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By elementary integrations by parts and induction on k, rq,...,7r, it can be checked
that

(9.20) / ] o0 ldar .. .dwg s = m IT .- 1)

€Ak-1 1<s<k T 1<s<k

rg—1
This implies that (|| — 1)!'T];<.<s ﬁ dzx is a probability measure on Ay_;.

89.C. Probabilistic estimate of the curvature of k-jet bundles

Let (X, V) be a compact complex directed non singular variety. To avoid any technical
difficulty at this point, we first assume that V' is a holomorphic vector subbundle of Ty,
equipped with a smooth Hermitian metric h.

According to the notation already specified in § 7, we denote by J*V the bundle of k-jets
of holomorphic curves f : (C,0) — X tangent to V' at each point. Let us set n = dim¢ X
and r = rankc V. Then J*¥V — X is an algebraic fiber bundle with typical fiber C™*, and
we get a projectivized k-jet bundle

(9.21) XP¢ = (JFV ~{0})/C*, e Xp¢ = X

which is a P(l[r], ol ., k:[?”]) weighted projective bundle over X, and we have the direct
image formula (Wk)*OXSG(m) = O(E,?SIV*) (cf. Proposition 7.9). In the sequel, we do
not make a direct use of coordinates, because they need not be related in any way to
the Hermitian metric h of V. Instead, we choose a local holomorphic coordinate frame
(ea(2))1<a<r of V on a neighborhood U of g, such that

(9.22) (€a(2),€8(2)) = dap + > cijapziZj + O(|2]°)

1<8,5<n, 1S, B

for suitable complex coefficients (c;jnp). It is a standard fact that such a normalized
coordinate system always exists, and that the Chern curvature tensor 5=D3 , of (V,h)
at xg is then given by

1
(9.23) ®V,h($0) = —% Z CijaB dz; N dzj ® 6:; X egs.

i’j’aﬂﬂ
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Consider a local holomorphic connection V on V| (e.g. the one which turns (e,) into
a parallel frame), and take & = V¥f(0) € V, defined inductively by V!f = f’ and
Ve f =V (V51 f). This gives a local identification

and the weighted C* action on JV is expressed in this setting by

A (517527 s 7516) = (/\517)‘2527 . 7)‘k§k)

Now, we fix a finite open covering (Uy)acsr of X by open coordinate charts such that
Vv, is trivial, along with holomorphic connections V, on V|y, . Let 6, be a partition
of unity of X subordinate to the covering (U,). Let us fix p > 0 and small parameters
l=2¢c1>¢e3>...>> ¢, > 0. Then we define a global weighted Finsler metric on J*V by
putting for any k-jet f € J*V

(0.24) e (h) = (L 00) 3 varo)rs)”

acl 1<s<k

where || |[5(z) is the Hermitian metric h of V' evaluated on the fiber V;, x = f(0). The
function ¥y, ,, . satisfies the fundamental homogeneity property

(9.25) Unpe(A - f) = Urpe(f) AP

with respect to the C* action on J¥V, in other words, it induces a Hermitian metric on the
dual L* of the tautological Q-line bundle Ly = O X}SG(I) over X ,?G. The curvature of L, is
given by

(926) WZ@LM‘I’;%S = dd° log Wh7p7€

Our next goal is to compute precisely the curvature and to apply holomorphic Morse
inequalities to L — X,SG with the above metric. It might look a priori like an untractable
problem, since the definition of ¥y, , . is a rather unnatural one. However, the “miracle” is
that the asymptotic behavior of ¥y, ,, . as €5/es_1 — 0 is in some sense uniquely defined and
very natural. It will lead to a computable asymptotic formula, which is moreover simple
enough to produce useful results.

