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0. Introduction and main definitions

The present research is concerned with the existence of logarithmic and orbifold jet
differentials on projective varieties. For the sake of generality, and in view of potential
applications to the case of foliations, we work throughout this paper in the category of
directed varieties, and generalize them by introducing the concept of directed orbifold.

0.1. Definition. Let X be a complex manifold or variety. A directed structure (X,V') on
X is defined to be a subsheaf V- C O(Tx) such that O(Tx)/V is torsion free. A morphism
of directed varieties ¥ : (X,V) — (Y, W) is a holomorphic map ¥ : X — Y such that
dU(V) C U*W. We say that (X, V) is non singular if X is non singular and V is locally
free, i.e., is a holomorphic subbundle of T'x .

We refer to the absolute case as being the situation when V = T, the relative case
when V' = Tx /g for some fibration X — S, and the foliated case when V is integrable, i.e.
[V,V] C V, that is, V is the tangent sheaf to a holomorphic foliation. We now combine
these concepts with orbifold structures in the sense of Campana [Cam04].

0.2. Definition. A directed orbifold is a triple (X,V,A) where (X,V) is a directed variety
and A = > (1 — pij)Aj an effective real divisor, where Aj; is an irreducible hypersurface

and p; € |1,00] an associated “ramification number”. ~We denote by [A] = Y A, the
corresponding reduced divisor, and by |A| =|JA; its support.

(a) We will say that (X,V,A) is non singular if (X, V) is non singular and A is a simple
normal crossing divisor such that A is transverse to V. If r = rank(V'), we mean by
this that there are at most r components A; meeting at any point x € X, and that for
any p-tuple (j1,...,Jp) of indices, 1 < p < r, we have dim'V, N ﬂ?zl Tn;,w=1—pat
any point x € (V_; Ay,

(b) If (X, V,A) is non singular, the canonical divisor of (X,V,A) is defined to be
Kya =Ky +A

(in additive notation), where Ky = det V*.

(c) The so called logarithmic case corresponds to all multiplicities p; = oo being taken infi-

nite, so that A =5 A; = [A].

In case V' = T, we recover the concept of orbifold introduced in [Cam04], except
possibly for the fact that we allow here p; € R, p; > 1 (even though the case p; € N* is
of greater interest). It would certainly be interesting to investigate the case when (X, V, A)
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is singular, by allowing singularities in V' and tangencies between V and A, and to study
whether the results discussed in this paper can be extended in some way, e.g. by introducing
suitable multiplier ideal sheaves taking care of singularities, as was done in [Dem15] for the
study of directed varieties (X, V). For the sake of technical simplicity, we will refrain to do
so here, and will therefore leave for future work the study of singular directed orbifolds.

0.3. Definition. Let (X,V,A) be a singular directed orbifold. We say that f : C — X is
an orbifold entire curve if f is a non constant holomorphic map such that :

(a) f is tangent to V' (i.e. f'(t) € Vi) at every point, or equivalently f : (C,Tc) — (X, V)
is a morphism of directed varieties;

(b) f(C) is not identically contained in |Al;
(c) at every point tg € C such that f(ty) € Aj, f meets A; with ramification number > p;,
i.e., if Aj = {z; = 0} near f(tg), then z; o f(t) vanishes with multiplicity > p; at to.

In the case of a logarithmic component A; (p; = 00), condition (c) is to be replaced by the
assumption

(c) f(C) does not meet A;.
One can now consider a category of directed orbifolds as follows.

0.4. Definition. Consider directed orbifolds (X,V,A), (Y,W,A) with

A= (1-%)&, A:Z(1—L)AJ~.

PA.j

A morphism ¥ : (X, V,A) — (Y,W,A) is a morphism ¥ : (X,V) — (Y,W) of directed
varieties satisfying the additional following properties (a,b,c).

(a) for every component A;, W=1(A;) consists of a union of components A;, i € I(j),
eventually after adding a number of extra components A; with pa; =1

(b) in case pp; < oo, for every i € I(j) and z € A;, the derivatives D*¥(z) of ¥ at z,
computed in suitable local coordinates on X and Y, vanish for all multi-indices o € N"
with 0 < |a| < pa;/pai;

(c) if Aj is a logarithmic component (pa; = 00), then ®~1(A;) = Uier) Di where the
(Ai)ier(j) consist of logarithmic components (pa; = o0).

It is easy to check that the composite of directed orbifold morphisms is actually a directed
orbifold morphism, and that the composition of an orbifold entire curve f : C — (X, V, A)
with a directed orbifold morphism ¥ : (X,V,A) — (Y, W, A) produces an orbifold entire
curve Vo f : C — (Y, W, A). One of our main goals is to investigate the following generalized
Green-Griffiths conjecture

0.5. Conjecture. Let (X,V,A) be a non singular directed orbifold of generated type, in
the sense that the canonical divisor Ky + A is big. Then then should exist an algebraic
subvariety Y C X containing all orbifold entire curves f: C — (X, V,A).

As in the absolute case (V = Tx, A = 0), the idea is to show, at least as a first step
towards the conjecture, that orbifold entire curves must satisfy suitable algebraic differential
equations. In section 1, we introduce graded algebras

(0.6) B ErmV*(A)

meN
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of sheaves of “orbifold jet differentials”. These sheaves correspond to algebraic differential
operators P(f; f', f",..., f*)) acting on germs of k-jets of curves that are tangent to V'
and satisfy the ramification conditions prescribed by A. The strategy relies on the following
standard vanishing theorem.

0.7. Proposition. Let (X,V,A) be a projective non singular directed orbifold, and A
an ample divisor on X. Then, for every orbifold entire curve f : C — (X,V,A)
and every global jet differential operator P € H®(X, ExmV*(A) ® Ox(—A)), we have
P(fif ", f ) = 0.

The next step consists precisely of finding sufficient conditions that ensure the existence of
many global sections P € H(X, Ex ., V*(A) ® Ox(—A)). In this direction, among other
more general results, we prove

0.8. Theorem. Let A = Zj(l — pij)Aj a simple normal crossing orbifold divisor on P"

with deg A; = d;. Then there exist jet differentials of order n and large degree m on P™(A),
with a small negative twist Opy (—me), under any of the following two assumptions, where

cn = O((2n logn)™) :

(a) all components A; possess the same degree d and ramification number p > n, and the
number of components satisfies

12\ —~ s\ !
N}cnmax(—,—) (1——) ,
p d 1;[1

p

(b) A admits a component (1 — p%)Al with py = 2¢, and dy > 4c,.

1. Logarithmic and orbifold jet differentials

1.A. Directed varieties and associated jet differentials

Let (X,V) be a non singular directed variety. We set n = dim¢ X, r = rankc V, and
following the exposition of [Dem97], we denote by 7 : J*V — X the bundle of k-jets of
holomorphic curves tangent to V' at each point. The canonical bundle of V' is defined to be

(1.1) Ky =det(V*) = A"V*™.

If f:(C,0) = X, ¢t~ f(t) is a germ of holomorphic curve tangent to V', we denote by fi;;(0)
its k-jet at ¢t = 0. For xyp € X given, we take a coordinate system (z1,...,z,) centered at
xo such that V,, = Span(a%)KMgr. Then there exists a neighborhood U of zg such that

Viy admits a holomorphic frame (e, )1<u<» of the form
1.2 -2 2 oi<u<r
(1.2 WD =gt S aldge 1<uss

with ay,(0) = 0. Germs of curves f : (C,0) — X tangent to V|; are obtained by integrating
the system of ordinary differential equations

(1.3) A®) = a(f®) fit), r+1<A<n,

1<psr
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when we write f = (fi,...,fn) in coordinates. Therefore any such germ of curve f is
uniquely determined by its initial point z = f(0) and its projection f = (fi,..., fr) on the
first 7 coordinates. By definition, every k-jet fiz) € J by, = W,;l(z) is uniquely determined
by its initial point f(0) = z ~ (z1,..., z,) and the Taylor expansion of order k

(1.4) f(t)—f(0) =t& + %tQSQ—F- . %tk§k+0(tk+1), t € D(0,¢), &, €C, 1< s< k.

Alternatively, we can pick an arbitrary local holomorphic connection V on V|i; and represent
the k-jet fi11(0) by (&1,...,8k), where £ = V° f(0) € V. is defined inductively by Vif=f
and V* f = V (V=1 f). This gives a local biholomorphic trivialization of J*V|;; of the form

(1.5) TVie = VEE fwg(0) = Gy &) = (VF(0), .., VH(0)) 5

the particular choice of the “trivial connection” Vg of Viy that turns (en)i<u<r into a
parallel frame precisely yields the components &, € Vi ~ C” appearing in (1.4). We could
of course also use a C* connection V = Vo +1I" where I' € C°(U, T% ® Hom(V,V)), and in
this case, the corresponding trivialization (1.5) is just a C'°° diffeomorphism; the advantage,
though, is that we can always produce such a global C*° connection V by using a partition
of unity on X, and then (1.5) becomes a global C'*° diffeomorphism. Now, there is a global
holomorphic C* action on J*V given at the level of germs by f +— a-f where a- f(t) := f(at),
a € C*. With respect to our trivializations (1.5), this is the weighted C* action defined by

(1.6) a- (1,8, .., &) = (a1, a2, ..., "), & eV

We see that J¥V — X is an algebraic fiber bundle with typical fiber C™*, and that the
projectivized k-jet bundle

(1.7) X, (V)= (J*V ~{op)/C*, e Xp(V) = X
is a ]P’(l[r] 2l ,k[r]) weighted projective bundle over X, of total dimension
(1.8) dim Xy (V) =n+ kr — 1.

1.9. Definition. We define Ox(E),mV™) to be the sheaf over X of holomorphic functions
P(z; &1,...,&) on JEV that are weighted polynomials of degree m in (&1,...,6m).

In coordinates and in multi-index notation, we can write

P(z; &1, &) = > oy o (2) €80 . €0
Qe o eN”

|y |[4+2]|az |+ +k|ag|=m

where the aq,.. .o, (2) are holomorphic functions in z = (z1,..., 2,) and £ actually means

5?5 - 5?’?1 cee Sa;,r for fs - (63,17 s afs,r) € CT, Qg = (as,la s 7a8,7‘> S er

and |as| = 22:1 o ;. Such sections can be interpreted as algebraic differential operators
acting on holomorphic curves f : D(0, R) — X tangent to V, by putting P(f) := u where
(1.10) u(t) = 2. Qo (FO) £/ fE(H) ™

Oél,...,OékeNT
|aq |[+2|az |+ +k|ag|=m
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Here f()(t)*s is actually to be expanded as

FO@ = () f e

with respect to the components f;s) defined in (1.4). We also set u = P(f; f', f",..., f*)
when we want to make more explicit the dependence of the expression in terms of the
derivatives of f. We thus get a sheaf of graded algebras

(1.11) P ox(ErmV).

meN

Locally in coordinates, the algebra is isomorphic to the weighted polynomial ring

(1.12) Ox[f"] Lcienicscy  deg £ =

over Ox. An immediate consequence of these definitions is :

1.13. proposition. The projectivized bundle 7y, : X, (V) — X can be identified with

(a) Proj < o) OX(Eka*)) - X,

meN

and, if Ox,v)(m) denote the associated tautological sheaves, we have the direct image
formula

(b) (1)« Ox,. (v (M) = Ox (Egm V™)

1.14. Remark. These objects where denoted X ,SG and EE%V* in our previous paper
[Dem97], as a reference to the work of Green-Griffiths [GGT79], but we will avoid here the
superscript GG to simplify the notation.

Thanks to the Faa di Bruno formula, a change of coordinates w = (z) on X leads to a
transformation rule

(o )W =g of - fR 4+ Qu(f,....f* 1

where @ is a polynomial of weighted degree k in the lower order derivatives. This shows
that the transformation rule of the top derivative is linear and, as a consequence, the
partial degree in f(¥) of the polynomial P(f; f’,..., f*)) is intrinsically defined. By taking
the corresponding filtration and factorizing the monomials (f (k))o‘k with polynomials in
ff" . f D) we get graded pieces

G*(ErmV*) = P Er-1m-ne, V* @ SHV*.
L EN

By considering successively the partial degrees with respect to f*), f=1 7 # and
merging inductively the resulting filtrations, we get a multi-filtration such that

(1.15) G*(EpmV?*) = £ ShVr 0 ShYr Q. @ SV
61,...,€keN,€1+2£2—|—-~—|—k£k:m
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1.B. Logarithmic directed varieties

We now turn ourselves to the logarithmic case. Let (X,V,A) be a non singular
logarithmic variety, where A = > A; is a simple normal crossing divisor. Fix a point
ro € X. By the assumption that A is transverse to V, we can then select holomorphic
coordinates (z1,..., z,) centered at xo such that V,,, = Span(aizj)lgjgr and A; = {z; = 0},
1 < j < p, are the components of A that contain zy (here p < r and we can have p = 0 if
xo ¢ |A]). What we want is to introduce an algebra of differential operators, defined locally

near xg as the weighted polynomial ring

(1.16) Ox [(log [1)i2,p (F; Dpticisr) 1o des f;” = deg(log f;)) =5,
or equivalently
(1.16) Ox [ 5 nsisr (F pisisr] 1o des i =5, deg f71 =0,

For this we notice that
(log f1)" = (fi ' f1) = fi 1 = (fr D)2,
(log f1)" = fi ' f1 =30 DT D + 207 D%,

A similar argument easily shows that the above graded rings do not depend on the particular
choice of coordinates made, as soon as they satisty A; = {z; = 0}.

Now (as is well known in the absolute case V' = T'x ), we have a corresponding logarithmic
directed structure V(A) and its dual V*(A). If the coordinates (z1,...,2,) are chosen so

that V,, = {dz,41 = ... = dz, = 0}, then the fiber V(A),, is spanned by the derivations
0 0 0 0
zla—n,...,zpa—%, %"”’6_&«'
The dual sheaf Ox (V*(A)) is the locally free sheaf generated by
%,...,dﬁ, dzpy1,...,dz,
21 Zp

[where the 1-forms are considered in restriction to Ox (V(A)) C Ox(V)]. It follows from this
that Ox(V(A)) and Ox(V*(A)) are locally free sheaves of rank r. By taking det(V*(A))

and using the above generators, we find
(1.17) det(V*(A)) = det(V*) @ Ox (A) = Ky + A
in additive notation. Quite similarly to 1.13 and 1.15, we have :

1.18. Proposition. Let @, . Ox (ErmV*(A)) be the graded algebra defined in coordinates
by (1.16) or (1.16"). We define the logarithmic k-jet bundle to be

(a) Xi(V(A)) := Proj ( D oX(Ek,mv*@))) - X.

meN

If Ox, (v(ay)(m) denote the associated tautological sheaves, we get the direct image formula
(b) (7) Ox(v(a)) (m) = Ox (Bgm V™ (A)).

Moreover, the mult-filtration by the partial degrees in the derivatives f;s) has graded pieces

(c) G*(EpmV*(A)) = &y SOVHA) @ SV A) @ - @ SHVH(A).
ly,..., CrLEN, b1 +20o0+ -+ kl=m
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1.C. Orbifold directed varieties

We finally consider a non singular directed orbifold (X, V,A), where A = (1 — pij)Aj

is a simple normal crossing divisor transverse to V. Let [A] = > A; be the corresponding
reduced divisor. By §1.B, we have associated logarithmic sheaves Ox (Ej ,,V*([A])). We
want to introduce a graded subalgebra

(1.19) P ox(ErmV(A) € @ Ox(ErmV*([A])

meN meN

in such a way that for every germ P € Ox(FEk ,»V*(A)) and every germ of orbifold curve
f:(C,0) — (X, V,A) the germ of meromorphic function P(f)(t) is bounded at ¢ = 0 (hence
holomorphic). Assume that Ay = {z; = 0} and that f has multiplicity ¢ > p; > 1 along A,

at t = 0. Then fl(s) still vanishes at order > (¢ — s)4, thus (fl)_ﬁfl(s) is bounded as soon
as Bq < (q — 8)4, Le. B < (1= 2)4. Thus, it is sufficient to ask that 8 < (1 — p—‘s’l)+. At a
point o € [A1|N...N|A,|, a sufficient condition for a monomial of the form

k r
(120) fl_/Bl e f;ﬁp H H(f;S))aS’j, g = (O[s,j) S Nru /617 s 7ﬂp S N

s=1j5=1

to be bounded is to require that the multiplicities of poles satisfy

k
(1.20') Bi <Y (1 - §)+, 1<j<p.
s=1 J

1.21. Definition. The subalgebra @, Ox (ErmV*(A)) is taken to be the graded ring
generated by monomials (1.20) of degree > slas| = m, satisfying the pole multiplicity
conditions (1.20"). These conditions do not depend on the choice of coordinates, hence
we get a globally and intrinsically defined sheaf of algebras on X.

