@ Springer
Author Query Form

Journal: JGEA Please send your responses together with your list of corrections via web
(preferred), or send the completed form and your marked proof to:
Article ID: 9017 Akademijos 4, LT-08412 Vilnius, Lithuania

fax: +370 52784 091
e-mail: vtexspr-corrections@vtex.lt

Dear Author,

During the preparation of your manuscript for typesetting, some questions have arisen. These are listed below.

Queries and/or remarks

Location in | Query / remark Response
article (line)

9/382-383; | Please indicate which reference should be cited
10/430-431 | here from the reference list (reference named
BLO03 was not present in the manuscript) or
supply new reference, which should be cited
here.

17/770 Please cite or delete uncited reference.

Many thanks for your assistance

Page 1 of 1



Metadata of the article that will be visualized in Online First

Journal Name

Journal of Geometric Analysis

Article Title Compact Manifolds Covered by a Torus
Copyright holder Mathematica Josephina, Inc.

This will be the copyright line in the final PDF.
Corresponding Author Family name Demailly

Particle

Given Name Jean-Pierre

Suffix

Division Institut Fourier

Organization

Université de Grenoble |

Address 38402, Saint-Martin-d’ Héres, France
E-mail demailly@fourier.ujf-grenoble.fr
Author Family name Hwang
Particle
Given Name Jun-Muk
Suffix
Division KIAS
Organization School of Mathematics
Address Seoul, Korea
E-mail
Author Family name Peternell
Particle
Given Name Thomas
Suffix
Division Mathematisches Institut
Organization Universitat Bayreuth
Address Bayreuth, Germany
E-mail
Schedule Received 5 November 2007
Revised
Accepted
Abstract Let X be a compact complex manifold which is the image of a complex torus by a

holomorphic surjective map A-X. We prove that X is Kahler and that up to a finite

étale cover, X'is a product of projective spaces by a torus.



Keywords Complex torus — Abelian variety - Projective space - Kahler manifold — Albanese
morphism - Fundamental group - Etale cover - Ramification divisor - Nef divisor -

Nef tangent bundle - Anti-canonical line bundle - Numerically flat vector bundle

Mathematics Subject Classification (2000) 14J40 - 14C30 - 32J25

Footnotes Dedicated to Gennadi Henkin.




«JGEA 12220 layout: Small Extended v.1.2  reference style: mathphys file: jgea9017.tex (Nadia) aid: 9017  doctopic: OriginalPaper ~class: spr-small-v1.1 v.2008/02/08 Prn:21/02/2008; 11:04 p. 1»

J Geom Anal
LL. DOI 10.1007/512220-008-9017-z
O.
2
O.
Ly - Compact Manifolds Covered by a Torus
5
o .
w 7 Jean-Pierre Demailly - Jun-Muk Hwang -
& 8  Thomas Peternell
9
O
11
T-
I_ 13
14 Received: 5 November 2007
: 15 © Mathematica Josephina, Inc. 2008
< 16
7 Abstract Let X be a compact complex manifold which is the image of a complex
® " torus by a holomorphic surjective map A — X. We prove that X is Kdhler and that
19 up to a finite étale cover, X is a product of projective spaces by a torus.
20
2 Keywords Complex torus - Abelian variety - Projective space - Kihler manifold -
2 Albanese morphism - Fundamental group - Etale cover - Ramification divisor - Nef
% divisor - Nef tangent bundle - Anti-canonical line bundle - Numerically flat vector
" bundle
25
26 Mathematics Subject Classification (2000) 14J40 - 14C30 - 32J25
27
28
2 1 Introduction
30
31 Consider a compact complex manifold X which is the image of a complex torus A
%2 by a surjective map
33
a4 fiA—>X.

35 The purpose of this note is a classification of X up to finite étale cover. When A is
36 a simple abelian variety and f is not an isomorphism, Debarre [6] has shown that

39 Dedicated to Gennadi Henkin.

40 J.-P. Demailly ()
41 Institut Fourier, Université de Grenoble I, 38402 Saint-Martin-d’Heres, France
e-mail: demailly @fourier.ujf-grenoble.fr

8 IM. Hwang
44 KIAS, School of Mathematics, Seoul, Korea

45
46 T. Peternell

Mathematisches Institut, Universitit Bayreuth, Bayreuth, Germany
47

Journal ID: 12220, Article ID: 9017, Date: 2008-02-21, Proof No: 1 PDF-OUTPUT



«JGEA 12220 layout: Small Extended v.1.2  reference style: mathphys file: jgea9017.tex (Nadia) aid: 9017  doctopic: OriginalPaper ~ class: spr-small-v1.1 v.2008/02/08  Prn:21/02/2008; 11:04 p.2»

J.-P. Demailly et al.