9.27. Lemma. On each coordinate chart U equipped with a holomorphic connection V
of Viy, let us define the components of a k-jet f € JRV by & = V2 £(0), and consider the
rescaling transformation

pV,€(£17£27 o 75]6) — (5%51753527 cee 75112516) on ngf xelU

(it commutes with the C*-action but is otherwise unrelated and not canonically defined over
X as it depends on the choice of V). Then, if p is a multiple of lem(1,2,...,k) and

es/es—1 — 0 for all s = 2,... k, the rescaled function ¥y, . o pg'.(€1,...,&) converges
towards 7
1/p
(3 per”)
1<s<k

on every compact subset of JkV|U ~ {0}, uniformly in C° topology.



Proof. Let U C X be an open set on which V|y is trivial and equipped with some

holomorphic connection V. Let us pick another holomorphic connection V =V + I where
I' e HO(U,Q% @ Hom(V, V). Then V2f = V2f +T(f)(f') - f’, and inductively we get

Vef=Vef+P(f;V'f,...,V )

where P(x; &1,...,&—1) is a polynomial with holomorphic coefficients in & € U which is of
weighted homogeneous degree s in (§1,...,&s—1). In other words, the corresponding change
in the parametrization of J kV|U is given by a C*-homogeneous transformation

és :£S+P8(x; gla---vfs—l)-

Let us introduce the corresponding rescaled components

Erererbhe) = (€160, ef&h),  (Erer- o Ehe) = (6161, .., efE)

Then N
§S,E = fs,e + 6? Ps(a: ; 51_151,57 . ’55_7(51_1)53_176)
= Eoe +O(es/es-1)  O(lénell + -+ [Esmr el V7D

and the error terms are thus polynomials of fixed degree with arbitrarily small coefficients
as €5/€s—1 — 0. Now, the definition of Wy, , . consists of glueing the sums

STl = Y ke

1<s<k 1<s<k

2p/s
h

corresponding to &, = V2, f(0) by means of the partition of unity »_ 6,(z) = 1. We see that
by using the rescaled variables £, . the changes occurring when replacing a connection V,
by an alternative one Vg are arbitrary small in C'* topology, with error terms uniformly
controlled in terms of the ratios €5/e,_1 on all compact subsets of V¥~ {0}. This shows that
in C* topology, ¥, Op§’1€(§1, ..., &) converges uniformly towards (Z1<s<k kaHip/S)l/p,
whatever the trivializing open set U and the holomorphic connection V used to evaluate the
components and perform the rescaling are. O

Now, we fix a point xp € X and a local holomorphic frame (e, (2))1<a<r satisfying (9.22)
on a neighborhood U of 5. We introduce the rescaled components & = £5V? f(0) on JkWU
and compute the curvature of

1/p
\Ijh,p,s © p%}‘g(z? 517 s 7£k‘) = ( Z HSSHip/S)

1<s<k

(by Lemma 9.27, the errors can be taken arbitrary small in C'*° topology). We write
s =D icacr Ssa€a- By (9.22) we have

Il =D lesal® + D cijapziZibsabss + OUIEN).
a i,5,a,p

The question is to evaluate the curvature of the weighted metric defined by

1/p
veigng) = (3 lel?”)

1<s<k

= 2 e 7 p/s\ /P 5
Z (Zlgsa‘ "’Z Cljaﬁzzzjgsofsg) —I—O(]z| )

1<5<k o i7j’aaB
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We set |52 =Y, |€sal?. A straightforward calculation yields

logq](z;gla"wék):
. 1 |€,[2r/s £sal,
log Z |§s|2p/ + Z —% Z CijafZiZj €, |2B O(|Z|3)
t

1<s<k 1<s<k i.4,0.8

By (9.26), the curvature form of L; = Oxcg(l) is given at the central point zy by the
following formula.

9.28. Proposition. With the above choice of coordinates and with respect to the rescaled
components £ = e3V*5 f(0) at xg € X, we have the approximate expression

i 1 |&|%/ Esals
@Lk7\l'z,p,e (IE(), [S]) ~ wa,r,p(é) + 2_ Z —L Z Cijaﬁ’fT’zB ClZl AN dzj

2p/t
TS S Ll

where the error terms are O(maxaocs<k(€s/€s—1)°) uniformly on the compact variety
XPG.  Here w,.,, is the (degenerate) Kdihler metric associated with the weight a =
(1[7"],2[”], e ,k[’"]) of the canonical C* action on J*V .

