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ABSTRACT. The goal of this survey is to describe some recent results concerning the L? extension
of holomorphic sections or cohomology classes with values in vector bundles satisfying weak
semi-positivity properties. The results presented here are generalized versions of the Ohsawa-
Takegoshi extension theorem, and borrow many techniques from the long series of papers by
T. Ohsawa. The recent achievement that we want to point out is that the surjectivity property
holds true for restriction morphisms to non necessarily reduced subvarieties, provided these
are defined as zero varieties of multiplier ideal sheaves. The new idea involved to approach
the existence problem is to make use of L? approximation in the Bochner-Kodaira technique.
The extension results hold under curvature conditions that look pretty optimal. However, a
major unsolved problem is to obtain natural (and hopefully best possible) L? estimates for the
extension in the case of non reduced subvarieties — the case when Y has singularities or several
irreducible components is also a substantial issue.

1. INTRODUCTION AND MAIN RESULTS

The problem considered in these notes is whether a holomorphic object f defined on a subva-
riety Y of a complex manifold X can be extended as a holomorphic object F' of the same nature
on the whole of X. Here, Y is a subvariety defined as the the zero zet of a non necessarily
reduced ideal Z of Oy, the object to extend can be either a section f € HO(Y, E}y) or a coho-
mology class f € H(Y, Ejy), and we look for an extension F' € HY(X, E), assuming suitable
convexity properties of X and Y, suitable L? conditions for f on Y, and appropriate curvature
positivity hypotheses for the bundle E. When Y is not connected, this can be also seen as an
interpolation problem — the situation where Y is a discrete set is already very interesting.

The prototype of such results is the celebrated L? extension theorem of Ohsawa-Takegoshi
[OT87], which deals with the important case when X = Q C C" is a pseudoconvex open set,
and Y = QN L is the intersection of  with a complex affine linear subspace L C C". The
accompanying L? estimates play a very important role in applications, possibly even more than
the qualitative extension theorems by themselves (cf. section 4 below). The related techniques
have then been the subject of many works since 1987, proposing either greater generality ([Ohs88,
Ohs94, Ohs95, Ohs01, Ohs03, Ohs05], [Man93], [Dem97], [Pop05]), alternative proofs ([Ber96],
[Chell]), improved estimates ([MV07], [Varl0]) or optimal ones ([Blo13|, [GZ15a], [BL16]).

In this survey, we mostly follow the lines of our previous papers [Deml15b] and [CDM17],
whose goal is to pick the weakest possible curvature and convexity hypotheses, while allowing
the subvariety Y to be non reduced. The ambient complex manifold X is assumed to be a Kéhler
and holomorphically conver (and thus not necessarily compact); by the Remmert reduction
theorem, the holomorphic convexity is equivalent to the existence of a proper holomorphic map
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m: X — S onto a Stein complex space S, hence arbitrary relative situations over Stein bases
are allowed. We consider a holomorphic line bundle £ — X equipped with a singular hermitian
metric h, namely a metric which can be expressed locally as h = e~% where ¢ is a quasi-psh
function, i.e. a function that is locally the sum ¢ = g + v of a plurisubharmonic function g
and of a smooth function w. Such a bundle admits a curvature current

(1.1) Op = i00p = i0dpy + i00u

which is locally the sum of a positive (1, 1)-current i9dpg and a smooth (1,1)-form i9du. Our
goal is to extend sections that are defined on a non necessarily reduced complex subspace Y C X,
when the structure sheaf Oy := Ox /Z(e™ ") is given by the multiplier ideal sheaf of a quasi-psh

function v with neat analytic singularities, i.e. locally on a neighborhood V' of an arbitrary point
zo € X we have

(1.2) P(z) = clogz |gj(z)|2 +v(z), g5 € Ox(V), veC™(V).

Let us recall that the multiplier ideal sheaf Z(e~%?) of a quasi-psh function ¢ is defined by

(1.3) Z(e™)ay = {f € Ox 205 U > 1, / If|Pe™?d\ < 400}
U

with respect to the Lebesgue measure A in some local coordinates near xg. As is well known,
Z(e~%) C Ox is a coherent ideal sheaf (see e.g. [Dem-book]). We also denote by Kx = A"T%
the canonical bundle of an n-dimensional complex manifold X ; in the case of (semi)positive
curvature, the Bochner-Kodaira identity yields positive curvature terms only for (n, ¢)-forms, so
the best way to state results is to consider the adjoint bundle Kx ® F rather than the bundle
E itself. The main qualitative statement is given by the following result of [CDM17].

