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Takagi, Shunsuke[Takagi, Shunsuke?] (J-KYUSM)

Formulas for multiplier ideals on singular varieties. (English summary)
Amer. J. Math128(2006),n0. 6,1345-1362.

The paper under review uses characteristitethods including tight closure to generalize certain
properties of multiplier ideals to the case of singular varieties.

Recall that for &@)-Gorenstein normal variety over a field of characteristic zero, an ideal sheaf
a C Oy, and areal number> 0, one has the associated multiplier ideal st¢af) C O x. Details
may be found in [R. K. LazarsfeldRositivity in algebraic geometry. IISpringer, Berlin, 2004;
MR2095472 (2005k:14001p)One also defines “mixed” multiplier ideaj$a’6*). The multiplier
ideals satisfy a number of interesting properties, including the following two:

Subadditivity: J.-P. Demailly, L. M. H. Ein and Lazarsfeld [Michigan Math48(2000), 137—-
156;MR1786484 (2002a:1401mhowed the following subadditivity property of multiplier ideals
on a smooth variety:

J(a'6") € J(a")I(b%).
Summation: M. Musta [Trans. Amer. Math. So@&54 (2002), no. 1, 205-217 (electronic);
MR1859032 (2002k:1400B3howed the following summation formula for multiplier ideals on a
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smooth variety:
((a+b) Z d(a
A=t
The paper under review generalizes these formulas to the cdp€&wokenstein normak over
a field K of characteristic zero. The generalizations involve the Jacobian idedl o¥er K,
J(X/K):
”(X/K) ( '6%) C J(a")3(b"),

((a+b)* Z J(a*bH).
Ap=t

The method relies on the theory of tight closure introduced by M. Hochster and C. L. Hunek
[J. Amer. Math. Soc3(1990), no. 1, 31-116¥1IR1017784 (919:1301N)A generalization, called
a’-tight closure, was introduced by N. Hara and K. Yoshida [Trans. Amer. Math.356¢2003),
no. 8, 3143-3174 (electronidlR1974679 (2004i:1300R) The test ideals(a) introduced by
Hochster and Huneke were generalized’ttest ideals(a’) by Hara and Yoshida, who showed
that thea'-test ideals correspond to the multiplier idgéh’) via reduction to characteristje>>
0.

In the paper under review, analogs of the subadditivity and summation formulas are prove
for the test ideals(a’), allowing the author to prove the promised generalizations for multiplier
ideals on singular varieties. Similar formulas are proved for asymptotic multiplier ideals [L. M.
H. Ein, R. K. Lazarsfeld and K. E. Smith, Invent. Mafl®4(2001), no. 2, 241-2571R1826369
(2002b:13001)using asymptotic versions of the test ideals.

Finally, the subadditivity formula for asymptotic multiplier ideals is applied to answer a questior
of Hochster and Huneke [Invent. Matty7(2002), no. 2, 349-36H1R1881923 (2002m:1300R)
on the growth of symbolic powers of an ideal.
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Rashkovskii, Alexander[Rashkovskil, A. Yu.]

Relative types and extremal problems for plurisubharmonic functions.
Int. Math. Res. NoR0O06,Art. ID 76283, 260p.

The paper under review is concerned with singularities of plurisubharmonic (psh) functions. ¢
psh functionu defined in a neighborhood of a poifit= C" is said to have a singularity gtif
u(C) = —oo.

There are many ways of measuring the “strength” of the singularity. The most basic invariant |
the Lelong number. It can be defined in two different ways: as a growth ordeatthe origin, or
as a Monge-Amere mass (or intersection number). More precisely, if wes$e} = log |x — (|,
then the first characterization of the Lelong number is agdithénf whenxz — ¢ of u(x)/¢(z).
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The second characterization is as the mass of the meddure dd“p at(.

J.-P. Demailly [Acta Math159(1987), no. 3-4, 153-16%1R0908144 (89b:3201%ylefined a
generalized Lelong numberp, u) with respect to an arbitrary psh weight(i.e. a psh function
with an isolated singularity af) using the second formula above. He observed that these gener
alized Lelong numbers share many of the same properties as the usual Lelong number, especi
when the weight is locally maximal outside the origin.

Here the author instead generalizes the first characterization of the Lelong number, thus defini
the relative type (¢, v) which in general differs from the corresponding generalized Lelong num-
berv(p,u). They do, however, agree when= maxj<;<, a;l log |z — (x| for some constants
ar > 0, and in this case one obtains the directional Lelong numbers defined by C. O. Kiselma
[Ann. Polon. Math60(1994), no. 2, 173—-19NR1301603 (95i:32024)

One can define a tropical structure on the cone of psh functions, with the tropical addition give
by max{u, v} and the tropical multiplication by + v. Endow the sej), +o0o] with an analogous
tropical structure, but where tropical addition is giventhin{s,¢}. For a given psh weighp,
the generalized Lelong numbefy, -) is then tropically multiplicative, but not tropically additive
in general. On the other hand, the relative tyfe, -) is tropically additive, but not tropically
multiplicative in general.

A main result in the paper (Theorem 4.3) characterizes relative weights as functionals on p:
functions neat that are upper semicontinuous, positively homogeneous and tropically additive.

If ¢ is chosen such that the relative weigtity, -) = v(¢, ), then the resulting functional is both
tropically additive and multiplicative. It can then be checked that the assignfrent (¢, log | f|)
defines a valuation on the ring of holomorphic germg fgee C. Favre and M. Jonsson, Invent.
Math. 162(2005), no. 2, 271-31NR2199007 (2006k:32064)

As the author points out, “Tropical additivity of the relative types make them a perfect tool for
dealing with upper envelopes of families of plurisubharmonic functions with prescribed singulari
ties.” The paper contains several applications of relative weights to pluricomplex Green functior
and a Siu-type theorem on the analyticity of superlevel sets of relative weights.
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Rousseau, Erwan(3-QU)

Equations différentielles sur les hypersurfaces dé*. (French. English, French summaries)
[Differential equations on hypersurfaces inP*]

J. Math. Pures Appl. (936 (2006),no0. 4,322-341.

The paper under review deals with entire holomorphic curves into hypersurfaces in comple
projective spaces.

After the studies of J.-P. Demailly [iAlgebraic geometry—Santa Cruz 199%85-360,
Proc. Sympos. Pure Math., 62, Part 2, Amer. Math. Soc., Providence, RI, 18R®¥492539
(99b:32037) and Y. T. Siu [in The legacy of Niels Henrik Aheb43-566, Springer, Berlin,
2004; MR2077584 (2005h:3206]1)the author gives theorems on existence of global sections
of holomorphic jet bundles. LeX be a smooth hypersurface of degrge 2 in P* and Ty its
holomorphic cotangent bundle. Denote By ,, Ty the vector bundle of jet differentials af
of orderk and of degreen. Let A be an ample line bundle oveY. Then he first shows that
HY(X, Es,,T%) =0, and ifd > 97, thenH"(X, B3, T3 ® A1) # 0 for sufficiently largem.

This yields that every entire holomorphic curffeC — X must satisfy an algebraic differential
equation of third order, which is the main result in the present paper. The logarithmic version c
this result is also obtained, that is, every entire curve in the complement of a smooth hypersurfa
in P? of degreel > 92 must satisfy an algebraic differential equation of third order.

REVISED (June, 2007)

Current version of reviewso to earlier version.

Reviewed byroshihiro Aihara

References

1. F. Angelini, An algebraic version of Demailly’s asymptotic Morse inequalities, Proc. Amer.
Math. Soc. 124 (1996) 3265-3289@R 1389502 (97h:32045)

2. F.A. Bogomolov, Holomorphic tensors and vector bundles on projective varieties, Math. USS
Izvestija 13 (1979) 499-555.

3. R. Bott, Homogeneous vector bundles, Ann. of Math. 66 (1957) 2034089473
(19,681d)

4. P. Biuckmann, H.G. Rackwitz, T-symmetrical tensor forms on complete intersections, Math
Ann. 288 (1990) 627-6354R1081268 (92a:14016)

5. J.P. Demailly, Vanishing theorems for tensor powers of a positive vector bundle, in: T. Sunac
(Ed.), Proceedings of the Conference Geometry and Analysis on Manifolds, Katata, Japa
August 1987, in: Lecture Notes in Math., vol. 1339, Springer-Verlag, Berlin/New York, 1988.
MR0961475 (89k:32058)

6. J.P. DemaillyL? vanishing theorems for positive line bundles and adjunction theory, in: Tran-


/mathscinet
/leavingmsn?url=http://dx.doi.org/10.1016/j.matpur.2006.06.004
/mathscinet/search/mscdoc.html?code=14F10%2C%2832Q45%29
/mathscinet/search/publications.html?pg1=IID&s1=717205
/mathscinet/search/institution.html?code=3_QU
/mathscinet/search/journaldoc.html?&cn=J_Math_Pures_Appl_9
/mathscinet/search/publications.html?pg1=ISSI&s1=245648
/mathscinet/pdf/1492539.pdf
/mathscinet/pdf/1492539.pdf
/mathscinet/pdf/2077584.pdf
/mathscinet/pdf/2257847.pdf?b=ARRAY%280xa5239b8%29&pg1=MR&s1=&r=3&prev=t
/mathscinet/search/publications.html?pg1=IID&s1=315448
/mathscinet/pdf/1389502.pdf?pg1=MR&amp;s1=97h:32045&amp;loc=fromreflist
/mathscinet/pdf/89473.pdf?pg1=MR&amp;s1=19:681d&amp;loc=fromreflist
/mathscinet/pdf/89473.pdf?pg1=MR&amp;s1=19:681d&amp;loc=fromreflist
/mathscinet/pdf/1081268.pdf?pg1=MR&amp;s1=92a:14016&amp;loc=fromreflist
/mathscinet/pdf/961475.pdf?pg1=MR&amp;s1=89k:32058&amp;loc=fromreflist

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

scendental Methods in Algebraic Geometry, Cetraro 1994, in: Lecture Notes in Math., vol
1464, Springer-Verlag, Berlin, 1996, pp. 1-8/MR1603616 (99k:32051)

. J.-P. Demailly, Algebraic criteria for Kobayashi hyperbolic projective varieties and jet differ-

entials, in: Proc. Sympos. Pure Math., vol. 62, Amer. Math. Soc., Providence, RI, 1997, py
285—-360MR1492539 (99b:32037)

. J.-P. Demailly, J. El Goul, Hyperbolicity of generic surfaces of high degree in projective 3-

space, Amer. J. Math. 122 (2000) 515-5M21759887 (2001f:32045)

. M. Demazure, A very simple proof of Bott's theorem, Invent. Math. 33 (1976) 271-272.

MR0414569 (54 #2670)

G. Dethloff, S. Lu, Logarithmic jet bundles and applications, Osaka J. Math. 38 (2001) 185
237.MR1824906 (2002:32032)

J. El Goul, Logarithmic jets and hyperbolicity, Osaka J. Math. 40 (2003) 46901988702
(2004h:32026)

W. Fulton, Young Tableaux, London Math. Soc. Student Texts, vol. 35, Cambridge Univ. Pres
Cambridge, UK, 199R1464693 (99f:05119)

M. Green, P. Griffiths, Two applications of algebraic geometry to entire holomorphic mappings
in: The Chern Symposium 1979, Proc. Internat. Sympos., Berkeley, CA, 1979, Springer-Verla
New York, 1980, pp. 41-741R0609557 (82h:32026)

F. Hirzebruch, Topological Methods in Algebraic Geometry, Grundl. Math. Wiss., vol. 131,
Springer-Verlag, Heidelberg, 1968IR0202713 (34 #2573)

S. Kobayashi, Hyperbolic Manifolds and Holomorphic Mappings, Marcel Dekker, New York,
1970.MR0277770 (43 #3503)

A. Lascoux, Syzygies des vaBs ceterminantales, Adv. Math. 30 (1978) 202-237.
MR0520233 (80j:14043)

L. Manivel, Un tleoeme d’annulation d la Kawamata-Viehweg”, Manuscripta Math. 83
(1994) 387-404MR1277538 (959:32047)

L. Manivel, Birational invariants of algebraic varieties, J. Reine Angew. Math. 458 (1995)
63—91.MR1310954 (96b:14056)

S. Martin, Schur Algebras and Representation Theory, Cambridge Tracts in Math., vol. 11
Cambridge Univ. Press, Cambridge, UK, 19881268640 (95f:20071)

E. Rousseau, Sur la conjecture de Kobayashi et I'hyperl@oteis hypersurfaces projectives
en dimension 2 et 3, ®Ese (2004).

E. Rousseau, Etude des jets de Demailly-Semple en dimension 3, Annales de I'Institut Four
56 (2) (2006) 397-42IMR2226021 (2007¢:32031)

F. Sakai, Symmetric Powers of the Contangent Bundle and Classification of Algebraic Var
eties, Lecture Notes in Math., vol. 732, Springer-Verlag, Berlin, Heidelberg, New York, 1979
MRO0555717 (82h:32043)

Y.-T. Siu, Hyperbolicity in Complex Geometry, in: The legacy of Niels Henrik Abel, Springer-
Verlag, Berlin, 2004, pp. 543-5681R2077584 (2005h:32061)

Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.

(© Copyright American Mathematical Society 2007


/mathscinet/pdf/1603616.pdf?pg1=MR&amp;s1=99k:32051&amp;loc=fromreflist
/mathscinet/pdf/1492539.pdf?pg1=MR&amp;s1=99b:32037&amp;loc=fromreflist
/mathscinet/pdf/1759887.pdf?pg1=MR&amp;s1=2001f:32045&amp;loc=fromreflist
/mathscinet/pdf/414569.pdf?pg1=MR&amp;s1=54:2670&amp;loc=fromreflist
/mathscinet/pdf/1824906.pdf?pg1=MR&amp;s1=2002f:32032&amp;loc=fromreflist
/mathscinet/pdf/1988702.pdf?pg1=MR&amp;s1=2004h:32026&amp;loc=fromreflist
/mathscinet/pdf/1988702.pdf?pg1=MR&amp;s1=2004h:32026&amp;loc=fromreflist
/mathscinet/pdf/1464693.pdf?pg1=MR&amp;s1=99f:05119&amp;loc=fromreflist
/mathscinet/pdf/609557.pdf?pg1=MR&amp;s1=82h:32026&amp;loc=fromreflist
/mathscinet/pdf/202713.pdf?pg1=MR&amp;s1=34:2573&amp;loc=fromreflist
/mathscinet/pdf/277770.pdf?pg1=MR&amp;s1=43:3503&amp;loc=fromreflist
/mathscinet/pdf/520233.pdf?pg1=MR&amp;s1=80j:14043&amp;loc=fromreflist
/mathscinet/pdf/1277538.pdf?pg1=MR&amp;s1=95g:32047&amp;loc=fromreflist
/mathscinet/pdf/1310954.pdf?pg1=MR&amp;s1=96b:14056&amp;loc=fromreflist
/mathscinet/pdf/1268640.pdf?pg1=MR&amp;s1=95f:20071&amp;loc=fromreflist
/mathscinet/pdf/2226021.pdf?pg1=MR&amp;s1=2007c:32031&amp;loc=fromreflist
/mathscinet/pdf/555717.pdf?pg1=MR&amp;s1=82b:32043&amp;loc=fromreflist
/mathscinet/pdf/2077584.pdf?pg1=MR&amp;s1=2005h:32061&amp;loc=fromreflist

AMERICAMN MATHEMATICAL SOCIETY

- Citations
M a th SCI N et Mathemaltical Reviews on the Web From References: 0

Article From Reviews: 0
MR2254806 (2007e:14066)14J70(14J25 32Q45)
Bogomolov, Fedor(1-NY-X); De Oliveira, Bruno (1-MIAM)
Hyperbolicity of nodal hypersurfaces. (English summary)
J. Reine Angew. Matb96 (2006), 89-101.