Thanks to the uniform approximation, we can (and will) neglect the error terms in the
calculations below. Since wg,,, is positive definite on the fibers of X ,SG — X (at least
outside of the axes {5 = 0), the index of the (1,1) curvature form ©p, v- . (z,[£]) is equal

to the index of the (1, 1)-form

. /s Ve
(9.29) Vi(2,€) == QL Z L& Z cijaﬂ(z)% dz; N dZ;

2p/t 2
& 1<s<k s Z |£t| Silelr i,5,a,8 |€S|

depending only on the differentials (dz;)1<j<n on X. The g-index integral of (L, ¥}, , ) on
X ,SG is therefore equal to

n+kr—1 __
/GG @Lk’q};pe o
Xk (LImQ)

n+k7°—1 . "
T O (2.
z€X JeeP(1lM, kM)

where 1., 4(2,€) is the characteristic function of the open set of points where v;(z,&) has
signature (n — ¢,q) in terms of the dz;’s. Notice that since v;(z,£)" is a determinant, the
product 1, ,(z,&)vk(z, &)™ gives rise to a continuous function on XF¢. Formula 9.20 with

ry =...=rr =1 and as; = s yields the slightly more explicit integral
/ @n—i—kr 1 _ (n—i—k’r’—l)'
Xgo(tag Ve R
n (.fl?l R i )ril
Ly, q(2 2, w)gr(z, 2, u) —dmd,u( ),
zeX J(z,u)EAR_1 x(§2r—1)k (r—1)
1/2 p k/2p . .
where gi (2, ,u) = V(2,27 U1, ..., 2, T ug) is given by
(9.30) gk (z,x,u) Z —l‘s Z Cijap(2) UsaTsp dz; N\ dZ;

1<s<k i,5,a,8



and 1, ,(z,x,u) is the characteristic function of its g-index set. Here

(9.31) dvy r(x) = (kr — 1)! % dx
is a probability measure on Ag_1, and we can rewrite
/ on+hr—1 _ (n+kr—1)!
XGC (L q) Li¥hpe  nl(ED (kr — 1)
(9.32) /ZGX /(x,u)eAk_lx(SZT—l)k 1, o(z,2,w)gr(z, z,w)" dvg »(z) dp(u).

Now, formula (9.30) shows that gi(z,z,u) is a “Monte Carlo” evaluation of the curvature
tensor, obtained by averaging the curvature at random points u, € S?"~! with certain
positive weights x4/s; we should then think of the k-jet f as some sort of random
variable such that the derivatives V¥ f(0) are uniformly distributed in all directions. Let us
compute the expected value of (x,u) — gx(z,x,u) with respect to the probability measure
dvr(z) dp(u). Since [go,— 1 UsaTspdp(us) = 1645 and fAIc—l zs dvg,(z) = 1, we find

1 1 2 -
E(gk(z,o7o)) = E Z ; : % Z cijaa(z) dZZ A de.

1<s<k i,
In other words, we get the normalized trace of the curvature, i.e.

1 1 1
9.33 E(gi(z, 0 0 :—(1 4 —>@e ) det e
(9.33) (gk (2, 0,0)) . +2+ +l<: det(V*),det b
where ©get(v+),det p+ is the (1, 1)-curvature form of det(V*) with the metric induced by h. It
is natural to guess that gy (z, z,u) behaves asymptotically as its expected value E(g(z, e, ))
when k£ tends to infinity. If we replace brutally g by its expected value in (9.32), we get

the integral
(m+kr—1)! 1 <1+1+ +1)“/]1 "
nl (KD (kr — 1)! (kr)n 9 T TR e

where 1 1= Oget(v+),deth+ and 1, , is the characteristic function of its g-index set in X.
The leading constant is equivalent to (logk)™/n!(k!)” modulo a multiplicative factor 1 +
O(1/logk). By working out a more precise analysis of the deviation, the following result
has been proved in [Dem11]| and [Dem12].