O 48 X ~P,. In the case of a general abelian variety A, Hwang-Mok [12] proved that X
O 49 is a tower of bundles

50
Y s X=Xo>X|—>...> Xy =Y

ﬂ. Zi over a base Y which is an unramified quotient of an abelian variety, the fibers of
w s4  Which are projective spaces [Py, . Our result extends this structure theorem to the case
= " 55 of general (non necessarily projective) tori, and clarifies the structure of the tower of
s6  projectives bundles by proving that it is in fact a locally trivial bundle whose fibers
O 57 are products of projective spaces.
5

8
I 59 Theorem 1.1 Let X be a connected compact complex manifold which is the image
I— 60 of a complex torus A by a surjective holomorphic map f : A — X. Then

61

:52 (1) X is Kdhler.
63 (2) There exists a finite étale cover X' of X such that

64
65 X' >~Py, x...xP, x B

66

67 is a product of projective spaces with the Albanese torus B = A(X'). Moreover,
68 f admits a lifting f': A’ — X' where A’ is an étale cover of A and

69

& fliA=AIx...x Axx B> Py x...xPy xB

71

:z is given by a product of factors f,; : Aj — Py, and id: B — B, for suitable
2 abelian varieties A j and a (non necessarily algebraic) torus B.

s (3) X is an étale quotient of the bundle X' =P, X ... x Py, x B — B, in other
7 words X is a Py, x ... x Py, -bundle over an étale quotient M of the torus B,
-7 such that the trivial fibration X' — B is the pull-back of X — M by the quotient
78 map B — M.

79

80 We use in a very essential way results and methods borrowed from the paper

g1 [11]—the main goal of which was to study the structure of compact Kéhler man-
82 ifolds with nef tangent bundles—although it is unclear whether X should a priori
83 have a nef tangent bundle in the present setting; certainly Ty is nef on all curves not
84  contained in the ramification locus, but we do not have control over the curves in this
85  locus. On the other hand, one can pull-back divisors to A and obtain, as a simple
86  consequence, that every pseudo-effective divisor on X must be nef. This is also a
8 significant property of manifolds with nef tangent bundles.

88 The fact that X is Kéhler is a direct consequence of the fact that any surjective
8  map f:A — X as above must be equidimensional—this is true even when X is
% taken in the category of reduced complex spaces. We then rely on an observation
" due to Varouchas [20, 21], stating that the Kihler property is preserved by proper
% equidimensional morphisms under a normality assumption. This is discussed in more
23 detail in the Appendix, where we present a simple approach of this result.
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5 2 Elementary Reductions

8 by a finite morphism Y — IP,, onto projective space by taking a generic linear projec-

%  tion Py --- PP, and, in particular, P, can be obtained as a finite surjective image of

00 an abelian variety. A very elementary construction consists in writing [P, as the sym-

01 metric product (P1)™; then by taking 2 : 1 covers E j — 1 by elliptic curves, one

w~ 102 realizes P” as the image of E| x ... x E, by a2"n!: 1 finite (ramified) morphism.

103 Therefore any product Ag x P, x ... x P, of a torus A by projective spaces can
0104 be written as a finite surjective image of an abelian variety A.

105 Conversely, let f : A — X be a surjective holomorphic map from a complex torus

I1°6 onto a reduced complex space X (we do not require X to be smooth in this sec-

107 tion). Then the generic (smooth) fiber Fy = f ~1(x) has a trivial normal bundle, and

jos therefore also a trivial tangent bundle. It follows that the connected components of

09 F, are translates of subtori. Since subtori form a discrete family, by looking at the

110 Stein factorization A — W — X which has precisely the connected components of

111 the F, as fibers of A — W, we see that there is a subtorus S C A and a factorization

"2 ¢:A/S — X of f such that g is generically finite.
113

O

96
O 97  First notice that every n-dimensional projective subvariety ¥ C Py can be mapped
m 9

4 Lemma 2.1 The quotient map g : A/S — X is finite.

115

16 Proof Otherwise, there would exist a positive dimensional component Y in some
17 fiber g~!(x) C A/S. Then a small translate ¥ -+ 8 would map to a compact irreducible
18 subset contained in a small Stein neighborhood V of x, and the image g(Y + ) would
19 be a single point y € V. This would imply that the generic fiberof g: A/S — X of g

120 js positive dimensional, a contradiction. O
121

122
123

Corollary 2.2 Every surjective holomorphic map f : A — X from a torus A onto
a complex space X factorizes as a finite map g : A/S — X with respect to some

124 subtorus S of A.
125

126
127
128
129
130 3 The Kiihler Property
131
132
133
134
135
136

As a consequence, we may assume from the very beginning that the surjective
map f : A — X is finite.

In order to conclude that our complex manifold (or complex space) X is Kihler, we
rely on the following general statement. Recall that a complex space Z is said to be
Kihler if there exists a (smooth) Kéhler metric w on the regular part Ze,, which can
be extended locally as a Kéhler metric in a smooth ambient space, near every singular

int of Z.
o, Pointo

138
139
140
141

Theorem 3.1 Let f : Y — X be a proper and surjective holomorphic map between
complex spaces of pure dimensions. Assume that Y is Kdhler, that f has equidimen-
sional fibers and that X is reduced and normal. Then X is Kdhler.
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S
N

Proof When X and Y are manifolds, the result is proved in J. Varouchas’ Ph.D.
Thesis [20]—this is in fact sufficient for our purposes, and in fact we even only need
the case when f is finite; the general case of complex spaces with X normal is due to
45 J. Varouchas [21]. Since the proofs given by Varouchas are long and technically quite
46 hard, we outline here a very short proof for the case of finite maps between manifolds
47 (and refer the reader to the appendix for a more general situation where the proof
48 remains quite easy). Let w be a Kdhler metric on Y and « a (smooth) positive definite
=~ 149 hermitian metric on X. Then for every compact set K C X we have f*a < Cw on
150 f -1 (K) for some constant Cg > 0, hence