Theorem 1.1. Let E be a holomorphic line bundle over a holomorphically convex Kdhler mani-
fold X. Let h be a possibly singular hermitian metric on E, ¢ a quasi-psh function with neat
analytic singularities on X. Assume that there exists a positive continuous function § > 0 on X
such that

(1.4) Opn+ (1 + ad)iddy >0 in the sense of currents, for a=0,1.
Then the morphism induced by the natural inclusion T(he™%) — Z(h)
(1.5) HY(X,Kx ® E®@Z(he ")) = HI(X,Kx ® E®Z(h))

is injective for every g > 0. In other words, the morphism induced by the natural sheaf surjection
Z(h) — Z(h)/Z(he™?)

(1.6) HY(X,Kx @ EQI(h)) - H(X,Kx ® E®ZI(h)/Z(he™?))

is surjective for every q > 0.

Remark 1.2. (A) When h is smooth, we have Z(h) = Ox and
Z(h)/Z(he™¥) = Ox/I(e”?) :== Oy

where Y is the zero subvariety of the ideal sheaf Z(e~). Hence, the surjectivity statement can
be interpreted an extension theorem with respect to the restriction morphism

(1.7) HY(X,Kx ® E) = H{(Y, (Kx @ E)y).

In general, the quotient sheaf Z(h)/Z(he%) is supported in an analytic subvariety ¥ C X,
which is the zero set of the conductor ideal

(1.8) Jy =ZI(he ™) : I(h) = {f € Ox; f-I(h) C Z(he ¥)},

and (1.6) can thus also be considered as a restriction morphism.

(B) A surjectivity statement similar to (1.7) holds true when (£, h) is a holomorphic vector bun-
dle equipped with a smooth hermitian metric h. In that case, the required curvature condition
(1.4) is a semipositivity assumption

(1.9) Opn+ (1+ ad)iddy @ Idg > 0 in the sense of Nakano, for a =0, 1.
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(This means that the corresponding hermitian form on Tx ® E takes nonnegative values on all
tensors of T'x ® F, even those that are non decomposable.)

(C) The strength of our statements lies in the fact that no strict positivity assumption is made.
This is a typical situation in algebraic geometry, e.g. in the study of the minimal model program
(MMP) for varieties which are not of general type. Our joint work [DHP13] contains some
algebraic applications which we intend to reinvestigate in future work, by means of the present
stronger qualitative statements.

(D) Notice that if one replaces (1.4) by a strict positivity hypothesis
(1.10) O + 100y > cw in the sense of currents, for some ¢ > 0,

then Nadel’s vanishing theorem implies H4(X,Ox(Kx ® E) ® Z(he™%)) = 0 for ¢ > 1, and the
injectivity and surjectivity statements are just trivial consequences.

(E) By taking convex combinations, condition (1.4) takes an equivalent form if we assume the
inequality to hold for « € [0, 1] running on the whole interval. O

We now turn ourselves to the problem of establishing L? estimates for the extension problem,
along the lines of [OT87]. The reader will find all details in [Dem15b].

Definition 1.3. If v is a quasi-psh function on a complex manifold X, we say that the singu-
larities of 1) are log canonical along the zero variety Y = V(Z(e™%)) if I(e_(l_a)d’)‘y = Oxyy
for every e > 0.

In case ¥ has log canonical singularities, it is easy to see by the Holder inequality and the
result of Guan-Zhou [GZ15b] on the “strong openness conjecture” that Z(1)) is a reduced ideal,
i.e. that Y = V(Z(¢)) is a reduced analytic subvariety of X. If w is a K&hler metric on X, we
let dVx ., = %w" be the corresponding Kahler volume element, n = dim X. In case 1 has log
canonical singularities along Y = V(Z(1))), one can also associate in a natural way a measure
dVye o[t] on the set Y° = V¢ of regular points of Y as follows. If g € C.(Y°) is a compactly
supported continuous function on Y° and g a compactly supported extension of g to X, we set

(1.11) / gdVyo ,[¢] = limsup/
o t——oo J{zcX , t<yp(z)<t+1}

56_1” dVX’w.

By the Hironaka desingularization theorem, one can show that the limit does not depend on the
continuous extension g, and that one gets in this way a measure with smooth positive density
with respect to the Lebesgue measure, at least on an (analytic) Zariski open set in Y°. In case
Y is a codimension r subvariety of X defined by an equation o(x) = 0 associated with a section
o € H(X, S) of some hermitian vector bundle (S, hg) on X, and assuming that o is generically
transverse to zero along Y, it is natural to take

(1.12) )(z) = rlog|o(z)[7.
One can then easily check that dVyo ,[1)] is the measure supported on Y° = Y, such that
2rtigr 1 1
1.13 dVyo ,[Y] = dVy,, wh dVy = ————wi .
( ) Yo, [’(/}] (7’—1)' ‘AT(dO_)Qh Y, where Y, (n_r)'w‘y
w,hg

