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0. Introduction and main definitions

The present work is concerned primarily with the existence of logarithmic and orbifold
jet differentials on projective varieties. For the sake of generality, and in view of potential
applications to the case of foliations, we work throughout this paper in the category of
directed varieties, and generalize them by introducing the concept of directed orbifold.

0.1. Definition. Let X be a complex manifold or variety. A directed structure (X,V) on
X is defined to be a subsheaf V-C O(Tx) such that O(Tx)/V is torsion free. A morphism
of directed varieties ¥ : (X,V) — (Y, W) is a holomorphic map ¥ : X — Y such that
dU (V) C ¥*W. We say that (X, V) is non singular if X is non singular and V is locally
free, i.e., is a holomorphic subbundle of T'x .

We refer to the absolute case as being the situation when V' = T, the relative case
when V' = T'x /g for some fibration X — S, and the foliated case when V is integrable, i.e.
[V,V] C V, that is, V is the tangent sheaf to a holomorphic foliation. We now combine
these concepts with orbifold structures in the sense of Campana [Cam04].

0.2. Definition. A directed orbifold is a triple (X,V, D) where (X,V) is a directed variety
and D = > (1 — %)Aj an effective real divisor, where A; is an irreducible hypersurface

and p; € |1,00] an associated “ramification number”. We denote by [D] = Y A, the
corresponding reduced divisor, and by |D| =|JA; its support.

(a) We will say that (X,V, D) is non singular if (X, V) is non singular and D is a simple
normal crossing divisor such that D is transverse to V. If r = rank(V'), we mean by
this that there are at most r components A; meeting at any point x € X, and that for
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any p-tuple (ji,...,Jp) of indices, 1 < p < r, we have dimV, N ﬂ§:1 Ta
any point x € (V]_; Ay,

(b) If (X,V, D) is non singular, the canonical divisor of (X,V, D) is defined to be

=7r—pat

jer®

Kyp=Ky+D

(in additive notation), where Ky = det V*.

(c) The so called logarithmic case corresponds to all multiplicities p; = oo being taken infi-
nite, so that D =Y A; = [D].

In case V' = Ty, we recover the concept of orbifold introduced in [Cam04], except
possibly for the fact that we allow here p; € R, p; > 1 (even though the case p; € N* is
of greater interest). It would certainly be interesting to investigate the case when (X, V| D)
is singular, by allowing singularities in V' and tangencies between V and D, and to study
whether the results discussed in this paper can be extended in some way, e.g. by introducing
suitable multiplier ideal sheaves taking care of singularities, as was done in [Dem15] for the
study of directed varieties (X, V). For the sake of technical simplicity, we will refrain to do
so here, and will therefore leave for future work the study of singular directed orbifolds.

0.3. Definition. Let (X,V, D) be a singular directed orbifold. We say that f : C — X is
an orbifold entire curve if f is a non constant holomorphic map such that :

(a) f is tangent to V' (i.e. f'(t) € Vi) at every point, or equivalently f : (C,Tc) — (X, V)
is a morphism of directed varieties;

(b) f(C) is not identically contained in |D|;

(c) at every point tg € C such that f(ty) € Aj, f meets A; with ramification number > p;,
i.e., if Aj = {z; =0} near f(ty), then zj o f(t) vanishes with multiplicity > p; at to.

In the case of a logarithmic component A; (p; = 00), condition (c) is to be replaced by the
assumption

(c) f(C) does not meet A;.
One can now consider a category of directed orbifolds as follows.

0.4. Definition. Consider directed orbifolds (X,V, D), (Y,W,A) with

1 1
p=%" (1 _ —)Ai, =% (1— —,)A;..
Pi P;
A morphism ¥ : (X, V.D) — (Y,W,D’) is a morphism ¥ : (X,V) — (Y,W) of directed
varieties satisfying the additional following properties (a,b,c).
(a) for every component A, W1 (A%) consists of a union of components A, i € I(j),
eventually after adding a number of extra components A; with p; =1
(b) in case p; < oo, for every i € I(j) and z € A;, the derivatives d*¥(z) of ¥ at 2,
computed in suitable local coordinates on X and Y, vanish for all multi-indices o € N"
with 0 < |a| < p/p; ;
(c) if A is a logarithmic component (pj = oo), then ®~1(A}) = Uierg) Qi where the
(As)icr(y) consist of logarithmic components (p; = 00).
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It is easy to check that the composite of directed orbifold morphisms is actually a directed
orbifold morphism, and that the composition of an orbifold entire curve f : C — (X,V, D)
with a directed orbifold morphism ¥ : (X,V,D) — (Y, W, D’) produces an orbifold entire
curve Wo f: C — (Y,W,D’). One of our main goals is to investigate the following orbifold
generalization of the Green-Griffiths conjecture.

0.5. Conjecture. Let (X,V, D) be a non singular directed orbifold of generated type, in
the sense that the canonical divisor Ky + D is big. Then then exists an algebraic subvariety
Y C X containing all orbifold entire curves f: C — (X, V, D).

As in the absolute case (V = Tx, D = 0), the idea is to show, at least as a first step
towards the conjecture, that orbifold entire curves must satisfy suitable algebraic differential
equations. In section 1, we introduce graded algebras

(0.6) P Ei.mV* (D)

meN

of sheaves of “orbifold jet differentials”. These sheaves correspond to algebraic differential
operators P(f; f', f",..., f¥)) acting on germs of k-jets of curves that are tangent to V'
and satisfy the ramification conditions prescribed by D. The strategy relies on the following
standard vanishing theorem.

0.7. Proposition. Let (X, V, D) be a projective non singular directed orbifold, and A an am-
ple divisor on X. Then, for every orbifold entire curve f : C — (X, V, D) and every global jet
differential operator P € HO(X, Ey, ., V*(D) ® Ox(—A)), we have P(f; f', f",..., f®)) =0.

The next step consists precisely of finding sufficient conditions that ensure the existence of
global sections P € H*(X, Ey ,, V*(D) ® Ox(—A)). Among more general results, we obtain

0.8. Theorem. Let D = 3 (1 — pij)Aj a simple normal crossing orbifold divisor on P™

with deg A; = d;. Then there exist non zero jet differentials of order k and large degree m
on P*"(D), with a small negative twist Opn (—m7), T > 0, under any of the following two
sufficient conditions :

(b)y k=21, N=>=n, pj=2p>1 and fort=max(max(d;/p;),2),

3 de(l—pij)>(2n—1)t<nt—n—1+;dj(1—l/pj)>n

JC{1,...N},|J|=n jeJ

When all components (Aj)i<j<n possess the same degrees d; = d > 1 and ramification
numbers p; = p, we get the following simpler sufficient conditions :

(@) k=>n, N>1, p>n, Nmin(p,d) H (1 — %) > 2¢,, ¢n=o0((nlog2n)"e™"),

s=1

1\"
(b'y k=1, N>=n, p>1, Nmin(p,d) (1—;) > (2n)" 1,
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The proof of Theorem 0.8 depends on a number of ingredients and on rather extensive
curvature calculations. The first point is that the curvature tensor of the orbifold directed
structure V(D) can be controlled in a precise manner. This is detailed in section 6.A.

0.9. Theorem. Assume that X is projective. Given an an ample line bundle A on X,
let vy be the infimum of real numbers v = 0 such that y04 ® Idy — Oy is positive
in the sense of Griffiths, for suitable C*° smooth hermitian metrics on V. Assume that
D =3%,(1—-1/p;)A; is transverse to V., and select d; > 0 such that d;A — A; is nef. Then
for v > qyp := max(max(d;/p;),vw) = 0 and for suitable hermitian metrics on A, V,
Ox(A;), the “orbifold metric”

@) [ulhy, . = lulh, + D glog| 20 [ Vio5(u)lh,, weV, o5 € HY(X,0x(4;))
1N

yields a curvature tensor v © A ®1d—Oy (py such that the associated quadratic form Qv (p)
on Tx ®V satisfies foreny K en_1 < -+ K e1 < 1 the curvature estimate

(b) Qv(pyre(2)(E ®u) =7Oa(E,€)ul* = (Ov(£,€) - u, u)
+ ej o T2 (v04(6,€) — p;t Oa,(£,6)) Vo ()

)Y€

J
gjloy|~2H>/e 2 1 2
+;1 + &5 |oj|72H2/Pi |V 042 [ Vioi(w) = (1= 1/pj) 05" V,05(§)Vj05(w)]".

Here, the symbol >~ means that the ratio of the left and right hand sides can be chosen in
[1—a,1+al for any o > 0 prescribed in advance.

The next argument is the observation that the sheaf Ox(Ek ,,,V*(D)) is the direct im-
age of a certain tautological rank 1 sheaf Ox, v (py)(m) on the “orbifold k-jet bundle”
Xk (V(D)) — X. Choosing hermitian metrics according to Theorem 0.9, one then gets a
hermitian metric on Ox, (v (py)(1) associated with an “orbifold Finsler metric” on the bun-
dle J,V of k-jets of holomorphic curves f : (C,0) — (X,V). In normalized coordinates

(#1,...,2n) on X and on V, the latter can be expressed as
k D r 2b/s 1/b
(0.10) (Zsib(z 720D 1P Y |f§s>|2) ) . FeJV, f0) =z,
s=1 j=1 Jj=p+1

at any point x € X where A; = {z; = 0}, 1 < j < p, r = rankV. An application of
holomorphic Morse inequalities ([Dem8&5], see also sections 2,3,4) then provides asymptotic
estimates of the dimensions of the cohomology groups

(0.11)  HY(X, Ex V(D) © Ox(=A)) =~ HI (X (V(D)), Ox, (v(py) (m) @ 7 0x (= A)).

This is done in several steps. Section 4 expresses the Morse integrals that need to be
computed; section 5 establishes some general estimates of Chern forms related to the
curvature tensor of a given vector bundle, under suitable positivity assumptions; as far as we
know, these estimates (see Proposition 5.13) seem to be new. Sections 6.B and 7 then proceed
with the detailed calculations of the orbifold and logarithmic Morse integrals involved in the
problem. It is remarkable that a large part of the calculations use Chern forms and are non
cohomological, although the final bounds are purely cohomological. At this point, we do
not have a complete explanation of this “transcendental” phenomenon.



1. Logarithmic and orbifold jet differentials

1.A. Directed varieties and associated jet differentials

Let (X,V) be a non singular directed variety. We set n = dim¢ X, r = rankc V, and
following the exposition of [Dem97], we denote by 7 : J*¥V — X the bundle of k-jets of
holomorphic curves tangent to V' at each point. The canonical bundle of V' is defined to be

(1.1) Ky =det(V*) = A"V*™.

If f:(C,0) = X, ¢t~ f(t) is a germ of holomorphic curve tangent to V', we denote by fi5(0)
its k-jet at ¢t = 0. For xy € X given, we take a coordinate system (z1,...,2,) centered at
xo such that V,, = Span(%)lgu@q. Then there exists a neighborhood U of xy such that

Viy admits a holomorphic frame (e,)1<u<r of the form

0
. = E — SHUST,
(1.2) eu(z) oz + a,\“(z)az/\, I1<u<gr

r+1<Asn

with ay,(0) = 0. Germs of curves f : (C,0) — X tangent to V| are obtained by integrating
the system of ordinary differential equations

(1.3) AE) =Y auf®) i), r+1<A<n,
ISpsr
when we write f = (fi,...,fn) in coordinates. Therefore any such germ of curve f is

uniquely determined by its initial point z = f(0) and its projection f = (f1,..., f.) on the
first r coordinates. By definition, every k-jet fi) € J by, = W,Zl(z) is uniquely determined
by its initial point f(0) = z =~ (z1,..., z,) and the Taylor expansion of order k

(1.4) f(t)— f(0) =t& +%t2§2+- ot %tk£k+0(tk+1), teD(0,¢), &, €CT, 1< s < k.

Alternatively, we can pick an arbitrary local holomorphic connection V on V|i; and represent
the k-jet fix)(0) by (&1, ..,&), where & = V5 f(0) € V. is defined inductively by V! f = f/
and V* f = V (Vs f). This gives a local biholomorphic trivialization of J*V|;; of the form

(1.5) TVio = Vgt fw(0) = (L&) = (VF(0), ..., VR0))

the particular choice of the “trivial connection” Vo of V| that turns (e,)i<u<r into a
parallel frame precisely yields the components & € V| ~ C” appearing in (1.4). We could
of course also use a C*° connection V = Vo +1I" where I' € C°(U, T ® Hom(V, V), and in
this case, the corresponding trivialization (1.5) is just a C*° diffeomorphism; the advantage,
though, is that we can always produce such a global C*° connection V by using a partition
of unity on X, and then (1.5) becomes a global C'*° diffeomorphism. Now, there is a global
holomorphic C* action on J*V given at the level of germs by f +— a-f where a- f(t) := f(at),
a € C*. With respect to our trivializations (1.5), this is the weighted C* action defined by

(16> a - (517527 s agk) = (0651,06252, s a@kfk)7 é_s eV.

We see that J¥V — X is an algebraic fiber bundle with typical fiber C™, and that the
projectivized k-jet bundle

(1.7) X, (V) = (JFV ~ {0})/C*, e X (V) = X



6 F. Campana, L. Darondeau, J.-P. Demailly, E. Rousseau, orbifold jet differentials

is a IP’(l[T] ol ,k[”]) weighted projective bundle over X, of total dimension

(1.8) dim X (V) =n+ kr — 1.

1.9. Definition. We define Ox (Ey »,V*) to be the sheaf over X of holomorphic functions

P(z; &1,...,&) on JEV that are weighted polynomials of degree m in (&1,...,6m).

In coordinates and in multi-index notation, we can write

P(z;&,...,&) = Z Qay.op (2) §770 - §"

Oél,...,Oék;ENT
|y |[+2]|az |+ +k|ag|=m

where the aq,.. q, (2) are holomorphic functions in z = (z1,..., 2,) and £ actually means
5?3 - 52?1 cee ;X;,r for gs - (Ss,la cee ags,r) € Crv Qg = (as,la o 7as,r) S er

and |as| = Z;Zl o, j. Such sections can be interpreted as algebraic differential operators
acting on holomorphic curves f : D(0, R) — X tangent to V', by putting P(f) := u where

(1.10) u(t) = > Qoo (F(1) F/(0) 0 fB ().
aqp,...,ap€N"

|aq |[+2|az |+ +k|ag|=m

Here £()(t)*s is actually to be expanded as

FO) = {7 () e f )

with respect to the components f;s) defined in (1.4). We also set u = P(f; f', f",..., f*))
when we want to make more explicit the dependence of the expression in terms of the
derivatives of f. We thus get a sheaf of graded algebras

(1.11) P ox(ErmV).

meN

Locally in coordinates, the algebra is isomorphic to the weighted polynomial ring

(1.12) Ox ;7] 1cicricocns degfy” =
over Ox. An immediate consequence of these definitions is :
1.13. proposition. The projectivized bundle 7y, : X (V) — X can be identified with
(a) Proj < &y oX<Ek,MV*)> — X,
meN

and, if Ox,)(m) denote the associated tautological sheaves, we have the direct image
formula

(b) (76)+Ox, (v)(m) = Ox (EgmV").
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1.14. Remark. These objects where denoted X ,?G and E,S’%V* in our previous paper
[Dem97], as a reference to the work of Green-Griffiths [GGT79], but we will avoid here the
superscript GG to simplify the notation.

Thanks to the Faa di Bruno formula, a change of coordinates w = ¥ (z) on X leads to a
transformation rule

(o )W =o' of- fR 4+ Qu(f,....f* 1

where @ is a polynomial of weighted degree k in the lower order derivatives. This shows
that the transformation rule of the top derivative is linear and, as a consequence, the
partial degree in f(®) of the polynomial P(f; f’,..., f*)) is intrinsically defined. By taking
the corresponding filtration and factorizing the monomials (f(®))®* with polynomials in
ff" o f5 D) we get graded pieces

G*(ExmV*) = @ Er-rm—re,V* @ S4V*.
¢ €N

By considering successively the partial degrees with respect to f), f&=1 7 f" and
merging inductively the resulting filtrations, we get a multi-filtration such that

(1.15) G*(EpmV*) = & ShV*FR SRV Q. @ SV
1. 0L, EN 142004+ Ekl=m

1.B. Logarithmic directed varieties

We now turn ourselves to the logarithmic case. Let (X,V,D) be a non singular
logarithmic variety, where D = )  A; is a simple normal crossing divisor. Fix a point
rg € X. By the assumption that D is transverse to V', we can then select holomorphic
coordinates (z1,..., 2,) centered at xo such that V,,, = Span(aizj)lgj@ and A; = {z; =0},
1 < j < p, are the components of D that contain zy (here p < r and we can have p = 0 if
xo ¢ |D]). What we want is to introduce an algebra of differential operators, defined locally
near xg as the weighted polynomial ring

(116)  Ox[og )2, (Fpri<icr] 1oy deg f” = deglog f;)*) = s,

or equivalently

(1.167) Ox [(fj_lfJ(S))KKP ’ (fJ(S))PJrléjir]lgsgk’ deg f;S) = s, deg fj_1 =0.
For this we notice that

(log f1)" = (fT f)) = fr f = (FT 1)

(log f1)" = i " = 3 MU + 20 D -

A similar argument easily shows that the above graded rings do not depend on the particular
choice of coordinates made, as soon as they satisfy A; = {z; = 0}.