S. Kobayashi Hyperbolic manifolds and holomorphic mappind3ekker, New York, 1970;
MRO0277770 (43 #3503Fonjectured that a generic surfa&eof P? of degreel > 5 is Kobayashi
hyperbolic, i.e., there is no nonconstant holomorphic map ftoimto X. J.-P. Demailly and J. El
Goul [Amer. J. Math122 (2000), no. 3, 515-548yIR1759887 (2001f:3204%proved the con-
jecture for very generic surfaces of degeée 21. In the paper under review, the authors deal
with algebraic quasi-hyperbolicity, i.e., the property of having only finitely many rational and el-
liptic curves. Their main result is that a nodal hypersurfacef P* of degreel with a sufficiently
large numbet of nodes/ > %(dQ — gd), Is algebraically quasi-hyperbolic. Such surfaces exist for
degreesl > 6 [Y. Miyaoka, Math. Ann.268(1984), no. 2, 159-17NIR0744605 (85j:14060)
The strategy of the proof is to study symmetric differentials on the minimal resolutiohX,

i.e., global sections of()}.. In a previous work by one of the authors [F. A. Bogomolov, Dokl.
Akad. Nauk SSSR36(1977), no. 5, 1041-10441R0457450 (56 #1565B)it was shown that
the existence of sufficiently many symmetric differentials on a surface of general type implie
its algebraic quasi-hyperbolicity. It is a well-known result of F. SakaiAigebraic geometry
(Proc. Summer Meeting, Univ. Copenhagen, Copenhagen, 1948)-563, Lecture Notes in
Math., 732, Springer, Berlin, 1978/R0555717 (82b:32043B}hat smooth surfaces i®* have no
symmetric differentials. So here, the main observation of the authors is to show the contributic
of the singularities to the existence of symmetric differentials. This is done using Riemann-Roc
computations generalized to orbifolds.
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Peternell, Thomas(D-BAYR-IM)

Kodaira dimension of subvarieties. Il. (English summary)
Internat. J. Math17 (2006),n0. 5,619-631.

In this paper the author proves that, given a subvaretf a smooth projective varietX with
various special propertieX’ is uniruled, continuing an investigation which was initiated in Part |
[T. Peternell, M. H. Schneider and A. J. Sommese, Internat. J. MI{{1.999), no. 8, 1065-1079;
MR1739364 (2001e:1401F)

To give the flavour of the type of results contained in this paper, suppose that the normal bunc

of A is ample. Then it was proved in [op. cit.] that eithéris of general type or the Kodaira
dimension ofX is —oo. Using a beautiful result of S. Boucksom, J.-P. Demailly, M. Paun and
Peternell [“The pseudo-effective cone of a compaéhker manifold and varieties of negative
Kodaira dimension”, preprint, arxiv.org/abs/math/0405285] which says tiat ifs not pseudo-
effective, thenX is uniruled, the author is able to conclude thadifs not of general type, then in
fact X is uniruled, and he is able to weaken the hypothesis on the positivity of the normal bundl
of A.

1.

2.

3.

Reviewed bylames McKernan
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Debarre, Olivier (F-STRAS-I), Pacienza, GianlucaF-STRAS-I), Paun, Mihai (F-NANC-IE)
Non-deformability of entire curves in projective hypersurfaces of high degree. (English,
French summaries)

Ann. Inst. Fourier (Grenoble}6 (2006),no. 1,247-253.

The Kobayashi conjecture asserts that the general hypersurfédeahdegreed > 2n — 1 is
Kobayashi hyperbolic. Brody’s criterion of hyperbolicity states tat Kobayashi hyperbolic if
and only if there are no entire curves &0 i.e. any holomorphic map: C — X is constant. For
n = 2, J.-P. Demailly and J. El Goul showed that the very general hypersurf@&edhdegree
d > 21 is hyperbolic [Amer. J. Math122 (2000), no. 3, 515-548¥1R1759887 (2001f:3204%)
Previously M. McQuillan had done this for the cagde> 36 [Geom. Funct. Anal9 (1999),
no. 2, 370-392MR1692470 (2000f:3203h)More generally, Y. T. Siu showed that the general
hypersurface of degreein P” for anyn is hyperbolic ifd is sufficiently large [inThe legacy of
Niels Henrik Abel543-566, Springer, Berlin, 200MR2077584 (2005h:3206]L)

This article is short and well written. The authors prove that there is no entire curve on a smoo
hypersurfaceX of degreed > 2n that deforms withX along an open subset of the parameter
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spaceS of the universal family)X — S of hypersurfaces dP” of degreed. This result says that
the Kobayashi conjecture can only fail fdr> 2n if the general hypersurfac& has an entire
curve which is not preserved by any local universal deformatioX oAs the authors mention,
their result follows from the Kobayashi conjecture, hence it is only new for the cases not covere
by the results stated in the previous paragraph. To prove their main theorem the authors, as-
did in the paper previously mentioned, bring to the transcendental case the variational approe
initiated by C. H. Clemens to prove algebraic hyperbolicity [Ann. Sciole Norm. Sup. (419
(1986), no. 4, 629-63®IR0875091 (88c:14037%ee also L. M. H. Ein, Invent. Mat84 (1988),
no. 1, 163-169MR0958594 (89i:14002)C. Voisin, J. Differential Geormd4 (1996), no. 1, 200—
213;MR1420353 (97):1404T) The authors use and prove Siu’s result about global generation of
Ty @ p*Opn (1) to obtain a sequence of functions that proves their main theorem by contradictiol
using the standard negative curvature arguments.

Reviewed byBruno N. de Oliveira
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Rousseau, Erwan(3-QU)

Etude des jets de Demailly-Semple en dimension 3. (French. English, French summaries)
[Study of Demailly-Semple jets in dimension 3]

Ann. Inst. Fourier (Grenoble)6 (2006),no. 2,397421.

The paper under review deals with the characterization of Demailly-Semple jets, which is close
related to the hyperbolicity of algebraic varieties. After the study of J.-P. DemailkI§abraic
geometry—Santa Cruz 199585-360, Proc. Sympos. Pure Math., 62, Part 2, Amer. Math. Soc.,
Providence, RI, 199MR1492539 (99b:3203Y,)the author gives an algebraic characterization
of Demailly-Semple jets in dimension three by making use of the invariant theory of nonreductiv
groups. LetX be a complex manifold of dimension three dfigl its cotangent bundle. Denote
by E..,T% the vector bundle of jet differentials o of orderk and of degreen. Put A4, =
D, (ErnT%). for x € X. The author describes the structuredsfand gives a characterization
for Gr* Ej3 . 1'%

Namely, he proves thabr®Es,, 1% can be written as a direct sum of the spaces of Schur
polynomials onS% T for somea; € Z™", which is the main result in this paper.

Some results of Riemann-Roch type are also obtained in the case in Whgch hypersurface
In projective4-space.

Reviewed byroshihiro Aihara
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Arezzo, Claudio (I-PARM); Ghigi, Alessandro(I-PAVI) ; Pirola, Gian Pietro (I-PAVI)
Symmetries, quotients and Kahler-Einstein metrics. (English summary)

J. Reine Angew. Math91 (2006), 17#200.

It is well known that it is extremely difficult to check whether a Fano manifold hasahlét-
Einstein metric or not. For instance, even the case of del Pezzo surfaces is far from being obviol
and in full generality it is not known for hypersurfaces of the projective space. G. Tian proved the
Fermat hypersurfaces aréHler-Einstein, showing the properness of a certain energy functional
F,, whose Euler-Lagrange equation is the Monge-£&nepequation. In this paper, the behaviour
of F, under a Galois covering is studied, and some algebraic conditions on the covering maps «
found to ensure the properness of this functional. This allows the authors to extend widely tt
work of Tian to other classes of Fano manifolds:

(1) hypersurfaces of the form
{34+ 2% |+ f(zp, ..., 2p) =0} C PH!

wheref is a homogeneous polynomial of degik@ndk > n+ 2 — d;
(2) n-dimensional intersections of hypersurfaces of the same form as above, all of the san
degreel, andk > n +2 —d;
(3) arbitrary intersections of two (hyper)quadrics;
(4) double covers aP” ramified along a smooth hypersurface of deg@@&vith ”T“ <d<n;
(5) double covers of the-dimensional quadric),, C P"*! with smooth branching locus cut out
by a hypersurface of degreéd with 5 < d < n.
In order to get the result, the authors prove the following interesting factrikf — N be a
ramified Galois covering of degrekwith structure grougr, wy a Kahler-Einstein metric oV
andw € 2mci (M) aG-invariant Kahler metric onM . If we denoteR(7) the ramification divisor
of 7 and assume that in homolody(w) = — 3K, for a certaing € Q., then there is a constant
C such that for allG-invariant smooth potentigt with w + /—199¢ > 0,

1 1
FO > 1 - —(14+B)p %, n —C.
A9 =105 Og<V/Me e

Here M has complex dimension and V' = [, w". Note that for a potentialp such that
L [y " Pwn = 1, whereRic(w) — w = v/=199h(w), one hasl)(y) = F.(y). We refer to
the survey [G. TianCanonical metrics in Ehler geometryBirkhauser, Basel, 2000/R1787650
(2001j:32024) for the details about the functionals, and F and the equivalence between the
existence of a Khler-Einstein metric and the propernesgof

With a view to applying their result to the examples above, the authors need to control th
integral [,, e~ 1*9%w" with the term [,, e-U"P97*wh in order to get the required proper-

ness. Interestingly, this leads one to the consideration;fer Yk of the real number =

sup{r > 0: ni € L'(M,w™)}, which is just the infimum ovel/ of the complex singularity expo-
nent of the ideal sheaf induced by the divigefr) [J.-P. Demailly and J. Ka#lr, Ann. SciEcole
Norm. Sup. (4)34 (2001), no. 4, 525-556y1IR1852009 (2002e:3203R)Although the singular-
ities of the ramification divisor are quite mild, it is difficult to compute the complex singularity
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exponent in full generality. Nevertheless, if the reduced divisor associatB¢rtpis smooth at
p € M, then there is a holomorphic functighdefined on a neighborhood pfsuch thatR(r) =
{f™ =0} withm < deg(w) —1andD f(p) # 0. This gives the required lower bound for the com-
plex singularity exponent at the poiptunder a natural assumption on the covering. Then, the
manifolds quoted previously enter into this framework.

Reviewed bylulien Keller
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Berman, Robert (S-CHAL)

Super Toeplitz operators on line bundles. (English summary)
J. Geom. Anall6 (2006),no. 1,1-22.

Let L be a Hermitian line bundle over a compact complex manifoldenote byX (¢) the subset
of X where the curvature form af is nondegenerate and has exactlpegative eigenvalues,
by HY(X, L) the space of all holomorphic sectionsbfand by{w;} any orthonormal basis of
H°(X, L). The Bergman kernel d°(X, L) is then the holomorphic section 6f® L defined by

K(z,y) =>_;¥;j(x) ®¢;(y), and the author calls
B(z) = || K (z,2)|| = sup{|| f(=)[I*: f e H'(X,L), |If] <1}

the Bergman function. LeB,(x) be similarly defined fo.* in the place of.. Using Demailly’s
holomorphic Morse inequalities, the author shows that (i) = @ then

i —
EBu(e) — 7" Ly (o) || det S080(x) |

This is then elaborated on in two directions. First, applications are given to the asymptotic se
of sampling inH°(X, L*) ask — oo, generalizing, in particular, the result of Boutet de Monvel
and Guillemin on the counting function for the eigenvalues of a Toeplitz opefatwith real-
valued symbolf. Second, an analogous theory is developef# X, L*) is replaced by the
space$?(X, L*) of harmonic(0, ¢)-forms onX with values inLF. It turns out that this admits a
very convenient formulation in the language of supermanifolds and superintegrals and, again,
implications concerning the asymptotic distribution of eigenvalues,-as>c, of certain “super-
Toeplitz” operatorsls whose symbolg are differential forms onX. The super formalism also
allows a compact notation.

Reviewed byMiroslav Engls
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Fang, Fuquan(PRC-CAP)

K ahler manifolds with numerically effective Ricci class and maximal first Betti number are
tori. (English, French summaries)

C. R. Math. Acad. Sci. Pari342(2006),no. 6,411-416.

In [Compositio Math.89 (1993), no. 2, 217-24MR1255695 (95b:32044)J.-P. Demailly, T.
Peternell and M. H. Schneider generalized the notion of a numerically effective (nef) holomorphi
line bundle over an algebraic variety to any compact complex manifold.aAlé¢ manifold

with nef anticanonical bundle, or equivalently, numerically effective Ricci class, is called a ne
Kahler manifold in the paper under review. For a néfhker manifoldM, Demailly, Peternell

and Schneider conjectured that the Albanese ma@ — Alb(M) is surjective. WhenV/ is a
projective manifold of arbitrary dimension, Q. Zhang proved this conjecture in [J. Reine Angew
Math. 478 (1996), 57-60MR1409052 (97m:14039hy using relative deformation theory and
mod p reductions (which were originally used by S. Mori to settle Hartshorne’s conjecture).
Using the analytic techniques of differential geometry, M. Paun proved the conjecture under tf
assumption that the Ricci class&f is integrable in [Comm. Anal. Geord,(2001), no. 1, 35-60;
MR1807951 (2001m:3205D)F. Campana, Peternell and Zhang confirmed the conjecture wher
the dimension of\/ is not greater than four in [Proc. Amer. Math. S©81(2003), no. 2, 549-553
(electronic);MR1933346 (2004e:3202D)

Let M be a nef Kihler manifold of dimension. In this well-written and very readable paper the
author proves: (1) If the first Betti numbegy(M ) = 2n, thenM is biholomorphic to a complex
torus of dimensiom. In particular, ifb; (M) = 2n, then the Albanese map M — Alb(M) is
surjective. (2) LetG be the fundamental group 8f andG’ = [G, G| be the commutator subgroup
of G. If the first Betti numbem, (M) = 2n — 2, andG’/|G’, G| has rank at least two, then the
Albanese map: M — T2 ! is surjective.

The author claims that the proof of the second result follows along the same lines as the fir
one. The following is the main idea of the proof of the first main result. By the Aubin-Calabi-Yau
theorem, Demailly, Peternell and Schneider proved thathlé¢ manifold is nef if and only if
there exists a sequence oéKler metrics{w;} such that for any: > 0, {w} belongs to a fixed
Kahler clasgw], and the Ricci curvature afy, is bounded from below by-7. Let M, be the

Riemannian covering space bf;, (the manifold)M with metricw;). Let M, = M;,/G’. Using the
equivariant Gromov-Hausdorff convergence and Gromov compactness theorem, and a splitti
theorem of Cheeger-Colding for limit spaces, the author proves that there is a finite index torsio
free subgrouf’; of I' = G/G’ such tha{ M, T';.) converges tgR?", Z>"). From this the author
concludes thaﬂk/rk is homeomorphic to a torus, and hence sblisFrom the Poinca-Lelong
equation it follows that the Albanese map has no zeros and is actually a biholomorphism.
Reviewed byQi Lin Yang
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Favre, Charles(F-PARIS7-GDM) Jonsson, Mattias(1-Ml)

Valuative analysis of planar plurisubharmonic functions. (English summary)
Invent. Math.162(2005),no. 2,271-311.

This is the first of a series of papers in which the authors give applications of the theory of th
valuative tree, a notion introduced in their bodlkEg valuative tred_ecture Notes in Math., 1853,
Springer, Berlin, 2004MIR2097722 (2006a:1300B)

The valuations considered here are valuations acting on germs of holomorphic functians at
C?, that is, functions: O(C?,0) — [0, oo] such that:

(i) v(y') = v(¥) + v(¥);

(i) v(3 +1) > min(v(y), v());

(i) v(0) =00, (1) =0, min(v(z),v(y)) = 1.

In their aforementioned work, the authors proved that the sfyaoé such valuations has the
structure of anR-tree, hence is eligible to be treated by the methods of analysis and measul
theory.

The most classical example of valuation is the multiplicity of a germ. The Lelong number can b
seen as an extension of this multiplicity, acting on the space of germs of plurisubharmonic (ps
functions.

Using the formalism of the valuative tree, the authors first show that (Quasimonomial) valuatior
can be evaluated on psh functions, giving rise to generalized Lelong numbers in the sense of J
Demailly [Acta Math.159(1987), no. 3-4, 153-16%1R0908144 (89h:32019jsee also [C.-O.
Kiselman, inSéminaire d’Analyse Complexe eéGnetrie 1985-198,/61-70, Fac. Sci. Tunis/Fac.
Sci. Tech. Monastir; per bibl.]).

This allows them to describe singularities of psh functions quite accurately as followss #
psh function with singularity at the origim,— v(u) is a function on the space of valuations, with
special convexity properties that allow one to apply the methods of analysis on the valuative tre
and obtain a “tree measure” associated to it.

The general idea of the paper is that this tree measure contains a lot of information abloeit
authors give some applications of this principle.

The first application is a process of attenuation of singularities of positive closed currents. Give
a germ of positive closed currentte C?, there exists a composition of blowupsuch thatr* T
decomposes as a current supported on the exceptional divisor plus a current with arbitrary sm
Lelong numbers. This extends results of Mimouni and Gued,.

