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0. Introduction and main definitions

The present research is mainly concerned with the existence of logarithmic and orbifold
jet differentials on projective varieties. For the sake of generality, and in view of potential
applications to the case of foliations, we work throughout this paper in the category of
directed varieties, and generalize them by introducing the concept of directed orbifold.

0.1. Definition. Let X be a complex manifold or variety. A directed structure (X,V') on
X is defined to be a subsheaf V- C O(Tx) such that O(Tx)/V is torsion free. A morphism
of directed varieties ¥ : (X,V) — (Y, W) is a holomorphic map ¥ : X — Y such that
dU(V) C U*W. We say that (X, V) is non singular if X is non singular and V is locally
free, i.e., is a holomorphic subbundle of T'x .

We refer to the absolute case as being the situation when V = T, the relative case
when V' = Tx /g for some fibration X — S, and the foliated case when V is integrable, i.e.
[V,V] C V, that is, V is the tangent sheaf to a holomorphic foliation. We now combine
these concepts with orbifold structures in the sense of Campana [Cam04].

0.2. Definition. A directed orbifold is a triple (X,V,A) where (X,V) is a directed variety

and A =Y (1 - pij)Aj an effective divisor where the Aj; are irreducible hypersurfaces and

p; € ]1,00]. We denote by [A] = > A; the corresponding reduced divisor, and by |A| =J A;

its support.

(a) We will say that (X,V,A) is non singular if (X, V) is non singular and A is a simple
normal crossing divisor such that A is transverse to V. If r = rank(V'), we mean by
this that there are at most r components A; meeting at any point x € X, and that for
any p-tuple (j1,...,Jp) of indices, 1 < p <r, we have dimV, N ﬂ?zl Tn;,w=1—pat
any point x € (V_; Ay,

(b) If (X, V,A) is non singular, the canonical divisor of (X,V,A) is defined to be
Kya=Ky+A

(in additive notation), where Ky = det V*.

(c) The so called logarithmic case corresponds to all multiplicities p; = oo being taken infi-

nite, so that A =5 A; = [A].

In case V' = T, we recover the concept of orbifold introduced in [Cam04], except
possibly for the fact that we allow here p; € R, p; > 1 (even though the case p; € N* is
of greater interest). It would certainly be interesting to investigate the case when (X, V, A)
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is singular, by allowing singularities in V' and tangencies between V and A, and to study
whether the results discussed in this paper can be extended in some way, e.g. by introducing
suitable multiplier ideal sheaves taking care of singularities, as was done in [Dem15] for the
study of directed varieties (X, V). For the sake of technical simplicity, we will refrain to do
so here, and will therefore leave for future work the study of singular directed orbifolds.

0.3. Definition. Let (X,V,A) be a singular directed orbifold. We say that f : C — X is
an orbifold entire curve if f is a non constant holomorphic map such that :

(a) f is tangent to V' (i.e. f'(t) € Vi) at every point, or equivalently f : (C,Tc) — (X, V)
is a morphism of directed varieties;

(b) f(C) is not identically contained in |Al;
(c) at every point tg € C such that f(ty) € Aj, f meets A; with ramification number > p;,
i.e., if Aj = {z; = 0} near f(tg), then z; o f(t) vanishes with multiplicity > p; at to.

In the case of a logarithmic component A; (p; = 00), condition (c) is to be replaced by the
assumption

(c) f(C) does not meet A;.
One can now consider a category of directed orbifolds as follows.

0.4. Definition. Consider directed orbifolds (X,V,A), (Y,W,A) with

A= (1-%)&, A:Z(1—L)AJ~.

PA.j

A morphism ¥ : (X, V,A) — (Y,W,A) is a morphism ¥ : (X,V) — (Y,W) of directed
varieties satisfying the additional following properties (a,b,c).

(a) for every component A;, W=1(A;) consists of a union of components A;, i € I(j),
eventually after adding a number of extra components A; with pa; =1

(b) in case pp; < oo, for every i € I(j) and z € A;, the derivatives D*¥(z) of ¥ at z,
computed in suitable local coordinates on X and Y, vanish for all multi-indices o € N"
with 0 < |a| < pa;/pai;

(c) if Aj is a logarithmic component (pa; = 00), then ®~1(A;) = Uier) Di where the
(Ai)ier(j) consist of logarithmic components (pa; = o0).

It is easy to check that the composite of directed orbifold morphisms is actually a directed
orbifold morphism, and that the composition of an orbifold entire curve f : C — (X, V, A)
with a directed orbifold morphism ¥ : (X,V,A) — (Y, W, A) produces an orbifold entire
curve Vo f : C — (Y, W, A). One of our main goals is to investigate the following generalized
Green-Griffiths conjecture

0.5. Conjecture. Let (X,V,A) be a non singular directed orbifold of generated type, in
the sense that the canonical divisor Ky + A is big. Then then should exist an algebraic
subvariety Y C X containing all orbifold entire curves f: C — (X, V,A).

As in the absolute case (V = Tx, A = 0), the idea is to show, at least as a first step
towards the conjecture, that orbifold entire curves must satisfy suitable algebraic differential
equations. In section 1, we introduce graded algebras

(0.6) B ErmV*(A)

meN
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of sheaves of “orbifold jet differentials”. These sheaves correspond to algebraic differential
operators P(f; f', f",..., f*)) acting on germs of k-jets of curves that are tangent to V'
and satisfy the ramification conditions prescribed by A. The strategy relies on the following
standard vanishing theorem.

0.7. Proposition. Let (X,V,A) be a projective non singular directed orbifold, and A
an ample divisor on X. Then, for every orbifold entire curve f : C — (X,V,A)
and every global jet differential operator P € H°(X,Ex,mV*(A) @ Ox(—A)), we have

P(f;f " f™) =o0.

The next step consists precisely of finding sufficient conditions that ensure the existence of
many global sections P € H(X, Ey ., V*(A) ® Ox(—A)). In this direction, among other
more general results, we prove

0.8. Theorem. Let (X,V,A) be a n-dimensional projective non singular directed orbifold.
We assume that A = (1 — pil)Al has ramification index p1 > n+ 1, with a single component
Ay € |d1 A| of degree dy with respect to a very ample divisor A on X. Then, for p1 > n+1,
e € Qs small and

1 1\ p?
n—1+d1>n22"_1<1—|———|—...—|——> pil,
n/ ()

2
there exist many (i.e. at least cm”+"2_1, ¢ > 0) orbifold jet differentials of order n in
HY(X, Ep T (A) ® Ox (—meA))

for m > 1 sufficiently divisible.

1. Logarithmic and orbifold jet differentials

1.A. Directed varieties and associated jet differentials

Let (X,V) be a non singular directed variety. We set n = dim¢ X, r = rankc V, and
following the exposition of [Dem97], we denote by m : J¥V — X the bundle of k-jets of
holomorphic curves tangent to V' at each point. The canonical bundle of V' is defined to be

(1.1) Ky =det(V*) = A"V™.

If f:(C,0) = X, ¢t~ f(t) is a germ of holomorphic curve tangent to V', we denote by fi;(0)
its k-jet at ¢t = 0. For xy € X given, we take a coordinate system (z1,...,2,) centered at
xo such that V,, = Span(%)lgug. Then there exists a neighborhood U of zg such that

Vjr admits a holomorphic frame (e, )1<,<, of the form
0 0
(1.2) en(2) = —+ Z ary(2)=—, 1<pu<r,

with ay,(0) = 0. Germs of curves f : (C,0) — X tangent to V| are obtained by integrating
the system of ordinary differential equations

(1.3) A=Y au(fO) fit), r+1<A<n,

1<p<r
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when we write f = (fi,...,fn) in coordinates. Therefore any such germ of curve f is
uniquely determined by its initial point z = f(0) and its projection f = (fi,..., fr) on the
first 7 coordinates. By definition, every k-jet fiz) € J by, = W,;l(z) is uniquely determined
by its initial point f(0) = z ~ (z1,..., z,) and the Taylor expansion of order k

(1.4) f(t)—f(0) =t& + %tQSQ—F- . %tk§k+0(tk+1), t € D(0,¢), £, €CT, 1 <s< k.

Alternatively, we can pick an arbitrary local holomorphic connection V on V|i; and represent
the k-jet fi11(0) by (&1,...,8k), where £ = V° f(0) € V. is defined inductively by Vif=f
and V* f = V (V=1 f). This gives a local biholomorphic trivialization of J*V|;; of the form

(1.5) TVie = VEE fwg(0) = Gy &) = (VF(0), .., VH(0)) 5

the particular choice of the “trivial connection” Vg of Viy that turns (en)i<u<r into a
parallel frame precisely yields the components &, € Vi ~ C” appearing in (1.4). We could
of course also use a C* connection V = Vo +1I" where I' € C°(U, T% ® Hom(V,V)), and in
this case, the corresponding trivialization (1.5) is just a C'°° diffeomorphism; the advantage,
though, is that we can always produce such a global C*° connection V by using a partition
of unity on X, and then (1.5) becomes a global C'*° diffeomorphism. Now, there is a global
holomorphic C* action on J*V given at the level of germs by f +— a-f where a- f(t) := f(at),
a € C*. With respect to our trivializations (1.5), this is the weighted C* action defined by

(1.6) a- (1,8, .., &) = (a1, a2, ..., "), & eV

We see that J¥V — X is an algebraic fiber bundle with typical fiber C™*, and that the
projectivized k-jet bundle

(1.7) X, (V)= (J*V ~{op)/C*, e Xp(V) = X
is a ]P’(l[r] 2l ,k[r]) weighted projective bundle over X, of total dimension
(1.8) dim Xy (V) =n+ kr — 1.

