Pluripotential Theory and Monge-Ampere
Foliations

G. Patrizio and A. Spiro

Abstract A regular, rank one solution u of the complex homogeneous Monge—
Ampere equation (30u)” = 0 on a complex manifold is associated with the
Monge—Ampere foliation, given by the complex curves along which u is harmonic.
Monge—-Ampere foliations find many applications in complex geometry and the
selection of a good candidate for the associated Monge—Ampere foliation is
always the first step in the construction of well behaved solutions of the complex
homogeneous Monge—Ampere equation. Here, after reviewing some basic notions
on Monge—Ampere foliations, we concentrate on two main topics. We discuss the
construction of (complete) modular data for a large family of complex manifolds,
which carry regular pluricomplex Green functions. This class of manifolds naturally
includes all smoothly bounded, strictly linearly convex domains and all smoothly
bounded, strongly pseudoconvex circular domains of C". We then report on
the problem of defining pluricomplex Green functions in the almost complex
setting, providing sufficient conditions on almost complex structures, which ensure
existence of almost complex Green pluripotentials and equality between the notions
of stationary disks and of Kobayashi extremal disks, and allow extensions of known
results to the case of non integrable complex structures.

1 Introduction

Pluripotential theory might be considered as the analogue in several complex
variables of the potential theory associated with the Laplace operator. Indeed, it
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can be regarded as the potential theory in higher dimensions associated with the
complex homogeneous Monge—Ampere equation.

For a function u of class C? on an open set U of a complex manifold, the complex
(homogeneous) Monge—Ampeére equation is the equation on u of the form

(ddu)" = (2i90u)" = (2i)" du A ... A 30u =0, (1)
D —

n times

which, in local coordinates, is equivalent to
det(up)dz' A...AdZ AT AL AdT =0 > det(u;p) =0.

It is immediate to realize that, in complex dimension one, this equation reduces to
the Laplace equation and it is well known that the Monge—Ampere operator may
be meaningfully extended to much larger classes of functions. As (1) is invariant
under biholomorphic maps, it is natural to expect that its solutions play a role of
great importance in several complex variables as much as harmonic functions do in
complex dimension one.

A distinctive feature of classical potential theory is the fact that harmonic
functions, which are very regular, may be constructed maximizing families of (non
regular) subharmonic functions. In fact, on one hand subharmonic functions are
abundant and easy to construct since they do not need be very regular, on the other
hand envelopes of suitable families of subharmonic functions are very regular and in
fact harmonic. This construction scheme, systematized as Perron method, is based
on maximum principle and it is both a basic tool and a key aspect of classical
potential theory.

In higher dimension the peculiar role of subharmonic functions is played
by the class of plurisubharmonic functions. As the suitable maximum principle
holds also for the complex Monge—Ampere operator, Perron method has been
successfully applied to construct solutions for the complex homogeneous Monge—
Ampere equation satisfying boundary conditions. It turns out that the appropriate
notion of maximality among plurisubharmonic functions is equivalent to be solution
of (1) at least in a generalized sense. Here the analogy with the complex one
dimensional case breaks down. The highly non linearity and the non ellipticity
nature of equation (1) forces its solutions to be not regular even for very regular
initial data. For instance, while positive results regarding the existence of solutions
to the Dirichlet problem for (1) have been known since long time (see [6] for
instance) it has been soon realized that it has at most C"! solutions even for the
unit ball in C" with real analytic datum on the boundary (see [4, 19]).

Potential theory in one complex variable plays a fundamental role in many
areas of function theory, in particular, in the uniformization theory of Riemann
surfaces. For instance one singles out hyperbolic surfaces by the existence of
Green functions, which are bounded above harmonic functions with a logarithmic
singularity at one point and may be constructed by Perron method. It is natural
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to try and repeat the scheme in higher dimension replacing subharmonic functions
with plurisubharmonic functions, their natural counterpart in higher dimension in
order to define a natural generalization of Green function: the pluricomplex Green
function. For instance for a domain D C C", the pluricomplex Green function with
logarithmic pole zo € D is defined by

Gp(z0,2) = sup{u(z) | u € PSH(D),u < 0,limsup [u(z) — log ||z — 20||]] < +00}.