Now (as is well known in the absolute case V' = Tx ), we have a corresponding logarithmic
directed structure V(D) and its dual V*(D). If the coordinates (z1,...,z2,) are chosen so
that V,, = {dz,41 = ... = dz, = 0}, then the fiber V(D),, is spanned by the derivations

0 0 0 0

0z P02z, zpra’ T D2
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The dual sheaf Ox (V*(D)) is the locally free sheaf generated by

dz; dzp
— e, —, dzpg, ..., d2y
Z1 Zp

[where the 1-forms are considered in restriction to Ox (V (D)) C Ox(V)]. It follows from this
that Ox(V (D)) and Ox(V*(D)) are locally free sheaves of rank r. By taking det(V*(D))
and using the above generators, we find

(1.17) det(V*(D)) = det(V*) ® Ox (D) = Ky + D

in additive notation. Quite similarly to 1.13 and 1.15, we have :

1.18. Proposition. Let @, Ox (Er,mV (D)) be the graded algebra defined in coordinates
by (1.16) or (1.16"). We define the logarithmic k-jet bundle to be

(a) X,(V(D)) := Proj ( D OX(EkvmV*<D>)> — X.

meN

If Ox, (v(py)(m) denote the associated tautological sheaves, we get the direct image formula
(b) (71)+ O x(v (D)) (M) = Ox (Ekm V(D).

Moreover, the multi-filtration by the partial degrees in the derivatives f;s) has graded pieces

(c) G*(EymV*(D)) = &y SOVH(D)® SV (D)® - @ S*V*(D).
ly,..., CrEN, b1 4200+ +klp=m

1.C. Orbifold directed varieties

We finally consider a non singular directed orbifold (X, V, D), where D = ) (1 — pij)Aj

is a simple normal crossing divisor transverse to V. Let [D] = >  A; be the corresponding
reduced divisor. By §1.B, we have associated logarithmic sheaves Ox (Ey »,V*([D])). We
want to introduce a graded subalgebra

(1.19) P Ox(EemV (D) C P Ox(EemV*([D]))

meN meN

in such a way that for every germ P € Ox(E,.,»V*(D)) and every germ of orbifold curve
f:(C,0) = (X,V, D) the germ of meromorphic function P(f)(¢) is bounded at t = 0 (hence
holomorphic). Assume that Ay = {z; = 0} and that f has multiplicity ¢ > p; > 1 along A,

at t = 0. Then fl(s) still vanishes at order > (¢ — s)4, thus (fl)_ﬁfls) is bounded as soon
as fq < (q—8)4, ie. B < (1— §)+. Thus, it is sufficient to ask that g < (1 — p—sl)+. At a
point zp € |A1|N...N|A,|, a sufficient condition for a monomial of the form

k r
(1.20) P TGS as = (awy) €N, B, By €N

s=1j=1



to be bounded is to require that the multiplicities of poles satisfy

VAN

p.

k
(1.20') 8 <Yy (1 . i) L 1<
s=1 p] +

1.21. Definition. The subalgebra @,y Ox (Er,mV*(D)) is taken to be the graded ring
generated by monomials (1.20) of degree > slas| = m, satisfying the pole multiplicity
conditions (1.20"). These conditions do not depend on the choice of coordinates, hence
we get a globally and intrinsically defined sheaf of algebras on X.

Proof. We only have to prove the last assertion. Consider a change of variables w = 9(z)
such that A; can still be expressed as A; = {w; = 0}. Then, for j = 1,...,p, we can
write w; = z;ju;(2) with an invertible holomorphic factor u;. We need to check that the
monomials (1.20) computed with g = 1o f are holomorphic combinations of those associated

with f. However, we have g; = fju;(f), hence g = D o<t<s ) f (K)( ()9 by the
Leibniz formula, and we see that

k r
el | B} (RS

s=1j=1
expands as a linear combination of monomials

[

AT A, fomss

s=1j=1m=1

multiplied by holomorphic factors of the form

(e

Lot < TTTT L5
j=1

s=1j=1m=1

However, we have

Qs,j

ey (i-2), <33 (1- )

s=1m=1 pJ

so the f-monomials satisfy again the required multiplicity conditions for the poles fj_ﬁ 7.0

The above conditions (1.20”) suggest to introduce a sequence of “differentiated” orbifold
divisors

(1.22) D@ =3%" (1 - i) A

j Pi/+

We say that D) is the order s orbifold divisor associated to D ; its ramification numbers

are p'®) = max(p; s,1). By definition, the logarithmic components (p; = 0o) of D remain
p] pJ y g p Pg

logarithmic in D), while all others eventually disappear when s is large.
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Now, we introduce (in a purely formal way) a sheaf of rings Ox =0Ox [23] by adjoining
all positive real powers of coordinates z; such that A; = {z; = 0} is locally a component
of D. Locally over X, this can be done by taking the universal cover Y of a punctured
polydisk

D*(0,7):= [] D*0.r;)x ] DO,r;) < DO,r):= J[ DO,r;)

1<i<p p+1<isn 1gjsn
in the local coordinates z; on X. If v : Y — D*(0,r) — X is the covering map and
U C D(0,r) is an open subset, we can then consider the functions of O x (U) as being defined
on v~ H(U ND*(0,r)). In case X is projective, one can even achieve such a construction
“globally”, at least on a Zariski open set, by taking Y to be the universal cover of a
complement X ~ (|D| U |A[), where A = >  A; is a very ample normal crossing divisor
transverse to D, such that Ox (A;)|x 4| is trivial for every j; then Ox is well defined as a
genuine sheaf on X ~ |A].

In this setting, the subalgebra @, Ox (Ek,»V*(D)) still has a multi-filtration induced
by the one on @@, Ox (Ekx,.»V*([D])), and by extending the structure sheaf Ox into Ox,
we get an inclusion
(1.23) Ox(G*Ep.mV*(D)) C 4 Ox(S“V*(DW) @ - @ Ox(SHV(DF)Y),

L1422+ +kly=m

Ox (V*(D®)) is the “s-th orbifold (dual) directed structure”, generated by the order s
differentials

(1.24) O 1<i<p, dPz, pr1<isr,
By construction, we have
(1.25) det(Ox (V*(D®))) = Ox (Ky + D).

1.26. Remark. When p; = a;/b; € Q4, one can find a finite ramified Galois cover
g : Y — X from a smooth projective variety Y onto X, such that the compositions (z;o g)l/ @i
become single-valued functions w; on Y. In this way, the pull-back Oy (g*V*(D())) is
actually a locally free Oy-module. On can also introduce a sheaf of algebras which we
will denote by € Oy (Ek,mV*(D)), generated, according to the notation of §1.B, by the

elements g*(zj(-l_s/pj)+d(3)zj), 1< j<p,and g*(d®z;), p+1 < j <r. Then there is indeed

a multifiltration on Oy(Ek’m‘N/*(D)) whose graded pieces are
(1.27) Oy (G*EynV*(D)) = a Oy (SOV(DWY) @ --- © Oy (S*V*(DP)).
L1428+ +kLy=m
However, we will adopt here an alternative viewpoint that avoids the introduction of finite
or infinite covers, and suits better our approach. Using the general philosophy of [Laz??],
the idea is to consider a “jet orbifold directed structure” X (V (D)) as the underlying “jet
logarithmic directed structure” X (V ([D])), equipped additionally with a submultiplicative
sequence of ideal sheaves d,,,(D) C Ox, (v(p1y)- These are precisely defined as the base loci
ideals of the local sections defined by (1.20) and (1.20"), seen as sections of the logarithmic
tautological sheaves Ox, v (p7))(m). The corresponding analytic viewpoint is to consider
ad hoc singular hermitian metrics on Ox, (v (;p1))(1) whose singularities are asymptotically
described by the limit of the formal m-th root of g,,,(D), see §3.B. It then becomes possible
to deal without trouble with real coefficients p; € |1, 00|, and since we no longer have to
worry about the existence of Galois covers, the projectivity assumption on X can be dropped
as well.
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2. Preliminaries on holomorphic Morse inequalities

2.A. Basic results
We first recall the basic results concerning holomorphic Morse inequalities for smooth
hermitian line bundles, first proved in [Dem85].

2.1. Theorem. Let X be a compact complex manifolds, E — X a holomorphic vector bundle
of rank r, and (L,h) a hermitian line bundle. We denote by O, = £-V3; = —5-09logh
the curvature form of (L, h) and introduce the open subsets of X

X(L,h,q) = {x € X; Op n(x) has signature (n — q,q)},
(*) X(L.h,S) = | X(L,hyq),  ¥S C{0,1,...,n}.

q€eSs

Then, for all ¢ = 0,1,...,n, the dimensions h1(X,E ® L™) of cohomology groups of the
tensor powers E @ L™ satisfy the following “Strong Morse inequalities” as m — +00 :

SM(q) - S~ (X, B L) < r

0<i<q

— (=1)907% ), +o(m™),
e JX(L,h,<q)

with equality x(X, E ® L™) = rZ¢ [, ©F , + o(m™) for the Euler characteristic (q = n).

As a consequence, one gets upper and lower bounds for all cohomology groups, and especially
a very useful criterion for the existence of sections of large multiples of L.

2.2. Corollary. Under the above hypotheses, we have
(a) Upper bound for h? (Weak Morse inequalities) :

h(X,E®L™) < r

n! X(L,h )(_1)q L To(m") .
. 9 ’q

(b) Lower bound for h° :

WX, EQL™) >h0 — it >l n o, —o(m®) .
n. JX(L,h,<1)

Especially L is big as soon as fX(L h<1) O7F ;, > 0 for some hermitian metric h on L.

(¢) Lower bound for h? :

m’I‘L

hY(X,E® L™)>h? —hi~t —pttl > ¢ (-1)907% }, + o(m™) .

X (L g0k}
Proof. (a) is obtained by taking SM(q) + SM(q — 1), (b) is equivalent to —SM(1) and (c) is
equivalent to —(SM(g+1) + SM(q —2)). O

The following simple lemma is the key to derive algebraic Morse inequalities from their
analytic form (cf. [Dem94], Theorem 12.3).
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2.3. Lemma. Let n = a—f3 be a difference of semipositive (1,1)-forms on an n-dimensional
complex manifold X, and let 1, <, be the characteristic function of the open set where 1 is
non degenerate with a number of negative eigenvalues at most equal to q. Then

Dy < Y 0 (Mar g
0<i<q J
in particular

>a" —na"" AR for q =1.

Proof. Without loss of generality, we can assume « > 0 positive definite, so that a can be
taken as the base hermitian metric on X. Let us denote by

MZX=2...2X020
the eigenvalues of § with respect to . The eigenvalues of n = o — 3 are then given by

I- A <. <1=2 <1 =21 <. < 1=y,

hence the open set {\;41 < 1} coincides with the support of 1, <,, except that it may also
contain a part of the degeneration set n” = 0. On the other hand we have

<?) Q"IN B =0l (M) a",

where o7 ()\) is the j-th elementary symmetric function in the A;’s. Thus, to prove the
lemma, we only have to check that

Z (1) o (A) — Dy, <1y (1) H (1=2X;)>0.

0<y<q 1<gsn

This is easily done by induction on n (just split apart the parameter A, and write
al(\) =0l _(\)+ o) ()\) An)- O

2.4. Corollary. Assume that n = Oy, 5, can be expressed as a difference n = ac— 3 of smooth
(1,1)-forms o, B > 0. Then we have

SM(g): Y (=) W(X,E@L™) / J(@)a”‘j A BT+ o(m™),
0<i<q X 0<J<q J
and in particular, for ¢ =1,
RY(X,E®L™) > h° — ' >rm—' a™ —na" LA B+ o(m™).
n! Jx

2.5. Remark. These estimates are consequences of Theorem 2.1 and Lemma 2.3, by taking
the integral over X. The estimate for h® was stated and studied by Trapani [Tra93]. In the
special case @« = Q4 , > 0, f = Opp, > 0 where A, B are ample line bundles, a direct
proof can be obtained by purely algebraic means, via the Riemann-Roch formula. However,
we will later have to use Corollary 2.4 in case a and [ are not closed, a situation in which
no algebraic proof seems to exist.
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2.B. Singular holomorphic Morse inequalities

The case of singular hermitian metrics has been considered in Bonavero’s PhD thesis
[Bon93] and will be important for us. We assume that L is equipped with a singular
hermitian metric h = hooe™¥ with analytic singularities, i.e., ho is a smooth metric, and
on an neighborhood V' 3 z( of an arbitrary point zy € X, the weight ¢ is of the form

(2.6) p(z) =clog > |g;* +u(2)

1<G<N

where g; € Ox (V) and u € C*°(V). We then have O, = a + -09¢ where a = Op ,_ is
a smooth closed (1, 1)-form on X. In this situation, the multiplier ideal sheaves

(2.7) J(h™) =I(kp) = {f € Ox, IV >z, /V 1f(2)]Pe™ ™ FdA(z) < +oo)

play an important role. We define the singularity set of h by Sing(h) = Sing(¢) = ¢~ (—o0)
which, by definition, is an analytic subset of X. The associated ¢-index sets are

(2.8) X(L,h,q) = {z € X ~ Sing(h); O ;(x) has signature (n — ¢,q)}.

We can then state:

2.9. Theorem ([Bon93|). Morse inequalities still hold in the context of singular hermitian
metric with analytic singularities, provided the cohomology groups under consideration are
twisted by the appropriate multiplier ideal sheaves, i.e. replaced by H(X, E ® L™ @ J(h™)).

2.10. Remark. The assumption (2.6) guarantees that the measure Iy sing(n)(©Or,n)" is
locally integrable on X, as is easily seen by using the Hironaka desingularization theorem
and by taking a log resolution p : X — X such that p*(g;) = (7) C OX becomes a principal
ideal associated with a simple normal crossing divisor £ = div(y). Then p*©pr ) = c[E] + 5

where 3 is a smooth closed (1, 1)-form on X, hence
(L g O%0) = 5" = ba= [P
X~ Sing(h) X

It should be observed that the multiplier ideal sheaves J(h™) and the integral | X < Sing(h) OF
only depend on the equivalence class of singularities of A : if we have two metrics with analytic
singularities h; = hooe™ %7, j = 1,2, such that ¢ = ¢ — ¢ is bounded, then, with the above
notation, we have u*©r ;. = c[E] + 8; and 2 = 1 + ﬁ(‘?g@b, therefore f)}f gy = fj(v BT by
Stokes theorem. By using Monge-Ampére operators in the sense of Bedford-Taylor [BT76],
it is in fact enough to assume u € L (X) in (2.6), and ¢ € L*°(X) here. In general,

loc

however, the Morse integrals fX(L b q)(—l)q@ﬁ hyo J=1,2, will differ.
AV ) b

2.C. Morse inequalities and semi-continuity

Let X — S be a proper and flat morphism of reduced complex spaces, and let (X} )iecg
be the fibers. Given a sheaf & over X of locally free Ox-modules of rank r, inducing on
the fibres a family of sheaves (E; — Xi)icg, the following semicontinuity property holds
([CRAS]):
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2.11. Proposition. For every q = 0, the alternate sum
t h( Xy, By) — h N Xy, By) + oo+ (=1)70° (X, Ey)
is upper semicontinuous with respect to the (analytic) Zariski topology on S.

Now, if L — X is an invertible sheaf equipped with a smooth hermitian metric h, and if
(ht) are the fiberwise metrics on the family (L; — Xy)ics, we get

q n
(2.12) N (1)1 (X, By @ LE™) < 1l (—=1)707 , + 5(t)m
i X (Losho,<a) ’
where 0(t) — 0 as t — 0. In fact, the proof of holomorphic Morse inequalities shows that
the inequality holds uniformly on every relatively compact S’ € S, with

I(t) = / -1y, = / (1) Tx (1 L,
X(Lt,ht,<q) X

in the right hand side, and ¢t — I(t) is clearly continuous with respect to the ordinary
topology. In other words, the Morse integral computed on the central fibers provides uniform
upper bounds for cohomology groups of E; ® L¥™ when t is close to 0 in ordinary topology
(and also, as a consequence, for ¢ in a complement S \ [JS,, of at most countably many
analytic strata S,, C .9).

2.13. Remark. Similar results would hold when h is a singular hermitian metric with
analytic singularities on £ — X, under the restriction that the families of multiplier ideal
sheaves (J(h}"))tcs “never jump”.
2.D. Case of filtered bundles

Let E — X be a vector bundle over a variety, equipped with a filtration (or multi-
filtration) FP(E), and let G = @ GP(F) — X be the graded bundle associated to this
filtration.

2.14. Lemma. In the above setting, one has for every g > 0

)IIRI(X, Q).

tch

q
Z(_ 1477 hi (X, E)

J=0 3:0

Proof. One possible argument is to use the well known fact that there is a family of filtered
bundles (E; — X)iec (with the same graded pieces GP(E;) = GP(FE)), such that F; ~ FE
for all t # 0 and Ey ~ G. The result is then an immediate consequence of the semi-
continuity result 2.11. A more direct very elementary argument can be given as follows: by
transitivity of inequalities, it is sufficient to prove the result for simple filtrations; then, by
induction on the length of filtrations, it is sufficient to prove the result for exact sequences
0— S — E — Q — 0 of vector bundles on X. Consider the associated (truncated) long
exact sequence in cohomology:

0— H(S) —» HYE) —» H(Q) % - -

Sq_1

' H(S) - HY(E) — HY(Q) 2

— Im(d,) — 0.
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By the rank theorem of linear algebra,

q
0 < rank(§ 1Y (~1)/(h(X,Q) — W (X, E) + W (X, 5)).
7=0
The result follows, since here b7 (X,G) = b/ (X, Q) + W (X, S). O

2.E. Rees deformation construction (after Cadorel)

In this short paragraph, we outline a nice algebraic interpretation by Benoit Cadorel
of certain semi-continuity arguments for cohomology group dimensions that underline the
analytic approach of [Demll, Lemma 2.12 and Prop. 2.13] and [Dem12, Prop. 9.28] (we
will anyway explain again its essential points in §3, since we have to deal here with a more
general situation). Recall after [Cadl7, Prop. 4.2, Prop. 4.5], that the Rees deformation
construction allows one to construct natural deformations of Green-Griffiths jets spaces to
weighted projectivized bundles.

Let (X,V, D) be a non singular directed orbifold, and let g : Y — (X, D) be an adapted
Galois cover, as briefly described in remark 1.26, see also [CDR18, §2.1] for more details.