1.9. Definition. We define Ox(E),mV™) to be the sheaf over X of holomorphic functions
P(z; &1,...,&) on JEV that are weighted polynomials of degree m in (&1,...,6m).

In coordinates and in multi-index notation, we can write

P(z; &1, &) = > oy o (2) €80 . €0
Qe o eN”

|y |[4+2]|az |+ +k|ag|=m

where the aq,.. .o, (2) are holomorphic functions in z = (z1,..., 2,) and £ actually means

5?5 - 5?’?1 cee Sa;,r for fs - (63,17 s afs,r) € CT, Qg = (as,la s 7a8,7‘> S er

and |as| = 22:1 o ;. Such sections can be interpreted as algebraic differential operators
acting on holomorphic curves f : D(0, R) — X tangent to V, by putting P(f) := u where
(1.10) u(t) = 2. Qo (FO) £/ fE(H) ™

Oél,...,OékeNT
|aq |[+2|az |+ +k|ag|=m
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Here f()(t)*s is actually to be expanded as

FO@ = () f e

with respect to the components f;s) defined in (1.4). We also set u = P(f; f', f",..., f*)
when we want to make more explicit the dependence of the expression in terms of the
derivatives of f. We thus get a sheaf of graded algebras

(1.11) P ox(ErmV).
meN

Locally in coordinates, the algebra is isomorphic to the weighted polynomial ring

(1.12) Ox [fJ(S)}l<j<r 1<s< deg f;S) =5

=J =) Lo

over Ox. An immediate consequence of these definitions is :

1.13. proposition. The projectivized bundle 7y, : X, (V) — X can be identified with

(a) Proj < o) OX(Eka*)) - X,

meN

and, if Ox,v)(m) denote the associated tautological sheaves, we have the direct image
formula

(b) (1)« Ox,. (v (M) = Ox (Egm V™)

1.14. Remark. These objects where denoted X ,SG and EE%V* in our previous paper
[Dem97], as a reference to the work of Green-Griffiths [GGT79], but we will avoid here the
superscript GG to simplify the notation.

Thanks to the Faa di Bruno formula, a change of coordinates w = (z) on X leads to a
transformation rule

(o )W =g of - fR 4+ Qu(f,....f* 1

where @ is a polynomial of weighted degree k in the lower order derivatives. This shows
that the transformation rule of the top derivative is linear and, as a consequence, the
partial degree in f(¥) of the polynomial P(f; f’,..., f*)) is intrinsically defined. By taking
the corresponding filtration and factorizing the monomials (f (k))o‘k with polynomials in
ff" . f D) we get graded pieces

G*(ErmV*) = P Er-1m-ne, V* @ SHV*.
L EN

By considering successively the partial degrees with respect to f*), f=1 7 # and
merging inductively the resulting filtrations, we get a multi-filtration such that

(1.15) G*(EpmV?*) = £ ShVr 0 ShYr Q. @ SV
61,...,€keN,€1+2£2—|—-~—|—k£k:m
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1.B. Logarithmic directed varieties

We now turn ourselves to the logarithmic case. Let (X,V,A) be a non singular
logarithmic variety, where A = > A; is a simple normal crossing divisor. Fix a point
ro € X. By the assumption that A is transverse to V, we can then select holomorphic
coordinates (z1,..., z,) centered at xo such that V,,, = Span(aizj)lgjgr and A; = {z; = 0},
1 < j < p, are the components of A that contain zy (here p < r and we can have p = 0 if
xo ¢ |A]). What we want is to introduce an algebra of differential operators, defined locally

near xg as the weighted polynomial ring

(1.16) Ox [(og i)\ <p - (A pr1icr] s cyep deg £ = deg(log £;)© = s,
or equivalently
(1.16') Ox [ 1 nizo FF Dprizier]cpape deg £ =5, deg f;7' =0,

For this we notice that
(log f1)" = (fi ' f1) = fit i = (fr D)2
(log f1)" = fi ' f1" = 3(f " DT D + 207 )%,

A similar argument easily shows that the above graded rings do not depend on the particular
choice of coordinates made, as soon as they satisty A; = {z; = 0}.

Now (as is well known in the absolute case V' = T'x ), we have a corresponding logarithmic
directed structure V(A) and its dual V*(A). If the coordinates (z1,...,2,) are chosen so

that V,, = {dz,41 = ... = dz, = 0}, then the fiber V(A),, is spanned by the derivations
0 0 0 0
218_,217”"2138_,2]9’ @,...,8—%.
The dual sheaf Ox (V*(A)) is the locally free sheaf generated by
ﬁ,...,dﬁ, dzpy1,...,dz,
21 Zp

[where the 1-forms are considered in restriction to Ox (V(A)) C Ox(V)]. It follows from this
that Ox (V(A)) and Ox(V*(A)) are locally free sheaves of rank r. By taking det(V*(A))
and using the above generators, we find

(1.17) det(V*(A)) = det(V*) @ Ox (A) = Ky + A
in additive notation. Quite similarly to 1.13 and 1.15, we have :

1.18. Proposition. Let @, . Ox (Er,mV*(A)) be the graded algebra defined in coordinates
by (1.16) or (1.16"). We define the logarithmic k-jet bundle to be

(a) X (V(A)) := Proj ( D OX(EkvmV*<A))) - X.

meN

If Ox,(v(ay)(m) denote the associated tautological sheaves, we get the direct image formula
(b) (7) Ox(v(a)) (M) = Ox (Bgm V™ (A)).

Moreover, the mult-filtration by the partial degrees in the derivatives f}s) has graded pieces

(c) G*(EpmV*(A)) = &y SOVHA) @ SV A)® - @ SHVH(A).
l1,..., LrLEN, L1 +200+ -+ kl=m
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1.C. Orbifold directed varieties

We finally consider a non singular directed orbifold (X, V,A), where A = (1 — pij)Aj

is a simple normal crossing divisor transverse to V. Let [A] = > A; be the corresponding
reduced divisor. By §1.B, we have associated logarithmic sheaves Ox (Ej ,,V*([A])). We
want to introduce a graded subalgebra

(1.19) P ox(ErmV(A) € @ Ox(ErmV*([A])

meN meN

in such a way that for every germ P € Ox(FEk ,»V*(A)) and every germ of orbifold curve
f:(C,0) — (X, V,A) the germ of meromorphic function P(f)(t) is bounded at ¢ = 0 (hence
holomorphic). Assume that A; = {z; = 0} and that f has multiplicity ¢ > p; > 1 along A,

at t = 0. Then fl(s) still vanishes at order > (¢ — s)4, thus (fl)_ﬁfl(s) is bounded as soon
as Bq < (q — 8)4, Le. B < (1= 2)4. Thus, it is sufficient to ask that 8 < (1 — p—‘s’l)+. At a
point o € [A1|N...N|A,|, a sufficient condition for a monomial of the form

k r
(120) fl_/Bl e f;ﬁp H H(f;S))aS’j, g = (O[s,j) S Nru /617 s 7ﬂp S N

s=1j5=1

to be bounded is to require that the multiplicities of poles satisfy

k
(1.20') Bi < (1 - §)+, 1<j<p
s=1 J

1.21. Definition. The subalgebra @, Ox (ErmV*(A)) is taken to be the graded ring
generated by monomials (1.20) of degree > slas| = m, satisfying the pole multiplicity
conditions (1.20"). These conditions do not depend on the choice of coordinates, hence
we get a globally and intrinsically defined sheaf of algebras on X.

Proof. We only have to prove the last assertion. Consider a change of variables w = 9(z)
such that A; can still be expressed as A; = {w; = 0}. Then, for j = 1,...,p, we can
write w; = z;ju;(2) with an invertible holomorphic factor ;. We need to check that the
monomials (1.20) computed with g = 1o f are holomorphic combinations of those associated

with f. However, we have g; = fju;(f), hence g](-s) = D o<t<s (Z)f]@(uj(f))(s*é) by the
Leibniz formula, and we see that

k
0”0 TT T g7y

s=1j=1
expands as a linear combination of monomials

s, j

k r
fl_ﬂl o fp—ﬁp H H H f;es,j,m)7 Es,j,m <s,

s=1j=1m=1
multiplied by holomorphic factors of the form

r s,

Hluj(frﬁj < [T TI IT (ws (et

s=1j=1m=1



8 F. Campana, L. Darondeau, J.-P. Demailly, E. Rousseau, orbifold jet differentials

However, we have

As,j

e Yan(i-2), <33 (1- )

so the f-monomials satisfy again the required multiplicity conditions for the poles fj_ﬁ 7.0

The above conditions (1.20") suggest to introduce a sequence of “differentiated” orbifold
divisors

(1.22) A =37 (1 - i) A
+

j Pi

We say that A(®) is the order s orbifold divisor associated to A. By definition, the logarithmic
components (p; = 00) of A remain logarithmic in A®) while all others eventually disappear
when s is large.