9.34. Probabilistic estimate. Fiz smooth Hermitian metrics h on V and w =
5= > wijdz; NdZ; on X. Denote by Oy, = —5= 3 Cijapdz; N dZ; @ e}, ® eg the curvature
tensor of V. with respect to an h-orthonormal frame (e), and put
i _
1(2) = Odet(v+),det h» = pym Z Nijdzi A dz;, Mij = Z Cijoar

1<4,5<n 1<agr

Finally consider the k-jet line bundle Lj = Oxgc(l) — XEG equipped with the induced

metric W, (as defined above, with 1 = €1 > 9 > ... > ¢ > 0). When k tends to

infinity, the integral of the top power of the curvature of Li on its q-index set X,?G(Lk, q)
is given by

_ log k)™ ~
oyt L (/ 1l,.qn" + O((log k) 1))
/XEG(Lk,q) Lk,\lf,hp’s n! (k!)r < 1,9 (
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for allq=0,1,...,n, and the error term O((logk)™!) can be bounded explicitly in terms of
Oy, n and w. Moreover, the left hand side is identically zero for q > n.

The final statement follows from the observation that the curvature of L; is positive
along the fibers of X — X by the plurisubharmonicity of the weight (this is true even
when the partition of unity terms are taken into account, since they depend only on the
base); therefore the g-index sets are empty for ¢ > n. It will be useful to extend the above
estimates to the case of sections of

. 1 1 1
(9.35) Lew=0xso() @m0 = —(1+5+...+7)F)
where F' € Picg(X) is an arbitrary Q-line bundle on X and mj : XJ¢ — X is the natural
projection. We assume here that F' is also equipped with a smooth Hermitian metric hp.
In formulas (9.32-9.34), the curvature gpx(z, x,u) of Lpy takes the form

1 1

1
(9.36) gri(z,x,u) = gr(z,x,u) — o (1 + = 5 + . E)@pth(z),

and by the same calculations its normalized expected value is

1
9.37 = E(¢l'(2,0,0)) = Odot v+ dot b+ (2) — © .
O3 wr() = Ty Bk () = Gy aen ()~ Orne (2)

Then the variance estimate for g is the same as the variance estimate for g, and the
recentered LP bounds are still valid, since our forms are just shifted by subtracting the
constant smooth term ©pj, (2). The probabilistic estimate 9.34 is therefore still true in
exactly the same form for Lpj, provided we use gr ) and np instead of g, and 7. An
application of holomorphic Morse inequalities gives the desired cohomology estimates for

hq<X E,SGV*@@O(— H(H ; oo+ DF))

— he(XCC ,Oxgc(m)@)WZO(—%(1—#%—1—...—1—%)17));

provided m is sufficiently divisible to give a multiple of F' which is a Z-line bundle.
9.38. Theorem. Let (X,V) be a directed manifold, FF — X a Q-line bundle, (V,h) and

(F,hp) smooth Hermitian structure on V and F respectively. We define

" 1 1 1
Lek = Oxga( @ nfo( = (145 4.+ 1) F),

NF = Odet V* det h* — OF hp = Odet V*@F* det h* -

Then for all ¢ = 0 and all m > k > 1 such that m is sufficiently divisible, we have

</X(HF’q)(—1)ané + O((log k)—l)),

)
mn—l—kr 1 o n
) o) > e ([ - otesh ™)
)

mn—l—kr—l (log k)n
(n+kr—1)! n! (k)"

(a)  AIXFC0LER)) <

n—|—kr—1 (1ng‘ n
(n+ kr —1)! nl (k)"