We then get a Green-Griffiths jet bundle of graded algebras Ej ¢ V*(D) — Y which admits
a multifiltration of associated graded algebra

GEVD) =P D sV e eshVp®).
MEN 1 +205+---+klp=m

where the tilde means taking pull-backs by g*. Applying the Proj functor, one gets a
weighted projective bundle:

Pei, s (V(DD)) @+ @ V*(DM) ) = Proj (G*Br V(D)) * Y,

Then, following mutadis mutandus the arguments of Cadorel, one constructs a family
Y % Y, — C parametrized by C, with a canonical line bundle Oy, (1) such that:

o the central fiber Yi o is Py ... 1) (?*(D(l)» - @?*(D(k») and the restriction of
Oy, (1) coincide with the canonical line bundle of this weighted projective bundle. Hence
(1)« Oy,, o (M) = G* Eg V(D).

 the other fibers Y, are isomorphic to the singular quotient J*(Y, V,D) /C* for the
natural C*-action by homotheties, where J*(Y,V,D) is the affine algebraic bundle
associated with the sheaf of algebras, and (7).« 0Oy, ,(m) ~ Ex m V(D).

Applying the semicontinuity result of [Dem95], and working with holomorphic inequalities,
we obtain a control about dimensions of cohomology spaces of Ej ., V*(D) in terms of

dimensions of cohomology spaces of the a priori simpler graded pieces G’Ek,mff*<D>. This
reduces the study of higher order jet differentials to sections of the tautological sheaves
on the weighted projective space associated with a direct sum combination of symmetric
differentials. In particular, we have

2.15. Lemma. For every g € N

q q
> (1) TR, By V(D)) 2 Y (1)1 (Y, G* By V(D).

j=0 7=0
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Especially, for q =1, we get

WY, B V(D)) = BO(Y, Eg V(D)) — KX (Y, Ejn V(D))
> hO(Y, G*Ey, ) V*(D)) — b (Y, G* Ey,. V*(D)).

3. Construction of jet metrics and orbifold jet metrics

3.A. Jet metrics and curvature tensor of jet bundles

Let (X,V) be a non singular directed variety and h a hermitian metric on V. We
assume that h is smooth at this point (but will later relax a little bit this assumption and
allow certain singularities). Near any given point zy € X, we can choose local coordinates
z = (z1,...,2,) centered at zy and a local holomorphic coordinate frame (ex(z))1<a<r of V'
on an open set U 3 zp, such that

(3.1) (ex(2),eu(2))nez) = Oap + Z cijanziZi + O(|2]%)

1<, <n, 1A u<r

for suitable complex coefficients (c;j»,). It is a standard fact that such a normalized
coordinate system always exists, and that the Chern curvature tensor #V%/,h of (V,h)
at zg is given by
i - *
(3.2) Ovn(20) = ~g- Cijapdz; NdZ; ® ey ® e,.
/i7j7A7/‘l’

Therefore, (ﬁ cijau) are the coefficients of —Oy;,. Up to taking the transposed tensor

with respect to A, u, these coefficients are also the components of the curvature tensor
Oy« p+ = =@y, of the dual bundle (V*, h*). By (1.5), the connection V = V, yields a C>°
isomorphism J,V — V®%. Let us fix an integer b € N* that is a multiple of lem(1,2,. .., k),
and positive numbers 1 = g1 > €9 > -+ > ¢ > 0. Following [Dem11], we define a global
weighted Finsler metric on J¥V by putting for any k-jet f € J*V,

1/b
(3.3) e (f) ::< S sfbnvsmni‘zéi) ,

1<s<k

where || |2 is the hermitian metric h of V' evaluated on the fiber V., z = f(0). The
function Wy, 5 . satisfies the fundamental homogeneity property

(3.4) Uppela- f)=lal? U (f)

with respect to the C* action on J*V, in other words, it induces a hermitian metric on the
dual L}, of the tautological Q-line bundle Lj = Ox, (v)(1) over X3 (V). The curvature of Ly,
is given by

(35) Wk@[lk,\p;;’b’s = %8310g ‘Ilh,b,s

Our next goal is to compute precisely the curvature and to apply holomorphic Morse
inequalities to L — X (V) with the above metric. This might look a priori like an



17

untractable problem, since the definition of Wy ;. is a rather complicated one, involving
the hermitian metric in an intricate manner. However, the “miracle” is that the asymptotic
behavior of Wy p, . as €5/es_1 — 0 is in some sense uniquely defined, and “splits” according
to the natural multifiltration on jet differentials (as already hinted in §2.E). This leads to a
computable asymptotic formula, which is moreover simple enough to produce useful results.

3.6. Lemma. Let us consider the global C> bundle isomorphism J*V — V% associated
with an arbitrary global C*° connection V on V. — X, and let us introduce the rescaling
transformation

pv,€(€17£27 oo agk) = (8%51783527 cee 7€£€k) on ﬁbers JkVZ; ze X.

Such a rescaling commutes with the C*-action. Moreover, if p is a multiple of lem(1,2, ... k)
and the ratios e5/es—1 tend to 0 for all s = 2,... k, the rescaled Finsler metric
Uppeo P%,la (&1,...,&k) converges towards the limit
1/b
2b
(3 el
1<s<k

on every compact subset of VEF < {0}, wuniformly in C™ topology, and the limit is
independent of the connection V. The error is measured by a multiplicative factor 1 £
O(maxags<k(€s/es-1)°).

Proof. Let us pick another C°° connection V = V + I’ where I' € C*(U, T% @ Hom(V, V).
Then V2f = V2f +T(f)(f') - f, and inductively we get

Vef=Vof+P(f; Vf,...,VLf)

where P(z;&1,...,&—1) is a polynomial with C'> coefficients in z € U, which is of
weighted homogeneous degree s in (§1,...,£s-1). In other words, the corresponding
isomorphisms J EV ~ VO correspond to each other by a C*-homogeneous transformation

(€1, 8k) = (51,---,&) such that

§s :§S+P5(Z§ 51w-~7£s—1)~

Let us introduce the corresponding rescaled components

(e €he) = (1€ 0of8), (Creroi€ie) = (G180 ofE)
Then N
68,6 = 55,5 + 5? Ps(ac ; 51_161,57 . 755_—(51_1)55—175)
= &oe + O(es/2a1)” O€nell + -+ lEs-rc |/ 7)°

and it is easily seen, as a simple consequence of the mean value inequality |||z||7 — [|y||7] <
& |12b/s _ ||€ss 2b/s is

Y SUDP¢[g,y] |27~z — y||, that the “error term” in the difference ||&; .

bounded by

s s— s\ 2b
(es/es=1)" (rell + -+ 1€omr eIV ™D + 1 1V*) ™

When b/s is an integer, similar bounds hold for all derivatives nyg(Hg&E

2b/s __ ||§s,5 2b/s)

and the lemma follows. O
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Now, we fix a point 2y € X, a local holomorphic frame (ex(z))1<a<r satisfying (3.1)
on a neighborhood U of zg, and the holomorphic connection V on V|; such that Vey = 0.
Since the uniform estimates of Lemma 3.6 also apply locally (provided they are applied
on a relatively compact open subset U’ € U), we can use the corresponding holomorphic
trivialization J kV|U o~ V|EB ~ U x (C")®* to make our calculations. We do this in terms of

the rescaled components & = e£V* f(0). Then, uniformly on compact subsets of J*V|;; {0},
we have

1/b
Uppeo pg’lg(z; 1y, &) = < Z HgstL’ZQ‘;) + O(rlrla,x((ess/gs_1)1/b)7

1<s<k

and the error term remains of the same magnitude when we take any derivative DZ’B ¢ By

(3.1) we find
leslhey = D 1ol + > cijan 2iZs Es0Ea u + OUPPIE1).
A Ty J s\, b

The question is thus reduced to evaluating the curvature of the weighted Finsler metric on
VO defined by

1/b
veibna) = (3 ||§s||i‘z£§>

1<s<k

_ o \b/s\ 1/t
(Z Z cij)\uzizjgs,/\fs,u> ) +O(]2]?).

1<s<k 1,9\, 1L

We set [€5]2 = Y, [€s, 0% A straightforward calculation yields the Taylor expansion

log\Il(z; &1, &)
. S e §sa8s.
log Z ‘éS‘Zb/ + Z Z |£t|2b/t Z CZJ)\IJZZZJ ’2 |2M +O(’ | )

1<s<k 1<s<k 0, A\,

By (3.5), the curvature form of L, = Ox,(v)(1) is given at the central point zy by the
formula

. 1 5 2b/s
(37) Orowy, (o) 2won©) + o 30 Ll S gy, ke

gs )\53 b —
7 2 s TP B
1<s<k t 1,35

€512

where [€] = [€1,...,&] € Pl 20kl and wrkb(§) = i@g(%logzlgsgk €6 [20/9).
The fibers P(1[7, 201 k")) of X, (V) — X can be represented as a quotient of the
“weighted ellipsoid” lezl €4?/% = 1 by the S'-action induced by the weighted C*-action.
This suggests to make use of polar coordinates and to set

(38) Ts = |£S|2b/s, T = (mlv v 73716) € Rk;
£s

(3.8") Us = X

eSTlcC, u=(u,...,u) € (SN,
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so that

k
(3.8") sz =1 and & = xi/%us.

s=1

The Morse integrals will then have to be computed for (z,u) € A" x (S =1 where
A*~1 C R¥ is the (k — 1)-dimensional simplex.

3.9. Proposition. With respect to the rescaled components & = €5V f(0) at z = f(0) € X
and the above choice of coordinates (3.8"), the curvature of the tautological sheaf L =
Ox,(v)(1) admits an approvimate expression

(8) Or,w;, (2 [6) = wris(€) + gu(2, 2, u) + (error terms),

where (z,u) € AF71 x (ST—1)k ¢, = 23/, € CT,

0) wanl) = 2-00(3 ¥ I6P)

1<s<k

is a Fubini-Study type Kdihler metric on P(l[r], ol .., k:m), associated with the canonical
C* action on J*V of weight a = (11,207 kI, and

i x _
(c) gv,k(zyﬂﬂ»u)Z% Z f Z Cigap(2) Us \Us,y, d2i N dZ;.

1<s<k 60 A1

Here (ﬁ Cijap) are the coefficients of —Ov.y, and the error terms admit an upper bound

(d) (error terms) < O(zrgaéck(ss/&:s,l)‘g) uniformly on the compact variety X (V).
\s\

Proof. The error terms on O, come from the differentiation of the error terms on the
Finsler metric, found in Lemma 3.6. They can indeed be differentiated if b is a multiple of
lem(1,2,...,k), since 2b/s is then an even integer. O

For the calculation of Morse integrals, it is useful to find the expression of the volume form
wf;Tbl on P(1l7 201 kM) = (AR« (S27=1)%)/S! in terms of the coordinates (x,u).
We refer to [Dem11, Prop. 1.13] for the proof.

3.10. Proposition.

(a) The volume form wff;c’_bl is the quotient of the measure 71 Vg, ® p on AR (S2r 1)k,

where

)r—l

v (@) = (i — 1)1 ELe T

B dri A ... Ndxg_1, dp(u) =dpi(uq) ... dug(ug)

are probability measures on AL and (S2r=1Y* respectively (u being the rotation inva-

riant one).

1
(b) We have the equality /P(l[ o wf;’—bl = (independent of b).
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§3.B. Logarithmic and orbifold jet metrics

Consider now an arbifold directed structure (X,V, D), where V' C Tx is a subbundle,
r=rank(V),and D =) (1— pij)Aj is a normal crossing divisor that is assumed to intersect
V transversally everywhere. One then performs very similar calculations to what we did in
§3.A, but with adapted Finsler metrics. Fix a point zp at which p components A; meet,
and use coordinates (z1, ..., z,) such that V,, is spanned by (%, ce 8;;) and A; is defined
by z; = 0,1 < j < p < r. In the logarithmic case p; = oo, the logarithmic dual bundle
O(V*(D)) is spanned by

ﬁ,...,%, dzpy1,. .., dzy.
Z1 Zp

The logarithmic jet differentials are just polynomials in

d®z1 d*z
P
ey , A2pg1, .., A2y, 1< 5 <K,
21 Zp
and the corresponding (£1,...,eg)-rescaled Finsler metric is

k D r 2b/s 1/b
(3.11) <Z€§b(2|fﬂ‘2|f}s)lz+ 3 If}3)|2) ) .
s=1 j=1

Jj=p+1

Alternatively, we could replace |f;| 72| f;s) 2 by |(log f;)(®)|? which has the same leading term

and differs by a weighted degree s polynomial in the f ].—1 f ]@), ¢ < s; an argument very similar
to the one used in the proof of Lemma 3.6 then shows that the difference is negligible when
€1 > €9 > -+ > gi. However (3.11) is just the case of the model metric, in fact we get
r-tuples & = (&s,j)1<j<r Of components produced by the trivialization of the logarithmic
bundle O(V (D)), such that

(3.12) &,j = fj_lf;s) for1<s<pand & ;= fj(s) forp+1<s<r.

In general, we are led to consider Finsler metrics of the form

) 1/b
b/s
(3.13) (Z%WI&H;Q) e = i<
s=1

where h(z) is a variable hermitian metric on the logarithmic bundle V(D). In the orbifold
case, the appropriate “model” Finsler metric is

k P r 2b/s 1/b
(3.14) (Z€§b<2!fjl‘m‘s/pj”lf}s)F+ > 117F) ) .
s=1 j=1

Jj=p+1

As a consequence of Remark 2.10, we would get a metric with equivalent singularities on
the dual L} of the tautological sheaf Ly = Ox, (v(py)(1) by replacing Z;:Hl ]fj(s)lz with
> ’f;s) 2 (or by any smooth hermitian norm h on V'), since the extra terms P |f](s) |2

are anyway controlled by the “orbifold part” of the summation. Of course, we need to find
a suitable Finsler metric that is globally defined on X. This can be done by taking smooth
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metrics hy,s on V and hj on Ox(A;) respectively, as well as smooth connections V and V.
One can then consider the globally defined metric

1/b

2b/s
(3.15) (Ze%(uv f\|hvé+ZHCfJ IR s/"”+|rv<8><jof>u,%j) )

where D = > (1 — pij)Aj and 0; € H°(X,0x(A;)) are the tautological sections; here, we
want the flexibility of not necessarily taking the same hermitian metrics on V' to evaluate the
various norms ||V f||,... We obtain Finsler metrics with equivalent singularities by just
changing the hy, s and h; (and keeping V, V; unchanged). If we also change the connections,
then an argument very similar to the one used in the proof of Lemma 3.6 shows that the
ratio of the corresponding metrics is 1 £ O(max(es/€s—1)), and therefore arbitrary close to
1 whenever €1 > €9 > --- > €f; in any case, we get metrics with equivalent singularities.
Fix zp € X and use coordinates (z1,..., 2,) as described at the beginning of §3.B, so that
0j(2) = zj, 1 <j < p, in a suitable tr1v1ahzat10n of Ox(Aj). Let f be a k-jet of curve such
that f(0) = z € X ~ |D] is in a sufficiently small neighborhood of zy. By employing the
trivial connections associated with the above coordinates, the derivative f(*) is described by
components

S . le) S or —(1—s j S .
Ei =10, 1<j<r, €8 = prtpd o — prUms/os pO) g i<,

and forb = §1°g =& forp+1<j<r. Here §°rb are to be thought of as the components of

£) in the “virtual” vector bundle V(D(S)>, and the fact that the argument of these complex
numbers is not uniquely defined is irrelevant, because the only thing we need to compute
the norms is |£0rb Accordingly, for v € V., v &~ (v;)1<j<r € C", we put

1 —1 - —(1=s/p; ;
v =z =0(2)"'Vo5(v) and o) =z ( S/pj)’LUj, I<y<p,

and define the orbifold hermitian norm on V(D)) associated with hy , and h; by

or ——2 1—s j
(3.16) [vr®]f-2 = ||v||hvg+2||ag 20|19 505(0)]2,
7j=1
p
2(1—(1—s/p; lo
(3.16/) = ||v||iV,S+Z||aj<z>||h§ (A=s/pi) )y los 2
(3.16") = HU”hVS +Z:||Uorb|’21 (1=s/pj)y -
7j=1

With this notation, the orbifold Finsler metric (3.15) on k-jets is reduced to an expression

k 1/b
2 2b
(3.17) Hgmbuq,h,b,gz(Zszbusgfbuz/ﬁ P = (P hgyers € = (€ 1cosk
s=1 °

formally identical to what we had in the compact or logarithmic cases. If v is a local
holomorphic section of O x (V'), formula (3.16) shows that the norm ||v°™ || can take infinite

values when z € |D|, while, by (3.16’), the norm is always bounded (but slightly degenerate
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along |D|) if v is a section of the logarithmic sheaf Ox (V([D])); we think intuitively of the
orbifold total space V(D(®)) as the subspace of V in which the tubular neighborhoods of the
zero section are defined by ||v°rb||7; < e fore > 0.

3.18. Remark. When p; € Q, we can take an adapted Galois cover g : Y — X such that
(zj 0 g)t~(1=3/Pi)+ is univalent on Y for all components A; involved, and we then get a well

defined locally free sheaf Oy (¢*V (D)) such that

9" (Ox(V([D]))) € Oy (g"V(D™))) C g* (0x(V)).

However, as already stressed in Remark 1.26, this viewpoint is not needed in our analytic
approach.

