari-
ties.” The paper contains several applications of relative weights to pluricomplex Green functions
and a Siu-type theorem on the analyticity of superlevel sets of relative weights.
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11. F. Ĺarusson and R. Sigurdsson,Plurisubharmonic functions and analytic discs on manifolds,
Journal f̈ur die reine und angewandte Mathematik501(1998), 1–39.MR1637837 (99e:32020)
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Rousseau, Erwan(3-QU)
Équations différentielles sur les hypersurfaces deP4. (French. English, French summaries)
[Differential equations on hypersurfaces inP4]
J. Math. Pures Appl. (9)86 (2006),no. 4,322–341.

The paper under review deals with entire holomorphic curves into hypersurfaces in complex
projective spaces.

After the studies of J.-P. Demailly [inAlgebraic geometry—Santa Cruz 1995, 285–360,
Proc. Sympos. Pure Math., 62, Part 2, Amer. Math. Soc., Providence, RI, 1997;MR1492539
(99b:32037)] and Y. T. Siu [in The legacy of Niels Henrik Abel, 543–566, Springer, Berlin,
2004; MR2077584 (2005h:32061)], the author gives theorems on existence of global sections
of holomorphic jet bundles. LetX be a smooth hypersurface of degreed ≥ 2 in P4 andTX its
holomorphic cotangent bundle. Denote byEk,mT ∗X the vector bundle of jet differentials onX
of orderk and of degreem. Let A be an ample line bundle overX. Then he first shows that
H0(X,E2,mT

∗
X) = 0, and ifd≥ 97, thenH0(X,E3,mT

∗
X ⊗A−1) 6= 0 for sufficiently largem.

This yields that every entire holomorphic curvef :C→X must satisfy an algebraic differential
equation of third order, which is the main result in the present paper. The logarithmic version of
this result is also obtained, that is, every entire curve in the complement of a smooth hypersurface
in P3 of degreed≥ 92 must satisfy an algebraic differential equation of third order.

REVISED (June, 2007)
Current version of review.Go to earlier version.
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Hyperbolicity of nodal hypersurfaces. (English summary)
J. Reine Angew. Math.596(2006), 89–101.

S. Kobayashi [Hyperbolic manifolds and holomorphic mappings, Dekker, New York, 1970;
MR0277770 (43 #3503)] conjectured that a generic surfaceX of P3 of degreed≥ 5 is Kobayashi
hyperbolic, i.e., there is no nonconstant holomorphic map fromC intoX. J.-P. Demailly and J. El
Goul [Amer. J. Math.122 (2000), no. 3, 515–546;MR1759887 (2001f:32045)] proved the con-
jecture for very generic surfaces of degreed ≥ 21. In the paper under review, the authors deal
with algebraic quasi-hyperbolicity, i.e., the property of having only finitely many rational and el-
liptic curves. Their main result is that a nodal hypersurfaceX of P3 of degreed with a sufficiently
large numberl of nodes,l > 8

3(d
2− 5

2d), is algebraically quasi-hyperbolic. Such surfaces exist for
degreesd≥ 6 [Y. Miyaoka, Math. Ann.268(1984), no. 2, 159–171;MR0744605 (85j:14060)].

The strategy of the proof is to study symmetric differentials on the minimal resolutionY of X,
i.e., global sections ofSmΩ1

Y . In a previous work by one of the authors [F. A. Bogomolov, Dokl.
Akad. Nauk SSSR236 (1977), no. 5, 1041–1044;MR0457450 (56 #15655)], it was shown that
the existence of sufficiently many symmetric differentials on a surface of general type implies
its algebraic quasi-hyperbolicity. It is a well-known result of F. Sakai [inAlgebraic geometry
(Proc. Summer Meeting, Univ. Copenhagen, Copenhagen, 1978), 545–563, Lecture Notes in
Math., 732, Springer, Berlin, 1979;MR0555717 (82b:32043)] that smooth surfaces inP3 have no
symmetric differentials. So here, the main observation of the authors is to show the contribution
of the singularities to the existence of symmetric differentials. This is done using Riemann-Roch
computations generalized to orbifolds.
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Kodaira dimension of subvarieties. II. (English summary)
Internat. J. Math.17 (2006),no. 5,619–631.

In this paper the author proves that, given a subvarietyA of a smooth projective varietyX with
various special properties,X is uniruled, continuing an investigation which was initiated in Part I
[T. Peternell, M. H. Schneider and A. J. Sommese, Internat. J. Math.10 (1999), no. 8, 1065–1079;
MR1739364 (2001e:14016)].

To give the flavour of the type of results contained in this paper, suppose that the normal bundle
of A is ample. Then it was proved in [op. cit.] that eitherA is of general type or the Kodaira
dimension ofX is −∞. Using a beautiful result of S. Boucksom, J.-P. Demailly, M. Paun and
Peternell [“The pseudo-effective cone of a compact Kähler manifold and varieties of negative
Kodaira dimension”, preprint, arxiv.org/abs/math/0405285] which says that ifKX is not pseudo-
effective, thenX is uniruled, the author is able to conclude that ifA is not of general type, then in
factX is uniruled, and he is able to weaken the hypothesis on the positivity of the normal bundle
of A.
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12. J. Kolĺar,Rational Curves on Algebraic Varieties, Ergebnisse der Mathematik und ihrer Gren-

zge biete. 3. Folge, Band 32 (Springer, 1996).MR1440180 (98c:14001)
13. T. Napier and M. Ramachandran, TheL2∂-method, weak Lefschetz theorems, and the topology

of Kähler manifolds,J. Amer. Math. Soc.11 (1998) 375–396.MR1477601 (99a:32008)
14. Th. Peternell, M. Schneider and A. J. Sommese, Kodaira dimension of subvarieties,Int. J.

Math.10 (1999) 1065–1079.MR1739364 (2001e:14016)
Note: This list reflects references listed in the original paper as accurately as possible with no

attempt to correct errors.

c© Copyright American Mathematical Society 2007

Article

Citations

From References: 0
From Reviews: 0

MR2228686 (2007e:14067)14J70(32Q45)

Debarre, Olivier (F-STRAS-I); Pacienza, Gianluca(F-STRAS-I); Păun, Mihai (F-NANC-IE)
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The Kobayashi conjecture asserts that the general hypersurface inPn of degreed ≥ 2n− 1 is
Kobayashi hyperbolic. Brody’s criterion of hyperbolicity states thatX is Kobayashi hyperbolic if
and only if there are no entire curves onX, i.e. any holomorphic mapf : C→X is constant. For
n = 2, J.-P. Demailly and J. El Goul showed that the very general hypersurface inP3 of degree
d ≥ 21 is hyperbolic [Amer. J. Math.122 (2000), no. 3, 515–546;MR1759887 (2001f:32045)].
Previously M. McQuillan had done this for the cased ≥ 36 [Geom. Funct. Anal.9 (1999),
no. 2, 370–392;MR1692470 (2000f:32035)]. More generally, Y. T. Siu showed that the general
hypersurface of degreed in Pn for anyn is hyperbolic ifd is sufficiently large [inThe legacy of
Niels Henrik Abel, 543–566, Springer, Berlin, 2004;MR2077584 (2005h:32061)].

This article is short and well written. The authors prove that there is no entire curve on a smooth
hypersurfaceX of degreed ≥ 2n that deforms withX along an open subset of the parameter
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spaceS of the universal familyX→ S of hypersurfaces ofPn of degreed. This result says that
the Kobayashi conjecture can only fail ford ≥ 2n if the general hypersurfaceX has an entire
curve which is not preserved by any local universal deformation ofX. As the authors mention,
their result follows from the Kobayashi conjecture, hence it is only new for the cases not covered
by the results stated in the previous paragraph. To prove their main theorem the authors, as Siu
did in the paper previously mentioned, bring to the transcendental case the variational approach
initiated by C. H. Clemens to prove algebraic hyperbolicity [Ann. Sci.École Norm. Sup. (4)19
(1986), no. 4, 629–636;MR0875091 (88c:14037); see also L. M. H. Ein, Invent. Math.94 (1988),
no. 1, 163–169;MR0958594 (89i:14002); C. Voisin, J. Differential Geom.44 (1996), no. 1, 200–
213;MR1420353 (97j:14047)]. The authors use and prove Siu’s result about global generation of
TX⊗ p∗OPn(1) to obtain a sequence of functions that proves their main theorem by contradiction
using the standard negative curvature arguments.
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Rousseau, Erwan(3-QU)
Étude des jets de Demailly-Semple en dimension 3. (French. English, French summaries)
[Study of Demailly-Semple jets in dimension 3]
Ann. Inst. Fourier (Grenoble)56 (2006),no. 2,397–421.

The paper under review deals with the characterization of Demailly-Semple jets, which is closely
related to the hyperbolicity of algebraic varieties. After the study of J.-P. Demailly [inAlgebraic
geometry—Santa Cruz 1995, 285–360, Proc. Sympos. Pure Math., 62, Part 2, Amer. Math. Soc.,
Providence, RI, 1997;MR1492539 (99b:32037)], the author gives an algebraic characterization
of Demailly-Semple jets in dimension three by making use of the invariant theory of nonreductive
groups. LetX be a complex manifold of dimension three andT ∗X its cotangent bundle. Denote
by Ek,mT ∗X the vector bundle of jet differentials onX of orderk and of degreem. PutAk =⊕

m(Ek,mT ∗X)x for x ∈X. The author describes the structure ofA3 and gives a characterization
for Gr•E3,mT

∗
X .

Namely, he proves thatGr•E3,mT
∗
X can be written as a direct sum of the spaces of Schur

polynomials onSajT ∗X for someaj ∈ Z+, which is the main result in this paper.
Some results of Riemann-Roch type are also obtained in the case in whichX is a hypersurface

in projective4-space.
Reviewed byYoshihiro Aihara
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15. E. Rousseau, ”Hyperbolicité du compĺementaire d’une courbe: le cas de deux composantes”,

CRASSer. I 336(2003), p. 635–640.MR1988123 (2004f:14046)
16. F. Sakai, ”Symmetric powers of the cotangent bundle and classification of algebraic varieties”,

in Lect. Notes in Math.,vol. 732, Berlin, Heidelberg, New York, Springer, 1979.MR0555717
(82b:32043)

17. Y.-T. Siu & S. Yeung, ”Hyperbolicity of the complement of a generic smooth curve of high
degree in the complex projective plane”,Invent. Math.124 (1996), p. 573–618.MR1369429
(97e:32028)

18. L. Tan, ”On the Popov-Pommerening conjecture for groups of typeAn”, in Proc. AMS,vol.
106, 1989, p. 611–616.MR0969528 (89k:14081)

Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.

c© Copyright American Mathematical Society 2007

Article

Citations

From References: 2
From Reviews: 0

/mathscinet/pdf/1328756.pdf?pg1=MR&amp;s1=96b:32034&amp;loc=fromreflist
/mathscinet/pdf/1464693.pdf?pg1=MR&amp;s1=99f:05119&amp;loc=fromreflist
/mathscinet/pdf/609557.pdf?pg1=MR&amp;s1=82h:32026&amp;loc=fromreflist
/mathscinet/pdf/569688.pdf?pg1=MR&amp;s1=58:27975&amp;loc=fromreflist
/mathscinet/pdf/502810.pdf?pg1=MR&amp;s1=80g:14015&amp;loc=fromreflist
/mathscinet/pdf/275477.pdf?pg1=MR&amp;s1=43:1231&amp;loc=fromreflist
/mathscinet/pdf/743262.pdf?pg1=MR&amp;s1=86d:14045&amp;loc=fromreflist
/mathscinet/pdf/743262.pdf?pg1=MR&amp;s1=86d:14045&amp;loc=fromreflist
/mathscinet/pdf/1988123.pdf?pg1=MR&amp;s1=2004f:14046&amp;loc=fromreflist
/mathscinet/pdf/555717.pdf?pg1=MR&amp;s1=82b:32043&amp;loc=fromreflist
/mathscinet/pdf/555717.pdf?pg1=MR&amp;s1=82b:32043&amp;loc=fromreflist
/mathscinet/pdf/1369429.pdf?pg1=MR&amp;s1=97e:32028&amp;loc=fromreflist
/mathscinet/pdf/1369429.pdf?pg1=MR&amp;s1=97e:32028&amp;loc=fromreflist
/mathscinet/pdf/969528.pdf?pg1=MR&amp;s1=89k:14081&amp;loc=fromreflist
/mathscinet
/leavingmsn?url=http://dx.doi.org/10.1515/CRELLE.2006.018
/mathscinet/search/publications.html?refcit=2212883&amp;loc=refcit


MR2212883 (2007b:32039)32Q20 (14J45 14J70)

Arezzo, Claudio (I-PARM); Ghigi, Alessandro(I-PAVI) ; Pirola, Gian Pietro (I-PAVI)
Symmetries, quotients and K̈ahler-Einstein metrics. (English summary)
J. Reine Angew. Math.591(2006), 177–200.

It is well known that it is extremely difficult to check whether a Fano manifold has a Kähler-
Einstein metric or not. For instance, even the case of del Pezzo surfaces is far from being obvious,
and in full generality it is not known for hypersurfaces of the projective space. G. Tian proved that
Fermat hypersurfaces are Kähler-Einstein, showing the properness of a certain energy functional
Fω whose Euler-Lagrange equation is the Monge-Ampère equation. In this paper, the behaviour
of Fω under a Galois covering is studied, and some algebraic conditions on the covering maps are
found to ensure the properness of this functional. This allows the authors to extend widely the
work of Tian to other classes of Fano manifolds:
(1) hypersurfaces of the form

{xd0 + · · ·+xdk−1 + f(xk, . . . , xn+1) = 0} ⊂ Pn+1

wheref is a homogeneous polynomial of degreed, andk > n+2− d;
(2) n-dimensional intersections of hypersurfaces of the same form as above, all of the same

degreed, andk > n+2− d;
(3) arbitrary intersections of two (hyper)quadrics;
(4) double covers ofPn ramified along a smooth hypersurface of degree2d with n+1

2 < d≤ n;
(5) double covers of then-dimensional quadricQn ⊂ Pn+1 with smooth branching locus cut out

by a hypersurface of degree2d with n
2 < d < n.

In order to get the result, the authors prove the following interesting fact. Letπ:M → N be a
ramified Galois covering of degreed with structure groupG, ωN a Kähler-Einstein metric onN
andω ∈ 2πc1(M) aG-invariant K̈ahler metric onM . If we denoteR(π) the ramification divisor
of π and assume that in homologyR(π) = −βKM for a certainβ ∈ Q+, then there is a constant
C such that for allG-invariant smooth potentialϕ with ω+

√
−1∂∂ϕ > 0,

F 0
ω(ϕ)≥ 1

1 +β
log
(

1
V

∫
M

e−(1+β)ϕπ∗ωnN

)
−C.

Here M has complex dimensionn and V =
∫
M ωn. Note that for a potentialϕ such that

1
V

∫
M eh(ω)−ϕωn = 1, whereRic(ω)− ω =

√
−1∂∂h(ω), one hasF 0

ω(ϕ) = Fω(ϕ). We refer to
the survey [G. Tian,Canonical metrics in K̈ahler geometry, Birkhäuser, Basel, 2000;MR1787650
(2001j:32024)] for the details about the functionalsFω andF 0

ω and the equivalence between the
existence of a K̈ahler-Einstein metric and the properness ofFω.

With a view to applying their result to the examples above, the authors need to control the
integral

∫
M e−(1+β)ϕωn with the term

∫
M e−(1+β)ϕπ∗ωnN in order to get the required proper-

ness. Interestingly, this leads one to the consideration forη = π∗ωnN
ωn of the real numberc =

sup{r ≥ 0: 1
ηr ∈ L

1(M,ωn)}, which is just the infimum overM of the complex singularity expo-

nent of the ideal sheaf induced by the divisorR(π) [J.-P. Demailly and J. Kollár, Ann. Sci.École
Norm. Sup. (4)34 (2001), no. 4, 525–556;MR1852009 (2002e:32032)]. Although the singular-
ities of the ramification divisor are quite mild, it is difficult to compute the complex singularity
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exponent in full generality. Nevertheless, if the reduced divisor associated toR(π) is smooth at
p ∈M , then there is a holomorphic functionf defined on a neighborhood ofp such thatR(π) =
{fm = 0}withm≤ deg(π)−1 andDf(p) 6= 0. This gives the required lower bound for the com-
plex singularity exponent at the pointp under a natural assumption on the covering. Then, the
manifolds quoted previously enter into this framework.

Reviewed byJulien Keller
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15. János Kolĺar, Singularities of pairs, Algebraic geometry–Santa Cruz 1995, Proc. Sympos. Pure
Math.62,Amer. Math. Soc., Providence, RI (1997), 221–287.MR1492525 (99m:14033)

16. Toshiki MabuchiandShigeru Mukai,Stability and Einstein-K̈ahler metric of a quartic del Pezzo
surface, in: Einstein metrics and Yang-Mills connections (Sanda 1990), Lect. Notes Pure Appl.
Math.145,Dekker, New York (1993), 133–160.MR1215285 (94m:32043)

17. Alan Michael Nadel,Multiplier ideal sheaves and K̈ahler-Einstein metrics of positive scalar
curvature, Ann. Math. (2)132(3) (1990), 549–596.MR1078269 (92d:32038)

18. Sean T. PaulandGang Tian,Analysis of geometric stability, Int. Math. Res. Not.48 (2004),
2555–2591.MR2078110 (2005j:32030)

19. Miles Reid,The complete intersection of two or more quadrics, PhD thesis, Trinity College,
Cambridge 1972, www.maths.warwick.ac.uk/.

20. Rolf Richberg,Stetige streng pseudokonvexe Funktionen, Math. Ann.175 (1968), 257–286.
MR0222334 (36 #5386)

21. T. A. Springer,Invariant theory, Lect. Notes Math.585,Springer-Verlag, Berlin (1977).
22. G. Tian,On Calabi’s conjecture for complex surfaces with positive first Chern class, Invent.

Math.101(1) (1990), 101–172.MR1055713 (91d:32042)
23. Gang Tian,On Kähler-Einstein metrics on certain Kähler manifolds withC1(M)¿0, Invent.