S PROOF

151
0152 fro>Cgl fuf*a > Cg'(deg fla on K.

|_154 This implies that T = f,w is a Kihler current (see, e.g., [10, 0.5]), i.e., that it is
155 bounded below by a smooth positive definite form. However, a local potential of T
:156 can be written as ¥ (x) =Y @;(yj) where f_1 (x) ={y,} and ¢; is a local potential
157 of w near y;. This implies immediately that v is continuous. In fact, the problem
158 occurs only in a neighborhood of ramification points, and there the continuity fol-
159 lows immediately from the fact that f is finite. Therefore, v is a continuous strictly
160  plurisubharmonic function. Then it follows by using Richberg’s result [18] (see also
161 [7, 8]) that ¢ and T can be regularized so as to produce a Kihler metricon X. [

163 For people only interested in pure algebraic geometry, we present a simpler state-
164 ment which suffices in the algebraic context.

166 Theorem 3.2 Let f : A — X be a finite surjective map from an abelian variety to a
167 complex manifold X. Then X is projective.

Proof It immediately follows from the assumption that X is Moishezon. Let
171 T:X—>X

173 a bimeromorphic holomorphic map from a projective manifold X. Choose an ample
174 line bundle L on X and set

L = (. (L))™.

177 Then L is a big line bundle on X. Hence f*(L) is a big line bundle on A and therefore
78 ample by [2, Proposition 4.5.2]. Hence, L is ample. O

4 Preliminary Structure Results
Let X be a compact manifold covered by a torus, and let # = dim X be its dimension.

By the above, X is Kihler and possesses a finite ramified covering f : A — X by a
torus. Let us denote by R = {Jac(f) = 0} the ramification divisor of f in A, so that

Koa=0= f*Kx +R.
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89 We also consider the irregularity g (X) = hoX, 52;() of X and the Albanese map

and define

LL

qgo

O|91 a: X —> AX), dimAX)=q(X),
o

o4 G(X) =maxq(X),

where X — X runs over all finite étale covers X — X, to be the maximal irregularity
of these covers; the following result shows in particular that g(X) is always finite in
the present context.

I2 00 Proposition 4.1

|_201 (1) Every pseudo-effective divisor on X is nef. In particular, —K x is nef.
jOZ (2) Every big divisor on X is ample.
03 (3) X is Fano iff —Kx is big iff (—Kx)" > 0 iff R is ample.
204 (4) Tx\c is neffor all curves not contained in the image f (R) C X of the ramification
205 locus.
206 (5) m1(X) is almost abelian, i.e., abelian up to a subgroup of finite index.
207 (6) The Albanese map o : X — A(X) is surjective.
208 (7) The Albanese map is in fact a submersion with connected fibers.

210 Proof (1) If L is pseudo-effective, sois f*(L). Hence, f*(L) (which is a line bundle
211 on a torus) is nef, and therefore so is L by [11, 1.8]. This applies in particular to
212 —Ky, since f*(—Kx) = R is nef.

213 (2) If L is big, then X is Moishezon and therefore projective by [14]. As it is well
214 known, L is then the sum of an effective Q-divisor and of an ample Q-divisor, and
215 the effective part is nef by (1), hence L must be ample.

216 (3) follows immediately from (1) and (2).

217 (4) is a direct consequence of the sheaf inclusion O(T4) C f*O(Tx) and of
218 the triviality of T4. In fact, if C is not contained in f(R), the cokernel of the re-
219 striction map O(Ty, 1) Cf *O(Tx|c) is a torsion sheaf supported on the finite
220 setC N f(R).

221 (5) As f is surjective, the induced morphism
222
023 1 (A) — w1 (X)
zz: of fundamental groups has an image of finite index in 71 (X), bounded by the degree
of f.
226 (6) If @ were not be surjective, then the image «(X) C A(X) would have a quotient
27y = «(X)/B by a subtorus which is a variety of general type (Ueno [19]). Then
?2% " there would exist a surjective morphism A — Y to a variety of general type, which
229 is absurd: the pull-back of a pluricanonical section of ¥ would yield a section of
2% 4 certain tensor power (Qﬁ)‘g’k possessing zeros, contradicting the triviality of the
231 p
bundle /.
2% (7) The composition
233
234 ALx % ax
235

Journal ID: 12220, Article ID: 9017, Date: 2008-02-21, Proof No: 1
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0236 is a surjective map between tori, hence is a linear submersion. Its differential is every-
O§37 where surjective, and therefore so is the differential of . If « has disconnected fibers,
38 we consider its Stein factorization

mjm X —> W= AX).