3.C. Orbifold tautological sheaves and their curvature

In this context, we define the orbifold tautological sheaves

(3.19) Ox,(v(py)(m) := Ox, (v(rp1y)(m) @ I(V)™)

to be the logarithmic tautological sheaves Ox, (v (rp1y)(m) twisted by the multiplier ideal
sheaves associated with the dual metric ¥y , _ (cf. (3.17)), when these are viewed as singular
hermitian metrics over the logarithmic k-jet bundle X (V{[D])). In accordance with this
viewpoint, we simply define the orbifold k-jet bundle to be X (V (D)) = Xi(V([D])). The
calculation of the curvature tensor is formally the same as in the case D = 0, and we obtain :

3.20. Proposition. With respect to the (rescaled) orbifold k-jet components
Eon = eSfy UV ED0), 1<y, and Ea=e3f0(0), pr1<AST

and of the dual metric U}, | _, the curvature form of the tautological sheaf Ly, = Ox,v(py(1)
admits at any point (z,[€]) € Xx(V(D)) an approzimate expression

(@) Or,up, (2[€]) = wrkp(€) + gv,pk(z,2,u),

2b/8 R 55
7%, us = 12

inC", &= (x1,...,x) € AL (€] = [¢1,...,&]) e Pl 20 k7)) and

where x5 = & € S?"~1 are polar coordinates associated with & = (£s5.3)1<r<k

i T _ _
(b) gV,D,k(z7 €, u) = % Z ?S Z CE;;\M(Z) Us A\Us,p de A de~
1<s<k Ty J oA,

) are the coefficients of the curvature tensor —© and the error terms

i (s
Here (- ¢; he V(D@ 7
are O(maxogs<k(€s/€s—1)°), uniformly on the projectivized orbifold variety Xy (V (D)).

Notice, as is clear from the expressions (3.16"), (3.17) and the fact that v; = zjv;)rb, that our
orbifold Finsler metrics always have fiberwise positive curvature, equal to wy ,(§), along
the fibers of Xy (V(D)) — X (even after taking into account the so-called error terms,
because fiberwise, the functions under consideration are just sums of even powers |§~grb|2b/ s
in suitable k-jet components, and are therefore plurisubharmonic.)
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4. Existence theorems for jet differentials

4.A. Expression of the Morse integral

Thanks to the uniform approximation provided by proposition 3.20, we can (and will)
neglect the O(es/e5—1) error terms in our calculations. Since w, i is positive definite on
the fibers of X;(V (D)) — X (at least outside of the axes { = 0), the index of the (1,1)

curvature form Op, vy, (z,[€]) is equal to the index of the (1,1)-form gv p x(z,x,u). By

the binomial formula, the g-index integral of (L, ¥}, , _) on X;(V(D)) is therefore equal to

/ n+kr—1
Ly ,U*
Xk<v<D>><Lk,q> e
(n+kr—1)! _
(4'1> = n| kr — 1 / X/f P(11" ki) fk,b1(€> A HQV,D,ImQ(Z?x?u) gV,D,k('%z?u)n
zE S T [r

where 1y, . 4(z,2,u) is the characteristic function of the open set of points where
9v,p,k(z, z,u) has signature (n—gq, ¢) in terms of the dz;’s. Notice that since gy, p i (z, z, u)"
is a determinant, the product 1y, ., (2,2,u)gv,pr(z,2,u)" gives rise to a continuous
function on X;(V(D)). By Formula 3.10 (b), we get

/ n+kr—1 _ (n+k7’l“—1)'
X (VD) Ly Ve LR (ke — 1))

(4.2) / / ﬂQV,D,kyq(Zﬂxyu)gV,D’k(Z,$7u)ndljk7r(x) d'u(u)_
2€X J(zu)e AR~ x (S2r—1)k

4.B. Probabilistic estimate of cohomology groups

We assume here that we are either in the “compact” case (D = 0), or in the logarithmic
case (p; = 00). Then the curvature coefficients cgjsg\ , = Cijap do not depend on s and
are those of the dual bundle V* (resp. V*(D)). In this situation, formula 3.20 (b) for
9v.p.k(2,z,u) can be thought of as a “Monte Carlo” evaluation of the curvature tensor,
obtained by averaging the curvature at random points uy; € S?"~! with certain positive
weights 5/s; we then think of the k-jet f as some sort of random variable such that the
derivatives V¥ f(0) (resp. logarithmic derivatives) are uniformly distributed in all directions.
Let us compute the expected value of (x,u) — gv,p r(2,x,u) with respect to the probability
measure dvy ,(x) dp(u). Since

1 1
/ Us \Us, pdp(us) = =0y, and / x5 dvg () = i
§2r—1 T Ak—1

we find the expected value

1 1
E(gV,D,k(Z7.7.)) - E Z g 271_ ZCZJ)\)\ )dzl /\de

1<s<k 7,7,

In other words, we get the normalized trace of the curvature, i.e.

1 1 1
(4.3) E(gv,pk(2,0,0)) = Tr (1 totoot E)G)det(v*(D)),det h* s

where Oget(v+(Dy),det = is the (1,1)-curvature form of det(V* (D)) with the metric induced
by h. It is natural to guess that gv, p (2, z,u) behaves asymptotically as its expected value
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E(gv.p k(%,e,)) when k tends to infinity. If we replace brutally gy, p r by its expected value
in (4.2), we get the integral

(n+kr—1)01 1 1 1 ”/
14— 4ot = n
WV R (o — 1) (m)n( tg et k) L™

where 1 = Oget(v+(D)),det n= and 1, is the characteristic function of its g-index set
in X. The leading constant is equivalent to (logk)™/n!k!" modulo a multiplicative factor
1+ O(1/logk). By working out a more precise analysis of the deviation, the following result
has been proved in [Dem11] in the compact case; the more general logarithmic case can be
treated without any change, so we state the result in this situation by just transposing the
results of [Dem11].

4.4. Probabilistic estimate. Let (X, V, D) be a non singular logarithmic directed variety.
Fiz smooth hermitian metrics w on Tx, h on V(D), and write w = 2= >~ w;jdz; Ndz; on X.
Denote by Oy pyn = —5= 2 Cijaudzi N\ dZ; @ €5 @ e, the curvature tensor of V(D) with
respect to an h-orthonormal frame (ey), and put

i -
1(2) = Odet(v+ (D)) det h* = o Z Nijdzi N dz;, Mij = Z CijAX-

1<i,5<n 1ALy

Finally consider the k-jet line bundle Ly, = Ox, (v (py)(1) = Xi(V(D)) equipped with the
induced metric Wy, , _ (as defined above, with 1 = &1 > &2 > ... > g > 0). When k

tends to infinity, the integral of the top power of the curvature of Ly on its q-index set
Xi(V(D))(Ly, q) is given by

n+kr—1 __ (logk)n n —1
/><—k(v<D>)<Lk,q)@L’“’WZ”’*€_ arit \Jy twa” F O R) )

for allq=0,1,...,n, and the error term O((logk)™!) can be bounded explicitly in terms of
Ov(py, n and w. Moreover, the left hand side is identically zero for q > n.

The final statement follows from the observation that the curvature of L, is positive
along the fibers of X, (V (D)) — X, by the plurisubharmonicity of the weight (this is true
even when the error terms are taken into account, since they depend only on the base);
therefore the g-index sets are empty for ¢ > n. It will be useful to extend the above
estimates to the case of sections of

1 1 1
4. Lpy = Demo(-—(1+ 5+ +7)F)
(4.5) F.k OXk(V(D>)( ) @m0 kr + 9 + + L
where F' € Picg(X) is an arbitrary Q-line bundle on X and 7, : Xi(V(D)) — X
is the natural projection. We assume here that F' is also equipped with a smooth
hermitian metric hr. In formulas (4.2-4.4), the curvature ©p,, of Lpy takes the form

@LF,k = wr1p(&) + gv,p,Fk(2, 2, u) where

1 1

(4-6) gV,D,F,k;(ZwTa U) = gV,D,k(sza U) - 7 (1 + B + -+ E)@F,hp(z)7

and by the same calculations its normalized expected value is

1
47 Z) = E Z,.,. :® e * et h* \ %2 _6 Z).
( ) 77F( ) %(1—1—%-}—"'-}—%) (gV,D,F,k( )) det V*(D),det h ( ) F,hF( )
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Then the variance estimate for gy p g is the same as the variance estimate for gv p,
and the recentered LP bounds are still valid, since our forms are just shifted by adding
the constant smooth term O, (z). The probabilistic estimate 4.4 is therefore still true in
exactly the same form for L, provided we use gv,p r i and nr instead of gy p  and 1. An
application of holomorphic Morse inequalities gives the desired cohomology estimates for

P (X, By V(D) @ O( ~ %(14— % +ot %)F))

= WX (V(D)), Ox, v (o) (m) @ 770 - g(l + % L %)F»

provided m is sufficiently divisible to give a multiple of F' which is a Z-line bundle.

4.8. Theorem. Let (X,V (D)) be a non singular logarithmic directed variety, F — X
a Q-line bundle, (V(D),h) and (F,hr) smooth hermitian structure on V(D) and F
respectively. We define

Lp = OX,Q(WD))(I) ®7TZO<— i(l + % +---+ %)F),

NF = Odet v+ (D), det h* — OFhp = Odet v+ (D)@ F—1 det h* -

Then for all ¢ = 0 and all m > k > 1 such that m is sufficiently divisible, we have

" mn+kr71 log k)" an B
(a) hU(XR(V(D)), O(LER)) < RN (n!gk!Z (/X(W,@(_l) e + O((log k) 1)),

. mn+kr71 (log k)n " 3
) ORVD, O > s S (k- 0les ),

mn+kr—1 (log k)n
(n+kr—1)! nlkl”

(c)  x(Xk(V(D)),0(LE})) = (1 (V(D) @ F)" + O((log k) ™)).

Green and Griffiths [GrGr80] already checked the Riemann-Roch calculation (4.8¢) in
the special case D = 0, V = T% and F' = Ox. Their proof is much simpler since it relies
only on Chern class calculations, but it cannot provide any information on the individual
cohomology groups, except in very special cases where vanishing theorems can be applied;
in fact in dimension 2, the Euler characteristic satisfies y = h® — h' + h% < h® + h?, hence
it is enough to get the vanishing of the top cohomology group H? to infer h® > x; this
works for surfaces by means of a well-known vanishing theorem of Bogomolov which implies
in general

H"<X,Ek,mT;;®o(—%(1+%+---+%)F>)) — 0

as soon as Kx ® F~!is big and m > 1.

In fact, thanks to Bonavero’s singular holomorphic Morse inequalities (Theorem 2.9, cf.
[Bon93]), everything works almost unchanged in the case where the metric » on V is taken to
a product h = ho.e? of a smooth metric ho, by the exponential of a quasi-plurisubarmonic
weight ¢ with analytic singularities (so that det(h*) = det(h} )e~"%). Then n is a (1,1)-
current with logarithmic poles, and we just have to twist our cohomology groups by the
appropriate multiplier ideal sheaves Jj, ., associated with the weight £ (1+ 3+ -+ £)m ¢,

since this is the multiple of det V* that occurs in the calculation, up to the factor % X T.
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The corresponding Morse integrals need only be evaluated in the complement of the poles,
ie., on X(n,q) S where S = Sing(p). Since

(1) (O(LET) @ Jym) C BV @ o( - %(1 + % TR %)F))

we still get a lower bound for the H? of the latter sheaf (or for the H® of the un-twisted
line bundle O(LY™) on X;(V)). If we assume that Ky ® F~1 is big, these considerations
also allow us to obtain a strong estimate in terms of the volume, by using an approximate
Zariski decomposition on a suitable blow-up of X.

4.9. Corollary. If F is an arbitrary Q-line bundle over X, one has

Bo (Xk(V),(‘)Xk(V)(m) ®7r;';o< _ %(1 + % Foet %)F))

- mn+kr—1 (log k)n
T (n+kr—=1)! nlEIr

(Vol(KV ® F~1) — O((log k)_1)> — o(mmthr=1y,

when m > k > 1, in particular there are many sections of the k-jet differentials of degree
m twisted by the appropriate power of F if Ky @ F~! is big.

Proof. The volume is computed here as usual, i.e. after performing a suitable modification
i X — X which converts Ky into an invertible sheaf. There is of course nothing to
prove if Ky ® F~1 is not big, so we can assume Vol(Ky ® F~1) > 0. Let us fix smooth
hermitian metrics hg on Tx and hp on F. They induce a metric p*(dethy' ® hz') on
p*(Ky @ F~1) which, by our definition of Ky, is a smooth metric. By the result of Fujita
[Fuj94] on approximate Zariski decomposition, for every § > 0, one can find a modification
s+ X5 — X dominating p such that

pi(Ky @ F71) = O)?S(A +E)
where A and E are Q-divisors, A ample and E effective, with
Vol(A) = A™ > Vol(Ky @ F~1) — 4.

If we take a smooth metric hy with positive definite curvature form ©4,, then we get
a singular hermitian metric hahg on pj(Ky ® F) with poles along E, i.e. the quotient
hahg/u*(dethy' ® hp) is of the form e™% where ¢ is quasi-psh with log poles log |op|?
(mod C*°(Xj)) precisely given by the divisor £. We then only need to take the singular

metric h on T'x defined by
h— hoe%(ua)*w

(the choice of the factor % is there to correct adequately the metric on detV). By
construction h induces an admissible metric on V' and the resulting curvature current
ng = @Kv,det h* — @F,hp is such that

wsne =4 n, + [E], [E] = current of integration on E.

Then the 0-index Morse integral in the complement of the poles is given by

/ n?,:/N ZhA:AnZVOl(KV(XJF_l)—d
X(n,0)\8 Xs ’
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and Corollary 4.9 follows from the fact that J can be taken arbitrary small. O

4.10. Remark. Since the probability estimate requires k£ to be very large, and since all non
logarithmic components disappear from D(*) when s is large, the above lower bound does
not work in the general orbifold case. In that case, one can only hope to get an interesting
result when k is fixed and not too large. This is what we will do in §6.

5. Positivity concepts for vector bundles and Chern inequalities

5.A. Griffiths, Nakano and strong (semi-)positivity

Let £ — X be a holomorphic vector bundle equipped with a hermitian metric. Then F
possesses a uniquely defined Chern connection Vj, compatible with A and such that V?L’l = 0.
The curvature tensor of (E, h) is defined to be

(5.1) Opp = % 100V2 € C°(X, A" T} ® Hom(E, E)).

One can then associate bijectively to O j, a hermitian form 6 g.non TX ® E, such that

(5.2) Orn(E®u,E@u) = (Opn(& &) u,u)n.

and can be written _
O, = x Z CijAMdzi/\dEj ®€§\®€u
T 27w 4
’L’J’A7/’L
Let (#1,...,2n) be a holomorphic coordinate system and (eyx)i1<igr & smooth frame of E.
If (ey) is chosen to be orthonormal, then we can write

1 - %
(53) @E,h = % Z cijwdzi/\dzj@)e)\@eu,
5,0, 1
~ 1 _ B
(5.3) Opr(l®@u,{®@u) = o ZA: Cijap &i&j UAT,
Z7.]7 hLL

and more generally éE’h(T, T) = % > i Cijap TixT ju for every tensor 7 € Txy ® E. We
now consider three concepts of (semi-)positivity, the first two being very classical.

5.4. Definition. Let 6 be a hermitian form on a tensor product T'® E of complex vector
spaces. We say that

(a) 0 is Griffiths semi-positive if 0(§ @ u,§ @ u) = 0 for every £ € T and every v € E;
(b) 0 is Nakano semi-positive if O(1,7) = 0 for every r € T ® E;

(c) 0 is strongly semi-positive if there exist a finite collection of linear forms «; € T,
Y € E* such that 0 =3, |a; @ ;]?, d.e.

O(r,7)=> la; @) 7], VreT@E.
J

Semi-negativity concepts are introduced in a similar way.
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(d) We say that the hermitian bundle (E,h) is Griffiths semi-positive, resp. Nakano semi-
positive, resp. strongly semi-positive, if Opp(zr) € Herm(Tx, ® E;) satisfies the
corresponding property for every point x € X .

(e) (Strict) Griffiths positivity means that éE,h(§ ®u,E@u) > 0 for every non zero vectors
5 € TX,:E} ve kb,

(f) (Strict) strong positivity means that at every point x € X we can decompose © g, as

Opp = Zj loj @ ;)% where Span(a; ® 1) = Ty, ®E;.

We will denote respectively by >¢, >n, =25 (and >g, >n, >g) the Griffiths, Nakano, strong
(semi-)positivity relations. It is obvious that

0>2s0 = O0>2y0 = 602>240,

and one can show that the reverse implications do not hold when dim7" > 1 and dim £ > 1.
The following result from [Dem80] will be useful.

5.5. Proposition. Let § € Herm(T ® E), where (E,h) is a hermitian vector space. We
define Trg(0) € Herm(T') to be the hermitian form such that

Trp(0)(€,&) = Y 0(E@eri®e)

1AL
where (ex)1<a<r @5 an arbitrary orthonormal basis of E. Then
0>2c0 — 9+T‘I“E(t9)®h>s 0.

As a consequence, if (E,h) is a Griffiths (semi-)positive vector bundle, then the tensor
product (E ® det E, h @ det(h)) is strongly (semi-)positive.

Proof. Since [Dem80] is written in French and perhaps not so easy to find, we repeat here
briefly the arguments. They are based on a Fourier inversion formula for discrete Fourier
transforms.

5.6. Lemma. Let g be an integer > 3, and o, yg, 1 < o, B <1, be complex numbers. Let
X describe the set U, of r-tuples of q-th roots of unity and put

Z0) = > TaXer YO)= D ¥sXs xE€U;.