Math.89(2) (1987), 225–246.MR0894378 (88e:53069)
24. Gang Tian,Kähler-Einstein metrics with positive scalar curvature, Invent. Math.130(1) (1997),

1–37.MR1471884 (99e:53065)
25. Gang Tian,Canonical metrics in K̈ahler geometry, Notes taken by Meike Akveld, Birkhäuser
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Berman, Robert (S-CHAL)
Super Toeplitz operators on line bundles. (English summary)
J. Geom. Anal.16 (2006),no. 1,1–22.

LetL be a Hermitian line bundle over a compact complex manifoldX. Denote byX(q) the subset
of X where the curvature form ofL is nondegenerate and has exactlyq negative eigenvalues,
byH0(X,L) the space of all holomorphic sections ofL, and by{ψj} any orthonormal basis of
H0(X,L). The Bergman kernel ofH0(X,L) is then the holomorphic section ofL⊗L defined by
K(x, y) =

∑
j ψj(x)⊗ψj(y), and the author calls

B(x) := ‖K(x, x)‖= sup{‖f(x)‖2 : f ∈H0(X,L), ‖f‖ ≤ 1}
the Bergman function. LetBk(x) be similarly defined forLk in the place ofL. Using Demailly’s
holomorphic Morse inequalities, the author shows that ifX(1) = ∅ then

k−nBk(x)→ π−n 1X(0)(x) ‖det
i

2
∂∂ϕ(x)‖.

This is then elaborated on in two directions. First, applications are given to the asymptotic sets
of sampling inH0(X,Lk) ask→∞, generalizing, in particular, the result of Boutet de Monvel
and Guillemin on the counting function for the eigenvalues of a Toeplitz operatorTf with real-
valued symbolf . Second, an analogous theory is developed ifH0(X,Lk) is replaced by the
spacesHq(X,Lk) of harmonic(0, q)-forms onX with values inLk. It turns out that this admits a
very convenient formulation in the language of supermanifolds and superintegrals and, again, has
implications concerning the asymptotic distribution of eigenvalues, ask→∞, of certain “super-
Toeplitz” operatorsTf whose symbolsf are differential forms onX. The super formalism also
allows a compact notation.

Reviewed byMiroslav Englǐs
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1. Berman R., Berndtsson B., Sjöstrand J. Asymptotics of Bergman kernels (arXiv.org/abs/math.CV/050636).

2. Berman, R. Bergman kernels and local holomorphic Morse inequalities,Math Z.248(2). 325–
344. (arXiv.org/abs/math.CV/0211235), (2004).MR2088931 (2005g:32024)

3. Berndtsson, B. Bergman kernels related to hermitian line bundles over compact complex man-
ifolds, Explorations in complex and Riemannian geometry, 1–17,Contemp. Math.332, Amer.
Math. Soc., Providence, RI, (2003).MR2016088 (2004m:58045)

4. Borthwick, D., Klimek, S., Lesniewski, A., and Rinaldi, M. Super Toeplitz operators and
nonperturbative deformation quantization of supermanifolds,Comm. Math. Phys.153, (1993).
MR1213736 (94d:47020)

5. Bouche, T. Asymptotic results for Hermitian line bundles over complex manifolds: The heat
kernel approach. Higher-dimensional complex varieties, (Trento, 1994), 67–81, de Gruyter,
Berlin, (1996).MR1463174 (98k:32042)

6. Boutet de Monvel, L. and Guillemin, V. The spectral theory of Toeplitz operators,Ann. of Math.

/mathscinet/search/mscdoc.html?code=32L10%2C%2832L20%2C47B35%29
/mathscinet/search/publications.html?pg1=IID&s1=743613
/mathscinet/search/institution.html?code=S_CHAL
/mathscinet/search/journaldoc.html?&cn=J_Geom_Anal
/mathscinet/search/publications.html?pg1=ISSI&s1=240096
/mathscinet/search/publications.html?pg1=IID&s1=255258
/mathscinet/pdf/2088931.pdf?pg1=MR&amp;s1=2005g:32024&amp;loc=fromreflist
/mathscinet/pdf/2016088.pdf?pg1=MR&amp;s1=2004m:58045&amp;loc=fromreflist
/mathscinet/pdf/1213736.pdf?pg1=MR&amp;s1=94d:47020&amp;loc=fromreflist
/mathscinet/pdf/1463174.pdf?pg1=MR&amp;s1=98k:32042&amp;loc=fromreflist


Stud.99.Princeton University Press, Princeton, NJ, University of Tokyo Press, Tokyo, (1981).
MR0620794 (85j:58141)
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Fang, Fuquan(PRC-CAP)
Kähler manifolds with numerically effective Ricci class and maximal first Betti number are
tori. (English, French summaries)
C. R. Math. Acad. Sci. Paris342(2006),no. 6,411–416.

In [Compositio Math.89 (1993), no. 2, 217–240;MR1255695 (95b:32044)], J.-P. Demailly, T.
Peternell and M. H. Schneider generalized the notion of a numerically effective (nef) holomorphic
line bundle over an algebraic variety to any compact complex manifold. A Kähler manifold
with nef anticanonical bundle, or equivalently, numerically effective Ricci class, is called a nef
Kähler manifold in the paper under review. For a nef Kähler manifoldM, Demailly, Peternell
and Schneider conjectured that the Albanese mapα:M → Alb(M) is surjective. WhenM is a
projective manifold of arbitrary dimension, Q. Zhang proved this conjecture in [J. Reine Angew.
Math. 478 (1996), 57–60;MR1409052 (97m:14039)] by using relative deformation theory and
mod p reductions (which were originally used by S. Mori to settle Hartshorne’s conjecture).
Using the analytic techniques of differential geometry, M. Paun proved the conjecture under the
assumption that the Ricci class ofM is integrable in [Comm. Anal. Geom.9 (2001), no. 1, 35–60;
MR1807951 (2001m:32050)]. F. Campana, Peternell and Zhang confirmed the conjecture when
the dimension ofM is not greater than four in [Proc. Amer. Math. Soc.131(2003), no. 2, 549–553
(electronic);MR1933346 (2004e:32020)].

LetM be a nef K̈ahler manifold of dimensionn. In this well-written and very readable paper the
author proves: (1) If the first Betti numberb1(M) = 2n, thenM is biholomorphic to a complex
torus of dimensionn. In particular, ifb1(M) = 2n, then the Albanese mapα:M → Alb(M) is
surjective. (2) LetG be the fundamental group ofM andG′ = [G,G] be the commutator subgroup
of G. If the first Betti numberb1(M) = 2n− 2, andG′/[G′, G] has rank at least two, then the
Albanese mapα:M → T n−1

C is surjective.
The author claims that the proof of the second result follows along the same lines as the first

one. The following is the main idea of the proof of the first main result. By the Aubin-Calabi-Yau
theorem, Demailly, Peternell and Schneider proved that a Kähler manifold is nef if and only if
there exists a sequence of Kähler metrics{ωk} such that for anyk > 0, {ωk} belongs to a fixed
Kähler class[ω], and the Ricci curvature ofωk is bounded from below by−1

k . Let M̃k be the

Riemannian covering space ofMk (the manifoldM with metricωk). LetMk = M̃k/G
′. Using the

equivariant Gromov-Hausdorff convergence and Gromov compactness theorem, and a splitting
theorem of Cheeger-Colding for limit spaces, the author proves that there is a finite index torsion-
free subgroupΓk of Γ =G/G′ such that(Mk,Γk) converges to(R2n,Z2n). From this the author
concludes thatMk/Γk is homeomorphic to a torus, and hence so isM . From the Poincaré-Lelong
equation it follows that the Albanese map has no zeros and is actually a biholomorphism.

Reviewed byQi Lin Yang
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Valuative analysis of planar plurisubharmonic functions. (English summary)
Invent. Math.162(2005),no. 2,271–311.

This is the first of a series of papers in which the authors give applications of the theory of the
valuative tree, a notion introduced in their book [The valuative tree, Lecture Notes in Math., 1853,
Springer, Berlin, 2004;MR2097722 (2006a:13008)].

The valuations considered here are valuations acting on germs of holomorphic functions at0 ∈
C2, that is, functionsν:O(C2, 0) 7→ [0,∞] such that:

(i) ν(ψψ′) = ν(ψ) + ν(ψ′);
(ii) ν(ψ+ψ′)≥min(ν(ψ), ν(ψ′));

(iii) ν(0) =∞, ν(1) = 0, min(ν(x), ν(y)) = 1.
In their aforementioned work, the authors proved that the spaceV of such valuations has the
structure of anR-tree, hence is eligible to be treated by the methods of analysis and measure
theory.

The most classical example of valuation is the multiplicity of a germ. The Lelong number can be
seen as an extension of this multiplicity, acting on the space of germs of plurisubharmonic (psh)
functions.

Using the formalism of the valuative tree, the authors first show that (quasimonomial) valuations
can be evaluated on psh functions, giving rise to generalized Lelong numbers in the sense of J.-P.
Demailly [Acta Math.159 (1987), no. 3-4, 153–169;MR0908144 (89b:32019)] (see also [C.-O.
Kiselman, inŚeminaire d’Analyse Complexe et Géoḿetrie 1985–1987, 61–70, Fac. Sci. Tunis/Fac.
Sci. Tech. Monastir; per bibl.]).

This allows them to describe singularities of psh functions quite accurately as follows. Ifu is a
psh function with singularity at the origin,ν 7→ ν(u) is a function on the space of valuations, with
special convexity properties that allow one to apply the methods of analysis on the valuative tree
and obtain a “tree measure” associated to it.

The general idea of the paper is that this tree measure contains a lot of information aboutu. The
authors give some applications of this principle.

The first application is a process of attenuation of singularities of positive closed currents. Given
a germ of positive closed current at0 ∈C2, there exists a composition of blowupsπ such thatπ∗T
decomposes as a current supported on the exceptional divisor plus a current with arbitrary small
Lelong numbers. This extends results of Mimouni and Guedj.

The second application is an exact formula for the mass ofddcu∧ ddcv{0}, whereu andv are
germs of singular psh functions, under some regularity assumptions onu andv. The value of the
mass depends on the tree measures ofu andv. As a consequence of this formula, it is proved that
every generalized Lelong number is an average of valuations.

An important third application to the theory to multiplier ideal sheaves associated to psh functions
appears in a separate paper [C. Favre and M. Jonsson, J. Amer. Math. Soc.18 (2005), no. 3, 655–
684 (electronic);;MR2138140 (2007b:14004)].

Reviewed byRomain Dujardin
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Cegrell, Urban (S-UMEA-IM) ; Wiklund, Jonas (S-UMEA-IM)
A Monge-Ampère norm for delta-plurisubharmonic functions. (English summary)
Math. Scand.97 (2005),no. 2,201–216.

Let Ω ⊂ Cn be a bounded hyperconvex domain andPSH(Ω) ⊂ L1
loc(Ω) be the cone of plurisub-

harmonic functions onΩ. It is well known from the pioneering work of Bedford and Taylor that
the complex Monge-Amp̀ere operator(ddcu)n is well defined on the class of bounded plurisub-
harmonic functionsu on Ω, but not for all plurisubharmonic functions onΩ. Later on, Cegrell
introduced interesting classes of (singular) plurisubharmonic functions onΩ for which the complex
Monge-Amp̀ere operator is well defined as a Radon measure onΩ and which play an important
role in the solution of the Dirichlet problem for the complex Monge-Ampère equation [see U.
Cegrell, Acta Math.180(1998), no. 2, 187–217;MR1638768 (99h:32016)].

In the paper under review, the authors study one of these classes, namely, the classF(Ω)
of functionsϕ ∈ PSH(Ω) for which there exists a decreasing sequence(ϕj) of plurisubharmonic
functions onΩ with boundary values 0 which converges toϕ onΩ and satisfiessupj

∫
Ω(ddcϕj)n <

+∞. It follows from Cegrell’s work that forϕ ∈ F(Ω) the Monge-Amp̀ere measure(ddcϕ)n is
well defined onΩ and is of finite mass onΩ.

The setF(Ω) is a cone in the linear spaceL1
loc(Ω). It is then natural to consider the linear

subspace generated by this cone. This is the setδF(Ω) of functionsu ∈ L1
loc(Ω) such that there

existu1, u2 ∈ F(Ω) satisfyingu= u1−u2.
The authors then define a norm onδF(W ) by

‖u‖ := inf
{∫

Ω
(ddc(u1 +u2))n; u1, u2 ∈ F(Ω), u= u1−u2

}
.
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The first main result of the paper states that‖ · ‖ is a norm on the linear spaceδF(W ) and this
space is a Banach space. Moreover the authors characterize its dual as the linear space generated
by the dual coneF′(Ω).

Finally the authors prove that Demailly’s generalized Lelong numbers functional is continuous
on the Banach spaceδF(W ).
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Laytimi, F. (F-LILL) ; Nahm, W. (IRL-DIAS-P)
On a vanishing problem of Demailly.
Int. Math. Res. Not.2005,no. 47,2877–2889.

LetX be a smooth projective complex algebraic variety of dimensionn. In the first section of the
paper the authors discuss several vanishing results for the cohomology of certain vector bundles on
X, and explain that one of them (Theorem 1.4) implies all the other ones. (The proof of Theorem
1.4 is given in the second section.) For instance, two of the corollaries of the main result of the paper
are the following generalizations of vanishing theorems of Demailly and Griffiths, respectively. In
both of these results, we letE be a holomorphic vector bundle of ranke onX, we letL be a line
bundle onX, we letp, q be integers with0≤ p, q ≤ n, and we putr = min(n− p, n− q).

(1) Letk ≥ 1 be an integer, letm = min(e− 1, k), and assume thatSk+(r+m)eE ⊗L is ample.
Then

Hp,q(X,E⊗k⊗ (detE)m+r⊗L) = 0 for p+ q−n > 0.

(2) Letα≥ 0 be an integer, and assume thatSα+r+reE⊗L is ample. Then

Hp,q(X,SαE⊗ (detE)r+1⊗L) = 0 for p+ q−n > 0.

However, the original motivation for the work was trying to answer the following question of
Demailly (which is alluded to in the title of the paper). We keep the notationX,n,E, e,L, p, q and
r introduced above. Leta= (a1, . . . , al) be a nonincreasing sequence of positive integers of length
l ≤ e; its weight is defined to be|a| =

∑
i ai, anda can then be thought of as a partition of the

integer|a|. This partition determines a Schur functor on the category of vector bundles onX; the
value of this functor onE will be denoted bySaE. (Schur functors arise from the representation
theory of the general linear group, and they generalize the symmetric power and exterior power
functors.)

If E is ample andL is nef or vice versa, Demailly posed the problem of determining the smallest
exponentj0 = j0(n, p, q, a) such thatHp,q(X,SaE⊗ (detE)j ⊗L) = 0 for j ≥ j0. Demailly
also suggested thatj0 = r+ l is sufficient. The authors confirm Demailly’s prediction with the
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following result (Theorem 1.2 in the paper) which turns out to be equivalent to a special case
(Theorem 1.3) of the main theorem of the paper (Theorem 1.4). Namely, letã = (ã1, ã2, . . . )
denote the transpose of the partitiona, letm≥ 0 be an integer, and assume thatS|a|+(m+r)eE⊗L
is ample. Then

Hp,q(X,SaE⊗ (detE)m+r⊗L) = 0

for p+ q − n >
∑

ãi>m
(e− ãi). As the authors remark, the ampleness condition in this result

is satisfied ifE is ample andL is nef, or vice versa. If we takem = l in the theorem, then the
condition on the right-hand side of the last formula becomesp+ q− n > 0, and we arrive at a
solution of Demailly’s problem, with the exponent beingj0 = r+ l, as he suggested. In the third
and final section of the paper the authors show that this result is optimal in a certain range of the
parametersn, p, q anda, which, unfortunately, is not symmetric with respect top andq.
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Koll ár, János(1-PRIN)
Einstein metrics on five-dimensional Seifert bundles. (English summary)
J. Geom. Anal.15 (2005),no. 3,445–476.

Summary: “The aim of this article is to study Seifert bundle structures on simply connected5-
manifolds. We classify all such5-manifolds which admit a positive Seifert bundle structure, and
in a few cases all Seifert bundle structures are classified. These results are then used to construct
positive Ricci curvature Einstein metrics on these manifolds.

“The proof has 4 main steps: first, the study of the Leray spectral sequence of the Seifert bundle,
based on work of P. Orlik and P. Wagreich [Invent. Math.28 (1975), 137–159;MR0361150 (50
#13596)]; second, the study of log del Pezzo surfaces; third, the construction of Kähler-Einstein
metrics on del Pezzo orbifolds using the algebraic existence criterion of J.-P. Demailly and J.
Koll ár [Ann. Sci.École Norm. Sup. (4)34 (2001), no. 4, 525–556;MR1852009 (2002e:32032)];
fourth, the lifting of the K̈ahler-Einstein metric on the base of a Seifert bundle to an Einstein metric
on the total space using the Kobayashi-Boyer-Galicki method.”
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Debarre, Olivier (F-STRAS-I)
Varieties with ample cotangent bundle. (English summary)
Compos. Math.141(2005),no. 6,1445–1459.

The goal of the paper under review is to construct examples of projective algebraic varietiesX
with ample cotangent bundle. Such varieties are always of general type. Moreover, when defined
over C they do not admit nontrivial holomorphic mapsC → X [J.-P. Demailly, inAlgebraic
geometry—Santa Cruz 1995, 285–360, Proc. Sympos. Pure Math., 62, Part 2, Amer. Math. Soc.,
Providence, RI, 1997;MR1492539 (99b:32037)], and when defined over a number fieldK they
are conjectured to have only finitely manyK-rational points [A. Moriwaki, Math. Res. Lett.2
(1995), no. 1, 113–118;MR1312981 (96b:14021)]. Although such varieties are expected to be
abundant, there are few known concrete examples. This situation is now somewhat remedied.