The second application is an exact formula for the mas&lai A dd“v{0}, whereu andv are
germs of singular psh functions, under some regularity assumptionsaodv. The value of the
mass depends on the tree measurasaridv. As a consequence of this formula, it is proved that
every generalized Lelong number is an average of valuations.

Animportant third application to the theory to multiplier ideal sheaves associated to psh functior
appears in a separate paper [C. Favre and M. Jonsson, J. Amer. Math8 §105), no. 3, 655—
684 (electronic);MR2138140 (2007b:14004)

Reviewed byRomain Dujardin
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Cegrell, Urban (S-UMEA-IM) ; Wiklund, Jonas (S-UMEA-IM)

A Monge-Ampere norm for delta-plurisubharmonic functions. (English summary)
Math. Scand97 (2005),no. 2,201-216.

Let 2 C C" be a bounded hyperconvex domain atH(Q2) C L{. () be the cone of plurisub-
harmonic functions of. It is well known from the pioneering work of Bedford and Taylor that
the complex Monge-Amgre operatofdd“u)” is well defined on the class of bounded plurisub-
harmonic functions: on €2, but not for all plurisubharmonic functions ¢ Later on, Cegrell
introduced interesting classes of (singular) plurisubharmonic functiofidenwhich the complex
Monge-Ampgere operator is well defined as a Radon measur® and which play an important
role in the solution of the Dirichlet problem for the complex Monge-Amgequation [see U.
Cegrell, Acta Math180(1998), no. 2, 187-21TWR1638768 (99h:32018§)

In the paper under review, the authors study one of these classes, namely, th&(€lass
of functionsy € PSH(2) for which there exists a decreasing sequece of plurisubharmonic
functions orf2 with boundary values 0 which convergegton 2 and satisfiesup; [, (ddp;)" <
+oo0. It follows from Cegrell's work that forp € F(2) the Monge-Amgre measurédd®y)” is
well defined o2 and is of finite mass ofR.

The setF(2) is a cone in the linear spadg. (). It is then natural to consider the linear
subspace generated by this cone. This is thé $&®) of functionsu € L] (Q) such that there
existuy, us € F(Q) satisfyingu = uy — us.

The authors then define a norm &#(W) by

||u|| ;= inf {/(ddc(ul +u2))"; up,ug € F(Q),u=wu; — u2} :
0
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The first main result of the paper states tfpaf| is a norm on the linear spaé& (V) and this
space is a Banach space. Moreover the authors characterize its dual as the linear space gene
by the dual con&’(Q).

Finally the authors prove that Demailly’s generalized Lelong numbers functional is continuou

on the Banach spac&F (V).
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Laytimi, F. (F-LILL) ; Nahm, W. (IRL-DIAS-P)
On avanishing problem of Demailly.

Int. Math. Res. No2005,n0. 47,28772889.

Let X be a smooth projective complex algebraic variety of dimensidn the first section of the
paper the authors discuss several vanishing results for the cohomology of certain vector bundles
X, and explain that one of them (Theorem 1.4) implies all the other ones. (The proof of Theorel
1.4isgiveninthe second section.) For instance, two of the corollaries of the main result of the pap
are the following generalizations of vanishing theorems of Demailly and Griffiths, respectively. Ir
both of these results, we Iét be a holomorphic vector bundle of raalon X, we letL be a line
bundle onX, we letp, ¢ be integers with) < p, ¢ < n, and we put = min(n — p,n — q).

(1) Letk > 1 be an integer, let, = min(e — 1, k), and assume tha* ") E @ L is ample.
Then

HM (X, E°*® (det EY""" ® L)=0 for p+q—n>0.

(2) Leta > 0 be an integer, and assume tBat™" " E @ L is ample. Then
HP(X,S°E® (det E)" '@ L)=0 for p+q—n>0.

However, the original motivation for the work was trying to answer the following question of
Demailly (which is alluded to in the title of the paper). We keep the notation, F, e, L, p, g and
rintroduced above. Let= (ay, ..., a;) be a nonincreasing sequence of positive integers of length
| < e; its weight is defined to b&:| = >, a;, anda can then be thought of as a partition of the
integer|a|. This partition determines a Schur functor on the category of vector bundl¥s the
value of this functor oy will be denoted byS, E. (Schur functors arise from the representation
theory of the general linear group, and they generalize the symmetric power and exterior pow
functors.)

If £isample and. is nef or vice versa, Demailly posed the problem of determining the smallest
exponentj, = j0(n, p, q,a) such thatH?4(X,S,E® (det E) @ L) = 0 for j > j;. Demailly
also suggested thag = r + [ is sufficient. The authors confirm Demailly’s prediction with the
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following result (Theorem 1.2 in the paper) which turns out to be equivalent to a special cas
(Theorem 1.3) of the main theorem of the paper (Theorem 1.4). Namely,deta;, as, .. .)
denote the transpose of the partitiprietm > 0 be an integer, and assume that ("¢ E @ L
is ample. Then

HP(X,S,E® (det E)""" ®@ L) =0

forp+q—n>> ;... (e—a;). As the authors remark, the ampleness condition in this result
Is satisfied ifE’ is ample andL is nef, or vice versa. If we take: = [ in the theorem, then the
condition on the right-hand side of the last formula becomes; — n > 0, and we arrive at a
solution of Demailly’s problem, with the exponent beijijg= r + [, as he suggested. In the third
and final section of the paper the authors show that this result is optimal in a certain range of tl
parameters, p, ¢ anda, which, unfortunately, is not symmetric with respecptandg.

Reviewed byDmitriy S. Boyarchenko
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Koll ar, Janos(1-PRIN)

Einstein metrics on five-dimensional Seifert bundles. (English summary)
J. Geom. Anall5 (2005),no. 3,445-476.

Summary: “The aim of this article is to study Seifert bundle structures on simply connected
manifolds. We classify all such-manifolds which admit a positive Seifert bundle structure, and
in a few cases all Seifert bundle structures are classified. These results are then used to const
positive Ricci curvature Einstein metrics on these manifolds.

“The proof has 4 main steps: first, the study of the Leray spectral sequence of the Seifert bund
based on work of P. Orlik and P. Wagreich [Invent. M&8.(1975), 137-159MR0361150 (50
#13596); second, the study of log del Pezzo surfaces; third, the constructioaldekEinstein
metrics on del Pezzo orbifolds using the algebraic existence criterion of J.-P. Demailly and
Kollar [Ann. Sci.Ecole Norm. Sup. (434 (2001), no. 4, 525-556{R1852009 (2002e:3203p)
fourth, the lifting of the Kahler-Einstein metric on the base of a Seifert bundle to an Einstein metric
on the total space using the Kobayashi-Boyer-Galicki method.”

Reviewed byMassimiliano Pontecorvo
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Debarre, Olivier (F-STRAS-I)

Varieties with ample cotangent bundle. (English summary)
Compos. Math141(2005),no. 6,1445-1459.

The goal of the paper under review is to construct examples of projective algebraic vaXieties
with ample cotangent bundle. Such varieties are always of general type. Moreover, when defin
over C they do not admit nontrivial holomorphic mags— X [J.-P. Demailly, inAlgebraic
geometry—Santa Cruz 199885-360, Proc. Sympos. Pure Math., 62, Part 2, Amer. Math. Soc.,
Providence, RI, 199MR1492539 (99b:3203F,)and when defined over a number fididthey

are conjectured to have only finitely maig-rational points [A. Moriwaki, Math. Res. LetP
(1995), no. 1, 113-118VIR1312981 (96b:1402))Although such varieties are expected to be
abundant, there are few known concrete examples. This situation is now somewhat remedied.

The main part of the paper is Section 2, in which the author proves the following three theorem
(i) Let Ly, ..., L. be very ample line bundles on a simple abelian variety of dimensjovhere
c>n/2.LetH, € |L}|,..., Hc € |Lg| be general divisors whees, . . . , e, are all> n; then the
complete intersectioi/; N - - - N H. has ample cotangent bundle. (ii) If we change the condition
on thee;’s to be large enough and divisible enough, then the same property holds for any abeli
variety. (iii) If the dimensionn is 4 andc = 2, it suffices to takes;, es > 5 (this result has been
subsequently improved by the author and E. Izadi [*Ampleness of intersections of translates
theta divisors in an abelian fourfold”, preprint, arxiv.org/abs/math/0506374], who proved tha
for any4-dimensional Jacobian the intersection of two general translates of the theta divisor h:
ample cotangent bundle). The author proves (i) by showing that the fibers of the natural me
P(Qx) — P(Qa0) x X — P(Q4) are0-dimensional. This is done by showing thatdfis a
nontrivial constant vector field od, then there is an inequalityim(H; N"OH, N ---NH.N
0H.) < max(n — 2¢,0). This inequality is proved by induction erand is the most technical part
of the paper. The proofs of (ii) and (iii) are similar to the proof of (i).

Section 3 of the paper is mostly conjectural—the author conjectures that similar theorems to f
theorems on abelian varieties would holdPih In Section 4 he reproduces an unpublished result
of F. Bogomolov: LetXq, ..., X,, be smooth projective varieties with big cotangent bundles, all
of dimension> d > 0, and letV’ be a general linear section &f x - - - x X,,, such thatlim (V") <
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(d(m+1)+41)/2(d+ 1). Then the cotangent bundle Bfis ample.
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Boyer, Charles P.(1-NM); Galicki, Krzysztof (1-NM); Koll ar, Janos(1-PRIN)
Einstein metrics on spheres.

Ann. of Math. (2)L62(2005),no. 1,557-580.

This paper provides existence theorems for large families of Einstein metrics on the Sphere
on all 28 oriented diffeomorphism classes 61 as well as on the standard and Kervaire spheres
S4m+1 This is a substantial advance on previous work and the techniques used here motive
the authors’ conjecture that all odd-dimensional homotopy spheres which bound parallelizab
manifolds admit Sasakian-Einstein metrics.

The study of special Riemannian metrics on exotic spheres has quite a long history. D. Grom
and W. Meyer [Ann. of Math. (2)00(1974), 401-40GyIR0375151 (51 #1134Fyvrote explicitly
a metric of non-negative sectional curvature on one of the Milrgpheres. Much later, K. Grove
and W. Ziller [Ann. of Math. (2)152(2000), no. 1, 331-36'NR1792298 (2001i:5304Fproved
that all exotic 7-spheres which at&-bundles overs* admit such a metric. It is however not
known whether exotic spheres admit metrics of positive sectional curvature. Concerning metri
with positive Ricci curvature, they are known to exist on all spheres which bound parallelizabl
manifolds by a result of D. Wraith [J. Differential GeoAb (1997), no. 3, 638-64WR1472892
(98i:53058). In dimension7, all homotopy spheres have this property, and part of the ideas in
the paper under review come from a re-proving of Wraith’s theorem by Boyer, Galicki and M.
Nakamaye [Topolog¥2 (2003), no. 5, 981-10021R1978045 (2004c:5305pbin the framework
of the classical Brieskorn presentation. Dimensiavas also deeply analyzed by M. Kreck and S.
Stolz [Ann. of Math. (2)127(1988), no. 2, 373—-38&/1R0932303 (89c:57042)who proved the
existence of-manifolds with the maximal number @8 smooth structures each of which admits
an Einstein metric with positive scalar curvature.

The present paper attacks the problem of existence of Einstein metrics on standard and exc
spheres by combining the original Brieskorn point of view through libksof isolated hyper-
surface singularities with their Sasakian geometry and with a continuity method to construc
Kahler-Einstein metrics on their associated transversal structure.

We now sketch some of the ideas entering in the proof.

First, linksL ; are defined by choosing aweightvecior= (wy, ..., w,) € Zﬁ“ and aweighted
homogeneous polynomiglof weighted degree (f): f(A“zg, ..., A" z,) = AU f(z0, ..., 2,).

The definitionisL; = {z € C"*!: f(z) =0} N S**!, and wher is the only isolated singularity
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of f, the weightedS!-fibration S/ — P2(w') gives rise to an induced fibratiobh; — Z,
relating the Sasakian geometry of the smooth linko its transversal Bhler geometry, encoded
in the orbifold Z;. As a first result, the authors prove that the orbifélgis Fano if and only if
w(f)—> w; <0.
A remarkable class of linkg; is given by Brieskorn-Pham link&(a’), @ = (ao, ..., a,),
corresponding to polynomialg = > z;". Thenw(f) = lecm (ay, ..., a,), the weights arev; =
(f , and the Fano condition reads< > L. It was proved in E. Brieskorn's famous 1966

paper [Invent. Math2 (1966), 1— 14MR0206972 (34 #6788}hat L("a’) is homeomorphic to a
sphere provided some conditions hold on an associated g¥éph). More generally, perturbed
Brieskorn-Pham link.("a’, p), corresponding tof = > 2§ + p(z0, . . ., z,), Satisfy the same
Fano condition for the correspondingiiler orbifoldsZ(a’, p). The strategy is now to apply a
continuity method taZ("a’, p) to ensure on them the existence of arer-Einstein metric. A
Sasakian-Einstein metric abi(a’, p) will then be obtained from the classical Kobayashi circle
bundle construction, suitably adapted to orbifolds.

A second key ingredient in the proof is the continuity method developed through the work of T
Aubin, Y. T. Siu, G. Tian and A. M. Nadel. The aim is to show the existence ddlad$-Einstein
metric of positive sign through the Monge-Agne equation by starting from a Yau solution for
the valuet = 0 of the parameter and by getting conditions that ensure that the valukecan
be reached by continuity. The relevant theorem in the authors’ proof is in the orbifold categor
and is due to J.-P. Demailly and Kail [Ann. Sci.Ecole Norm. Sup. (484 (2001), no. 4, 525—
556;MR1852009 (2002e:3203R)or Fano Kahler hypersurfaces; C P (w') associated to the
links L ¢, the Demailly and Kokr theorem is in fact used to show that alfer-Einstein metric
of positive sign can be obtained afy provided the following condition holds: there isya> -5
such that for every weighted homogeneous polynogmsilwelghted degree(>  w; —w(f)), not
identically zero ont; = {{f = s is locally L? onY; — {0}. Then,
by working out this condition for Brleskorn Pham linkg @’ a D), the authors prove that adkler-
Einstein metric on the orbifold8 (a’, p) exists if1 < > 1 <14 -2 —5 min{ - 1 ) bb —}, whereb; =

gcd (Cy, a;), C; = lem (ay, - .., a;, - .., a,). Moreover, glven two vectors’, @ satlsfylng these
conditions, the linkd.(a’) andL(?’) are isometric if and only ifa” is a permutation ofa™".

An enumeration of all sequencgs,, . . ., a,) satisfying the above condition can thus be accom-
plished in some cases, also with the help of computer programs. Moreover, possible perturbi
polynomialsp(zy, . . ., z,) can be considered as well, and some significant cases are examined |
the last section of the paper. This leads the authors to obgamequivalent families of Sasakian-
Einstein metrics on5®, from 231 to 452 families on each of th@s oriented diffeomorphism
classes o%”, and a doubly exponential number of inequivalent families on standard and Kervair
S4m+1 - All these results of course suggest the examination also of homotopy sghéresand
the companion paper by Boyer et al. [Experiment. Ma#th(2005), no. 1, 59-64MR2146519
(2006a:53043)gives a computer assisted proof f§t! andS' of the authors’ conjecture stated
at the beginning of this review.

This extensive range of ideas and techniques has already originated some remarkable de
opments. Among them, the construction of Einstein metrics-oimensional Seifert bundles,
described by Kobr [J. Geom. Anall5(2005), no. 3, 445-476MR2190241 (2007¢:53055)and
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of further new Einstein metrics on odd-dimensional spheres by A. Ghigi andi{tKaehler-
Einstein metrics on orbifolds and Einstein metrics on spheres” preprint, arxiv.org/abs/math.DC
0507289], are certainly deserving of mention. Very likely, many other developments will follow
from the present rich paper.
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Kotodziej, Stawomir

The complex Monge-Amgere equation and pluripotential theory. (English summary)
Mem. Amer. Math. So4.78(2005),no. 840 x+64 pp.