Proof. We only have to prove the last assertion. Consider a change of variables w = 9(z)
such that A; can still be expressed as A; = {w; = 0}. Then, for j = 1,...,p, we can
write w; = z;ju;(2) with an invertible holomorphic factor ;. We need to check that the
monomials (1.20) computed with g = 1o f are holomorphic combinations of those associated

with f. However, we have g; = fju;(f), hence g](-s) = D o<r<s (Z)f]@(uj(f))(s*é) by the
Leibniz formula, and we see that

k
0”0 TT T g7y

s=1j=1
expands as a linear combination of monomials

s, j

k r
fl_ﬂl o fp—ﬁp H H H f;es,j,m)7 Es,j,m < s,

s=1j=1m=1
multiplied by holomorphic factors of the form

r s,

Hluj(frﬁj < [T TI IT (ws (et

s=1j=1m=1



8 F. Campana, L. Darondeau, J.-P. Demailly, E. Rousseau, orbifold jet differentials

However, we have

As,j

k
s Uy s
<N .(1__) < (1_M> ,
Bi 35—1: 5.4 o)+ > ).

s=1m=1 Pj
so the f-monomials satisfy again the required multiplicity conditions for the poles fj_ﬁ 7.0

The above conditions (1.20") suggest to introduce a sequence of “differentiated” orbifold
divisors

(1.22) A® =% <1 - i) A
4

- Pi

We say that A®) is the order s orbifold divisor associated to A ; its ramification numbers
are pgs) = max(p,/s,1). By definition, the logarithmic components (p; = 0o) of A remain
logarithmic in A(®), while all others eventually disappear when s is large.

Now, we introduce (in a purely formal way) a sheaf of rings Ox = Oy [23] by adjoining
all positive real powers of coordinates z; such that A; = {z; = 0} is locally a component
of A. Locally over X, this can be done by taking the universal cover Y of a punctured
polydisk

D*(0,r):= [[ D (0,r)x ][] D(,r;) < DO,r):= [] D(O,r))

NV pH1<isn NV

in the local coordinates z; on X. If v : ¥ — D*(0,7) — X is the covering map and
U C D(0,) is an open subset, we can then consider the functions of O x (U) as being defined
on v~ 1(U N D*(0,r)). In case X is projective, one can even achieve such a construction
globally by taking Y to be the universal cover of a complement X ~ (|A| U |A’]), where
A" = %" A} is a sum of very ample divisors such that A + A’ has simple normal crossings,
and Aj; ~ A Al Gy With Uy, XN (A ) YU A ) = X for each j.

bGm) 2G.m)

In this setting, the subalgebra @,, O x (Ek,nmV*(A)) still has a multi-filtration induced
by the one on @, Ox (Ek,.,»V*([Al])), and by extending the structure sheaf Ox into Ox,
we get an inclusion

(1.23) 6X(G'Ek,mv*<A>) C @ Ox(S“V(AD) ® - @ Ox (S*V(AR)Y),
O +200 4kl =m

) x (V*(A®))) is the “s-th orbifold (dual) directed structure”, generated by the order s
differentials

(1.24) UG 1< i<p, AWz, pr1<i<r
By construction, we have

(1.25) det(Ox (V(ALY))) = Ox (Ky + A®).

1.26. Remark. When p; = a;/b; € Q4, one can find a finite ramified Galois cover
g : Y — X from a smooth projective variety ¥ onto X, such that the compositions (z;0 g)t/ %
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become single-valued functions w; on Y. In this way, the pull-back Oy (g*V*(A®)) is
actually a locally free Oy-module. On can also introduce a sheaf of algebras which we
will denote by €@ Oy (Ek,»V*(A)), generated, according to the notation of §1.B, by the

elements g* (zj(-lfs/pj)’Ld(s)zj), 1< j<p,and g*(d®z), p+1 < j < r. Then there is indeed

a multifiltration on Oy (Ej,»V*(A)) whose graded pieces are

(1.27) OY(G'Ek’mV*(A» = @ Oy (SOVH(AMY) @ -+ ® Oy (SEV*(ARY).
l14282++kl=m

However, we will adopt here an alternative viewpoint that avoids the introduction of finite
or infinite covers, and suits better our approach. Using the general philosophy of [Laz??],
the idea is to consider a “jet orbifold directed structure” X;(V(A)) as the underlying “jet
logarithmic directed structure” X3 (V([A])), equipped additionally with a submultiplicative
sequence of ideal sheaves J,,(A) C Ox, (v (ra1))- These are precisely defined as the base loci
ideals of the local sections defined by (1.20) and (1.20"), when these are seen as sections of
the logarithmic tautological sheaves Ox, (v (ra1y)(m). The corresponding analytic viewpoint
is to consider ad hoc singular hermitian metrics on Ox, (v (ra1))(1) whose singularities are
asymptotically described by the limit of the formal m-th root of J,,(A), see §3.B. It then
becomes possible to deal without trouble with real coefficients p; € |1, 00], and since we no
longer have to worry about the existence of Galois covers, the projectivity assumption on X
can be dropped as well.

2. Preliminaries on holomorphic Morse inequalities

2.A. Basic results
We first recall the basic results concerning holomorphic Morse inequalities for smooth

hermitian line bundles, first proved in [Dem85].

2.1. Theorem. Let X be a compact complex manifolds, E — X a holomorphic vector bundle
of rank r, and (L,h) a hermitian line bundle. We denote by Op, ), = ﬁv,% = —3-00logh
the curvature form of (L, h) and introduce the open subsets of X

X(L,h,q) = {x € X; Opn(x) has signature (n — q,q)},
(*) X(L,h,S) = | J X(L,hog), VS C {0,1,...,n}

qeSs

Then, for all ¢ = 0,1,...,n, the dimensions h1(X,E ® L™) of cohomology groups of the
tensor powers EE @ L™ satisfy the following “Strong Morse inequalities” as m — 400 :

n

SM(q) : Y ()R (X, E®Q L) < r

— (=1)?©7 , +o(m™),
0<j<q - JX(L,h,<q)

with equality x(X, E® L™) = TmTT Ix ©7% ,, +o(m™) for the Euler characteristic (¢ = n).

As a consequence, one gets upper and lower bounds for all cohomology groups, and especially
a very useful criterion for the existence of sections of large multiples of L.

2.2. Corollary. Under the above hypotheses, we have



10 F. Campana, L. Darondeau, J.-P. Demailly, E. Rousseau, orbifold jet differentials

(a) Upper bound for h% (Weak Morse inequalities) :

h(X,E® L™) < r™

n! X(L,h )(_1)(1@%,11 +o(m") .
: 9 7q

(b) Lower bound for h® :
0 m 0 1 m" n n
WX, EQL™)2h"—h Z2r—- T —o(m") .
nJX(Lh<1)
Especially L is big as soon as fX(L h<1) O7F ;, > 0 for some hermitian metric h on L.

(c) Lower bound for h? :

m’I’L

(X, E®L™)>h!—h?t !t —pitt > r (=1)9©7% j, + o(m™) .

X (L gt 1))
Proof. (a) is obtained by taking SM(q) + SM(q — 1), (b) is equivalent to —SM(1) and (c) is
equivalent to —(SM(qg+1) + SM(q —2)). O

The following simple lemma is the key to derive algebraic Morse inequalities from their
analytic form (cf. [Dem94], Theorem 12.3).

2.3. Lemma. Let n = a— f3 be a difference of semipositive (1,1)-forms on an n-dimensional
complex manifold X, and let 1, <, be the characteristic function of the open set where 1 is
non degenerate with a number of negative eigenvalues at most equal to q. Then

()l < Y (~1)7 (”) o A,
0<y<q J

in particular
L, <1 n" >a" — na" LA B forq=1.

Proof. Without loss of generality, we can assume « > 0 positive definite, so that a can be
taken as the base hermitian metric on X. Let us denote by

AMZXA>2... 2720
the eigenvalues of § with respect to . The eigenvalues of n = o« — 3 are then given by
1—M <. <1=X2<1=Agy1 <... <1 = Ay,

hence the open set {A\;41 < 1} coincides with the support of 1, <4, except that it may also
contain a part of the degeneration set "™ = 0. On the other hand we have

(?) Q"IN B = U%()\) o,

where o7 ()\) is the j-th elementary symmetric function in the A;’s. Thus, to prove the
lemma, we only have to check that

Z (1) o) (A) — Dy, <1y (1) H (1—=2X;)=0.

0<j<q 1<5<n
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This is easily done by induction on n (just split apart the parameter A, and write
oA (V) = a7 (A) + 0021 (A) An). O

2.4. Corollary. Assume that n = O, 1, can be expressed as a difference n = o — 3 of smooth
(1,1)-forms o, 8 = 0. Then we have

SM(q) : Z (-1 7pI(X,E® L™) <rm—/X Z

0<i<q 0<i<q

(1 (M) art gt 4 o),
J
and in particular, for ¢q =1,

R(X,EQL™) >h° —h' 2r— [ o™ —na""' AB+o(m™).

2.5. Remark. These estimates are consequences of Theorem 2.1 and Lemma 2.3, by taking
the integral over X. The estimate for h® was stated and studied by Trapani [Tra93]. In the
special case @« = O4, > 0, f = Opy, > 0 where A, B are ample line bundles, a direct
proof can be obtained by purely algebraic means, via the Riemann-Roch formula. However,
we will later have to use Corollary 2.4 in case a and [ are not closed, a situation in which
no algebraic proof seems to exist.

2.B. Singular holomorphic Morse inequalities

The case of singular hermitian metrics has been considered in Bonavero’s PhD thesis
[Bon93] and will be important for us. We assume that L is equipped with a singular
hermitian metric h = hoe™% with analytic singularities, i.e., ho is a smooth metric, and
on an neighborhood V' 3 x( of an arbitrary point xy € X, the weight ¢ is of the form

(2.6) p(z) =clog > |g;” +u(2)

1SN

where g; € Ox (V) and u € C*°(V). We then have O, = a + 5-09¢ where a = Op ,__ is
a smooth closed (1,1)-form on X. In this situation, the multiplier ideal sheaves

(2.7) I(h") =I(kp) = {f € Ox 4, IV 3 u, /v 1F(2))Pe ™3 dN(2) < +00}

play an important role. We define the singularity set of h by Sing(h) = Sing(¢) = ¢~} (—0)
which, by definition, is an analytic subset of X. The associated ¢-index sets are

(2.8) X(L,h,q) = {z € X \ Sing(h); O ;(x) has signature (n — ¢,q)}.
We can then state:

2.9. Theorem ([Bon93|). Morse inequalities still hold in the context of singular hermitian
metric with analytic singularities, provided the cohomology groups under consideration are
twisted by the appropriate multiplier ideal sheaves, i.e. replaced by H1(X, E® L™ @ J(h™)).

2.10. Remark. The assumption (2.6) guarantees that the measure 1y sing(n)(©Or,n)" is
locally integrable on X, as is easily seen by using the Hironaka desingularization theorem
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and by taking a log resolution x : X — X such that 1 (g;) = (v) C Ox becomes a principal
ideal associated with a simple normal crossing divisor £ = div(y). Then p*©p , = c[E]+ 3

where (3 is a smooth closed (1, 1)-form on X , hence
W (Mx < Sing(n)OL.1) = B = Th= / p".
X~ Sing(h)

It should be observed that the multiplier ideal sheaves J(h") and the integral [ X Sing(h) @z,h
only depend on the equivalence class of singularities of A : if we have two metrics with analytic
singularities h; = hooe™ %7, j = 1,2, such that ¢ = ¢ — ¢ is bounded, then, with the above
notation, we have p*Or ;. = c[E] + B; and B = f1 + 5=00%, therefore J3 85 = |3 BT by
Stokes theorem. By using Monge-Ampére operators in the sense of Bedford-Taylor [BT76],
it is in fact enough to assume uw € L{$ (X) in (2.6), and ¢ € L°°(X) here. In general,
however, the Morse integrals fX L’hj’q)(—l)q T J =12 will differ.

2.C. Morse inequalities and semi-continuity

Let X — S be a proper and flat morphism of reduced complex spaces, and let (X )iecg
be the fibers. Given a sheaf € over X of locally free Ox-modules of rank r, inducing on
the fibres a family of sheaves (E; — Xi)icg, the following semicontinuity property holds
([CRAS]):

2.11. Proposition. For every q > 0, the alternate sum
tes h( Xy, By) — Y Xy, By) + .o+ (=1)90%( Xy, Ey)

is upper semicontinuous with respect to the (analytic) Zariski topology on S.

Now, if L — X is an invertible sheaf equipped with a smooth hermitian metric h, and if
(ht) are the fiberwise metrics on the family (L; — X¢)icg, we get

q n
(2.12) S (1)1 (X, By @ LE™) < 1o (—1)907%, 4, + 6(t)ym"
j:O n: X(L07h07<q)

where 6(t) — 0 as t — 0. In fact, the proof of holomorphic Morse inequalities shows that
the inequality holds uniformly on every relatively compact S’ € S, with

0= 1% = [ (DO,
X (Lt ,he,<q) X

in the right hand side, and t — I(t) is clearly continuous with respect to the ordinary
topology. In other words, the Morse integral computed on the central fibers provides uniform
upper bounds for cohomology groups of F; ® L?m when t is close to 0 in ordinary topology
(and also, as a consequence, for ¢ in a complement S \ [JS,, of at most countably many
analytic strata S, C .9).

2.13. Remark. Similar results would hold when h is a singular hermitian metric with
analytic singularities on £ — X, under the restriction that the families of multiplier ideal
sheaves (J(h}"))tes “never jump”.
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2.D. Case of filtered bundles

Let E — X be a vector bundle over a variety, equipped with a filtration (or multi-
filtration) FP(E), and let G = @ GP(F) — X be the graded bundle associated to this
filtration.

2.14. Lemma. In the above setting, one has for every g > 0

)IIR(X, Q).

MQ

q
Z )W (X, E)
7=0 ]:O

Proof. One possible argument is to use the well known fact that there is a family of filtered
bundles (E; — X)iec (with the same graded pieces GP(E;) = GP(F)), such that F; ~ FE
for all t # 0 and Ey ~ G. The result is then an immediate consequence of the semi-
continuity result 2.11. A more direct very elementary argument can be given as follows: by
transitivity of inequalities, it is sufficient to prove the result for simple filtrations; then, by
induction on the length of filtrations, it is sufficient to prove the result for exact sequences
0— S5 — E — Q — 0 of vector bundles on X. Consider the associated (truncated) long
exact sequence in cohomology:

0— HYS) —» HYE) > H(Q) % - -

" H9(S) = HY(E) — HI(Q)

By the rank theorem of linear algebra,

q
0 < rank(d 1Y (—1)/(h(X,Q) — W (X, E) + W/ (X, 5)).
7=0
The result follows, since here 7 (X,G) = b/ (X, Q) + W (X, S). O

2.E. Rees deformation construction (after Cadorel)

In this short paragraph, we outline a nice algebraic interpretation by Benoit Cadorel
of certain semi-continuity arguments for cohomology group dimensions that underline the
analytic approach of [Demll, Lemma 2.12 and Prop. 2.13] and [Dem12, Prop. 9.28] (we
will anyway explain again its essential points in §3, since we have to deal here with a more
general situation). Recall after [Cadl7, Prop. 4.2, Prop. 4.5], that the Rees deformation
construction allows one to construct natural deformations of Green-Griffiths jets spaces to
weighted projectivized bundles.

Let (X, V,A) be a non singular directed orbifold, and let g : Y — (X, A) be an adapted
Galois cover, as briefly described in remark 1.26, see also [CDR18, §2.1] for more details.