Now, we introduce (in a purely formal way) a sheaf of rings Ox =0 x[25] by adjoining
all positive real powers of coordinates z; such that A; = {z; =0} is locally a component
of A. Locally over X, this can be done by taking the universal cover Y of a punctured
polydisk

I[ pror)x [ DOy c DOr):= [[ DOr;)

1<j<p p+1<j<n 1<j<n

in the local coordinates z; on X. If v : ¥ — D*(0,7) — X is the covering map and
U C D(0,r) is an open subset, we can then consider the functions of O x (U) as being defined
on v~ 1(U N D*(0,7)). In case X is projective, one can even achieve such a construction
globally by taking Y to be the universal cover of a complement X ~ (|A| U |A’]), where
A" =" A} is a sum of very ample divisors such that A + A’ has simple normal crossings,
and Aj ~ Aé Gom) — Bl my With U, XN (AL, oy U AL (jm)) = X for each j.

In this setting, the subalgebra @,, O x (Ek,nmV*(A)) still has a multi-filtration induced
by the one on @, Ox (Ek,.,»V*([Al])), and by extending the structure sheaf Ox into Ox,
we get an inclusion

(1.23) Ox(G*ErnV*(A)) C EB Ox(SUVHAD) & - @ Ox (SHV*(AR)Y),
R e

Ox (V*(A®)) is the “s-th orbifold (dual) directed structure”, generated by the order s
differentials

(1.24) UG 1< <p, d¥z, pr1<j<n
By construction, we have

(1.25) det(Ox (V(ALY)) = Ox (Ky + A®).

1.26. Remark. When p; = a;/b; € Q4, one can find a finite ramified Galois cover
v :Y — X from a smooth projective variety ¥ onto X, such that the compositions (z; o)1/
become single-valued functions w; on Y. In this way, the pull-back Oy (y*V*(A®)) is
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actually a locally free Oy-module. On can also introduce a sheaf of algebras which we
will denote by @ Oy (Ek,mV*(A)), generated, according to the notation of §1.B, by the

elements 7*(z§1_8/pj)+d(s)zj), 1< j<p,and y*(d®z;), p+1 < j <r. Then there is indeed

a multifiltration on Oy (E), .,V *(A)) whose graded pieces are

(1.27) Oy (G*EjmV*(A)) = D Oy (STVHAMY) @ - @ Oy (SEV* (AW,
014202+ +kl=m

However, we will adopt here an alternative viewpoint that avoids the introduction of finite
or infinite covers, and suits better our approach. Using the general philosophy of [Laz??],
the idea is to consider a “jet orbifold directed structure” X (V(A)) as the underlying “jet
logarithmic directed structure” X (V([A1])), equipped additionally with a submultiplicative
sequence of ideal sheaves J,,(A) C Ox, (v (ra1))- These are precisely defined as the base loci
ideals of the local sections defined by (1.20) and (1.20), when these are seen as sections of
the logarithmic tautological sheaves O x, (v(ra7))(m). The corresponding analytic viewpoint
is to consider ad hoc singular hermitian metrics on Ox, (v (ra7y)(1) whose singularities are
asymptotically described by the limit of the formal m-th root of J,,(A), see §3.B. It then
becomes possible to deal without trouble with real coefficients p; € |1, 00], and since we no
longer have to worry about the existence of Galois covers, the projectivity assumption on X
can be dropped as well.

2. Preliminaries on holomorphic Morse inequalities

2.A. Basic results

We first recall the basic results concerning holomorphic Morse inequalities for smooth
hermitian line bundles, first proved in [Dem85].

2.1. Theorem. Let X be a compact complex manifolds, E — X a holomorphic vector bundle
of rank r, and (L,h) a hermitian line bundle. We denote by O, = 5-D; = —5-09logh
the curvature form of (L, h) and introduce the open subsets of X

X(L,h,q) = {m € X; Opn(x) has signature (n — q,q)},

() X(L.h,S) = |J X(L,hyq),  ¥S C{0,1,...,n}.

q€eSs
Then, for all ¢ = 0,1,...,n, the dimensions h1(X,E ® L™) of cohomology groups of the
tensor powers E ® L™ satisfy the following “Strong Morse inequalities” as m — 400 :

SM(q) : Y (IR (X, E® L) < ro (—1)707%.,, + o(m™),
: n! Jx(Lh.<q) ’
0<]<q X q

with equality x(X,E ® L™) = rmT? Jx ©% , +o(m™) for the Euler characteristic (¢ = n).

As a consequence, one gets upper and lower bounds for all cohomology groups, and especially
a very useful criterion for the existence of sections of large multiples of L.

2.2. Corollary. Under the above hypotheses, we have
(a) Upper bound for h? (Weak Morse inequalities) :

h(X,E®L™) < r™

n! X(L,h )(_1)(1@2# +o(m") .
. b ’q
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(b) Lower bound for h° :

WX, E@L™) >k — hl > n . —o(m") .

n! Jx(rn<1)

Especially L is big as soon as fX(L h<1) OF ;, > 0 for some hermitian metric h on L.

(c) Lower bound for h? :

hq(X,E®Lm) > pd — ha—1 _ patl > Tm_

. / (~1)907, + o(m™) .
* JX(L,h,{q,9%1})

Proof. (a) is obtained by taking SM(q) + SM(q — 1), (b) is equivalent to —SM(1) and (c) is
equivalent to —(SM(¢+ 1) + SM(q — 2)). O

The following simple lemma is the key to derive algebraic Morse inequalities from their
analytic form (cf. [Dem94], Theorem 12.3).

2.3. Lemma. Let n = a—f3 be a difference of semipositive (1,1)-forms on an n-dimensional
complex manifold X, and let 1, <, be the characteristic function of the open set where 1 is
non degenerate with a number of negative eigenvalues at most equal to q. Then

(_1)(1]1”’@] nn < Z (_1>q—j (n) oI Aﬁj,
0<7<q J

in particular
L,<in" >a" — na" A B for q =1.

Proof. Without loss of generality, we can assume « > 0 positive definite, so that a can be
taken as the base hermitian metric on X. Let us denote by

Az 2020
the eigenvalues of 8 with respect to a. The eigenvalues of n = a — 3 are then given by
T-A <. <1=XA<1=X41 <...<1= )\,

hence the open set {\;41 < 1} coincides with the support of 1, <, except that it may also
contain a part of the degeneration set n™ = 0. On the other hand we have

(;L) Q"IN B =0 (M) a”,

where o7 ()\) is the j-th elementary symmetric function in the A;’s. Thus, to prove the
lemma, we only have to check that

Z (=)o) (A) = Ay, <13 (1)1 H (1—=2A4) =0,

0<ixg 1<isn

This is easily done by induction on n (just split apart the parameter A, and write
oh(N) = a1 () + 001 (A) An). O
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2.4. Corollary. Assume that n = Op, 5, can be expressed as a difference n = ac— 3 of smooth
(1,1)-forms o, B > 0. Then we have

SM(q): Y (-1)7TI(X,E®L™) ST?Z—T/

0<j<q X

5 v ()an T A+ ofmn)

0<<q

and in particular, for ¢ =1,

RO(X,E®L™)>h’ —h! > rm—'/ Q™ —na™ "t A B+ o(m™).
n. X

2.5. Remark. These estimates are consequences of Theorem 2.1 and Lemma 2.3, by taking
the integral over X. The estimate for h° was stated and studied by Trapani [Tra93]. In the
special case « = ©4p, > 0, B = Opj, > 0 where A, B are ample line bundles, a direct
proof can be obtained by purely algebraic means, via the Riemann-Roch formula. However,
we will later have to use Corollary 2.4 in case a and (8 are not closed, a situation in which
no algebraic proof seems to exist.

2.B. Singular holomorphic Morse inequalities

The case of singular hermitian metrics has been considered in Bonavero’s PhD thesis
[Bon93] and will be important for us. We assume that L is equipped with a singular
hermitian metric h = hoe™¥ with analytic singularities, i.e., ho is a smooth metric, and
on an neighborhood V' 3 x¢ of an arbitrary point x¢ € X, the weight ¢ is of the form

(2.6) ©(z) = clog Z 9;1* + u(z)
1<j<N

where g; € Ox (V) and u € C°°(V). We then have O = a + 5-09¢p where a = O ,__ is
a smooth closed (1, 1)-form on X. In this situation, the multiplier ideal sheaves

(2.7) J(h™) =I(kp) = {f € Ox, IV >z, /V £ (2)]Pe™ ™ FdA(z) < +oo}

play an important role. We define the singularity set of h by Sing(h) = Sing(p) = ¢~ (—0)
which, by definition, is an analytic subset of X. The associated ¢-index sets are

(2.8) X(L,h,q) = {z € X \Sing(h); O ;(z) has signature (n —q,q)}.
We can then state:

2.9. Theorem ([Bon93|). Morse inequalities still hold in the context of singular hermitian
metric with analytic singularities, provided the cohomology groups under consideration are
twisted by the appropriate multiplier ideal sheaves, i.e. replaced by H1(X, E ® L™ @ J(h™)).