Thisis a survey and update of results in pluripotential theory; mostly due to the author and primaril
on existence theorems for the complex Monge-&ngpoperator. Chapter 1 gives background
material on positive currents and plurisubharmonic (psh) functions. The complex Monger&mp
operator(dd“u)" is defined for locally bounded psh functions@; convergence theorems and
comparison theorems are proved for such functions. The relative extremal function and relati
capacity cap are introduced and utilized to prove quasicontinuity of psh functions. Josefson
theorem, that locally pluripolar sets are globally pluripolar, and the Bedford-Taylor result, tha
negligible sets are pluripolar, are also proved. Much of the material is from the Bedford-Taylo
papers [E. Bedford and B. A. Taylor, Invent. Mat®/ (1976), no. 1, 1-44MR0445006 (56
#3351) Acta Math.149(1982), no. 1-2, 1-40YR0674165 (84d:32024)but proofs of some of

the convergence theorems and the negligible sets are pluripolar result have been slightly simplifie
Chapter 2 introduces the Lelong claséesndL " and the Siciak-Zaharjuta extremal function of a
bounded set and proves the capacity comparison theorem of H. J. Alexander and Taylor [Math.
186(1984), no. 3, 407-41'MR0744831 (85k:32034)Chapter 3 solves the Dirichlet problem for
the complex Monge-Amgre operator on a strictly pseudoconvex dontaigiveny € C(9€2) and

f e C(Q) with f >0, findu € PSH(2) N C(Q) with (dd°u)” = fdV in Q andlim,/_., u(z') =

¢(z) forall z € 9. The procedure of Bedford and Taylor in [op. cit., 1976] is followed with some
minor modifications of J.-P. Demailly [[@omplex analysis and geometiyi 5-193, Plenum, New
York, 1993;MR1211880 (94k:32009)

The final three chapters cover more recent results—all within the past ten years—on the Dirichl
problem and the complex Monge-Amae operator. In Chapter 4, the author generalizes the class
of admissible datg for solvability of the Dirichlet problem. First, define a class of measures
that satisfy a type of local domination by relative capacity: for an “admissible” funétidty, —

(1, 00) and a positive constant,

F(A,h) =

{1 p(K) < Fcap(K,Q)), F(z) = ﬁ, K compac}.

A priori estimates for the sup-norm of solutions of the Dirichlet problem witlhplace offdV are
proved which imply the existence of continuous solutions of the Dirichlet problem for a wide clas:
of absolutely continuous measurggl” (Theorem 4.6). This class includes gl Li () for
p > 1. If one relaxes the assumption of continuity of the solution and asks for a bounded solutio
of the Dirichlet problem, Theorem 4.7 shows that if such a Dirichlet problem admits a subsolutio
then it admits a solution. These results are from [S. Kotodziej, Ann. Polon. lda{t1996), no. 1,


/mathscinet
/mathscinet/search/publications.html?refcit=2172891&amp;loc=refcit
/mathscinet/search/mscdoc.html?code=32W20%2C%2832U15%29
/mathscinet/search/publications.html?pg1=IID&s1=267129
/mathscinet/search/journaldoc.html?&cn=Mem_Amer_Math_Soc
/mathscinet/search/publications.html?pg1=ISSI&s1=235781
/mathscinet/pdf/445006.pdf
/mathscinet/pdf/445006.pdf
/mathscinet/pdf/674165.pdf
/mathscinet/pdf/744831.pdf
/mathscinet/pdf/1211880.pdf

11-21;MR1414748 (98a:32015)ndiana Univ. Math. J44 (1995), no. 3, 765—-78NIR1375348
(96m:32013) Acta Math.180 (1998), no. 1, 69-11MR1618325 (99h:32017Math. Z. 240
(2002), no. 4, 835-84NIR1922732 (2003f:3204R)The complex Monge-Amgre operator can
be defined in a reasonable way for certain unbounded psh functions; this is the content of Chap
5. The so-called energy classés and 5, of Cegrell are introduced and a characterization of
the finite measureg in a hyperconvex domain which are Monge-A&ne measure§ld“u)" of

a functionu in 3, is given (Theorem 5.5). Much of this chapter follows [U. Cegrell, Acta Math.
180(1998), no. 2, 187-21MR1638768 (99h:32018)In addition, if u € F(A, h), one obtains

a continuous solution [S. Kotodziej, i@omplex geometric analysis in Pohang (199731
243, Contemp. Math., 222, Amer. Math. Soc., Providence, RI, 108653056 (99i:32019)
Finally, Chapter 6 presents work of the author on the complex Mongeetenequation on a
compact Kahler manifoldM [S. Kotodziej, op. cit., 1998; Indiana Univ. Math.5R (2003), no. 3,
667—-686;MR1986892 (2004i:3206)Given a fundamental forne normalized so thaf,, w" =

1, acontinuous functiop on M is calledw-plurisubharmonicg € PSH(w)) if wy, := w+dd‘p >

0. Given a nonnegative functiofion M normalized so thaf,, fw" = 1, the problem is to solve
the Monge-Amere equation; = fw" for . Defining

F(A ) = {f € LN(M): f >0, /E fu < F(cap,(E)), E Borel}

wherecap,, is the appropriate notion of capacity, the author shows (Theorem 6.7) thasif
admissible and € F(A, h), then for anyf € F(A, h) there exists a continuous solutignof
wy = fw". If one normailizesy so thatmax,s ¢ = 0, the solution is unique; this follows from a
stability estimate in the final section.

Reviewed byNorman Levenberg
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Guedj, Vincent (F-TOUL3-LM)

Courants extremaux et dynamique complexe. (French. English, French summaries)
[Extremal currents and complex dynamics]

Ann. SciEcole Norm. Sup. (438 (2005),n0. 3,407-426.

The goal of the paper is to construct extremal positive closed currents of any dedte.m,
extremal elements in the closed convex cone of positive closed currents of bidimengipr) <

p < k) which are not currents of integration along irreducible analytic subsets. Such currents, ¢
dynamical character, were constructed before by various authors [J.-P. Demailly, Invent. Mat
69 (1982), no. 3, 347-37MR0679762 (84f:32007)E. Bedford and J. Smillie, Math. An294
(1992), no. 3, 395-42MR1188127 (93k:32062)). E. Fornaess and N. Sibony, Duke Math. J.
65(1992), no. 2, 345-380YR1150591 (93d:3204()but all examples were of bidimensioh —

1,k —1). The author considers a polynomial endomorphijgrt* — C* and its meromorphic
extension t@*. Throughout the paper, he makes the assumption (WA I; = &, whereX ; :=
f((t=0))\ Iy, (t = 0) is the hyperplane at infinity ant} is the indeterminacy set fgf. Under

this assumption, there exists a positive closed cufferih P* such that

Ty =w+ddgy, [Ty =dT},

whered > 1 is the first dynamical degree df, w is the Fubini-Study form irP* and ¢, is
continuous ifP* < Iy. Thendim Xy =r—1, dimI; =k —r — 1 forsome integet <r <k -1
and it is possible to defiri8/, 1 < j <r+ 1. T7 is one of the currents whose extremal properties
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are established in the paper. The key point in the author’s proof is the existence of potentials tt
allow him to control sign. In Section 1, under the assumption (H2) that f~!-attracting, the
author observes thdt, admits almost positive potentials, i.&} = w" + dd“T,,, WhereT,, is
a positive current if?* < W;,, W7, is a suitable neighborhood &f andA =/ (f/)*Tta — 0in C*
with A = d". Proposition 1.1 proves the existence of an almost everywhere negative potential (wit
control on mass) for any positive closed currérdf bidegree(s, s) in P* satisfyingd < S < ¢ in
PP*, whereo is a given positive closed current of bideg(ees) in P*, 1 < s < k.

Section 2 deals with extremality properties. Theorem 2.1 says the followingf:I&t — C*
be a polynomial automorphism satisfying conditions (H1) and (H2). THeis extremal in the
coneJ" (IP*) of positive closedr, r)-currents inP*. Also, it is extremal irf” (C*). Theorem 2.3 is
its counterpart for a polynomial endomorphignoef C* satisfying (H1),(H2), with the conclusion
that7" is extremal in the sub-cone 6 (P*) consisting of current§' satisfyingf*S = AS. Both
proofs are based on uniform convergence of sequences of pullbacks under iterateEssome
quite general currents to constant multiples/tf Later, the author makes an assumption (H3)
about the degrees ¢f

A=d" > A (F) 1= Tim (3 (F))1,

whered, 11 (f) is the(r + 1)-st algebraic degree gf. For f satisfying (H1) and (H3) it is possible
to construct a positive closed currefjt | = 6 + dd“I such thatl’ >0, f,7,", = AT, and
|7, .|| = 1, wheref is a suitable positive closed smodth— r, k — r)-form. The existence of
the positive potential | implies that7,_ is not a current of integration over an analytic set
of dimensionr. To deal with singularities of.6 when f is not invertible, the author assumes
(H4):lim ¢, -0 f(2) € X, whereCY is the critical set off. By Theorem 2.6, foif satisfying
conditions (H1), (H3) and (H4), the currefii_ is extremal in the coné";*‘r(IP’“) ={S €
TET(PF): £.8 = AS}. If fis an automorphisnd,_is also extremal irT*~"(P*). Proposition
2.5 states that quasi-plurisubharmonic function®’irare integrable with respect 5, A w".

In particular, 7}, does not charge pluripolar sets. In Remark 2.7 it is observedhatcan be
extremal inT*~"(IP*) even thougly is not invertible, as proved by the author in [Amer. J. Math.
124(2002), no. 1, 75-106yIR1879000 (2003b:3202for k = 2,r =1,

Section 3 is devoted to a canonical invariant measureffdtis py =177 AT, , which is a
well-defined measure, sin¢g. and7,_ . have complementary bidegrees dfid has bounded
potentials on the support @ . Theorem 3.1 states that is an f-invariant probability measure
with compact support it€* such that(C*F) c L'(py), whereL denotes the Lelong class of
plurisubharmonic functions i€* with logarithmic growth. In particularu; does not charge
pluripolar sets irC*. Theorem 3.2 says that; is ergodic and of maximal entropy

o (f) = heop(f) = log A.
The inequality
s () < haop(f)

between metric and topological entropy is the Misiurewicz’s variational principle, and the inequal
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ity

hiop(f) < max log A;(f)
iIs due to M. L. Gromov [Enseign. Math. (29 (2003), no. 3-4, 217-235MR2026895
(2005n:37097) When f satisfies (H1) and (H3)\ is the largest dynamical degree. The equalities
were conjectured by S. Friedland in [Ann. of Math. (33(1991), no. 2, 359-36&1R1097242

(92c¢:58115).
Reviewed byMatgorzata Stawiska
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Qiu, Chunhui (PRC-XIAM-SM); Zhong, Tongde(PRC-XIAM-SM)

The Koppelman-Leray formula on complex Finsler manifolds. (English summary)
Sci. China Ser. A8 (2005),no. 6,847-863.

J.-P. Demallly and C. Laurent-Tétbaut constructed integral representations of Cauchy-Leray-
Koppelman type for forms of arbitrary bidegree on complex manifolds [Ann.Bmle Norm.
Sup. (4)20(1987), no. 4, 579-5981R0932799 (89g:32028)and later B. Berndtsson obtained
more precise results [Ann. Sdicole Norm. Sup. (44 (1991), no. 3, 319-337yIR1100993
(92¢:32012). The kernel of Demailly and Laurent-Téhaut is essentially the leading term of the
kernel of Berndtsson.

The authors adapted the method of Demailly and Laurerddhit to the setting of complex
Finsler manifolds in a previous article [Sci. China Sed’A(2004), no. 2, 284-29&1R2068946
(2005e:32003) The present article, which uses the kernel of Berndtsson in place of the kerne
of Demailly and Laurent-Tkbaut, is completely parallel, even reproducing much of the earlier
article verbatim. The authors have added two proofs that they omitted in the earlier article as we
as three examples.
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Berman, Robert (S-CHAL)

Holomorphic Morse inequalities on manifolds with boundary. (English, French summaries)
Ann. Inst. Fourier (Grenoble)5 (2005),no. 4,1055-1103.

The main result of this paper is a generalization of Demailly’s weak holomorphic Morse inequali
ties to the case of compaetdimensional complex manifolds with boundary.

To be more precise, leX be a compact complex manifold with boundary, gdbe a defining
function for the boundary and le&t = i09p restricted to7'(0X) be the Levi form of the
boundary. Further, assume thats a holomorphic line bundle ove¥ with fiber metricy and let
O = 100y be its curvature form. Now leX (¢) be the subset ok where® has exactly; negative
eigenvalues, i.e. the set whéerelex(©) = ¢, and let

T(q),. = {t>0:index(O© +tL) = q along T} *(0X)}.

The author shows that if the Levi form is nondegenerate on the boundary then, up to terms of orc
o(k™), the dimension off*4(X, L*) can be estimated by

e (L) (/ e Aa,mdt).

The proof of this theorem uses in an essential way the estimates of some Bergman functior
which can be derived by explicitly computing some model cases. The author also gives son
examples that illustrate the sharpness of the obtained result.

Some of the other results obtained in this paper are the strong holomorphic Morse inequalitie
applications to the volume of semi-positive line bundles and some relations to hole filling an
contact geometry.
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Demailly, Jean-Pierre(F-GREN-F) Eckl, Thomas (D-KOLN);
Peternell, Thomas(D-BAYR-IM)

Line bundles on complex tori and a conjecture of Kodaira.
Comment. Math. Hel30 (2005),no0. 2,229-242.

A compact Kahler manifold is called almost algebraic if it can be approximated by smooth
projective varieties. K. Kodaira proved in [Ann. of Math. (28 (1963), 1-40;MR0184257
(32 #1730) that every Kahler surface is almost algebraic. The statement that this should be
true also in higher dimensions is known as the Kodaira conjecture. Recently, C. Voisin [“Or
the homotopy types of &hler manifolds and the birational Kodaira problem”, preprint, arxiv.
org/abs/math/0410040] and K. Oguiso [‘Automorphisms of hyakldér manifolds in the view
of topological entropy”, preprint, arxiv.org/abs/math/0407476] constructed counterexamples k
constructing rigid non-algebraicdler threefolds. The present paper, which was completed before
the counterexamples appeared, gives some observations concerning the Kodaira conjecture
certain blow-up of &3-bundle over a 3-dimensional complex torus with Picard numb8ris
shown to be rigid. It turns out, however, that these complex tori are algebraic. Some interestir
generalizations are also considered.
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Haissinsky, Peter(F-PROV-LAT)

Déeformation localisée de surfaces de Riemann. (French. English summary) [Localized
deformations of Riemann surfaces]

Publ. Mat.49 (2005),no. 1,249-255.

LetY be a Riemann surface with compact boundary embedded into a hyperbolic Riemann surfa
of finite type X. The following results are proved:
(1) The space of deformatiori3 of the complex structure of in X is an open subset of the
Teichmilller spacel'(X) of X.
(2) The spac® has compact closure (X)) if and only if Y is simply connected or isomorphic
to a punctured disk.
(3) D =T (X) if and only if the components of \ Y are all disks or punctured disks.

Point (1) was already known by results of J.-P. Demailly and C. T. McMullen. Points (2) and (3
are original. The proof follows from the standard parametrization of Teitlemspace given by
Fenchel-Nielsen coordinates and quasi-conformal Teidlemtheory.
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Marinescu, George[Marinescu, Gheorghe](D-HUMB-IM)

A criterion for Moishezon spaces with isolated singularities. (English summary)
Ann. Mat. Pura Appl. (4184 (2005),no. 1,1-16.

Summary: “We give a criterion for a compact complex space with isolated singularities to b
Moishezon in the spirit of Siu-Demailly’s solution to the Grauert-Riemenschneider conjecture
[see Y. T. Siu, J. Differential Geoni.9 (1984), no. 2, 431-452R0755233 (86¢:32029)).-P.
Demailly, Ann. Inst. Fourier (Grenobl&p (1985), no. 4, 189-22WR0812325 (87d:58147)It
refines a previous work by A. M. Nadel and H. Tsuiji [J. Differential Ge@8(1988), no. 3, 503—
512;MR0965227 (89m:32047F)and another one by S. Takayama [Tohoku Math. JAG{)L994),

no. 2, 281-291MR1272883 (95d:32032)in a more specific situation.”
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Biswas, Indranil (6-TIFR-SM); Subramanian, Swaminathan(6-TIFR-SM)
Numerically flat principal bundles. (English summary)

Tohoku Math. J. (257 (2005),no. 1,53-63.

The notion of “numerical effectiveness” of vector bundles over smooth projective varieties is ver
well known. It was extended by J.-P. Demailly, T. Peternell and M. H. Schneider [J. Algebraic
Geom.3 (1994), no. 2, 295-348yIR1257325 (95f:32037)to the case of vector bundles over
compact Kahler manifolds. A vector bundI# is said to be numerically flat if it is numerically
effective and its duak’™ is also numerically effective.