We then get a Green-Griffiths jet bundle of graded algebras Ek,.?*<A> — Y which admits
a multifiltration of associated graded algebra

G*Ep V(M) = P b SAVHADY @ ... @ SV (AW)Y,
meN £1+2€2++k€k:m

where the tilde means taking pull-backs by ¢g*. Applying the Proj functor, one gets a
weighted projective bundle:

P,k (17*<A<1>)> o @ ‘7*<A(k)>> _ Proj (G'Ek,f/*(A)) oy,
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Then, following mutadis mutandus the arguments of Cadorel, one constructs a family
%2 Y, — C parametrized by C, with a canonical line bundle Oy, (1) such that:

o the central fiber Ypo is P(1,...p) (?*(A(l)» @---@?*(A(k») and the restriction of
Oy, (1) coincide with the canonical line bundle of this weighted projective bundle. Hence
(7)1 Oy, o (M) = G* B VF(A).

o the other fibers Y, are isomorphic to the singular quotient .J (Y,V,A)/C* for the

natural C*-action by homotheties, where Jk(Y,XN/, A) is the affine algebraic bundle
associated with the sheaf of algebras, and (7). 0y, ,(m) ~ Ex mV*(A).

Applying the semicontinuity result of [Dem95], and working with holomorphic inequalities,
we obtain a control about dimensions of cohomology spaces of Ej ,,V*(A) in terms of

dimensions of cohomology spaces of the a priori simpler graded pieces G'Ekymv*<A>. This
reduces the study of higher order jet differentials to sections of the tautological sheaves
on the weighted projective space associated with a direct sum combination of symmetric
differentials. In particular, we have

2.15. Lemma. For every g € N

q q
S (1) TR, By V(A)) 2D (—1)TIH (Y, G BV (A)).

j=0 7=0
Especially, for g =1, we get

WY, By VF(A)) = hO(Y, By V(A)) — BN (Y, Eim VF(A))

>h
> hO(Y, G*Eym V*(A)) — BY (Y, G*Ep, 1V (A)).

3. Construction of jet metrics and orbifold jet metrics

3.A. Jet metrics and curvature tensor of jet bundles

Let (X,V) be a non singular directed variety and h a hermitian metric on V. We
assume that h is smooth at this point (but will later relax a little bit this assumption and
allow certain singularities). Near any given point zy € X, we can choose local coordinates

z = (z1,...,2,) centered at zy and a local holomorphic coordinate frame (ex(z))i1<a<r of V'
on an open set U 3 zp, such that
(3.1) (ex(2),eu(2))n(z) = Oap + > cijanziZi + O(|2%)

1<6,5<n, ISA, pusr

for suitable complex coefficients (c;jr,). It is a standard fact that such a normalized
coordinate system always exists, and that the Chern curvature tensor ﬁV%,}h of (V,h)
at zg is given by

1 - x
(3.2) @V,h(zo) = —% Z Cijap dZi/\de ®€)\ ®€M‘
iaja>\7/~1‘

Therefore, (c;jx,) are the coefficients of —©y,. Up to taking the transposed tensor
with respect to A, pu, these coefficients are also the components of the curvature tensor
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Oy« p+ = =By, of the dual bundle (V*, h*). By (1.5), the connection V = V, yields a C*
isomorphism J,V — V&%, Let us fix an integer b € N* that is a multiple of lem(1,2,. .., k),
and positive numbers 1 = g1 > €9 > -+ > ¢ > 0. Following [Dem11], we define a global
weighted Finsler metric on J¥V by putting for any k-jet f € J*V,

1/b
(3.3) e (f) ::< 3 sibnvvm)nilzéi) ,

1<s<k

where || [|5() is the hermitian metric & of V' evaluated on the fiber V., z = f(0). The
function Wy, 5 . satisfies the fundamental homogeneity property

(3.4) Uppela- f)=al? Uy (f)

with respect to the C* action on J*V, in other words, it induces a hermitian metric on the
dual L}, of the tautological Q-line bundle Lj = Ox, (v)(1) over X3 (V). The curvature of Ly,
is given by

* 1 5
(3.5) Wk@Lk,\I/ = %aalog \I/hib,g

hbe
Our next goal is to compute precisely the curvature and to apply holomorphic Morse
inequalities to L — Xy (V) with the above metric. This might look a priori like an
untractable problem, since the definition of Wj ;. is a rather complicated one, involving
the hermitian metric in an intricate manner. However, the “miracle” is that the asymptotic
behavior of Wy 4 . as €5/es_1 — 0 is in some sense uniquely defined, and “splits” according
to the natural multifiltration on jet differentials (as already hinted in §2.E). This leads to a
computable asymptotic formula, which is moreover simple enough to produce useful results.

3.6. Lemma. Let us consider the global C> bundle isomorphism J*V — VO associated
with an arbitrary global C'*° connection V on V. — X, and let us introduce the rescaling
transformation

pVﬂE(€17£Q7"'7£k) ::(8%51783527"'7€Z£k) oncﬁbers{]kVQ, zeX.

Such a rescaling commutes with the C*-action. Moreover, if p is a multiple of lem(1,2, ... k)
and the ratios e5/es—1 tend to 0 for all s = 2,... k, the rescaled Finsler metric
W peo pg’lg(él, ..., &) converges towards the limit
1/b
2b
(% el
1<s<k

on every compact subset of VEF < {0}, wniformly in C™ topology, and the limit is
independent of the connection V. The error is measured by a multiplicative factor 1 £

O(maxogs<k(es/es-1)")-

Proof. Let us pick another C* connection V = V + I’ where I' € C*°(U, T% @ Hom(V,V)).
Then V2f = V2f +T(f)(f') - f', and inductively we get

Vef=Vof+PJ(f; Vf,...,V5Lf)
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where P(z;&,...,8-1) is a polynomial with C* coefficients in z € U, which is of
weighted homogeneous degree s in (£1,...,&s-1). In other words, the corresponding
isomorphisms J* RV o~ VEBk correspond to each other by a C*-homogeneous transformation

(&1, &) — (&1, ., &) such that

gs:fs—i_Ps(z; 517"'758—1)'

Let us introduce the corresponding rescaled components

(51,57 s 7€k,€) = (5%61’ cee 75£€k>7 (gl,ev cee agk:,s) = (5%517 o 751]256)'

Then N 1
6875 :gs,s +€§ Ps(x’ 51_1£1,€7"'5 €s (Sl )55 16)
= &oc+ O(ea/2a1)" O([€1ell + -+ [lEa-rc [/ 7Y)°

and it is easily seen, as a simple consequence of the mean value inequality |||z||Y — ||y||”| <

YSup, ey 12177l — yl|, that the “error term” in the difference €62 112575 — ||€s.e
bounded by

s s— s\ 2b
(6s/€s5-1) (HflsH +eee At ”fs—l,a“l/( Vot [1€s.e 1/ ) .

When b/s is an integer, similar bounds hold for all derivatives Df’g(Hgs,EHQb/S — ||€s.e )
and the lemma follows. O

Now, we fix a point 2y € X, a local holomorphic frame (ex(z))1<a<r satisfying (3.1)
on a neighborhood U of zg, and the holomorphic connection V on V| such that Vey = 0.
Since the uniform estimates of Lemma 3.6 also apply locally (provided they are applied
on a relatively compact open subset U’ € U), we can use the corresponding holomorphic
trivialization J*V]y ~ Vﬁ ~ U x (C")®* to make our calculations. We do this in terms of
the rescaled components £; = €3V?° f(0). Then, uniformly on compact subsets of .J kV|U ~{0},
we have

1/b
Wh@sOPQ;QQSh-na&J::< }: ”&Hﬁg) + O(max((gs/5-1)""),

1<s<k

and the error term remains of the same magnitude when we take any derivative Df ¢ By
(3.1) we find

186113y = Z|§sx|2+ D cijan 2% Eany + O(2PIEP).
5,5\

The question is thus reduced to evaluating the curvature of the weighted Finsler metric on
VO defined by

1/b
TN O )

1<s<k

b/s 1/b
( Z ( + Z Cijau ZiZj fs )\5 »H) ) +O(|Z‘3)

1<s<k L0, 0
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We set |52 =, [€5,4]%- A straightforward calculation yields the Taylor expansion
1quj(za 517 s 75/@)
&[>

. 1 2b/s 1 _ és,)\gs,u 3
—glog Z €5 + Z EW Z CijAuZizjKT+0(|Z| )-

1<s<k 1<s<k (VIS

By (3.5), the curvature form of L, = Ox,(v)(1) is given at the central point zy by the
formula

i 1 55 2b/s gs,)\gs,
(B7) Onws, Gole) wral©) + = 3 TS S, S g,
- 2m S S 2 lal®t 5% €]

where [€] = [¢1,...,&] € Pl 20kl and wrkb(§) = i@g(%logzlgsgk €6 [20/9).
The fibers P(1[7, 201 k")) of X;(V) — X can be represented as a quotient of the

“weighted ellipsoid” 21521 £4?/% = 1 by the S'-action induced by the weighted C*-action.
This suggests to make use of polar coordinates and to set

(3.8) zs = &%, = (x1,...,11) € RF,
(3.8 Ug = és] eST L, u=(ui,...,uy) € (S Hk,
so that
k
(3.8") sz =1 and & = 2%/%u,.
s=1

The Morse integrals will then have to be computed for (z,u) € A" x (S2"~1)*, where
AF™! ¢ R* is the (k — 1)-dimensional simplex.

3.9. Proposition. With respect to the rescaled components £ = €5V f(0) at z = f(0) € X
and the above choice of coordinates (3.8%), we have an approrimate expression

(8) OLou;, (2 16]) = Wi (€) + gvia(z 2, u) + (error terms),

where (x,u) € AR X (STr—HHk ¢, = xi/zbus e Cr,
_ L o) 1 2b/s
0) wanl) = 2-00(3 ¥ l6P)
1<s<k

is a (slightly degenerate) Fubini-Study Kdhler type metric on P(1, 201 k")) associated
with the canonical C* action on J*V of weight a = (17,207 . k")), and

i Ts _
(c) gvr(z,m,u)= Gy Z — Z Cij)\/i(z) Us \Us,, Az N dZ;.

S
1<s<k (VIS

Here (cijr,) are the coefficients of —Oy.p,, and the error terms admit an upper bound

(d) (error terms) < O<2r£1a<xk(68/85_1)5> uniformly on the compact variety X (V).
ISx
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Proof. The error terms on ©p, come from the differentiation of the error terms on the
Finsler metric, found in Lemma 3.6. They can indeed be differentiated if b is a multiple of
lem(1,2,...,k), since 2b/s is then an even integer. O

For the calculation of Morse integrals, it is useful to find the expression of the volume form
wffﬁjbl on P17, 2071 k[T) = (AR x (S?=1)F) /ST in terms of the coordinates (z,u). We
refer to [Dem11, Prop. 1.13] for the proof.

3.10. Proposition.

(a) The volume form wf;’*bl is the quotient of the measure 7=Vi,, @ pt on AR (S2r1)k,

where

(x1...2)" ¢

dvi (z) = (kr — 1)! dry N ... Ndxg—1, dp(u) =dpg(ur)...dug(ug)

(r— 1)k
are probability measures on A*1 and (S*"~1)* respectively (1 being the rotation invari-
ant one).
1
(b) We have the equality / wf;’_bl = (independent of b).
P(1I7],207] . klr) !

83.B. Logarithmic and orbifold jet metrics

Consider now an arbifold directed structure (X,V,A), where V C Tx is a subbundle,
r =rank(V),and A = > (1— plj)Aj is a normal crossing divisor that is assumed to intersect
V transversally everywhere. One then performs very similar calculations to what we did in
§3.A, but with adapted Finsler metrics. Fix a point zp at which p components A; meet,
and use coordinates (z1, ..., z,) such that V. is spanned by (8%1, e 6%) and A is defined
by z; = 0,1 < j < p < r. In the logarithmic case p; = oo, the logarithmic dual bundle
O(V*(A)) is spanned by
%,...,%, dzpy1,. .., dzy.
Z1 Zp

The logarithmic jet differentials are just polynomials in

s s
d Z1 d Zp ds
) )

Pz, 1< s<k,
o, - Zpt1 Zn s
and the corresponding (e1,...,¢ex)-rescaled Finsler metric is
k D r 2b/s 1/b
o [z (e 3 uer)™)
s=1 Jj=1 Jj=p+1

Alternatively, we could replace |f;| 72| f;s) 2 by |(log f;)(®)|? which has the same leading term

and differs by a weighted degree s polynomial in the fj_1 f](e), { < s;an argument very similar
to the one used in the proof of Lemma 3.6 then shows that the difference is negligible when
€1 > €9 > -+ > gi. However (3.11) is just the case of the model metric, in fact we get
r-tuples & = (&s,j)1<j<r Oof components produced by the trivialization of the logarithmic
bundle O(V(A)), such that

(3.12) €s,j = fj_lf;‘g) for1<s<pand & ;= f;s) forp+1<s<r.
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In general, we are led to consider Finsler metrics of the form

L 1/b
2b/s
(3.13) (Z&??bﬂfsﬂh(i)) , &= (€S7J)1§J<T’
s=1

where h(z) is a variable hermitian metric on the logarithmic bundle V(A). In the orbifold
case, the appropriate “model” Finsler metric is

k P r 2b/s 1/b
(3.14) (Zﬁ§b<z!fjl‘Q(l‘S/’”)+|f}S)|2+ > |f§s>|2) ) .
s=1 j=1

Jj=p+1

As a consequence of Remark 2.10, we would get a metric with equivalent singularities on
the dual L}, of the tautological sheaf L = Ox, v (a))(1) by replacing Z;:p—i—l |f](5)|2 with

> i1 |f;5) |? (or by any smooth hermitian norm h on V), since the extra terms »7_, |f;s) |2
are anyway controlled by the “orbifold part” of the summation. Of course, we need to find
a suitable Finsler metric that is globally defined on X. This can be done by taking smooth
metrics hy,s on V and hj on Ox(A;) respectively, as well as smooth connections V and V.
One can then consider the globally defined metric

2b/s 1/b
s —21 s/pj s
(3.15) (Ze%(uv( Sl + Sl 200/ >+||v§><ajof>uij> )

where A = > (1 — pij)Aj and o; € HY(X,0x(A;)) are the tautological sections; here, we
want the flexibility of not necessarily taking the same hermitian metrics on V' to evaluate the
various norms ||V f|5,... We obtain Finsler metrics with equivalent singularities by just
changing the hy s and h; (and keeping V, V; unchanged). If we also change the connections,
then an argument very similar to the one used in the proof of Lemma 3.6 shows that the
ratio of the corresponding metrics is 1 £ O(max(es/e5—1)), and therefore arbitrary close to
1 whenever €1 > €9 > --- > €f; in any case, we get metrics with equivalent singularities.
Fix zgp € X and use coordinates (z1,...,z2,) as described at the beginning of §3.B, so that
0j(z) =z, 1 <j < p, in a suitable tr1v1ahzat10n of Ox(A,). Let f be a k-jet of curve such
that f(0) = z € X ~|A] is in a sufficiently small neighborhood of zy. By employing the
trivial connections associated with the above coordinates, the derivative f(*) is described by
components

s . e} s or —(1—=s/p; s .
Eg =1, 1<j<r, €8 =, o= prUms/ee f0) 1 <<,

and forb = flog &s,j for p+1 < j < r. Here §°‘"b are to be thought of as the components of

f(®) in the “virtual” vector bundle V(A(S)>, and the fact that the argument of these complex
numbers is not uniquely defined is irrelevant, because the only thing we need to compute
the norms is |£°rb Accordingly, for v € V., v >~ (v)1<j<r € C", we put

p— - 1_ j 1
v = 27 0y = 05(2) T 'Voy(0) and o = 27T 1 <G <p

and define the orbifold hermitian norm on V(A(*)) associated with hy,, and h; by

or 2(1—s j
(3.16) v bHZ—HthVﬁZH% ), 219 05(0) 2,

7j=1
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p
2(1—(1—s/p; I
(3.16/) — HU”%LV,S _|_Z HUj(Z)th. ( /PJ)+)|vjog|2
(3.16") = |vlz,., + Z H"Uorb”21 (1=s/pj)4 -
7j=1

With this notation, the orbifold Finsler metric (3.15) on k-jets is reduced to an expression

k

1/b
orb || 2 orb(|2b/s or or or or
(317) ”£ bH‘th’b,g = ( E : 2b”€ b“ / ) s gs b= (gs,Jb)lgjg’f’v 5 b= (fs b)lgsgk;

s=1
formally identical to what we had in the compact or logarithmic cases. If v is a local
holomorphic section of O x (V), formula (3.16) shows that the norm ||v°™ | can take infinite

values when z € |A|, while, by (3.16”), the norm is always bounded (but slightly degenerate
along |A|) if v is a section of the logarithmic sheaf Ox (V([A])); we think intuitively of the
orbifold total space V(A®)) as the subspace of V in which the tubular neighborhoods of the
zero section are defined by ||v°rb||;;s < ¢ for e > 0.