1<agr 1<BLr
Then for every pair (A, ), 1 <\, u < r, the following identity holds:

{ ZC,\@M Zf A 7A 1

" ), 200U XX, = -
Z H Zlgagrxaya if A= p.

xGU;

In fact, the coefficient of x,%5 in the summation ¢=" erU; z(x) ¥(x) xaX,, is given by

") XaXgXaXus
xeUy
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so it is equal to 1 when the pairs {a, u} and {5, \} coincide, and is equal to 0 otherwise.
The identity stated in Lemma 5.6 follows immediately. O

Now, let (t;)1<j<n be abasis of T', (ex)1<a<r an orthonormal basis of Eand § = 3, §;t; € T,
w = Zj \Wirt; ®ex € T'® E. The coefficients ¢, of 0 with respect to the basis t; ® ey
satisfy the symmetry relation iy, = ckjux, and we have the formulas

O(w,w) = Z CikApWiA Wk, ITg 0(&,¢&) = Z CjkAx\ngky

j7k7A7l’l’ j7k7A

(9 +Trpf ® h)(w, w) = Z CikApWiA Wy + CirANWj Wiy, -
j7k7>\7l”/

For every x € Uj, let us put
:ijOZYOH @(X):ZQJ(X)% ET? €X:ZXA€AEE~
« i by
Lemma 5.6 implies

¢ D O@(X) @8, BO)®E) =0 Y D Ciran @) Dr(X) XaX,,

xXeuy X€UF j.k,Ap

= E: CikApWiA Wy + §: CikAN W Wy
j7k7A¢u j7k7>\7l"l’

The Griffiths positivity assumption g > 0 shows that { — ¢7"0({ ® &, ® €y ) is a

semi-positive hermitian form on 7', hence there are linear forms ¢, ; € T™ such that
O ®e,f®e) =, [0y (§)? for all & € T. Similarly, there are ¢} ; € T* such

that B
chm/\ §i&r = Z |€’A7j(£)|2, foral A=1,....r
gk J

Our final Fourier identity can be rewritten

(0+TTE9®h)(’LU,w): Z CikApWiAWiy + Z CikAW Wiy,

j:kaAvu j,k,)\,/},
=q Z 0(w(x) ® ex, W(x) ® €y) + Z CikAX WA\
x€Ug 3ok, A
:ZZMXJ |2+Z’£>\Jw>\
xeUg j
=Y Yl ext(w !2+Z|€M®eA )|?
x€Ug J
where x* = (o, x) € E*, thus 0 + Trg 6 @ h >¢ 0. O

5.7. Corollary. Let r = dim E and © € Herm(T ® F).
(a) If 0 > 0, then —Trg0@h <g 0 <g rTrgf ® h.
(b) If 0 < 0, then —r Trg(—0)®@h <g 0 <g Trg(—60)® h.
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(¢) If £0 <G T ® h where T € Herm(T') is semi-positive, then

—2r+1)7®h <g 0 <5 2r+1)T®h.

Proof. (a) It is easy to chech that §' = Trg 6 ® h — 0 satisfies 8’ >¢ 0 and that we have
Trg 0 = (r — 1) Trg 0. Lemma 5.6 implies

0 +Trp0 @h=r Trg0 @h —60 >4 0.

(b) follows from (a), after replacing 6 with —.

(c) also follows from Lemma 5.6 by taking 8/ = 7 ® h + 0 (resp. ¢/ = 7 ®@ h — ), since
Trg 0 < r7 and we have e.g.

0<s 0 +Trg0 @h=0+Trg0@h+(r+1)7T0h<s0+ (2r +1)7 ® h. O

5.B. Chern form inequalities

In view of the estimates developed in section 6, we will have to evaluate integrals
involving powers of curvature tensors, and the following basic inequalities will be useful.

5.8. Lemma. Let {; € (C")*, 1 < j < p, be non zero complex linear forms on C", where
(C™)Y* ~ C" is equipped with its standard hermitian form, and let p the rotation invariant
probability measure on S**~' C C". Then

Mot = [ 166 ) dutw
satisfies the followz'ng inequalities :

@) I(tr,...,0,) < -2 'H|1z|2

p+r

and the equality occurs if and only if the {; are proportional;

(b)[(el,...,e)> 'Hye 2,

(p + r—
and the equality occurs if and only if p < r and the {; are pairwise orthogonal.

Proof. Denote by d\ the Lebesgue measure on Euclidean space and by do the area measure
of the sphere. One can easily check that the projection

ST B2 w=(up, ... up) = v = (Up, ..., Up_1),

yields do(u) = df A d\(v) where u, = |u,|e? [just check that the wedge products of both
sides with Sd|u|? are equal to dA(u), and use the fact that df = - (du, /u, — du, /u,)], thus,
in terms of polar coordinates v = tu/, v’ € S?" 71, we have do(u) = df A>3 dt A do’ (u'),
and going back to the invariant probability measures p on S?”~! and y’ on S?" 73, we get
lur|? =1—|v]?> =1 —t? and an equality

—2
(5.9) dp(u) = 5 6 A 23 dt A dy (o).
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If ¢1,...,4, are independent of u,, (5.9) and the Fubini theorem imply by homogeneity

E10) [ 10GOR )R dutn) =~ [ R ) i ),

ptr—1
L 16GOR 16y (P P ) =

/ r—1 2 "2 i
(510) e L AR e (R )

(for instance, in case (5.10’), we have to integrate t?P=2(1 — t2) x t**=3 dt). The formulas
ir—1)! (r—1)!
2p 4 _ AT / 2 |uyl?d = — <
Lo = EE [ e i) = S <,
are then obtained by induction on r and p.

(a) For any ¢ € (C")*, we can find orthonormal coordinates on C” such that ¢(u) = |[¢|u; in
the new coordinates. Hence

2 _ 2 - 9 o pl(r—1)!
/SQM 10(w) [ dys(w) = my, |02 where my., = /S_ ) =

It follows from Holder’s inequality that

p

1/p p
I(ly,....0 H (/827‘1 Ak du(u)) = My H 14512,
j=1

and that the equality occurs if and only if all £; are proportional.

(b) We prove the inequality

I, ) =1 ﬁw 2
Lyovonlp) 22— 4
(119-1-1"—1)!]‘:1

by induction on p, the result being clear for p = 0 or p = 1. If we choose an orthonormal
basis (e1,...,e,) € C" such that £;(e,) # 0 for all j and replace ¢; by (¢;(e,)) ¢, we can
assume £;(e,) = 1. We then write u = v/ + u,e, with v/ € ;- ~ C"~! and

li(u) = E;-(u’) +u., 1<j<p, E; = LjjeL
Let si(¢4(u’)) be the elementary symmetric functions in £ (u’), 1 < j < p, with 5o := 1. We

have

dp(uw).

p
Esk up]’C

k=0

(‘gla"'? / HW +ur‘2d:u /
821" 1 ,_ SQT 1

10

We make a change of variable u, — u, €'’ and take the average over 6 € [0, 2x]. Parseval’s

formula gives
It = | Z\sk () 20D (),
SZr 1
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and since
r—1)(k+r—2)!(p—k)!
(p+r—1)

Y

1
(2r — 2)/ 2R (1 — 2)PR 234 = (
0

formula (5.9) implies

I(ly,...,0, /SQT 32 (r—1) l;i?;—_?)(p—k)' lsk(ﬁl,(u'))fdu'(u').

As [6;]> =1+ |¢;]?, our inequality (5.8 (b)) is equivalent to

(k+r—=2)(p—k)! P
(5.11) /Sm 32 2 s (€L () 1;[ (1+[€5%)

for all linear forms ¢; € (C"~')*. We actually prove (5.11) by induction on p (observing that
the inequality is a trivial equality for p = 0,1). Assume that (5.11) (and hence (5.8 (b)))
is known for any (p — 1)-tuple of linear forms (¢,...,¢, ;). As (5.8 (b)) is invariant under
the action of U(r), it is sufficient to consider the case when /,(u) = u,, i.e. £, = 0. The
induction hypothesis tells us that

(k+r—=2)!(p—1—k)! e
Lém-3§: : T—2) ) bkwi( I] 1+¢F

However, when we add the factor ¢, the elementary symmetric functions sy (¢, (u’)) are left
unchanged for k£ < p— 1, while s, (¢, (u)) = 0 and 1+ |¢/|* = 1. Therefore (5.11) holds true
for p, since (p—k)!' > (p—1—k)! forall k =0,1,...,p — 1. We have proved the inequality
at order p whenever ¢, = (e, e,) and ¢;(e,) # 0 for j < p — 1. Since those ({1,...,4p)
are dense in the space ((C")*)P of p-tuples of linear forms, the proof of the lower bound is
complete.

(b, equality case) We argue by induction on r. For r = 1, We have in fact ¢;(u) = ajus,
aj € C*,and I(¢y,...,4.) =[1¢;]?, thus the coefficient m = ;, is reached if and only
if p < 1. Now, assume r > 2 and the equality case solved for dimension r — 1. By rescaling
and reordering the ¢;, we can always assume that ¢;(e,) # 0 (and hence ¢;(e,) = 1) for
q+1<j<p, while £;(e,) = 0 for 1 < j < ¢ (we can possibly have ¢ = 0 here) Then we
write £;(u) = £ (u )fOI']_<j <qand£( u) = £5(u') +u, for ¢ +1 < j < p. Therefore, if

si(0'(u')) denotes the k-th elementary symmetric function in (¢ (u')g+1<;j<p, We find

p

Mt = [ TLG@E TT 1660+ wl dutw

J=q+1
q pP—q 2
— / TT 1) S s ) ur=*| duu)
§2r=t iy k=0

q
= [ 1Dgonr Z\s (¢ ) fur 2775 dy)
- k+7”—2) (p—q-
:/SMH \Z (ErE— B | () P i (o)

p
p+7~ .HW [T @+

Jj=q+1
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by what we have just proved. In an equivalent way, we get

q
(k+r—2)p—qg—K)!(p+r—
O (u (0 (u d
/H\ Z T A = D ) )

a n
> 1114 II (1+ |¢)]?
j=1

Jj=q+

for all 0 < ¢ < p — 1 and all choices of the forms ¢ € (C™1)*. In general, we can rotate
coordinates in such a way that £,(u) = u, and E;) = 0, and we see that the above inequality
holds when p is replaced by p — 1, as soon as ¢ < p — 2. Then the corresponding coefficients
k=0 for p, p—1 are

P—g!p+r-D! (p-1-9g!(p—1+r—1)
> 5
(p—gq+r—1) (p—1—gq+r—1)
and since sg = 1, we infer that the inequality is strict. The only possibility for the equality
case is ¢ = p — 1, but then

I(ly,.... ¢ (W) ue? d / 0 (u)|*d
(tr..... /§2T11_1| Oy 2 () = p+r—1SQT3H' 2 g (u),

and we see that we must have equality in the case (r — 1,p — 1). By induction, we conclude
that p —1 <7 — 1 and that the £;(u) = £;(u’) are orthogonal for j < p — 1, as desired. [

5.12. Remark. When r = 2, our inequality (5.11) is equivalent to the “elementary”
inequality

p p
(%) LT+ 1ai?) <Dk (0= k) sil,
j=1 k=0

relating a polynomial X? — s;XP~! 4+ ... 4+ (=1)Ps, and its complex roots a; (just con-
sider 0(uv') = ajuy and f;(u) = aju; + upg on C*> to get this). It should be ob-
served that () is not optimal symptotically when p — +o00; in fact, Landau’s inequa-
lity [Land05] gives [[max(1,]a;]) < (3 |sk|?)*/?, from which one can easily derive that
[T(1 + |aj|?) < 2P |sk|?, which improves () as soon as p > 7 (observe that 27 = 128 and
ENT —k)! > 314! = 144). Our discussion of the equality case shows that inequality (5.8 (b))
is never sharp when p > r. It would be interesting, but probably challenging, if not impossi-
ble, to compute the optimal constant for all pairs (r,p), p > r, since this is an optimization
problem involving the distribution of a large number of points in projective space.

We finally state one of the main consequences of these estimates concerning the Chern
curvature form of a hermitian holomorphic vector bundle.

5.13. Proposition. Let T, E be complex vector spaces of respective dimensions dimT = n,
dim E = r. Assume that E is equipped with a hermitian structure h and denote by u the
unitary invariant probability measure pu on the unit sphere bundle S(E) = {u € E;|ul, = 1}
of E.
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(a) If b1,..., by € E* and 0y,...,0p_; =5 0 are strongly semi-positive hermitian tensors in
Herm(T ® E) ~ Ay ' T* @ Herm(F, E) then

/ES(E) 0y ()2 () 2 (00 (u), uh Ao A (B (w), whp dps(u)

( 1' k
P g (H |£j|2> Try, 61 /\.../\Trhep,k,

1)
(p+7r—1)! e
<—p'(r_1) |k| 012 ) Tr, 6 T, 0
pt+r—1) 145 rp by Ao AN Ly Ok,

as pointwise strong inequalities of (p — k,p — k)-forms.

(b) If 0 =2¢ 0 in AR ' T* ®p Herm(E, E) and ¢; € E*, then

2 2 =k 1. (0 p‘ (r—1)! 2 r
[ IO 0 000,07 o) < P (Hre\)Th

as a pointwise weak inequality of (p — k,p — k)-forms.

In particular, the above inequalities apply when (E,h) is a hermitian holomorphic vector
bundle of rank r on a complex n-dimensional manifold X, and one takes 0; = Og ) to be
the curvature tensor of E, so that Try, 6; = c1(E, h) is the first Chern form of (E,h).

Proof. (a) The assumption 6, >g 0 means that at every point z € X we can write 6 as

gq: Z |qu®£qj|2: Z iﬁqj/\qu@EQJ@EZ]’ ﬁquT*, quEE*

1<5<N, 1<G<N,

as an element of AHIQ’IT *@r Herm(E, E), hence

(Og(u) )= D iBaj N By 1lai ().

1< <N,

Without loss of generality, we can assume |{4;|p+ = 1. Then

\ﬁl(u)\2...\€k(u)]2(Hl(u),u>h/\.../\(Hp_k(u),u>h
= 3 B ABup A AByiiy ABpisy e 1L 1P T 1 I,

Jisesdp—k 1<s<sk 1<s<p—k

and since |{4|p+ = 1, Lemma 5.8 (b) implies

/ES(E)|€1(U)|2 e () PO (w), u)n A A (O (), u)p dp(u)
(r—1)!

R rrr— > 1B ABiy A A Bpkiy ABy ks | 1

J1s--dp—k 1<s<k

(r—1)!
:m H ’ej‘2 Trhel/\.../\Trhep,

1<5<k
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where > is in the sense of the strong positivity of (p, p)-forms. The upper bound is obtained
by the same argument, via 5.8 (a).

(b) By the definition of weak positivity of forms, it is enough to show the inequality in
restriction to every (p — k)-dimensional subspace 7' C T. Without loss of generality, we can
assume that dim7" = p — k (and then take 77 = T'), that |¢;| = 1, and also that § >¢ 0
(otherwise take a positive definite form n € Aﬂé’lT*, replace 6 with 6. =0 +en® h, and let
e tend to 0). For any v € S(E), let

0< M) < v < Api(u)

be the eigenvalues of the hermitian form ¢,(e) = (#(u),u) on T with respect to
w="Trp0 = Z(Q(ej), ej) € Herm(7T), w >0,
j=1
(e;) being any orthonormal frame of E. We have to show that
pl(r—1)!

/UGS(E) ()l [0 (u)]* Ar(u) - A () dpa(u) < CETEh

However, the inequality between geometric and arithmetic means implies

1=
M) ) < (2 )
j=1
thus, putting Q(u) = ﬁ(Trw O(u),u), Q € Herm(FE), it is enough to prove that

2 2 p—k pHr =D
(5.14) /DeS(E) [ (w)]” . [l (u)|” Q(u)P ™" dp(u) < ptr_1)

| 2

p
’

Our assumption § >¢ 0 implies Q(u) = >_; ¢, ¢51f;(w)
orthonormal basis (¢ ;)1<;j<r of E*, and

for some ¢; > 0 and some

' 1 1 1
S = Trn Q= —— Try(Tr, 0) = —— Tro(Trp 0) = —— Tro,(w) = 1.
j_lcj hQ p—k h( r ) p—]{' ( h) p_k r (W)

Inequality (5.14) is a consequence of Lemma 5.8 (a), by Newton’s multinomial expansion. (]

5.15. Remark. For p = 1, the inequalities of Proposition 5.13 are identities, and no semi-
positivity assumption is needed in that case. This can be seen directly from the fact that
we have

/ Q) du(u) = - Tr @
u€S(E) r

for every hermitian quadratic form @ on E. However, when p > 2, inequality 5.13 (a) does
not hold under the assumption that F > 0 (or even that E is dual Nakano semi-positive,
i.e. E* Nakano semi-negative). Let us take for instance F = Tpn ® O(—1). It is well known
that F is isomorphic to the tautological quotient vector bundle C**1/O(—1) over P", and
that its curvature tensor form for the Fubini-Study metric is given by

Opn(€ @u,E@u) = |(&u)]* >0

(where v is identified which a tangent vector via the choice of a unit element e € O(—1)).
Then det E = O(1) and thus ¢;(E, h) = wpg > 0, although (O »(u), u)y =0 for all p > 2,
as one can easily check.
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6. On the curvature of orbifold tangent bundles

6.A. Evaluation of the orbifold curvature tensor

The main qualitative result is summarized in the following statement.

6.1. Proposition. Let X be a projective variety, A an ample line bundle, and (X,V, D)
an orbifold directed structure where D = 21<jgN(1 — pij)Aj is a normal crossing divisor
transverse to 'V in X. Let d; be the infimum of numbers A € Ry such that NA — A; is nef,
and vy be the infimum of numbers v > 0 such that y© 4, ®1dy — Oy, =>a 0 for suitable
smooth hermitian metrics hy on V. Then for every v > ~v,p = max(max;(d;/p;),Vv),
the orbifold vector bundle V(D) possesses a hermitian metric hy py ~.. such that

(a) hy(D),y,e s smooth on X ~ |D|,
(b) hy(Dy,y,c has the appropriate orbifold singularities along D,

(c) we have YO 4, ®1d — Oy >¢ 0 on X N |D|.