(c) X(XEE 0(LER)) = (c(V* @ F*)" + O((logk)™1)).
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Green and Griffiths [GrGr79] already checked the Riemann-Roch calculation (9.38c)
in the special case V = T% and F' = Ox. Their proof is much simpler since it relies
only on Chern class calculations, but it cannot provide any information on the individual
cohomology groups, except in very special cases where vanishing theorems can be applied;
in fact in dimension 2, the Euler characteristic satisfies x = h® — h! 4+ h? < hY + h2, hence
it is enough to get the vanishing of the top cohomology group H? to infer h® > y; this
works for surfaces by means of a well-known vanishing theorem of Bogomolov which implies
in general

(X, BTz 0 0( - (14 5+t 1) F))) =0

as soon as Kx ® F'* is big and m > 1.

In fact, thanks to Bonavero’s singular holomorphic Morse inequalities [Bon93], every-
thing works almost unchanged in the case where V' C Tx has singularities and h is an
admissible metric on V' (see Definition 9.7). We only have to find a blow-up u: X — Xj
so that the resulting pull-backs p* Ly and p*V are locally free, and p* det h*, p* Wy, ,, . only
have divisorial singularities. Then 7 is a (1, 1)-current with logarithmic poles, and we have
to deal with smooth metrics on p*LEY ® O(—mE}) where Ej, is a certain effective divisor
on Xy (which, by our assumption in 9’.7, does not project onto X). The cohomology groups

involved are then the twisted cohomology groups
HY(XES O(LET) @ Jrm)

where Ji.m = p(O(—mEy)) is the corresponding multiplier ideal sheaf, and the Morse
integrals need only be evaluated in the complement of the poles, that is on X(n,q) ~ S
where S = Sing(V') U Sing(h). Since

()« (O(LET) @ Gpm) C ESSV* @ o( . %(1 + % T %)F))

we still get a lower bound for the H? of the latter sheaf (or for the HY of the un-twisted
line bundle O(LY™) on XFY). If we assume that Ky ® F* is big, these considerations also
allow us to obtain a strong estimate in terms of the volume, by using an approximate Zariski
decomposition on a suitable blow-up of (X, V). The following corollary implies in particular
Theorem 9.3.

9.39. Corollary. If F' is an arbitrary Q-line bundle over X, one has

hO(X,?G,OXI?G(m)(@WZO(— g(u % o %)F))

N mn—i—kw—l (log k)n
“ (n+kr—1)! nl (k)"

(VOl(KV ® F*) — O((log k)_1)> — o(m" TR,

when m > k > 1, in particular there are many sections of the k-jet differentials of degree
m twisted by the appropriate power of F if Ky ® F* is big.

Proof. The volume is computed here as usual, i.e. after performing a suitable modification
i X — X which converts Ky into an invertible sheaf. There is of course nothing to
prove if Ky ® F* is not big, so we can assume Vol(Ky ® F*) > 0. Let us fix smooth
Hermitian metrics hg on Tx and hr on F. They induce a metric p*(dethy' ® hz') on
p*(Ky ® F) which, by our definition of Ky, is a smooth metric. By the result of Fujita
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[Fuj94] on approximate Zariski decomposition, for every ¢ > 0, one can find a modification
ps » Xs — X dominating p such that

ps(Ky @ F*) = O)?(S(A +E)
where A and F are Q-divisors, A ample and E effective, with
Vol(A4) = A" > Vol(Ky ® F*) — 4.

If we take a smooth metric hy with positive definite curvature form ©4,, then we get
a singular Hermitian metric hahg on pj(Ky ® F*) with poles along E, i.e. the quotient
hahg/w*(dethg' @ hi') is of the form e~% where ¢ is quasi-psh with log poles log |op|?
(mod C°°(Xj)) precisely given by the divisor . We then only need to take the singular
metric h on T'x defined by

b — hoe%(ua)*s@

(the choice of the factor % is there to correct adequately the metric on detV). By

construction h induces an admissible metric on V and the resulting curvature current
nr = Ok, det h* — OF p, is such that

wsne =4 n, + [E], [E] = current of integration on E.