3.18. Remark. When p; € Q, we can take an adapted Galois cover g : Y — X such that
(250 g)'~(1=s/Pi)+ is univalent on Y for all components A involved, and we then get a well

defined locally free sheaf Oy (g*V(A®)) such that

g (0x(V([AT))) € 0y (¢"V(A™)) c g*(0x(V)).
However, as already stressed in Remark 1.26, this viewpoint is not needed in our analytic

approach.

3.C. Orbifold tautological sheaves and their curvature

In this context, we define the orbifold tautological sheaves

(3.19) Ox,(viay(m) = Ox, var)(m) @ I(¥r,)™)

to be the logarithmic tautological sheaves Ox, (v (ra7y)(m) twisted by the multiplier ideal
sheaves associated with the dual metric Wy , _ (cf. (3.17)), when these are viewed as singular
hermitian metrics over the logarithmic k-jet bundle X (V([A])). In accordance with this

viewpoint, we simply define the orbifold k-jet bundle to be X (V(A)) = X (V([A])). The
calculation of the curvature tensor is formally the same as in the case A = 0, and we obtain :

3.20. Proposition. With respect to the (rescaled) orbifold k-jet components
Er=el T ED0), 1<A<p, and g =elf70), pHI<AST

and of the dual metric V;, | _, the curvature form of the tautological sheaf Ly = Ox,(v(ay(1)
admits at any point (2, [€]) € Xk(V(A)) an approzimate expression

(@) OL,ur, (2 [€]) 2wrrs(§) +9viar(z z,u),

where xy = ]58]21’/5, Ug = |§S| € S?"~1 are polar coordinates associated with & = (£s.3)1<r<k

inC", z=(z1,..., Tk )eAk Y €] =&, .., &) eP(ﬂT],Q[T}’,,_’k[T]) and

(b) gVAk(Z xz, u Z Z us)\usudzz/\d_

:ja s
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Here (CE;;“) are the coefficients of the curvature tensor _@V<A(s)>,ﬁs’ and the error terms

are O(maxogs<k(€s/€s—1)°), uniformly on the projectivized orbifold variety X (V(A)).

Notice, as is clear from the expressions (3.16”), (3.17) and the fact that v; = zjv;-’rb, that our
orbifold Finsler metrics always have fiberwise positive curvature, equal to wg . (§), along
the fibers of X (V(A)) — X (even after taking into account the so-called error terms,
because fiberwise, the functions under consideration are just sums of even powers ]g;’rb]%/ s
in suitable k-jet components, and are therefore plurisubharmonic.)

4. Existence theorems for jet differentials

4.A. Expression of the Morse integral

Thanks to the uniform approximation provided by proposition 3.20, we can (and will)
neglect the O(es/e5-1) error terms in our calculations. Since wy i p is positive definite on
the fibers of X;(V(A)) — X (at least outside of the axes £ = 0), the index of the (1,1)
curvature form O, v, (z,[€]) is equal to the index of the (1,1)-form gy a x(2,2,u). By
the binomial formula, the g-index integral of (L, ¥j, , .) on Xy (V(A)) is therefore equal to

/ n+kr—1
Ly, U*
Xe(V(A) (Liyg) e
(n+kr—1)! _
(4'1) = n' kr — 1 x Jeepin,. ki) f,?g,bl (5) A IIQV,A,k7Q(Z7 Z, u) gV,A,k(Z, x, u>n
zE€ S T [r

where 1, ., 4(2,2,u) is the characteristic function of the open set of points where
gv,ak(2,z,u) has signature (n—gq, ¢) in terms of the dz;’s. Notice that since gy, a r(z, z,u)"
is a determinant, the product 1, , , (2,7, u) gv,a x(2, ,u)" gives rise to a continuous func-
tion on X% (V(A)). By Formula 3.10 (a), we get

/ mikr—1 _ (nAkr —1)!

X (V{A))(Lk,q) Lis¥ipe  pl k" (kr — 1)!

- / / Doy a2 0) gviak(z, @, u)" dvg, (x) dp(u).
sex J@uyear—1x(s2r-1)r

4.B. Probabilistic estimate of cohomology groups

We assume here that we are either in the “compact” case (A = 0), or in the logarithmic
case (p; = 00). Then the curvature coefficients CZ(.S.E\“ = ¢;jap do not depend on s and
are those of the dual bundle V* (resp. V*(A)). In this situation, formula 3.20 (b) for
gv,.ak(z,z,u) can be thought of as a “Monte Carlo” evaluation of the curvature tensor,
obtained by averaging the curvature at random points u, € S?"~! with certain positive
weights x5/s; we then think of the k-jet f as some sort of random variable such that the
derivatives V¥ £(0) (resp. logarithmic derivatives) are uniformly distributed in all directions.
Let us compute the expected value of (z,u) — gv.a i (2, x,u) with respect to the probability
measure dvy ,(z)dp(u). Since fSZT_lus’,\ﬂs,ud,u(us) = 165, and [j o1 Tsdyg,(z) = 1,
we find

1 1
E(gv,ak(z,0,0)) = — Z 3 on Z Cijan(z) dz; N\ dZz;.

kr s
1<s<k 1,5,A

In other words, we get the normalized trace of the curvature, i.e.

1 1 1
(4.3) E(gv,ak(2,0,0)) = Tr <1 t5+ E)@det(\/*m)),det h* s
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where Ogeq(v=(A)),det = 15 the (1,1)-curvature form of det(V*(A)) with the metric induced
by h. It is natural to guess that gy a (2, z,u) behaves asymptotically as its expected value
E(gv.a k(2,e,¢)) when k tends to infinity. If we replace brutally gy a i by its expected value
in (4.2), we get the integral

(n+kr—1)0 1 1 1 n/
S N e 1. "
n!k!r(kr—m(kr)n( tgtty) Aol

where 1 = Oget(v+(a)),detn+ and T, is the characteristic function of its g-index set
in X. The leading constant is equivalent to (logk)™/n!k!" modulo a multiplicative factor
1+ O(1/log k). By working out a more precise analysis of the deviation, the following result
has been proved in [Dem11] in the compact case; the more general logarithmic case can be
treated without any change, so we state the result in this situation by just transposing the
results of [Dem11].

4.4. Probabilistic estimate. Let (X, V,A) be a non singular logarithmic directed variety.
Fiz smooth hermitian metrics w on Tx, h on V(A), and write w = 3= 3 w;jdz; Ndz; on X.
Denote by Oy ayn = —5= 2 Cijaudzi N dZ; @ €5 @ e, the curvature tensor of V(A) with
respect to an h-orthonormal frame (ey), and put

i
1N(2) == Odet(v+(A)),det h* = o Z Nijdzi N\ dzj, Mij = Z CijAX-

1<i,5<n 1AL,

Finally consider the k-jet line bundle L, = Ox, v (ay)(1) — Xp(V(A)) equipped with the
induced metric Uy, o (as defined above, with 1 = &1 > €3 > ... > ¢, > 0). When k

tends to infinity, the integral of the top power of the curvature of Ly on its q-index set
Xk (V(A))(Lk, q) is given by

etk (log k)™ N _
oyt = AR Xﬂn,q?? + O((logk)~")

*
h,b,e

/Xk(V(A))(Lk,q)

forallq=0,1,...,n, and the error term O((logk)™!) can be bounded explicitly in terms of
Ov(ay, 1 and w. Moreover, the left hand side is identically zero for q > n.

The final statement follows from the observation that the curvature of Lj is positive
along the fibers of Xx(V(A)) — X, by the plurisubharmonicity of the weight (this is true
even when the error terms are taken into account, since they depend only on the base);
therefore the g-index sets are empty for ¢ > n. It will be useful to extend the above
estimates to the case of sections of

1 1 1
4. Lig = 1) @ 7 (-(1 S —)F)
(4.5) k= Ox,(v(ay(l) @ 70 Lty Tty
where F' € Picg(X) is an arbitrary Q-line bundle on X and m; : Xi(V(A)) — X
is the natural projection. We assume here that F is also equipped with a smooth
hermitian metric hp. In formulas (4.2-4.4), the curvature ©p,, of Ly takes the form
OLp, = wrkb(&) +9v.a,Fr(2, 2, u) where

1 1 1
(4.6) gv.aFE(Z, T, u) = gvak(z, T, u) + . (1 + 3 4t E>@F,hF(Z),
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and by the same calculations its normalized expected value is

1
4.7 z) = E Z,0,0)) = Odet v oth*(2) +© z).
(4.7) nr(z) Tl 10 (9v,a,F (2,0, 0)) = Odet v=(a) det h* (2) + OF e (2)

Then the variance estimate for gy a ri is the same as the variance estimate for gy a i,
and the recentered LP bounds are still valid, since our forms are just shifted by adding
the constant smooth term ©pj,. (z). The probabilistic estimate 4.4 is therefore still true in
exactly the same form for Lp , provided we use gy A r i and np instead of gy, a r and 1. An
application of holomorphic Morse inequalities gives the desired cohomology estimates for

hq<X,Ek7mV*<A) ®o<£ <1+ % ot %)F))

= R(Xe(V{A)), Oxyvian(m) @m0 (1o (14 2 4+ 1) F)),

provided m is sufficiently divisible to give a multiple of F' which is a Z-line bundle.

4.8. Theorem. Let (X,V(A)) be a non singular logarithmic directed variety, F — X a
Q-line bundle, (V(A),h) and (F,hp) smooth hermitian structure on V(A) and F respec-
tively. We define

1 1 1
Lryk = Ox,vian(l) ®7TkO<H(1 + 5 +-+ E)F>’

NF = Odet v (A),det h* T OF hp = Odet v (A)@ F det h* -
Then for all ¢ = 0 and all m > k > 1 such that m is sufficiently divisible, we have

mntkr=1 (log k)" o .
(n+kr — 1)l nlkl" </X(HF’q)(—1) g+ O((log k) )),

" mn—i—k;r—l (log k.)n . 1
) VAN o) > i S ([ = 0leei ™) ),

(a)  hI(Xp(V(A)),O(LEY)) <

mn—!—kr—l (lOg k)n
(n+kr—1)! nlkl"

(€)  X(Xk(V(A)),0(LEY)) = (e (V{A) @ F)" + O((log k) ™).

Green and Griffiths [GrGr80] already checked the Riemann-Roch calculation (4.8c¢) in
the special case A =0, V = T% and F' = Ox. Their proof is much simpler since it relies
only on Chern class calculations, but it cannot provide any information on the individual
cohomology groups, except in very special cases where vanishing theorems can be applied;
in fact in dimension 2, the Euler characteristic satisfies x = h® — h' + h? < hY + h?, hence
it is enough to get the vanishing of the top cohomology group H? to infer h® > x; this
works for surfaces by means of a well-known vanishing theorem of Bogomolov which implies

in general
m 1 1
H"( X, Epn T <_<1 24 _>F>> _
( kmlx @0 o +2+ +k 0

as soon as Kx ® F'is big and m > 1.

In fact, thanks to Bonavero’s singular holomorphic Morse inequalities (Theorem 2.9, cf.
[Bon93]), everything works almost unchanged in the case where the metric h on V is taken to



24 F. Campana, L. Darondeau, J.-P. Demailly, E. Rousseau, orbifold jet differentials

a product h = hy.e? of a smooth metric ho, by the exponential of a quasi-plurisubarmonic
weight ¢ with analytic singularities (so that det(h*) = det(h} )e™"%). Then n is a (1,1)-
current with logarithmic poles, and we just have to twist our cohomology groups by the
appropriate multiplier ideal sheaves Jj, ,, associated with the weight %(1 + % +t %)m 0,
since this is the multiple of det V* that occurs in the calculation, up to the factor % X re.
The corresponding Morse integrals need only be evaluated in the complement of the poles,

i.e., on X(n,q) ~ S where S = Sing(y). Since

(1)« (O(LET) © Tm) C BpomV* © o(% (1 + % Foot %)F))

we still get a lower bound for the H? of the latter sheaf (or for the HY of the un-twisted
line bundle O(LY™) on X;(V)). If we assume that Ky ® F is big, these considerations also
allow us to obtain a strong estimate in terms of the volume, by using an approximate Zariski
decomposition on a suitable blow-up of X.

4.9. Corollary. If F is an arbitrary Q-line bundle over X, one has

ho (Xk(V), Ox, 1 (m) ® WZO(% (1 + % Foot %)F))

- mn—i—kr—l (lOg k)n
T (n4kr—1)! nlklr

(Vol(Ky @ F) = O((log ) ™) ) = ofm" 1),

when m > k > 1, in particular there are many sections of the k-jet differentials of degree
m twisted by the appropriate power of F' if Ky ® F' is big.

Proof. The volume is computed here as usual, i.e. after performing a suitable modification
w1 X — X which converts Ky into an invertible sheaf. There is of course nothing to prove if
Ky ® F is not big, so we can assume Vol(Ky ® F') > 0. Let us fix smooth hermitian metrics
ho on Tx and hp on F. They induce a metric u*(det hy' ® hr) on p*(Ky @ F) which, by
our definition of Ky, is a smooth metric. By the result of Fujita [Fuj94] on approximate
Zariski decomposition, for every § > 0, one can find a modification us : X5 — X dominating
w such that
ps(Ky @ F) = Ogé(/H— E)

where A and E are Q-divisors, A ample and E effective, with
Vol(A) = A" > Vol(Ky ® F') — 6.

If we take a smooth metric hy4 with positive definite curvature form ©,4 ,, then we get
a singular hermitian metric hahg on pj(Ky ® F) with poles along E, i.e. the quotient
hahg/p*(det hy' @ hr) is of the form e~ where ¢ is quasi-psh with log poles log |0 |2
(mod C*°(Xj)) precisely given by the divisor E. We then only need to take the singular
metric h on T'x defined by

h = hger(1a)"e

(the choice of the factor % is there to correct adequately the metric on detV). By

construction h induces an admissible metric on V and the resulting curvature current
nr = Oky deth* + OFpy is such that

psne =Oan, + [E], [E] = current of integration on E.
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Then the 0-index Morse integral in the complement of the poles is given by

/ ng:/~ By = A" = Vol(Ky @ F) — 6
X (1,0)~8 Xs

and Corollary 4.9 follows from the fact that § can be taken arbitrary small. O

4.10. Remark. Since the probability estimate requires k to be very large, and since all non
logarithmic components disappear from A®) when s is large, the above lower bound does
not work in the general orbifold case. In that case, one can only hope to get an interesting
result when k is fixed and not too large. This is what we aim at in the next sections.

5. Curvature of orbifold tangent bundles

5.A. Positivity concepts for vector bundles

Let E'— X be a holomorphic vector bundle equipped with a hermitian metric. Then F
possesses a uniquely defined Chern connection V}, compatible with A and such that V%’l = 0.
The curvature tensor of (E, h) is defined to be

(5.1) Opp = 2i 100V2 € C™(X,A"'T% ® Hom(E, E)).
T

One can then associate bijectively to ©g ; a hermitian form 6 g.non TX ®E, such that

(5.2) Orn(E®v,E@v) = (Op4(&,€)  v,v(h

and can be written

i - «

@E,h = % Z Cijap dZZ A de X €\ X Cu
1,55 A 1

Let (#1,...,2n) be a holomorphic coordinate system and (ey)i1<igr & smooth frame of E.

If (ey) is chosen to be orthonormal, then we can write

i *
(53) @E,h: % Z cij,\udzi/\dijébe/\@eu,
60, 0
~ 1 _ _
(5.3’) @E,h(f & ’U,f X 1)) = % Z/\ Cijap flfj UAUp,s
17]7 ’/’L

and more generally Og ,(7,7) = % Zi’j)\,u Cijap TinTju for every tensor 7 € Tx ® E. We

now consider three concepts of (semi-)positivity, the first two being very classical.

5.4. Definition. Let 6 be a hermitian form on a tensor product T ® E of complex vector
spaces. We say that

(a) 0 is Griffiths semi-positive if 0(§ @ v, @ v) > 0 for every £ € T and every v € E;
(b) 8 is Nakano semi-positive if O(1,7) > 0 for every r € T ® E;
(c) 0 is strongly semi-positive if there exist a finite collection of linear forms «; € T*,

w; € B such that 0 =}, |o; @ w;|?, i.e.

O(r,7) = Z\(Ozj @w;)-7|°, VrETQE.
J



26 F. Campana, L. Darondeau, J.-P. Demailly, E. Rousseau, orbifold jet differentials

Semi-negativity concepts are introduced in a similar way.