D)th(D>,'y,5
Proof. Let ha be a metric on A such that ©45, > 0, written locally as hy = e~ ¥, and
take v > max(max;(d;/p;),7v). Consider the tautological sections o; € HY(X,0x(A;))
defining A; = Jj_l(O), and let hy, h; be smooth hermitian metrics on V' and Ox(A;) such
that

(6.20) ’y@A,hA ® Idy — ®V,hv >a 0,

1 .
(62]) ’Y@A,hA - ;@OX(Aj),hj >0, v.] =1,... 7N7
J

as is possible by our choice of the constants d; and ~. Finally, denote by V; the associated
Chern connection on Ox(Aj). If we write h; = e™%/ in some local trivialization, then
Vjo; = le.’oaj = 0oj —0;0¢p;. Take wqg = O4 p, as the Kéhler metric on X. We have

oA 2/ L —2+42/p; . 1 9/p =
1000,[;/" = 5 o1, 27 i(N0;, ¥ j05)n, o 27100,
J J

hence there exists 6 > 0 small such that the metric hy s = ha exp(—9 Zj |Uj|i§pj) of weight
Ys =1 +6; |c7j|%pj satisfies

_ _ ) 1 _ )
10095(6,6) = I€[2,+5100 3 10,111 (€,€) > 1=COIEl} +8 3 Slosly ™™ V05 €)1,
J i J

J

We can consider was = Opp,; = 1851/15 as an orbifold Kéahler metric, that is “smooth”
from the point of view of the orbifold structure. Let us explain the more precise meaning of
this “orbifold smoothness” assumption. In fact, there exists a ramified cover gy : ¥ — X
such that g*o; = w " for some local coordinate w; on Y, with arbitrary high multiplicity
m; € N* along gv'(A;) = {w; = 0}. Then gihas = gi-haexp(—6 > |w;|?™i/Pi) can be
taken in any regularity class CP, p € N*, by taking m; > p p;. Therefore, by pulling-back
our calculations to Y, we would actually get forms of high regularity on Y. Of course, if we
compute an integral over X, pulling-back forms to Y multiplies the integral by the degree
of gy, and it suffices to divide by that degree to recover the integral over X. For § > 0
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sufficiently small, our positivity conditions (6.2;) can be turned into the stronger form

(6.30) 7 100ys(&,€) [ul®* — Ovny, (E @ u) > c(|s|2,A + 3oy, 2 |vjaj<5>|ij),

J

(6.3;) ~190ys(€,€) — pi 100p;(¢,€) > c<|f|iA + 3o, 2 |Vjaj<f>rij),
J J

for some constant ¢ > 0 and all £ € Tx, u € V (observe that the right hand side can in
fact be seen as a positive definite hermitian form with respect to the orbifold coordinates,
we just exploit the fact that A remains ample when viewed as a line bundle on the orbifold
structure). We are going to estimate the curvature of the orbifold metric hy (py.. on V(D)
defined by

—2(1—1 :
(6.4) Il o, = ulRy, + e los 2P (Vo) e < 1.
J

Again, this metric can be seen as orbifold smooth (in the sense that the metric gi-hy (py .
on gy (V(D)) may be taken of arbitrary high regularity; in case p; = oo, it is actually a
smooth metric on the logarithmic bundle). Since

i85||u||%lv<D>,E = 1<VU, vu>hV<D>7E —2m <®V(D),hV<D>,E (U), u>hv(D>,s

where Vu = du + I'(dz) - u is the Chern connection of (V (D), hy (py ), what we need to
prove is that on the total space of V over X ~ |D|, the (1, 1)-form

V3 (z,u) — iagﬂuHiWD)’E +7 10095 [ullny o, . »

is non negative. For this, we calculate the associated hermitian quadratic form on Ty

~ 0 - 0
(65) QV(D),’V,E(Zvu)(Sa 77)7 (5777) € TV,(z,u)7 f = ;568_21, n= );77)\8_’&)\7

and observe that the curvature tensor is obtained by taking the restriction to the “parallel”
directions Vu = 0, that is, by substituting du = —I'(dz) - u, i.e. n = —=I'(§) - u. Let us fix an
arbitrary point zp € X ~ |D|. We take local holomorphic coordinates (z1,...,z,) centered
at zg, and let (eq1,...,e,) be a local holomorphic frame of V' such that

(ex ey =0nu+ Y Comnn 2%m + O(|2]),
é»m)\:ﬂ

where the ﬁqmw are the coefficients of —Oy,,, . Let us write u = 21,;:1 uxey and denote
by (u,v) =31 <\, urUx the standard hermitian form, |u| the associated norm. We find

[uly . = uP+ S cong 2ZmunTy + O(12P)
€7m’>\7ﬂ
o N—141/p; 2 ..
(6.4p) +Z€j (]0j|2e “"J) /Pi ‘8aj(u)—aj6<pj(u)’ e ¥,
J
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since 503 = 0. In order to simplify the calculation, we set formally

(6.6)

~ Vp; = 2 = —1 .
{ 0j =0; Y, €5 = PjEjs $i = Pj Pjs if pj < o0,
&j:logaj, EjZEj, P = @i, lfp]:OO

Respectively to the non logarithmic and logarithmic situations, we then get the more
tractable expression

_ _ ~ ~ ~ 2 _5.
6.7) N[ullhy oy . =10+ D comap 2eZmurt +O(2°) + &5 [05(u) — 0;0¢;(u)| e,
C,m 1 i

_ _ ~ ~ ~ 2
(6.700) ull2y e, = [ul2+ 3 Coman 2eZmun + () + 37 & 06 () — 05 (u)[*
£m, A\, p J

More importantly, the poles have disappeared — a fact reflecting the orbifold smoothness of
the metric. In what follows, for the sake of simplicity, we remove the tildes in the notation,
and conduct the calculation only in the non logarithmic situation (p; < o0), since the
logarithmic case can be recovered by taking p; very large; this actually amounts to using
a ramified change of variable Z;, = zgl/ P in suitable coordinates, allowing us in this way
to take p; = 1 in (6.49). Also, our later calculations will be done by adding the orbifold
divsior components one by one. This essentially reduces the situation to the case where
D= (1- %)A only has one component, and the notation becomes much lighter. Therefore,
we drop the indices j and the summations > i and consider the simple situation where the
metric is given by

68) . =l S cone 2ZmunTi + O(12°) + £ 00 () — 0 Op(u)
£\, 1

(68/> <<u7 v>>%l,v<D>,€ = <ua U>2 + Z CemAp Zﬁzmu)\ﬂu + O(|Z|3)
£,m, A

+ € (0o (u) — 0 dp(u)) (do(v) — o dp(v)) e %.

We also take a holomorphic trivialization of the line bundle O x(A) so that the associated
weight o satisfies ©(2) = >, um 20Zm + O(|z]?) near 29 = 0. Then

Do = Z()égm Zmdze + O(|2]?), Op = Zagm 20dZm + O(|2]?).
l,m Lm

At the point z = 2y, we have dp(zg) = d¢(z9) = 0, Vo = do, and our metric admits the
expression

(6.9) lullfy y . = lul* +e100(w)?, (u, 0)nyp, .. = (u,v) +edo(u) do(v).

Let u, v be arbitrary local holomorphic sections of V', and denote by V¢ the Chern covariant

differentiation of (V(D),hy(py,) in the direction { € Tx. By polarizing the quadratic
form ||ul|? into a hermitian inner product J¢ (u, v)) and setting Veu = V%’Ou =
V(D),e

Ozu+T'(§) - u, a differentiation of (6.8') at z = z yields

hv (Dy,e

O (u, V) ny py . = (Veu,v) +€00(Veu) do(v)
= (Ocu, v) + € Oo(Ogu) Do (v) + € 0% (&, u) Do (v) — £ Do (u) T AP (E,v),
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where 0%0(&,u) := Y, 0:(0o(ex)) uy is viewed as an element of (T% ® V*)., and 0dp
as a hermitian form on T, operating on Tx ® V C Tx ® Tx. In fact, u — Oo(u) and
(§,u) — 8%0(&,u) can be intrinsically defined as V'%cy and V%/’(B@O(A)(Vl’oaw) at 2o,
and we will denote them by Vo and V20. In this setting, a subtraction of the last two lines
in our equalities shows that the (1,0)-form I' of the connection of (V(D),hy (py) is given
at zo by the formula

(6.10)  (T(€) - u,v) + e Vo (T'(€) -u) Vo(v) = e Vo (&,u) Vo (v) — e Vo (u) 7 00p(£,v).
This equality if valid pointwise for any u,v € V.. As a consequence
(6.11)  T(¢)-u+eVa(l(€)-u) (Vo) =eV30(&,u) (Vo) —eVo(u) T (00p(e, €))*

where a* € V is the dual vector to a 1-form o € V*, such that (a*, ), = @. The special
choice v = I'(§) - u yields a (non negative) real value in the left hand side of (6.10), and by
taking the real part of the right hand side, we obtain

(&) - uf + [Vo (D) - w)*
(6.12¢) =¢c Re (V20 (&,u) Vo(T(€) -u) ) —e Re (Vo(u) 7 99p(&,T(€) - u)).

Also, by applying Vo to (6.11), we obtain

Vo([T'(€) - -u)+eVa(T'(§) - u)(Vo,Vo)
=eV30(&u) (Vo,Va) —eVo(u) T (Va,00¢(s, £)),

hence

3

(612) VoT(©) W) = 1 eon

(V2o(&u) [Vo|* = Vo(u) T (Vo, 09¢p(s, £))).

As 271 © 4, = i00vs, we infer by a brute force calculation from (6.8) that

Qv (D) e (2, u) (€ m) = DBulln, o, . - (€1) +700%5(€,€) |l o,y

(6.131) = v 005 (€, 6) [ul* + Z Comap £ UNT
Cmop

(6.135) +e (v90Ps(€,€) — Ddp(&,€)) Vo (u)|?

(6.133) +[n? + £ |Vo(n) + V2a(€,u)|”

(6.134) —2¢ Re (Va(u) T 00p(, 77))

(6.135) — 2e Re (Vo(u) 89¢(&,u) Vo (€))

(6.13¢) — 2¢ Re (Va(u) 6852g0(£, &, u))

(6.137) +elol?[00p(u, €)%,

where we identify a (1,1)-form such as 99y with a hermitian form, and take n = —I'(¢) - w.
The second term in (6.135) is obtained by differentiating ¢ Vo (u)|?, while (6.133), (6.134)
and (6.135) actually come from the differentiation of the term ...Re(...) in (6.8). By our
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assumptions (6.3;), the first two terms (6.131), (6.132) are positive in the sense of Griffiths,

and such that ) ) )
(6.131) = c([&]° + |Va(§)]7) |ul*,

(6.132) > ce (I€* + [V (&)|*) [Vo(u)]?, > 0.

(Here the term |V (€)|? is significant, because we will later replace o by o'/ in the orbifold
case, and then Vo'/?(¢) is unbounded with respect to [£]). The third term (6.133) is semi-
positive. We claim that the terms (6.134567) are negligible for ¢ < 1, in the sense that
Qv (D) .e(2;u)(§ ) is comprised between (1£0) 3., , 3(6.13;), with § > 0 as small as we

want when e < £(0). In fact, since 9y is smooth, there exists C' > 0 such that

(6.134)] < Cela|[Va(u)|[¢] ]

<
< SIEP [Vo(u)? + 72 o nf? < (613) + (6.135)
Similarly

(6.135)| < Cellful Vo (&) [Vo(u)]

C32 162 Vo (u)|? + CeV? Vo (&) ? [u]? < (6.131) + (6.13,).

NN

The last two terms (6.136,7) are even easier, since

(6.136)| < Celol ¢ |ul [Vo(u)| < ' 2Ef [uf® + C* 2 o [ Vo (u)?
< (6.131) + (6.13y),

1(6.137)| < Ce ¢ |ul® < (6.134).

Finally, by replacing n with —I'(§) - v and using (6.12¢,1), we find

(6.133) + (6.134) = [T(€) - u|?

+e|Vo(T(€)-u) — V3o (&, u)|” + 2¢ Re (Vo (u) 7 9dp(,T(¢) - u))
= (6.120) + ¢ |[V?0 (&, u | — 2 Re(v2 (& u) Va(T(€) -u))
+ 2e Re (Vo (u) T 09¢p(¢,T(€) - uw))

= ¢ |V20(¢,u)|” — & Re (V2 (g, w) Vo (T'(€) - u))
+¢ Re (Vo(u)709¢p(&,T() - u)).

(6141) = rw ‘VQU(§7U)|
(6.14) +ewap R (v%—(g, W) e Vo(u)7 (Vo,90p(s, 5)>)
(6.143) + ¢ Re (Vo(u)500p(,T(€) - u)).

The term (6.143) equals $(6.13,), thus it is negligible, and the term (6.145) admits an
obvious bound

<&
1+¢|Vol|?
< eY2(6.141) + &%/2|0)? Vo (u) |2 |€)? < (6.14;) + (6.13).

(6.142) < (121926 W + 2 o] [Vol? (Vo w) [¢]?)
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By collecting all non negligible terms (6.13; 2) and (6.14;), we obtain a curvature form

Qv (D)7, (2)(E @) =y 005 (E,€) [ul® + Y Comap &6 unTly

£7m7>\7:u

— _ 2
= (003 6,€) ~ 90p(6,0)) Vo) + oo [Vo(6u)

At this point, we come back to the orbifold situation, and thus replace o by o/?, v by p~l¢
and ¢ by p?e. This gives the curvature estimate

Qv (D) e (2)(E @ u) =y 005 (E,6) [ul’ + D Comap &6 AT,

£,mu A
(6.15) +elo| 2P (v 005 (€, €) — p~t 00p(&, €)) Vo (u)?
£ |o|~2+2/p

1+ ¢ |o|-2+2/7 [Vo 2

2

| V2o(&u) = (1=1/p) o~ Vo (&) Vo (u)|,

+

In the general situation D = >, ., n(1 —1/p;)A; of a multi-component orbifold divisor,
we add the components A, one by one, and obtain inductively the following quantitative
estimate, which is a rephrasing of Theorem 0.9.

6.16. Corollary. With a choice of v > v, p := max(max(d;/p;),vv) = 0 determined by
the curvature assumptions of Proposition 6.1, and of hermitian metrics on A, V, Ox (D) as
prescribed by conditions (6.3;), the orbifold metric

(@) lulfy . = lulhy, + Y e log 2P|V 05 (u)lf,
A

yields a curvature tensor Oy (py e =704 p, s ©Id — ®V<D>,hv<p>,s such that the associated
quadratic form Qv (py~.e on Tx @V satisfies forey < ey-—1 < -+ K g1 < 1 the curvature
estimate

(b) Qv (py.e(2)(§®u) = v00Ys(E, &) |uf” + Z Comap E0& p U

£, 1

- Zej 0| 72225 (y 005 (€, €) — p; 1 90p;(€,€)) IV 05 (w)]?

gjloj|72+2/0s 2 —1 2
+Zl—i—5 ‘0 |- 242/p; ‘V o; 2 ‘VjUj(f, u) — (1 - 1/pj) V; UJ(E)VjUj(U)‘ )

where
vi&,hA,s = 0NV, VQAj’hj =00¢;j, (Comru) = coefficients of =27 Oy p,, .

Here, the symbol ~ means that the ratio of the left and right hand sides can be chosen in
1 —a,1+a] for any a > 0 prescribed in advance.

6.B. Evaluation of some Chern form integrals and their limits

Our aim is to apply Lemma 5.8 and Corollary 6.16 to compute Morse integrals of the
curvature tensor of a directed orbifold (X, V, D), where D = 3 .(1 —1/p;)A; is transverse
to V. Let A € Pic(X) be an ample line bundle, and d;, vy, v > vy, p be defined as in 6.16.
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We get hermitian metrics hy (py . on V(D) and corresponding curvature tensors 6y (py, ,y o1
C*>°(X \|D|, AY'T% @Hom(V, V)) that are “orbifold smooth”, and such that 6y (py - . >a 0
Given a smooth strongly positive (n — p,n — p)-form 8 >5 0 on X, we want to evaluate the
integrals

(6.17) Io(8) = /S ey B A B )

(6.17) - / / Ovripy e - s u)? A B(2) dpie (),
z€X Ju€eS(V(D)),

where S.(V (D)) denotes the unit sphere bundle of V(D) with respect to he, and p. the
unitary invariant probability measure on the sphere. Proposition 5.13 (b) and the Fubini
theorem imply the upper bound

p!(r—1)!

(6.18) ) < =

/(Tfevw),%a)pAﬁ
X

When S is closed, the upper bound can be evaluated by a cohomology class calculation,
thanks to the following lemma.

6.19. Lemma. The (1,1)-form Tr0y(py~.. = 0 is closed and belongs to the cohomology
class

rye(A) — (V) + ) (1= 1/pj)ea(8y).
J
Proof. The trace can be seen as the curvature of

det(Ox(vA) @ V(D)*) = Ox (ry A) @ det(V(D)*) = Ox (rvy A) ® det(V*) ® Ox (D)

with the determinant metric. Since all metrics have equivalent behaviour along |D| (and can
be seen as orbifold smooth), Stokes’ theorem shows that the cohomology class is independent
of e. Formally, the result follows from (1.25). One can also consider the intersection product

{TI‘ 0V(D),7,€} : {ﬂ} = /X Tr 9V(D>,’7,E A 5 = T/ <0V(D),'y,s - u, u> A Bdﬂs(u)

€5:(V(D))

for all smooth closed (n — 1,n — 1)-forms 8 on X, and apply Corollary 6.16 (b) to evaluate
the limit as ¢ — 0. This will be checked later as the special case p =1 of (6.17). O

We actually need even more general estimates. The proof follows again from the Fubini
theorem.