The main part of the paper is Section 2, in which the author proves the following three theorems:
(i) Let L1, . . . , Lc be very ample line bundles on a simple abelian variety of dimensionn, where
c≥ n/2. LetH1 ∈ |Le1

1 |, . . . ,HC ∈ |LecC | be general divisors wheree2, . . . , ec are all> n; then the
complete intersectionH1 ∩ · · · ∩Hc has ample cotangent bundle. (ii) If we change the condition
on theei’s to be large enough and divisible enough, then the same property holds for any abelian
variety. (iii) If the dimensionn is 4 andc = 2, it suffices to takee1, e2 ≥ 5 (this result has been
subsequently improved by the author and E. Izadi [“Ampleness of intersections of translates of
theta divisors in an abelian fourfold”, preprint, arxiv.org/abs/math/0506374], who proved that
for any4-dimensional Jacobian the intersection of two general translates of the theta divisor has
ample cotangent bundle). The author proves (i) by showing that the fibers of the natural map
P(ΩX) → P(ΩA,0)×X → P(ΩA,0) are0-dimensional. This is done by showing that if∂ is a
nontrivial constant vector field onA, then there is an inequalitydim(H1 ∩ ∂H1 ∩ · · · ∩Hc ∩
∂Hc)≤max(n− 2c, 0). This inequality is proved by induction onc and is the most technical part
of the paper. The proofs of (ii) and (iii) are similar to the proof of (i).

Section 3 of the paper is mostly conjectural—the author conjectures that similar theorems to his
theorems on abelian varieties would hold inPn. In Section 4 he reproduces an unpublished result
of F. Bogomolov: LetX1, . . . , Xn be smooth projective varieties with big cotangent bundles, all
of dimension≥ d > 0, and letV be a general linear section ofX1×· · ·×Xm such thatdim(V )≤

/mathscinet/pdf/1933881.pdf?pg1=MR&amp;s1=2003h:14063&amp;loc=fromreflist
/mathscinet
/leavingmsn?url=http://dx.doi.org/10.1112/S0010437X05001399
/mathscinet/search/mscdoc.html?code=14K12%2C%2814F10%2C14M10%29
/mathscinet/search/publications.html?pg1=IID&s1=55740
/mathscinet/search/institution.html?code=F_STRAS_I
/mathscinet/search/journaldoc.html?&cn=Compos_Math
/mathscinet/search/publications.html?pg1=ISSI&s1=237166
/mathscinet/pdf/1492539.pdf
/mathscinet/pdf/1312981.pdf


(d(m+1) +1)/2(d+1). Then the cotangent bundle ofV is ample.
Reviewed byDavid Lehavi
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Boyer, Charles P.(1-NM); Galicki, Krzysztof (1-NM); Koll ár, János(1-PRIN)
Einstein metrics on spheres.
Ann. of Math. (2)162(2005),no. 1,557–580.

This paper provides existence theorems for large families of Einstein metrics on the sphereS5,
on all 28 oriented diffeomorphism classes onS7 as well as on the standard and Kervaire spheres
S4m+1. This is a substantial advance on previous work and the techniques used here motivate
the authors’ conjecture that all odd-dimensional homotopy spheres which bound parallelizable
manifolds admit Sasakian-Einstein metrics.

The study of special Riemannian metrics on exotic spheres has quite a long history. D. Gromoll
and W. Meyer [Ann. of Math. (2)100(1974), 401–406;MR0375151 (51 #11347)] wrote explicitly
a metric of non-negative sectional curvature on one of the Milnor7-spheres. Much later, K. Grove
and W. Ziller [Ann. of Math. (2)152(2000), no. 1, 331–367;MR1792298 (2001i:53047)] proved
that all exotic 7-spheres which areS3-bundles overS4 admit such a metric. It is however not
known whether exotic spheres admit metrics of positive sectional curvature. Concerning metrics
with positive Ricci curvature, they are known to exist on all spheres which bound parallelizable
manifolds by a result of D. Wraith [J. Differential Geom.45 (1997), no. 3, 638–649;MR1472892
(98i:53058)]. In dimension7, all homotopy spheres have this property, and part of the ideas in
the paper under review come from a re-proving of Wraith’s theorem by Boyer, Galicki and M.
Nakamaye [Topology42 (2003), no. 5, 981–1002;MR1978045 (2004c:53055)] in the framework
of the classical Brieskorn presentation. Dimension7 was also deeply analyzed by M. Kreck and S.
Stolz [Ann. of Math. (2)127(1988), no. 2, 373–388;MR0932303 (89c:57042)], who proved the
existence of7-manifolds with the maximal number of28 smooth structures each of which admits
an Einstein metric with positive scalar curvature.

The present paper attacks the problem of existence of Einstein metrics on standard and exotic
spheres by combining the original Brieskorn point of view through linksLf of isolated hyper-
surface singularities with their Sasakian geometry and with a continuity method to construct
Kähler-Einstein metrics on their associated transversal structure.

We now sketch some of the ideas entering in the proof.
First, linksLf are defined by choosing a weight vector−→w = (w0, . . . , wn) ∈ Zn+1

+ and a weighted
homogeneous polynomialf of weighted degreew(f): f(λw0z0, . . . , λ

wnzn) = λw(f)f(z0, . . . , zn).
The definition isLf = {z ∈ Cn+1 : f(z) = 0}∩S2n+1, and when0 is the only isolated singularity
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of f , the weightedS1-fibration S2n+1−→w → P n
C(−→w ) gives rise to an induced fibrationLf → Zf ,

relating the Sasakian geometry of the smooth linkLf to its transversal K̈ahler geometry, encoded
in the orbifoldZf . As a first result, the authors prove that the orbifoldZf is Fano if and only if
w(f)−

∑
wi < 0.

A remarkable class of linksLf is given by Brieskorn-Pham linksL(−→a ),−→a = (a0, . . . , an),
corresponding to polynomialsf =

∑
zaii . Thenw(f) = lcm (a0, . . . , an), the weights arewi =

w(f)
ai

, and the Fano condition reads1 <
∑ 1

ai
. It was proved in E. Brieskorn’s famous 1966

paper [Invent. Math.2 (1966), 1–14;MR0206972 (34 #6788)] thatL(−→a ) is homeomorphic to a
sphere provided some conditions hold on an associated graphG(−→a ). More generally, perturbed
Brieskorn-Pham linksL(−→a , p), corresponding tof =

∑
zaii + p(z0, . . . , zn), satisfy the same

Fano condition for the corresponding Kähler orbifoldsZ(−→a , p). The strategy is now to apply a
continuity method toZ(−→a , p) to ensure on them the existence of a Kähler-Einstein metric. A
Sasakian-Einstein metric onL(−→a , p) will then be obtained from the classical Kobayashi circle
bundle construction, suitably adapted to orbifolds.

A second key ingredient in the proof is the continuity method developed through the work of T.
Aubin, Y. T. Siu, G. Tian and A. M. Nadel. The aim is to show the existence of a Kähler-Einstein
metric of positive sign through the Monge-Ampére equation by starting from a Yau solution for
the valuet = 0 of the parameter and by getting conditions that ensure that the valuet = 1 can
be reached by continuity. The relevant theorem in the authors’ proof is in the orbifold category
and is due to J.-P. Demailly and Kollár [Ann. Sci.École Norm. Sup. (4)34 (2001), no. 4, 525–
556;MR1852009 (2002e:32032)]. For Fano K̈ahler hypersurfacesZf ⊂ Pn

C(−→w ) associated to the
links Lf , the Demailly and Kolĺar theorem is in fact used to show that a Kähler-Einstein metric
of positive sign can be obtained onZf provided the following condition holds: there is aγ > n

n+1
such that for every weighted homogeneous polynomialg of weighted degrees(

∑
wi−w(f)), not

identically zero onYf = {{f = 0} ⊂ Cn+1}, the function|g|− γ
s is locallyL2 onYf −{0}. Then,

by working out this condition for Brieskorn-Pham linksL(−→a , p), the authors prove that a Kähler-
Einstein metric on the orbifoldsZ(−→a , p) exists if1 <

∑ 1
ai
< 1 + n

n+1 min{ 1
ai
, 1
bibj
}, wherebi =

gcd(Ci, ai), Ci = lcm (a0, . . . , âi, . . . , an). Moreover, given two vectors−→a ,−→a ′ satisfying these
conditions, the linksL(−→a ) andL(−→a ′) are isometric if and only if−→a is a permutation of−→a ′.

An enumeration of all sequences(a0, . . . , an) satisfying the above condition can thus be accom-
plished in some cases, also with the help of computer programs. Moreover, possible perturbing
polynomialsp(z0, . . . , zn) can be considered as well, and some significant cases are examined in
the last section of the paper. This leads the authors to obtain68 inequivalent families of Sasakian-
Einstein metrics onS5, from 231 to 452 families on each of the28 oriented diffeomorphism
classes onS7, and a doubly exponential number of inequivalent families on standard and Kervaire
S4m+1. All these results of course suggest the examination also of homotopy spheresS4m+3 and
the companion paper by Boyer et al. [Experiment. Math.14 (2005), no. 1, 59–64;MR2146519
(2006a:53042)] gives a computer assisted proof forS11 andS15 of the authors’ conjecture stated
at the beginning of this review.

This extensive range of ideas and techniques has already originated some remarkable devel-
opments. Among them, the construction of Einstein metrics on5-dimensional Seifert bundles,
described by Kolĺar [J. Geom. Anal.15(2005), no. 3, 445–476;;MR2190241 (2007c:53056)], and
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of further new Einstein metrics on odd-dimensional spheres by A. Ghigi and Kollár [“Kaehler-
Einstein metrics on orbifolds and Einstein metrics on spheres” preprint, arxiv.org/abs/math.DG/
0507289], are certainly deserving of mention. Very likely, many other developments will follow
from the present rich paper.

Reviewed byPaolo Piccinni
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Kołodziej, Sławomir
The complex Monge-Amp̀ere equation and pluripotential theory. (English summary)
Mem. Amer. Math. Soc.178(2005),no. 840,x+64pp.

This is a survey and update of results in pluripotential theory; mostly due to the author and primarily
on existence theorems for the complex Monge-Ampère operator. Chapter 1 gives background
material on positive currents and plurisubharmonic (psh) functions. The complex Monge-Ampère
operator(ddcu)n is defined for locally bounded psh functions inCn; convergence theorems and
comparison theorems are proved for such functions. The relative extremal function and relative
capacity cap are introduced and utilized to prove quasicontinuity of psh functions. Josefson’s
theorem, that locally pluripolar sets are globally pluripolar, and the Bedford-Taylor result, that
negligible sets are pluripolar, are also proved. Much of the material is from the Bedford-Taylor
papers [E. Bedford and B. A. Taylor, Invent. Math.37 (1976), no. 1, 1–44;MR0445006 (56
#3351); Acta Math.149(1982), no. 1-2, 1–40;MR0674165 (84d:32024)], but proofs of some of
the convergence theorems and the negligible sets are pluripolar result have been slightly simplified.
Chapter 2 introduces the Lelong classesL andL+ and the Siciak-Zaharjuta extremal function of a
bounded set and proves the capacity comparison theorem of H. J. Alexander and Taylor [Math. Z.
186(1984), no. 3, 407–417;MR0744831 (85k:32034)]. Chapter 3 solves the Dirichlet problem for
the complex Monge-Amp̀ere operator on a strictly pseudoconvex domainΩ: givenϕ ∈ C(∂Ω) and
f ∈ C(Ω) with f ≥ 0, find u ∈ PSH(Ω)∩C(Ω) with (ddcu)n = fdV in Ω andlimz′→z u(z′) =
ϕ(z) for all z ∈ ∂Ω. The procedure of Bedford and Taylor in [op. cit., 1976] is followed with some
minor modifications of J.-P. Demailly [inComplex analysis and geometry, 115–193, Plenum, New
York, 1993;MR1211880 (94k:32009)].

The final three chapters cover more recent results—all within the past ten years—on the Dirichlet
problem and the complex Monge-Ampère operator. In Chapter 4, the author generalizes the class
of admissible dataf for solvability of the Dirichlet problem. First, define a class of measuresµ
that satisfy a type of local domination by relative capacity: for an “admissible” functionh:R+ →
(1,∞) and a positive constantA,

F(A, h) :=

{µ: µ(K)≤ F (cap(K,Ω)), F (x) =
Ax

h(x−1/n)
, K compact}.

A priori estimates for the sup-norm of solutions of the Dirichlet problem withµ in place offdV are
proved which imply the existence of continuous solutions of the Dirichlet problem for a wide class
of absolutely continuous measuresfdV (Theorem 4.6). This class includes allf ∈ Lploc(Ω) for
p > 1. If one relaxes the assumption of continuity of the solution and asks for a bounded solution
of the Dirichlet problem, Theorem 4.7 shows that if such a Dirichlet problem admits a subsolution
then it admits a solution. These results are from [S. Kołodziej, Ann. Polon. Math.65(1996), no. 1,
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11–21;MR1414748 (98a:32015); Indiana Univ. Math. J.44 (1995), no. 3, 765–782;MR1375348
(96m:32013); Acta Math.180 (1998), no. 1, 69–117;MR1618325 (99h:32017); Math. Z. 240
(2002), no. 4, 835–847;MR1922732 (2003f:32043)]. The complex Monge-Amp̀ere operator can
be defined in a reasonable way for certain unbounded psh functions; this is the content of Chapter
5. The so-called energy classesEp andFp of Cegrell are introduced and a characterization of
the finite measuresµ in a hyperconvex domain which are Monge-Ampère measures(ddcu)n of
a functionu in Fp is given (Theorem 5.5). Much of this chapter follows [U. Cegrell, Acta Math.
180 (1998), no. 2, 187–217;MR1638768 (99h:32016)]. In addition, ifµ ∈ F(A, h), one obtains
a continuous solution [S. Kołodziej, inComplex geometric analysis in Pohang (1997), 241–
243, Contemp. Math., 222, Amer. Math. Soc., Providence, RI, 1999;MR1653056 (99i:32019)].
Finally, Chapter 6 presents work of the author on the complex Monge-Ampère equation on a
compact K̈ahler manifoldM [S. Kołodziej, op. cit., 1998; Indiana Univ. Math. J.52 (2003), no. 3,
667–686;MR1986892 (2004i:32062)]. Given a fundamental formω normalized so that

∫
M ωn =

1, a continuous functionϕ onM is calledω-plurisubharmonic (ϕ ∈ PSH(ω)) if ωϕ := ω+ddcϕ≥
0. Given a nonnegative functionf onM normalized so that

∫
M fωn = 1, the problem is to solve

the Monge-Amp̀ere equationωnϕ = fωn for ϕ. Defining

F(A, h) := {f ∈ L1(M): f ≥ 0,
∫
E

fωn ≤ F (capω(E)), E Borel}

wherecapω is the appropriate notion of capacity, the author shows (Theorem 6.7) that ifh is
admissible and1 ∈ F(A, h), then for anyf ∈ F(A, h) there exists a continuous solutionϕ of
ωnϕ = fωn. If one normailizesϕ so thatmaxM ϕ = 0, the solution is unique; this follows from a
stability estimate in the final section.

Reviewed byNorman Levenberg
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Courants extrémaux et dynamique complexe. (French. English, French summaries)
[Extremal currents and complex dynamics]
Ann. Sci.École Norm. Sup. (4)38 (2005),no. 3,407–426.

The goal of the paper is to construct extremal positive closed currents of any degree inPk (i.e.,
extremal elements in the closed convex cone of positive closed currents of bidimension(p, p), 0≤
p ≤ k) which are not currents of integration along irreducible analytic subsets. Such currents, of
dynamical character, were constructed before by various authors [J.-P. Demailly, Invent. Math.
69 (1982), no. 3, 347–374;MR0679762 (84f:32007); E. Bedford and J. Smillie, Math. Ann.294
(1992), no. 3, 395–420;MR1188127 (93k:32062); J. E. Fornæss and N. Sibony, Duke Math. J.
65 (1992), no. 2, 345–380;MR1150591 (93d:32040)], but all examples were of bidimension(k−
1, k− 1). The author considers a polynomial endomorphismf : Ck → Ck and its meromorphic
extension toPk. Throughout the paper, he makes the assumption (H1):Xf ∩ If = ∅, whereXf :=
f((t= 0)) r If , (t= 0) is the hyperplane at infinity andIf is the indeterminacy set forf . Under
this assumption, there exists a positive closed currentT+ in Pk such that

T+ = ω+ ddcg+, f
∗T+ = dT+,

whered > 1 is the first dynamical degree off , ω is the Fubini-Study form inPk and g+ is
continuous inPk r If . ThendimXf = r− 1, dim If = k− r− 1 for some integer1≤ r ≤ k− 1
and it is possible to defineT j+, 1≤ j ≤ r+1. T r+ is one of the currents whose extremal properties
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are established in the paper. The key point in the author’s proof is the existence of potentials that
allow him to control sign. In Section 1, under the assumption (H2) thatIf is f−1-attracting, the
author observes thatT r+ admits almost positive potentials, i.e.,T r+ = ωr + ddcTcan, whereTcan is
a positive current inPk rWIf ,WIf is a suitable neighborhood ofIf andλ−j(f j)∗Tcan → 0 in Ck

with λ= dr. Proposition 1.1 proves the existence of an almost everywhere negative potential (with
control on mass) for any positive closed currentS of bidegree(s, s) in Pk satisfying0≤ S ≤ σ in
Pk, whereσ is a given positive closed current of bidegree(s, s) in Pk, 1≤ s≤ k.

Section 2 deals with extremality properties. Theorem 2.1 says the following: Letf : Ck → Ck

be a polynomial automorphism satisfying conditions (H1) and (H2). ThenT r+ is extremal in the
coneTr(Pk) of positive closed(r, r)-currents inPk. Also, it is extremal inTr(Ck). Theorem 2.3 is
its counterpart for a polynomial endomorphismf of Ck satisfying (H1),(H2), with the conclusion
thatT r+ is extremal in the sub-cone ofTr(Pk) consisting of currentsS satisfyingf ∗S = λS. Both
proofs are based on uniform convergence of sequences of pullbacks under iterates off of some
quite general currents to constant multiples ofT r+. Later, the author makes an assumption (H3)
about the degrees off :

λ= dr > λr+1(f) := lim
j→∞

(δr+1(f j))1/j,

whereδr+1(f) is the(r+1)-st algebraic degree off . Forf satisfying (H1) and (H3) it is possible
to construct a positive closed currentT−k−r = θ+ ddcT−∞ such thatT−∞ ≥ 0, f∗T−k−r = λT−k−r and
‖T−k−r‖ = 1, whereθ is a suitable positive closed smooth(k− r, k− r)-form. The existence of
the positive potentialT−∞ implies thatT−k−r is not a current of integration over an analytic set
of dimensionr. To deal with singularities off∗θ whenf is not invertible, the author assumes
(H4): limz∈Cf ,|z|→∞ f(z) ∈Xf , whereCf is the critical set off . By Theorem 2.6, forf satisfying
conditions (H1), (H3) and (H4), the currentT−k−r is extremal in the coneTk−rf∗

(Pk) = {S ∈
Tk−r(Pk): f∗S = λS}. If f is an automorphism,T−k−r is also extremal inTk−r(Pk). Proposition
2.5 states that quasi-plurisubharmonic functions inPk are integrable with respect toT−k−r ∧ ωr.
In particular,T−k−r does not charge pluripolar sets. In Remark 2.7 it is observed thatT−k−r can be
extremal inTk−r(Pk) even thoughf is not invertible, as proved by the author in [Amer. J. Math.
124(2002), no. 1, 75–106;MR1879000 (2003b:32021)] for k = 2, r = 1.