(d) We say that the hermitian bundle (E,h) is Griffiths semi-positive, resp. Nakano semi-
positive, resp. strongly semi-positive, if Op p(zr) € Herm(Tx, ® E;) satisfies the
corresponding property for every point x € X .

(e) (Strict) Griffiths positivity means that éE,h(ﬁ ® v, ®v) > 0 for every non zero vectors
f S TX@, vE B,

(f) (Strict) strong positivity means that at every point x € X we can decompose (:jEJL as

Opn =), laj ® ws|* where Span(a; ® wy) =Ty, ® E}.

We will denote respectively by >¢, >n, =25 (and >¢, >n, >g) the Griffiths, Nakano, strong
(semi-)positivity relations. It is obvious that

0>50 = O0>2y0 = 0>0,

and one can show that the reverse implications do not hold when dim7" > 1 and dim £ > 1.
The following result from [Dem80] will be useful.

5.5. Proposition. Let § € Herm(T ® E), where (E,h) is a hermitian vector space. We
define Trg(0) € Herm(T') to be the hermitian form such that

Trp(0)(€,¢) = Y 0(E@erE®en)

1<ALr
where (ex)1<a<r 95 an arbitrary orthonormal basis of E. Then
0>2c0 — 9+T1"E(9)®h>g 0.

As a consequence, if (E,h) is a Griffiths (semi-)positive vector bundle, then the tensor
product (E ® det E, h @ det(h)) is strongly (semi-)positive.

Proof. Since [Dem80] is written in French and perhaps not so easy to find, we repeat here
briefly the arguments. They are based on a Fourier inversion formula for discrete Fourier
transforms.

5.6. Lemma. Let g be an integer = 3, and xx, yu, 1 <\, pu <1, be complex numbers. Let
X describe the set Uy of r-tuples of q-th roots of unity and put

o= DL WX Y= D UnXw X EUG

1<ALr 1<pgr
Then for every pair (o, 8), 1 < o, B < r, the following identity holds:
{xa% if a# b,

q " T Yo XaXp = .
Z XIX Z1gu<r xuyﬂ 'lf o = 6

xEU;
In fact, the coefficient of x,7,, in the summation ¢=" erUg T\ Y\ XaXp is given by

") XaXgXaXus
xeUy
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so it is equal to 1 when the pairs {a, u} and {5, \} coincide, and is equal to 0 otherwise.
The identity stated in Lemma 5.6 follows immediately. O

Now, let (t;)1<j<n be abasis of T', (ex)1<a<r an orthonormal basis of Eand § = 3, §;t; € T,
U = Zj \Uuixt; ®ex € T® E. The coefficients c;xy, of 6 with respect to the basis t; ® ey
satisfy the symmetry relation ¢y, = ckjux, and we have the formulas

0(u,u) Z CikanUizUkp,  Trp0(8,€) = Z ki,
Jiks A, p JiksA

0+ Trg 0@ h)(u,u) Z CikApUjAUky + CilANUj Uk -
Ik, u

For every x € U7, let us put
Z uinxy € C, ﬂX=Zu;th eT, QX:ZXAG)\GE.
1<A<r j A

Lemma 5.6 implies

Y 0Ty @y @) = ¢ > Cipaptly Thy XaX,,

xeUuyg xeuy
= E  CkapUjaTRy + § AU Tep
j7k7)\¢l’l' j7k7>\7l’l’

The Griffiths positivity assumption 6 > 0 shows that { — ¢7"0(§ ® €,,§{ ® €,) is a
semi-positive hermitian form on 7', hence there are linear forms ¢, ; € 7™ such that
0§ @ ey, E@ey) =22 [0y (§)]? for all € € T. Our final identity can ve rewritten

0+ Trg0® h)(u,u) ZZMXJ (Uy )| :ZZMXJ@X*(U)Q
XEUr j xevy J

where x* = (o, x) € E*, thus 0 + Trg 6 @ h > 0. O

5.7. Corollary. Let r = dim E and © € Herm(T ® E).

(a) If 0 > 0, then —Trg0h <g 0 <g r Trgf Q@ h.
(b) If 0 < 0, then —r Trg(—0)®h <g 6 <g Trg(—0)® h.
(¢) If £0 <G 7 ® h where T € Herm(T') is semi-positive, then

—2r+1)7®h <5 0 <g 2r+1)7®h.
Proof. (a) It is easy to chech that §' = Trg 6 ® h — 0 satisfies 8’ > 0 and that we have
Trp 6 = (r — 1) Trg 6. Lemma 5.6 implies

0 +Trg0 @h=rTrg0@h—0>g0.
(b) follows from (a), after replacing 6 with —6.

(c) also follows from Lemma 5.6 by taking 8’ = 7 ® h + 0 (resp. ¢/ = 7 ® h — ), since
Trg 0 < r7 and we have e.g.

0<s 0 +Trg0 @h=0+Trg0Qh+(r+1)T0h<s0+ (2r +1)7 ® h. O
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5.B. Estimate of the curvature tensor in the orbifold setting

The main qualitative result is summarized in the following statement.

5.8. Proposition. Let X be a projective variety, A an ample line bundle, and (X,V,A) an
orbifold directed structure where A =5 (1 — —)Aj is a normal crossing divisor transverse
toV in X. Let d; be the infimum of numbers ) € Ry such that NA — A; is nef, and vy be
the infimum of numbers v = 0 such that YO 4, ®Idy — Oy, =¢ 0 for suitable hermitian
metrics hy on V. Then for every v > vy a = max(max;(d;/p;),vv), the orbifold vector
bundle V(A) possesses a hermitian metric hy (ay, such that

(a) hy(ay,y is smooth on X ~ |A],
(b) hy(ay, has the appropriate orbifold singularities along A,
(c) we have O, ®Id — Oy Ay ny s, ., =2c 0 on X NJAL

Proof. Let ha be a metric on A such that ©4, > 0, written locally as hy = e ¥ and
take v > max(max;(d;/p;),yv). Consider the tautological sections o; € H°(X,0x(4)))
defining A; = aj_l(()), and let h; be a smooth hermitian metric on Ox(A;) for which

1
(5.9) 'y@A — ;@OX(Aj),hj > 0,
J

as is possible by our choice of constants d; and ~. Finally, denote by V; the associated
Chern connection on Ox(Aj). If we write h; = e™%/ in some local trivialization, then
Vjo; = V;’Oaj = 0oj — 0j0p;. We are going to estimate the curvature of the orbifold
metric Ay (ay . on V(A) defined by

2 2 —2(1-1/p;) 2
(5.10) Wllfy o, = [0l + D eslogl 7 Vo), & <1,
J
where the metric hy is chosen so that y©4,, ® Idy — Oy, =g 0 (resp. =g 0). We will
later to slightly perturb the metric as HUH%V<A> _eXe with an extra weight x., but we ignore
this minor twist for the time being. Since

100||v||?

Hhv<A> ,E€ = i<vv7 VU)

hv(ay,e =™ <®V A),hy (ay, s(v)7v>hV(A),s

where Vv = dv + I'(dz) - v is the Chern connection of (V(A), hy(ay,.), what we need to
prove is that on the total space of V over X ~\ |A|, the (1,1)-form

(5.11) Q(z,v) :=190||v||?

o, . 277 Oun, 0]}

||hV<A>,s7

is non negative. For this, we calculate the associated hermitian quadratic form on Ty
~ "0 : 0
Q(z7v)(£7n)27 (San) ETV,(Z,'U): gzzga_a n= Zn/\6_7
= 9 A=1 UA

and observe that the curvature tensor is obtained by taking the restriction to the “parallel”
directions Vv = 0, that is, by substituting dv = —I'(dz) - v, i.e. n = =T'(§) - v. Let us fix an
arbitrary point zg € X \ |A|. We take local holomorphic coordinates (z1,...,2,) centered
at zg, and let (e1,...,e,) be a local holomorphic frame of V' such that

(ex,eu)hy = Oxu + Z CémAuzézm+O(’z|)
£\,
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where the ¢y, are the coefficients of —27 Oy, . Let us write v = 22:1 vyey and denote
by (v,w) =37 <)\« VAW, the standard hermitian form, |v| the associated norm. We find

[0y =P+ S coma sZmonty + O(12f%)
g,m)\,ﬂ
(5.12) + Zaj (\oj]%_‘pﬂ')flﬂ/'g]’ |8aj(v) - ajﬁgpj(v)fe_%,

J

since 50]~ = 0. In order to simplify the calculation, we set formally

~ 1/[)‘7 ~ 2 ~ —1 .

o; =0, &:=pie;, =P Qi if p; < o0,
(5.13) J j Jj = Pjigi, Pj=P; ¥y Pj

o; =logoj, &;=c¢j, ©; = @j, if p; = oo.

Respectively to the non logarithmic and logarithmic situations, we then get the more
tractable expression

— _ ~ ~ ~ 2 _5.
||U”l21V<A>75 = ’,U|2 + Z ComAp Z0ZmUNV, + O(|Z|3) + foj |60j(v) - 0j8§0j(11)| e %,

(5.14) £m, A J
I ~ 1A=~ ~ 2
100y = [P+ Y coman 2Zmontu + O(I2) + Y &5105;(0) — 03, (v)|”

£,m, )\ 1 J

In what follows, for the sake of simplicity, we remove the tildes in the notation, and conduct
the calculation only in the non logarithmic situation (p; < 00), since the logarithmic case
can be recovered by taking p; very large; this actually amounts to using a ramified change of
variable Z; = zl} /Pt in suitable coordinates, allowing us in this way to take p; = 1 in (5.12).
We then obtain

||UH%L\/<A),E = |U|2 + Z Cﬁm)\,u Zﬁzmv)\@u + O(|Z|3)
£,m 1

(5.15) + Z <|80j(v)|2 —2Re (90;(v) 7, dp;(v)) + |c7j|2|8<,0j(v)|2> e %I,

We also take holomorphic trivializations of the line bundles Ox(A;) so that ¢;(z) =
Ze,m Qjom 20Zm + O(|2]) near zg = 0. Then

(5.16) Opj = Z Qjom Zmdze + O(|2)?), Op; = Zajgm 20 dZm + O(]2)?).

At the point z = 2, we have 0¢(z9) = 0p;(20) =0, V;jo; = Joj, and our norm admits the
expression

(5.150) 0lI7, s, . = [0+ 100, (v)[.
j

Let v, w be arbitrary local holomorphic sections of V', and denote by V¢ the Chern covariant
differentiation of (V(A),hy(a),) in the direction { € Tx. By polarizing the quadratic

1,0

form HUH%W(AM into a hermitian inner product 0t (v, w)) and setting Vev = Vv =

Ozv +T'(€) - v, a differentiation of (5.15) at z = zo yields

e (v, w))hvmm = (Vev,w) + Z £j 00 (Vev) 0o (w)

= (Ocv, w) + Zéj Jo; (0ev) 0o (w)

J
+ €j 82O'j(§,1)) aaj(w) —&j 8o—j(v) Ej 8590](5,10),

hyv(ay,e
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where 9%0;(&,v) := Y, 0¢(00;(ex)) vy is viewed as an element of (T% ® V*),, and 90,
as a hermitian form on Ty, operating on Tx ® V C Tx ® T'x. In fact, v — 0o;(v) and
(£,v) — 9%0j(&,v) can be intrinsically defined as V O']|V and VV*®A (V a]|v) at 2o, and

we will denote them by V;o; and V?O'J In this Settmg, the (1,0)-form I of the connection
of (V{A),hy(ay) is given at 2z by the formula

(L) v, w) +Z€jv‘0j( (&) -v) Vo (w)

(5.17) —Zg] Vi0;(€,0) Vio;(w) — 5 V;o;(v) 75 0005 (€, w).

This equality if valid pointwise for any v,w € V,,. As a consequence
L) -v+) & Vioi(L(€)-v) (Voy)*
J

(5.18) =3 Vi0y(E:0) (Vo))" — &5 V,05(0) 7 (900w, )"

where o € V is the dual vector to a 1-form a € V*, such that (a*,e);,, = @. The special
choice w = I'(§) - v yields a (non negative) real value in the left hand side of (5.17), and by
taking the real part of the right hand side, we obtain

T(E) v+ e [V,05(0(E) )]

(5.19%) = Y & Re(V3io;(§,0)V,0;(T(§) - v)) —&; Re (Vj0;(v) 75 00;(£,T(E) - ).

J
Also, by applying V,o; to (5.18), we obtain
VUJ +25€ VEUE ) <Vj0’j,VgO’g>

(5.191) = 285 VEO'E 5,1) VjO'j,VZO'£> — &y ngg(v) Oy <Vj0‘j,85g03(07§)>,
V4

in other terms,

(5.193) (I + M.)p. = M.q. — . where

(5195) pe = (&;*V,05(0(&) -v)) , 0 = (5)*V205(6,v)
j j

(5.194) Te = (ZS}”SngO’g(’U) Ee <Vj0‘j,85(pg(o,§>>> ) Me = (81/2 1/2<V U],Vgag>>
J4

J

J B4

It will be useful to observe that M, is a semi-positive hermitian matrix. As27©4 5, = 100,
we infer by a brute force calculation from (5.15) that

Qe o)) = 003, )~ (€m) +70DB(E &) o3, o,
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(5.201) =y 00Y(&,€) [v]* + Z Comnp EeEm VAT
O,m 1
(5.205) + Zej (Y00 (&, €) — 90p;(€.€)) [V 0 (v)
(5.203) + |n|2 Zsj Vi05(n) + V20;(¢,0)|
(5.204) — 2¢; Re( ;j0;(v)7; 85%(5,77))
(5.205) —2¢; Re (V oj(v) 889@(5,1}) Vjaj(f))
(5.206) —2¢; Re (V 0j(v)7; 852%-(5,5,1)))
(5.207) +e5lo;? 0005 (v, €)%,

where we identify a (1, 1)-form such as 9dp; with a hermitian form, and take n = —I'(£) - v.
The second term in (5.202) is obtained by differentiating ¢; |V ;o (v)|?, while (5.203), (5.204)
and (5.205) actually come from the differentiation of the term ...Re(...) in (5.15). By our
assumptions, the first two terms (5.201), (5.202) are positive (in the sense of Griffiths, at
least), and such that

(5.201) = cl€?|v]?,  (5.205) > cl€? vao— ¢ > 0.

In order to improve the positivity of Q, we actually replace the metric |v|,2w<A> _ by

|v|? eX=(?) with
hyv(ay,e

KZe]\aj ]h—KZé?J‘a e, K> 1.

At z = 2, we then get in @ an additional term

00x=(&,€) [vlh, s, .

(5:200) =K (Zsjm - Selesf e ) (1o + Zelvas ).

Kzeﬂv@ 2of? - CKmaX6g|€|2<|vl2 S & Vo (o >|),

J

and, as a consequence, for €; < ¢/2CK, we have

5 (520) > § (162 bl + Xy 62 [9a,(0)?) + K 3 (9,0 ol
J J

7=0,1,2

(Here the last two summations are significant, because we will later replace o; by 0]1-/ Pi

in the orbifold case, and then Vjajl-/ 7 is unbounded). The third term (5.203) is semi-
positive. We claim that the terms (5.204...5.207) are negligible for ¢; < 1, in the sense

that Q(z,v)(&,n)? is comprised between (1 =+ &) > i=0.1,23(5.205), with 6 > 0 as small as we
want when e; < e0(8). In fact, as ¢, is smooth, there exists C > 0 such that
(5.204)] < Cejlosl[V05(v)| [¢] In]
<2l |V 05 () + C2el/? oy n? < (5.202) + (5.203).
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Similarly

(5.205)] < Cej [¢] vl V05 ()] V05 (v)]

<C
<K€l |Vio5(0)? + C2 K12 e |Vi05(6)17 o < ) (5.205)
j=0,1,2

for K > 1. The last two terms (5.20¢,7) are even easier, since
5.20:) < Ce:la:l €2 vl V.o <212 1012 L 0232 10012 1612 IV 0 (1) 2
(5.206)| < Cejloj| 1€ vl [Vj05(v)] < &7 [€ [ol* + C% e} " o [€]* [V 0 (v)]
< (5.201) + (5.20,),

(5.207)| < Cgj [€°|v]* < (5.20¢).