6.20. Proposition Consider orbifold directed structures (X,V,Ds), 1 < s < k, with
Ds = 1¢jen(l — 5 y LA, We assume that the divisors Ds are simple normal crossing
divisors transverse to V', sharing the same components A;. Let d; be the infimum of numbers
A € Ry such that XA — A; is nef, and let vy be the mﬁmum of numbers v > 0 such
that Oy, == 7O4n, ®Idy — Oy, =g 0 for suitable hermitian metrics hy on V. Take
p=(p1,...,px) € N¥ such that p’ =n — (p1 + ...+ pi) = 0 and a smooth, closed, strongly
positive (p',p") form 8 >5 0 on X. Then for every

Ys > Y,D, = maX(me(dj/ps,j),w)
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there exist hermitian metrics hy (p.y.., on the orbifold vector bundles V(D) such that
HV(DS%’YS,ES =s @A,hA ®@Idy — @V<Ds>7hV<D5>,es >¢ 0, &= (5817 - 758]\7)’ 1<s<k

in the sense of Griffiths. Moreover, the integrals

( Ik e / / <9V D) s, S(us) us pé /\6 d,uas us
P 2€X J(us) €UsS(V(Ds))» 1/\ (Do) 0. H

<s<k 1<s<k

admit upper bounds

sH(r—1)! Ps
(b) Irp(B / /\ B atr =i ( TYs ©OAhgs— Tr@VhV+Z (1-1/ps,1)OA, 1, ) AB.
X 1<s <k " J

When B is closed, we get a purely cohomological upper bound

(€) Irpe(B /X H ! Tr__ll (rfyscl( —c(V —1—2 —1/ps.;) cl(AJ)>ps.{5}.

1<s <k

6.21. Complement. Whenp; = ... = p, = 1, formulas 6.20 (b) and 6.20 (c) are equalities.

Proof. This follows from Remark 5.15. O

In general, getting a lower bound for I, .(5) and I}, - (3) is substantially harder. We start
with I, .(5) and content ourselves to evaluate the iterated limit

(6.22) 11_1}(1) I,e(B) == lim lim ... lim [,.(8), en<en1<-<e3<1.

e1—0e0—0 EN—>0

For this, we consider the expression of the curvature form in a neigborhood of an arbitrary
point zo € Aj N...NA; (if 29 € X \|A|, we have m = 0). We take trivializations of the line
bundles Ox (A;) so that the hermitian metrics have weights e™%7 with ¢;(z0) = dy;(z0) =0,
and introduce the corresponding “orbifold” coordinates

(6.23) tie =, 0;(2) 07 |Vi05(20)l, G =51 s dm;
We complete these coordinates with n — m variables z, that define coordinates along
Aj N...NA; . In this way, we get a n-tuple (¢;., 2¢) of complex numbers that provide
local coordinates on the universal cover of €., \ |D|, where 2., is a small neighborhood
of zp. Viewed on X, the coordinates ¢; . are multivalued near zp, but we can make a “cut”
in X along A; to exclude the negligible set of points where o;(z) € R_, and take the
argument in | — 7, [, so that Arg(t;.) € | — (1 —1/p;)m, (1 —1/p;)m[. If we integrate over
complex numbers ¢; . without such a restriction on the argument, the integral will have to be
multiplied by the factor (1 —1/p;) to get the correct value. Since |o;| is bounded, the range

of the absolute value |t .| is an interval ]O(e;/ 2), +o00[, thus t; . will cover asymptotically
an entire angular sector in C as €; — 0. In the above coordinates, we have

(020) T4 = (1= 1) T = ~(1 = 1/py) (22

7€ J

Vjo;

J

+a%)— “ -1/ V3% 4 o),

J
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since Vjo; = do; — 0;0p; and the weight ¢; of the metric of Ox(Aj;) is smooth. Denote

(6.251) 9\/77 = 7®A,hA,5 X Idv — @Vyhv’
(6.255) Ov(Dyy,e = 7Oaha s ©Id—Ovipy hypy .o
V.o
(6.253) er = 2% ¢ (V).
AL

By Corollary 6.16, we have

(6.26)  (Ov(D)y.e " U U) 2 YOuny, — (Oviny - u,u)

+ ) e log TP (Y Oama s — £ On,m,) IV 05 (w)]
j
1 g loy|~22/Ps

2m = 1+ g oy |24/ V0,2

| V?aj(f,u) —(1—=1/pj) aj_l Vjaj(f)vjaj(u)|2,

therefore
(6:271) (v (D) ire - ust) = By - wsu) + > (YOans s —0) ' On,ny) [t €] (w)]”
j
(6.27,) + o > fjl’i;g <‘ZJ 1 (u) + by (u) CZ—J €j0) + by(a),
where
(6.273) bj = |v1j| V20 € O, AMT% @ V* @ Ox(A)))

is a smooth (1, 0)-form near zy. The approximate equality ~ in formula (6.27; 3) involves the
approximation |V;o;(2)|/|V;0;(20)| ~ 1, which holds in a sufficiently small neighborhood
of zy; if we apply the Fubini theorem and consider the fiber integral over zy € X, there is
actually no error coming from this approximation. Now, we want to integrate the volume
form (0v(py~.e - u,u)? A Bduc(u) along the fibers of S.(V(D)) — X. The sphere bundle
S:(V (D)) is defined by |u\,2W<D>7E = 1 where

(6:28)  [uli, . =l + Y elos|TH0 Vo ()P = ul? + ) ftel?le; (w)]? = 1.
i i

For the sake of simplicity, we first deal with the case where the divisor D = (1—1/p;)A; has a
single component. Along Aj, we then get an orthogonal decomposition V' = (VNTx,)®Ce;,
and by (6.28) we can write

(6.281) u=uj+ej(u)e; € S(V), |ul® =|uj]* + e (w)]?, )€V NT,s,.

We reparametrize the integration in u € S.(V (D)) on the sphere S(V) by introducing the
change of variables
|tj,6|2 1 d|tj,€|2

—rje=—21 _¢[0,1], 1-
T T],€ 1 + |tj,s|2 [ ] T

=, dr= 2
1+ |tj75|2 (1 + |tj,6|2)2

. e; (u)
gje : S(V) = S:(V(D)), ww uje=uj+V1-71ej(u)e; =u;+ 1+ |; 2)1/2 €5
joe
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so that u; . satisfies |u;.|? = |u|* and

e (uje) = VI T el (u) = !

(1 + |tj,6|2

E ej(u), tjel®lej(use)? = 7lej (u)]*.
This gives dp.(u;) = du(u), and as a consequence (6.17) can be rewritten as
(6.29) Ipe(B) = /S(V)WWDME'Uj,s,uj,&p/\ﬁ(Z) dpu(w).

Finally, a use of polar coordinates with ov = Arg(¢; o) shows that

idtLE AN de’E . 2 ‘tj’gl d|tj75’ A\ dOé
(1+[t5.]%)? (1+[t;.%)?

=dr Ado.

A substitution u +— u; . in (6.27; 2) yields

(Ov (D) e * Ujer Uje) ~ (Ovy - Ujeyuse) + (YOahas — P Ony )

1+ [t
i 1 dtj . et(u) dtj . e’(u)
6.30 L < < tiobi(uis), < t~b»~>.
( )+ 27T1+|tj,5|2 (1+|tj75|2)1/2 t e J(uy,e) (1+|tj,€|2)1/2 tije J(UJ,E) s

The last term is a (1,1)-form that is a square of a (1,0)-form (when w is fixed), hence the
expansion of the p-th power can involve at most one such factor. Therefore we get

.l Ie;‘f(U)lz)”

(OV (D) e Wjer Uje)” = (<9v,w'uj,eauj,e> + (YOuahas —p; ' Ona,n,) Tt
J,€

i 1 dtje e} (u) dtj el (u)
_ ’ ticbi(u;), = J t:_bi(u. >/\
TP o T4 [P <(1+|tj,e|2)1/2 Hlaebiltse) gy e bilne)

_ Ity les(u)>\ P
(6.307) <<9V:’Y CUje, Uje) + (*y OAhas — P; ! @Aj,hj) J—J) )

The integrals involving b;(u, ) are of the form

/ tje dtj,g/\<e§(u2),319/32(uj,5)) A A (), / |tj,€|2<bj(uj,5),sz(uj,g)) A A (1)
S(V) (1+ [t;¢]?) S(V) L+ [t ’

where Aj; . (u), A} (u) are forms with uniformly bounded coefficients in orbifold coordinates.

|tj,€|2
I+t
convergence theorem shows that the second integral converges to 0. The second integral

can be estimated by the Cauchy-Schwarz inequality. We obtain an upper bound

1/2 : I * 1/2

</ |tj75|2<bj(ujva)’bj(ujvs» A As(u)) / (/ ldtj,e A dtjf |€j (U)|2 A AE(U)) /
5 j, 5

S(V) S(V)

Since is bounded by 1 and converges to 0 on X ~ Aj;, Lebesgue’s dominated

L+ |t)e (1+ [t;e]?)?

where the first factor converges to 0 and the second one is bounded by Fubini, since
Joidt Adt/(1+ [t]*)? < 4o00. Modulo negligible terms, and changing variables into our
new parameters (7, «), we finally obtain

(Ov (DY y,e " Ujer Uje)’ = (Ovy - Uje, uj )P

dr Nda |, _ . p—1
(6.31) +p o e} (u)]? A ((0\/,7 CUje, Uje) T (7 Oahas = P; ! @Aj,hj) T le; (u)|2> )
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Therefore

/ (Ov (D) e~ Ujes uje)” A Bdp(u) > / (Ov .~ - Ui ey uj )P A Bdu(u)
S(V) S(V)

dr Nda _ . p-1
[ TR G @ A (B wrertse) + (a0 O, 71 (0)F)
S5(V)

(6.32) A Bdu(u).

Since uj . — u almost everywhere and boundedly, we have

lim (Ovy - uje,uje)’ N Bdp(u) = / (Ov~ - u, u)? A Bdp(u).
=0 sw) (V)

Here, we have to remember that 7 = 7; . converges uniformly to 0 (even in the C'*° topology),
on all compact subsets of X ~ Aj, hence the second integral in (6.32) asymptotically
concentrates on A; as ¢ — 0. Also, the angle @« = Arg(t;.) runs over the interval
] — (1 —1/p;)m, (1 —1/pj)7[. In the easy case p =1, we get

lim (Ov,ye - Uje,uje) N Bdu(u)
e—0 S(V) v J J

:/ Oy - u,u) A Bdpu(u) + (1 — 1/pj)/ €% (u)|* B dpu(u)
S(V) S(V)ia,

r

:/XlTrGVV/\B—i- 1—1//);/ -5

If we assume  closed, this is equal to the intersection product

%(,0701(14) — Cl(V) + (1 - 1/pj)cl(Aj)) B

and the final assertion of the proof of Lemma 6.19 is thus confirmed, adding the components
A, one by one (see below). Now, in the general case p > 1, we will obtain a lower bound of
the second integral involving d7 A da in (6.32) by using a change of variable

hye: S(V) = S(V), wes hjo(u) = (1= )2 + |es(w))?) ™2 (VI=7u + el (u) ;)

)

where 7 = 7j .. Observe that the composition g;. o hj. : S(V) = S(V) — S:(V(D)) is

given by
Vv1ii—7
9j.e © hj,i?(u) = 1/2 u

(A=) + e (w)?)

Since (1—7)|w'|*+|e}(u)]* < |ul*> = 1, it is easy to check that du(hjc(u)) > (1—7)""" du(u)
on the unit sphere, that |e}(h;c(u))| > |e}(u)], and finally, that

v - g5y (1)). g (e (1)) = " s O ) > (L= 7) Oy ).

(1= 7)[w]* + [} (u
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Hence, by a change a variable u +— h; .(u) we find

dr Ndao |, |5 _1 BN
&waa LG @A (Ove - e i) + (Y Onas = 07 Onn,) e () 2)
A B du(u)
dr Nda |, _ . p—1
> [ p T G @ A (= ) bvs -+ (O 7 O, Tl )
S(V)
(6.33) AB(1—7)"" du(u).

Here, we have to remember that 7 = 7; . converges uniformly to 0 (even in the C'*° topology),
on all compact subsets of X ~ Aj;. Therefore, the last integral concentrates over the
divisor A;. If we apply the binomial formula with an index ¢’ = ¢ — 1, we see that the
limit as € — 0 is equal to

p—1 - _ —1, 4
p0 1) [ (2] v (O 45 0, e
S(WV)ia; g=1 \4

(6.34) ( /O 1(1 — )pmatr=l -l dT) A Bdp(u).

We have

1
— — 1! (g—1)!
(6.35) [yt g 2 e a b= a2 )
0 (p+r—1)!
and the combination of (6.29) and (6.32 — 6.35) implies
p
p qg+r—1)!
lim I, 5// Oy, -u, u)? N Bd +p(1-1
mlpe(B)> [ By w)” A Bdutu) /pi) Z; 1!
(6.36) / (Ovy - w, )P IA (YO ng s =yt Onyny)! €5 (WP A Bdp(u).
S(V)a
Inductively, formula (6.36) requires the investigation of more general integrals
(6.37) Ly = / Ovye - wuy? A T 1502 B dprc(u)
Se(V(D)) 1y 1<j<p’

where Y is a subvariety of X (which we assume to be transverse to the A;’s, and
t; € C*(Y,V*) with |[¢;] = 1, and f >g 0 is a smooth form of suitable bidegree on Y.
Not much is changed in the calculation, except that the change of variable u +— g; .o hj - (u)
applied to [[; <<, [¢5(u )|? introduces an extra factor (1 —7)?" in the lower bound, entlrely
compensated by the corresponding factor (1 — 7)P~ P'~4 appearing in (Ov.~,e - u,u)P~ P The
binomial formula yields a coefficient (p _q’i/ n 1) instead of (7; j) We thus obtain

tin L) > [ v u A T 1600 B duta)
SV 1<Ky’
p— p /
—q—i—r— 1)!
6.38 (1-1 X
( ) /:0] ; (p—f—?“— 1)'

—p — — -1 *
/S(V) (Oviy -, )PP TIN (v Oana s — 05 Ongn,)' Al @ T 14@)? Bdu(u).
['Yyna

1<y<p’
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When D contains several components, we apply induction on N and put

(6.39) [ulfy oy = Uk, ) L+ en lon| 220V [Vyon ()}, where
(6.39) [ulfny iy o = lulhy + D e log| TP Vo ()]
1<j<N-1

In this setting, (6.26) can be rewritten in the form of a decomposition
(O (D) e 1y u) = (v (D) y.er - Us )

’_2+2/pN (7 @A7hA,(S - pji\fl @ANahN) ‘VNO-N (u)|2

’—24‘2/01\1

+6N’O'N

1 €N|0'N
21+ epn |0N|_2+2/‘0N |VN0'N|2

| Vion(&u) — (1-1/py) oy Vvon (§)Vnon ()|

By an iteration of our integral lower bound (6.38), we have to deal inductively with all
intersections Ay = A, N...NA, , J = {j1,...,Jm} C {1,...,N}; we neglect the self-
intersection terms, since they are anyway non negative. We obtain

l 11—
(6.40) li_r)r%)lp,g(ﬁ)> Z 17! Z plp+7r—1—Yecsq;)! ,Hl—l/pg/

) JC{1,...N}  (g;)e(N*)’ (p+r =1 p —Xjes95) jeJ ZEAy
Yjerq;<p
_ ;-1
[ e wuwr B m n NG @PY (O 7 €,0,)" " AB(E) dulw)
ueS(V), jeJ

where J = () corresponds to the integral taken over X, with a coefficient equal to 1 in that
case. By the Fubini theorem, we get the following lower bound of I}, , (/).

6.41. Proposition. With the same notation as above, assume that

Ys > V,D, = maX(m?X(dj/Ps,j)mv)y 1<s<k.

and consider the limit lim._,o Iy, p (8) computed as an iterated limit lim. , o ...lim,, , 0o
with respect to the lexicographic order (i,5) < (i',j") if i < i’ ori =14 and j < j'. Then
we have the following lower bound, where the summation is taken over all disjoint subsets
Ji, .o Jk C {1,2,...,N} :

. |<] "ps pS_EJGJ q; +1r— 1)' 1
lim I, p(5) = E E ” ”(1— )
e—0 pe(P) Ly s+ =Dps — Bjesnq)! Ps,j

Jl{H HJ;i (g; )E(N )71 r 1<s<k JEJIs
c{1 N

36 Js 45 <Ps

/ / /\ (<9V7’Ys ) us,u8>ps_2j€quj A
2€A .11, J (us)ES(V)E 1<s<k

* i - i—1
A\ ISP (O = 03 0,,)" " duun)) A 5(2)

J€Js

Our assumptions imply that we can take 0y, >¢ (vs —vv —0)O 4 p, ®1dy for every § > 0.
By Lemma 5.8 (b), we obtain the simpler and purely cohomological lower bound

;I_I}%)Ik,ps(ﬁ)> Z Z H|J|‘p5,,, s — geJQj+7”—1)'H(1_ 1‘>

S OJk (g; )G(N YT 1<s<k - 1) (ps - EJGJ q]) jed, Ps,j
c{1,...,N}

]EJS q; <ps
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/A /\ (((% - ’YV)GA’hA)pS_EjEJqu A

JiLL. 1, 1<s<k

r—1)! _ i
( ) | (78 @A,hA,s _ps,gl' @Ajyhj)q 1) A B(2).

(6.42) @ +r—11

J€Js

What is a bit surprising in all these estimates is that, in spite of the fact that we are
integrating non closed and metric dependent forms, the limits of the integrals as ¢ — 0
admit rather natural lower and upper bounds that are purely cohomological, and can be
expressed solely in terms of well understood Chern classes. This will also be true for the
related Morse integrals in § 7. It could be desirable to have an algebro-geometric explanation
of this phenomenon. The algebraic versions of Morse inequalities developed by B. Cadorel
[Cad19] might possibly be used in this context.

6.43. Remark. As mentioned in the course of the proof of (6.41 —6.42) , we have neglected
certain non negative terms coming from self-intersections A]; of the components (p > 2),
by restricting the summation to the family of disjoint subsets Jy, Jo,...,Ji. It would be
interesting to refine the lower bound and to take these terms into account. This might
be possible by observing that the iterated limit process, when integrating on A, involves
inductively a few extra terms in (6.30), when we take the limit as ¢; . — oco. Those terms
are equal to

_ . i
(Ovy - ufuf) + (YOahas — P; ' Oasn,) lef (W) + %@j(u})a b (u5))n, -

/

One would then have to evaluate the contribution of (b;(u}), b;(u}))n, in the integral [, .