2.10. Remark. The assumption (2.6) guarantees that the measure 1y sing(n)(Or,n)" is
locally integrable on X, as is easily seen by using the Hironaka desingularization theorem
and by taking a log resolution p : X — X such that pu*(g;) = (7) C OX becomes a principal
ideal associated with a simple normal crossing divisor £ = div(y). Then p*©pr 5 = c[E] + 5

where £ is a smooth closed (1,1)-form on X, hence

:u*(llX\Sing(h)@z,h) = Bn = %,h = ~ﬁn‘
X~ Sing(h) X
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It should be observed that the multiplier ideal sheaves J(h") and the integral [ Sing(h) O
only depend on the equivalence class of singularities of A : if we have two metrics with analytic
singularities h; = hooe™ %7, j = 1,2, such that ¢ = ¢ — ¢ is bounded, then, with the above
notation, we have u*©r ;. = c[E] + 8; and 2 = 1 + %85@0, therefore f)}f gy = fj(v BT by
Stokes theorem. By using Monge-Ampére operators in the sense of Bedford-Taylor [BT76],
it is in fact enough to assume uw € L{S (X) in (2.6), and ¢ € L*°(X) here. In general,
however, the Morse integrals fX(L,hj,q)( l)q@zhj, j =1,2, will differ.

2.C. Morse inequalities and semi-continuity

Let X — S be a proper and flat morphism of reduced complex spaces, and let (X )ies
be the fibers. Given a sheaf € over X of locally free Ox-modules of rank r, inducing on
the fibres a family of sheaves (E; — Xi)icg, the following semicontinuity property holds
([CRAS]):

2.11. Proposition. For every q > 0, the alternate sum
tes WXy, By) — b9 N Xy, By) + oo + (= 1)90°(Xy, Ey)
is upper semicontinuous with respect to the (analytic) Zariski topology on S.

Now, if L — X is an invertible sheaf equipped with a smooth hermitian metric h, and if
(ht) are the fiberwise metrics on the family (L; — X¢)ies, we get

q mm
(2.12) S (D)W (X, By @ LE™) < r—' (1907, 4, + o(t)m"
j:O n. X(L07h07§q) 7
where 6(t) — 0 as t — 0. In fact, the proof of holomorphic Morse inequalities shows that
the inequality holds uniformly on every relatively compact S’ € S, with

I(t)=/ (=107, p, Z/ (=D Ux(L, 1. <g)OL, 1,
X(Ltyht7<q) X

in the right hand side, and ¢ — I(t) is clearly continuous with respect to the ordinary
topology. In other words, the Morse integral computed on the central fibers provides uniform
upper bounds for cohomology groups of E; ® L¥™ when t is close to 0 in ordinary topology
(and also, as a consequence, for ¢ in a complement S \ [JS,, of at most countably many
analytic strata S,, C .9).

2.13. Remark. Similar results would hold when A is a singular hermitian metric with
analytic singularities on £ — X, under the restriction that the families of multiplier ideal
sheaves (J(h}"))tes “never jump”.

2.D. Case of filtered bundles

Let E — X be a vector bundle over a variety, equipped with a filtration (or multi-
filtration) FP(E), and let G = @ GP(F) — X be the graded bundle associated to this
filtration.

2.14. Lemma. In the above setting, one has for every q > 0

)T (X, Q).

MQ

q
Z(_ q Jhy X, E
j=0 3:0



2. Preliminaries on holomorphic Morse inequalities 13

Proof. One possible argument is to use the well known fact that there is a family of filtered
bundles (E; — X)iec (with the same graded pieces GP(E;) = GP(FE)), such that E; ~ FE
for all t # 0 and Ey ~ G. The result is then an immediate consequence of the semi-
continuity result 2.11. A more direct very elementary argument can be given as follows: by
transitivity of inequalities, it is sufficient to prove the result for simple filtrations; then, by
induction on the length of filtrations, it is sufficient to prove the result for exact sequences
0— S5 — E — Q — 0 of vector bundles on X. Consider the associated (truncated) long
exact sequence in cohomology:

0— HOS) —» HYE) > H(Q) % - -

5q;>1 HI(S) — HY(E) — HI(Q) % Im(d,) — 0.

By the rank theorem of linear algebra,

q
0 < rank(d 1) (~1)/(h(X,Q) — W (X, E) + h (X, 5)).
7=0
The result follows, since here b/ (X, G) = b/ (X, Q) + W (X, S). O

2.E. Rees deformation construction (after Cadorel)

In this short paragraph, we outline a nice algebraic interpretation by Benoit Cadorel
of certain semi-continuity arguments for cohomology group dimensions that underline the
analytic approach of [Demll, Lemma 2.12 and Prop. 2.13] and [Dem12, Prop. 9.28] (we
will anyway explain again its essential points in §3, since we have to deal here with a more
general situation). Recall after [Cadl7, Prop. 4.2, Prop. 4.5], that the Rees deformation
construction allows one to construct natural deformations of Green-Griffiths jets spaces to
weighted projectivized bundles.

Let (X, V,A) be a non singular directed orbifold, and let v : Y — (X, A) be an adapted
Galois cover, as briefly described in remark 1.26, see also [CDR18, §2.1] for more details.

We then get a Green-Griffiths jet bundle of graded algebras Ek,.f/*<A> — Y which admits
a multifiltration of associated graded algebra

G*Er.V*(A) = P P SAVHADY @ ... @ SV (AR,
m€N£1+2€2+ +kf;€:m

where the tilde means taking pull-backs by ~*. Applying the Proj functor, one gets a
weighted projective bundle:

Py (PAD) & - @ T/(AM)) = Proj (6B, 77(A)) % Y.

Then, following mutadis mutandus the arguments of Cadorel, one constructs a family
Y %Y, — C parametrized by C, with a canonical line bundle Oy, (1) such that:

o the central fiber Yy o is Py ... p) <17*<A(1))) ®--- @?*(A(k») and the restriction of
Oy, (1) coincide with the canonical line bundle of this weighted projective bundle. Hence
(1) Oy, o (M) = G* B V" (A).
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o the other fibers Y, are isomorphic to the singular quotient J*(Y, V,A) J/C* for the
natural C*-action by homotheties, where J*(Y,V,A) is the affine algebraic bundle
associated with the sheaf of algebras, and (7%)«0y, ,(m) ~ Ex mV*(A).

Applying the semicontinuity result of [Dem95], and working with holomorphic inequalities,
we obtain a control about dimensions of cohomology spaces of Ej ,,V*(A) in terms of

dimensions of cohomology spaces of the a priori simpler graded pieces G'Ek,m"}*<A>. This
reduces the study of higher order jet differentials to sections of the tautological sheaves
on the weighted projective space associated with a direct sum combination of symmetric
differentials. In particular, we have

2.15. Lemma. For every q € N

q q
> (1)1 hI(Y, BV >3 (1)1 (Y, G B V(A)).
Jj=0 7=0

Especially, for q =1, we get
WY, Exm VF(A)) > hO(Y, Ep i VF(A)) — BA(Y, By, VF(A))
> hO(Y,G*Epm VF(A)) — W (Y, G*Ey, ., V*(A)).

3. Construction of jet metrics and orbifold jet metrics

3.A. Jet metrics and curvature tensor of jet bundles

Let (X,V) be a non singular directed variety and h a hermitian metric on V. We
assume that h is smooth at this point (but will later relax a little bit this assumption and
allow certain singularities). Near any given point zy € X, we can choose local coordinates

z = (z1,...,2,) centered at zy and a local holomorphic coordinate frame (ex(z))1<a<r of V'
on an open set U 3 zp, such that
(3.1) (ex(2), eu(2))n(z) = Oap + > cijanziZi + O(|2%)

1<, <n, 1A, ur

for suitable complex coefficients (c;jr,). It is a standard fact that such a normalized
coordinate system always exists, and that the Chern curvature tensor 7-V73, of (V,h)
at zg is given by
1
% Cijap dzi/\dij ®6§ ®€H'

63

(32) @VJL(ZO) = —

Therefore, (cij»,) are the components of —Oy ;. Up to taking the transposed tensor
with respect to A, pu, these coefficients are also the components of the curvature tensor
Oy« p+ = =By, of the dual bundle (V*, h*). By (1.5), the connection V = V, yields a C>
isomorphism J,V — V®%, Let us fix an integer b € N* that is a multiple of lem(1,2,..., k),
and positive numbers 1 = g1 > €3 > -+ > ¢ > 0. Following [Dem11], we define a global
weighted Finsler metric on J*V by putting for any k-jet f € J*V,

1/b
(3.3) U e (f) :=< > si"HVSf(owi‘Zi?) :

1<s<k
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where || [|5(;) is the Hermitian metric h of V' evaluated on the fiber V., z = f(0). The
function Wy, 3 . satisfies the fundamental homogeneity property

(3.4) Uhpe(o- f) = lal® Tnpe(f)

with respect to the C* action on J*¥V, in other words, it induces a Hermitian metric on the
dual L} of the tautological Q-line bundle Ly = Ox, (v)(1) over X3 (V). The curvature of Ly,
is given by

(3.5) Wk@Lk,\I/ = %aalog \Ilh,b,s

hbe
Our next goal is to compute precisely the curvature and to apply holomorphic Morse
inequalities to L — Xy (V) with the above metric. This might look a priori like an
untractable problem, since the definition of W ;. is a rather complicated one, involving
the hermitian metric in an intricate manner. However, the “miracle” is that the asymptotic
behavior of Wy p, . as €5/es-1 — 0 is in some sense uniquely defined, and “splits” according
to the natural multifiltration on jet differentials (as already hinted in §2.E). This leads to a
computable asymptotic formula, which is moreover simple enough to produce useful results.