=20

This is in complete analogy with the definition of Green function in complex
dimension one and in fact G p(zo, z) satisfies (1) on D \ {zo} (in the weak sense).
It is known that pluricomplex Green functions exist for any hyperconvex domain
in C" (see [17]). On the other hand pluricomplex Green function does not satisfy
basic properties which one may expect (and desire) to hold. For instance, even for
a real analytic bounded strongly pseudoconvex domain D, the pluricomplex Green
function Gp(zo.z) need not be of class C2> on D \ {zo}, in general it fails to be
symmetric, i.e., Gp(w, z) # Gp(z, w), and one cannot even expect that G p (z9, 7) is
subharmonic in zo [3].

There are several layers of understanding for the lack of regularity of solutions
of complex homogeneous Monge—Ampere equation. The first is the most obvious
one: non regularity as “defect of differentiability” and this motivates the need of
understanding the equation in the weak sense. A second aspect is that non regularity
is coupled with—and in many cases caused by—an excess or, rather, non constancy
of degeneracy. More precisely, for a function « being solution of (1) is equivalent to
the degeneracy of the form dd‘u, which is the same to ask that dd“u has non trivial
annihilator. In general the rank of the annihilator of ddu for a solution of (1) need
not be the smallest possible (i.e., one) or constant. In some sense, this is a geometric
aspect of the non regular behavior of (1).

The existence of regular solutions for the complex homogeneous Monge—
Ampere equation with the least possible degeneracy defines a reach geometry:
There exists a foliation in complex curves of the domain of existence of the
solution such that the restriction of the solution to one of the leaf is harmonic.
This geometric byproduct of existence of well behaved solutions, known as Monge—
Ampere foliation, was explicitly studied for the first time by Bedford and Kalka
[5]. Starting with the work of Stoll [52] (see [13, 56] for alternative proofs), many
of these ideas were exploited in questions of classification and characterization of
special complex manifolds: See, for instance, [27,39,40,57] for applications to the
classification of circular domains and their generalizations and [14,23,32,45,47,53]
for the study of complexifications of Riemannian manifolds.

In fact, whenever such regular solutions exist, its construction starts with the
determination of a suitable foliations. This is a well known fact, used also to provide
examples of solutions with bad behaviors. In this regard, we mention the early
example [2] and the most recent work by Lempert and Vivas [33] on the non-
existence of regular geodesics joining points in the space of Kihler metrics (see
also [10], in this volume).
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On the other hand, in the seminal work of Lempert on convex domains [30],
the existence of regular pluricomplex Green functions is related to a very good
behavior of the Kobayashi metric for such domains, namely to the existence of
a smooth foliation by Kobayashi extremal disks through any given point (see
also for similar construction for pluri-Poisson kernels [11, 12]). In this case, the
existence of a foliation by extremal disks is based on the equivalence between
the notions of extremal and stationary disks, the latter being characterized as
solution of manageable differential problem. Such link between Monge—Ampere
equation, Kobayashi metric and stationary disks determines connections between
many different problems and ways to approach them from various points of view.

Within this framework, we will report on two lines of research.

Following and simplifying ideas that go back to papers of Lempert for strictly
convex domains [31] and of Bland—Duchamp for domains that are small deforma-
tions of the unit ball [7-9], we discuss the construction of (complete) modular data
for a large family of complex manifolds, which carry regular pluricomplex Green
functions. This class of manifolds naturally includes all smoothly bounded, strictly
linearly convex domains and all smoothly bounded, strongly pseudoconvex circular
domains of C".

The modular data for this class of manifolds and, even more, the methods
used, naturally suggest to ask similar questions for almost complex manifolds
and to investigate the possibility of defining a useful notion of almost complex
pluricomplex Green function. The generality of this setting poses new difficulties.
The abundance of J-holomorphic curves, which is an advantage in many geo-
metrical considerations, turns into a drawback when considering objects such as
the Kobayashi metric. In particular, the notions of stationary and extremal disks
are in general different [20]. As for the construction of Green pluripotentials,
it is necessary to cope with the behavior of plurisubharmonic functions in the
non-integrable case, which may be is rather unexpected even for arbitrarily small
deformations of the standard complex structure. Finally, the kernel distribution of
(the natural candidate of) almost-complex Monge—Ampere operator, even if appro-
priate non-degenericity conditions are assumed, in principle are neither integrable,
nor J-invariant. All this is in clear contrast with the classical setting and hence
it cannot be expected that, for completely arbitrary non-integrable structures, one
can reproduce the whole pattern of fruitful properties relating regular solutions of
complex Monge—Ampere equations, foliations in disks and Kobayashi metric.