In the paper under review the authors extend the notion of numerical flatness to the case
principal bundles and give some characterizations of numerically flat principal bundles.

Let G be a semisimple algebraic groul, a compact Khler manifold andv; a holomorphic
principal G-bundle over)M . The principalG-bundle E; is said to be numerically flat if for all
pairs(P, x), whereP is a parabolic subgroup @f andy is an anti-dominant character 6fwith
respect to some Borel subgroup containedirthe associated line bundlg, = E x, C over
E¢/ P is a numerically effective line bundle. The main results of the paper under review are th
following:

(1) If E¢is numerically flat and’ is a finite dimensional compleX-module, then the associated
vector bundle; x ¢ V' is numerically flat. Conversely, let G — SL(V') be arepresentation
of G, whereV is as above. Iker(p) is finite and if E¢ x ¢ V' is numerically flat ther is
numerically flat. In particular a princip&F-bundle E; is numerically flat if and only if the
adjoint vector bundled(E) is numerically flat.

(2) A numerically flat principalz-bundle E; over a compact Ehler manifoldM is semistable
(with respect to the Khler metric as a polarization) and all its (rational) characteristic classes
of degree at least one vanish. The converse is true if we assumd tisgtrojective. Hence a
characterization of numerical flatness of holomorphic principal bundles in terms of semiste
bility in the caselM is projective.

In the last part of the paper, the authors give another characterization of numerical flatness
holomorphic principal bundles in terms of a reduction of the structure group and the existence «
some “special connections”. More precisely, they prove that:

(3) A principal G-bundle E; over a compact Ehler manifold)M is numerically flat if and only
if there exist a parabolic subgroup of G and a reductiorp of the structure group of
to P, such that the principaP-bundle E» admits a flat holomorphic connectidn with the
property that the monodromy of the (flat) connectionfonp) induced byV is contained in a
maximal compact subgroup éf( P), whereL(P) is a Levi factor of the parabolic subgroup
P andEyp) is the principalL(P)-bundle obtained by extending the structure grougef
to L(P) via the morphismP — L(P).

Reviewed byBoudjenda Anchouche
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Kebekus, Stefan(D-KOLN)

Lines on complex contact manifolds. Il. (English summary)
Compos. Math141(2005),no. 1,227-252.

Let X be a complex projective manifold of dimensidn+ 1. The manifoldX is called a contact
manifold if there exist a line bundl& and a twisted holomorphic forh € H°(X,Qx @ L)
such that? A (d6)"\" is nowhere zero. Following [S. Kebekus et al., Invent. Md#2 (2000),
no. 1, 1-15MR1784795 (2002a:1404]7and [J.-P. Demailly, ifComplex geometry (@tingen,
2000) 93-98, Springer, Berlin, 200RJR1922099 (2003f:3202it is known that eitherX is the
projectivisation of the (co)tangent bundle of @ 1)-fold (with the standard contact structure),
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or bo(X) =1 and X is Fano. In the latter cas¥ is conjectured to be a rational homogeneous
manifold and the closed orbit of the projectivisation of the adjoint representation of a simple
algebraic group. It is expected that the conjecture should be proved by understanding ratior
curves onX. The paper under review concerns rational curvesomhich are of degree 1 with
respect to the line bundlg; they are called contact lines, or just lines. By [S. Kebeku€admplex
geometry (Gttingen, 2000)147-155, Springer, Berlin, 200R|R1922103 (2003;:14065)X is
either the projective spad@®**! or it is covered by lines. The main theorem of the paper under
review is as follows: Let us choose an irreducible compot£nf the space parameterizing lines
and forz € X let H, denote the subvariety IH parameterizing lines passing throughThen for
a generale the varietyH, is irreducible and smooth, and the locus of curveXiparametrized
by H, forms a cone ovefl,. In particular, all lines through are smooth, they meet only anand
they do not share a common tangent directiom.akhis implies, for example, that the variety of
tangents to lines at is a smooth Legendrian subvariety of the contact distribuBoker(0),) C
P(T,.X). In an appendix the author discusses some properties of jet bundles which are interesti
for their own sake.

{For Part | see [S. Kebekus, J. Reine Angew. M&iB9 (2001), 167-177MR1863858
(2002h:14069) }
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Komplexe Analysis. [Complex analysis]

Abstracts from the workshop held August 22—-28, 2004.

Organized by Jean-Pierre Demailly, Klaus Hulek and Thomas Peternell.
Oberwolfach Reports. Vol. 1, no. 3.

Oberwolfach Repl (2004),no0. 3,2171-2215.

{This item will not be reviewed individually. For details of the collection in which this item
appears seklR2022954 (2006¢:00027)
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MR2132649 (2007h:14003)14B05 (13H99)
Blickle, Manuel (D-DUES2), Lazarsfeld, Robert (1-Ml)

An informal introduction to multiplier ideals. (English summary)

Trends in commutative algehr@7-114,Math. Sci ResInst Publ.,, 51,Cambridge UnivPress
Cambridge 2004.

From the introduction: “Given a smooth complex variefyand an ideal (or ideal sheaf)on

X, one can attach ta a collection of multiplier idealg/(a“) depending on a rational weight-
ing parameter: > 0. These ideals, and the vanishing theorems they satisfy, have found man
applications in recent years. In the global setting they have been used to study pluricanonic
and other linear series on a projective variety [J.-P. Demailly, J. Differential G8@1f1.993),

no. 2, 323-374MR1205448 (94d:14007)J. Angehrn and Y. T. Siu, Invent. Matii22 (1995),

no. 2, 291-308MR1358978 (97b:32036)Y. T. Siu, Invent. Math.134 (1998), no. 3, 661—
673;MR1660941 (99i:32035)L. M. H. Ein and R. K. Lazarsfeld, J. Amer. Math. Sd€ (1997),

no. 1, 243-258yIR1396893 (97d:14063)nvent. Math.137(1999), no. 2, 427-448]R1705839
(2000j:14028) J.-P. Demailly, Astrisque No. 266 (2000), Exp. No. 852, 3, 59-BR1772670
(2001m:32042) More recently they have led to the discovery of some surprising uniform results
in local algebra [L. M. H. Ein, R. K. Lazarsfeld and K. E. Smith, Invent. M4 (2001), no. 2,
241-252MR 1826369 (2002b:13001Amer. J. Math125(2003), no. 2, 409-44W0IR1963690
(2003m:13004)Duke Math. J123(2004), no. 3, 469-508/1R2068967 (2005k:1400#)The pur-

pose of these lectures is to give an easy-going and gentle introduction to the algebraically-orient
local side of the theory.

“Multiplier ideals can be approached (and historically emerged) from three different viewpoints
In commutative algebra they were introduced and studied by J. Lipman [Bull. Soc. Math. Belc
Sér. A45(1993), no. 1-2, 223-2441R1316244 (97a:1303Pjunder the name ‘adjoint ideals’,
which now means something else), in connection with the Briangcon-Skoda theorem. On tf
analytic side of the field, A. M. Nadel [Ann. of Math. (282(1990), no. 3, 549-598/R1078269
(92d:32038) attached a multiplier ideal to any plurisubharmonic function, and proved a Kodaira-
type vanishing theorem for them. (In fact, the ‘multiplier’ in the name refers to their analytic
construction; see Section 2.4.) This machine was developed and applied with great success
Demailly, Siu and others. Algebro-geometrically, the foundations were laid in passing by Esnau
and Viehweg in connection with their work involving the Kawamata-Viehweg vanishing theorem
More systematic developments of the geometric theory were subsequently undertaken by E
Kawamata and Lazarsfeld. We take the geometric approach here.

“The present notes follow closely a short course on multiplier ideals given by Lazarsfeld at th
Introductory Workshop for the Commutative Algebra Program at the MSRI in September 200z
The three main lectures were supplemented with a presentation by Blicke on multiplier ideals a
sociated to monomial ideals (which appears here in Section 3). We have tried to preserve in tf
write-up the informal tone of these talks: thus we emphasize simplicity over generality in state
ments of results, and we present very few proofs. Our primary hope is to give the reader a feeli
for what multiplier ideals are and how they are used. For a detailed development of the theory fro
an algebro-geometric perspective we refer to the forthcoming Part Il of [R. K. LazarRteddiy-
ity in algebraic geometry, ISpringer, Berlin, 2004y1IR2095471 (2005k:140014d), MR2095472
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(2005k:140014) The analytic picture is covered in J.-P. Demailly’s lecturesSamool on Vanish-
ing Theorems and Effective Results in Algebraic Geometry (Trieste,, 2ZBA)8, Abdus Salam
Int. Cent. Theoret. Phys., Trieste, 200AR1919457 (2003f:3202()
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MR2119243 (2006¢:32045)32U40 (32C30 32H04 32Q15 37B40)

Dinh, Tien-Cuong (F-PARIS11) Sibony, Nessim(F-PARIS11)
Regularization of currents and entropy. (English, French summaries)
Ann. SciEcole Norm. Sup. (437 (2004),no. 6,959-971.

In the paper, the authors prove several results about the regularizatignpgfcurrents on a
compact Kahler manifold( X, w) of dimensionk. The main theorem is Theorem 1.1: L(ef, w)

be a compact Ehler manifold of dimensio®. Then, for every positive closeg, p)-currentT

on X there exist smooth positive closéd p)-forms T, andT, such thatl,” — T, converges
weakly to the currert’. Moreover,||T*|| < cx||T||, wherecx > 0 is a constant independent Bf

This is a generalization of a result by J.-P. Demailly$@veral complex variables (Berkeley, CA,
1995-1996)233-271, Cambridge Univ. Press, Cambridge, 19881748605 (2002e:3204p6)

on the regularization of positive closétl 1)-currents onX. In Section 1, they derive other results
as corollaries from Theorem 1.1. Corollary 1.2 extends their previous result on the regularizatic
of positive closed(p, p)-currents on a projective manifold [T.-C. Dinh and N. Sibony, “Une
borne suprieure pour I'entropie topologique d’une application rationnelle”, Ann. of Math. (2),
to appear]. Corollary 1.3 defines the pullback of the curfeity a surjective holomorphic map

Il: X' — X, where(X’, ') is another compact&hler manifold of dimensiok’ > k. Theorem 1.4
says thatiff is a dominating meromorphic self-map.f thenh(f) <lov(f) = max;<,<jlogd,,
whereh( f) is the topological entropy of, d, is the dynamical degree of ordeof f andlov(f)
measures the growth of the volume of the graphg/of.., f*~!) (over the subset of on
which all iterates off are defined). However, it should be noted that for a compaitilét
manifold X of dimensionk and f: X — X holomorphic, S. Friedland proved a stronger result,
namely thath(f) = lov(f) = max;<,<i d, (see [J. Fourier Anal. Appl1995 Special Issue;
MR1364875 (96f:00039%)or the whole collection). His proof does not rely on Lemma 3 in his
previous publication [S. Friedland, Ann. of Math. (233 (1991), no. 2, 359-368yIR1097242
(92¢:58115), which the authors of the paper under review point out to be wrong. The equality
h(f) = lov(f) for f meromorphic still remains a conjecture. In Section 2, the authors prove
an auxiliary Lemma 2.1, which gives properties of a linear oper&atefined on the seM

of Radon measures dR™ as integration against a kerng&l with compact support o3 x B,
smooth inB x B ~. A and bounded pointwise by a constant multiple of the fundamental kernel
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of classical potential theory. Section 3 contains the proof of Theorem 1.1. First they give a wee
regularization of the current of integratiga], i.e., they construct positive closéd, k)-forms

K with coefficients inL; and smooth out\ such thatk;” — K, — [A] weakly and|| K| <

c1, Wheree; > 0. Then they defind’= by wedging K= with T, show thatT’;” — T, — T and
|TE|| < ¢||T||, and obtain the smoothnesskf by repeated use of Lemma 2.1. In Section 4, they
prove Theorem 4.1, which is an analog of Theorem 1.1 for posiiiveclosed(p, p)-currents on

X, with T smooth, positive andd‘-closed. Later, they introduce a special clas?(X) of

(p, p)-currents equipped with a suitable norm. Theorem 4.4 is a regularization result for curren
in this class. Proposition 4.6 is a variant of Theorem 1.1 for a continuous Tor8ection 5 is
devoted to the study of the intersectiSm 7" of a positive closed1, 1)-currentS with a positive
pluriharmonic(p, p)-currentl’, 1 < p < k — 1. .S can be written a§' = « + dd“u, whereu, called

the potential ofS, is a quasi-psh function. Theorem 5.1 says that g continuous, they AT

is well defined and is a positiwé&i-closed current, which depends continuouslysandT in

a suitable sense. Theorem 5.3 is a similar resul@fon the classDSH”(X); S AT is then in
DSHP™!(X). Proposition 5.5 is an analog of Theorem 5.1 Toof bidegree(1, 1) and S with
bounded potential.

Reviewed byMatgorzata Stawiska
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MR2112584 (2006b:14011)14C25(32327)

Demailly, Jean-Pierre (F-GREN-IF)

On the geometry of positive cones of projective and Khler varieties. (English summary)
The Fano Conferen¢&95-422,Univ. Torino, Turin, 2004.

Some of the more fundamental problems and results in complex geometry revolve around su

guestions as when a complex manifold would be projectivearl&r, or how much of its geome-
try could be determined by divisors and curves. All projective manifolds atdd€, and a famous
theorem of Kodaira proves that akler manifold( X, w) is projective precisely when the class
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lw] € HY(X) c H?(X,R) moreover represents a classfift (X, Z). Kodaira had also conjec-
tured that a compact complex surface admitsahl€r metric if and only if the first Betti number
is even. A closely related question concerns the ampleness of holomorphic line blrmfies.
When X is projective, the Nakai-Moishezon criterion establishes that amplendssaquiva-
lent to having a strictly positive integral for theth exterior power of the Chern class bfover
any algebraic subset of dimensiprior 1 < p <n = dim(X). Mori’s theory of complex three-
manifolds brought new techniques to bear on the projective context via the geometry of cones
divisors and curves lying within their respective cohomology groups. For example, a conjecture
Fano asserts that a projectiXeis “uniruled” by rational curves precisely when the Chern class of
the canonical line bundle lies outside the closure of the cone of effective divisors. The article und
review is a survey of relatively recent achievements of the author and his collaborators, S. Bouc
som, M. Paun and T. Peternell, in further unifying and extending the theory surrounding thes
guestions. Central to their programme are the powerful techniques associated with positive ci
rents of typg1, 1) on compact Khler manifolds, and the interplay between the open convex cone
of Kahler forms and the enveloping closed convex cone of positive)-currents (the “pseudo-
effective” cone). While some basic familiarity withakler geometry and the theory of currents is
assumed, the author’s exposition is designed to be informative to the non-specialist. Among t
results surveyed, some highlights are a generalization of the Nakai-Moishezon criterion and |
application to the characterisation ofiKler currents on compact complex manifolds, as well as
a theory of Poinca duality between cones of positive currents of typel ) and(n — 1,n — 1),
which leads in particular to a proof of Fano’s conjecture.
{For the entire collection sedR2112562 (2005g:14003)
Reviewed byAdam Gregory Harris
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MR2112562 (20059:14003)14-06

% The Fano Conference.

Proceedings of the conference to commemorate the 50th anniversary of the death of Gino Fano
(1871-1952) held in Torino, September 29—0ctober 5, 2002.

Edited by Alberto Collino, Alberto Conte and Marina Marchisio.