3.6. Lemma. Let us consider the global C> bundle isomorphism J*V — VO associated
with an arbitrary global C*° connection V on V. — X, and let us introduce the rescaling
transformation

pv.e(&1,82, ..., &) = (5%51,5352, . ,z—:gﬁk) on fibers J*V,, z € X.

Such a rescaling commutes with the C*-action. Moreover, if p is a multiple of lem(1,2, ... k)
and the ratios es/es—1 tend to 0 for all s = 2,... k, the rescaled Finsler metric
Wp be© pg}s(él, ..., &) converges towards the limit
1/b
2b/s
(% tel)
1<s<k

on every compact subset of VI~ {0}, uniformly in C*> topology, and the limit is independent
of the connection V.

Proof. Let us pick another C* connection V = V + I’ where I' € C*(U, T% @ Hom(V,V)).
Then V2f = V2f +T(f)(f') - f', and inductively we get

Vof=Vef+ Po(f; VS, ..., VL))
where P(z;&,...,8-1) is a polynomial with C> coefficients in z € U, which is of

weighted homogeneous degree s in (£1,...,&s—1). In other words, the corresponding
isomorphisms J EV o~ Z@k correspond to each other by a C*-homogeneous transformation

(&1, &) = (&1, - -+, &) such that

gszfs+Ps(z; 517"'758—1)'

Let us introduce the corresponding rescaled components

(51,57 e 7616,6) - (5%617 s 7525k>7 (gl,m s agk:,s) = (5%517 cee 75112§~k)-
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Then B
5576 :gs,a"'_gz PS(CC; 6;151,5,... (s 1)€s 16)
= ot Olen/zan) OllEnell +- -+ ooV

and it is easily seen, as a simple consequence of the mean value inequality |||z||7 — [|y||7] <

Y SUPelpy 1217 1z — y||, that the “error term” in the difference ||, |2/ — ||&.
bounded by

S S— S 2b
(es/es—1)° ( N [T LA A T LA

When b/s is an integer, similar bounds hold for all derivatives Dig( ~7

- H£S,e )

and the lemma follows. O

Now, we fix a point 2y € X, a local holomorphic frame (ex(z))1<xr<, satisfying (3.1)
on a neighborhood U of zg, and the holomorphic connection V on V|; such that Vey = 0.
Since the uniform estimates of Lemma 3.6 also apply locally (provided they are applied
on a relatively compact open subset U’ € U), we can use the corresponding holomorphic
trivialization J kV| V@ ~ U x (C")®* to make our calculations. We do this in terms of
the rescaled components & = e5V* f(0). Then, uniformly on compact subsets of J*V|;;\{0},
we have

1/b
B0 e i) = (X IGIES) T+ Otmax((e /),

1<s<k

and the error term remains of the same magnitude when we take any derivative Df ¢ By
(3.1) we find

Ity = D16l + D cisnn 2 €€y + O1EP).
A

i7j7A’/"L

The question is thus reduced to evaluating the curvature of the weighted Finsler metric on
VO defined by

1/b
‘P<z;£h-.-,§k>=< > ||§s||?fz£§>

1<s<k

(20

We set |52 =, [€s5.4]%. A straightforward calculation yields the Taylor expansion

ENTRS ;
b Y cmambat) ) +O()

i?j’)\?u

log‘I’(Z'&,---,Sk)

1 s s,
log Z ‘55‘21)/3"{_ Z |§ Z ng)\uzzzgg >\§ — O(|Z|3)

26/t 2
1<s<k 1<s<k ® 2t |£t| o ler B4 €]

By (3.5), the curvature form of L, = Ox,(v)(1) is given at the central point zy by the
following formula.
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3.7. Proposition. With the above choice of coordinates and with respect to the rescaled
components s = €3V?° f(0) at zg € X, we have the approrimate expression

S) « (20,[€]) = &)+ L E 1 |§s|2—b/s Z €ij 587/\537# dzi 1\ dzj
Ly, vy, \20 Wr,k,b o s AL A iR e v J
NI 7.]7 7/’L

where the error terms are O(maxags<k(€s/€s—1)°) uniformly on the compact variety X5 (V).
Here wypp = 5-00(%log D i<s<k |€5]22/%) is the (degenerate) Fubini-Study type Kdhler
metric associated with the kr-dimensional weight a = (1[”],2[7”], .. .,k:[’"]) of the canonical
C* action on JEV.

83.B. Logarithmic and orbifold jet metrics

Consider now an arbifold directed structure (X,V,A), where V C Tx is a subbundle,
r=rank(V),and A =) (1— %)Aj is a normal crossing divisor that is assumed to intersect

V transversally everywhere. One then performs very similar calculations to what we did in
§3.A, but with adapted Finsler metrics. Fix a point zp at which p components A; meet,
and use coordinates (z1, ..., z,) such that V. is spanned by (8%1, Cee 6%) and A is defined
by z; = 0,1 <75 < p <r. In the logarithmic case p; = oo, the logarithmic dual bundle
O(V*(A)) is spanned by

dz dz

—1,...,—p, dzpy1,. .., dzy.

Z1 Zp
The logarithmic jet differentials are just polynomials in

d*z; d*z

ey — 2 AP 2pi, . dozy, 1 <5<k,
Z1 Zp
and the corresponding (e1,...,¢ex)-rescaled Finsler metric is
k p r 2b/s 1/b
(3:8) (Zsib(z LI+ Y |f§8)l2) ) .
s=1 j=1 Jj=p+1

Alternatively, we could replace |f;|72| f;s)|2 by |(log f;)**)|* which has the same leading

term and differs by a weighted degree s polynomial in the fj_1 f]@, { < s; an argument very
similar to the one used in the proof of lemma 3.6 then shows that the difference is negligible
when g1 > g9 > - -+ > ;. However (3.8) is just the case of the model metric, in fact we get
r-tuples & = (&s,j)1<j<r of components produced by the trivialization of the logarithmic
bundle O(V(A)), such that

3.9 55‘:f~_1f(8) for 1 <s<pand fs‘:f(‘g) forp+1<s<r.
»J j j »J J

In general, we are led to consider Finsler metrics of the form

N 1/b
b/s
(3.10) (Zf‘:gbufs”i(é)) , &= (fs,j)lﬁjﬁra
s=1

where h(z) is a variable hermitian metric on the logarithmic bundle V(A). In the orbifold
case, the appropriate “model” Finsler metric is

k P r 2b/s\ 1/
(3.11) (Zggb(z ’fj’—2(1—Pj/S)+’f](S)’2 + Z ‘fj(s)‘2> ) .
s=1 j=1

Jj=p+1
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As a consequence of Remark 2.10, we would get a metric with equivalent singularities on
the dual Ly of the tautological sheaf Ly = Ox,(v(a))(1) by replacing >>%_ ., |f;s)|2 with

> i |f;5) |? (or by any smooth hermitian norm h on V'), since the extra terms y_%_, |fj(s) |2
are anyway controlled by the “orbifold part” of the summation. Of course, we need to find
a suitable Finsler metric that is globally defined on X. This can be done by taking smooth
metrics hy,s on V and hj on Ox(A;) respectively, as well as smooth connections V and V.
One can then consider the globally defined metric

2b/s /b
(3.12) (ZE%(ZHOJ IR "J/S)+||v<8><jof>u,%j+||v<s>fuiv,s) )

where A = > (1 — pij)Aj and o; € HY(X,0x(A;)) are the tautological sections; here, we
want the flexibility of not necessarily taking the same hermitian metrics on V' to evaluate the
various norms ||V(*) f[|, .. We obtain Finsler metrics with equivalent singularities by just
changing the hy, s and h; (and keeping V, V; unchanged). If we also change the connections,
then an argument very similar to the one used in the proof of Lemma 3.6 shows that the
ratio of the corresponding metrics is 1 £ O(max(es/e5—1)), and therefore arbitrary close to
1 whenever €1 > €9 > -+ > €; in any case, we get metrics with equivalent singularities.
Fix zp € X and use coordinates (z1,..., 2,) as described at the beginning of §3.B, so that
0j(z) = z;, 1 <j < p, in a suitable tr1v1ahzat10n of Ox(A;). Let f be a k-jet of curve such
that f(0) = z € X \|A] is in a sufficiently small neighborhood of zy. By employing the
trivial connections associated with the above coordinates, the derivative f(*) is described by
components

s . o s or 1—p;/s s .
Eg=f, 1<j<r €=l gob = pr Um0y <<y,

and ﬁorb £l°g s,y forp+1 < j <r. Here forb are to be thought of as the components of

f() in the “virtual” vector bundle V(A()), and the fact that the argument of these complex
numbers is not uniquely defined is irrelevant, because the only thing we need to compute
the norms is |§°rb Accordingly, for v € V., v > (v;)1<j<, € C", we put