For a quasi-psh function with log canonical singularities, dVyo ,,[¢] should thus be seen as some
sort of (inverse of) Jacobian determinant associated with the logarithmic singularities of ¢. In
general, the measure dVyo ,,[¢] blows up (i.e. has infinite volume) in a neighborhood of singular
points of Y. Finally, the following positive real function will make an appearance in several of
our estimates :

. 1 .
(1.14) v(z) = exp(—x/2) if x >0, v(z) = 722 if x <0.
The first generalized L? estimate we are interested in is a variation of Theorem 4 in [Ohs01]. One
difference is that we do not require any specific behavior of the quasi-psh function ¢ defining
the subvariety: any quasi-psh function with log canonical singularities will do; secondly, we
do not want to make any assumption that there exist negligible sets in the ambient manifold
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whose complements are Stein, because such an hypothesis need not be true on a general compact
Kahler manifold — one of the targets of our study.

Theorem 1.4 (L? estimate for the extension from reduced subvarieties). Let X be a holomor-
phically conver Kdhler manifold, and w a Kdihler metric on X. Let (E,h) be a holomorphic
vector bundle equipped with a smooth hermitian metric h on X, and let ¢ : X — [—o00, +00] be
a quasi-psh function on X with neat analytic singularities. Let Y be the analytic subvariety of
X defined by Y = V(Z(e™¥)) and assume that 1 has log canonical singularities along Y, so that
Y is reduced. Finally, assume that the Chern curvature tensor ©g y is such that the sum

Opn+ (1+ ad)iddy ® Idg

is Nakano semipositive for some § > 0 and o = 0,1. Then for every holomorphic section
feHY Y, (Kx @ E)jyo) onY® = Yieg such that

Aﬂﬂhﬂ%ww<+w

there exists an extension F € HY(X, Kx ® E) whose restriction to Y° is equal to f, such that

_ 34
[ Ao P e av < 5 [ ISR avielul
X Ye

Remark 1.5. Although |F' ]f} p, and dVx ,, both depend on w, it is easy to see that the product
|F \gjthX,w actually does not depend on w when F' is a (n,0)-form. The same observation
applies to the product |f |37thY0,w [], hence the final L? estimate is in fact independent of w.
Nevertheless, the existence of a Kéhler metric (and even of a complete Kahler metric) is crucial
in the proof, thanks to the techniques developped in [AV65] and [Dem82]. The constant 34 is of
course non optimal; the technique developed in [GZ15a] provides optimal choices of the function
~ and of the constant in the right hand side. O

We now turn ourselves to the case where non reduced multiplier ideal sheaves and non reduced
subvarieties are considered. This situation has already been considered by D. Popovici [Pop05]
in the case of powers of a reduced ideal, but we aim here at a much wider generality, which
also yields more natural assumptions. For m € Ry, we consider the multiplier ideal sheaf
Z(e~™) and the associated non necessarily reduced subvariety Y (™ = V(Z(e=™%)), together
with the structure sheaf Oy(my = Ox/Z(e~™¥), the real number m being viewed as some sort
of multiplicity — the support |Y(m)] may increase with m, but certainly stabilizes to the set of
poles P = ¢p~1(—o0) for m large enough. We assume the existence of a discrete sequence of
positive numbers

O=mpg<mp <ma<...<my<...
such that Z(e=™¥) = Z(e~™%) for m € [my, mp41] (with of course Z(e™"™¥) = Ox); they are
called the jumping numbers of 1. The existence of a discrete sequence of jumping numbers is
automatic if X is compact. In general, this still holds on every relatively compact open subset

Xe={zeX, plx)<c}elX,

but requires some some of uniform behaviour of singularities at infinity in the non compact case.
We are interested in extending a holomorphic section

f e HY(Y"™) 0y (Kx @ Epymy) := H'(Y ™), Ox (Kx @c E) @0y Ox/I(e7™Y)).

[Later on, we usually omit to specify the rings over which tensor products are taken, as they are
implicit from the nature of objects under consideration]|. The results are easier to state in case
one takes a nilpotent section of the form

f € HO(Y(mP)v OX(KX X E) ®I(€7mp_lw)/l-(@7mpw))'

Then Z(e~™»-1¥)/Z(e~™r¥)) is actually a coherent sheaf, and one can see that its support is
a reduced subvariety Z, of Y (). Therefore Z(e™™»=1%)/Z(e~™¥)) can be seen as a vector
bundle over a Zariski open set Z, C Z,. We can mimic formula (1.11) and define some sort of
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infinitesimal “m,-jet” L? norm |J™» f |3)h dVzs w [¢] (a purely formal notation), as the measure
on Z, defined by

(15) [ gl Vi l] = limsup GIF2 e Vi
P

t——o00 /{xeX , t<tp(z)<t+1}

for any g € C.(Z,), where g € C.(X) is a continuous extension of g and f a smooth extension of
f on X such that f — f € Z(my1)) ®o, C*> (this measure again has a smooth positive density
on a Zariski open set in Z7, and does not depend on the choices of f and g). We extend the

measure as being 0 on ergp) \ Zp, since Z(e~™»-1¥) /Z(e~™»¥)) has support in Zy C Zp. In this
context, we introduce the following natural definition.