Universi@ di Toring, Dipartimento di Matematicalurin, 2004.xiv+804pp. £99.90.
ISBN88-900876-1-7

Contents: Robert Fano, In loving memory of my father Gino Fano (MR2112563 Herbert
C. Clemens [C. Herbert Clemens], A version of Abel’'s theorem for surfaces (5MER3)112564
(2006d:1401Q)Vasilij A. Iskovskikh [Vasilii Alekseevich Iskovskikh], On the Noether-Fano in-
equalities (25—-35)MR2112565 (2005m:14017%higefumi Mori and Shigeru Mukai, Extremal
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rays and Fano 3-folds (37-50)lR2112566 (2005k:14085)Jacob P. Murre, Fano varieties and al-
gebraic cycles (51-68MR2112567 (2005i:14053Yalery A. Alexeev and Michel Brion, Bound-
edness of spherical Fano varieties (69-80R32112568 (2005k:14081)incenzo Ancona and
Marco Maggesi, On the quantum cohomology of Fano bundles over projective spaces (81—9t
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(99-108);MR2112570 (2005j:14019Victor V. Batyrev, Toric degenerations of Fano varieties
and constructing mirror manifolds (109-12R)R2112571 (2006b:14070)ngrid C. Bauer and
Fabrizio Catanese, Some new surfaces wjtk- ¢ = 0 (123-142)MR2112572 (2005k:14079)
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surfaces (175-184NR2112574 (2006b:14071Mauro C. Beltrametti, Maria L. Fania and An-
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(2005j:14010) Freceric Campana, L'anneau ordande la @onetrie alggebrique [Ordered rings
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/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112566
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112567
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112568
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112569
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112570
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112571
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112572
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112573
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112574
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112575
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112576
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112577
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112578
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112579
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112579
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112580
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112581
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112581
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112582
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112583
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112584
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112585
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112586
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112587
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112588
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112589
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112590
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112591
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112592
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112593
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112594
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112594
/mathscinet/search/publications.html?fmt=pdf&pg1=MR&s1=2112595

threefolds with canonical Gorenstein singularities (647—-68R2112596 (2005k:14086Alek-
sandr V. Pukhlikov, Birationally rigid Fano varieties (659—-681R2112597 (2005j:14017Kris-
tian Ranestad, Non-abelian Brill-Noether loci and the Lagrangian Grassmdndi@n6) (683—
692);MR2112598 (2005j:14031Nicholas I. Shepherd-Barron, Stably rational irrational varieties
(693—-700);MR2112599 (2006b:14021Andrei N. Tyurin, Fano versus Calabi-Yau (701-734);
MR2112600 (2005h:14098Rlessandro Verra, The Prym map has degree two on plane sextics
(735-759);MR2112601 (2005k:14057Claire Voisin, Intrinsic pseudo-volume forms aid
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{Most of the papers are being reviewed individually.
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MR2113021 (2005i:32020)32J27(32Q15)

Demailly, Jean-Pierre(F-GREN), Paun, Mihai (F-STRAS)

Numerical characterization of the Kahler cone of a compact Kihler manifold. (English
summary)

Ann. of Math. (2159 (2004),n0. 3,1247-1274.

This article gives a beautiful solution of a long-standing basic probleméinié¢ geometry and,
as such, can be viewed as a classic. It is likely to have a lasting impact on the field.

The problem was to generalize the classical Nakai-Moishezon criterion of ampleness to a n
merical characterization of thedkler cone of a compactaaler manifold.

Let us first recall the statement of the Nakai-Moishezon theoremk lbet a field andX be a
projective scheme ovér. Let L be a Cartier divisor oX'. ThenL is ample iff for every positive
dimensional reduced closed subschefne X, L1™7 . Z > 0.

If &K= C andX is smooth, we can reformulate this using Kodaira’s theorem that ample divisors
L on X are characterized by the existence of a smooth Hermitian metric of positive curvature o
in an equivalent fashion, by the fact that the first Chern aa&k), as an element of the vector
spaceH 11 (X) of degree2 de Rham real cohomology classes represented by claségforms,
has a Kahler representative. The open convex cond il (X ) consisting of classes with a&ler
representative is called theakler cone and will be denoted By(.X).

Thus, we get the following statement: L&t be a complex projective manifold. L&S(X) C
HY1(X) be the subset aff ! ( X) consisting of classes with integral periods. A class NS(X)
lies inX(X) iff [, w2 > 0 for every positive-dimensional closed analytic subgetf X .

We will denote byP(X) the set of classes cut out by the conditions thaft, w!™# > 0 for
every positive-dimensional closed analytic sulisetf X .

It was widely believed that a similar result holds for general (dal) classes, namely that
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K(X)=P(X).

The article under review confirms this conjecture in the more general case of conidet K
manifolds. Here the statement should be modified to the effeckih#y is a connected component
of P(X).

The proof consists in a reduction to the nef case and a subtle application of Yau’s fundament
work on the solution of the inhomogeneous complex Monge-&rapgquation in which the volume
form acquires a singularity.
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Numerically trivial foliations. (English, French summaries)
Ann. Inst. Fourier (Grenoblej4 (2004),no. 4,887-938.

In the present paper, the author continues his investigation of numerically trivial fibrations ol
projective complex manifolds from [T. Eckl, J. Algebraic Geoh3 (2004), no. 4, 617-639;
MR2072764 (2005f:14014by studying the localized notion of foliations with numerically trivial
leaves.

Tsuji’s criterion for numerical triviality of a paifL, k) involving the curvature current of the
singular metrich on the pseudo-effective line bundlds taken as the definition for the numerical
triviality of an arbitrary closed positivel, 1)-current. The main resultis the existence of a maximal
foliation with numerically trivial leaves with respect to such a current. Y. T. Siu’s decomposition
theorem [Invent. Math27 (1974), 53—-156MR0352516 (50 #5003plays an important role in
the proof. On a projective complex manifold, Tsuji’'s numerically trivial fibration with respect to
a singular metric having the given current as curvature current turns out to be maximal amor
those fibrations whose fibers are contained in the leaves. Using an appropriate metric, the lita
fibration can also be characterized in this way (i.e., it coincides with Tsuiji’s fibration).

Furthermore, based on ideas of Demailly and Boucksom regarding moving intersection numbe
the author describes the nef fibration of a nef line bundle as the maximal fibration contained in tt
appropriately defined numerically trivial maximal foliation with respect to the first Chern class
(called the nef foliation). The litaka fibration in turn is shown to contain the nef foliation. As a
consequence, when the nef foliation is not a fibration, the litaka dimension is strictly less than tf
numerical dimension. It is not known whether the converse to this statement holds true.

In fact, to define the numerically trivial foliation in the preceding paragraph, only a pseudo-
effective classy is needed; under the assumption that the singularities of the numerically trivia
foliation with respect tax are isolated points, it is shown that the codimension of the leaves is ar
upper bound for the numerical dimensioncaflt is unknown to what extent the assumption of
isolated singularities can be removed.

Finally, some explicit surface examples are discussed, and an appendix gives the basics
singular foliations.
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Une sextique hyperbolique dan$?(C). (French. English, French summaries) [A hyperbolic
sexticinP?(C)]

Math. Ann.330(2004),no. 3,473-476.

From the text (translated from the French): “A subséttiC) is said to be hyperbolic if it does not
contain an entire curve, i.e. a hon-constant holomorphic imadge. dihe Kobayashi conjecture

in projective space stipulates that a generic surface of degraen P3(C) is hyperbolic. It

was proved for degrees 36 by M. McQuillan [Geom. Funct. Anal9 (1999), no. 2, 370—-
392; MR1692470 (2000f:3203%and then for degrees 21 by J.-P. Demailly and J. El Goul
[Amer. J. Math.122(2000), no. 3, 515-5481R1759887 (2001f:3204%R)In a parallel and more
modest effort, a number of authors (see the references in [M. Zaidenberg, “Hyperbolic surfac
in P3: examples”, preprint, arxiv.org/abs/math/0311394]) have sought to construct examples
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hyperbolic surfaces of the lowest possible degree. Until now, the best bound was degree 8. C
goal in this note is to show the existence of hyperbolic surfaces of degree 6.”
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MR2099122 (2006¢:32041)32S65(32Q25 37D20 37F10)

Cantat, Serge(F-RENNB-IM)

Diff eomorphismes holomorphes Anosov. (French. English summary) [Anosov holomorphic
diffeomorphisms]

Comment. Math. Helv9 (2004),n0. 4,779-797.

The theme of this article is the classification of compact complex manifol$ich admit a holo-
morphic Anosov diffeomorphisryi: X — X. WhenX is a complex surface, it has been proved by
E. Ghys (see Theorem A in [Invent. Mattil9(1995), no. 3, 585-6141R1317651(95k:58116)
that X is a complex torus andlis a linear automorphism.

The situation is not as simple in higher dimensions, as shown by Example 1.5 of the article und
review. The transverse properties of the stable/unstable folig#idhplay an important role here.
In the case where the stable (or unstable) leaves have dimension 1, Ghys has proved that tr
foliations are holomorphic foliations. Moreover fihas a dense orbit, théfi, X) is topologically
conjugate to a linear automorphism of a complex torus (see Theorem B in [op. cit.]).

The purpose of this article is to establish similar results when the stable/unstable leaves he
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complex dimension> 2. It is not clear in this case th&*/" are holomorphic foliations (the
transverse structure is a priori merely continuous). The main result of the paper (Theorem 1.4,
asserts that i>/" are holomorphic foliations an is projective, ther{ f, X ) is—up to anétale
cover—a linear automorphism of a complex torus.

The proofs use a lot of complex analytic and algebraic geometry, hence they are quite differe
in nature from those given by Ghys. They rely notably on a recent alternative of S. Boucksom, J.-
Demailly, M. Paun and T. Peternell which says that eitkigs uniruled orK x is pseudoeffective.

Reviewed byincent Gued;
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Positivity has long been a major theme in various branches of algebraic geometry, both as an obj
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of study and as a technical tool. A first book attempting to treat positivity, under the heading c
ampleness, appeared already three and a half decades ago. That is R. Hartshorn&snipbmk |
subvarieties of algebraic varietieSpringer, Berlin, 1970MR0282977 (44 #211) where the
main goal was to extend the notion of ample divisor to arbitrary subvarieties of a given variety
Since then, the subject has seen major developments in a large number of different directiol
intersection theory, singularities, topology of algebraic varieties, vanishing theorems and the
applications to linear series, and higher dimensional geometry, to give a certainly incomplete lis
However, these developments have mostly remained scattered in the literature and some, ma
precisely for this reason, have not been worked out in a systematic fashion. In the book und
review the author succeeds wonderfully in putting together under the same heading most of t
areas of classical and modern complex algebraic geometry dedicated to, or influenced by, the stt
of positivity.

The book is divided into three parts, each with a separate introduction. In addition, each chapt
contains introductory remarks and concluding notes which emphasize the history of the topi
sources of inspiration, and further references. | will present in what follows the rough contents «
each part, chapter by chapter.

The first part is equivalent to the content of Volume |, and is devoted to a fundamental topic
namely that of line bundles and linear series. The main notion of positivity here is that of amplenes
Its importance has become widely recognized after the foundational papers of J.-P. Serre [Ar
of Math. (2) 61 (1955), 197-278MR0068874 (16,953¢)on the algebraic viewpoint, and K.
Kodaira [Proc. Nat. Acad. Sci. U. S. 89 (1953), 1268-1273IR0066693 (16,618h)on the
analytic one. The author presents in Chapter 1 the basic theory of ampleness, with an acc
on modern concepts lik®- andR-divisors, nefness, and cones of divisors in therdh-Severi
space of numerical equivalence classes. He continues in Chapter 2 by presenting the theory
linear series which may not be ample. The following is in my view the most remarkable anc
novel feature of this part of the book: a systematic study of the asymptotic theory of non-ampl
linear series, with a special emphasis on the role of big divisors (the birational analogues of amy
divisors). Chapter 3 takes up a more geometric and topological approach to positivity. Its mai
focus is on the Lefschetz and Bertini theorems, together with subsequent generalizations by Ba
Fulton and Hansen and others, and we get a glimpse of the interesting geometry associated v
subvarieties of small codimension in projective spaces. Chapter 4 contains a treatment of vanish
theorems, including the classical Kodaira and Nakano theorems for ample line bundles, and t
very useful generalization by Kawamata and Viehweg to the case of big and nef divisors (but n
the Q-divisors case, which is treated separately latef9im). With respect to this part, the author
mentions that the exposition is somewhat more elementary than the standard presentations.
main generic vanishing theorem of M. L. Green and Lazarsfeld [Invent. N&t{i1987), no. 2,
389-407;MR0910207 (89b:3202p)s also presented. Finally, Chapter 5 deals with the topic
of local positivity. This is a more recent development, based on Demailly’s notion of Seshad
constant, which measures how much of the positivity of a given line bundle is concentrated
a given point of the variety. The most important result presented here is a lower bound for tF
Seshadri constant given by L. M. H. Ein, Oili&hle and Lazarsfeld [J. Differential GeodR
(1995), no. 2, 193-21¥R1366545 (96m:14007)It should be said, however, that the picture
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is not definitive, and a substantially better bound is proposed, partly in view of Fujita’s famous
conjecture on the freeness of adjoint bundles.

A note about a couple of things | particularly enjoyed reading in the first part: first, it is nice
to see the notion of Castelnuovo-Mumford regularity take a quite prominent role in a text ol
positivity. The idea roughly speaking is to quantify directly how much one has to twist a shea
by a positive line bundle in order to achieve vanishing. This makes later arguments particular
concise, for example in the context of multiplier ideals. Second, the machinery of Cutkosky ©
producing examples of line bundles on higher dimensional varieties with interesting base-locus
volume behavior (e.g. disproving the existence of Zariski decomposition on threefolds or highe
is systematized and made widely available.

The second part of the book (first part of Volume 1) focuses on positivity for vector bundles of
higher rank. This is an area of study started in the 1960’s by people like Grauert, Griffiths an
Hartshorne, with the aim of generalizing to higher rank as much of the geometry of ample divisol
as possible. Important and beautiful applications of these generalizations have emerged during
subsequent decades, and they naturally belong to the general context of positivity. Chapter €
devoted to introducing the notions of ampleness and nefness for vector bundles, mainly throu
many examples associated to interesting geometric contexts. The adopted definition is that
Hartshorne [Inst. HauteStudes Sci. Publ. Math. No. 29 (1966), 63—8#R0193092 (33 #1313)
namely a vector bundl&’ on a projective varietyX is ample (or nef) if the Serre line bundle
Opg(1) is so on the projectivized bundBE — X. Some of the most basic examples to be
mentioned are the following: the normal bundles of smooth subvarieties in projective space al
in simple abelian varieties are ample, smooth projective varieties with ample cotangent bunc
are Kobayashi hyperbolic, the duals of Picard bundles parametrizing sufficiently positive linee
series of fixed numerical class are ample, push-forwards of relative canonical bundles are r
(under mild hypotheses). Chapter 7 focuses on the geometric properties of ample vector bundl
particularly on the topology associated with zero loci of their sections, or more generally t
degeneracy loci. After presenting the Lefschetz type theorems of A. J. Sommese [MatB3Ann.
(1978), no. 3, 229-258y1R0466647 (57 #6524pand S. Bloch and D. Gieseker [Invent. Matfl2
(1971), 112-117MR0297773 (45 #6825%)the author discusses his joint theorem with W. Fulton
on the connectedness of degeneracy loci [Acta MB46.(1981), no. 3-4, 271-283)R0611386
(82k:14016), together with its beautiful applications to Brill-Noether theory and to other contexts.
Vanishing theorems for vector bundles, for example the celebrated result of J. Le Potier [Matl
Ann.218(1975), no. 1, 35-53y1IR0385179 (52 #6044,)are also presented. Chapgadeals with
numerical consequences of ampleness for vector bundles, and it is here that the idea of positi
comes to the forefront. The central result is the theorem of Fulton and Lazarsfeld [Ann. of Math. (2
118(1983), no. 1, 35-6MR0707160 (85e:1402], )stating that the cone of numerically positive
polynomials in the Chern classes of ample vector bundles is spanned by Schur polynomials.

An interesting original thing in this part of the book is the formalism developed by the author
regarding twisting vector bundles y-divisors. This allows one to keep track formally of the
finer positivity properties of vector bundles, particularly when studying nefness.