Finally, by replacing n with —I'(§) - v and using (5.199), we find

(5.203) + (5.204) = |T(€) |2
+Zeg [V,05(0(€) -v) = oy (€. v)|" + 225 Re (V0;(v)7; 99, (€. T(€) - v))

— (5.190 - Zgj |V3a;( 5,v)}2 —2¢; Re (V30;(€,0) V;0;(D(€) - v))

+ 2€j Re (VjO'j (U) Ej 85903'(57 F(&) ' ’U))

- Zsj V20;(¢,0)[" — & Re (V20;(€,0) V;0,(T(€) -v))

+¢; Re (V;0;(0)7; 09p; (£, T () - v)).

The last term equals %(5.204), thus it is negligible, and by (5.192,3 4) we get

(5-203) + (5-204> = “k’z - Re<p€7QE>
= |g-|2 — Re((I + M) (M.qe — r.), q=) = Re((I + M.)"Yqe, qo +7.).

= (I + M)~ 2q.|* + Re((I + M) 'qe, 7).
However, with € = maxe;, we have

51/2 |(I+Mg)_1/2q€|2 +€_1/2 !(I-i—Mg)_l/zrg‘Q

51/2 |(I+ME)_1/2q5|2 +€—1/2 |Mz€_1/2ra|2,

‘ Re((I + M.) *q., r€>| <
<

and, for any t = (¢;),

’(’r‘g,t>‘: ZéeV@O’g 5 <Z% 1/2V 0],88w( €)>'
4 J
<862 V05| Dl Viouw)lloe] [00e(s, )|
J4

1/2
< CeY? (M.t t)1/? (Z g0 [€)? [V eoe(v)| ) :
0
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whence

e~ 1/2 |ME_1/2T5’2 < C? cl/2 Zsﬁ |€‘2 |V40'g(’v)’2 < (5.201),
0

and

(5.203) + (5.200) = |(I + M) 2.|*, g = (£ *Vi3os(&,0 ))j-

At this point, we come back to the orbifold situation, and thus replace o; by U;/ bi w; by

pj_l(pj and ¢; by ,0? €;. The vector g. becomes

qe = ( ;/2 O_J—l-l—l/ﬂg V2O'](§, ) . 61/2 (1 . 1/ ) —2+1/P3 V. O'J(f) Vjaj(v)>j )

By collecting all non negligible terms (5.20;), i = 0, 1,2, 3, we obtain

5.21. Corollary. With a choice of v > yy,a := max(max;(d;/p;),vv) = 0 determined by
the curvature assumptions of Proposition 5.8 and the hermitian metric on (V,A) defined as
above, i.e.

(@) [vlny 4. =€ (’U‘%V + Zsj ]Uj|_2+2/pj ]Vjaj]iJ), Xe = KZSJ- p? ’a'j|2/pj’
J j

with K > 1 and €; < K™, the hermitian quadratic form associated with the curvature
tensor YO a,n, @ Id — Ov Ay ny (. Satisfies Q(2) (£ ®v)? ~ Qe.k(2)(€ ®v)? where

(b> QE,K(’Z)<£®U) —753¢(§ 5 ‘U|2 Z ComAp ééé U)xv,u

£,m, A 1

+ ) e log|TEe (000(€,€) — p; T 90p;(€,€)) [V j05(v)]?
i

T K(Zej 0,220 |Vaj<5>|2) (|v|2 £ Y e oy |2 |Vcrj<v>|2)
J J

(4 My )72 (€2 V2 0(6,0) — €2 (1= 1/p) 071 Vo (€) Vornor(v)

2

)

and

V?‘l,hA = 00, V2Aj,hj = 00¢j, (Comrn) = coefficients of Oy p.,,

1/2_1/2 _—141/p; ——1+1/p,
Mp,o’,EZ <€] E:é O-] JO-K <VJUJ7V£O-£> e’
Js

£1/2 V2rb0(57 ) = (51/2 P AR vzaj (&, )> ,

J J j

=2 (1=1/p) 07 Vo) Vo (v) = (5% (1= 1/p3) 05 7% 5056 V5(v) )

J
Here, the symbol ~ means that the ratio QV/Q&K isin [1 — 0,1+ 6] as soon as K > Ky(vy,0)
and € < go(7, 90, K).

5.22. Remark. If c is a lower bound for the curvature coefficients of y© 4, — %@Aj,hj
J
and 7O 4 1, ®Id— Oy, with respect tow = © 4 j,, an examination of the estimates shows
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that Q/Q..x € [1— 6,1+ 6] as soon as K > Cyc=26~2 and e < c(CoK p3)~" with Cp > 1
large enough.

5.23. Proposition. The term |(I + M, .)"'/? (.. )‘2 can be estimated as follows.

(a) In case there is only one component A;, its expression becomes

£ |O'j|—2+2/10j ‘Vz (€0)— (1—1/ ) L V.0,(6) V105 (0) 2
Lt e log|7202/es [V o2 17777 Pale 7SI
(b) In general, we have a uniform upper bound
(T4 My oo) 2 (V2 V2, 08,0 ] <cC } Gl ey
P,0,€ orb , U 1+€ ‘O’ ‘ 212/p; ‘V ’2 s

where the sum is bounded and converges pointwise to 0 on X ~ Supp(A).
(c) With the same constant C, we have for every § > 0
2
(I My o) 2 (2 P20 (€,0) — 2 (1= 1/p) 0~V (€) Vorpo(v))]
<A+ 0|+ Mpoe) /2 (2 (1= 1/p) 07 V0 (€) Vorna ()|

-1 gj|og|72H2/%s 21,12
PO Do e

> (1= 8)[(I + Mo 0) V2 (612 (1= 1/p) 071V (€) Voro (v))|]

—_Os 12 gjloy| =+ +2/0s €2 [u]?
1+¢j|o;|22/i |Vo,|? '

Proof. Formula (a) is immediate from 5.21 (b). For estimate (b), let us fix n > 0 such
that (Vjo;)jcs are transverse whenever we are at a point z € X such that |o;(2)| < 7,
Vi€ J C {1,2,...,N}. Then >, (V;0;,Veon)tite > ¢ ic; |t;]? for some ¢ > 0
(uniformly with respect to z € X). Then, taking J = {j; |o,(2)| < n}, we obtain the
existence of constants C', C’ such that

251/2 /2 1+1/pg—e L0 (Y o Vo) 5T

Z 3 Zgj || 7242001 [V 052 11517 — Czee e ~2F2/ P2 |V 0| [te]?

jEJ ¢
C _ )
> 5261 o | 724223 [ o [P |57 = €T |51,
jeJ Jj¢J

where
= C’Zsjn_2+2/pj sup |V;a,|°.
i¢J
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For § = min(1, %, %), this implies

It + 251/2 V2o PG Y (G 6 Vo)

>t +0 el a2 ol TP Y (N 05, Vo) 1
J
dc _ .
> > (Ltelog| 727200 V05 P) |t + (1 =6C") It

jeJ 2
and by inverting the matrices of these quadratic forms we get

(4 Mpoe) ') < = Z 1+ g5 oy 24200 [W50502) 7 12 42D [t
jeJ Jj¢J

<C" ST (Ltey oy T2 [V50507) 7 It
jeJUCT

1/2

Estimate (b) follows by taking t = ¢'/2V?, o(£,v) = Gr aj_Hl/pj Vio(€,v)), since we

have [V3o(&,v)| < Csl¢][v], and (c) is an immediate consequence. O

In view of the estimates developed in section 6, we will have to evaluate integrals involving
powers of curvature tensors, and the following basic inequalities will be useful.

5.24. Lemma. Let {; € (C")*, 1 < j < p, be non zero complex linear forms on C", where
(C™Y* ~ C" is equipped with its standard hermitian form, and let p the rotation invariant
probability measure on S?* =1 C C". Then

(b, 0) = /S 1@ )l du)
satisfies the following inequalities :

(a) I(ty,...,0,) < -2 'Hw %,

p+r

and the equality occurs if and only if the {; are proportional;

(b) I(ly,... 0y) > ————— p+r Hw %,

and the equality occurs if and only if p < r and the {; are pairwise orthogonal.

Proof. Denote by d\ the Lebesgue measure on Euclidean space and by do the area measure
of the sphere. One can easily check that the projection

ST B2 w=(ug,...up) = v = (UL, U1,
yields do(u) = df A dA\(v) where u, = |u,|e? [just check that the wedge products of both

sides with Jd|u|? are equal to dA(u), and use the fact that df = o (du, /u, — du, /u,)], thus,
in terms of polar coordinates v = tu/, v’ € S?" 71, we have do(u) = df At*" =3 dt A do’ (u'),
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SQrfl S2r73

and going back to the invariant probability measures p on and p’ on

lur|? =1—|v|> =1 —t? and an equality

, we get

2r — 2

(5.25) du(u) = 5

do AT dt A dpd (u)).

If ¢4,...,¢, are independent of u,, (6.8) and the Fubini theorem imply by homogeneity

(5.26) /s2r1 10 (W) (u)|? dp(u) = =1 /SQTB [0 (W2 e (u))? dp (u),

p+r—1
/S @) e ()P e dp) =
/ r—1 o o
2200 p+r—2)(p+r—1) /Szr3 (W% [l (u))] 2 dp (u”)

(for instance, in case (5.26"), we have to integrate t??=2(1 — t2) x t?*=3 dt). The formulas

/S%l luy |*P dp(u) = (gfﬂr—__li;‘? /Sng ... \upfz dp(u) = ((7‘;1)' (p<r),

p+r—1)!
are then obtained by induction on r and p.

(a) For any ¢ € (C")*, we can find orthonormal coordinates on C” such that ¢(u) = [¢| uy in
the new coordinates. Hence

p! (r—1)!

/Sw-l 10(u)|*P dp(u) = my,., |[€*P  where m,., = /SZT_1 lug |*P dp(u) = CETEEk

It follows from Holder’s inequality that

p 1/p P
I(ty,..., 0, H (/S2 |gj|2pdu(u)) :mﬁpl_lep7
r—1 le

and that the equality occurs if and only if all /; are proportional.

(b) We prove the inequality

I(ly,...,0,) > 'Hw K

p+7“

by induction on p, the result being clear for p = 0 or p = 1. If we choose an orthonormal
basis (e1,...,e,) € C" such that £;(e,) # 0 for all j and replace ¢; by (¢;(e,))"*¢;, we can
assume £;(e,;) = 1. We then write u = v/ + u,e, with v’ € e;- ~ C"~! and

fj(u) = f;(’u/) + Uy, 1< j < D, E; =Lt
Let si(£4(u’)) be the elementary symmetric functions in £ (u’), 1 < j < p, with 5o := 1. We

have

dp(u).

p
Esk upk

k=0

I(ly,...,0 O (u | dp /
/81_] D dpt) = [
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We make a change of variable u, ~ u, ¢’ and take the average over 0 € [0,27]. Parseval’s
formula gives

I(ly,...0 (0. (u L2k g
1 5 /%21« IZ‘SIC |u ‘ /,L(/U/),

and since

r—1) (k41 —2) (p—k)!
(p+r—1)!

bl

1
(2r — 2)/ 2R (1 — 2)PR 234t = (
0

formula (5.25) implies

(r—=1)(kE+r—2)!(p—k)! /(
I(ty,..., 0, /Swgz PR |3k€ ‘ du' (u').

As [€;]* =14 |¢}]?, our inequality (5.24 (b)) is equivalent to

k=0 j=1

for all linear forms ¢; € (C"~')*. We actually prove (5.27) by induction on p (observing that
the inequality is a trivial equality for p = 0,1). Assume that (5.27) (and hence (5.24 (b)))
is known for any (p — 1)-tuple of linear forms (¢1,...,£, ;). As (5.24 (b)) is invariant under
the action of U(r), it is sufficient to consider the case when £,(u) = u,, i.e. £, = 0. The
induction hypothesis tells us that

(k+r—=2)l(p—1-F)! ~
/Szraz : 7“—2) )’Sk(a( 1:[1+|€/

However, when we add the factor ¢, the elementary symmetric functions sy (¢, (u’)) are left
unchanged for k < p — 1, while s, (¢, (u')) = 0 and 1+ |¢;|* = 1. Therefore (5.27) holds true
for p, since (p —k)!' > (p—1—k)! forall k =0,1,...,p — 1. We have proved the inequality
at order p whenever ¢, = a,(e,e,) and ¢;(e,) # 0 for j < p — 1. Since those (¢1,...,4p)
are dense in the space ((C")*)P of p-tuples of linear forms, the proof of the lower bound is
complete.

(b, equality case) We argue by induction on r. For r = 1, we have in fact ¢;(u) = ojuy,
aj € C*,and I(¢y,...,0.) =[1¢]? thus the coefficient ﬁ = 1, is reached if and only
if p < 1. Now, assume r > 2 and the equality case solved for dlmensmn r — 1. By rescaling
and reordering the ¢;, we can always assume that ¢;(e,) # 0 (and hence ¢;(e,) = 1) for
¢+ 1<j<p, while ¢;(e,) =0 for 1 < j < g (we can possibly have ¢ =0 here) Then we
write £;(u) = £’ (u )for1<j <qand€( u) = i(u") + u, for ¢ +1 < j < p. Therefore, if
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sk(¢'(u")) denotes the k-th elementary symmetric function in (¢} (u')+1<j<p, We find

q p
I(0y,...,0,) = 116 T 14 + url? dp(u)
st j=1 j=q+1

2

Zsk NuP™I7F L dp(u)

:E]Q

/§2r1

\é2r—1

/2r3
S J

> HW [T 0+l

Jj=q+1

<.
Il
—_

E»&

|5 (u \E:b )| P00 dpu(u)

.
Il
—_

1o 210—(1( 1)(k+7”—2) (p—q—k’) / 2 00000
1rfj<u>\ > R T e e P )

—.

by what we have just proved. In an equivalent way, we get

q
(k+r—2)llp—qg—Fk)!(p+r—
5 (u @) dy
/SQT_st;[l‘J Z (r—=2)!(p—q+r—1)! |k | ()

g o
> 1114 II (1+ 0,
j=1

Jj=q+

for all 0 < ¢ < p— 1 and all choices of the forms ¢, € (C"~1)*. In general, we can rotate
coordinates in such a way that £,(u) = u, and £}, = 0, and we see that the above inequality
holds when p is replaced by p — 1, as soon as ¢ < p — 2. Then the corresponding coefficients
k=0 for p, p—1 are

@—QN@+T—1N>(p—1—@Np—1+r—D!
(p—q+r—1) (p—1—g+r—1)

Y

and since sg = 1, we infer that the inequality is strict. The only possibility for the equality
case is ¢ = p — 1, but then

I(ty,....C ' (u 2 d /‘ W) d
ey /SMH' 2 2 o) pw_lswl_] O dit ),

and we see that we must have equality in the case (r — 1,p — 1). By induction, we conclude
that p — 1 <7 — 1 and that the £;(u) = ¢} (u’) are orthogonal for j < p — 1, as desired. [

5.28. Remark. When r = 2, our inequality (5.27) is equivalent to the “elementary”
inequality

p p
(+) [T+ 1) < Y Ko — R sil”
k=0

Jj=1
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relating a polynomial X? — s;XP~! 4+ ... 4+ (=1)Ps, and its complex roots a; (just con-
sider 0(v') = ajuy and f;(u) = aju; + upg on C*> to get this). It should be ob-
served that () is not optimal symptotically when p — +o0o; in fact, Landau’s inequa-
lity [Land05] gives [[max(1,]a;]) < (3 |sk|?)*/?, from which one can easily derive that
[T(1 + |a;]*) < 2P |sk|?, which improves (x) as soon as p > 7 (observe that 27 = 128
and k!(7 — k)! > 314! = 144). Our discussion of the equality case shows that inequality
(5.24 (b)) is never sharp when p > r. It would be interesting, but probably challenging,
if not impossible, to compute the optimal constant for all pairs (r,p), p > 7, since this is
an optimization problem involving the distribution of a large number of points in projective
space.

We finally state one of the main consequences of these estimates concerning the Chern
curvature form of a hermitian holomorphic vector bundle.

5.29. Proposition. Let § € Herm(T ® E) ~ Ay'T* @ Herm(FE, E) be a hermitian form
on a tensor product of complex vector spaces T, E of respective dimensions dimT = n,
dim E = r, and assume that E is equipped with a hermitian structure h. Denote by p the
unitary invariant probability measure pu on the unit sphere bundle S(E) = {v € E;|v|,} C E.