Section 3 is devoted to a canonical invariant measure forf . It is µf = T r+ ∧ T−k−r, which is a
well-defined measure, sinceT r+ andT−k−r have complementary bidegrees andT+ has bounded
potentials on the support ofT−k−r. Theorem 3.1 states thatµf is anf -invariant probability measure
with compact support inCk such thatL(Ck) ⊂ L1(µf), whereL denotes the Lelong class of
plurisubharmonic functions inCk with logarithmic growth. In particular,µf does not charge
pluripolar sets inCk. Theorem 3.2 says thatµf is ergodic and of maximal entropy

hµf (f) = htop(f) = log λ.

The inequality
hµf (f)≤ htop(f)

between metric and topological entropy is the Misiurewicz’s variational principle, and the inequal-
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ity
htop(f)≤ max

1≤j≤k
log λj(f)

is due to M. L. Gromov [Enseign. Math. (2)49 (2003), no. 3-4, 217–235;MR2026895
(2005h:37097)]. Whenf satisfies (H1) and (H3),λ is the largest dynamical degree. The equalities
were conjectured by S. Friedland in [Ann. of Math. (2)133(1991), no. 2, 359–368;MR1097242
(92c:58115)].

Reviewed byMałgorzata Stawiska
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Prépublication, décembre 2003.
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Qiu, Chunhui (PRC-XIAM-SM); Zhong, Tongde(PRC-XIAM-SM)
The Koppelman-Leray formula on complex Finsler manifolds. (English summary)
Sci. China Ser. A48 (2005),no. 6,847–863.

J.-P. Demailly and C. Laurent-Thiébaut constructed integral representations of Cauchy-Leray-
Koppelman type for forms of arbitrary bidegree on complex manifolds [Ann. Sci.École Norm.
Sup. (4)20 (1987), no. 4, 579–598;MR0932799 (89g:32023)], and later B. Berndtsson obtained
more precise results [Ann. Sci.École Norm. Sup. (4)24 (1991), no. 3, 319–337;MR1100993
(92c:32012)]. The kernel of Demailly and Laurent-Thiébaut is essentially the leading term of the
kernel of Berndtsson.

The authors adapted the method of Demailly and Laurent-Thiébaut to the setting of complex
Finsler manifolds in a previous article [Sci. China Ser. A47 (2004), no. 2, 284–296;MR2068946
(2005e:32005)]. The present article, which uses the kernel of Berndtsson in place of the kernel
of Demailly and Laurent-Thiébaut, is completely parallel, even reproducing much of the earlier
article verbatim. The authors have added two proofs that they omitted in the earlier article as well
as three examples.
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Berman, Robert (S-CHAL)
Holomorphic Morse inequalities on manifolds with boundary. (English, French summaries)
Ann. Inst. Fourier (Grenoble)55 (2005),no. 4,1055–1103.

The main result of this paper is a generalization of Demailly’s weak holomorphic Morse inequali-
ties to the case of compactn-dimensional complex manifolds with boundary.

To be more precise, letX be a compact complex manifold with boundary, letρ be a defining
function for the boundary and letL = i∂∂ρ restricted toT 1,0(∂X) be the Levi form of the
boundary. Further, assume thatL is a holomorphic line bundle overX with fiber metricϕ and let
Θ = i∂∂ϕ be its curvature form. Now letX(q) be the subset ofX whereΘ has exactlyq negative
eigenvalues, i.e. the set whereindex(Θ) = q, and let

T (q)ρ,x := {t > 0: index(Θ + tL) = q along T 1,0
x (∂X)}.

The author shows that if the Levi form is nondegenerate on the boundary then, up to terms of order
o(kn), the dimension ofH0,q(X,Lk) can be estimated by

kn(−1)q
(

1
2π

)n(∫
X(q)

Θn

n!
+
∫
∂X

∫
T (q)ρ,x

(Θ+ tL)n−1

(n− 1)!
∧ ∂ρ∧ dt

)
.

The proof of this theorem uses in an essential way the estimates of some Bergman functions,
which can be derived by explicitly computing some model cases. The author also gives some
examples that illustrate the sharpness of the obtained result.

Some of the other results obtained in this paper are the strong holomorphic Morse inequalities,
applications to the volume of semi-positive line bundles and some relations to hole filling and
contact geometry.
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Peternell, Thomas(D-BAYR-IM)
Line bundles on complex tori and a conjecture of Kodaira.
Comment. Math. Helv.80 (2005),no. 2,229–242.

A compact K̈ahler manifold is called almost algebraic if it can be approximated by smooth
projective varieties. K. Kodaira proved in [Ann. of Math. (2)78 (1963), 1–40;MR0184257
(32 #1730)] that every K̈ahler surface is almost algebraic. The statement that this should be
true also in higher dimensions is known as the Kodaira conjecture. Recently, C. Voisin [“On
the homotopy types of K̈ahler manifolds and the birational Kodaira problem”, preprint, arxiv.
org/abs/math/0410040] and K. Oguiso [“Automorphisms of hyperkähler manifolds in the view
of topological entropy”, preprint, arxiv.org/abs/math/0407476] constructed counterexamples by
constructing rigid non-algebraic K̈ahler threefolds. The present paper, which was completed before
the counterexamples appeared, gives some observations concerning the Kodaira conjecture. A
certain blow-up of aP3

1-bundle over a 3-dimensional complex torus with Picard number≥ 3 is
shown to be rigid. It turns out, however, that these complex tori are algebraic. Some interesting
generalizations are also considered.
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Déformation localisée de surfaces de Riemann. (French. English summary) [Localized
deformations of Riemann surfaces]
Publ. Mat.49 (2005),no. 1,249–255.

LetY be a Riemann surface with compact boundary embedded into a hyperbolic Riemann surface
of finite typeX. The following results are proved:
(1) The space of deformationsD of the complex structure ofY in X is an open subset of the

Teichm̈uller spaceT (X) of X.
(2) The spaceD has compact closure inT (X) if and only ifY is simply connected or isomorphic

to a punctured disk.
(3) D = T (X) if and only if the components ofX rY are all disks or punctured disks.
Point (1) was already known by results of J.-P. Demailly and C. T. McMullen. Points (2) and (3)

are original. The proof follows from the standard parametrization of Teichmüller space given by
Fenchel-Nielsen coordinates and quasi-conformal Teichmüller theory.
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Marinescu, George[Marinescu, Gheorghe](D-HUMB-IM)
A criterion for Moishezon spaces with isolated singularities. (English summary)
Ann. Mat. Pura Appl. (4)184(2005),no. 1,1–16.

Summary: “We give a criterion for a compact complex space with isolated singularities to be
Moishezon in the spirit of Siu-Demailly’s solution to the Grauert-Riemenschneider conjecture
[see Y. T. Siu, J. Differential Geom.19 (1984), no. 2, 431–452;MR0755233 (86c:32029); J.-P.
Demailly, Ann. Inst. Fourier (Grenoble)35 (1985), no. 4, 189–229;MR0812325 (87d:58147)]. It
refines a previous work by A. M. Nadel and H. Tsuji [J. Differential Geom.28 (1988), no. 3, 503–
512;MR0965227 (89m:32047)], and another one by S. Takayama [Tohoku Math. J. (2)46(1994),
no. 2, 281–291;MR1272883 (95d:32032)], in a more specific situation.”
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Sci.Éc. Norm. Suṕer., IV Śer.22, 501–513 (1989)MR1026747 (91a:32041)

7. Bremermann, H.J.: Holomorphic continuation of the kernel function and the Bergman metric
in several complex variables. In: Lectures on functions of a complex variable, pp. 349–383.
Ann Arbor: University of Michigan Press 1955MR0074058 (17,529f)

8. Diederich, K., Ohsawa, T.: An estimate for the Bergman distance on pseudoconvex domains.
Ann. Math. (2)141, 181–190 (1995)MR1314035 (95j:32039)

9. Demailly, J.P.: Champs magnétiques et inegalités de Morse pour lad′′-cohomologie. Ann. Inst.
Fourier35, 189–229 (1985)MR0812325 (87d:58147)

10. Grauert, H., Riemenschneider, O.: Verschwindungssätze f̈ur analytische Kohomologiegruppen
auf Komplexen R̈aume. Invent. Math.11, 263–292 (1970)MR0302938 (46 #2081)

11. Griffiths, Ph.A.: Complex-analytic properties of certain Zariski open sets on algebraic varieties.
Ann. Math.94, 21–51 (1971)MR0310284 (46 #9385)
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Biswas, Indranil (6-TIFR-SM); Subramanian, Swaminathan(6-TIFR-SM)
Numerically flat principal bundles. (English summary)
Tohoku Math. J. (2)57 (2005),no. 1,53–63.

The notion of “numerical effectiveness” of vector bundles over smooth projective varieties is very
well known. It was extended by J.-P. Demailly, T. Peternell and M. H. Schneider [J. Algebraic
Geom.3 (1994), no. 2, 295–345;MR1257325 (95f:32037)] to the case of vector bundles over
compact K̈ahler manifolds. A vector bundleE is said to be numerically flat if it is numerically
effective and its dualE∗ is also numerically effective.

In the paper under review the authors extend the notion of numerical flatness to the case of
principal bundles and give some characterizations of numerically flat principal bundles.

LetG be a semisimple algebraic group,M a compact K̈ahler manifold andEG a holomorphic
principalG-bundle overM . The principalG-bundleEG is said to be numerically flat if for all
pairs(P, χ), whereP is a parabolic subgroup ofG andχ is an anti-dominant character ofP with
respect to some Borel subgroup contained inP , the associated line bundleEχ = EG×χ C over
EG/P is a numerically effective line bundle. The main results of the paper under review are the
following:
(1) If EG is numerically flat andV is a finite dimensional complexG-module, then the associated

vector bundleEG×G V is numerically flat. Conversely, letρ:G→ SL(V ) be a representation
of G, whereV is as above. Ifker(ρ) is finite and ifEG×G V is numerically flat thenEG is
numerically flat. In particular a principalG-bundleEG is numerically flat if and only if the
adjoint vector bundlead(EG) is numerically flat.

(2) A numerically flat principalG-bundleEG over a compact K̈ahler manifoldM is semistable
(with respect to the K̈ahler metric as a polarization) and all its (rational) characteristic classes
of degree at least one vanish. The converse is true if we assume thatM is projective. Hence a
characterization of numerical flatness of holomorphic principal bundles in terms of semista-
bility in the caseM is projective.

In the last part of the paper, the authors give another characterization of numerical flatness of
holomorphic principal bundles in terms of a reduction of the structure group and the existence of
some “special connections”. More precisely, they prove that:
(3) A principalG-bundleEG over a compact K̈ahler manifoldM is numerically flat if and only

if there exist a parabolic subgroupP of G and a reductionEP of the structure group ofEG
to P , such that the principalP -bundleEP admits a flat holomorphic connection∇ with the
property that the monodromy of the (flat) connection onEL(P ) induced by∇ is contained in a
maximal compact subgroup ofL(P ), whereL(P ) is a Levi factor of the parabolic subgroup
P andEL(P ) is the principalL(P )-bundle obtained by extending the structure group ofEP
toL(P ) via the morphismP −→ L(P ).
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Kebekus, Stefan(D-KOLN)
Lines on complex contact manifolds. II. (English summary)
Compos. Math.141(2005),no. 1,227–252.

LetX be a complex projective manifold of dimension2n+1. The manifoldX is called a contact
manifold if there exist a line bundleL and a twisted holomorphic formθ ∈ H0(X,ΩX ⊗ L)
such thatθ ∧ (dθ)∧n is nowhere zero. Following [S. Kebekus et al., Invent. Math.142 (2000),
no. 1, 1–15;MR1784795 (2002a:14047)] and [J.-P. Demailly, inComplex geometry (G̈ottingen,
2000), 93–98, Springer, Berlin, 2002;MR1922099 (2003f:32029)] it is known that eitherX is the
projectivisation of the (co)tangent bundle of an(n+1)-fold (with the standard contact structure),
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or b2(X) = 1 andX is Fano. In the latter caseX is conjectured to be a rational homogeneous
manifold and the closed orbit of the projectivisation of the adjoint representation of a simple
algebraic group. It is expected that the conjecture should be proved by understanding rational
curves onX. The paper under review concerns rational curves onX which are of degree 1 with
respect to the line bundleL; they are called contact lines, or just lines. By [S. Kebekus, inComplex
geometry (G̈ottingen, 2000), 147–155, Springer, Berlin, 2002;MR1922103 (2003j:14065)] X is
either the projective spaceP2n+1 or it is covered by lines. The main theorem of the paper under
review is as follows: Let us choose an irreducible componentH of the space parameterizing lines
and forx ∈X letHx denote the subvariety inH parameterizing lines passing throughx. Then for
a generalx the varietyHx is irreducible and smooth, and the locus of curves inX parametrized
byHx forms a cone overHx. In particular, all lines throughx are smooth, they meet only inx and
they do not share a common tangent direction atx. This implies, for example, that the variety of
tangents to lines atx is a smooth Legendrian subvariety of the contact distributionP(ker(θ)x)⊂
P(TxX). In an appendix the author discusses some properties of jet bundles which are interesting
for their own sake.
{For Part I see [S. Kebekus, J. Reine Angew. Math.539 (2001), 167–177;MR1863858

(2002h:14069)].}
Reviewed byJarosław A. Wísniewski
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An informal introduction to multiplier ideals. (English summary)
Trends in commutative algebra, 87–114,Math.Sci.Res. Inst.Publ., 51,Cambridge Univ.Press,
Cambridge, 2004.

From the introduction: “Given a smooth complex varietyX and an ideal (or ideal sheaf)a on
X, one can attach toa a collection of multiplier idealsJ(ac) depending on a rational weight-
ing parameterc > 0. These ideals, and the vanishing theorems they satisfy, have found many
applications in recent years. In the global setting they have been used to study pluricanonical
and other linear series on a projective variety [J.-P. Demailly, J. Differential Geom.37 (1993),
no. 2, 323–374;MR1205448 (94d:14007); U. Angehrn and Y. T. Siu, Invent. Math.122 (1995),
no. 2, 291–308;MR1358978 (97b:32036); Y. T. Siu, Invent. Math.134 (1998), no. 3, 661–
673;MR1660941 (99i:32035); L. M. H. Ein and R. K. Lazarsfeld, J. Amer. Math. Soc.10 (1997),
no. 1, 243–258;MR1396893 (97d:14063); Invent. Math.137(1999), no. 2, 427–448;MR1705839
(2000j:14028); J.-P. Demailly, Ast́erisque No. 266 (2000), Exp. No. 852, 3, 59–90;MR1772670
(2001m:32042)]. More recently they have led to the discovery of some surprising uniform results
in local algebra [L. M. H. Ein, R. K. Lazarsfeld and K. E. Smith, Invent. Math.144(2001), no. 2,
241–252;MR1826369 (2002b:13001); Amer. J. Math.125(2003), no. 2, 409–440;MR1963690
(2003m:13004); Duke Math. J.123(2004), no. 3, 469–506;MR2068967 (2005k:14004)]. The pur-
pose of these lectures is to give an easy-going and gentle introduction to the algebraically-oriented
local side of the theory.

“Multiplier ideals can be approached (and historically emerged) from three different viewpoints.
In commutative algebra they were introduced and studied by J. Lipman [Bull. Soc. Math. Belg.
Sér. A 45 (1993), no. 1-2, 223–244;MR1316244 (97a:13030)] (under the name ‘adjoint ideals’,
which now means something else), in connection with the Briançon-Skoda theorem. On the
analytic side of the field, A. M. Nadel [Ann. of Math. (2)132(1990), no. 3, 549–596;MR1078269
(92d:32038)] attached a multiplier ideal to any plurisubharmonic function, and proved a Kodaira-
type vanishing theorem for them. (In fact, the ‘multiplier’ in the name refers to their analytic
construction; see Section 2.4.) This machine was developed and applied with great success by
Demailly, Siu and others. Algebro-geometrically, the foundations were laid in passing by Esnault
and Viehweg in connection with their work involving the Kawamata-Viehweg vanishing theorem.
More systematic developments of the geometric theory were subsequently undertaken by Ein,
Kawamata and Lazarsfeld. We take the geometric approach here.

“The present notes follow closely a short course on multiplier ideals given by Lazarsfeld at the
Introductory Workshop for the Commutative Algebra Program at the MSRI in September 2002.
The three main lectures were supplemented with a presentation by Blicke on multiplier ideals as-
sociated to monomial ideals (which appears here in Section 3). We have tried to preserve in this
write-up the informal tone of these talks: thus we emphasize simplicity over generality in state-
ments of results, and we present very few proofs. Our primary hope is to give the reader a feeling
for what multiplier ideals are and how they are used. For a detailed development of the theory from
an algebro-geometric perspective we refer to the forthcoming Part III of [R. K. Lazarsfeld,Positiv-
ity in algebraic geometry. I, Springer, Berlin, 2004;MR2095471 (2005k:14001a); II , MR2095472
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(2005k:14001b)]. The analytic picture is covered in J.-P. Demailly’s lectures [inSchool on Vanish-
ing Theorems and Effective Results in Algebraic Geometry (Trieste, 2000), 1–148, Abdus Salam
Int. Cent. Theoret. Phys., Trieste, 2001;MR1919457 (2003f:32020)].”
{For the entire collection seeMR2132646 (2005j:13002)}
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MR2119243 (2006c:32045)32U40 (32C30 32H04 32Q15 37B40)

Dinh, Tien-Cuong (F-PARIS11); Sibony, Nessim(F-PARIS11)
Regularization of currents and entropy. (English, French summaries)
Ann. Sci.École Norm. Sup. (4)37 (2004),no. 6,959–971.