Definition 1.6. We define the restricted multiplied ideal sheaf
T (e7™=1¥) € I(e mr-1Y)

to be the set of germs F € I(e™™»—1¥), C Ox . such that there exists a neighborhood U of x
satisfying

/ | T 2, dVy g 1] < +o0.

y (mp) Ay ’ “

This is a coherent ideal sheaf that contains I(e~™%). Both of the inclusions
I(e*mpw) C I’(e*mp‘“z’) - I(e*mp—“/’)

can be strict (even forp =1).

One of the geometric consequences is the following “quantitative” surjectivity statement,
which is the analogue of Theorem 1.4 for the case when the first non trivial jumping number
my = 1 is replaced by a higher jumping number m,,.

Theorem 1.7. With the above notation and in the general setting of Theorem 1.4 (but without
the hypothesis that the quasi-psh function ¥ has log canonical singularities), let 0 = my < mj <
my < ...<my < ... be the jumping numbers of 1. Assume that

Opn+i(my + ad)0oy @ Idg >0
is Nakano semipositive for « = 0,1 and some § > 0.
(a) Let
fe HO(Y™) Ox(Kx @ E) ® T'(e”™=1%) /Z(e”™"))
be a section such that

[ o T Jo] <
Then there exists a global section
Fe H(X,0x(Kx ® E)®@T'(e”™1%))
which maps to f under the morphism T'(e”™»=1%) — T(e™™»—1¥) /T(e~™Y), such that

[ A6 PR e v < IS Vi [6]

(b) The restriction morphism
HO(X, OX(KX X E) @I/(e—mp,lqp))
— HO(Y(™), Ox (Kx ® E) @ T'(e~™r-1%) /T(e~mr¥))

5 Y(mp

18 surjective.

If F is a line bundle and h a singular hermitian metric on F, a similar result can be obtained
by approximating h. However, the L? estimates then require to incorporate h into the definition
of the multiplier ideals, as in Theorem 1.1 (see [Dem15a]). Hosono [Hos17a] has shown that one
can obtain again an optimal L? estimate in the situation of Theorem 1.7, when Z(e~™%) is a
power of the reduced ideal of Y.
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Question 1.8. It would be interesting to know whether Theorem 1.1 can be strengthened by
suitable L? estimates, without making undue additional hypotheses on the section f to extend.
The main difficulty is already to define the norm of jets when there is more than one jump
number involved. Some sort of “Cauchy inequality” for jets would be needed in order to derive
the successive jet norms from a known global L? estimate for a holomorphic section defined on
the whole of X. We do not know how to proceed further at this point.

2. BOCHNER-KODAIRA ESTIMATE WITH APPROXIMATION

The crucial idea of the proof is to prove the results (say, in the form of the surjectivity
statement), only up to approximation. This is done by solving a d-equation

gua—l—wezv

where the right hand side v is given and w. is an error term such that ||w.|| = O(g%) as
¢ — 0, for some constant a > 0. A twisted Bochner-Kodaira-Nakano identity introduced by
Donnelly and Fefferman [DF83], and Ohsawa and Takegoshi [OT87] is used for that purpose,
with an additional correction term. The technology goes back to the fundamental work of
Bochner ([Boc48]), Kodaira ([Kod53a, Kod53b, Kodb54]), Akizuki-Nakano ([AN54], [Nak55]),
Kohn ([FK]), Andreotti-Vesentini ([AV65]), Hérmander ([H6r65, Hor66]). The version we need
can be stated as follows.

Proposition 2.1. (see [Deml5b, Prop. 3.12]) Let X be a complete Kdihler manifold equipped
with a (non necessarily complete) Kdhler metric w, and let (E, h) be a Hermitian vector bundle
over X. Assume that there are smooth and bounded functions n, X > 0 on X such that the
curvature operator

B =By ooy = 0Ogn—i00n —ix~'don Ay, Ay] € C(X, Herm(A™ T © E))

satisfies B+el > 0 for some € > 0 (so that B can be just semi-positive or even slightly negative;
here I is the identity endomorphism). Given a section v € L*(X,A™T% @ E) such that Ov =0
and

M(e) = /X<(B +el) ", v) dVx,, < +oo,

there exists an approzimate solution f. € L?(X, A’W_lT)*{ ® E) and a correction term w. €
L*(X,A\™T% ® E) such that Ou. = v — w, and

1
/ (n+N) " Huel? dVix + / lw:|?dVx ., < M(e).
X €Jx
Moreover, if v is smooth, then u. and we can be taken smooth.