The third part (second part of Volume IlI) makes the transition from classical to the most mod
ern developments in the field. It takes up ideas and techniques from higher dimensional geome
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under the form of multiplier ideals. This is the star attraction of the book, since the theory of mul
tiplier ideals has only recently taken a well-defined shape, due in part to efforts of people like Sit
Demailly, Ein and the author. To quote Lazarsfeld: “it seems safe to predict that multiplier ideal
and their variants are destined to become fundamental tools in algebraic geometry”. Multiplie
ideals appeared first in the complex analytic setting, where they are defined naturally in terms
integrability conditions. It was noted later that they can be defined in purely algebro-geometr;
terms, using log-resolutions. In fact this definition had already been worked-out in passing by F
Esnaultand E. Viehweg il pctures on vanishing theorent&rkhauser, Basel, 1998JR1193913
(94a:14017) For those less familiar with the topic, let me comment that multiplier ideals arise in
this context from the wish to avoid passing to a birational modification in order to satisfy the nor
mal crossing hypothesis required for the Kawamata-Viehweg vanishing theore@ydatisors
(which by the Kawamata-Reid-Shokurov technique had become an essential tool in the study
linear series). Another, in fact very much related, approach to this circle of ideas is the notion ¢
singularities of pairs. The author explains the connection between the two, but does not go dee
into the context of singularities of pairs. For this there are already excellent references, such as
Kollar’'s survey [inAlgebraic geometry—Santa Cruz 19221-287, Proc. Sympos. Pure Math.,
62, Part 1, Amer. Math. Soc., Providence, RI, 1981R1492525 (99m:1403Band Kollar and

S. Mori’'s book Birational geometry of algebraic varietie$ranslated from the 1998 Japanese
original, Cambridge Univ. Press, Cambridge, 199& 1658959 (2000b:1401B)

The author begins Chapter 9 with a proof of the Kawamata-Viehweg vanishing theoré€)n for
divisors, and continues with the basic definitions, properties and examples of multiplier ideal
Very interesting results presented at the end of the chapter are the Skoda and Briangon-Sk
theorems, which are local statements concerning multiplier ideals (and the integral closure)
powers of ideals, together with global version proved by Ein and the author [Invent. Maath.
(1999), no. 2,427-448/R1705839 (2000j:14028)Chapter 10 is devoted to various applications
of multiplier ideals to the general theory of divisors and linear series. Among the most interestin
ones, where multiplier ideals seem to have provided a real breakthrough, are the Ein-Lazarsft
theorems on the singularities of theta divisors [J. Amer. Math. $0¢1997), no. 1, 243-258;
MR1396893 (97d:14068)the approach of Y. T. Siu [Houston J. Mat8 (2002), no. 2, 389—
409;MR1898197 (2003i:32038and J.-P. Demailly [Invent. Mati.24(1996), no. 1-3, 243-261,
MR1369417 (97a:3203bdo Matsusaka’s big theorem, and the Angehrn-Siu Fujita-type theorem
on the global generation of adjoint bundles [U. Angehrn and Y. T. Siu, Invent. Ma&(1995),
no. 2, 291-308MR1358978 (97b:3203%) Finally, Chapter 11 introduces probably the most
modern concept in the book, asymptotic multiplier ideals, stemming from work of Siu on the
deformation invariance of plurigenera. The author develops (for the first time) a coherent theory «
asymptotic multiplier ideals, following the basic properties presented earlier in the ordinary cas
This is then applied in a few directions. First, an application to uniform results in commutative
algebra is described, following work of Ein, K. E. Smith and the author [Invent. M##h(2001),
no. 2, 241-252MR1826369 (2002b:1300[L)We are then guided through a nice presentation of
the context of Fujita’s approximation theorem and its applications to the study of volumes of line
bundles. Here the author includes a very nice recent result of S. Boucksom, Demailly, M. Paun a
T. Peternell [“The pseudo-effective cone of a compaéhlker manifold and varieties of negative
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Kodaira dimension”, preprint, arxiv.org/abs/math/0405285], which describes the pseudoeffecti
cone of an irreducible variety as that dual to the cone of mobile curves (roughly speaking curve
which move in families covering an open dense subset of the variety). The book concludes wi
what is widely regarded as the most spectacular application of multiplier ideals to date—the pro
of the invariance of plurigenera for varieties of general type—due to Siu [Invent. W24i(1998),

no. 3, 661-673MR1660941 (99i:3203%) Although the original proof was analytic, the author
presents here a relatively quick proof based on the algebro-geometric ideas developed in the text
should be said, however, that in the meantime, SiCpmplex geometry (@tingen, 2000)223—

277, Springer, Berlin, 2001R1922108 (2003j:32027phas proved the deformation invariance

of plurigenera for arbitrary varieties still based on the analytic theory of multiplier ideals, and ir
this case, no purely algebraic proof is currently known.)

Very much in this last part of the book is original, but as a single example expressing simply
preference of the reviewer, it is again remarkable, how Castelnuovo-Mumford regularity is use
together with vanishing theorems, in order to give purely conceptual proofs to key results o
non-vanishing or global generation for twists of multiplier ideal sheaves.

Switching to overall comments, one interesting feature of the text is the fact that at times
provides new simplified proofs of, or new approaches to, well-established results. One such ¢
ample is the proof of the Campana-Peternell theorem (Theorem 2.3.18), which is an analogue
the Nakai-Moishezon ampleness criterion in the settinfReadivisors. Another is a generaliza-
tion of the Nadel product lemma (Theorem 8.4.10), using the positivity of cone classes. Mor
importantly, the book contains genuinely new results. A favorite of the reviewer is Theorem 2.2.4
on the continuity of the volume function. This has inspired a great deal of subsequent work c
asymptotic invariants of line bundles.

There are numerous examples scattered throughout the text (together with various applicatio
they form about a third of the book). Some are very explicit, making essentially every concept ir
troduced in the book quite easy to grasp. Others serve as a guide to further literature and encour
independent study. One recognizes here one of the features that has also madelrdteaion
theory[Second edition, Springer, Berlin, 1998R1644323 (99d:14008%0 successful.

For understanding the material presented in this text, the reader is assumed to have some fat
larity only with standard introductory texts like Hartshornalgebraic geometr{Springer, New
York, 1977;MR0463157 (57 #3116xand P. Griffiths and J. HarriPrinciples of algebraic ge-
ometry[Wiley-Intersci., New York, 1978MR0507725 (80b:1400},)with only very occasional
need to go beyond these sources. The author emphasizes that there is relatively little in the bc
about the Hodge-theoretic and complex analytic side of the story. For this he suggests the te
of C. Voisin [Hodge theory and complex algebraic geometryiranslated from the French orig-
inal by Leila Schneps, Cambridge Univ. Press, Cambridge, 28021967689 (2004d:32020)
Hodge theory and complex algebraic geometryTtanslated from the French by Leila Schneps,
Cambridge Univ. Press, Cambridge, 2008R1997577 (2005¢:32024pband Demailly'sCom-
plex analytic and algebraic geometifyagments of which can already be found in various places
in the literature.

The book under review is exceptionally well written. It treats a large number of concepts an
topics, but always in a gentle and explicit manner. It can be used both as a textbook and as a sot
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for current research problems. As such, it will be of great value to both students and experts

the field. It is also excellent as a guide to further literature. In my opinion, Lazarsfeld’s book will

become one of the fundamental references in the field of complex algebraic geometry.
Reviewed byMihnea Popa
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MR2088931 (20059g:32024)32L10 (32A25 32L20)

Berman, Robert (S-CHAL)

Bergman kernels and local holomorphic Morse inequalities. (English summary)
Math. Z.248(2004),no. 2,325-344.

The author proves a local version of J.-P. Demailly’s holomorphic Morse inequalities [Ann. Inst
Fourier (Grenoble}5 (1985), no. 4, 189-22%R0812325 (87d:5814Fby a clever comparison
of the Bergman kernel of a complex Hermitian manifold together with a Hermitian holomorphic
line bundle and the Bergman kernel of the mo@eélwith flat metric and trivial line bundle with
constant metric. After scaling, the comparison relies on elliptic theory.

Reviewed byChristophe Mourougane
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Demailly’s 2-jet negativity of certain hyperbolic fibrations. (English summary)
Complex analysis in several variables—Memorial Conference of Kiyoshs@entennial
Birthday, 85-93, Adv. Stud Pure Math, 42,Math. Soc Japan Tokyq 2004.

The paper under review concerns a conjecture of Demailly-f@t negativity. J.-P. Demailly [in
Algebraic geometry—Santa Cruz 19285-360, Proc. Sympos. Pure Math., 62, Part 2, Amer.
Math. Soc., Providence, RI, 199¥|R1492539 (99b:3203Fonjectured that the existence of
a metric with k-negativity on ak-jet bundle should characterize Kobayashi hyperbolicity for
compact complex manifolds. In this paper the author deals with the special case of this conjectu
He considers the case dijet bundles of a hyperbolic (singular) fibration on hyperbolic curves
with certain conditions on the singularities of special fibers and proves a weak negativity proper
on this bundle. It is noticed that his method only works up to2tjet stage.
{For the entire collection se8dR2087033 (2005¢:32009)
Reviewed byroshihiro Aihara
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Edited by Kimio Miyajima, Mikio Furushima, Hideaki Kazama, Akio Kodama, Junjiro Noguchi,
Takeo Ohsawa, Hajime Tsuji and Tetsuo Ueda.
Advanced Studies in Pure Mathematics, 42.
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MR2086081 (2005i:14009)14C20 (14K05)

Tutaj-Gasinska, Halszka(PL-JAGL)

Seshadri constants in half-periods of an abelian surface. (English summary)
J. Pure Appl. Algebrd 94(2004),no. 1-2,183-191.

In recent years there has been a major interest in studying the local positivity of ample lin
bundles on algebraic varieties. Seshadri constants, introduced by J.-P. Deméliyripiex alge-
braic varieties (Bayreuth, 199087-104, Lecture Notes in Math., 1507, Springer, Berlin, 1992;
MR1178721 (939:32044)partially in connection with the study of T. Fujita’s conjecture [in
Algebraic geometry, Sendai, 198%7-178, Adv. Stud. Pure Math., 10, North-Holland, Amster-
dam, 1987MR0946238 (89d:14008)incorporate in a natural way information about the local
positivity of a line bundle.

Let X be a smooth projective variety of dimensionz, ..., z, € X distinct points and. an
ample line bundle oX . Let 7 be the blow-up ofX in the considered points withy, ..., E, the
exceptional divisors. Then the real number

e(Lyxy,...,z,) =sup{e e R| 7" L — SZ E; is nef}
1=1
is the Seshadri constant éfat x4, ..., z, (called the multiple point Seshadri constant if- 2).
Equivalently

L-C
L.ay,...,z,):= _inf |
e(L, 1,5 2) 0931@3...,x7- > =1 Mult; ¢

(where the infimum is taken over all irreducible curves passing thraygh . , z,).

Despite their apparently “easy” definition, Seshadri constants are very difficult to compute. |
fact their exact value is known only for a few cases (evenrferl) and even on surfaces it is dif-
ficult to control them, as was already pointed out by Demailly. To put things into perspective, th:
computation of multiple point Seshadri constants®ris equivalent to the unsolved Nagata con-
jecture [M. Nagata, Chinese J. Matli (1983), no. 1, 1-4MR0692988 (84f:14008) Therefore,
any contribution towards bounding or calculating them is of interest.

One has the bounds < (L, x1,...,z,) < \/g from [L. M. H. Ein, O. Kichle and R. K.
Lazarsfeld, J. Differential Geom2 (1995), no. 2, 193-21WR1366545 (96m:14007)It is still
not known whether a Seshadri constant can be non-rational. However, some useful informati
isthatife(L,x1,...,z,) < \/; thene(L, z1,...,z,) is rational, by A. Steffens [Math. 227
(1998), no. 3, 505-51IR1612681 (99¢:14009)

Seshadri constants on abelian surfaces have been studied in [T. Bauer, MatB12A(1998),
no. 4, 607-623MR1660259 (2000a:1405gnd in [T. Bauer, Math. Anr313(1999), no. 3, 547—
583;MR1678549 (2000d:1400pB)in the appendix of the latter paper it is proved that a one-point
Seshadri constant on an abelian surface is always rational and an upper bound is given, whicl
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shown to be attained in the case of Picard number one in the first paper.

In the very nice paper under review the author obtains the following result for multiple point
Seshadri constants of an ample line bundlef type (1,d) at anyr of the 16 half-periods
e1,...,e1s Of an abelian surfacé ~ C2/A, i.e.,e1, ..., ejs are the elements c%fA:

@) If /2 € Q, thens(L,ey,. .. e,) = /2.

(b)If /2 & Q,thens(L,e1, ... €,) < 2dky/ly, where(ky, l) is the primitive solution of Pell's
equatior2rdk® + 1 = [2.

In particulare(L, ey, . .., e,) is rational.

The method of proof consists of using results from the last two papers mentioned and frol
[H. Lange and C. Birkenhaké&omplex abelian varietiesSpringer, Berlin, 1992MR1217487
(94):14001) to explicitly construct curves ipm L/|, for suitablem > 0, passing throughy, . . ., e,

with the desired multiplicities.
Reviewed byAndreas Leopold Knutsen
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Sola Conde, Luis Eduardo; Wisniewski, Jarostaw A.(PL-WASW-IM)
On manifolds whose tangent bundle is big and 1-ample.

Proc. London Math. Soc. (89 (2004),no. 2,273-290.

Much of the recent work in Fano geometry and in the classification of complex manifolds is relate
to the problem of characterizing complex-projective manifotd&hose tangent bundl&s; have
certain positivity properties.

After S. Mori’s spectacular solution to the Hartshorne conjecture, asserting that the projectiv
spaceP, is the only manifold whose tangent bundle is ample, the next important case is that c
manifolds whose tangent bundle is nef—recall thatis called ample or nef if the line bundle
Op(ry)(1) on the projectivizatio?(T’x ) is ample or nef. It has been conjectured by Campana and
Peternell thaf 'y nef implies thatX is homogeneous.

While the Campana-Peternell conjecture is still open, the paper under review studies a mc
special situation where the tangent burififeis assumed to be almost, but not quite, ample. More
precisely, the authors classify manifolds whose tangent bundle is big and 1-ample. The assumptic
imply that global sections in the bundlg 1, )(m), for m > 0, give rise to a morphisf(Ty ) —

Y whose fibers are at most 1-dimensional. A part of the argumentation is then based on t
observation that the complement of the zero section of the cotangent bilipdéea complex-
symplectic manifold and makes use of earlier works where morphisms from symplectic manifolc
were studied.

The paper contains an appendix where the authors fill two gaps in earlier papers of J. Wierz
[J. Algebraic Geom12 (2003), no. 3, 507-5341R1966025 (2003m:1402Band J.-P. Demailly,

T. Peternell and M. H. Schneider [J. Algebraic Ge®1(1994), no. 2, 295-349yIR1257325
(95f:32037).
Reviewed byStefan Kebekus
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MR2069123 (2005b:32058)32Q28 (32A07 32E10 32L05)

Pflug, Peter(D-OLD-M); Zwonek, Wlodzimierz (PL-JAGL)

The Serre problem with Reinhardt fibers. (English, French summaries)
Ann. Inst. Fourier (Grenoble$4 (2004),no. 1,129-146.

The Serre problem asks whether a holomorphic fiber bundle with a Steidfdoed a Stein basis is
itself Stein. Although many positive answers were given in special cases, the first counterexamp!
were given by H. Skoda [Invent. Math3 (1977), no. 2, 97-10MR0508091 (58 #2265Fand

a few afterwards by Demailly. In 1985 G. Coéwand the reviewer [Ann. of Math. (222(1985),

no. 2, 329-334MR0808221 (87c:3203Bpave a counterexample with a bounded Reinhardt
domain inC?. In this paper, the authors characterize the hyperbolic Reinhardt dofidamg?
which can be produced as fibers for a counterexample to the Serre problem. Skich @iori

can be of three types: Type B:is complete; Type 1: the intersection Bfwith exactly one axis

is nonempty; Type 2: the intersection with the two axes is empty.

The main result here is that for Types 0 andFlcannot be a counterexample, but there are
counterexamples for Type 2, and in this paper the counterexamples are described using a ma
of GL(2,Z), generalizing the description given by Coewand the reviewer.

The Type 0 case was proved by KoKigsberger [Math. Anrl89(1970), 178-184¥IR0268410
(42 #3308) and can also be seen as a special case of general results about the Serre problem.

The Type 1 case uses explicit results of Shimizu and Kruzhilin on the automorphism group c
Reinhardt domains. A theorem of Stehle and an ad hoc extending lemma are also used.
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The Type 2 case also uses results of Shimizu about the algebraicity of the automorphism grot
In order to construct counterexamples, the method of the paper of €aadrthe reviewer is
applied.

It should also be noted that recently K. Oeljeklaus and D. Zaffran have obtained new results
this direction.

Reviewed bylean-Jacques Loeb
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Integral formulas for differential forms of type (p, ¢) on complex Finsler manifolds. (English
summary)

Sci. China Ser. A7 (2004),no. 2,284-296.

In this paper, using the invariant integral kernel introduced by J.-P. Demailly and C. Laurent
Thiébaut [Ann. SciEcole Norm. Sup. (420 (1987), no. 4, 579-598/R0932799 (89g:3202R)

the authors obtain Koppelman and Koppelman-Leray formulas for relatively compact domain
with C! boundary in strongly pseudoconvex complex Finsler manifolds, and then apply them t

solve thed-equation in such domains.
Reviewed byMarco Abate
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Dinh, Tien-Cuong (F-PARIS11) Sibony, Nessim(F-PARIS11)

Groupes commutatifs d’automorphismes d’une varété kahlérienne compacte. (French.
English, French summaries) [Commutative groups of automorphisms of a compact&hler
manifold]

Duke Math. J123(2004),no. 2,311-328.