The finite map W — A(X) must be unramified, otherwise W would have positive
Kodaira dimension, which is impossible since it is an image of a torus. Therefore, W
itself is a torus, and must be equal to A(X) by the universality of the Albanese map.
This actually implies that the fibers of « are connected. (]

I247 Theorem 4.2 Tuke a finite étale cover X — X such that q(X) = G(X). Then the
Albanese map

g;z a: X > AX)

is a submersion with connected fibers F which are covered by tori and have finite

Zz; fundamental group w1 (F).
z‘:i Proof There exists a lifting f:A— X of f to some étale cover of the torus A.
) Therefore X is also covered by a torus and 4.1 (7) implies that « is a submersion with
" connected fibers. ~ ~
2% _ Now consider a fiber F of «. Then f —1(F) has a trivial normal bundle in A, hence
257 f~1(F) must be a translate of a subtorus. It follows from this that every fiber F is
258 . ~ .
also covered by a torus, as well as any finite étale cover F. By what we have just
9 seen, the Albanese map of F is a submersion, and we can thus apply Proposition 4.3
29 pelow to obtain
261
262 q(X)=q(F)+ g(A(X)).
%83 Since G(A(X)) = dim A(X) = ¢(X) = G(X), we conclude that G(F) = 0; in other
264 X .
words, 71 (F) is finite. [l
265
26 Proposition 4.3 Let X and Y be compact Kiihler manifolds and g : X — Y be a
%7 surjective submersion with connected fibers. Let F be a fiber of g. Then
268
269 g(X) =q(F)+4q(Y). ().
270

o71  Assume moreover Ehat Y is a torus, that 7 (F) if almost gbelian and that for every
o720 finite étale cover F — F, the Albanese map of F — A(F) is a constant rank map.
273 Then equality in (%) holds.

274

o75  Proof This is Proposition 3.12 in [11]. O
276

277 Theorem 4.4 If HO(X, Q) 0 for some p > 1, then G(X) > 0.

278

279 Proof We may assume p > 2 and choose a non-zero holomorphic p-form u. Let

280
p—1
281
e ®: /\ Tx - Q
282

Journal ID: 12220, Article ID: 9017, Date: 2008-02-21, Proof No: 1



«JGEA 12220 layout: Small Extended v.1.2  reference style: mathphys file: jgea9017.tex (Nadia) aid: 9017 ~ doctopic: OriginalPaper ~ class: spr-small-v1.1 v.2008/02/08 Prn:21/02/2008; 11:04 p.7»

Compact Manifolds Covered by a Torus

0283 be the morphism defined by contraction of (p — 1)-vectors with u#, and let £ = Im® C
O§84 Q}( be the image of ®. A priori £ is a torsion free sheaf of rank r. However, if we
m 85  pull-back the morphism to A by f*, we get a composition

2
Q.

87 r—1 p—1 oo
88 N Ta— N\ FTx — Q- Q).

=w~ 29  The bundles on both sides are trivial, hence the composition is given by a constant
291 matrix. This implies that f*® itself is a bundle morphism of constant rank and that
692 f*E is atrivial bundle. As a consequence, P is of constant rank and £ is a numerically
93 flat vector bundle on X. By [11, Theorem 1.18], £ admits a filtration by subbundles
I294 whose quotients are unitary flat. If we had ¢g(X) = 0, then 71 (X) would be finite
I—?95 and a suitable étale cover X would be simply connected, thus the pull-back £ C Q }(

’33 would be trivial. But then we have H O(f( ,Q ; ) # 0, contradiction. O
298 .

599 Corollary 4.5 Assume that q(X) =0 (or equivalently, that 7w1(X) is finite). Then X
s00 IS projective.

301

302 Proof In fact, Theorem 4.4 implies in that case H 0(X , Qg() = 0. Since X is Kihler,
s03  we conclude that X is also projective by the Kodaira embedding theorem. O
304

s05  Proposition 4.6 In addition to the initial hypotheses, assume that X admits a smooth
306 fibration g : X — Y. Then:

307
308
309
310 !

311 A X
313 0

314 U ——=Y
315
316

(1) There is a commutative diagram

where p: A — U = A/S is the quotient map associated with some subtorus S
317 of Aand h: U — Y is finite.

818 (2) The relative anticanonical bundle —Kx v is nef.
319 (3) If X = P(E) is the projectivization of some vector bundle E of rank r on Y,
320 then E is numerically projectively flat, i.e. E @ det(E)~'/" is numerically flat (or
821 equivalently, S" E ® det(E)™" is numerically flat).
322
%3 Proof (1) Since go f : A — Y is a surjection, Corollary 2.2 shows that it factorizes
224 asgof=hopwhere p: A— A/Sisaquotientof Aand h: A/S — Y is a finite
322 map.
w07 (2) The diagram induces a generic isomorphism
328 *

T, T.
420 Aju —> f(Txyy),
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so that f*(Tx,y) is generically spanned outside the ramification divisor R of f.
Hence T,y is nef on all curves C ¢ f(R). In particular

LL
o
331
O..
msss —Kx;y-C>0
334
0-335 forall C ¢ f(R). Therefore —K,y is pseudo-effective by [3]. We infer from Propo-
WSG
w337

sition 4.1 (1) that —Kx,y is actually nef.
(3) Assuming that X =P(E) — Y, let

339 ¢ =Opg)(1).

Since
| 341

42 —Kxjy =r¢ +¢*(detE)~",
f:j we conclude that
345 S(E)®@detE™' =S (E®@detE~'/")

is nef. Since ¢; (8" (E) @ det E~1) = 0, this bundle is numerically flat in the sense of
ag  L11], i.e. it admits a filtration whose quotients are hermitian flat (= unitary represen-
aa9  tations of the fundamental group). (]

s52 S Case of a Manifold with Finite Fundamental Group

353
ss4  In this special case, the structure theorem can be stated in a slightly simpler form.