In the paper, the authors prove several results about the regularization of(p, p)-currents on a
compact K̈ahler manifold(X,ω) of dimensionk. The main theorem is Theorem 1.1: Let(X,ω)
be a compact K̈ahler manifold of dimensionk. Then, for every positive closed(p, p)-currentT
onX there exist smooth positive closed(p, p)-formsT+

n andT−n such thatT+
n − T−n converges

weakly to the currentT . Moreover,‖T±‖ ≤ cX‖T‖, wherecX > 0 is a constant independent ofT .
This is a generalization of a result by J.-P. Demailly [inSeveral complex variables (Berkeley, CA,
1995–1996), 233–271, Cambridge Univ. Press, Cambridge, 1999;MR1748605 (2002e:32046)]
on the regularization of positive closed(1, 1)-currents onX. In Section 1, they derive other results
as corollaries from Theorem 1.1. Corollary 1.2 extends their previous result on the regularization
of positive closed(p, p)-currents on a projective manifold [T.-C. Dinh and N. Sibony, “Une
borne suṕerieure pour l’entropie topologique d’une application rationnelle”, Ann. of Math. (2),
to appear]. Corollary 1.3 defines the pullback of the currentT by a surjective holomorphic map
Π:X ′ 7→X, where(X ′, ω′) is another compact K̈ahler manifold of dimensionk′ ≥ k. Theorem 1.4
says that iff is a dominating meromorphic self-map ofX, thenh(f)≤ lov(f) = max1≤p≤k log dp,
whereh(f) is the topological entropy off , dp is the dynamical degree of orderp of f andlov(f)
measures the growth of the volume of the graphs of(f, . . . , fn−1) (over the subset ofX on
which all iterates off are defined). However, it should be noted that for a compact Kähler
manifoldX of dimensionk andf :X 7→ X holomorphic, S. Friedland proved a stronger result,
namely thath(f) = lov(f) = max1≤p≤k dp (see [J. Fourier Anal. Appl.1995, Special Issue;
MR1364875 (96f:00039)] for the whole collection). His proof does not rely on Lemma 3 in his
previous publication [S. Friedland, Ann. of Math. (2)133 (1991), no. 2, 359–368;MR1097242
(92c:58115)], which the authors of the paper under review point out to be wrong. The equality
h(f) = lov(f) for f meromorphic still remains a conjecture. In Section 2, the authors prove
an auxiliary Lemma 2.1, which gives properties of a linear operatorP defined on the setM
of Radon measures onRm as integration against a kernelK with compact support onB ×B,
smooth inB ×B r ∆ and bounded pointwise by a constant multiple of the fundamental kernel
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of classical potential theory. Section 3 contains the proof of Theorem 1.1. First they give a weak
regularization of the current of integration[∆], i.e., they construct positive closed(k, k)-forms
K±
n with coefficients inL1 and smooth out∆ such thatK+

n −K−
n → [∆] weakly and‖K±

n ‖ ≤
c1, wherec1 > 0. Then they defineT±n by wedgingK±

n with T , show thatT+
n − T−n → T and

‖T±n ‖ ≤ c‖T‖, and obtain the smoothness ofT±n by repeated use of Lemma 2.1. In Section 4, they
prove Theorem 4.1, which is an analog of Theorem 1.1 for positiveddc-closed(p, p)-currents on
X, with T±n smooth, positive andddc-closed. Later, they introduce a special classDSHp(X) of
(p, p)-currents equipped with a suitable norm. Theorem 4.4 is a regularization result for currents
in this class. Proposition 4.6 is a variant of Theorem 1.1 for a continuous formT . Section 5 is
devoted to the study of the intersectionS ∧T of a positive closed(1, 1)-currentS with a positive
pluriharmonic(p, p)-currentT , 1≤ p≤ k− 1. S can be written asS = α+ ddcu, whereu, called
the potential ofS, is a quasi-psh function. Theorem 5.1 says that ifu is continuous, thenS ∧ T
is well defined and is a positiveddc-closed current, which depends continuously onS andT in
a suitable sense. Theorem 5.3 is a similar result forT in the classDSHp(X); S ∧ T is then in
DSHp+1(X). Proposition 5.5 is an analog of Theorem 5.1 forT of bidegree(1, 1) andS with
bounded potential.

Reviewed byMałgorzata Stawiska
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MR2112584 (2006b:14011)14C25 (32J27)

Demailly, Jean-Pierre(F-GREN-IF)
On the geometry of positive cones of projective and K̈ahler varieties. (English summary)
The Fano Conference, 395–422,Univ.Torino, Turin, 2004.

Some of the more fundamental problems and results in complex geometry revolve around such
questions as when a complex manifold would be projective or Kähler, or how much of its geome-
try could be determined by divisors and curves. All projective manifolds are Kähler, and a famous
theorem of Kodaira proves that a Kähler manifold(X,ω) is projective precisely when the class
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[ω] ∈ H1,1(X) ⊂ H2(X,R) moreover represents a class inH2(X,Z). Kodaira had also conjec-
tured that a compact complex surface admits a Kähler metric if and only if the first Betti number
is even. A closely related question concerns the ampleness of holomorphic line bundlesL onX.
WhenX is projective, the Nakai-Moishezon criterion establishes that ampleness ofL is equiva-
lent to having a strictly positive integral for thep-th exterior power of the Chern class ofL over
any algebraic subset of dimensionp for 1 ≤ p ≤ n = dim(X). Mori’s theory of complex three-
manifolds brought new techniques to bear on the projective context via the geometry of cones of
divisors and curves lying within their respective cohomology groups. For example, a conjecture of
Fano asserts that a projectiveX is “uniruled” by rational curves precisely when the Chern class of
the canonical line bundle lies outside the closure of the cone of effective divisors. The article under
review is a survey of relatively recent achievements of the author and his collaborators, S. Bouck-
som, M. Paun and T. Peternell, in further unifying and extending the theory surrounding these
questions. Central to their programme are the powerful techniques associated with positive cur-
rents of type(1, 1) on compact K̈ahler manifolds, and the interplay between the open convex cone
of Kähler forms and the enveloping closed convex cone of positive(1, 1)-currents (the “pseudo-
effective” cone). While some basic familiarity with Kähler geometry and the theory of currents is
assumed, the author’s exposition is designed to be informative to the non-specialist. Among the
results surveyed, some highlights are a generalization of the Nakai-Moishezon criterion and its
application to the characterisation of Kähler currents on compact complex manifolds, as well as
a theory of Poincaré duality between cones of positive currents of type(1, 1) and(n− 1, n− 1),
which leads in particular to a proof of Fano’s conjecture.
{For the entire collection seeMR2112562 (2005g:14003)}

Reviewed byAdam Gregory Harris
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MR2112562 (2005g:14003)14-06
FThe Fano Conference.

Proceedings of the conference to commemorate the 50th anniversary of the death of Gino Fano
(1871–1952) held in Torino, September 29–October 5, 2002.
Edited by Alberto Collino, Alberto Conte and Marina Marchisio.
Universit̀a di Torino, Dipartimento di Matematica, Turin, 2004.xiv+804pp. C99.90.
ISBN88-900876-1-7

Contents: Robert Fano, In loving memory of my father Gino Fano (1–4)MR2112563; Herbert
C. Clemens [C. Herbert Clemens], A version of Abel’s theorem for surfaces (5–23);MR2112564
(2006d:14010); Vasilij A. Iskovskikh [Vasilĭı Alekseevich Iskovskikh], On the Noether-Fano in-
equalities (25–35);MR2112565 (2005m:14017); Shigefumi Mori and Shigeru Mukai, Extremal
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rays and Fano 3-folds (37–50);MR2112566 (2005k:14085); Jacob P. Murre, Fano varieties and al-
gebraic cycles (51–68);MR2112567 (2005i:14053); Valery A. Alexeev and Michel Brion, Bound-
edness of spherical Fano varieties (69–80);MR2112568 (2005k:14081); Vincenzo Ancona and
Marco Maggesi, On the quantum cohomology of Fano bundles over projective spaces (81–98);
MR2112569 (2005m:14103); Marco Andreatta, The projective space and other simple varieties
(99–108);MR2112570 (2005j:14019); Victor V. Batyrev, Toric degenerations of Fano varieties
and constructing mirror manifolds (109–122);MR2112571 (2006b:14070); Ingrid C. Bauer and
Fabrizio Catanese, Some new surfaces withpg = q = 0 (123–142);MR2112572 (2005k:14079).

Arend Bayer and Yuri I. Manin [Yuriı̆ Ivanovich Manin], (Semi)simple exercises in quantum
cohomology (143–173);MR2112573 (2006a:14090); Arnaud Beauville, Fano threefolds andK3
surfaces (175–184);MR2112574 (2006b:14071); Mauro C. Beltrametti, Maria L. Fania and An-
drew J. Sommese, Mukai varieties as hyperplane sections (185–208);MR2112575 (2005i:14008);
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Fedor Bogomolov and Yuri Tschinkel [Yu. Tschinkel], Special elliptic fibrations (223–234);
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coni, Birational geometry of 3-fold Mori fibre spaces (235–275);MR2112578 (2005k:14031);
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of reducible surfaces and degenerations of surfaces to unions of planes (277–312);MR2112579
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Numerical characterization of the Kähler cone of a compact K̈ahler manifold. (English
summary)
Ann. of Math. (2)159(2004),no. 3,1247–1274.

This article gives a beautiful solution of a long-standing basic problem in Kähler geometry and,
as such, can be viewed as a classic. It is likely to have a lasting impact on the field.

The problem was to generalize the classical Nakai-Moishezon criterion of ampleness to a nu-
merical characterization of the Kähler cone of a compact K̈ahler manifold.

Let us first recall the statement of the Nakai-Moishezon theorem. Letk be a field andX be a
projective scheme overk. LetL be a Cartier divisor onX. ThenL is ample iff for every positive
dimensional reduced closed subschemeZ ⊂X, LdimZ ·Z > 0.

If k = C andX is smooth, we can reformulate this using Kodaira’s theorem that ample divisors
L onX are characterized by the existence of a smooth Hermitian metric of positive curvature or,
in an equivalent fashion, by the fact that the first Chern classc1(L), as an element of the vector
spaceH1,1(X) of degree2 de Rham real cohomology classes represented by closed(1, 1)-forms,
has a K̈ahler representative. The open convex cone inH1,1(X) consisting of classes with a Kähler
representative is called the Kähler cone and will be denoted byK(X).

Thus, we get the following statement: LetX be a complex projective manifold. LetNS(X) ⊂
H1,1(X) be the subset ofH1,1(X) consisting of classes with integral periods. A classω ∈NS(X)
lies inK(X) iff

∫
Z ω

dimZ > 0 for every positive-dimensional closed analytic subsetZ of X.
We will denote byP(X) the set of classesω cut out by the conditions that

∫
Z ω

dimZ > 0 for
every positive-dimensional closed analytic subsetZ of X.

It was widely believed that a similar result holds for general real(1, 1) classes, namely that
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K(X) = P(X).
The article under review confirms this conjecture in the more general case of compact Kähler

manifolds. Here the statement should be modified to the effect thatK(X) is a connected component
of P(X).

The proof consists in a reduction to the nef case and a subtle application of Yau’s fundamental
work on the solution of the inhomogeneous complex Monge-Ampère equation in which the volume
form acquires a singularity.

Reviewed byPhilippe P. Eyssidieux
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Eckl, Thomas (D-BAYR-IM)
Numerically trivial foliations. (English, French summaries)
Ann. Inst. Fourier (Grenoble)54 (2004),no. 4,887–938.

In the present paper, the author continues his investigation of numerically trivial fibrations on
projective complex manifolds from [T. Eckl, J. Algebraic Geom.13 (2004), no. 4, 617–639;
MR2072764 (2005f:14014)] by studying the localized notion of foliations with numerically trivial
leaves.

Tsuji’s criterion for numerical triviality of a pair(L, h) involving the curvature current of the
singular metrich on the pseudo-effective line bundleL is taken as the definition for the numerical
triviality of an arbitrary closed positive(1, 1)-current. The main result is the existence of a maximal
foliation with numerically trivial leaves with respect to such a current. Y. T. Siu’s decomposition
theorem [Invent. Math.27 (1974), 53–156;MR0352516 (50 #5003)] plays an important role in
the proof. On a projective complex manifold, Tsuji’s numerically trivial fibration with respect to
a singular metric having the given current as curvature current turns out to be maximal among
those fibrations whose fibers are contained in the leaves. Using an appropriate metric, the Iitaka
fibration can also be characterized in this way (i.e., it coincides with Tsuji’s fibration).

Furthermore, based on ideas of Demailly and Boucksom regarding moving intersection numbers,
the author describes the nef fibration of a nef line bundle as the maximal fibration contained in the
appropriately defined numerically trivial maximal foliation with respect to the first Chern class
(called the nef foliation). The Iitaka fibration in turn is shown to contain the nef foliation. As a
consequence, when the nef foliation is not a fibration, the Iitaka dimension is strictly less than the
numerical dimension. It is not known whether the converse to this statement holds true.

In fact, to define the numerically trivial foliation in the preceding paragraph, only a pseudo-
effective classα is needed; under the assumption that the singularities of the numerically trivial
foliation with respect toα are isolated points, it is shown that the codimension of the leaves is an
upper bound for the numerical dimension ofα. It is unknown to what extent the assumption of
isolated singularities can be removed.

Finally, some explicit surface examples are discussed, and an appendix gives the basics of
singular foliations.

Reviewed byGordon Heier
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6. S. Boucksom, Ĉones positifs des variét́es complexes compactes. PhD thesis, Grenoble, 2002.
7. S. Boucksom, Higher dimensional Zariski decompositions. Preprint math.AG/0204336, 2002.

cf. MR 89b:14052
8. M. Brunella, Birational geometry of fibrations. In First Latin American Congress of Mathe-

maticians, IMPA, July 31 - August 4, 2000.MR1948251 (2004g:14018)
9. E. Bedford and B.A. Taylor, The Dirichlet Problem for a complex Monge-Ampère equation.

Invent. Math., 37:1–44, 1976.MR0445006 (56 #3351)
10. J.-P. Demailly, L. Ein, and R. Lazarsfeld, A Subadditivity Property of Multiplier Ideals. Michi-

gan Math. J., 48:137–156, 2000.MR1786484 (2002a:14016)
11. J.-P. Demailly, EstimationsL2 pour l’opérateur∂ d’un fibré vectoriel holomorphe semi-positif
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27. H. Ben Messaoud and H. Elmir, Opérateur de Monge-Amp̀ere et Tranchage des Courants
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Une sextique hyperbolique dansP3(C). (French. English, French summaries) [A hyperbolic
sextic inP3(C)]
Math. Ann.330(2004),no. 3,473–476.

From the text (translated from the French): “A subset ofP3(C) is said to be hyperbolic if it does not
contain an entire curve, i.e. a non-constant holomorphic image ofC. The Kobayashi conjecture
in projective space stipulates that a generic surface of degree≥ 5 in P3(C) is hyperbolic. It
was proved for degrees≥ 36 by M. McQuillan [Geom. Funct. Anal.9 (1999), no. 2, 370–
392; MR1692470 (2000f:32035)] and then for degrees≥ 21 by J.-P. Demailly and J. El Goul
[Amer. J. Math.122(2000), no. 3, 515–546;MR1759887 (2001f:32045)]. In a parallel and more
modest effort, a number of authors (see the references in [M. Zaidenberg, “Hyperbolic surfaces
in P3: examples”, preprint, arxiv.org/abs/math/0311394]) have sought to construct examples of
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hyperbolic surfaces of the lowest possible degree. Until now, the best bound was degree 8. Our
goal in this note is to show the existence of hyperbolic surfaces of degree 6.”
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Cantat, Serge(F-RENNB-IM)
Diff éomorphismes holomorphes Anosov. (French. English summary) [Anosov holomorphic
diffeomorphisms]
Comment. Math. Helv.79 (2004),no. 4,779–797.

The theme of this article is the classification of compact complex manifoldsX which admit a holo-
morphic Anosov diffeomorphismf :X →X. WhenX is a complex surface, it has been proved by
É. Ghys (see Theorem A in [Invent. Math.119(1995), no. 3, 585–614;MR1317651(95k:58116)])
thatX is a complex torus andf is a linear automorphism.

The situation is not as simple in higher dimensions, as shown by Example 1.5 of the article under
review. The transverse properties of the stable/unstable foliationsFs/u play an important role here.
In the case where the stable (or unstable) leaves have dimension 1, Ghys has proved that these
foliations are holomorphic foliations. Moreover, iff has a dense orbit, then(f,X) is topologically
conjugate to a linear automorphism of a complex torus (see Theorem B in [op. cit.]).

The purpose of this article is to establish similar results when the stable/unstable leaves have
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complex dimension≥ 2. It is not clear in this case thatFs/u are holomorphic foliations (the
transverse structure is a priori merely continuous). The main result of the paper (Theorem 1.4.a)
asserts that ifFs/u are holomorphic foliations andX is projective, then(f,X) is—up to anétale
cover—a linear automorphism of a complex torus.

The proofs use a lot of complex analytic and algebraic geometry, hence they are quite different
in nature from those given by Ghys. They rely notably on a recent alternative of S. Boucksom, J.-P.
Demailly, M. Paun and T. Peternell which says that eitherX is uniruled orKX is pseudoeffective.

Reviewed byVincent Guedj
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FPositivity in algebraic geometry. II.

Positivity for vector bundles, and multiplier ideals.
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Positivity has long been a major theme in various branches of algebraic geometry, both as an object
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of study and as a technical tool. A first book attempting to treat positivity, under the heading of
ampleness, appeared already three and a half decades ago. That is R. Hartshorne’s book [Ample
subvarieties of algebraic varieties, Springer, Berlin, 1970;MR0282977 (44 #211)], where the
main goal was to extend the notion of ample divisor to arbitrary subvarieties of a given variety.
Since then, the subject has seen major developments in a large number of different directions:
intersection theory, singularities, topology of algebraic varieties, vanishing theorems and their
applications to linear series, and higher dimensional geometry, to give a certainly incomplete list.
However, these developments have mostly remained scattered in the literature and some, maybe
precisely for this reason, have not been worked out in a systematic fashion. In the book under
review the author succeeds wonderfully in putting together under the same heading most of the
areas of classical and modern complex algebraic geometry dedicated to, or influenced by, the study
of positivity.