In our situation, the main part of the solution, namely u., may very well explode as ¢ — 0.
In order to show that the equation Ou = v can be solved, it is therefore needed to check
that the space of coboundaries is closed in the space of cocycles in the Fréchet topology under
consideration (here, the L%OC topology), in other words, that the related cohomology group
HY(X,F) is Hausdorff. In this respect, the fact of considering d-cohomology of smooth forms
equipped with the C* topology on the one hand, or cohomology of forms u € LlQ0 . with ou € L12O .
on the other hand, yields the same topology on the resulting cohomology group H4(X, F). This
comes from the fact that both complexes yield fine resolutions of the same coherent sheaf F,
and the topology of HY(X,F) can also be obtained by using Cech cochains with respect to a
Stein covering U of X. The required Hausdorff property then comes from the following well
known fact.

Lemma 2.2. Let X be a holomorphically convex complexr space and F a coherent analytic
sheaf over X. Then all cohomology groups H1(X,F) are Hausdorff with respect to their natural
topology (induced by the Fréchet topology of local uniform convergence of holomorphic cochains).
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In fact, the Remmert reduction theorem implies that X admits a proper holomorphic map
m: X — S onto a Stein space S, and Grauert’s direct image theorem shows that all direct
images Rim,F are coherent sheaves on S. Now, as S is Stein, Leray’s theorem combined with
Cartan’s theorem B tells us that we have an isomorphism HY(X,F) ~ HY(S, Rim,F). More
generally, if U C S is a Stein open subset, we have

(2.1) HY(x~ Y (U), F) ~ H (U, Rim,F)

and when U € S is relatively compact, it is easily seen that this a topological isomorphism
of Fréchet spaces since both sides are Og(U) modules of finite type and can be seen as a
Fréchet quotient of some direct sum Og(U)®V by looking at local generators and local relations
of Rim,F. Therefore HY(X, F) ~ H°(S, Ri7,F) is a topological isomorphism and the space of
sections in the right hand side is a Fréchet space. In particular, H?(X, F) is Hausdorff. O

3. PROOF OF THE EXTENSION THEOREM

In this section, we give a proof of Theorem 1.1 based on a generalization of the arguments of
[Dem15b, Th. 2.14]. We start by proving the special case ¢ = 0.

Proof of Theorem 1.1 (1.6) for holomorphic sections (q = 0).

(A) Let us first assume for simplicity that h is smooth. We will explain the general case later.
Then Z(h) = Ox and Z(h)/Z(he %) = Oy = Ox/I(e™¥). After possibly shrinking X into a
relatively compact holomorphically convex open subset X’ = 771(S’) € X, we can suppose that
0 > 0 is a constant and that ¢ < 0, after subtracting a large constant to ¥. Also, without loss
of generality, we can assume that ¢ admits a discrete sequence of “jumping numbers”

(31) O0=mo<my<---<my<--- suchthat Z(my) = Z(mypp) for m € [my, mp41[.

Since v is assumed to have analytic singularities, this follows from using a log resolution of
singularities, thanks to the Hironaka desingularization theorem (by the much deeper result of
[GZ15Db] on the strong openness conjecture, one could even possibly eliminate the assumption
that ¢ has analytic singularities). We fix here p such that m, <1 < my1, and in the notation

of [Dem15b], we let ¥ = Y (™) be defined by the non necessarily reduced structure sheaf
Oy = Ox/I(e™¥) = Ox /I(e ™¥).

Step 1 (Construction of a smooth extension). Take
fe HY,Ox(Kx ® E)y) = H(X,Ox (Kx ® E) ® Ox /I(e”"")).

Let U = (U;) be a Stein covering of X and let (p;) be a partition of unity subordinate to (U;).
Thanks to the exact sequence

(3.2) 0= Z(e™¥) = Ox = Ox/I(e™¥) =0,
we can find a f; € HO(U;, Ox(Kx ® E)) such that

filvou, = flynu,-

Then (3.2) implies that
(3.3) fi— i € HU;NU;,Ox(Kx ® E) @ Z(e™¥)).
As a consequence, the smooth section ]? = > pi- ﬁ is a smooth extension of f and satisfies

af = Z@pi) (fi — f]) on Uj, hence

o~ _ ~ ~ |2
(3.4) /X OF2 pe Vi = /X > 0| Yo @p0) - (Fi = )| e PV < +oo.
J i ’
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Step 2 (L%-estimates). We follow here the arguments of [Dem15b, proof of th. 2.14, p. 217].