7. Non probabilistic estimates of the Morse integrals

The non probabilistic estimate uses more explicit curvature inequalities and has the
advantage of producing results also in the general orbifold case. Let us fix an ample line
bundle A on X equipped with a smooth hermitian metric h4 such that wgq :== 045, > 0,
and let vy be the infimum of values A € R, such that

(7.1) Awy ®Idy — @V,hv >a 0,

in the sense of Griffiths. For any orbifold structure D = »_,(1—1/p;)A;, Corollary 6.16 then

shows that the s-th directed orbifold bundle V; := V(D)) (cf. § 1.B) possesses hermitian
metrics hy (pey,., such that the associated curvature tensor satisfies the inequality

(7.2) Osy.e = Vs wa @Idy(pery = Oviperyny, oy, >6 0,
provided we assume d; A — A; nef and take
(7.3) Vs > Y,pe = max(max(d;/p}”),y)  where pf” = max(p;/s,1).

In particular, any value

(7.3 vs > max (s mjax(dj/pj),yv).
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is admissible, and we can apply the estimates 6.41 (b) and (6.42) with these values. Instead
of exploiting a Monte Carlo convergence process for the curvature tensor as was done in

§4.B, we are going to use a more precise lower bound of the curvature tensor ©p_, . of the
orbifold rank 1 sheaf associated with F' = 7A, 7 < 1, namely

(7.4) Lr k= Ox, (v(py)(1) @ mOx (—TA).

Our formulas 3.20 (a,b) become

(7.5) OL, e = wWrkb(&) + 9r0e(2,2,u) —Twa(z), where
k
Ls
(7.5") Gy e(z,2,u) = Zl ~ Os..c(us),
_ (s,7:) - _
(7.5") es’w’s(us) =5 2}\: cij)?;lﬁ (2) Us \Us,, A2y N dZ;.
Z’]7 7,”’

Under the assumption (7.3"), we have gy (2, z,u) > 0, but in general this is not true for
Gk,0,e(2, @, 1), 80 We express gi0.(2,2,u) as a difference of gy ,,c(z,z,u) and of a multiple
of wa. By definition 0, , . = yswa ®Id + 050 -, and we get

(7.6) OL, ve = Wrikp + e — B, where

sTs +q7)x
(76/) ag:gk777€>0, B:<T+ Z fys )WA: Z MWA

1<s<k 1<q<k q

WV
o

Then (7.6) and the inequalities used for (4.2), especially Lemma 2.3 and Proposition 3.10 (b),
lead to

X (V(D)) (L x,<1) ’
(n+kr—1)! / /
= 1, — — )" dv, , d
n! k! (kr —1)! cex Jwayenr—1x g1y —B,<1 (e 5) Vk, (37) M(U)

(n+kr—1)! / / .
= " — nal dvy (x) d )
nl kI (kr — 1) J.ex (m,u) EAR—1 5 (S2r—1)k (a€ e /\6) Vi () dpa(u)

The main point is thus to find a lower bound of the difference o —na~! A 3, hence a lower
bound of a” and an upper bound of a?~1 A 8. An expansion of a” by Newton’s multinomial
formula yields

(7.8) al = Z k,H(% ure(us) -

peNF, |p|= s=1

If we assume k£ > n and retain only the monomials for which ps; = 0,1, we get

. n! .
(7.8") al > Z S s, Hszgsl,%E(uSe)'
(=1

1<51<<Sn<k
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By formula 3.10 (a) and an elementary calculation (cf. [Dem11, Prop. 1.13]), one gets for
every (p17 s 7pk) € N*

kr —1)! s s+ 1 — 1)!
(7.9) / Vb duy (x) = (kr )k Hicocr® ) )
N (r =% (XicsqnPs + kr —1)!
and in particular, for k > n, p1 =... =p, =1, ppy1 = ... = pr = 0, we have
(kr — 1)lrm
7.9’ sy - Ts, AUk o (T) = e X AU () = —————.
a9 [ eemdn, @ = [ e v @) = SR

As a consequence, the equality case in (6.20 — 6.21) implies

Mn,k,5 = / / Oée(z)n dljk,’r(x) d,u(ul) . dﬂ(ukz)
2€X J(zu)EAF~Tx (S2r—1)k

nlrs, ...
E / Mdyk,r(x) X
Ak—1 S1...8n

1<s1<...<s,<k
/ / /\ <98£7%5(u85)= uSz) d:u(usz)
x JIIS(v(DGe))

(=1

Z (kr —1)! n! "
(n+kr—1)s1...8,

1<s1<...<sp, <k

WV

WV

n

I (77e () —cr(V) + 3 (1 = 1/p7)er(A))
f 1 )

t=1 j

(7.101) >(n<fk—;i)'1)'/x H(mscl( —a(V +Z 1/p (Aj)).

s=1

If we assume ¢1(V*) = Ay ¢1(A4) and ¢1(A;) = d; ¢1(A), the lower bound takes the simpler
form

(7.102) My ke > ((kr;l H (ms +Av + Zd 1— 1/p<5))>

In fact, our lower bounds are obtained by taking into account the single term s, = /,
1 < ¢ < k (which is the unique term in the sum when & = n). A more refined method is to
integrate all monomials 3" ... 27" and to use the lower bound (6.42) instead of (6.20—6.21).

This has the advantage of eventually producing a non zero contribution, even when k < n.
We find

nk = hm/ / a(2)" dvg r(z) dp(ur) . .. dp(u)
e=0 J,ex (z,u)EAR—1x (S2r—1)k

k
nlabft .. . 2P
> lim / #dyk // $,7,€ us us>pé du(us)
e=0 ZN: a1 T IS(V(D@)) ] /\ ”
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?’L' kr —1 ' H1<3< (ps"f_"n_ 1)'

H§:1 pstsps (r =1 (3 c,cpps + kr —1)! JyIL 11J,,
C{1....N}

=

peN”
Ip|=n

3 11 | Js|! ps! (ps — Bjes.qj +r —1)! 1 L
| . Y] ®)
P ZEA . 11Ty,

(qj)e(N*)JIHAHHJk 1<S§k (p8+r_ 1)'(p3 _Zjequ])- ]er
jess 4 <Ps

s—2jels — 1! S)\— i~
/\ ((’}/S —’}/V)@AJLA)ZD ietsd A /\ % (’ys @A,hA - (P§ )) ! @Aj,hj)q 17

e —1)!
1<s<k jETs qj +

thus
n' kr — 1
peN 1<S<k J1H...HJk
Ip|= c{1,...,N}

3 11 |Js|!(p(s—zjejfs%‘.4"7"—1)! 11 (1_$)/2 A

- !
(qj)e(N*)JluA.Aqu 1<s<k Ds ]EJqu> jEJs €A .. .1, 1<s<k
Yjess 2 <Pps

) ; —1)! $)\— ;
(7.11) ((’Ys _ ’)/V)@A,hA)pS Yjetsq5 A /\ M (78 OAn, — (p§ )) 1 ®Aj,hj)q

-1
J€Js (g; +r=1)! |

In particular, if ¢;(A;) = dj c1(A), we infer

! (kr — 1) T\l (ps — Sjes.qj + 1 — 1)
e e = N D M e o

- X !
pENF 1<s<k JlLI T, (q5),q;>1 1<s<k (ps jet.45)

\p|—n C{l ..... N} Yier.q;<ps
Y . 1 (r—1)! d: \¥1
1) e Ta(1- ) (o))
e p§- ) ) (g +7r—1)! p§- )

In the special case k =1 and N > n, by taking |J| = |J1| =n and ¢; = 1 for all j € J, we
find

(7.121) My, > H 3 w I1d (1 —~ i) s

" Jc{1,...,N},|J|=n jeJ P
Next, we turn ourselves to the evaluation of the integral of a”~! A 3. We have
n_1 (n—1)! Ts g be
(7.13) al A= Y b T o] H srelus) | AB,
PENK, |p|=n— s=1

and the upper bound given by (6.20 — 6.21) provides

e—0

n—l cooxb
< i i -
51—I>I(1) Z /Ak 1 5 dvi ( )X

| gPs
peENF, |p|=n—1 Szlps's

ok - = lim / / nae(2)"" A Bdv, () du(ur) ... du(ug)
2€X J(z,u)EAFR~Tx (S2r—1)k
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Os,y,e(us), us)?> A B | | dp(us)
/ /HS<V<D<3>>) /\ ! H
(n—1)taf" ... ’y+q7’
< X oty z q i (2)

2
| gPs
PENF, |p|= Hszlps's

ps!(r— 1)! (5) Ps
/ /\ (ps +7 — 1) s ©Oans = TrOvpy + Z —1/p;7)Ona; 1, NOA,-
X 1<s<k Ds . J

By (7.9), for |p| = > _ps =n — 1, we get

/Akl itk ( % + T:Uq) dv ()

q=1
_ (kr =1 [Lcoceps +r = 1)! i'Yq _'_Tiﬂ
(r—=1"% (n—14+kr—1)! g

B (ki?”—l)! H gsgk(ps‘i_r_l)! k Yq
BCEDG 1(n+kr—2)! (Z ”)'

Therefore, assuming ¢ (A;) = djci1(A) and ¢, (V*) = Avei(A), we find

M < n! (kr —1)! ( Ve n ) Z H1<s<k(Ps +7r—1)! y
n,k . 1k _ | &
(r=D%(n+kr—2)! \ &= ¢ e i ey plsv
H M(T’y _|_)\V_|_Zd.( 1/,0(8))) A"
8 J )
1<s<k (ps +7—1)! J
k
n! (kr —1)! Yq
< Jq
(n+ kr—2)! (Z:: q )
1 s Ps
(7.141) > II <ms+/\v+2dj(1—1/p§. >)> A",
peNF |p|=n—1 1<s<k j
A simpler (but larger) upper bound is
(7.145)
! —1)! k n—1
, n! (kr —1)! Vs 1 (5) .
s=1 1<s<k J
Finally, inequality (7.7) translates into
(7.15) ;/ @nthr=1 > ! (M — M, 1)
' (n+kr =D Jx,vion o rcy T8 Ttk (ke — 1) n.k/

If we put everything together, we get the following (complicated!) existence criterion for
orbifold jet differentials.
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7.16. Existence criterion. Let (X,V,D) with D = 3, . n(1 —1/p;)A; be a directed
orbifold, and let A be an ample line bundle on X. Assume that D is a simple normal
crossing divisor transverse to V., that c¢1(A;) = djci1(A), eci(V*) = Ay c1(A) and let vy be
the infimum of values v > 0 such that © 4 ® Idy — Oy > 0. Take

s = max(max(dj/pgs)),yv), pgs) = max(p;/s,1).

Then, a sufficient condition for the existence of (many) non zero holomorphic sections of
multiples of
Lry = Ox,vpy(l) @ m,0(-7A)

on X, (V(D)) is that My — M, , > 0, where M, admits the lower bounds (7.102) o
(7.12), and M, , admits the upper bound (7.142).

7.B. Compact case (no boundary divisor)

We address here the case of a compact (projective) directed manifold (X, V'), with a
boundary divisor D = 0. By (7.102) and (7.143), we find

(kr — 1)!
My > ————
ok (n+kr—1)!

M < n'(k:r—l "1 "
”’k\(n—l—kr T+7VZ ZS r’YV"’“)\V) .

Therefore, for 7 > 0 sufficiently small, M,, , — M;Lk is positive as soon as k > n and
(ryv +Av)" > nlyw (O coch D (ryv 4+ Av)" 71, that is

(T"}/V + Av)n A" ifk>n

1 n
(7.17) k>n and )\v>n!< Z g> Vv — Y.

1<s<k

7.18. Example. In the case where X is a smooth hypersurface of P"*! of degree d
and V = Tx, we have r = n and det(V*) = O(d —n — 2). We take A = O(1). If Q
is the tautological quotient bundle on P"*! it is well known that Tpn+1 ~ Q ® O(1) and
det @ = O(1), hence T3, 1, ® 0(2) = Q* ® O(1) = A"Q >¢ 0, and the surjective morphism

TI;”"'llX — T;;' — V*

implies that we also have V* ® O(2) > 0. Therefore, we find 7y =2 and \y =d —n — 2.
The above condition (7.17) becomes k > n and

1 n
k>n and d>2n!< Z —> —n4+2.

S
1<s<k

This lower bound improves the one stated in [Dem12], but is unfortunately far from being
optimal. Better bounds — still probably non optimal — have been obtained in [Darl6] and
[MTal9].
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7.C. Logarithmic case

The logarithmic situation makes essentially no difference in treatment with the compact
case, except for the fact that we have to replace V' by the logarithmic directed structure
V(D), and the numbers vy, Ay by

(7191) ’7V(D) = inf7 such that ’y@A - ®V(D> 2(; 0,
(7.192) Av(py such that c;(V*(D)) = Ay pyci1(A) (if such Ay (py exists).

We get the sufficient condition
1 n
(7.20) k>=n and Aypy >n! Z — | W)y — rwv(py-
1<s<k 5
For X =P", V = Tpn, and for a divisor D = ) A; of total degree d on P", we can still take

Yv(p)y = 2 by Proposition 5.8, and we have det(V*(D)) = O(d —n — 1). We get the degree
condition

1 n
(7.21) k>n and d>2n!< > —> —n+1

s
1<s<k

Again, [Dar16] and [MTal9] gave better bounds for this particular logarithmic situation.

7.D. Case of orbifold structures on projective n-space

Let us come to our main target, namely “genuine” orbifolds, for which our results are
completely new. The situation we have in mind is the case of triples (X, V, D) where X = P™,
V=Tx,D=>(1-1/p;)A; is a normal crossing divisor, with components A of degree d;.
Set again A = O(1). Since ¢;(V*) = —(n+ 1) ¢;(A) and D) = >-;(1=5/p;j)+A;, we have

(722) Ay =-n—1, detV*(D®) = Opn ( 14> d(1 - s/pj)+).
J
Moreover, by Proposition 5.8, we get

(7.23) @V*<D(s)> +vswps ®Id > 0

as soon as 5 > 2 and 7 > max;(d;/ max(p;/s,1)) for all components A; in D). We can
take for instance -y, > st where t = max(max;(d;/p;),2). By considering the infimum and
applying (7.102) when r = n and k > n, we find

(7.24) My > —kn =Dt H(nst—n—l-l—Zd 1—s/p]> :

while (7.142) implies

(7.25) nké%(kﬂ—ﬂ( Z 1(nst n— 1—|—Zd (1—s/pj)+ )> A"

1<s<k J
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If we take p; > p > n, then (1 —s/p;)y > 1—s/pfor s <n, and as nst —n—1 > 0 and
D i<s<k 1(nst —n — 1) < nkt, we get for 7 > 0 small a sufficient condition

ﬁ<(1—§>;dj> >kt (n+kn—1)n! (nkt—l— (1+%+-~-+%>;dj)nl_

For k = n, the latter condition is satisfied if }_, d; > c,t [T, (1- —)_1 with

1 1 1 \n1
(7.26) cn:n(n2+n—1)n!(1—|—§+---+E+$> ,

In fact, ¢,, > n’ for all n € N*, hence the above requirement implies in any case the inequality
n?t < # >~ d;. The Stirling and Euler-Maclaurin formulas imply

(7.26") en ~ (20) 20 FT/2 e (v 4 logn +1/2n)" 1 = o((nlog2n)"e ")

as n — +oo, where v = 0.577215... < log 2 is the Euler constant. Let us observe that

— =min (min ( = |, = |.

In this way, we get the sufficient condition

(7.27) P> p>n, ;d mm(mjm(%) )lil(——)

For instance, if we take all components A; possessing the same degree d and ramification
number p, these numbers and the number N of components have to satisfy the sufficient
condition

(7.27N) p>mn, Nmin(p,d/2) ﬁ (1 — _>

This possibly allows a single component (taking d, p large), or d, p small (taking N large).
Since we have neglected many terms in the above calculations, the “technological constant”
¢, appearing in these estimates is probably much larger than needed. Notice that the above
estimates require jets of order k > n and ramification numbers p > n. Parts (a) and (a’) of
Theorem 0.8 follow from (7.27) and (7.27y).

7.28. Case of jet differentials of order k = 1 (symmetric differentials). When
k < mnor p; €]1,+00], estimate (7.12) still allows us to obtain an existence criterion. For
instance, when k =1 and N > n, (7.121) and (7.25) give

Mn,1>% 3 ) nt(n = 1! Hd(l——)

M, | < % (t+7')<nt—n— 1 +Zdj(1 - 1/pj)>n A",
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and we get the non void existence criterion

(7.29) > 114 (1——) >(2n—1)t<nt—n—1+2dj(1—l/pj)>

JC{1,...,N},|J|=n j&J

n—1

where t = max(max,(d;/p;),2). For instance, if all divisors have the same degree d; = d
and ramification p; = p, condition (7.29) is implied by

<N> d" (1 — 1>n > (2n — 1) max(d/p,2) (N +n)d)”*17

n p

or equivalently, by
/ : N 1 " n—1
(7.29") min(p, d/2) i 1-— p >(2n—1)(N +n)""".

As j — (N —
( ) H0<]<n

))/(n — j) is non decreasing for 0 < j < n < N, we have the inequality
jj (N/n)™, hence

()
n S N N

= > .
(2n —1)(N 4+ n)»=t 7 nn(2n —1)(2N)»—1 = 2npntl

:25/

We finally get the sufficient condition
1 n

(7.29x) N >n, Nmin(p,d/2) (1 - —) > 2n L
p

Parts (b) and (b’) of Theorem 0.8 follow from (7.29) and (7.29y). Again, the constant
27 n*1 is certainly far from being optimal. Answering the problem raised in Remark 6.43
might help to improve the bounds.
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