Nevertheless it is possible to determine sufficient conditions on the almost com-
plex structure, which ensure the existence of almost complex Green pluripotential
and the equality between the two notions of stationary disks and of extremal disks.
The class of such structures is very large in many regards, in fact determined by a
finite set of conditions (it is finite-codimensional) in an infinite dimensional space.
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2 Domains of Circular Type and Monge-Ampere Foliations

2.1 Circular Domains and Domains of Circular Type

Let D C C" be a complete circular domain, i.e., such that z € D if and only if
Az € D forany A € C with |A| < 1. For simplicity, let us assume that it is smoothly
bounded and strictly pseudoconvex. It is well known that any such domain D is
completely determined by its Minkowski functional |1p, which is the real-valued
function

0ifz=0
pup : C" — Ry, up(z) =
Lifz#0,

where 1, = sup{t € R : ¢z € D }. The square of the Minkowski functional

pp: D — Ry, pp(2) = pp(2)°

is called Monge—Ampére exhaustion of D and satisfies some crucial properties. It
can be considered as the modeling example of the Monge—Ampere exhaustions of
the class of domains that we are going to analyze in the sequel.

One of the very first properties that can be inferred just from the definitions is the
fact that pp is always a map of the form

pp(2) = Gp(@|z||*,

where Gp : D \ {0} — R is a bounded function of class C°°, which is constant
on each complex line through the origin and hence identifiable with a C* map
Gp : CP" ! — R, defined on the complex projective space CP"~!. It turns out
that the exhaustion pp provides full biholomorphic data for the moduli space of
complete circular domains in the sense described in the following theorem.

Theorem 1 ([46]). Two bounded circular domains D, D, C C" are biholomor-

phic if and only if their Monge—Ampére exhaustions are such that

pp, = pp, © A

for some A € GL,(C). Moreover, if we denote by D the set of biholomorphic
classes of smoothly bounded complete circular domains, DT C D the subset of
biholomorphic classes of strictly pseudoconvex domains, by wgs the Fubini-Study

2-form of CP"~!, then
D ~ [wps]/ Aut(CP™™Y)  and DT ~ [wps]T/ Aut(CP" ),

where we denote by [wgs| the cohomology class of wps in H''(CP"™') and
[wrs]T = {I-forms @ € [wrs] that are positive definite}.
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Fig. 1 Blowning up Unit Ball and Circular Domains

The description of the moduli spaces D and D™, given in this theorem, can be
considered as a consequence of the following observation. Consider the unit ball
B" = {||z||> < 1 } and a complete circular domain D = { pp(z) = u3 (z) < 1} with
Monge—Ampére exhaustion pp(z) = Gp(z)|z||>. Both domains are blow downs of
diffeomorphic disk bundles over CP"*~! (Fig. 1), which have

e “Same” complex structure along fibers
* “Same” holomorphic bundle H normal to the fibers
» “Different” complex structures along ‘H

The differences between the complex structures on the normal holomorphic bundles
H of B" and D can be completely recovered from the map Gp : CP"~! — R.
This fact can be used to prove that the biholomorphic class of [D] is completely
determined (modulo actions of elements in Aut(CP" 1)) by the (1,1)-form v =
wrs + 00Gp and

[D] = [B"] if and only if w = WFs

of course, up to actions of elements in Aut(CP"~").

Let us now consider the so-called domains of circular type, which are our main
object of study for the first segment of these notes.

Before going into details, let us say a few words about notation. Since later we
will have to deal with generalizations concerning almost complex manifolds it is
useful to adopt notations that can be easily extended to the cases of non-integrable
almost complex structures. With this purpose in mind, we recall that the familiar
d- and g-operators are related with the differential geometric operators d and d¢ =
—J* od o J* by the identities
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d=93+9, d°=i(0-19).

and that dd° = —d°d and dd‘u = 2iddu for any C* functionu : U C M — R.

Let us now begin introducing the notion of manifolds of circular type. Here we
give a definition which is slightly different from the original one, but nonetheless
equivalent, as it follows from the results in [40].

Definition 2 ([40]). A pair (M, 1), formed by a complex manifold (M, J) of
dimension n and a real valued function t : M — [0,1) , is called (bounded)
manifold of circular type with center x, if

(i) t: M — [0, 1) is an exhaustion of M with {t = 0} = {x,} and satisfies the
regularity conditions:

(@ teC'M)nC®{r > 0}); 3
(b) 7|0y extends smoothly over the blow up M at x, of M.