Then the 0-index Morse integral in the complement of the poles is given by

/ ng:/~ n, = A" > Vol(Ky @ F) — 8
X(n,0)\S X5

and (9.39) follows from the fact that ¢ can be taken arbitrary small. O

9.40. Example. In some simple cases, the above estimates can lead to very explicit results.
Take for instance X to be a smooth complete intersection of multidegree (dy,ds,...,ds) in
IP’(E’LS and consider the absolute case V.= Tx. Then Kx = Ox(d1+...+ds—n—s—1) and
one can check via explicit bounds of the error terms (cf. [Dem11], [Dem12]) that a sufficient
condition for the existence of sections is

k > exp (7.38n”+1/2<2d. _ani—;ia_ 1>n>.
j

This is good in view of the fact that we can cover arbitrary smooth complete intersections of
general type. On the other hand, even when the degrees d; tend to 400, we still get a large
lower bound k ~ exp(7.38 nntl/ 2) on the order of jets, and this is far from being optimal :
Diverio [Div08, Div09] has shown e.g. that one can take k = n for smooth hypersurfaces of
high degree, using the algebraic Morse inequalities of Trapani [Tra95]. The next paragraph
uses essentially the same idea, in our more analytic setting. O

89.D. Non probabilistic estimate of the Morse integrals

We assume here that the curvature tensors (c(.s.)

iiap) satisfy a lower bound

(9.41) Z cgjzxﬁ&gjuaﬂg > — Z%jgizj |ul?, VE € Tx, Yu € V(A®)

i,j,a,ﬂ
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for some semipositive (1,1)-form v = 3= 3" 7;;(2)dz; A dz; on X. This is the same as
assuming that the curvature tensor of V*(A(*)) h*) satisfies the semipositivity condition

(941,) @V(A(S)>*,h* +v7& IdV*(A(S)) >0

in the sense of Griffiths. Thanks to the compactness of X, such a form « always exists if
is an admissible metric on V. Now, instead of replacing ©y with its trace free part Oy and
exploiting a Monte Carlo convergence process, we replace Oy with ©], = Oy —y®Idy <0,

by cgjgg = CSLB + 7ij0a3. Also, we take a line bundle F' = A with © 4,5, > 0, i.e.
F sem1p051t1ve Then our earlier formulas (9.28), (9.35), (9.36) become instead

(9.42) g7 (z,x,u) Z —335 Z zyaﬂ 2) UsqTUsp dz; NdZ; > 0,

1<s<k i,7,0,3
. 1 1 1
(943)  Lak =Oxoca(1) ®7rko( - (1454 +7)4),
(944) GLA,k = way'f’yp(é) + gA,k(Za .CL', U),
1

1 1
gak(z,z,u) = gl (z,z,u) — . ((1 + 3 +...+ E> (©an,(2) +17(2)).
In fact, replacing ©y by Oy — v ® Idy has the effect of replacing O4et v+ = TrOy« by
Odet v+ + 7. The major gain that we have is that ©p,, = gax is now expressed as
a difference of semipositive (1,1)-forms, and we can exploit the following simple lemma,

which is the key to derive algebraic Morse inequalities from their analytic form (cf. [Dem94],
Theorem 12.3).

9.45. Lemma. Letn = a—f be a difference of semipositive (1,1)-forms on an n-dimensional
complex manifold X, and let 1, <4 be the characteristic function of the open set where 1 is
non degenerate with a number of negative eigenvalues at most equal to q. Then

(_1)(1]1777@1 nn < Z (_Uq—jan—jﬁj’

0<i<q

in particular
1, <1 n">a" — na" 1A B forq=1.

Proof. Without loss of generality, we can assume a > 0 positive definite, so that o can be
taken as the base hermitian metric on X. Let us denote by

AZA2...20 20
the eigenvalues of § with respect to . The eigenvalues of n = o — [ are then given by

1- A <...<1=X2<1=21 <.