U;Og = zj_lfuj =0;(2)"'doj(v) and vorb Z;(l_pj/s)+vj, 1<7<p,

and define the orbifold hermitian norm on V(A(*)) associated with h; and hy. s by

or —21 Js
(3.13) bf-2 Znog 200D doy ()| + [0l
2(1—(1—p; /s lo
(3.13) :Znag TP RE R o
P
(3.13") = v Qrb”21—<1—pj/s)+ + HUH%W,S'
h
j=1 ’

With this notation, the orbifold Finsler metric (3.12) on k-jets is reduced to an expression

1/b
or 2 or b/s or or or or
(314) ||§ b”\llh,b’E (Z€2b”€ b”2 / ) ) 55 b= (gs,jb)lijTﬂ 5 b= (55 b)lSSSka
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formally identical to what we had in the compact or logarithmic cases. If v is a local
holomorphic section of O x (V), formula (3.13) shows that the norm |v°™® | can take infinite

values when z € |A|, while, by (3.13"), the norm is always bounded (but slightly degenerate
along |A|) if v is a section of the logarithmic sheaf Ox (V([A])); we think intuitively of the
orbifold total space V' (A(®)) as the subspace of V' in which the tubular neighborhoods of the
zero section are defined by HvorszS < e for e > 0.

3.15. Remark. When p; € Q, we can take an adapted Galois cover v : Y — X such that
(zj o)t~ (1=Pi/*)+ is univalent on Y for all components A; involved, and we then get a well
defined locally free sheaf Oy (v*V(A®)) such that

7 (0x (V(TAT))) € Oy ( V(AR)) € 47 (0x(V)).

However, as already stressed in Remark 1.26, this viewpoint is not needed in our analytic
approach.

3.C. Orbifold tautological sheaves and their curvature

In this context, we define the orbifold tautological sheaves

(3.16) Ox,.(van(m) = Ox, van)(m) @ I(Vz,.)™)

to be the logarithmic tautological sheaves Ox, (v (ra))(m) twisted by the multiplier ideal
sheaves associated with the dual metric ¥ , _ (cf. (3.14)), when these are viewed as singular
hermitian metrics over the logarithmic k-jet bundle X (V([A])). In accordance with this
viewpoint, we simply define the orbifold k-jet bundle to be X (V(A)) = X (V([A])). The
calculation of the curvature tensor is formally the same as in the case A = 0, and we obtain :

3.17. Proposition. With the above choice of coordinates and with respect to the rescaled
orbifold components & x = €5 il_(l_p*/s)”f)(\s)(o) for 1 < X< pandé&,=es is)(O) for
p+1 < X< r, the (1,1)-curvature tensor of the tautological sheaf Ox, v (ay)(1) admits
near zg an approximate erpression

i 1 |€S|2b/3 s 58,)\55, —
OL,.v;, (20, [§]) 2 wrpp(§) + o= Y o= DL cgj)m ¢ |2“ dz; A dz;,

< 2b/t
2m Sy s Lalalt

(s)

where (¢33, and

) are the opposite of the coefficients of the curvature tensor ®V<A<S>>7{ ,

the error terms are O(maxaogs<k(€s/€s—1)°) uniformly on the projectivized orbifold vari-
ety Xi(V(A)).

Notice, as is clear from the expressions (3.13”) and (3.14) and the fact that v; = z;v"", that
our orbifold Finsler metrics always have fiberwise semi-positive curvature, equal to w5 (£),
along the fibers of X3 (V(A)) — X. A relatively easy change of variable argument (see
e.g. [Demll, (1.11)]) gives the following useful formula.

1
3.18. Proposition. We have the equalz’ty/ wlrﬂ;c_bl = (independent of b).
P(1l7 200kl (k)

4. Existence theorems for jet differentials
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4.A. Expression of the Morse integral

Thanks to the uniform approximation provided by proposition 3.13, we can (and will)
neglect the O(es/es—1) error terms in our calculations. Let us define

i ]_ 58 2b/8 S éS,AEs, —
(4.1) Tr(2,€) == o Z L Z cz(.jg\u(z) Edz; Ndz;

2b/t 2
ﬂ-lgsgks Zt |£t| / i,j,)\,u |€S|

(depending only on the differentials (dz;)i<j<n on X). Proposition 3.13 can then be
rewritten

(4.2) OL,w;, (2 [€]) = wrrp(§) + (2, 6).

Since wy i is positive definite on the fibers of X3 (V) — X (at least outside of the axes
s = 0), the index of the (1,1) curvature form O, w:, (2,[§]) is equal to the index of the

(1,1)-form 7 (2,€). By the binomial formula, the ¢-index integral of (L, 7, p.c) on Xi(V)
is therefore equal to

n+kr—1
/ @ k’qjhba
X (V)(Lk,q)

(n+kr—1)! / / r—1
= Wy (E)rq(2, )70 (2, )"
eyl S S QL ORE Ol

where 1, ,(%,&) is the characteristic function of the open set of points where 7(%,&) has
signature (n — ¢,q) in terms of the dz;’s. Notice that since 75(z,£)"™ is a determinant, the
product 1., ,(z,&)mk(2,&)"™ gives rise to a continuous function on X3 (V). Proposition 3.14
yields the slightly more explicit integral

/ on+hr—1 _ (n+ kr —1)!
X)) e (kYT
(1 ...x

/ / ﬂgk,Q(z7$7u)gk(27$;U)n_—)diljdlu( )
z€X J(zu)EAL_1 X (S2r—1)k (T 1)

r—1

1/2b k/2b

where gy (2, z,u) = 7 (2,27 w1, ...,z " uy) is given by
(4.3) gk (z,x,u) Z - xs Z 2) Ug \Us,y, d2i N\ dZ;
1<s<k Ty, A, 1

and 1, ,(z,2,u) is the characteristic function of its g-index set. Here, an elementary
calculation shows that

)7"—1

(4.4) v () = (o — 1)) ELe TR

(r =1

is a probability measure on Ag_1, and we can rewrite

/ @nthr—1 _ (n+kr—1)!
X (V) (L) 5 Vve nl(RD)" (ke — 1)

(4.5) / / 1, o(z,2,w) gk (2, z,w)" dvg »(z) dp(u).
z€X J(z,u)EAL_1 X (S2r—1)k
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4.B. Probabilistic estimate of cohomology groups

We assume here that we are either in the “compact” case (A = 0), or in the logarithmic
case (p; = 00). Then the curvature coefficients CS; . = Cijap do not depend on s and are
those of the dual bundle V* (resp. V*(A)). In this situation, formula (4.3) for gx(z,x,u)
can be thought of as a “Monte Carlo” evaluation of the curvature tensor, obtained by
averaging the curvature at random points u, € S?"~! with certain positive weights z, /s ; we
then think of the k-jet f as some sort of random variable such that the derivatives V¥ f(0)
(resp. logarithmic derivatives) are uniformly distributed in all directions. Let us compute the
expected value of (z,u) — gi(z, x,u) with respect to the probability measure dvy, () du(u).

Since [gz.—1 s \Us udp(tis) = 165, and fAk—l Ts dvg,,(x) = 4, we find
1 1 i
E(gr(z,0,0)) = Tr Z s o Z cijan(2) dz; A dz;.
1<sgk 1,7,

In other words, we get the normalized trace of the curvature, i.e.

1

1 1
(4.6) E(gx(z,e,0)) = Tr <1 tot-t E)G)det(v*<A)),det h* s

where Ogeg(v=(A)),det + 18 the (1,1)-curvature form of det(V*(A)) with the metric induced
by h. It is natural to guess that gx(z,z,u) behaves asymptotically as its expected value

E(gr(z,e,e)) when k tends to infinity. If we replace brutally gx by its expected value in (4.5),
we get the integral

(n+kr—1) 1 1 1 n/
1+—-—+...4+— 1 "
A (kD)7 (ker — 1) (kr)"( tytety) Dl

where 1 1= Oget(v+(A)),detn+ and 1, is the characteristic function of its g-index set
in X. The leading constant is equivalent to (log k)™ /n!(k!)” modulo a multiplicative factor
1+ O(1/logk). By working out a more precise analysis of the deviation, the following result
has been proved in [Dem11] in the compact case; the more general logarithmic case can be
treated without any change, so we state the result in this situation by just transposing the
results of [Dem11].

4.7. Probabilistic estimate. Let (X, V, A) be a non singular logarithmic directed variety.
Fiz smooth hermitian metrics w on Tx, h on V(A), and write w = 5= > w;;dz; A dZ; on
X. Denote by Ovayn = —5= 3 Cijaudz; NdZ; @ €} ® e, the curvature tensor of V(A) with
respect to an h-orthonormal frame (ey), and put

1
1N(2) = Odet(v+(A)),det h* = b Z nijdz; A\ dzj, Nij == Z CigAN-

1<i,5<n 1<A<r

Finally consider the k-jet line bundle L, = Ox, (v (ay)(1) = Xp(V(A)) equipped with the
induced metric Uy o _ (as defined above, with 1 = g1 > €3 > ... > ¢, > 0). When k

tends to infinity, the integral of the top power of the curvature of Ly on its q-index set
Xk (V(A))(Lk, q) is given by

n+kr—1 __ (1ng)n n 1
/Xk<v<A>)<Lk,q> OLivi. = (k)" (/X Lnq" + O((log k) ))
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for allq=0,1,...,n, and the error term O((logk)™!) can be bounded explicitly in terms of
Ov(ay, 1 and w. Moreover, the left hand side is identically zero for q > n.