2i90T =dd°t > 0,
(ii) 4 2iddlogt = ddlogt >0,

(dd‘logt)" = 0 (Monge—-Ampere Equation) ;
(iii) in some (hence any) system of complex coordinates z = (z') centered at x,,
the function t has a logarithmic singularity at x,, i.e.

logz(z) = log | z|l + O(1) .

A domain of circular type with center x, is a pair (D, 7), given a relatively
compact domain D C M of a complex manifold M with smooth boundary, and
an exhaustion 7 : D — [0, 1] smooth up to the boundary, such that (D, 7) is a
manifold of circular type, i.e., satisfying the above conditions (i), (ii), (iii).

The simplest example of a domain of circular type is the unit ball B* C C”,
endowed with the standard exhaustion 7,(z) = ||z||*. In fact, any pair (D, pp),
formed by a strictly pseudoconvex, smoothly bounded, complete circular domain
D c C”" and its Monge—Ampere exhaustion pp, is a domain of circular type. To see
this, it is enough to observe that pp is strictly plurisubharmonic and that log pp is
plurisubharmonic, with harmonic restrictions on each (punctured) disk through the
origin. The conditions (i) and (iii) are easily seen to be satisfied.

A much larger and interesting class of examples is given by the strictly (linearly)
convex domains, whose properties, determined by the seminal work of Lempert, can
be summarized as follows.

Theorem 3 ([30]). Let D CC C" be a smooth, bounded strictly (linearly) convex
domain and denote by 8 its Kobayashi distance and, for any given x, € D, by 6y,
the function 8y, = 8p(X,,-). Then

— 8p € C*°(D x D \ Diag), where we denoted by Diag = {(z,z) |z € D},
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— the function u = 2log(tanh§,, ) is in C*°(D \ {x,}) and it is the unique solution
of the problem

det(u,;) =0 on D\ {x,},
upp =0 and u(z) =2log|lz— x,|| + O(1) near D\ {x,}.

In fact, the pair (D, t), with T = (tanh$, ) is a domain of circular type with
center X,.

This theorem is indeed the result of a deep proof of geometric nature, which can
be outlined as follows. Let x, be a point of a smoothly bounded, strictly (linearly)
convex domain D C M and v a tangent vector in T, D of unit length w.r.t. to
the infinitesimal Kobayashi metric kp. Lempert proved that there exists a unique
complex geodesic

f:A— D, A={|¢l<1}cCC,

(i.e., a holomorphic map which is also an isometry between A, with its standard
hyperbolic metric, and A® = £,(A) C D, endowed with metric induced by the
Kobayashi metric of D) such that

f;/(O) = Xo , f;,/(O) =V.

He also shows that the complex geodesic f, depends smoothly on the vector v and
that the images of the punctured disk A \ {0},

HAN0Y) . veT, M,

determine (Fig. 2) a smooth foliation of the punctured domain D \ {x,}.

0 ¢ A
L L

fw J

»

E )
Fig. 2 Complex geodesics of A
strictly convex domains
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Using this and the fact that a holomorphic disc f, is an isometry between (A \
{0},684) and (f,(A\ {0}),8p) C (D, 8p), one gets that the map

u = 2log(tanh8,,) : D\ {x,} — R

satisfies the equality

u(f+(§)) = log [l

for any complex geodesic f,. In particular, 7(fy) = |¢|>. From these information,
all other claims of the statement can be derived.

We remark that Lempert’s result on existence of the foliation by extremal disks
through a given point is based on the equivalence (for strictly convex domains)
between the notions of extremal disks and of stationary disks, these being precisely
the disks that realize the stationarity condition for the appropriate functional on
holomorphic disks. We will come back to this point later on.

The problem of determining moduli for (pointed) strictly convex domains was
addressed—and to a large extent solved—by Lempert, Bland and Duchamp in [7—
9,31].

The results in [31] can be summarized as follows. In that paper, it is proved that,
for a given strictly convex domain D C C" with a distinguished point x, € D
and for any given Kobayashi extremal disk f, : A — D with £,(0) = x, and
fJ(0) = v, there exists a special set of coordinates, defined on a neighborhood U of
fv(@A) C dD, in which the boundary dD admits a defining function r : if — R
of a special kind, called “normal form”. The lower order terms of such defining
functions in normal form (which can be considered as functions of the vectors v =
fl0) e TXIOOD) determine biholomorphic invariants, which completely characterize
the pointed domain (D, x,) up to biholomorphic equivalences.