Let t € Z~ and let x; be the negative convex increasing function defined in [Dem15b, (5.8%),
2 2
p. 211]. Put ¢ :=1 -9 - x¢(¢0) and \; := 250;5,/(2@))) . We set
t

Rt = nt(eE’h + 1851/1) — 2(957],5 — At_liam AN gnt
_ L 5 4
= (Ot (14 o i (w)iodw) + LAY
Note that x}(1)) > & on Wy = {t <4 <t + 1}. The curvature assumption (1.4) implies

O+ (L+dm; 'X;(¥))i00¢y >0 on X.
As in [Dem15b], we find

1O N 0.

(3.5) R>0 on X
and
) _
(3.6) Ri> gy ADY  on Wi ={t<v<t+1}.
Let 6 : [—o0,400[ — [0,1] be a smooth non increasing real function satisfying 6(z) = 1 for

£ <0,0(z)=0for z >1and |#| <2. By applying the L? estimate (Proposition 2.1), for every
€ > 0 we can find sections u; ¢, wy . satisfying

(3.7) OQupe +wie = v =00 —t)- f)

and
(3.8)

1
/ (e + )\t)_1|ut,€|i,h€_¢dVX,w + 6/ |wt,€|i,h6_¢dVX,w < / ((Re+ EI)_lvhUt>€_¢dVX,w )
b's X X
where
(39) w=0(0(W —0)f ) =0~ )0y A f+6(4—1)0f.
Combining (3.5), (3.6), (3.8) and (3.9), we get [ |ut75|37h6*1/’dVX7w < 400 and
128¢

0 Jit<p<tr1)

(3.10) / wiel2 pe YdVx . < f 12 pe YdVx +2 / 0F 12 pe VdVx ..
X

{p<t+1}

We now estimate the right hand side of (3.10). Since f is smooth, we have an obvious upper
bound of the first term

(3.11) / 12 e VdVx < Cre ™,

{t<yp<t+1}
where C; is the C° norm of f. For the second term, thanks to (3.1), (3.3) and (3.4), we have
(3.12) / 0F12 pe Il avy, < 400

X

for any o € ]0,mp 1 — 1. As a consequence, we get
(3.13) / |5ﬂi he_deX,w < Chet

{p<t+1} ’

for some constant Cy depending only on a. By taking ¢ = e+t (3.10), (3.11) and (3.13)
imply

(3.14) / \wt,elihe_dex,w < Cge = 0(51%&)’
X

for some constant C3, whence the error tends to 0 as t — —oo and € — 0.
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Step 3 (Final conclusion). Putting everything together and redefining uy = u¢ ., wy = wy . for
simplicity of notation, we get

(3.15) B0 —1) - [ —u) = wy, / g2V dVy,, < 400
X

and

(3.16) Jim /X w2, e YdVxw = 0.

After shrinking X, we can assume that we have a finite Stein covering U = (U;) where the U;
are biholomorphic to bounded pseudoconvex domains. The standard Hormander L? estimates
then provide L? sections st,; on U; such that 0s; j = w; on U; and

(3.17) lim / ses12 pe YV = 0.
Uj

t——o00

Then

8(9(1# —t)- ]7— Ug — ;pjst,j) = - Z(gpj) -st; on X

(3.18) = = (9p)) - (515 —5t5) on Ui

J
As 9(st; — sti) = 0 on U; N Uj, the difference is holomorphic and the right hand side of (3.18)
is smooth. Moreover, (3.17) shows that these differences converge uniformly to 0, hence the
right hand side of (3.18) converges to 0 in C™ topology. The left hand side implies that this
is a coboundary in the C* Dolbeault resolution of Ox(Kx ® FE). By applying Lemma 2.2, we

conclude that there is a €™ section o; of Kx ® E converging uniformly to 0 on compact subsets
of X as t — —o0, such that do; = Y (9p;) - st,; on X. This implies that

J

ﬁ3:9(¢—t)'f—ut—2pj8t,j+0’t

J

is holomorphic on X. Hoérmander’s L? estimates also produce local smooth solutions o¢q on U;
with the additional property that ltlim fU_ ‘Ut,i’i he”ﬁdVX’w = 0. Therefore
——o0 Vi J

ﬁ,i =0 — 1) f —u — ijst,j + 0

J

is holomorphic on U; and ft - ﬁz converges uniformly to 0 on compact subsets of U;. However,
by construction, f;;— f; is a holomorphic section on U; that satisfies the L? estimate with respect
to the weight e~%, hence fri — fi is a section of Ox(Kx ® E) ® Z(e™¥) on U;, in other words
the image of f;; in

HO(Ui, Ox(KX & E) X OX/I(e_’/’))

coincides with fy;,. As a consequence, the image of ﬁ in
HY(X,0x(Kx @ E) ® Ox/I(e”")) = H(Y, (Kx © E)y)

converges to f. By the direct image argument used in the preliminary section, this density
property implies the surjectivity of the restriction morphism to Y.