The book is divided into three parts, each with a separate introduction. In addition, each chapter
contains introductory remarks and concluding notes which emphasize the history of the topic,
sources of inspiration, and further references. I will present in what follows the rough contents of
each part, chapter by chapter.

The first part is equivalent to the content of Volume I, and is devoted to a fundamental topic,
namely that of line bundles and linear series. The main notion of positivity here is that of ampleness.
Its importance has become widely recognized after the foundational papers of J.-P. Serre [Ann.
of Math. (2) 61 (1955), 197–278;MR0068874 (16,953c)] on the algebraic viewpoint, and K.
Kodaira [Proc. Nat. Acad. Sci. U. S. A.39 (1953), 1268–1273;MR0066693 (16,618b)] on the
analytic one. The author presents in Chapter 1 the basic theory of ampleness, with an accent
on modern concepts likeQ- andR-divisors, nefness, and cones of divisors in the Néron-Severi
space of numerical equivalence classes. He continues in Chapter 2 by presenting the theory of
linear series which may not be ample. The following is in my view the most remarkable and
novel feature of this part of the book: a systematic study of the asymptotic theory of non-ample
linear series, with a special emphasis on the role of big divisors (the birational analogues of ample
divisors). Chapter 3 takes up a more geometric and topological approach to positivity. Its main
focus is on the Lefschetz and Bertini theorems, together with subsequent generalizations by Barth,
Fulton and Hansen and others, and we get a glimpse of the interesting geometry associated with
subvarieties of small codimension in projective spaces. Chapter 4 contains a treatment of vanishing
theorems, including the classical Kodaira and Nakano theorems for ample line bundles, and the
very useful generalization by Kawamata and Viehweg to the case of big and nef divisors (but not
theQ-divisors case, which is treated separately later, in§9.1). With respect to this part, the author
mentions that the exposition is somewhat more elementary than the standard presentations. The
main generic vanishing theorem of M. L. Green and Lazarsfeld [Invent. Math.90 (1987), no. 2,
389–407;MR0910207 (89b:32025)] is also presented. Finally, Chapter 5 deals with the topic
of local positivity. This is a more recent development, based on Demailly’s notion of Seshadri
constant, which measures how much of the positivity of a given line bundle is concentrated at
a given point of the variety. The most important result presented here is a lower bound for the
Seshadri constant given by L. M. H. Ein, O. Küchle and Lazarsfeld [J. Differential Geom.42
(1995), no. 2, 193–219;MR1366545 (96m:14007)]. It should be said, however, that the picture
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is not definitive, and a substantially better bound is proposed, partly in view of Fujita’s famous
conjecture on the freeness of adjoint bundles.

A note about a couple of things I particularly enjoyed reading in the first part: first, it is nice
to see the notion of Castelnuovo-Mumford regularity take a quite prominent role in a text on
positivity. The idea roughly speaking is to quantify directly how much one has to twist a sheaf
by a positive line bundle in order to achieve vanishing. This makes later arguments particularly
concise, for example in the context of multiplier ideals. Second, the machinery of Cutkosky of
producing examples of line bundles on higher dimensional varieties with interesting base-locus or
volume behavior (e.g. disproving the existence of Zariski decomposition on threefolds or higher)
is systematized and made widely available.

The second part of the book (first part of Volume II) focuses on positivity for vector bundles of
higher rank. This is an area of study started in the 1960’s by people like Grauert, Griffiths and
Hartshorne, with the aim of generalizing to higher rank as much of the geometry of ample divisors
as possible. Important and beautiful applications of these generalizations have emerged during the
subsequent decades, and they naturally belong to the general context of positivity. Chapter 6 is
devoted to introducing the notions of ampleness and nefness for vector bundles, mainly through
many examples associated to interesting geometric contexts. The adopted definition is that of
Hartshorne [Inst. HauteśEtudes Sci. Publ. Math. No. 29 (1966), 63–94;MR0193092 (33 #1313)],
namely a vector bundleE on a projective varietyX is ample (or nef) if the Serre line bundle
OPE(1) is so on the projectivized bundlePE → X. Some of the most basic examples to be
mentioned are the following: the normal bundles of smooth subvarieties in projective space and
in simple abelian varieties are ample, smooth projective varieties with ample cotangent bundle
are Kobayashi hyperbolic, the duals of Picard bundles parametrizing sufficiently positive linear
series of fixed numerical class are ample, push-forwards of relative canonical bundles are nef
(under mild hypotheses). Chapter 7 focuses on the geometric properties of ample vector bundles,
particularly on the topology associated with zero loci of their sections, or more generally to
degeneracy loci. After presenting the Lefschetz type theorems of A. J. Sommese [Math. Ann.233
(1978), no. 3, 229–256;MR0466647 (57 #6524)] and S. Bloch and D. Gieseker [Invent. Math.12
(1971), 112–117;MR0297773 (45 #6825)], the author discusses his joint theorem with W. Fulton
on the connectedness of degeneracy loci [Acta Math.146(1981), no. 3-4, 271–283;MR0611386
(82k:14016)], together with its beautiful applications to Brill-Noether theory and to other contexts.
Vanishing theorems for vector bundles, for example the celebrated result of J. Le Potier [Math.
Ann.218(1975), no. 1, 35–53;MR0385179 (52 #6044)], are also presented. Chapter8 deals with
numerical consequences of ampleness for vector bundles, and it is here that the idea of positivity
comes to the forefront. The central result is the theorem of Fulton and Lazarsfeld [Ann. of Math. (2)
118(1983), no. 1, 35–60;MR0707160 (85e:14021)], stating that the cone of numerically positive
polynomials in the Chern classes of ample vector bundles is spanned by Schur polynomials.

An interesting original thing in this part of the book is the formalism developed by the author
regarding twisting vector bundles byQ-divisors. This allows one to keep track formally of the
finer positivity properties of vector bundles, particularly when studying nefness.

The third part (second part of Volume II) makes the transition from classical to the most mod-
ern developments in the field. It takes up ideas and techniques from higher dimensional geometry,
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under the form of multiplier ideals. This is the star attraction of the book, since the theory of mul-
tiplier ideals has only recently taken a well-defined shape, due in part to efforts of people like Siu,
Demailly, Ein and the author. To quote Lazarsfeld: “it seems safe to predict that multiplier ideals
and their variants are destined to become fundamental tools in algebraic geometry”. Multiplier
ideals appeared first in the complex analytic setting, where they are defined naturally in terms of
integrability conditions. It was noted later that they can be defined in purely algebro-geometric
terms, using log-resolutions. In fact this definition had already been worked-out in passing by H.
Esnault and E. Viehweg in [Lectures on vanishing theorems, Birkhäuser, Basel, 1992;MR1193913
(94a:14017)]. For those less familiar with the topic, let me comment that multiplier ideals arise in
this context from the wish to avoid passing to a birational modification in order to satisfy the nor-
mal crossing hypothesis required for the Kawamata-Viehweg vanishing theorem forQ-divisors
(which by the Kawamata-Reid-Shokurov technique had become an essential tool in the study of
linear series). Another, in fact very much related, approach to this circle of ideas is the notion of
singularities of pairs. The author explains the connection between the two, but does not go deeper
into the context of singularities of pairs. For this there are already excellent references, such as J.
Koll ár’s survey [inAlgebraic geometry—Santa Cruz 1995, 221–287, Proc. Sympos. Pure Math.,
62, Part 1, Amer. Math. Soc., Providence, RI, 1997;MR1492525 (99m:14033)] and Kollár and
S. Mori’s book [Birational geometry of algebraic varieties, Translated from the 1998 Japanese
original, Cambridge Univ. Press, Cambridge, 1998;MR1658959 (2000b:14018)].

The author begins Chapter 9 with a proof of the Kawamata-Viehweg vanishing theorem forQ-
divisors, and continues with the basic definitions, properties and examples of multiplier ideals.
Very interesting results presented at the end of the chapter are the Skoda and Briançon-Skoda
theorems, which are local statements concerning multiplier ideals (and the integral closure) of
powers of ideals, together with global version proved by Ein and the author [Invent. Math.137
(1999), no. 2, 427–448;MR1705839 (2000j:14028)]. Chapter 10 is devoted to various applications
of multiplier ideals to the general theory of divisors and linear series. Among the most interesting
ones, where multiplier ideals seem to have provided a real breakthrough, are the Ein-Lazarsfeld
theorems on the singularities of theta divisors [J. Amer. Math. Soc.10 (1997), no. 1, 243–258;
MR1396893 (97d:14063)], the approach of Y. T. Siu [Houston J. Math.28 (2002), no. 2, 389–
409;MR1898197 (2003i:32038)] and J.-P. Demailly [Invent. Math.124(1996), no. 1-3, 243–261;
MR1369417 (97a:32035)] to Matsusaka’s big theorem, and the Angehrn-Siu Fujita-type theorem
on the global generation of adjoint bundles [U. Angehrn and Y. T. Siu, Invent. Math.122(1995),
no. 2, 291–308;MR1358978 (97b:32036)]. Finally, Chapter 11 introduces probably the most
modern concept in the book, asymptotic multiplier ideals, stemming from work of Siu on the
deformation invariance of plurigenera. The author develops (for the first time) a coherent theory of
asymptotic multiplier ideals, following the basic properties presented earlier in the ordinary case.
This is then applied in a few directions. First, an application to uniform results in commutative
algebra is described, following work of Ein, K. E. Smith and the author [Invent. Math.144(2001),
no. 2, 241–252;MR1826369 (2002b:13001)]. We are then guided through a nice presentation of
the context of Fujita’s approximation theorem and its applications to the study of volumes of line
bundles. Here the author includes a very nice recent result of S. Boucksom, Demailly, M. Paun and
T. Peternell [“The pseudo-effective cone of a compact Kähler manifold and varieties of negative
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Kodaira dimension”, preprint, arxiv.org/abs/math/0405285], which describes the pseudoeffective
cone of an irreducible variety as that dual to the cone of mobile curves (roughly speaking curves
which move in families covering an open dense subset of the variety). The book concludes with
what is widely regarded as the most spectacular application of multiplier ideals to date—the proof
of the invariance of plurigenera for varieties of general type—due to Siu [Invent. Math.134(1998),
no. 3, 661–673;MR1660941 (99i:32035)]. Although the original proof was analytic, the author
presents here a relatively quick proof based on the algebro-geometric ideas developed in the text. (It
should be said, however, that in the meantime, Siu [inComplex geometry (G̈ottingen, 2000), 223–
277, Springer, Berlin, 2002;MR1922108 (2003j:32027a)] has proved the deformation invariance
of plurigenera for arbitrary varieties still based on the analytic theory of multiplier ideals, and in
this case, no purely algebraic proof is currently known.)

Very much in this last part of the book is original, but as a single example expressing simply a
preference of the reviewer, it is again remarkable, how Castelnuovo-Mumford regularity is used,
together with vanishing theorems, in order to give purely conceptual proofs to key results on
non-vanishing or global generation for twists of multiplier ideal sheaves.

Switching to overall comments, one interesting feature of the text is the fact that at times it
provides new simplified proofs of, or new approaches to, well-established results. One such ex-
ample is the proof of the Campana-Peternell theorem (Theorem 2.3.18), which is an analogue of
the Nakai-Moishezon ampleness criterion in the setting ofR-divisors. Another is a generaliza-
tion of the Nadel product lemma (Theorem 8.4.10), using the positivity of cone classes. More
importantly, the book contains genuinely new results. A favorite of the reviewer is Theorem 2.2.44
on the continuity of the volume function. This has inspired a great deal of subsequent work on
asymptotic invariants of line bundles.

There are numerous examples scattered throughout the text (together with various applications,
they form about a third of the book). Some are very explicit, making essentially every concept in-
troduced in the book quite easy to grasp. Others serve as a guide to further literature and encourage
independent study. One recognizes here one of the features that has also made Fulton’sIntersection
theory[Second edition, Springer, Berlin, 1998;MR1644323 (99d:14003)] so successful.

For understanding the material presented in this text, the reader is assumed to have some famil-
iarity only with standard introductory texts like Hartshorne’sAlgebraic geometry[Springer, New
York, 1977;MR0463157 (57 #3116)] and P. Griffiths and J. Harris’Principles of algebraic ge-
ometry[Wiley-Intersci., New York, 1978;MR0507725 (80b:14001)], with only very occasional
need to go beyond these sources. The author emphasizes that there is relatively little in the book
about the Hodge-theoretic and complex analytic side of the story. For this he suggests the texts
of C. Voisin [Hodge theory and complex algebraic geometry. I, Translated from the French orig-
inal by Leila Schneps, Cambridge Univ. Press, Cambridge, 2002;MR1967689 (2004d:32020);
Hodge theory and complex algebraic geometry. II, Translated from the French by Leila Schneps,
Cambridge Univ. Press, Cambridge, 2003;MR1997577 (2005c:32024b)] and Demailly’sCom-
plex analytic and algebraic geometry, fragments of which can already be found in various places
in the literature.

The book under review is exceptionally well written. It treats a large number of concepts and
topics, but always in a gentle and explicit manner. It can be used both as a textbook and as a source
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for current research problems. As such, it will be of great value to both students and experts in
the field. It is also excellent as a guide to further literature. In my opinion, Lazarsfeld’s book will
become one of the fundamental references in the field of complex algebraic geometry.

Reviewed byMihnea Popa
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MR2088931 (2005g:32024)32L10 (32A25 32L20)

Berman, Robert (S-CHAL)
Bergman kernels and local holomorphic Morse inequalities. (English summary)
Math. Z.248(2004),no. 2,325–344.

The author proves a local version of J.-P. Demailly’s holomorphic Morse inequalities [Ann. Inst.
Fourier (Grenoble)35 (1985), no. 4, 189–229;MR0812325 (87d:58147)] by a clever comparison
of the Bergman kernel of a complex Hermitian manifold together with a Hermitian holomorphic
line bundle and the Bergman kernel of the modelCn with flat metric and trivial line bundle with
constant metric. After scaling, the comparison relies on elliptic theory.

Reviewed byChristophe Mourougane
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Sci.École Norm. Sup. (4)13, 451–468 (1980)MR0608289 (82h:58054)

15. Lindholm, N.: Sampling in weightedLp spaces of entire functions inCn and estimates of the
Bergman kernel. J. Funct. Anal.182, 390–426 (2001)MR1828799 (2002g:32007)

16. Siu, Y.T.: Some recent results in complex manifold theory related to vanishing theorems for
the semipositive case. Workshop Bonn 1984 (Bonn, 1984), 169–192, Lecture Notes in Math.,
1111, Springer, Berlin, 1985MR0797421 (87b:32055)

17. Siu, Y.T.: A vanishing theorem for semipositive line bundles over non-Kähler manifolds. J.
Differential Geom.19, 431–452 (1984)MR0755233 (86c:32029)

18. Wells, R.O., Jr.: Differential analysis on complex manifolds. Graduate Texts in Mathematics,
65. Springer-Verlag, New York-Berlin, 1980MR0608414 (83f:58001)

19. Witten, E.: Supersymmetry and Morse theory. J. Differential Geom.17, 661–692 (1982)
MR0683171 (84b:58111)

20. Tian, G.: On a set of polarized Kähler metrics on algebraic manifolds. J. Differential Geom.
32, 99–130 (1990)MR1064867 (91j:32031)

21. Zelditch, S.: Szeg̈o kernels and a theorem of Tian. Internat. Math. Res. Notices6, 317–331
(1998)MR1616718 (99g:32055)

Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.

c© Copyright American Mathematical Society 2005, 2007

Article

Citations

From References: 0
From Reviews: 0

/mathscinet/pdf/1603612.pdf?pg1=MR&amp;s1=98h:32001&amp;loc=fromreflist
/mathscinet/pdf/974432.pdf?pg1=MR&amp;s1=90a:14028&amp;loc=fromreflist
/mathscinet/pdf/1288523.pdf?pg1=MR&amp;s1=95d:14001&amp;loc=fromreflist
/mathscinet/pdf/1085144.pdf?pg1=MR&amp;s1=92a:58133&amp;loc=fromreflist
/mathscinet/pdf/179443.pdf?pg1=MR&amp;s1=31:3691&amp;loc=fromreflist
/mathscinet/pdf/608289.pdf?pg1=MR&amp;s1=82h:58054&amp;loc=fromreflist
/mathscinet/pdf/1828799.pdf?pg1=MR&amp;s1=2002g:32007&amp;loc=fromreflist
/mathscinet/pdf/797421.pdf?pg1=MR&amp;s1=87b:32055&amp;loc=fromreflist
/mathscinet/pdf/755233.pdf?pg1=MR&amp;s1=86c:32029&amp;loc=fromreflist
/mathscinet/pdf/608414.pdf?pg1=MR&amp;s1=83f:58001&amp;loc=fromreflist
/mathscinet/pdf/683171.pdf?pg1=MR&amp;s1=84b:58111&amp;loc=fromreflist
/mathscinet/pdf/1064867.pdf?pg1=MR&amp;s1=91j:32031&amp;loc=fromreflist
/mathscinet/pdf/1616718.pdf?pg1=MR&amp;s1=99g:32055&amp;loc=fromreflist
/mathscinet


MR2087040 (2005f:32041)32Q45 (32L05)

El Goul, Jawher (F-TOUL3-LM)
Demailly’s 2-jet negativity of certain hyperbolic fibrations. (English summary)
Complex analysis in several variables—Memorial Conference of Kiyoshi Oka’s Centennial
Birthday, 85–93,Adv.Stud.Pure Math., 42,Math.Soc.Japan, Tokyo, 2004.