(a) If 01,...,0, =5 0 are strongly semi-positive, we have

(r—1)!

m Trhel/\.../\Trhep

/ O1(v),v)p A ..o Ay (v), v dp(v) =
veS(E)

as a pointwise strong inequality of (p, p)-forms.

(b) If 61,...,0, > 0 in the sense of Griffiths, we have

p!(r—1)!

m Trh91/\.../\Trh9p

/ (01(0), 000 A+ A (By(0), 00 dpa(v) <
veES(E)

as a pointwise weak inequality of (p,p)-forms.

In particular, the above inequalities apply when (E,h) is a hermitian holomorphic vector

bundle of rank r on a complex n-dimensional manifold X, 0 = Og , the curvature tensor
of E, and Try, 0 = c1(E, h) the first Chern form of (E, h).

Proof. (a) The assumption 6, >g 0 means that at every point z € X we can write 6 as

0q = Z ’qu‘g)eqj‘z2 Z iﬁqj/\gqj@)gqj@g;j’ Bes €T, lg; € E7

1< <N, 1< <N,

as an element of A]ﬁ’lT* ®@r Herm(E, E), hence

(Bg(v),0)n = Y iBgj A B llg; (v).

1< Ng

Without loss of generality, we can assume |{4;|p+ = 1. Then

(O1(0), V)0 A A (Op(V),0)n = Y 1By ABrjy A A B, A By, 101, (V)7 s, (V)7

jl7"'ajp
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and since |{4;|p+ = 1, Lemma 5.24 implies

/ (01(0), 00 A -+ A (B (0), 05 dpa(v)
veES(E)

(r—1)" . = . =
> Grro 1) > 1B ABujy Ae-ANiBj, A By,
jlw"ajp

(=1
_mTrhgl/\.../\Trhgp,

where > is in the sense of the strong positivity of (p, p)-forms.

(b) By the definition of weak positivity of forms, it is enough to show the inequality in
restriction to every p-dimensional subspace 7' C T. Without loss of generality, we can
assume dim7 = p (and take 7" = T), and also that 6 > 0 (otherwise take a positive
definite form 7 € Aﬂlg’lT*, replace 6 with . = 6 + en ® h, and let ¢ tend to 0). For any
veSE), let

0<A(v) <= < Ap(v)

be the eigenvalues of the hermitian form g,(s) = (#(v),v) on T with respect to

w="Tr,0= Z(Q(ej), ej) € Herm(7T'), w >0,

J=1

(ej) being any orthonormal frame of . We have to show that

(o y p!(r—1)!
/veS(E) Auv) e Aplv) dia(v) < (p+r—1)"

However, the inequality between geometric and arithmetic means implies

M () Xy(0) < (%iAj<v>)p,

thus, putting Q(v) = %(Trw 0(v),v), @ € Herm(FE), it is enough to prove that

p! (r—1)!
5.30 /) Qv)P du(v) < 2~
(5.30) s (0)" dp(v) 1)
Our assumption 6 > 0 implies Q(v) = >0 ¢;¢, cillqi(v)]? for some ¢; > 0 and some

orthonormal basis ({4;)1<j<r of E*, and

J 1 1 1
E c; =Trp Q = = Trp(Try, 0) = — Try (Trp, 0) = — Try, (w) = 1.
o p p p

Inequality (5.30) is a consequence of Lemma 5.24 (a), by Newton’s multinomial expansion. [

5.31. Remark. For p = 1, the inequalities of Proposition 5.29 are identities, and no semi-
positivity assumption is needed in that case. However, when p > 2, inequality 5.29 (a) does
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not hold under the assumption that F > 0 (or even that E is dual Nakano semi-positive,
i.e. E* Nakano semi-negative). Let us take for instance £ = Tpr» ® O(1). It is well known
that E is isomorphic to the tautological quotient vector bundle C**!/O(—1) over P", and
that its curvature tensor form for the Fubini-Study metric is given by

Op(E@v,E@v) = [(§v)]* >0

(where v is identified which a tangent vector via the choice of a unit element e € O(—1)).
Then det E = O(1) and thus ¢;(E, h) = wps > 0, although (O ;(v),v); = 0 for all p > 2,
as one can easily check.

Our aim is to apply Proposition 5.29 to the curvature tensor § = Oy Ay of a directed
orbifold (V;A). Under ad hoc hypotheses, Proposition 5.8 implies Griffiths positivity, but
we want to investigate strong positivity in order to apply 5.29 (a). The main observation
is that one can somehow separate the contribution of V' and the contribution of A in the
calculation. For the sake of generality, we introduce the possibility of combining different
orbifold divisors Ag with the same support.

5.32. Proposition. Let X be a projective variety, A an ample line bundle, and let
(X,V,Dy), 1 < s <k, be orbifold directed structures where Dy = (1 — %)Aj are normal
sj

crossing divisors on X transverse to V, sharing the same components A;. Let d; be the
infimum of numbers A € Ry such that N A — A; is nef, and let vy (resp. Yv) be the infimum
of numbers v = 0 such that Oy, == 70O, ®Idy — Oy, =¢ 0 (resp. =5 0), for suitable
hermitian metrics hy on V. Take p1,...,pr € N such that g =n— (p1 +...+pg) = 0 and
a weakly positive smooth (q,q) form g >0 on X.

(a) Then for every
Vs > VVA, = maX(m?X(dj/st%”Yv)

there exist hermitian metrics hy (p_y.., on the orbifold vector bundles V(D) such that

eDs,'Ys»Es = '75 @Ath ® IdV - @V<DS>’hV(Ds),Es >G O

in the sense of Griffiths, and

im, [ (O e (U1) 007 Ao A (O (00,0} A Bdp(v1) ... dpa(o)
X JvseS(V{(Ds))
< .

Eij—>0
(ps +r—1)! AT S

J1H...HJkC{1,...,N} Ej>1,2j615 £j<p5 1<sgk

ITi<o<h Ps! sy , _ £;—1
[T6! ITs(ps — X250, ) A (<9V,7(Us)7vs>ps Berlin N\ (vwa — 03} 0, n,) ) A B,
s\8 JE€Js 71T 1<k

JEJs
where the summation is taken over all disjoint subsets Jyi,...,J, C {1,2,...,N}, and
AJ = ﬂjeJ Aj.
(b) For

v > :Y/V,As = max(m]ax(d]/psg>7 :Y/V)

we have a similar lower bound where the constant 22—

=iy is replaced by (p(r_l)!

s+r—1)1°
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Proof. For the sake of simplicity, we first deal with the case where a single divisor
D =% (1-1/pj)A; is involved. We apply Corollary 5.21 (b) and compute the limit as
e — 0 when the curvature tensor is replaced by Q). k, since the other terms are negligible.
The formula shows that the metric hy py . converges to hy, and that its curvature tensor
converges uniformly to fy,, in the complement of any fixed neighborhood of |D|. This
contribution corresponds to taking powers of the terms in the first line of 5.21 (b), and
yields the first line in the right hand side of the limit. In order to evaluate the other terms,
which produce contributions only in a small neighborhood of |D|, we introduce the “orbifold”
coordinates

tj = €~_1/2 O'j(Z)l_l/pj ‘VjO'j(Z)‘_l, ] :jla tee 7j$7

J
in a neigborhood of any point zp € A;, N...NA;, (and complete those coordinates with
n — s variables z, that define coordinates on A;, N...NA; ). These coordinates t; are not
single valued near zp, but we can always (locally) make a “cut” in X along A; to exclude
the negligible set of points where o;(z) € R_, and take the argument in | — 7, 7[, so that
Arg(t;) € | = (1 —1/p;)m, (1 — 1/p;j)m[. If we integrate over complex numbers ¢; without
such a restriction on the argument, the integral will have to be multiplied by the factor
(1 —1/p;) to get the correct value. Since |V,o,(z)| does not vanish near A, the range of

the absolute value |¢;| is an interval ]0, C; sj_l/ 2[, thus t; will cover asymptotically an entire
angular sector in C. With the above coordinates coordinates, we can write

1/p; 1/2 . -
P = (V2 )10 19 ()1 05D,

thus by differentiation along a given tangent vector § € T'x .

— ; 141 i —1
&0 P Va(6) = O (2 t1) Y 1 () + 2 1e))

as e}/ ?|t;| < C; and d(|V;j0;(2)]"/ i~ 1) is bounded. By 5.21 (b), we find

V..
= o2+ S 1G12  0)P, ¢ = e SV,

(%
Ve o 1 Wyl

QE,K(Z)(£ ® U)Q = 7851#(575) |U|2 + Z CtmAp f@gm U/\Ep

£m A p

+—§:|t¢‘2'785¢%€£)——p;185¢jﬁyénléﬂvﬂ2

—242/(p;j—1 —2 | %
—I—O(Ze (/2 )t 220 )ydtj(g)\2+ej|512)(\v\2+2|tj\ Zyej(v)|2>
J

2

)

|+ Myge) V2 (22 92, (€, 0) = €2 (1= 1/p) 07 Vo (€) Vornor(v))
and with respect to the variables vy, we have to integrate on the sphere

S(V(D), hy(py.e) = {vs [l + ) [t 72 [ef (v)* = 1}.

We argue by induction on the number of components Aj;. When there is only one
component A, Proposition 5.23 (a) gives

[(I+Mp o) ™2 ()]
_ g loj|~H2/%a 2 1
S e [V 60 — (= 1) oy V0,6 Vi ()
_

L+ t;]~2

‘ 2

2 2

dt;

S ez (w) + 0 (e |oP?) 1
J

L

dt;

(5.33) ?ej(v) +O(€? [vf?)
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At this point, we have to make several observations. The most important one is that (5.33)
can be viewed as a rank one (1, 1) form in £ A€ € AV Tx (the associated hermitian form is
the square of a linear form), thus if we expand (0p 4.(v),v)? via its Qx . approximation,
this term will only appear with an exponent equal to 0 or 1. The complicated term O(a? o)
will have a zero contribution in the limit (there is a sufficiently large exponent in €;, so
that even after integrating on a large disc |t;| < Cje; pald > one factor g; is left). Finally, the
term O(|€]? |v]?) does not contribute, because it W111 only appear in terms that are bounded
volume forms on X multiplied by the bounded factor

t;172 ejloy| AR V05

_ <1
L+ t5172  1+egjlo| =240 |V o402

that converges to 0 almost everywhere on X. Putting everything together, Q. can be
simplified and approximated as

Qe i (2)(€@0)> =7 0IY(E,E) [ + ) coman el 02T

IR W)
2
B3 I (GBS — o ey () 0 + 12 a0 I 0,
It is also important to notice that since |v|*> > |e3(v)[?, we have |e}(v)[* < (14 |t;|7*)~" on
the unit sphere S(V (D)), thus
2l < s <1 T @ e < e Jaty (O
SR Y e = 71k OS2

and all terms yield convergent integrals in the limit, even after integrating over the whole
complex line ¢t; € C. We use the approximation (5.34) to compute (0p ~ (v),v)? and get

p
(00.,2(0),0)" = ((Bv (0),0) + (ywa = 95 0,0, ) 5172 1€} (0)?)
p=1 |t 72 |e; () idt; A diy

+p<(9vﬁ(v),v> + (ywa — p; 10,0, 85172 |€}<(U)|2>

1+ Jt]2 o
p » . E
= (£> (Ovy (0), 00PN (Ywa = p; M 0a,m,) (1t5]172 €] (v)[?)
{=0
= —2 | % 2\0+1 . -
p—1 ~1- -1 e (177 e @) idt; A diy
= ( ¢ )< vl O =257 0as,) L+ [t]2 27

= v (00007 + 3 (7) vy (00007 A a5 0,0, 11 5 0

2 —2 | % 2\0 . -
b p—t _ 1 -1 LG 1es )17 idt; A di;
i Z (f) (Ovy (v), )P N (ywa = pj 0a,n,) A 1+ [t]2 2

after a change of index £ + 1 =: ¢/ in the last summation. As

1
T (L5 oy P2 Vo)

(It5172 e (0)1)* < A+ 1t*) 7"
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converges boundedly almost everywhere to 0 on X for ¢ > 1, the corresponding term (the
one that does not include dt; Adt;) has an integral over X converging to 0 for all v, and this
is uniform in v since 0 < (fv,4(v),v) < Tréy,,. When D has N components, we can argue
by picking the components one by one, and get in that way

p!
(535) (Opc(0).0) = B0y + > > e s
0#£JC{1,...,N} £;=1,%;e5£;<p J 77

—1 G (172 e ()P)5 it A di;
0 p 3¢5 A — oo . £ 1/\ J A\ J J J
< Va’Y( J/G\J Twa — Py Aavha) 1+ |tj|2 2T

+ asymptotically vanishing terms,

as we compute the iterated limit lim, 0 lim., ¢ ...lim., 0. Notice that since this is an
iterated limit, all terms associated with indices j' < j are uniformly bounded in orbifold
coordinates when we let ¢; — 0 and keep £;; > 0 fixed (and this is only when we take
afterwards the limit on €;; — 0 that non uniformity may appear). The term (6p - -(v), v)?
in the right hand side of (5.35) corresponds to the choice J = () in the summation. By
taking products of similar terms, with A; =3 °,(1 —1/pi;)A;, &; = (€i1,...,€in) = 0 and
a summation on disjoint subsets Jy,...,Jp C {1,2,..., N}, we find

<9D1,’Yl,€1 (Ul)7vl>p1 ARERNAN <9Dk7’7k75k (Uk)>vk>pk

. H1<i<kpi!
a Z Z [1¢;! Hi(pi_ZjeJ-g‘)' /\

Ji..1MJpC{1,....,.N} éj)l,Ejeji Li<p; 37" 1<i<k

1 (G e ()P dt, A di
-1 L;—1 J \t g\ve 1O J
A /\ ((’WA Pj eﬁj:hg‘) A 1 [t;2 o )

JjeJ;

<<9V’Y(Uz) i)P pi—3jer;t;

+ asymptotically vanishing terms.

We consider the iterated limit lim.,, o with respect to the lexicographic order (i, j) < (i',j)
if i <i or i =14 and j < j'. The square of the norm of the linear form v; — t;l e;(v;) is
(14 ]¢;]%)~1. Since

/ l idt \Ndt
teC, Argte]—mn,n| (1 + ’t‘2)€+1 27 Q0
by an elementary calculation, the current
/ 5 idt; A dt;
t;€C, Argte]—(1-1/p;)m,(1-1/p;)m[ jeJ (1+ ‘tj’2)ej+1 2m

converges to the cycle [[;.;(1 —1/p;) [A;] where Ay = (;.;A;. Therefore Proposition
5.9 implies

lim / / O (01), 017 Ao A (B e (0), )P A B
LU ES(V (D))

€i5—0

pi!(r—1)!
< Z Z H m/AJlu,JM,C

J L. ILJ, C{1,....N} £;21, % ey, £;<p; 1<i<k

Ii<ich Pé! ( b=t
XX 9 (U) U.>pi_2j€Ji£j A /\ (’YCL) — p_le . ) J /\/8
1 — &Y /\ < Vv Vi), Vg A b AjLh
HEJ‘ Hz(pl ZjEJi ZJ) 1<i<k JjeJ; o
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Finally

(r—1)!
(p+r—1)!
Here, we integrate for ¢; in the angular sector Argt; € | — (1 —1/p;)m, (1 —1/p;)7n[. As a
consequence, for every smooth form f of bidegree (n — p,n — p) on X, we find

and a similar lower bound with the constant in the right hand side. Moreover,

: » y p!(r—1)! . »
lim /X / vy e A B < T ( /X (Try)? A B

e;—0 p+r—1)!

p—1
+ (1 — 1/p]) /A Z <€f1> (Tr@v’ry)pflfé A (’YWA — pj_leAj,hj)e /\ﬁ),

7 4=0

because the term involving (B +|; BE tends to 0 by Lebesgue’s bounded convergence theorem,
J
as soon as £ > 1. The factor

and we have to evaluate the right hand side of (5.33) when v, € S(V(A)), i.e. when
(5.34) [vel® + e5lo | 2+2/P |V 0 (ve)|* = 1.