(B) We now prove the theorem for the general case when h = e™% is not necessarily smooth.
We can reduce ourselves to the case when ¢ has divisorial singularities (see [Dem15b] or the
next section for a more detailed argument). Let us pick a section

feHY(X,Ox(Kx ® E) @ Z(h)/Z(he™)).
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By using the same reasoning as in Step 1, we can find a smooth extension fe C*(X,Kx ®F)
of f such that

(3.19) / lgﬂi’hefd’dvxw < 400.
X

For every t € Z~ fixed, as ¢ has divisorial singularities, we still have
Opn + (1400 ' x; (1)) (100¢)ac >0 on X,

where (i00v),. is the absolutely continuous part of i99w. The regularization techniques of
[DPS01] and [Demlba, Th. 1.7, Remark 1.11] (cf. also the next section) produce a family of
singular metrics {ht,g}z;“l’ which are smooth in the complement X \ Z; . of an analytic set, such
that Z(hte) = Z(h), Z(ht.e™¥) = Z(he %) and

_ 1
O h.. + (1+ 00, X4 (1)) 100 > —5ew  onX.

The additional error term —%Ew is irrelevant when we use Proposition 2.1, as it is absorbed by
taking the hermitian operator B + ¢I. Therefore for every t € Z~, with the adjustment ¢ = e,
a € 10, mp41 — 1[, we can find a singular metric hy = hy. which is smooth in the complement
X \ Z; of an analytic set, such that Z(h;) = Z(h), Z(hie™¥) = Z(he™¥) and hy 1 h as t — —o0,
and approximate solutions of the d-equation such that

OO —t) - f —uy) = wy , / |Ut‘i7ht€7¢dVX,w < 400
X
and
lim / ]wt]i7hte_deX7w =0.
X

t——o00
Proposition 2.1 can indeed be applied since X \ Z; is complete Kéhler (at least after we shrink
X a little bit as X’ = 771(9’), cf. [Dem82]). The theorem is then proved by using the same

argument as in Step 3; it is enough to notice that the holomorphic sections s; ; —s;; and f;; — fz
satisfy the L2-estimate with respect to (h¢, 1) [instead of the expected (h, )], but the multiplier
ideal sheaves involved are unchanged. The Hausdorff property is applied to the cohomology
group H'(X,Ox(Kx ® E) ® Z(h)) instead of H'(X, Kx ® E), and the density property to the
morphism of direct image sheaves
7 (Ox(Kx ® E) ® Z(h)) — m(Ox(Kx ® E) ® Z(h)/Z(he™"))
over the Stein space S.
Proof of the extension theorem for degree g cohomology classes. The reasoning is
extremely similar, so we only explain the few additional arguments needed. In fact, Proposition
2.1 can be applied right away to arbitrary (n,q)-forms with ¢ > 1, and the twisted Bochner-
Kodaira-Nakano inequality yields exactly the same estimates. Any cohomology class in
HY(Y,0x(Kx ® E) @ Z(h)/Z(he™?))
is represented by a holomorphic Cech g-cocycle with respect to the Stein covering U = (U;), say
(Cigig)s  Cigoig € H'(Uiy N...NU;,, Ox(Kx ® E) @ Z(h)/Z(he™")).

By the standard sheaf theoretic isomorphisms with Dolbeault cohomology (cf. e.g. [Dem-e-book]),
this class is represented by a smooth (n, g)-form

= Z Cig...iqPicOPiy N - - . Opi,

by means of a partition of unity (p;) subordinate to (U;). This form is to be interpreted as a form
on the (non reduced) analytic subvariety Y associated with the ideal sheaf J = Z(he™?) : Z(h)
and the structure sheaf Oy = Ox/J. We get an extension as a smooth (no longer J-closed)
(n, q)-form on X by taking

f= Z Cig...igPigOpiy N ... Opi,

205--+5%q
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where Eio‘.,iq is an extension of ¢;,. i, from U;y N...NU; NY to Uy N...NU;,. Again, we can
find approximate L? solutions of the d-equation such that

OO —t) - f—u) =wy / |Ut‘i,ht€—¢dVX,w < 400
X
and

; 2 _
tggloo/xmt"“vhte dVx . =0.
The difficulty is that L? sections cannot be restricted in a continuous way to a subvariety. In
order to overcome this problem, we play again the game of returning to Cech cohomology by
solving inductively d-equations for w; on U, N ... N U;,, until we reach an equality

(3.20) 5(0@ — t) . f— ﬁt) =W = — Z Stvi()---iqui() /\5,01‘1 AL .gpiq

7;07~~aiq71

with holomorphic sections s; 1 = s4y..4, on Uyr = Uy, N ... N U, such that

tliznoo . ‘St,lﬁ,hte_deX,w =0.
Then the right hand side of (3.20) is smooth, and more precisely has coefficients in the sheaf
C>® ®o Z(he™¥), and w; — 0 in C* topology. A priori, %; is an L? (n,q)-form equal to uy
plus a combination ) p;s¢; of the local solutions of gsm = wy, plus Zpist,i,j A gpj where
gstﬂ-,j = St — St4, plus etc ..., and is such that