356
ase  Proposition 5.1 Assume that X is a compact complex manifold possessing a finite
as7  surjective map f : A — X from a torus. If X has a finite fundamental group (or,
asg  equivalently, if ¢(X) =0), then

89 (1) A isan abelian variety and X ~ P, x...x Py, is a product of projective spaces.
80 (2) There is a finite étale quotient A = A/ T such that A splits as a product A = A} x
ZZ; ... X A, and the map f factorizes through A as a productmap f = fi x...x fx
s where fj:Aj — Pp;.

364 Proof (1) In fact, we have showed in Corollary 4.5 that X must be projective alge-
%5 braic, hence the pull-back of an ample line bundle on X is ample on A and A is an
%6 abelian variety. By the result of Hwang-Mok [12] already cited in the introduction, X
%7 s a tower

368

369 X=X0—>X|—>...—>Xx=Y

370 of projective bundles, and the base Y has to be a point, otherwise the fundamental
o group would be infinite. By induction on dimension, we can assume that ¢ : X — X
2 isa IP,,,-projective bundle over X, and since X is also covered by the torus A which
878 maps onto X, that X; =P,, x ... x IP,,. Therefore, X = P(E) for a certain vector
¥* " bundle E — X 1. By Proposition 4.6 (3), we conclude that E is projectively numer-
2: ically flat. However, by Lemma 5.2 below, this implies that E = L®" for some line

Journal ID: 12220, Article ID: 9017, Date: 2008-02-21, Proof No: 1
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bundle L on Xi, r =ny + 1, hence X =P,, x ... x P;,. (Note that, as a conse-
quence, X must in fact be simply connected: this is not surprising, since algebraic
automorphisms of P, x ... x P, always have a fixed point by the Lefschetz fixed
point formula, hence P, x ... x [P, cannot possess an étale quotient.)

(2) Let L; be the pull-back of O(1) by the composition A — X — ]P’nj with the
Jj-th projection. As L; is generated by sections, [?, 3.3.2] implies that there is a
factorization A — W; = A/S; by a subtorus S; and an ample line bundle G; over
W such that L is the pull-back of G ; to A. Take I' = () §;. Then all our bundles L ;
descend to line bundles L j over A/ " and therefore, since L1+ ...+ L comes from
a very ample line bundle on X, f also factorizesas f : A=A/T" — X and I' is finite.
We easily see that A is isomorphic to the product of its subtori A; =) kj Sk/ T, and
if fj:Aj— Py, is the map induced by the composition A; C A= X— Py, we
have f = fi X ... X fi. U

Lemma 5.2 Let Y be a product of projective spaces, E a vector bundle of rank r
on Y. Suppose that E is projectively numerically flat, i.e., that S"(E) ® det E~1 is
numerically flat. Then there exists a line bundle L on Y such that

E~L%,

Proof By a simple argument it suffices to show the lemma for ¥ =P,. Let { C Y
be a line. Then Ejp = O(a1) @ ... @ O(a,) by Grothendieck’s theorem, and it is
immediately seen that E|, is projectively numerically flat iff all «;’s are equal to the
same integer « € Z, where « is such that det E = O(ra). Hence

(E® O(—a)))e = 0%

for every line £ C P,,, and we conclude that E ® O(—a) = O¥" (see e.g. [16]). This
proves our claim in case the base is IP,,. The case of a product of projective spaces
follows. (]

6 The Anti-canonical Morphism

Let us consider again a general compact (Kéhler) manifold X possessing a finite
ramified covering f : A— X by a torus.

Proposition 6.1 The anti-canonical bundle —K x is semi-ample. Let g : X — Z be

the associated morphism, which we call the anti-canonical morphism of X. Then g
has connected equidimensional fibers and there is a commutative diagram

f
A—— X
| |

h
Vv——m=Z
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024 where V. = A/S is a quotient of A by a subtorus S, and h is finite. Moreover, all fibers
0425 of g admit a finite covering by the torus S.

m427 Proof If (—Kx)" > 0, we know by Proposition 4.1 (3) that —Kx is ample, so we
0_428 have Z =X, g =idx,and we cantake V = A, p =idy.

429 When (—Kx)" = 0, the ramification divisor R C A is nef but not ample (let us
% recall that O4(R) = f*(—Kx)). Thus, applying again [?, 3.3.2], we see that there

= 4 existsa map p : A — V to aquotient torus V and an ample divisor Ry C V such that
432

O.. R=p~'(Rv).

434

I435 In particular, a sufficiently large multiple O 4 (kR) is spanned, and the corresponding
a7 Kodaira-litaka map @0, «r)| defines p.