The paper under review concerns a conjecture of Demailly onk-jet negativity. J.-P. Demailly [in
Algebraic geometry—Santa Cruz 1995, 285–360, Proc. Sympos. Pure Math., 62, Part 2, Amer.
Math. Soc., Providence, RI, 1997;MR1492539 (99b:32037)] conjectured that the existence of
a metric withk-negativity on ak-jet bundle should characterize Kobayashi hyperbolicity for
compact complex manifolds. In this paper the author deals with the special case of this conjecture.
He considers the case of2-jet bundles of a hyperbolic (singular) fibration on hyperbolic curves
with certain conditions on the singularities of special fibers and proves a weak negativity property
on this bundle. It is noticed that his method only works up to the2-jet stage.
{For the entire collection seeMR2087033 (2005c:32002)}

Reviewed byYoshihiro Aihara
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MR2087033 (2005c:32002)32-06 (00B30)

FComplex analysis in several variables—Memorial Conference of Kiyoshi Oka’s Centennial
Birthday.
Papers from the conference held in Kyoto, October 30–November 5, 2001 and Nara, November 6–
8, 2001.
Edited by Kimio Miyajima, Mikio Furushima, Hideaki Kazama, Akio Kodama, Junjiro Noguchi,
Takeo Ohsawa, Hajime Tsuji and Tetsuo Ueda.
Advanced Studies in Pure Mathematics, 42.
Mathematical Society of Japan, Tokyo, 2004.x+345pp. ISBN4-931469-27-2

Contents: Oka, Kiyoshi (3–5)MR2087034; Toshio Nishino, Mathematics of Professor Oka—a
landscape in his mind (17–30)MR2087035; Yoshihiro Aihara, Uniqueness problem for meromor-
phic mappings under conditions on the preimages of divisors (31–35);MR2087036 (2005f:32029);
Takao Akahori, On the middle dimension cohomology ofAl singularity (37–44);MR2087037
(2005g:32042); Takashi Aoki, Takahiro Kawai and Yoshitsugu Takei, The exact steepest descent
method—a new steepest descent method based on the exact WKB analysis (45–61);MR2087038
(2005h:34237); Eric Bedford, Excursions of a complex analyst into the realm of dynamical sys-
tems (63–84);MR2087039 (2005e:37095); Jawher El Goul, Demailly’s 2-jet negativity of cer-
tain hyperbolic fibrations (85–93);MR2087040 (2005f:32041); John Erik Fornæss, ShortCk
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(95–108);MR2087041 (2005h:32027); Hirotaka Fujimoto, Some constructions of hyperbolic hy-
persurfaces inP n(C) (109–114);MR2087042 (2005h:32059); Kengo Hirachi, A link between
the asymptotic expansions of the Bergman kernel and the Szegö kernel (115–121);MR2087043
(2005e:32004); Andrei Iordan, On the non-existence of smooth Levi-flat hypersurfaces inCPn
(123–126);MR2087044 (2005f:32061); Su-Jen Kan, Recent development on Grauert domains
(127–133);MR2087045 (2005m:32021).

Kang-Tae Kim, Analytic polyhedra with non-compact automorphism group (135–140);
MR2087046 (2005e:32039); Shoshichi Kobayashi, Problems related to hyperbolicity of al-
most complex structures (141–146);MR2087047 (2005g:32035); Joseph J. Kohn, Ideals of
multipliers (147–157);MR2087048 (2005e:32056); Gen Komatsu, The Bergman kernel of Har-
togs domains and transformation laws for Sobolev-Bergman kernels (159–164);MR2087049
(2005f:32005); Masatake Kuranishi, An approach to the Cartan geometry. II. CR manifolds
(165–187);MR2087050 (2006e:32046); Lászĺo Lempert, The∂ equation inN variables, as
N varies (189–202);MR2087051 (2005g:32053); Kazuko Matsumoto, Levi form of loga-
rithmic distance to complex submanifolds and its application to developability (203–207);
MR2087052 (2005h:32016); Yoichi Miyaoka, Numerical characterisations of hyperquadrics
(209–235);MR2087053 (2005h:14123); Seiki Mori, Meromorphic mappings and deficiencies
(237–242);MR2087054 (2005h:32040); Junjiro Noguchi, Intersection multiplicities of holomor-
phic and algebraic curves with divisors (243–248);MR2087055 (2005f:32030); Takeo Ohsawa,
Generalization of a preciseL2 division theorem (249–261);MR2087056 (2005h:32012).

Mikael Passare, Amoebas, convexity and the volume of integer polytopes (263–268);
MR2087057 (2005e:32011); R. Michael Range, On the decomposition of holomorphic func-
tions by integrals and the local CR extension theorem (269–273);MR2087058 (2005e:32055);
Oswald Riemenschneider, The monodromy covering of the versal deformation of cyclic quo-
tient surface singularities (275–282);MR2087059 (2006b:32041); Georg Schumacher, Moduli
as algebraic spaces (283–288);MR2087060 (2005g:14027); Satoru Shimizu [Satoru Shimizu1],
Prolongation of holomorphic vector fields on a tube domain and its applications (289–299);
MR2087061 (2005h:32051); Manabu Shirosaki, Hypersurfaces and uniqueness of holomorphic
mappings (301–305);MR2087062 (2005f:32031); Shigeharu Takayama, Seshadri constants and
a criterion for bigness of pseudo-effective line bundles (307–312);MR2087063 (2005h:14018);
Hajime Tsuji, Subadjunction theorem (313–318);MR2087064 (2005j:32010); Tetsuo Ueda,
Fixed points of polynomial automorphisms ofCn (319–324);MR2087065 (2005e:32033); Kat-
sutoshi Yamanoi, On Nevanlinna theory for holomorphic curves in abelian varieties (325–331);
MR2087066 (2005d:32026); Stephen S.-T. Yau, Numerical characterization for affine varieties
be a cone over nonsingular projective varieties (333–338);MR2087067 (2005f:32047); Ken-
Ichi Yoshikawa, Nikulin’sK3 surfaces, adiabatic limit of equivariant analytic torsion, and the
BorcherdsΦ-function (339–345);MR2087068 (2005h:14093).
{Most of the papers are being reviewed individually.}
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MR2086081 (2005i:14009)14C20 (14K05)

Tutaj-Gasińska, Halszka(PL-JAGL)
Seshadri constants in half-periods of an abelian surface. (English summary)
J. Pure Appl. Algebra194(2004),no. 1-2,183–191.

In recent years there has been a major interest in studying the local positivity of ample line
bundles on algebraic varieties. Seshadri constants, introduced by J.-P. Demailly [inComplex alge-
braic varieties (Bayreuth, 1990), 87–104, Lecture Notes in Math., 1507, Springer, Berlin, 1992;
MR1178721 (93g:32044)], partially in connection with the study of T. Fujita’s conjecture [in
Algebraic geometry, Sendai, 1985, 167–178, Adv. Stud. Pure Math., 10, North-Holland, Amster-
dam, 1987;MR0946238 (89d:14006)], incorporate in a natural way information about the local
positivity of a line bundle.

LetX be a smooth projective variety of dimensionn, x1, . . . , xr ∈X distinct points andL an
ample line bundle onX. Letπ be the blow-up ofX in the considered points withE1, . . . , Er the
exceptional divisors. Then the real number

ε(L, x1, . . . , xr) = sup{ε ∈R| π∗L− ε
r∑
i=1

Ei is nef}

is the Seshadri constant ofL atx1, . . . , xr (called the multiple point Seshadri constant ifr ≥ 2).
Equivalently

ε(L, x1, . . . , xr) := inf
C3x1,...,xr

L ·C∑r
i=1 multxiC

,

(where the infimum is taken over all irreducible curves passing throughx1, . . . , xr).
Despite their apparently “easy” definition, Seshadri constants are very difficult to compute. In

fact their exact value is known only for a few cases (even forr = 1) and even on surfaces it is dif-
ficult to control them, as was already pointed out by Demailly. To put things into perspective, the
computation of multiple point Seshadri constants forP2 is equivalent to the unsolved Nagata con-
jecture [M. Nagata, Chinese J. Math.11 (1983), no. 1, 1–4;MR0692988 (84f:14008)]. Therefore,
any contribution towards bounding or calculating them is of interest.

One has the bounds0 < ε(L, x1, . . . , xr) ≤ n

√
Ln

r from [L. M. H. Ein, O. Küchle and R. K.
Lazarsfeld, J. Differential Geom.42 (1995), no. 2, 193–219;MR1366545 (96m:14007)]. It is still
not known whether a Seshadri constant can be non-rational. However, some useful information

is that if ε(L, x1, . . . , xr) < n

√
Ln

r , thenε(L, x1, . . . , xr) is rational, by A. Steffens [Math. Z.227
(1998), no. 3, 505–510;MR1612681 (99c:14009)].

Seshadri constants on abelian surfaces have been studied in [T. Bauer, Math. Ann.312 (1998),
no. 4, 607–623;MR1660259 (2000a:14054)] and in [T. Bauer, Math. Ann.313(1999), no. 3, 547–
583;MR1678549 (2000d:14006)]. In the appendix of the latter paper it is proved that a one-point
Seshadri constant on an abelian surface is always rational and an upper bound is given, which is
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shown to be attained in the case of Picard number one in the first paper.
In the very nice paper under review the author obtains the following result for multiple point

Seshadri constants of an ample line bundleL of type (1, d) at any r of the 16 half-periods
e1, . . . , e16 of an abelian surfaceS 'C2/Λ, i.e.,e1, . . . , e16 are the elements of12Λ:

(a) If
√

2d
r ∈Q, thenε(L, e1, . . . , er) =

√
2d
r .

(b) If
√

2d
r 6∈Q, thenε(L, e1, . . . , er)≤ 2dk0/l0, where(k0, l0) is the primitive solution of Pell’s

equation2rdk2 +1 = l2.
In particularε(L, e1, . . . , er) is rational.
The method of proof consists of using results from the last two papers mentioned and from

[H. Lange and C. Birkenhake,Complex abelian varieties, Springer, Berlin, 1992;MR1217487
(94j:14001)] to explicitly construct curves in|mL|, for suitablem> 0, passing throughe1, . . . , er
with the desired multiplicities.

Reviewed byAndreas Leopold Knutsen
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On manifolds whose tangent bundle is big and 1-ample.
Proc. London Math. Soc. (3)89 (2004),no. 2,273–290.

Much of the recent work in Fano geometry and in the classification of complex manifolds is related
to the problem of characterizing complex-projective manifoldsX whose tangent bundlesTX have
certain positivity properties.

After S. Mori’s spectacular solution to the Hartshorne conjecture, asserting that the projective
spacePn is the only manifold whose tangent bundle is ample, the next important case is that of
manifolds whose tangent bundle is nef—recall thatTX is called ample or nef if the line bundle
OP(TX)(1) on the projectivizationP(TX) is ample or nef. It has been conjectured by Campana and
Peternell thatTX nef implies thatX is homogeneous.

While the Campana-Peternell conjecture is still open, the paper under review studies a more
special situation where the tangent bundleTX is assumed to be almost, but not quite, ample. More
precisely, the authors classify manifolds whose tangent bundle is big and 1-ample. The assumptions
imply that global sections in the bundleOP(TX)(m), form� 0, give rise to a morphismP(TX)→
Y whose fibers are at most 1-dimensional. A part of the argumentation is then based on the
observation that the complement of the zero section of the cotangent bundleT∨X is a complex-
symplectic manifold and makes use of earlier works where morphisms from symplectic manifolds
were studied.

The paper contains an appendix where the authors fill two gaps in earlier papers of J. Wierzba
[J. Algebraic Geom.12 (2003), no. 3, 507–534;MR1966025 (2003m:14023)] and J.-P. Demailly,
T. Peternell and M. H. Schneider [J. Algebraic Geom.3 (1994), no. 2, 295–345;MR1257325
(95f:32037)].
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Pflug, Peter(D-OLD-M) ; Zwonek, Wlodzimierz (PL-JAGL)
The Serre problem with Reinhardt fibers. (English, French summaries)
Ann. Inst. Fourier (Grenoble)54 (2004),no. 1,129–146.

The Serre problem asks whether a holomorphic fiber bundle with a Stein fiberF and a Stein basis is
itself Stein. Although many positive answers were given in special cases, the first counterexamples
were given by H. Skoda [Invent. Math.43 (1977), no. 2, 97–107;MR0508091 (58 #22657)] and
a few afterwards by Demailly. In 1985 G. Coeuré and the reviewer [Ann. of Math. (2)122(1985),
no. 2, 329–334;MR0808221 (87c:32033)] gave a counterexample withF a bounded Reinhardt
domain inC2. In this paper, the authors characterize the hyperbolic Reinhardt domainsF in C2

which can be produced as fibers for a counterexample to the Serre problem. Such anF a priori
can be of three types: Type 0:F is complete; Type 1: the intersection ofF with exactly one axis
is nonempty; Type 2: the intersection with the two axes is empty.

The main result here is that for Types 0 and 1,F cannot be a counterexample, but there are
counterexamples for Type 2, and in this paper the counterexamples are described using a matrix
of GL(2,Z), generalizing the description given by Coeuré and the reviewer.

The Type 0 case was proved by K. Königsberger [Math. Ann.189(1970), 178–184;MR0268410
(42 #3308)] and can also be seen as a special case of general results about the Serre problem.

The Type 1 case uses explicit results of Shimizu and Kruzhilin on the automorphism group of
Reinhardt domains. A theorem of Stehle and an ad hoc extending lemma are also used.
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The Type 2 case also uses results of Shimizu about the algebraicity of the automorphism group.
In order to construct counterexamples, the method of the paper of Coeuré and the reviewer is
applied.

It should also be noted that recently K. Oeljeklaus and D. Zaffran have obtained new results in
this direction.

Reviewed byJean-Jacques Loeb
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Math. Ann., 106 (1932), 540–573.MR1512773
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Qiu, Chunhui (PRC-XIAM); Zhong, Tongde(PRC-XIAM)
Integral formulas for differential forms of type (p, q) on complex Finsler manifolds. (English
summary)
Sci. China Ser. A47 (2004),no. 2,284–296.

In this paper, using the invariant integral kernel introduced by J.-P. Demailly and C. Laurent-
Thiébaut [Ann. Sci.́Ecole Norm. Sup. (4)20 (1987), no. 4, 579–598;MR0932799 (89g:32023)],
the authors obtain Koppelman and Koppelman-Leray formulas for relatively compact domains
with C1 boundary in strongly pseudoconvex complex Finsler manifolds, and then apply them to
solve the∂-equation in such domains.
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English, French summaries) [Commutative groups of automorphisms of a compact K̈ahler
manifold]
Duke Math. J.123(2004),no. 2,311–328.

It is quite difficult to construct automorphisms of a compact, complex manifoldV and it is even
harder to find automorphisms that commute. One would therefore expect abelian subgroups of
Aut(V ) to be quite special. The main result in the paper under review is a kind of structure theorem
for abelian subgroups ofAut(V ) in the case in whichV is a compact K̈ahler manifold.

Recall that the topological entropy of an endomorphismf of V is a number which measures
the complexity off . The dynamically most interesting endomorphisms are those with positive
entropy.

Main Theorem: letG′ be an abelian subgroup ofAut(V ) and letU be the set of elements ofG′

of zero entropy. ThenU is a group andG′ is isomorphic to the direct productU ×G, whereG is
a subgroup ofG′ such that all elements ofG r {id} have positive entropy. Moreover,G is a free
abelian subgroup of index at mostdimV − 1. This estimate is sharp and, in the case of equality,
U is finite.

The proof proceeds by studying the action ofG′ on the Dolbeault cohomology groupH1,1(V,R).
To this end, the authors exploit the structure of the Kähler coneH ⊂H1,1(V,R), in particular a
version of the Hodge-Riemann theorem due to M. L. Gromov [inAdvances in differential geometry
and topology, 1–38, World Sci. Publishing, Teaneck, NJ, 1990;MR1095529 (92d:52018)] and a
recent result by J.-P. Demailly and M. Paun [Ann. of Math. (2)159 (2004), no. 3, 1247–1274;
MR2113021]. They also use the characterization by Gromov [Astérisque No. 145-146 (1987), 5,
225–240;MR0880035 (89f:58082); Enseign. Math. (2)49(2003), no. 3-4, 217–235;MR2026895]
and Y. Yomdin [Israel J. Math.57 (1987), no. 3, 285–300;MR0889979 (90g:58008)] that f ∈
Aut(V ) has positive entropy if and only if the spectral radius of the induced action off on
H1,1(V,R) is strictly larger than one.

By the Perron-Frobenius theorem, eachf ∈ Aut(V ) of positive entropy admits a class inH
which is an eigenvector forf ∗. Roughly speaking, then, if there were too many (commuting,
without relations) suchf , we would find a large invariant subspace ofH1,1 generated by elements
of H. Using the Hodge-Riemann theorem, the authors show that this is impossible.

Overall, the paper is well-written and contains a nice mix of ideas from dynamics and analytic
geometry.

Reviewed byMattias Jonsson

References

1. S. BOCHNER et D. MONTGOMERY,Groups of differentiable and real or complex analytic
transformations,Ann. of Math. (2)46 (1945), 685–694. MR 0014102MR0014102 (7,241d)

2. D. BURNS JR., S. SHNIDER, et R. O. WELLS JR.,Deformations of strictly pseudoconvex
domains,Invent. Math.46 (1978), 237–253. MR 0481119MR0481119 (58 #1265)

/mathscinet/search/mscdoc.html?code=32H50%2C%2832J27%2C32Q15%2C37B40%2C37C85%2C37F10%29
/mathscinet/search/publications.html?pg1=IID&s1=608547
/mathscinet/search/institution.html?code=F_PARIS11
/mathscinet/search/publications.html?pg1=IID&s1=161495
/mathscinet/search/institution.html?code=F_PARIS11
/mathscinet/search/journaldoc.html?&cn=Duke_Math_J
/mathscinet/search/publications.html?pg1=ISSI&s1=219915
/mathscinet/pdf/1095529.pdf
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2113021
/mathscinet/pdf/880035.pdf
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2026895
/mathscinet/pdf/889979.pdf
/mathscinet/search/publications.html?pg1=IID&s1=631360
/mathscinet/pdf/14102.pdf?pg1=MR&amp;s1=7:241d&amp;loc=fromreflist
/mathscinet/pdf/481119.pdf?pg1=MR&amp;s1=58:1265&amp;loc=fromreflist


3. S. CANTAT,Dynamique des automorphismes des surfacesK3, Acta Math.187(2001), 1–57.
MR 1864630MR1864630 (2003h:32026)

4. J.-P. DEMAILLY, ”Monge-amp̀ere operators, Lelong numbers and intersection theory” dans
Complex Analysis and Geometry,Univ. Ser. Math., Plenum, New York, 1993, 115–193. MR
1211880MR1211880 (94k:32009)

5. J.-P. DEMAILLY et M. PAUN,Numerical characterization of the K̈ahler cone of a compact
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Takagi, Shunsuke[Takagi, Shunsuke2] (J-TOKYOGM);
Watanabe, Kei-ichi [Watanabe, Keiichi1] (J-NIHOH)
When does the subadditivity theorem for multiplier ideals hold? (English summary)
Trans. Amer. Math. Soc.356(2004),no. 10,3951–3961 (electronic).