/A

1_)\717

hence the open set {\;41 < 1} coincides with the support of 1, <,, except that it may also
contain a part of the degeneration set n"™ = 0. On the other hand we have

<?) Q"IN B =0l (M) a",
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where o7 ()\) is the j-th elementary symmetric function in the A;’s. Thus, to prove the
lemma, we only have to check that

Z (=)o) (A) = Apn, <13 (1)1 H (1—X;)=0.

0<i<q 1<j<n

This is easily done by induction on n (just split apart the parameter A, and write
al(\) =0l | (\)+ o) ()\) An)- O

We apply here Lemma 9.45 with «, 8 replaced by

. 1 1 1
ak:gz(zwrvu)? Bk_ ()’Y kr<1+§++g)<@A,hA+T7)a

which are both semipositive by our assumptions. Then (9.32) leads to

®n+kr 1
/X,?G(Lk, <iy A
(n+kr—1)! / /
— No, —py,<1 (ax — Br)" dvg () dpu(u)
’I”L'(k') (k”l“—l z€X J(zu)EAL_1X(S2r—1)k o

(n+ kr —1)! / / -1
> ap —nap A Py) dvg r(z) dp(u).
n'(k' kr — 1 z€X J(xu)EAR_1 X (S2r—1)k ( * * )

The resulting integral now produces a “closed formula” which can be expressed solely in
terms of Chern classes (at least if we assume that v is the Chern form of some semipositive
line bundle). It is just a matter of routine to find a sufficient condition for the positivity of

the integral. One can first observe that aj is bounded from above by taking the trace of
(c(.‘?’fyﬁ)
1jo

), in this way we get

0<ar < Z E(@det V(A=) T 7“’)’)
1<s<k ©

where the right hand side no longer depends on u € (S?"~1)*. Also, aj, = g, can be written
as a sum of semipositive (1, 1)-forms

*TS s s _ ( ’ ) =
g = Z ?95 7 (uy), 07 (u) = Z cmgﬁu&@w dz; N dz;,
1<s<k 05,0,

hence for k > n we have

af = (g)" = n! Z x;—?s" 0517 (ug, ) A 027 (ugy) Ao A O (ug).
1<51<...<8, <k Teon

Since [gz,—1 0% (u) dp(u) = %Tr(@v*m(s)) +y@1Id) = (044 ve(a@)y t17), we infer from
this

/ ay dvg - (x) dp(u)
(z,u)EAR_1 X (S2r—1)k

n! 1
> T_n Z S1...8p Akl TLetn dem(iI?) /\ (@det V*(A) + 7"7)

1<s1<...<sn <k /=1
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By putting everything together, we conclude:

9.46. Theorem. Assume that the curvature of the orbifold bundles satisfy the lower
bounds Oy ay = —y ® Idy« (in the sense of Griffiths) with a semipositive (1,1)-form
v on X, forall s=1,2,...,k. Also assume that their determinants admit an upper bound
Odet v+ (A=) < 0 with another semipositive (1,1)-form § on X. Then the Morse integral of
the orbifold line bundle

LA’]{;:Oxgc(l)(@WZO(—%(1—}-%4—...4—%)‘4)7 A>0

satisfies for k > n the inequality

1 / @n—i—kr—l
(n + kr — ].)' X,?G(Lk,gl) LAﬁ’f’\I/h,p,a

1 1 \
> n!(kh)" (kr —1)! /X ik 2  Sn e:/\1 (Oder v+ (ateny +717)

S1..
1<51<<Sn<k

— o (0+ r’y)nfl A (©an, +17)

where
n! J ()
Cnork = — L1 ...Tp GV (1),
T Ap_1
, n 1 1 rs\" 1
Cn,r,k == E<1+§++E> /Akl ( Z ?> dyk,r(x)'

1<s<k

Especially we have a lot of sections in HO(XEG,mLAyk), m > 1, as soon as the difference
occurring in (x) is positive.