:438 Given a nef line bundle L, let v(L) denote its numerical dimension, i.e. the maxi-

mal number d such that LZ = 0. In order to prove that — K’y is semi-ample, it suffices
to show that

a4t k(—Kx)=v(—Kx),

443 (cf.[13,6.1], and [15, 5.5]; more generally, the result holds true for nef line bundles L
444 suchthatk(L—Kx)=v(L—Kx),v@aL—Kx)=v(L—Kx)andx(@L—Kx)>0
445 for some a > 1, conditions which are indeed clearly satisfied for L = —K). The
446 above equality k (—Kx) = v(—KY) is easily verified since

448 k(—Kx) =k (f*(—Kx)) =dimV,

449

450 and

451

452 V(=Kx) =v(f*(~=Kx)) =dimV.

53 Therefore we obtain an associated morphism g : X — Z such that —-mKyx = g*(L)
** " for a fixed suitable number m and a very ample line bundle L on Z. By a general
408 property of Kodaira-litaka maps, the fibers of g are connected if we fix an appropriate
406 multiple m. Consider such a fiber X of g; then f~!(X_) consists of a union of fibers
izg of p, because p is defined by f*(—Kx) and its sections are constant along the fibers
456 of p: A — V. This implies that g o f factors through p, and therefore that there is
o 2 Map h : V. — Z which makes the diagram commute. We have dimZ = dimV =
461 k(—Kx), hence A is a finite map by Corollary 2.2. The same result shows that g o f
s6o has equidimensional fibers, hence g also has equidimensional fibers, which must then
463 be images of fibers of p by f. (|
464

45 Proposition 6.2 In addition to the notation and hypotheses of Proposition 6.1, as-
w6 sume that g = q(X) = g(X) (possibly after replacing X with an étale cover). Then

7 (1) The Albanese map o : X — A(X) is a smooth surjective fibration with fibers F >~
468 Py, x ... x Py,. Moreover, —K x is ample along the fibers F and has numerical
:jz dimension equal to dimF =) nj=n—gq.
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LL
0171 (2) If R C A denotes the ramification divisor of f,then O4(R) = f*(—Kx) is ample

0472 along the fibers of the composition o« o f : A — X — A(X). Furthermore, the
473 map
m474
m475 qD:(p,OlOf)A—)VXA(X)
476

induced by the anti-canonical morphism for the first factor p, and by o o f for

77
78 the second factor, is an isogeny from A onto V x A(X). Moreover, p(f~' f(R))
p 70 is a proper algebraic subset of V.

480

0481 Proof (1) Theorem 4.2 implies that the fibers F of o : X — A(X) have finite

I482 fundamental group; as they are also covered by tori, Proposition 5.1 shows that
483 =P, x...xP,,.Inparticular, F is Fano and so —K ¢ is ample. This implies that
484 —Kx is ample along the fibers F, and therefore the numerical dimension v(—Ky) is

:435 at least equal to dim F =n — ¢. If v(—Kx) = v(f*(—Kx)) was strictly larger that
486 n — g, we would get on the torus A

487
488 H" (A, f*(Kx))=H(A, f*(=Kx)) =0

489

490  (seee.g., [2, 3.4.5]), hence

491

492 H'" 9(X,Kx)=H%(X,0x)=0

493

494 by taking the direct image. This is absurd.

495 (2) Since f is finite, we see by (1) that f*(—K ) is ample along the fibers of ¢ o f.

4% On the other hand, as seen in (6.1), f*(—Kx) = O4(R) is semi-ample on A and de-
497 fines the morphism p : A — V, hence O4(R) is trivial along the fibers of p. There-
498 fore the fibers of p and those of o o f can only have a 0-dimensional intersection,
499 and this implies that the map (p, @ o f) is finite. Since

500

501 dimV =v(— f*Kx)=v(—Kx) =n—qg=n—dim A(X),

502

503 we conclude that (p, a o f) must be an isogeny. For the last statement, we notice that

04 the cycle fi(R) is Q-linearly equivalent to —Kx since f*(—Kx) = Ox(R). Thus
%05 £* £.(R) is Q-linearly equivalent to f*(—Ky). Hence f~!f(R) cannot meet the

%% general fiberof p: A— V. ]
507

508
509
s10 7 Proof of the Main Theorem

511

512 We are now in a position to give all details of the proof of Theorem 1.1.

513
o1 Proof (1) The Kihler property follows from Theorem 3.1.

515 (2) First fix an étale cover X — X such that q(X) = q(X), and a 11ft1ng
:j f:A— X. Then by Proposition 6.2 (2) we get an isogeny ® = (j,&o f): A —
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LL
018 V x A(X) such that & : X — A~()~() is the Albanese map of X, and p: A— Vin-
Q519 duces the anti-canonical image Z of X via a commutative diagram
20
- ; _—
n_;ﬂ A X AX)
23
W24 l p l g
w525 3
msze y —— 7

507
0528 On the other hand, we know from Proposition 6.2 (1) that & is a smooth (locally
I529 trivial) fibration and that the fibers F' of & are products of projective spaces P, x
|—53° ... xP,, . The inverse images ( f y~L(F) are unions of translates of the subtorus S C A
equal to the connected component of 0 in ker(a o f )i A—> A():( ), a subtorus which

is isogenous to V via p. Therefore, § maps the fibers F onto Z, and the restriction
<533 g|F is finite (since h is finite and surjective)