An important property of multiplier ideals is sub-additivity, which in its simplest incarnation
predicts that the multiplier ideal of a product of two ideal sheavesa andb on a smooth complex
variety is contained in the product of the multiplier ideal ofa and the multiplier ideal ofb.
(Subadditivity was proved by J.-P. Demailly, L. M. H. Ein and R. K. Lazarsfeld in [Michigan
Math. J. 48 (2000), 137–156;MR1786484 (2002a:14016)].) The subadditivity theorem is at
the heart of many of the applications of mutliplier ideals to commutative algebra and algebraic
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geometry. It is natural to hope that some form of subadditivity might hold in settings more general
than smooth varieties.

The paper under review shows that the subadditivity theorem, as stated in the simple form above,
holds when the ambient variety is a surface with log terminal singularities. It also proves that if
the general form of subadditivity (in which coefficients are allowed) holds for some surface, then
that surface must be smooth. That is, ifX is a two dimensional normalQ-Gorenstein surface, and
J(acbd)⊂ J(ac)J(bd) for all idealsa,b and all positive rational numbersc, d, then the surfaceX
is in fact smooth. The paper also provides simple examples of higher dimensional varieties with
very nice singularities (including the toric case) in which even the simplest form of subadditivity
fails.

Reviewed byKaren E. Smith
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Coman, Dan(1-SRCS); Guedj, Vincent (F-TOUL3-LM)
Invariant currents and dynamical Lelong numbers. (English summary)
J. Geom. Anal.14 (2004),no. 2,199–213.

Let f = (P1, . . . , Pk):Ck →Ck be a polynomial automorphism withλ := maxdegPj ≥ 2. The
meromorphic extension, which we still denote byf , to Pk = Ck ∪ (t = 0) is not well-defined
on the indeterminacy locusI+. In this article, the authors consider thosef for which X+ :=
f((t = 0) r I+) reduces to a single point lying outside ofI+. Such anf is algebraically stable
and it follows that the sequence of currentsλ−n(fn)∗ω, whereω is the Fubini-Study form onPk,
converges to a positive closed currentT+ of bidegree(1, 1) with f ∗T+ = λT+ [cf. N. Sibony, in
Dynamique et ǵeoḿetrie complexes (Lyon, 1997), ix–x, xi–xii, 97–185, Soc. Math. France, Paris,
1999;MR1760844 (2001e:32026); V. Guedj and N. Sibony, Ark. Mat.40 (2002), no. 2, 207–243;
MR1948064 (2004b:32029)]. Defineλ2(f) := limn→∞[δ2(fn)]1/n whereδ2(fn) is the degree of
f−n(L) for L a generic linear subspace of codimension 2. Under the additional assumption that
λ > λ2(f)—this includes, e.g., complex Hénon maps inC2—a positive closed currentσ− of
bidegree(k− 1, k− 1) of unit mass with(f−1)∗σ− = λσ− can be constructed [V. Guedj and N.
Sibony, op. cit. (Theorem 3.1)]. This construction is carried out again in Section 2.1 where it is
shown thatσ− puts no mass on the hyperplane at infinity (Theorem 2.2). In the case whereI+ is
f−1-attracting, this was shown in [V. Guedj and N. Sibony, op. cit.]. It follows that for a positive
closed currentS of bidegree(1, 1) and unit mass onPk, S ∧ σ− is well-defined as a probability
measure. We define the generalized Lelong number ofS with respect toσ− asν(S, σ−) := S ∧
σ−({X+}) (Definition 2.3). In particular, letf be a regular automorphism, i.e.,I+ ∩ I− = ∅. In
this casef−1 is algebraically stable and the invariant Green currentT− for f−1 is well-defined.
Here the numberν(S, σ−) reduces to the Demailly number ofS with respect to the weightT− [J.-
P. Demailly, inComplex analysis and geometry, 115–193, Plenum, New York, 1993;MR1211880
(94k:32009)]. Moreover, in this setting,ν(S, σ−) is positive if and only if the standard Lelong
numberν(S,X+) at the pointX+ is positive.

The main result of this article, Theorem 1.1, concerns polynomial automorphismsf with X+ ∩
I+ = ∅, λ > λ2(f), and such thatI+ is an attracting set forf−1. It states that ifS is a positive
closed current of bidegree(1, 1) and unit mass onPk, then

1
λn

(fn)∗S→ cS[t= 0]+ (1− cs)T+

/mathscinet
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as currents onPk, wherecS = ν(S, σ−). Moreover, as in the regular automorphism setting,
ν(S, σ−) > 0 if and only if ν(S,X+) > 0. In Section 2.3, an interesting invariant probability
measureµf = T+ ∧ σ− is introduced; in particular, plurisubharmonic functions of logarithmic
growth are shown to be integrable with respect toµf (Remark 2.13). The proof of Theorem 1.1
is given in Section 3. In the fourth and final section, the authors utilize the classification of J. E.
Fornæss and H. Wu [Publ. Mat.42 (1998), no. 1, 195–210;MR1628170 (99e:14015)] to check
their hypotheses on families of quadratic polynomial automorphisms ofC3.

Reviewed byNorman Levenberg

References

1. Alexander, H. and Taylor, B.A. Comparison of two capacities inCn, Math. Z.,186,407–417,
(1984).MR0744831 (85k:32034)

2. Bedford, E. and Smillie, J. Polynomial diffeomorphisms ofC2: currents, equilibrium measure
and hyperbolicity,Invent. Math.,103,69–99, (1991).MR1079840 (92a:32035)

3. Bonifant, A.M. and Fornæss, J.E. Growth of degree for iterates of rational maps in several
variables,Indiana Univ. Math. J.,49,751–778, (2000).MR1793690 (2003g:32035)

4. Coman, D. On the dynamics of a class of quadratic polynomial automorphisms ofC3, Discrete
Contin. Dyn. Syst.,8, 55–67, (2002).MR1877828 (2003b:32020)

5. Coman, D. and Fornæss, J.E. Green’s functions for irregular quadratic polynomial automor-
phisms ofC3, Michigan Math. J.,46,419–459, (1999).MR1721516 (2000i:32030)

6. Demailly, J.-P.Monge–Amp̀ere Operators, Lelong Numbers and Intersection Theory,Complex
analysis and geometry, Plenum, New York, 115–193, (1993).MR1211880 (94k:32009)

7. Favre, C. Note on pull-back and Lelong number of currents,Bull. Soc. Math. France,127,
445–458, (1999).MR1724404 (2000i:32057)
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Boucksom, Śebastien(F-GREN-F)
Divisorial Zariski decompositions on compact complex manifolds. (English, French
summaries)
Ann. Sci.École Norm. Sup. (4)37 (2004),no. 1,45–76.

It was originally shown by Zariski that any effectiveQ-divisorD on a projective surfaceX can be
decomposed uniquely into a sumD = P +N , whereP is a numerically effectiveQ-divisor and
N =

∑
ajDj is an effectiveQ-divisor such that the Gram matrix(Di ·Dj) is negative definite. In

terms of the intersection form,P is moreover orthogonal toN . The spaces of global holomorphic
sections corresponding toH0(kP ) andH0(kD) are then isomorphic, so that the ringR(X,D) =⊕

k≥0H
0(X,O(kD)) is equivalent toR(X,P ) via an isomorphism that respects the natural

decomposition. In order to generalise this result to an arbitrary compact complex manifold, the
author of the present paper employs Demailly’s theory of regularization of almost positive(1, 1)-
currents to obtain a Zariski-type decomposition of a pseudo-effective classα ∈H1,1

∂∂
(X,R). Recall

that in the world of complex manifolds beyond Kähler geometry it is convenient to work with the
cohomology ofd-closed smooth(1, 1)-forms modulo∂∂-exact ones, such that the classes are
easily seen to represent a more general affine space of closed(1, 1)-currents. Moreover, whenX is
compact the∂∂-operator has closed range, so thatH1,1

∂∂
(X,C) is finite-dimensional. The author’s

generalisation of the Zariski decomposition is therefore in the spirit of the Siu decomposition for
closed positive currents. A real(1, 1)-currentT is said to be “almost positive” if there exists a
smooth real(1, 1)-formγ such thatT ≥ γ. Given the definition of the Lelong number ofT at each
x ∈ X, one definesν(T,D) to be the infimum of the Lelong numbers over all points of a given
prime divisorD, and arrives at the Siu decomposition ofT accordingly. A cohomology classα,
as above, is said to be “pseudoeffective” iff it contains a positive current. It is “nef” iff for each
ε > 0, α contains a smooth formϑε ≥−εω, whereω denotes the Hermitian form associated with
a Gauduchon metric onX. It is “big” iff it contains a Kähler current, i.e., a closed(1, 1)-current
T such thatT ≥ −εω for sufficiently smallε. Let α[γ] denote the set of closed almost positive
currents such thatT ≥ γ for a smooth real(1, 1)-form γ. It follows that any family of elements
of α[γ] has an infimum with respect to a given preorder relation. In particular,Tmin,γ will denote
the infimum withinα[γ] itself. The author introduces the notion of “minimal multiplicity” for a
pseudoeffective classα as

ν(α, x) = sup
ε>0

ν(Tmin,−εω, x),
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and henceν(α,D) as the infimum of this multiplicity along a given prime divisorD. α is then
nef iff ν(α, x) vanishes everywhere, while the “non-nef locus” corresponds to the set of points
of X where the multiplicity is positive. The main result of the paper is to derive a decomposition
of the formα = N +Z, whereN =

∑
ν(α,D)D is the summation over all prime divisors of

X, andZ is a real pseudoeffective(1, 1)-class. The author proves that there are only finitely
many prime divisorsD for which ν(α,D) > 0 (the non-nef locus ofα), while the non-nef locus
of Z, though not empty in general, contains no prime divisors (hence it is said to belong to the
“modified nef-cone” of the Ńeron-Severi space). This decomposition is naturally induced by the
Siu decomposition of a closed positive current with the minimality condition above insideαwhen
it is big. WhenX is a surface, the distinction between modified-nef and nef classes disappears, and
whenX is moreover projective one recovers the original Zariski decomposition ifα is the class
of an effectiveQ-divisorD. Extensions of the surface theory to compact hyper-Kähler manifolds
are also explored via the Beauville-Bogomolov form onH1,1(X,R).

Reviewed byAdam Gregory Harris
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Math.333(2001) 935–938.MR1873811 (2002k:32036)

2. Boucksom S., On the volume of a line bundle, math.AG/0201031, 2002.MR1945706
(2003j:32025)

3. Cutkosky S.D., Zariski decomposition of divisors on algebraic varieties,Duke Math. J.53
(1986) 149–156.MR0835801 (87f:14004)
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On the regularity of the leafwise Poincaŕe metric. (English summary)
Bull. Sci. Math.128(2004),no. 3,189–195.

This article is the continuation of the author’s previous work [Invent. Math.152(2003), no. 1, 119–
148;MR1965362 (2003m:32028)]. Let X, F andΩ be as in the review of the above-mentioned
article. Moreover, assume that the singularities ofF are reduced in Seidenberg’s sense (one
can obtain this after a finite number of blow-ups inX). On one hand, according to [Y. T. Siu,
Invent. Math.27 (1974), 53–156;MR0352516 (50 #5003)] we haveΩ = Ωalg + Ωres, where
Ωalg is a finite sum of integration currents over algebraic cycles andΩres is a closed positive
current with vanishing Lelong number outside a finite set ofX. On the other hand, we have
Lebesgue’s decompositionΩ = Ωsing + Ωac of Ω into singular and absolutely continuous parts
[see, for instance, J.-P. Demailly, J. Differential Geom.37 (1993), no. 2, 323–374;MR1205448
(94d:14007)]. In general for a closed positive current we haveΩalg ≤ Ωsing and the main result
of this article is the equalityΩalg = Ωsing. According to [M. McQuillan, inEuropean Congress
of Mathematics, Vol. II (Barcelona, 2000), 47–53, Progr. Math., 202, Birkhäuser, Basel, 2001;
MR1905350 (2003j:14048)], for a foliationF of general type, i.e.kod(F) = 2, we haveΩalg = 0
and so in this caseΩ is absolutely continuous. The local analysis ofΩ is used in the proof of the
main result.

Reviewed byHossein Movasati

/mathscinet/pdf/463157.pdf?pg1=MR&amp;s1=57:3116&amp;loc=fromreflist
/mathscinet/pdf/1664696.pdf?pg1=MR&amp;s1=2000a:32039&amp;loc=fromreflist
/mathscinet/pdf/1688140.pdf?pg1=MR&amp;s1=2000d:32034&amp;loc=fromreflist
/mathscinet/pdf/2104208.pdf?pg1=MR&amp;s1=2005h:14015&amp;loc=fromreflist
/mathscinet/pdf/1612321.pdf?pg1=MR&amp;s1=99c:32042&amp;loc=fromreflist
/mathscinet/pdf/352516.pdf?pg1=MR&amp;s1=50:5003&amp;loc=fromreflist
/mathscinet/pdf/141668.pdf?pg1=MR&amp;s1=25:5065&amp;loc=fromreflist
/mathscinet
/leavingmsn?url=http://dx.doi.org/10.1016/j.bulsci.2004.01.001
/mathscinet/search/mscdoc.html?code=32S65%2C%2832Q30%2C32U40%2C37F75%29
/mathscinet/search/publications.html?pg1=IID&s1=290636
/mathscinet/search/institution.html?code=F_DJON_IM
/mathscinet/search/journaldoc.html?&cn=Bull_Sci_Math
/mathscinet/search/publications.html?pg1=ISSI&s1=218048
/mathscinet/pdf/1965362.pdf
/mathscinet/pdf/352516.pdf
/mathscinet/pdf/1205448.pdf
/mathscinet/pdf/1205448.pdf
/mathscinet/pdf/1905350.pdf
/mathscinet/search/publications.html?pg1=IID&s1=675175


References

1. L. Alessandrini, G. Bassanelli, Plurisubharmonic currents and their extension across analytic
subsets, Forum Math. 5 (1993) 577–602.MR1242890 (94i:32017)

2. M. Brunella, Subharmonic variation of the leafwise Poincaré metric, Invent. Math. 152 (2003)
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Estimation effective de la perte de positivit́e dans la ŕegularisation des courants. (French.
English, French summaries) [Effective estimate of positivity loss in current regularizations]
C. R. Math. Acad. Sci. Paris338(2004),no. 1,59–64.

Summary: “Let(X,ω) be a compact complex Hermitian manifold, and letT ≥ γ be ad-closed
(1, 1) almost positive current onX. A variant of Demailly’s regularization-of-currents theorem
states thatT is the weak limit of a sequence of(1, 1)-currentsTm with analytic singularities of
coefficient1/m, lying in the same cohomology class asT , whose Lelong numbers converge to
those ofT , and with a loss of positivity decaying to zero. We prove that if the(1, 1)-form γ is
assumed to be closed andC∞, the regularizing currentsTm can be chosen such thatTm ≥ γ− C

m
for a constantC > 0 independent ofm.”
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2. L. Hörmander,L2 estimates and existence theorems for the∂̄ operator, Acta Math. 113 (1965)
89–152.MR0179443 (31 #3691)
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Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.

c© Copyright American Mathematical Society 2004, 2007

Article

Citations

From References: 6
From Reviews: 2

MR2036329 (2004m:32074)32W20
Błocki, Zbigniew (PL-JAGL)
On the definition of the Monge-Ampère operator inC2. (English summary)
Math. Ann.328(2004),no. 3,415–423.

Letu be plurisubharmonic (psh) on an open subsetΩ in CN ; we writeu ∈ PSH(Ω). If u ∈ C2(Ω),
the complex Monge-Amp̀ere operator(ddc(·))N applied tou,

(ddcu)N = ddcu∧ · · · ∧ ddcu= 4NN ! det [
∂2u

∂zj∂zk
]dλ,

is a nonnegative function onΩ times the volume formdλ on CN . If u is locally bounded, or,
more generally, if the set of points whereu is not locally bounded is relatively compact inΩ,
then(ddcu)N is well-defined [E. Bedford and B. A. Taylor, Invent. Math.37 (1976), no. 1, 1–44;
MR0445006 (56 #3351); Acta Math.149 (1982), no. 1-2, 1–40;MR0674165 (84d:32024); J.-P.
Demailly, in Complex analysis and geometry, 115–193, Plenum, New York, 1993;MR1211880
(94k:32009)] as a positive Radon measure and has the desirable property that it is continuous under
decreasing sequences; i.e., ifuj ↓ u, then(ddcuj)N → (ddcu)N in the weak-∗ topology. Define
D(Ω) to be the class of psh functionsu on Ω such that there exists a positive Radon measureµ
onΩ with the property that ifΩ′ ⊂ Ω is open and{uj} is any sequence of smooth, psh functions
on Ω′ which decrease tou in Ω′, then(ddcuj)N → µ|Ω′ weak-∗. The main result of this paper,
Theorem 1.1, is that forN = 2,

D(Ω) = PSH(Ω)∩W 1,2
loc (Ω).

As observed by Bedford and Taylor in [op. cit., 1976], an integration by parts shows that(ddcu)2

is well-defined foru ∈ PSH(Ω)∩W 1,2
loc (Ω), Ω⊂C2. The author verifies that this class coincides

with D(Ω), and in the final section of the paper he shows that ifΩ is a bounded hyperconvex
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domain inC2 (there exists a negative psh functionϕ in Ω with limz→∂Ω ϕ(z) = 0), then the
negative psh functions inD(Ω) = PSH(Ω)∩W 1,2

loc (Ω) coincide with the classE(Ω) defined by
U. Cegrell [in Actes des Rencontres d’Analyse Complexe (Poitiers-Futuroscope, 1999), 39–42,
Atlantique, Poitiers, 2002;MR1944194 (2003j:32047)].

In a forthcoming paper, the author gives a characterization of the classD(Ω) whenΩ is an open
subset ofCN for anyN ≥ 2, and he shows that for a negative psh functionu in a hyperconvex
domainΩ, u ∈ E(Ω) if and only if u ∈D(Ω).

Reviewed byNorman Levenberg
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