/ |”L\L/t|¢2u7ht€7¢dVX,w < +o00.
X

Since HY(X,Ox(Kx ® E) ® Z(he™¥)) can be computed with the L2 _ resolution of the coherent
sheaf, or alternatively with the d-complex of (n, s)-forms with coefficients in C*® ®p Z(he™?), we
may assume that ; € C*° ®p Z(he™?), after playing again with Cech cohomology. Lemma 2.2
yields a sequence of smooth (n, ¢)-forms o; with coefficients in C>° ®» Z(h), such that do; = w;
and oy — 0 in C™-topology. Then f; = 6(1) —t) - f — Uy — oy is a O-closed (n, ¢)-form on X with
values in C*° ®p Z(h) ® Ox(E), whose image in H4(X, Ox(Kx ® E) @ Z(h)/Z(he~¥)) converges
to {f} in C*° Fréchet topology. We conclude by a density argument on the Stein space S, by
looking at the coherent sheaf morphism

Rim, (Ox(Kx ® E) ® Z(h)) — Rin (Ox(Kx ® E) @ Z(h)/Z(he™")). O

Proof of the quantitative estimates. We refer to [Dem15b] for details. One of the main
features of the above qualitative proof is that we have not tried to control the solution w; . of our
O-equation, in fact we only needed to prove that the error term wy e converges to zero. However,
to get quantitative L? estimates, we have to pay attention to the L? norm on Uge. It is under
control as t — —oo only when f satisfies the more restrictive condition of being L? with respect
to the residue measure dVyo ,[t)]. This is the reason why we lose track of the solution when
the volume of the measure explodes on Yjj,g, or when there are several jumps involved in the
multiplier ideal sheaves.

4. APPLICATIONS OF THE OHSAWA-TAKEGOSHI EXTENSION THEOREM

The Ohsawa-Takegoshi extension theorem is a very powerful tool that has many important
applications to complex analysis and geometry. We will content ourselves by mentioning only a
few statements and references.
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4.1. Approximation of plurisubharmonic functions and of closed (1,1)-currents. By
considering the extension from points (i.e. a 0-dimensional connected subvariety Y C X), even
just locally on coordinates balls, one gets a precise Bergman kernel estimate for Hilbert spaces
attached to multiples of any plurisubharmonic function. This leads to regularization theorems
([Dem92]) that have many applications, such as the Hard Lefschetz theorem with multiplier ideal
sheaves ([DPS01]), or extended vanishing theorems for pseudoeffective line bundles ([Caol4]).
The result may consult [Deml15a] for a survey of these questions. Another consequence is a
very simple and direct proof of Siu’s result [Siu74] on the analyticity of sublevel sets of Lelong
numbers of closed positive currents.

4.2. Invariance of plurigenera. Around 2000, Siu [Siu02] proved that for every smooth pro-
jective deformation 7 : X — S over an irreducible base S, the plurigenera p,, (t) = h°(X;, Kg?tm)
of the fibers X; = 7~ 1(t) are constant. The proof relies in an essential way on the Ohsawa-
Takegoshi extension theorem, and was later simplified and generalized by Paun [Pau07]. It is
remarkable that no algebraic proof of this purely algebraic result is known!

4.3. Semicontinuity of log singularity exponents. In [DKO01], we proved that the log sin-
gularity exponent (or log canonical threshold) ¢, (), defined as the supremum of constants ¢ > 0
such that e~“% is integrable in a neighborhood of a point z, is a lower semicontinuous function
with respect to the topology of weak convergence on plurisubharmonic functions. Guan and
Zhou [GZ15b] recently proved our “strong openness conjecture”, namely that the integrability

of e~ implies the integrability of e~(1T9)% for ¢ > 0 small; later alternative proofs have been
exposed in [Hiel4| and [Lem14].

4.4. Proof of the Suita conjecture. In [Blo13] Blocki determined the value of the optimal
constant in the Ohsawa-Takegoshi extension theorem, a result that was subsequently generalized
by Guan and Zhou [GZ15a]. In complex dimension 1, this result implies in its turn a conjecture
of N. Suita, stating that for any bounded domain D in C, one has c%) < wKp, where cp(z) is
the logarithmic capacity of C \. D with respect to z € D and Kp is the Bergman kernel on the
diagonal. Guan and Zhou [GZ15a] proved that the equality occurs if ond only if D is conformally
equivalent to the disc minus a closed set of inner capacity zero.
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