Outside of a fixed tubular neighborhood {|o;| < d}, we have (5.33) = O(e; |£]?|v|?), thus such
terms are negligible for ¢; < 1. It is enough to work on {|o;| < 0}, where, by assumption
Vo; is bounded away from 0. Since |vg|? > ¢|V; 0, (v,)|? uniformly for some ¢ > 0, (5.34)
implies

C
2
e <
|V]0-](U£)| ~N 1+€j ’Uj|72+2/pj7

and the main term of (5.33) is, up to a constant factor (1 — 1/p;)?, equal to the strongly
semi-positive term

eslos| =242/ - 2 Cejloy| 20 19,049
; i2+2/ : 5 |77 Vioi(§) Vjoiv)| < — —242/p; )2 —
1+ oy ~2+2/03 |V ;0] (1 +ej|o|2+2/ri) 7j
If we use “rescaled orbifold coordinates” ((i,...,(,) with ¢ = 5;1/2(pj_1)0j(z)1/f’j and
¢j = z; for j =2,...,n, then this term becomes essentially
Clal 2o da|*__claPe T L e
(UG 02 [ |  (@fq ey

and if 1 < p; < oo, we see that it will provide a finite non zero integral when integrating
over (; € C, the major part of the mass being located in a large disk |(;| < R, i.e. in

a small tubular neighborhood |o;(2)| < (stl-/ 2(es _1))pj. In the expanded expression of
Be A (0 c(v),v)P (cf. 5.21 (b) and 5.23), all terms are >g 0 except terms of the form

(& oy 24/7)" (V3(&,0) A T3 (€ v))*
(T loy | 272700 )F |

ne |oj |72 H2/P0)k (V2 (€, 0) AVE(E,v))F !  V40(8) V0, (v)
© (1+¢€j]o;|72+2/ri |V0,]2)* 0 ’

Te N\

i G || 72223 )R (V3(E,0) A VE(E, )P ! V40,8 AV50,(8) [V05 ()2
: (1+ &5 log|=242/73 |V 0] |72
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where 7., 7/ and 7" are measurable w.-bounded forms of respective bidegrees (n —k,n — k),
(n—kn—k+1), (n—k,n—k). These terms are bounded by

|G| 72H =D (V3 (€, 0) AV3(E,0))F
(1+ |G| ~2(ps =)k ’
N |oj| 72223 )R (V3 (€,0) A VE(E,0)F ! A Vi95(8) Vjo;(v)

Te N\

) (1 +&j |oj|2+2/73 |V 05 2) o; ’
(g5 log| 72PN R (V3(E,0) AVE(E )" V,05(6) AV;05(€) V05 (0)[2
Te/\ . |—242/p; 7.2k A |2 '
(1+¢jloy]l Pi |V 054]?) o]

If we notice that we ~ > |d¢;|? in the
We expand the square and get
2
V20;(€0) = (1= 1/p;) 07 V05(€) V0, ()
2| —1 2 2012 —1
= (1= 1/p)? |0y V,0,(6) V030)| + O (PP + 1oyl ™ €] o] 1Vj05(6)] 1V 505 0)1)

where the main term is indeed >g 0. Since thus O(|¢|?|v|?) = O(|¢|?) and

O(lol = g1 o1 17305()] 1V j0,(0)] )

6. Non probabilistic estimates of the Morse integrals

6.A. Case of general directed orbifolds

The non probabilistic estimate uses more explicit curvature inequalities and has the
advantage of producing results also in the general orbifold case. Let us fix an ample line
bundle A on X equipped with a smooth hermitian metric h4 such that waq := 045, > 0.
We assume here that the s-th directed (dual) orbifold bundle V*(A®)) (cf. § 1.B) possesses

a hermitian metric ﬁ: such that its curvature tensor satisfies an inequality

in the sense of Griffiths, for some number v, > 0. Now, instead of exploiting a Monte Carlo
convergence process for the curvature tensor, we replace Oy Ay with

@€*<A<s>> = Oy ae)) T Yswa ®Id 26 0,

and in this way get new curvature coefficients ng:\u) = Ej;\u + Yswa,ij Oxp- This has the

effect of replacing ©ge; v+ a0y = Tr Opua)y DY Oy v (aw)y +77swa. Also, we take

(6.2) Lg’k = OXk(V(A))(l) & WZOX(—éA).

Then our earlier formulas 3.20 (a,b) become

(6.3) O, = wWrkp(§) + ger(z,z,u) where
ok
(6.3) gek(2,2,u) = i % Z (z) Us \Us,p d2; NdZ; — ewa.
s=1  4,5,A\p
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We want to express g. x(z, x,u) as a difference of two non negative terms. For this, we write

k k
Ls VsTs
6.4 € (et} = _08 - h
(6.4) Ge.i:(2, 2, 1) ; . Alu) (€+; ; )wA where
i s. A —

(64/> es,A(us) = % CE]}\},L)/U/S AUs,p dz; N de >0,

1,55 A
and we also consider

s,A —
Tros 4 = Z EJAH) dz; NdzZj = Ogep v+ (a)y T T7Ys WA

7]7

We apply Corollary 2.4 with «, 8 replaced by

k
xS Sajs
ak:Z?es,A(us)a Br = <€+ > 75 )WA,

s=1 1<s<k

both forms being semipositive by our assumptions. Then (4.2) leads to

n+kr—1
/ ®LE kH\I,h b,e
X (V)(Lk,<1)

(n+kr—1)! / /
= 1, — dvy (x)d
n! k'r(kr - 1 ze€X J(zu)eAR—1x (S2r—1)k LB (ak Bk) Vk ( ) 'u( )

(n+kr—1)! / / .
6.5 > T —nal" A dvi . (z) d .
( ) n! k'r kr — 1 2€X J(zu)EARTIx (S2r—1)k (ak e, Bk) Yk, (.%‘) 'u(u)

The resulting integral now produces a “closed formula” which, as we will see, can be
expressed solely in terms of Chern classes (at least if we assume that v is the Chern form of
some semipositive line bundle). At this stage, we invoke two types of expressions or lower
bounds for a. The first simply uses an expansion of o} by Newton’s multinomial formula
and is valid for every k > 1. We get

- 5

peENF, |p|=n

(6.6)

L
>3

Pl

lj (— Os,4(us) >p5.

The second (and weaker) bound consists of keeping only the terms for which p; = 0 or 1;
the existence of such terms requires k > n. As 0, 4 > 0, we find in that case

(6.6') al

WV

> n!H@l,A(usl)AesQ, A(tg,) A ABs, alug, ).
1<81<...<sn<k Tron

In the case of expression (6.6), we need a strong semi-positivity assumption 65 4 >g 0, and
Proposition 5.29 (a) then yields

[ Oty dnstu) > oy
S s,A\Us Hs(Us /(p—l—r—l) s,A
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(r—1)!
(p+r—1)!

/ o v () ()
(.CC,’U,)EAkil X (S2T‘—1)k

k
-1
(6.7) > E n! H ?:FT _) e /Ak-1 a? ™ du e (z) /\ (Tré,,.4)",
s=1

peNF, |p|= 5= 1ps (s

When p =1, we have = %, and the assumption 05 4 > 0 is sufficient. We infer

' n
(6.7) > Z v /Ak-l Tl ... Ty dvg () /\ Trfs, 4, respectively.

S1...8,1T"
1<s1<...<spn <k =1

By formula 3.10 (a) and an elementary calculation (cf. [Deml11, Prop. 1.13]), one gets

o _ (ke = )! [hicogr(s +7 = 1)!
(6:8) /Ak—l w e dve () = (r—1)F (n+kr—10 7

in particular

(kr —1)! rIn(r — 1)1F—n (k=1
(r—D% (n+kr—1"  (n+kr—1)"

(68/) /Ak_1 T1...Tp duk,r(x) =

The combination of (6.7*) and (6.8") implies

/ o dv () dpu(u)
(z,u)EAR—1 x (S2r—1)k
k n
(kr —1)! 1
6.9 > T STl ) | .
(6:9) (n+kr —1)! S_le "V resp
n! (kr — 1)! 1 \

9 > —— A\ Tré, 4.

(6.9) (n+kr—1)! Z 1...sn/\ FUse,4
1<s1<...<sp <k =1

Now, we compute an upper bound for the integral of nazfl A By over ARt x (S?r—1)* where

n—1
naZ—l A B = n(g + Z 7559) ( Z % HS,A(U5)> N wy

1<s<k 1<s<k
n! i Ts Ps
(Y T (2 aw)”) ned
PN a1 piloopkl S\ s

(6.10) RTGD SR ; JCVRUR) ) L

1<j<k, peNk, |p|=n—1

We apply Proposition 5.29 (b) and (6.8) to infer

/( oAb nal A By, dvg () du(u)
z,u)EAF~Lx(S2r—1

n!  (kr—1)! i (ps+r—1)! /1 Ps
< Z
h n/ue(swl)k (6 Z p1! .. .pk! (7‘ - 1)‘k H (n + kr — 1)' (S 93,A(“3)>

|p|=n—1




6. Non probabilistic estimates of the Morse integrals 49

n! i (kr—1 i s+ 0js+r—1)/1 s
P S % )!kH(p(7j+k:—1).><§9”‘(“3)> )A“AdM(U)

n! (kr —1)! 1 Ps
S n(s Ip|§_1 (n+kr—1)! 51:11 <g Ir 08’A>
k
6.11) + Z n! (kr —1)! ’yj(pj.%— T) H (% Tr057A>pS> Ao,

_ |
ot (n+kr—1)! j e

where the inequalities are to be understood as inequalities between (n, n)-forms. By putting
(6.7 — 6.11) together, we obtain

/( JEAk—1x (§2r—1)k (o =naf ™" A Br) dvyr(x) dpa(u)
x,u)E -1y r—

n! (kr —1)! 1 \
> ) -
/(n—i-k‘r—l)!( Z 31...sn£:/\1Trgsz’A

1<s1<...<sp, <k

— Z n(esfl(1 Tr05714>p5+£wﬁ<§ TrQS,A>pS) /\wA>,

K s ; J
peENF |p|=n—1 s=1 j=1 s=1

and the first summation >, can be replaced by the larger term L (ZS LI Trf,4)"

in case we have strong semi- p081t1v1ty The Morse integral lower bound (6.5) finally 1mphes

6.12. Theorem. Assume that the curvature of the orbifold bundles satisfy the lower bounds
Oy« (a@) 26 —Vswa ® Idy- (in the sense of Griffiths), for some number vs € Ry. Then
the orbifold line bundle

Ley = Ox,(v(ay(1) ® m,0(—cA)

admits for all k > n and ¢ € Q4 a number of sections h%( X (V(A)), LS}?) that is bounded
below asymptotically, modulo an error term o(m™ T =1) by

mn—i—kr—l / nkr—1 S mn—f—kr—l y
(n+kr =Dy, (van o<y e kI
1 n
Z — /\ (s, + 775, wa)
X i<si<o<sn<k S 7N g
k k k
Ps Yi(p; + 71 1 Ps
S ( [T o (0t rmewa)” + S BBEDT L (6,4 ) )MA,
peNk | |p|=n—1 s=1 j=1 s=1
where O = Oyeq v+ (a)y. The first summation » . can be replaced by the larger term
L (21;1 1(O5 4 ryswa))™ in case we have strong semz—positz’vity instead of Griffiths semi-
positivity.

Especially, for m > 1, we have a lot of sections in
HO (X (V{A)), L) = HY(X, BV (A) © Ox (~meA)),

whenever the integral providing the lower bound is positive; by Corollary 1.11, when
the integral is non positive, we still get a non trivial lower bound for the difference
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hO(Xp(V(A)), LET) — kM (Xk(V(A)), LE). In the compact or logarithmic situation, we
can take 05 4 = 04 independent of s, © = Ogey(v(a)) and then obtain the simple lower
bound

n+kr—1
(6.13) mT/ Hp (0 + WWA)H —nHy . (©+ WWA)H_l ANwa
! X

where

1 - -
Hn,k = Z —Snv H’I{L,k,E = Z ( H sPs Z

51...
1<81<...<sn <k © pENE, |pl=n—1 \ s=1

11

)

In the case of strong semi-positivity, H,, . can be replaced with the larger value % (Hy)™,
where H, =1+ % 4+ -+ % is the harmonic sequence. When € < 1, we get sections as soon
as

H' H'
(6.14) O — (n;—’k:—r’y)wA>0, resp. © — (nn!ﬁ—rv)wf;>0.

This last condition is substantially sharper than the one stated in [Dem12] (thanks to much
improved estimates of the integrals involved in the calculation). We have

- p;j+r i r
> <Y pit i <n—lirH,
Jj=1 j=1 J
and
11 1 1 1 1
Z ﬁ%"'mgl 511731 1k::k’
F 1 0<p2,...,pp <40 - / - / - /
> o<y &
k,|p|l=n—1s=1 sbs "' I 1
peNF |p|=n—1s= 4 _ n
£
Therefore
(6.15) ke S <8+7(n— 1+er)> min (k, (H;)""1).

, and asymptotically when k& — 400, if we

On the other hand, we have Hn = nl for k >
1

n
let s; vary in the range |k j <8 < [kw], 1<j<n, we get

(6.16) Hy, > ] log

This implies

H' H'
lim sup (n ke 7’7) <ry(n™tt — 1), limsup (n ke m/) ry(nn!—1).
k—s 400 H, k—+o00 (Hi)™

Asymptotically as k — +oo, we get the sufficient condition © — ry(n"*tt — 1) w4 > 0, resp.
O —ry(nn!—1)wy > 0, which are much more restrictive than the condition ® > 0 we would
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get by the probabilistic estimate. The case k = n is especially interesting. We then find
H,,=H,,= % and

HI
nﬂ—rygnQn!(é—f—y(n—l—i—an)) — 7.
Ebun

6.17. Application. In the case where X is a smooth hypersurface of P**! of degree d
and V = T, thus r = n, we have © = ¢1(0(d — n — 2), hpg). Also, we can take A = O(1)
and v = 2, since the surjective morphisms

T]‘_FDn+1|X —Tx — %

imply V* ® O(2) >¢ 0. Condition (6.13) is satisfied, and therefore we have many n-jet
differentials with a negative twist O(—me), as soon as d +n —2 > 2n?n!l(n — 1+ n H,).
In the logarithmic situation where X = P" V = Tpn, and A = > A; is a divisor of total
degree d, we can still take v = 2 by Proposition 5.8, and © = ¢1(O(d —n—1), hgg); a similar
degree bound d +n — 1> 2n%n!(n — 1 +n H,) holds in that case.

6.B. Case of orbifold structures on projective n-space

An interesting orbifold example is the case when X = P" V = Tx, A = O(1) and
A=>(1- pij)Aj is a normal crossing divisor, with components A; of degree d;. Since

AT (12 A,

; pj

we have

det V(AW) = Opn (= — 1+ _d;j(1—s/p;)+)

and the associated curvature form is

O = (—n— 1 +Zdj(1 — s/pj)+)w,4.

Moreover, by Proposition 5.8, we have
Op«(ae)y +Vswrs ®1Id >¢ 0

as soon as v, > 2 and 7, > max;(d;/ max(p;/s, 1)) for all components A; in A(®). We can
take for instance v, > st where t = max(max;(d;/p;),2). Then, for k = n and ¢ € Q4
small, the estimate (6.14) guarantees the existence of jet differentials under the complicated
condition

a n(2n —1)!

H(nst—n—1+ | dj(1—s/pj)+) > T

s=1

(6.15) nt( Z %(nst—n—1+Zdj(1—s/pj)+>)n_l.

1<s<n J
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If we take p; > p > n, then (1 —s/p;)+ >1—s/pfor s <n, and as nst —n —1 > 0 and
Y i<s<n 1(nst —n — 1) < n?t, we get a sufficient condition

i 2n — 1) ) 1 1 \"!
The latter condition is satisfied if >, d; > cnt I, (1- §)_1 with

2(2n —1)! 1 1 1 \n—1
n® (2n )<1+ ) 7

= o) 2Tt T

2

2

since ¢,, > n® for all n € N*, and so n?t < % >~ d;. The Stirling formula gives

(6.16) cn <27Y2(4/e)" n" 2 (1 4+ logn)" ! = O((2nlogn)™)

for n large. In this way we get

6.17. Proposition. Let A = Z (1— )A a simple normal crossing orbifold divisor on P"

with deg Aj = d;. Then there exist jet dzﬁer@ntzals of order n and large degree m on P™(A),
with a small negative twist Ops (—me), provided that

>p>n, Y djze, max<max (d—ﬂ)2> ﬁ (1—5>1.

Pj 1 P

For instance, one can take all components A; possessing the same degree d and ramification
number p > n, and a number of components

or a single component (1— p%)Al with py > 2¢, and d; > 4¢,, (notice that [J(1—52)"1 < 2).
Since we have neglected many terms in the above calculations, the “technological constant”
¢, appearing in these estimates is probably much larger than needed.
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