Zz: Let ¥ C Z be the union of h(p(f f(R))) with the set Z,m et C 7 above which
536 h is not étale (this includes of course the set of singular points of 7). By Proposi-

tion 6.2 (2) and the finiteness of / this is a proper algebraic subset of Z. The above
Zz; argument implies that g is unramified on F \ g~ ().
530 We therefore get a “horizontal direction” transverse to the fibers of F' by looking

at the fibers of g, and obtain in this way a monodromy of the fibration ¢ in terms of a
540 morphism of 721 ~ 11 (A(X)) into the permutation group of the finite set FNg~!(z),
ez \ X. The kernel A of this monodromy map is a subgroup of finite index in
:22 71 (A(X)), and in this way we get a commutative diagram
544 )

o
545 X/ A( X/)
546
547 l A l v
548 .
o

549 5( — A( X)
550
%1 where the vertical arrows u, v are finite étale covers and v is induced by the inclusion
%2 A C Z?9 of the fundamental groups. Our construction shows that &’ is a trivial fibra-
%53 tion (at least over X"\ u~ (71 (X)), but the finiteness of g implies that the horizontal
% transport
555
556 FN(XN\u'@'®)) > R0 (X \u'@ ()
%57 between any two fibers F|, F, must extend to isomorphisms of the fibers). We con-
%% clude that
559
560 X' =P, x...x Py, x AX')
61 and that the canonical image Z’ of X’ is precisely P, x ... xP,, . Our arguments also
%02 imply that the canonical image Z (as well as the canonical image Z of the original
:zj manifold X) is a finite ramified quotient of Z’; in fact any global section of —mKx
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LL

065 pulls back to a global section of —mKy or —mKy/, and in this way we get natu-

QSSG rally defined maps Z' — Z — Z, which are finite by Proposition 6.1 and by obvious
67 commutative diagrams.

mses (3) Also follows directly from what we have proved. O
569

0-5’70 Example 7.1 Let us consider X' =P, x Ey; where E; = C/(Z + Z7) is the ellip-

w71 tic curve of periods (1, 7). We take X to be the finite étale quotient of X’ by the

m 572

involution (x, ) — (o (x),t + t) where o is the involution of P? given (say) by
X — —x on the affine chart C2 C P,. In this way, we get a fibration X — E; which
0274 is a locally trivial P>-bundle over E; and which is nothing else than the Albanese
7S map o : X — A(X). In this case, the anti-canonical image Z of X is precisely the
I576 (singular) quotient P> /(o'), because sections of —m K x pull-back to sections of

H77

- 1 H(X', —mK ) ~ H*(Py, —mKp,)

579

<5ao which are invariant by the involution o . This simple example shows that the following
581 two phenomena can occur even under the assumption g (X) = g(X) (here we simply
582 take X = X):

573

z:j (1) The Albanese map X — A(X) is a non trivial fibration;

585 (2) The anti-canonical image of X is singular (and differs from the product of pro-
sa6 Jective spaces obtained by taking the anti-canonical image of a suitable étale
67 cover X' — X).

s88  Of course, it is also easy to produce an example where we additionally have

589 5 ~

oo ) 4XN=q(X)=q(X)>0=¢(X).

591 One can take, for instance, X to be the quotient of X’ =P, x (E2,)3 by the finite
592 group = Zg generated by the involutions

593
594 80: (X1 . 3) > (0 ().t + 5.+ 5. 13+ 5),

595

596 gl:(x7t17t29t3)|_)(-x9+t1+‘ca _t2+0,_t3 +0)9

597 823(x7f17f2»t3)'_>(x9 _t1+0, +t2+f, _t3+7:)7

598

500 g3:(x, 1, ) > (x,— + T, +7T,+13+ 1),

600 (here g3 = g1 0 g2 = g2 0 g1), and let X be the quotient of X’ by (go) =~ Z,. This
601 produces a P-fibration X — M over an étale quotient of (Ez7)? with qg(M)=0,and
€02 an phenomena (1), (2), (3) occur simultaneously.

603

604

605 Appendix: Images of Kéhler Spaces by Flat Morphisms

606

7 We give here a complete proof of Theorem 3.1 under the following additional as-
008 sumption that X has mild singularities, in the sense that X is normal and that every
Z?z point of X admits a neighborhood U for which there exists a finite ramified cover

U — U which is smooth (for example, we can take X to have quotient singularities).
611
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In this case, we present below a drastic simplification of the rather technical argu-
ments of J. Varouchas [21], which rely extensively on Barlet’s theory [1] of cycle
spaces for arbitrary analytic spaces, see also [4, 5]. J. Varouchas probably knew it,

LL

o
613

Q.

m615 but the following simple proof does not seem to have been published yet.
616

Q..

(n*ns

n 619

Proof Let f :Y — X be a proper and surjective holomorphic between complex
spaces and let w be a Kihler metric on Y. Assuming that the fibers are equidimen-
sional and of pure dimension p, we consider the direct image current
620
o T = fu(w™h. ()
22
Iezs Then, clearly, T is a Kihler current of type (1, 1) over X in the sense of [10]. In fact,
24 if o is a smooth positive definite form on X, we have f*a A w? < CKwp+1 on the
:225 inverse image f~!(K) of any compact set K C X, therefore

26
627 T = ful@’™) = C¢' fu(fa o) = C (fiwP)a  on K,

e Where fiw?P is a (weakly) d-closed (0, 0) positive current, namely a collection of
630 Dositive constants on each of the irreducible components of X. As explained already
631 in Sect. 3, the main point is to study the continuity of the local potential u of T', since
632 it is then easy to regularize T to obtain a smooth Kéhler metric.

634 Step 1. Assume first that X is non-singular. In this case we claim:

ess Lemma 8.1 If X is non-singular, the (1, 1) current T defined by (1) admits continu-
637 ous local potentials.