The final statement follows from the observation that the curvature of Lj is positive
along the fibers of Xi(V(A)) — X, by the plurisubharmonicity of the weight (this is true
even when the error terms are taken into account, since they depend only on the base);
therefore the g-index sets are empty for ¢ > n. It will be useful to extend the above
estimates to the case of sections of

1 1 1
4. Lpy = 1) @ (——(1 Sl —>F>
(4.8) Fk = Ox,(vay(l) @ 1,0 L + 9 +..ot k
where F' € Picg(X) is an arbitrary Q-line bundle on X and 7 : Xix(V(A)) — X is the
natural projection. We assume here that F'is also equipped with a smooth Hermitian metric
hp. In formulas (4.5-4.7), the curvature gp (2, z,u) of Lgy, takes the form

1 1

1
(4.9) grk(z,x,u) = gz, z,u) — o (1 + = 4. E>®F’hF (2),

and by the same calculations its normalized expected value is

1
4.10 = E(gL (z,e,0)) = . (2) — .
(4.10)  nr(2) Thilr. 40 (9r (2,0,0)) = Odet v+ (A),det b+ (2) — OFny(2)

Then the variance estimate for grj is the same as the variance estimate for g, and the
recentered LP bounds are still valid, since our forms are just shifted by subtracting the
constant smooth term ©pj,.(z). The probabilistic estimate 4.7 is therefore still true in
exactly the same form for Lgy, provided we use grj; and np instead of gy and 7. An
application of holomorphic Morse inequalities gives the desired cohomology estimates for

B (X, BV (8) 2 O - kr(1+;+ +;>F)>

= h1(Xk(V(A)), Ox, (v(ay(m) ®7r;go< — %(1 + % +...+ %)F»

provided m is sufficiently divisible to give a multiple of F' which is a Z-line bundle.
4.11. Theorem. Let (X,V(A)) be a directed manifold, F — X a Q-line bundle, (V(A), h)
and (F,hp) smooth Hermitian structure on V(A) and F respectively. We define

1 1 1
_ o= L(1+ Lo+ 1)F),
Lr OXk(V(A))(1)®7TkO( kr( T T F
NF = Odet v (A),det h* — OF hp = Odet vV (A)@ F* det h* -

Then for all ¢ > 0 and all m > k > 1 such that m is sufficiently divisible, we have

(/X(WF’q)(—l)qn% + O((logk)_l)),

)
; oy o (log k)" . .
) IVIAN, O > s ([ = 0les) ™) ),
)

mn—i—kr—l (log k)n
(n+ kr —1)! n! (k)"

(a)  hI(Xp(V(A)),O(LEY)) <

n—|—kr—1 (log k)

(n+ kr — ) n! (kD7 (1 (V*(A) @ F*)" + O((log k)™ 1)).

(c)  X(Xk(V(A)),0(LEY)) =
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Green and Griffiths [GrGr80] already checked the Riemann-Roch calculation (4.11c¢) in
the special case A =0, V =T% and F' = Ox. Their proof is much simpler since it relies
only on Chern class calculations, but it cannot provide any information on the individual
cohomology groups, except in very special cases where vanishing theorems can be applied;
in fact in dimension 2, the Euler characteristic satisfies Y = h® — h! 4+ h? < hY + h2, hence
it is enough to get the vanishing of the top cohomology group H? to infer h® > y; this
works for surfaces by means of a well-known vanishing theorem of Bogomolov which implies
in general

(X, BTz 0 0( = (14 5+t 1)F)) ) =0

as soon as Kx ® F* is big and m > 1.

In fact, thanks to Bonavero’s singular holomorphic Morse inequalities (Theorem 2.9, cf.
[Bon93]), everything works almost unchanged in the case where the metric » on V is taken to
a product h = ho.e? of a smooth metric ho, by the exponential of a quasi-plurisubarmonic
weight ¢ with analytic singularities (so that det(h*) = det(h} )e~"%). Then n is a (1,1)-
current with logarithmic poles, and we just have to twist our cohomology groups by the
appropriate multiplier ideal sheaves Jj, ,, associated with the weight %(1 +i4+ %)m ©,
since this is the multiple of det V* that occurs in the calculation, up to the factor % X r.
The corresponding Morse integrals need only be evaluated in the complement of the poles,

i.e., on X(n,q) ~\ S where S = Sing(p). Since

()« (OLET) © Tpm) C B V* @ o( - %(1 + % T %)F))

we still get a lower bound for the H? of the latter sheaf (or for the HY of the un-twisted
line bundle O(LY™) on X (V)). If we assume that Ky ® F* is big, these considerations
also allow us to obtain a strong estimate in terms of the volume, by using an approximate
Zariski decomposition on a suitable blow-up of X.

4.12. Corollary. If F' is an arbitrary Q-line bundle over X, one has

ho (Xk(V), Ox, (1 (m) ® WZO( - 3(1 + % FE— %)F))

N anrkrfl (log k)n
T (n+kr—1)! nl (k)"

(VOI(KV ® F*) — O((log k)_1)> — o(mm =1y,

when m > k > 1, in particular there are many sections of the k-jet differentials of degree
m twisted by the appropriate power of F if Ky ® F* is big.

Proof. The volume is computed here as usual, i.e. after performing a suitable modification
i X — X which converts Ky into an invertible sheaf. There is of course nothing to
prove if Ky ® F* is not big, so we can assume Vol(Ky ® F*) > 0. Let us fix smooth
Hermitian metrics hg on Tx and hp on F. They induce a metric p*(dethy' ® hz') on
p*(Ky ® F) which, by our definition of Ky, is a smooth metric. By the result of Fujita
[Fuj94] on approximate Zariski decomposition, for every § > 0, one can find a modification
s+ X5 — X dominating p such that

ps(Ky @ F*) = O§6 (A+FE)
where A and F are Q-divisors, A ample and E effective, with

Vol(A) = A™ > Vol(Ky ® F*) — 6.
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If we take a smooth metric hy with positive definite curvature form ©4,, then we get
a singular Hermitian metric hahg on pj(Ky ® F*) with poles along E, i.e. the quotient
hahp/p*(dethy' @ hi') is of the form e~% where ¢ is quasi-psh with log poles log |op|?
(mod C*°(Xy)) precisely given by the divisor E. We then only need to take the singular
metric h on T'x defined by

h = hgerHe)"e

(the choice of the factor % is there to correct adequately the metric on detV). By

construction h induces an admissible metric on V' and the resulting curvature current
Nr = OKy det h* — OFn is such that

wsne =4 n, + [E], [E] = current of integration on E.

Then the 0-index Morse integral in the complement of the poles is given by

/ n?;z/N U, = A" 2 Vol(Ky @ F) =4
X (1,008 Xs

and Corollary 4.12 follows from the fact that § can be taken arbitrary small. O

4.13. Remark. Since the probability estimate requires k to be very large, and since all non
logarithmic components disappear from A(®) when s is large, the above lower bound does
not work in the general orbifold case. In that case, one can only hope to get an interesting
result when k is fixed and not too large. This is what we aim at in the next section.

5. Non probabilistic estimate of the Morse integrals

Let us fix an ample line bundle A on X equipped with a smooth hermitian metric h»
such that wa := 04, > 0. We assume here that the s-th directed (dual) orbifold bundle
V*(A®)) (cf. §1.B) possesses a hermitian metric h* such that its curvature tensor satisfies
an inequality

(51) @V*(A(S)),’H;‘ +v7&® IdV*(A(S)) >0

in the sense of Griffiths, for some smooth (1,1)-form v = 1> 7;;dz; A dzZ; > 0 on X.

Now, instead of replacing ©y with its trace free part Oy and exploiting a Monte Carlo
convergence process, we replace @V*<A<s>> with @V*<A( oy = = Oy. (a@y Ty ®Id > 0, ie.

the curvature coefficients ci ]; . by cgjgﬂ) S;\ u Vi dxu- This has the effect of replacing

Odet v (a®)y = TrOpuiac)y BY Ogepve(ay + 77. Also, we take a line bundle F' = €4,
e € Q>¢. Then our earlier formulas (1.28), (1.35), (1.36) become

(5.2) gy (z,z,u) Z —:z:s Z S’)\L) 2) Us \Ts,p dz; N dZj >0,
TGk ™ o
(5.3) Loy = 0x (1)®w*o<—i<1+1+ +1)5A>
. ekt w(V) L e 5 T TR ,
(5.4) Or., = wrkb(&) + ger(z,v,u) where

1 1 1
ge k(2 2,u) = g (2, @ U)—k—<1+2+ +E)(€MA+7")/).