The statement is also true for £ < n, but then the term in factor of ¢, ;. vanishes and
the lower bound cannot be positive. By Corollary 9.11, it still provides a non trivial lower
bound for hO(X,SG,mLA’k) — hl(X,SG,mLAJg), though. For k& > n we have ¢, > 0 and
(*) will be positive if Oqet v+ is large enough. By formulas (9.20) and (9.31) we get

(kr — D)t rI*(r =)= (kr —1)Iy"
T dvg (7)) = = !
/A“:rl o W) = CTTE k=7 (k- D]

hence

n! (kr — 1)!
4 n,r - T N
(9.47) Cnork (n+kr—1)!

(with equality for & = n). For every multi-index 8 = (31,...,8) € N¥ with Y8, =n — 1,
we also find

(kr — D!(n+r —2)!
(r—Dl(n+ kr—2)1
(kr — 1)1y 1
(n+kr—2)1"

IN

s (k= DT (4 B — 1)
/Ak_lld eyt dvg () = (r — 1)tk (n1+ kr —2)!

v
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because the maximum is attained for the length n — 1 multi-index 8 = (n — 1,0,...,0),
and the minimum for 8 = (1,...,1,0,...,0) (or any permutation). An expansion of

( 1<s<k %)n_l by means of the multinomial formula then yields
kr —D)l(n+1r—2)! 1\ !
<{ > ]
1 - (r—l)!(n—l—kr—?)!( s) ’
T\ "™ 1<s<k
(9.48) / > = dvy, ,(z) )
Apo1 \ jcaer S (kr — )lr"™ 1\t
= > 2 5)
(n+ kr —2)! ( s)

1<s<k

—Tiﬁfﬁi'), which, for r = n

is ~ 273/2(4/e)™ by the Stirling formula; thus, when taking the upper bound, the error factor
is at most exponential. From (9.47) and (9.48) and the fact that 2E=1 — p4 1l < pyp—1,
we infer

The ratio between the upper bound and the lower bound is

/

c nn+kr—1) (n+r—2)! 1 1\n
9.49 o= ko (1 Sy —)
(949) Cn,rk Cnrg/n! T kr (r—1)! + 2 et k
n(n+r—1)! 1 1\n
SLILELES VP S S
- r! (+2+ +k:

The right hand side of (9.49) increases with r. For r < n, the Stirling formula and the
standard integral upper bound 1 + log k for the harmonic series partial sum yield

2n)! V2n (32)2n
(9.50) . < 2ol gy < van()™ (1+log k)™ <

2n! 2y/m (Z)" L(4671n(1+10gk))n.

V2

9.51. Corollary. Under the assumptions of Theorem 9.46, we have an inequality
1 / ®n+kr—1
(TL _I_ ]{:T - 1)! X]CGG(Lk”gl) LA‘k”\Ilh,PyE

/\ (O et Ve(A®) T ry) — vk (64 7“7)”_1 A (Oan, +1)

1
>
(kD (n + kr — 1)! /X

(=1
with
" nn+kr—1) (n+r—2)! 1 1\n 1 3 n
Cprfe S ’ o <1+§+...+E> SE(ZL(& n(l—Hogk)) )
A less refined estimate is c%m p < (3nlogk)™ for k > n > 2. In view of concrete applications

of these estimates, one can rely on the following lemma.

9.52. Lemma. Let X C PN be a projective variety and (X,V,A) an orbifold directed
structure where A is a normal crossing divisor in X transverse to V. Then the orbifold
vector bundle V(D) possesses a smooth hermitian metric such that the induced curvature
tensor of V(D) ® Ox(2) is Griffiths semi-positive.

Proof. Very straightforward calculation, for the obvious metric induced by the Fubini-Study

metric on PN !

A very special case is the case when X =P V =Tx and A = > (1 — %)Aj is a normal
J

crossing divisor, with components A; of degree J;. Then

det V(A®) = Opn(—n — 1+ (1= 5/p;)4;).
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