639  Proof By restricting the proper map f : ¥ — X over a small neighborhood of a point
640 xo € X, we can assume that X is a ball B(xg,r) in C". Modulo smooth terms, the
641 local potential u of T is given by an integral of the form

642

o u@ = [ X(@OT() Aoglz — ¢l Add gz — ¢

644 cex

645

s thanks to the fact that (dd“log|z — ¢])" is the current of integration on the diagonal
ey Of C" x C". Here x is a cut-off function with compact support in X, equal to 1 on
cig @ neighborhood of xo, and the integral should be viewed as the direct image of a
cag current on C" x C" by the first projection (z, ¢) > z. By the definition of T as a
eso  direct image, we can express u(z) as an integral over Y, namely a change of variable

es1 ¢ = f(1)yields

653 u(z) =/ x(FO)o O Aloglz — f(1)| Add®(log|z — fO))*!

654 rey

655 where dimY = n + p. The continuity of u follows from the following more general
65 statement applied to v;(t,z) =log|z — f(r)|, thanks to the fact that all poles of v;
857 occur in codimension 7 on Y by the assumption that f has equidimensional fibers. (]
658
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Lemma 8.2 Let Y, Z be complex spaces. Consider plurisubharmonic functions on
Y x Z of the form

L
o-
660
Q.
Y vj(t,2) =log Y| it 2)?
n-zss k
64
65
Sﬁ;%

where the fj i are holomorphic functions such that the poles of the functions t —
v;(t,2) are at least of codimension n everywhere on Y, for every z € Z. Then the

wedge products
667

0258 V1(s,2)ddvo(e, 2) A ... AddVy(e, 2), ddvi(e,2) A ... Add (e, 2)

69
I57° are well-defined currents of locally finite mass whenever £ < n, and they depend
71

I—6 continuously on z in the weak topology.
672
3673

Proof Such statements have been known for a long time, see, e.g., [9, §3]. The main

574 point is to get uniform bounds on the mass and uniform integrability with respect to
7% the parameter z. Since the result is local on Y, we can assume that Y is a germ of
676 complex space and use a direct image argument to reduce ourselves to the case of a
7 smooth variety Y': just project by a suitable generic projection

678

679 CN=C*xCV* >, s=dimY,

680

1 from an open set 2 C CV which is a smooth ambient space for Y. One can use a slic-
682 ing argument to reach the situation where the poles are just isolated points in Y, for
683 every z € Z (this actually amounts to use certain of the coordinates in Y as new pa-
084 rameters). A suitable application of Stokes theorem and of the comparison principle
%8 s enough to obtain a uniform bound

686

687 . .

ol lddva(ss2) A ... Add V(e 2 B.r) < Cr°

89 for the mass on small balls of radius 0 < 7 < ro (alternatively, this is a standard
890 estimate on the Lelong projective masses v (., ') of our currents—since they are not
81 of maximum degree, they are of dimension at least 1). The uniform integrability of
692

098 v1(e,2)ddv2(e, ) A ... AddVe(s, 2)

694

6% s finally obtained from an obvious Lojaziewicz type estimate

696

ol vj(t.2)| < Cllogd(t, P;j(2))l.

698

89 where P;(z) C Y denotes the set of poles of 7 — v;(t, z); all constants C described
700 here can be taken to be locally uniform in z. O
701

702 Step 2. Assume now that X is a general normal complex space of pure dimension
% with mild singularities. The main point is to prove the existence and the continuity of
" the potential of 7. Since this is a local question on X, we may assume that X admits
705
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an irreducible finite ramified covering X — X such that X is smooth. By taking the
fiber product with f : Y — X, we get a commutative diagram

LL
o-
707
O
mmg
710
n‘m
W12
w 713

A f’\ A~
Y —/—— X
u lv
f
714 Y%X,

O.

16 where the vertical arrows u, v are finite and the horizontal arrows f, f are equidi-

I717 mensional. The fact that X is normal implies moreover that Y is of pure dimension.
8 Step 1 shows that the current

719
:720 f:(f)*(u*a)p+1)=v*(f*0)p+l)=v*T

722 has a continuous potential. Therefore, if § is the ramification degree of v, the finite
723 directimage T = %v*v*T = %v*f‘ also has a continuous potential by the arguments
724  explained in Sect. 3. We finally conclude that T can be regularized as a Kidhler metric
725 by Richberg’s theorem [18] (cf. [7, 92]). O

727 Remark 8.3 Without a suitable assumption on the singularities, it is unclear whether
728 the current T = fi (w? +1) admits a local potential, and even if this potential exists, it
729 need not be continuous. We can take forinstance Y =P",n > 3,and f : Y — X equal
730 to the quotient of IP" obtained by identifying two disjoint isomorphic smooth curves
731 C1, Cy of different degrees, e.g., a line and a conic, through a given isomorphism
732 C1 — C3. Then, clearly, X cannot be Kéhler since the pull-back of any smooth closed
733 (1, 1)-form y on X must have trivial cohomology class on Y (the restrictions of f*y
734 to C; and C; are equal but at the same time the degrees f*y - Cy and f*y - C; differ
735 if f*y £ 0); also, in this case, the push forward fi,w of the Fubini-Study Kéhler
736 form w by the quotient map f : ¥ — X has a potential which is merely defined
737 outside f(C1) = f(C3) and does not extend continuously to X. As a consequence,
73s  the assumption that X is normal is hard to avoid.

739
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