It is quite difficult to construct automorphisms of a compact, complex manifo&hd it is even
harder to find automorphisms that commute. One would therefore expect abelian subgroups
Aut(V) to be quite special. The main result in the paper under review is a kind of structure theorel
for abelian subgroups dfut(1") in the case in which/ is a compact Khler manifold.

Recall that the topological entropy of an endomorphigof V' is a number which measures
the complexity off. The dynamically most interesting endomorphisms are those with positive
entropy.

Main Theorem: leg’ be an abelian subgroup éfut(1") and letU be the set of elements &f
of zero entropy. TheW is a group and’ is isomorphic to the direct produ€t x G, whereg is
a subgroup off’ such that all elements &f \. {id} have positive entropy. Moreove§, is a free
abelian subgroup of index at masitn V' — 1. This estimate is sharp and, in the case of equality,
U is finite.

The proof proceeds by studying the actior§obn the Dolbeault cohomology group'*(V, R)).

To this end, the authors exploit the structure of thhker cone ¢ H11(V, R), in particular a
version of the Hodge-Riemann theorem due to M. L. Gromofimances in differential geometry
and topology 1-38, World Sci. Publishing, Teaneck, NJ, 1981095529 (92d:52018and a
recent result by J.-P. Demailly and M. Paun [Ann. of Math. 139 (2004), no. 3, 1247-1274,
MR211302]. They also use the characterization by Gromov piisigue No. 145-146 (1987), 5,
225-240MR0880035 (89f:58082FEnseign. Math. (249(2003), no. 3-4, 217-23%R202689%
and Y. Yomdin [Israel J. Math67 (1987), no. 3, 285-300MR0889979 (90g:58008}hat f <
Aut(V') has positive entropy if and only if the spectral radius of the induced actiof af
HYY(V,R) is strictly larger than one.

By the Perron-Frobenius theorem, eatke Aut(V) of positive entropy admits a class
which is an eigenvector fof*. Roughly speaking, then, if there were too many (commuting,
without relations) suclf, we would find a large invariant subspacefof! generated by elements
of 7(. Using the Hodge-Riemann theorem, the authors show that this is impossible.

Overall, the paper is well-written and contains a nice mix of ideas from dynamics and analyti
geometry.

Reviewed byMattias Jonsson
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Watanabe, Kei-ichi [Watanabe, Keiichi'] (J-NIHOH)

When does the subadditivity theorem for multiplier ideals hold? (English summary)
Trans. Amer. Math. So856(2004),no0. 10,3951-3961 glectronig.

An important property of multiplier ideals is sub-additivity, which in its simplest incarnation
predicts that the multiplier ideal of a product of two ideal sheavasdb on a smooth complex
variety is contained in the product of the multiplier ideal=ofand the multiplier ideal ob.
(Subadditivity was proved by J.-P. Demailly, L. M. H. Ein and R. K. Lazarsfeld in [Michigan
Math. J.48 (2000), 137-156MR1786484 (2002a:1401) The subadditivity theorem is at
the heart of many of the applications of mutliplier ideals to commutative algebra and algebrai
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geometry. Itis natural to hope that some form of subadditivity might hold in settings more gener:

th

an smooth varieties.

The paper under review shows that the subadditivity theorem, as stated in the simple form abo
holds when the ambient variety is a surface with log terminal singularities. It also proves that |

th
th

e general form of subadditivity (in which coefficients are allowed) holds for some surface, the
at surface must be smooth. That isXifis a two dimensional norm&-Gorenstein surface, and

J(a‘b?) C g(a®)d(b?) for all idealsa, b and all positive rational numbeesd, then the surfacé

IS

in fact smooth. The paper also provides simple examples of higher dimensional varieties wi

very nice singularities (including the toric case) in which even the simplest form of subadditivity
fails.

10.
11.

12.

13.

14.
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Invariant currents and dynamical Lelong numbers. (English summary)
J. Geom. Anall4 (2004),no. 2,199-213.

Let f = (Py,..., P): C* — C* be a polynomial automorphism with:= max deg P; > 2. The
meromorphic extension, which we still denote pyto P* = C* U (t = 0) is not well-defined
on the indeterminacy locus™. In this article, the authors consider thogdor which X :=
f((t =0)~ IT) reduces to a single point lying outside bf. Such anf is algebraically stable
and it follows that the sequence of curreAts'( f")*w, wherew is the Fubini-Study form o#*,
converges to a positive closed currént of bidegree(1, 1) with f*T°. = AT’ [cf. N. Sibony, in
Dynamique et gonetrie complexes (Lyon, 1997)—x, xi—xii, 97-185, Soc. Math. France, Patris,
1999;MR1760844 (2001e:32026Y. Guedj and N. Sibony, Ark. Ma#0(2002), no. 2, 207-243;
MR1948064 (2004b:3202p)Define \s(f) := lim, .. [02(f™)]Y/™ whereds (™) is the degree of
f~™(L) for L a generic linear subspace of codimension 2. Under the additional assumption th:
A > o f)—this includes, e.g., complexéhon maps inC>—a positive closed current_ of
bidegree(k — 1, k — 1) of unit mass with(f~!)*o_ = Ao_ can be constructed [V. Gued;j and N.
Sibony, op. cit. (Theorem 3.1)]. This construction is carried out again in Section 2.1 where it i
shown thatr_ puts no mass on the hyperplane at infinity (Theorem 2.2). In the case Whése
f~1-attracting, this was shown in [V. Guedj and N. Sibony, op. cit.]. It follows that for a positive
closed currenf of bidegree(1, 1) and unit mass oi*, S A o_ is well-defined as a probability
measure. We define the generalized Lelong numbéf wfth respect tar_ asv(S,0_) := S A
o_({X"}) (Definition 2.3). In particular, lef be a regular automorphism, i.é NI~ = . In
this casef ! is algebraically stable and the invariant Green curfiénfor f~! is well-defined.
Here the number(S, o_) reduces to the Demailly number 8fwith respect to the weight_ [J.-
P. Demailly, inComplex analysis and geometfiyi5—-193, Plenum, New York, 1998tR1211880
(94k:32009). Moreover, in this settingy (S, o_) is positive if and only if the standard Lelong
numberv (S, X ) at the pointX ™ is positive.

The main result of this article, Theorem 1.1, concerns polynomial automorplfisvita X+ N
I =@, X > \(f), and such thaf* is an attracting set fof ~!. It states that ifS is a positive
closed current of bidegrde, 1) and unit mass o®*, then

%(f”)*S — e[t =0]4+ (1 —cs)T}


/mathscinet
/mathscinet/search/publications.html?refcit=2051683&amp;loc=refcit
/mathscinet/search/mscdoc.html?code=32U25%2C%2832H50%2C32U40%2C37F10%29
/mathscinet/search/publications.html?pg1=IID&s1=325057
/mathscinet/search/institution.html?code=1_SRCS
/mathscinet/search/publications.html?pg1=IID&s1=646134
/mathscinet/search/institution.html?code=F_TOUL3_LM
/mathscinet/search/journaldoc.html?&cn=J_Geom_Anal
/mathscinet/search/publications.html?pg1=ISSI&s1=218292
/mathscinet/pdf/1760844.pdf
/mathscinet/pdf/1948064.pdf
/mathscinet/pdf/1211880.pdf
/mathscinet/pdf/1211880.pdf

as currents oP”, wherecg = v(S,0_). Moreover, as in the regular automorphism setting,
v(S,o_) > 0 if and only if v(S, X*) > 0. In Section 2.3, an interesting invariant probability
measureu; = T A o_ is introduced; in particular, plurisubharmonic functions of logarithmic
growth are shown to be integrable with respect:.fo(Remark 2.13). The proof of Theorem 1.1
Is given in Section 3. In the fourth and final section, the authors utilize the classification of J. E
Fornaess and H. Wu [Publ. Mat2 (1998), no. 1, 195-21WIR1628170 (99e:1401bjo check
their hypotheses on families of quadratic polynomial automorphisnas of

Reviewed byNorman Levenberg
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Boucksom, &bastien(F-GREN-F)

Divisorial Zariski decompositions on compact complex manifolds. (English, French
summaries)

Ann. SciEcole Norm. Sup. (437 (2004),no. 1,45-76.

It was originally shown by Zariski that any effecti@zdivisor D on a projective surfac& can be
decomposed uniquely into a subh= P + N, whereP is a numerically effectivé)-divisor and

N =" a;D; is an effectiveQ-divisor such that the Gram matrixD; - D;) is negative definite. In
terms of the intersection fornk is moreover orthogonal t&y. The spaces of global holomorphic
sections corresponding 6" (kP) and H’ (kD) are then isomorphic, so that the ril§ X, D) =
@B,-0 H*(X,0(kD)) is equivalent toR(X, P) via an isomorphism that respects the natural
decomposition. In order to generalise this result to an arbitrary compact complex manifold, tr
author of the present paper employs Demailly’s theory of regularization of almost pg@sitive
currents to obtain a Zariski-type decomposition of a pseudo-effectivecckads ;g(X ,R). Recall

that in the world of complex manifolds beyondhHKler geometry it is convenient to work with the
cohomology ofd-closed smooth{1, 1)-forms modulodd-exact ones, such that the classes are
easily seen to represent a more general affine space of ¢lbseecurrents. Moreover, wheK is
compact the9d-operator has closed range, so tH%lg(X, C) is finite-dimensional. The author’s
generalisation of the Zariski decomposition is therefore in the spirit of the Siu decomposition fo
closed positive currents. A reél, 1)-current? is said to be “almost positive” if there exists a
smooth rea(1, 1)-form~ such thafl” > ~. Given the definition of the Lelong numberBfat each

x € X, one defines (7, D) to be the infimum of the Lelong numbers over all points of a given
prime divisorD, and arrives at the Siu decompositionlofaiccordingly. A cohomology class,

as above, is said to be “pseudoeffective” iff it contains a positive current. It is “nef” iff for each
e > 0, a contains a smooth form. > —cw, wherew denotes the Hermitian form associated with
a Gauduchon metric oX . It is “big” iff it contains a Kahler current, i.e., a clos€d, 1)-current

T such thatl' > —cw for sufficiently smalle. Let «[~] denote the set of closed almost positive
currents such that’ > ~ for a smooth rea(l, 1)-form . It follows that any family of elements

of a[y] has an infimum with respect to a given preorder relation. In partictijgs,, will denote

the infimum withina[v] itself. The author introduces the notion of “minimal multiplicity” for a
pseudoeffective classas

V(Oé, 513) = Sup V(Tmin,—swa SU),
e>0
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and hence/(«, D) as the infimum of this multiplicity along a given prime divisbx. « is then
nef iff v(«, ) vanishes everywhere, while the “non-nef locus” corresponds to the set of point:
of X where the multiplicity is positive. The main result of the paper is to derive a decompositior
of the forma = N + Z, whereN = > v(«, D)D is the summation over all prime divisors of
X, and Z is a real pseudoeffectivél, 1)-class. The author proves that there are only finitely
many prime divisord) for which v(a, D) > 0 (the non-nef locus of), while the non-nef locus
of Z, though not empty in general, contains no prime divisors (hence it is said to belong to th
“modified nef-cone” of the lMron-Severi space). This decomposition is naturally induced by the
Siu decomposition of a closed positive current with the minimality condition above insaeen
itis big. WhenX is a surface, the distinction between modified-nef and nef classes disappears, a
when X is moreover projective one recovers the original Zariski decompositiandgfthe class
of an effectiveQ-divisor D. Extensions of the surface theory to compact hypahl&r manifolds
are also explored via the Beauville-Bogomolov formidh! (X, R).

Reviewed byAdam Gregory Harris
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Brunella, Marco (F-DJON-IM)

On the regularity of the leafwise Poincae metric. (English summary)
Bull. Sci. Math.128(2004),no. 3,189-195.

This article is the continuation of the author’s previous work [Invent. MEB2(2003), no. 1, 119—
148; MR1965362 (2003m:3202B)Let X, F and(2 be as in the review of the above-mentioned
article. Moreover, assume that the singularitiesFoaire reduced in Seidenberg’s sense (one
can obtain this after a finite number of blow-upsXr). On one hand, according to [Y. T. Siu,
Invent. Math.27 (1974), 53-156]MR0352516 (50 #5003)we have() = Q,, + Q., Where
Q. Is a finite sum of integration currents over algebraic cycles @pdis a closed positive
current with vanishing Lelong number outside a finite setXafOn the other hand, we have
Lebesgue’s decompositidn = Qs + 2, Of 2 into singular and absolutely continuous parts
[see, for instance, J.-P. Demailly, J. Differential Ge@7(1993), no. 2, 323-374yIR1205448
(94d:14007) In general for a closed positive current we hdyg, < (),, and the main result
of this article is the equality2,, = (.. According to [M. McQuillan, inEuropean Congress
of Mathematics, Vol. Il (Barcelona, 2000 7-53, Progr. Math., 202, Bir@user, Basel, 2001,
MR1905350 (2003j:14048)for a foliation I of general type, i.ekod(F) = 2, we haveld,, =0
and so in this cas® is absolutely continuous. The local analysigbis used in the proof of the
main result.

Reviewed byHossein Movasati
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opovici, Dan[Popovici, Dar?] (F-GREN-IF)
stimation effective de la perte de positivié dans la iegularisation des courants. (French.

English, French summaries) [Effective estimate of positivity loss in current regularizations]
C. R. Math. Acad. Sci. Pari338(2004),no. 1,59-64.

Summary: “Let(X,w) be a compact complex Hermitian manifold, and1et ~ be ad-closed
(1,1) almost positive current oiX. A variant of Demailly’s regularization-of-currents theorem
states thaf is the weak limit of a sequence ¢f, 1)-currentsT;,, with analytic singularities of
coefficientl /m, lying in the same cohomology class‘Bswhose Lelong numbers converge to
those of7", and with a loss of positivity decaying to zero. We prove that if thel )-form ~ is
assumed to be closed a6d®, the regularizing currents,, can be chosen such tHAt, > v — %
for a constanC' > 0 independent ofn.”
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On the definition of the Monge-Ampere operator in C2. (English summary)
Math. Ann.328(2004),no. 3,415-423.

Letw be plurisubharmonic (psh) on an open suldsiet C; we writeu € PSH(Q). If u € C?(9),
the complex Monge-Amgre operatof(dd®(-))" applied tou,
2
(ddu)™ = dd°u A - A ddu = 4V N1 det [0
02,07},
is a nonnegative function of? times the volume formi\ on CV. If v is locally bounded, or,
more generally, if the set of points whetieis not locally bounded is relatively compact §h
then(dd“u)" is well-defined [E. Bedford and B. A. Taylor, Invent. MaB¥ (1976), no. 1, 1-44;
MR0445006 (56 #3351 )Acta Math.149(1982), no. 1-2, 1-40yIR0674165 (84d:32024).-P.
Demailly, in Complex analysis and geomety15—-193, Plenum, New York, 1998tR1211880
(94k:32009) as a positive Radon measure and has the desirable property thatitis continuous unc
decreasing sequences; i.e.uif | u, then(ddu;) — (dd‘u)" in the weak* topology. Define
D(2) to be the class of psh functiomson 2 such that there exists a positive Radon meagure
on Q with the property that if2’ C Q2 is open andu;} is any sequence of smooth, psh functions
on Q' which decrease te in ', then(dd“u;) — p|o weak#. The main result of this paper,
Theorem 1.1, is that faV = 2,

D(Q) = PSH(Q) N W22 ().

loc

As observed by Bedford and Taylor in [op. cit., 1976], an integration by parts showgtia}?
is well-defined for, € PSH(Q) N W,1%(Q), Q ¢ C2. The author verifies that this class coincides

loc

with D(2), and in the final section of the paper he shows tha&t it a bounded hyperconvex

JdA,
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domain inC? (there exists a negative psh functignin Q with lim. 5o ¢(z) = 0), then the
negative psh functions i (2) = PSH(Q) N Wlif(ﬂ) coincide with the clasg(2) defined by

u.

Cegrell [in Actes des Rencontres d’Analyse Complexe (Poitiers-Futuroscope,, B389,

Atlantique, Poitiers, 2002YIR1944194 (2003]:32047)

In a forthcoming paper, the author gives a characterization of the Dig3swhen(2 is an open

subset ofCY for any N > 2, and he shows that for a negative psh functioim a hyperconvex
domain(, v € £(Q) if and only ifu € D(Q).

1.

2.

3.

10.

11.
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