5. Non probabilistic estimate of the Morse integrals 25

The gain that we have is that © L., = gAk is now expressed as a difference of semipositive
(1,1)-forms, and we can exploit

We apply here Lemma 5.5 with A\, u replaced by

s 1 1 1
ak:gZ(z,:c,u), 5 _5()7 ]{TT(1+§++E)(EMA+T7),

which are both semipositive by our assumptions. Then (1.32) leads to

n+kr—1
/ @La’k’\I’;k b,e
Xk(V)(Lk,<1) o

(n+ kr —1)! / /
= 1, ,<1 (ak'_ﬁki) dvy, 7‘( )du( )
n'(k') (kﬂ" - 1 z€X J(z,u)€AR_1 x(S2r—1)k e

(n+kr —1)! / / .
> ap —nap A B) dvg () dp(u).
D (b= 1! ex Jomen,xiser- 1)k( k k ) () dp(uw)

The resulting integral now produces a “closed formula” which can be expressed solely in
terms of Chern classes (at least if we assume that v is the Chern form of some semipositive
line bundle). It is just a matter of routine to find a sufficient condition for the positivity of
the integral. One can first observe that «aj is bounded from above by taking the trace of

(5.6)

(CE;;L)), in this way we get

Ts
57 0 < < — @s h @S — @ e * s
(5.7) ay, 12}{3 s( +rv) where det V* (A())

and where the right hand side no longer depends on u € (S*~1)¥. Also, ap = g, can be
written as a sum of semipositive (1, 1)-forms

gz — Z E957’y(u8)7 esay(u) — Z CE;,)\’L?/U/)\E}L erL A dg]’

S
1<8<k i:jv)\nu/

TorBon gou(ug, ) A 6% (ugy) Ao A (ug,).
1o s <k S1...8n

Since [gor—1 0°7 (u) dp(u) = L Tr(Oy- a0y +ywa ®1d) = L(64 + ), we infer from this

/ ap dvg . (x) dp(u)
(z,u)EAR_1 X (S2r—1)k

! 1 "
(5.8) > :L—n Z —/ Ty ... Tpdvg, () /\ (@w + 7“7).
Ak =1

S1...S8
1<s51 < <sn<hk 1 n

Now, assume that the curvature of the orbifold bundles also satisfy certain upper bounds
Oudet v+ (A®) < dswa With 65 > 0. The upper bound (5.7) for ay, implies

n—1
1 n ( 1 1) Ts
. < —(14+=4+...4+— .
(5.9) nagp " A B < o + 5 +...+ ? 1<Es<k . (O + 1) A (ewa + 1)



26 F. Campana, L. Darondeau, J.-P. Demailly, E. Rousseau, orbifold jet differentials

By formulas (1.20) and (1.31) we get

(5.10) /A Tl ... Ty dvgp(z) = (kr =Dt 71" (r — 1)!k_n . (kr — 1)trm

(r—D% (m+rk—1!  (nm+rk—1)"

and we also need an estimate of fAk—l (Zl<s<k G —l—'m/)) A (ewa +rvy) dvy (x). For

every multi-index v = (v1,...,1) € N¥ with > v, =n — 1, we find
. < (kr =Dln+7r—2)!
kr —1)! s — 1)! _r—l'n+kr—2
/ xlfl.--xzkdykr<l’): ( r )k Hs:l(T+V ) ( )( )
Aps ’ (r—1)! (n+ kr —2)! S (kr — 1)!r
= (n+kr— 2)' ’
because the maximum is attained for the length n — 1 multi-index v = (n — 1,0,...,0),
and the minimum for v = (1,...,1,0,...,0) (or any permutation). An expansion of

(> <ok =(0s + T’y))n_l by means of the multinomial formula then yields

(5.11) _ (b= 1)(n+r —2) ( 5 asm)nl’
x n-l ~ (r=Dln k= 2)! 1<s<k ©
= 63 +7r dv r\T
/Akl (1gszgk s ( 7)) k(@) - (kr — 1)yt Z O, + ry\ "1
— (n+kr—2)! ( s ) '
1<s<k

The inequalities are to be understood as inequalities between (n — 1,n — 1)-forms, and they
hold because our assumption (5.1") implies ©4+7y > 0. Also observe that the ratio between
the upper bound and the lower bound is % which, for r = n is ~ 273/2(4/e)" by
Stirling’s formula; thus, when taking the upper bound, the error factor is at most exponential

in n with a small constant 4/e < 1.5. By putting (5.8-5.11) together we obtain

/( JEA (§2r—1)k (Oéz N naz_l A Bk) dyk,r(l’) d,u(u)
T, u)EAER—1 X r—

n! (kr—1)!r" A\

> — — 63

o (n+rk—1)! Z . Sn /\ et 7)
1<s1<...<s, <k =1

n 1 (kr — D!(n+r —2)! Oy +ry\ "t
k‘r(1+2+'”+k)(r—l)(n+k7’—2) <1<¥<k s ) A (ewa +17)-

The Morse integral lower bound (5.6) now implies

5.12. Theorem. Assume that the curvature of the orbifold bundles satisfy the lower bounds
Oy (ay = —y®Idy« (in the sense of Griffiths), for some smooth (1,1)-form v >0 on X.
Then the orbifold line bundle

Ls,k:OXk(V(A))(1)®7rZO<_ki<1+ L + . %)614),
(A

admits for k > n a number of sections h®(X(V{(A)), L®m) that is bounded below asympto-

tically by

n+kr—1 1 n+kr—1
B @n r— > X
(7’L+k7’-1)' /)(k(v)(Lk, 1) Ekq[hba - (k')T(TL—FkT’—l)'

" O, +ry\" 1!
> (04, +17) - ( 3 —”) Afewa +77),
X 1

S§1...8np
1<s1<...<sp <k 0 1<s<k
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where ©5 = Ogqp v+ (a()y and

n 1 I\ (n+7r—2)! (n+k;7“—1)
BRLTOUR S
Cn,r.k k}<+2+ +/{:

nlr!

FEspecially we have a lot of sections in HO(Xk(A%L?Zl), m > 1, as soon as the integral in
the right hand side is positive.

The statement is also true for k < n, but then the first sum is equal to 0 and the lower
bound cannot be positive (by Corollary 1.11, it still provides a non trivial lower bound for
hO(Xi(A), L) —h' (Xi(A), LEY), though). One can easily see that ¢, x increases with r.
As %z?ﬂ—%_l <n+r—1, we get

1 1\ (n+r—1)! _ 1 1
1 - (1 )—<2"+’“ 2(1 S —),
(5.13) enre < (L g+ ) Sy < L RRRE

thanks to the standard integral upper bound 1 + log k for the harmonic series partial sums,

and the obvious combinatorial inequality ((”J“r),lr),' < 27*7=2_ Also, for k > n, by considering

the single term s; = 1,502 = 2,...,s, = n, one sees that it is sufficient to assume
Oy +ry\ "t
(5.14) / ] /\ s +17) —cnrk<1<z< T) A (ewa +17v) > 0.
<s<n

5.15. Lemma. Let X C PV be a projective variety and (X,V,A) an orbifold directed
structure where A is a normal crossing divisor in X transverse to V. Then the orbifold
vector bundle V(D) possesses a smooth hermitian metric such that the induced curvature
tensor of V(D) ® Ox(2) is Griffiths semi-positive.

Proof. Very straightforward calculation, for the obvious metric induced by the Fubini-Study
metric on PV 1!

An interesting special orbifold example is the case when X =P V =Tx, A = O(1) and
A=>(1- pij)Aj is a normal crossing divisor, with components A; of degree d;. Then

det V*(A®) = Opn(—n— 14+ _d;(1—s/p;)+),
J

and we can take v = 2w4 by lemma 5.13. For k = n and € € Q¢ small, the existence of
orbifold jet differentials is guaranteed under the condition

an(n_1+Zd —5/pj) >—2ncn,n,n( Z n_1+2jij(1_8/pj)+)n_l>0.

s=1 1<s<n

If A contains a component (1— pil)Al of ramification index p; € N, p; > n+1, the inequality

is satisfied as soon as d; is large enough (we can simply drop the other components and
argue with A = (1 — pil)Al). Indeed, the inequalities

p1— 1
P1

3 n—1+di(1—s/p1)+ < <1+1+...+%>(n—1+d1)

S 2
1<s<n

n—1+di(l1-=4€/p1)y+ =21 =E/p1)(n—1+d) = (n—1+d),
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show that is enough to have

-1 1 1 1\n—1 B
(Pl )_n(ﬂ—l—I—dl)"_ann,n’n(l—k_+...+_> (n_1+d1)n Lo
n P1 2 n

Finally, (5.13) implies

1 1
2ncn7n’n < n22n—1(1+ — 44 _>
2 n

and we get

5.16. Corollary. Consider on P" a smooth irreducible orbifold divisor A of ramification
indexr p1 = n+1, namely A = (1— p%)Al, with a single component Ay of degree deg A1 = dj.
Then, for p1 > n+1, € € Qs small and

1 I\ p?
n—1+d1>n22"_1<1—1—§+...+—> P1
n

there exist many (i.e. at least cm”+”2_1, ¢ > 0) orbifold jet differentials of order n in

HY(X, Ep T (A) @ Opn (—me)).
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