Bland and Duchamp’s approach is quite different. Roughly speaking, they
succeeded in constructing a complete class of invariants for any pointed, strictly
convex domain (D, x,) (and also for any pointed domain which is a sufficiently
small deformation of the unit ball) using the Kobayashi indicatrix at x, and a
suitable “deformation tensor”, defined on the holomorphic tangent spaces, which
are normal to the extremal disks through x,,.

Lempert, Bland and Duchamp’s results provide an excellent description of the
moduli space of strictly convex domains, but they also motivate the following
problems.

Problem 1. The moduli space of pointed convex domains appears to be naturally
sitting inside a larger space. Find the “right” family of domains corresponding to
such larger space.

Problem 2. The singular foliation of a circular domain by its stationary disks
through the origin is very similar to the singular foliation of a strictly convex
domain by stationary disks through a fixed point x,. But there are also some crucial
differences between such two situation: In the latter case, any point is center of a
singular foliation, while in the former there apparently is only one natural choice for
the center, the origin. Determine an appropriate framework for “understanding”
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the possible differences between the “sets of centers” of the domains admitting
(singular) stationary foliations.

In the following two sections, we are going to discuss a simplification and a
generalization of Bland and Duchamp’s invariants. The results that we will give
may be roughly described as follows:

(a) The manifolds of circular type determine a moduli space, which naturally
includes the moduli of strictly convex domains and on which Bland and
Duchamp’s invariants are in bijective correspondence.

(b) This new construction of Bland and Duchamp’s invariants determine a new
setting, in which the sets of special points can be studied in a systematic way.

2.2 Homogeneous Complex Monge—Ampére Equation
and Monge-Ampére Foliations

Let M be a complex manifold of dimension » and ¥ : M — R be a function
of class C*. In complex coordinates (z',...,z"), we have that dd‘u = 2i 00u =
2i Y u j;d 7/ A d7* and the plurisubharmonicity of a function u is equivalent to
require that ddu = 2i 90u > 0 or, in local coordinates, that (u ; i) =0.

The complex (homogeneous) Monge—Ampere equation is the equation on u of the
form

(ddu)" = (2i90u)" = (2i)" ddu A ... A 30u =0,
~———— —
n tmes

i.e., in local coordinates,
det(u;7)dz' A...AdZ AdZ' AL AdT =0 (<:> det(u;;) = 0) .

Assume now that:

(a) uis a smooth solution of a Monge—Ampere equation (that is (ddu)" = 0).
(b) u is plurisubharmonic (that is dd“u > 0).
(c) © = e" is strictly plurisubharmonic (that is dd“t > 0).

We claim that from (a), (b), (c), it follows also that
(dd‘u)" ' #£0, )

i.e., that the rank of ddu is exactly n — 1 at all points. In fact, at every point p, the
2-form ddu| » 18 positive along directions in the holomorphic tangent space to level
sets of u through p and dd‘u| p has exactly n — 1 positive eigenvalues and only one
zero eigenvalue.

Since it is useful for future developments, we give here some details of the proof.
First of all, we observe that, by definitions,

e?ddu = t*dd‘ logt = tddt —dt Ad°T (3)
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and hence
(€Y' (dd°u)" = v (dd° log T)" = " (dd‘t)" —nt" "' (ddt)" ' Adt AdCT .
This implies that
dd‘u)" =0 if and only if T(ddt)" = n(dd‘t)" ' Adt Ad‘t
or, equivalently,

det(u,z) =0 if and only if T=— Z T H Ty, (rv")déf(rﬁa)_l . @
Vi

Assume now that u satisfies the Monge—Ampere equation and consider the vector
field Z in T'O(M \ {x,}), determined by the condition

— %dd%(z, ) =080t(Z,) = ot . (5)

Such vector field necessarily exists and is unique, because by assumptions the
2-form dd‘t is non-degenerate (in fact, a Kihler metric). In coordinates, the vector
fields Z is of the form

9
Z = ST —
> T (6)
w,v
From (6), (5) and (4), it follows that
301(Z,Z)=0t(Z) =t  (andhencealso d1(Z) =1). (7

Moreover, decomposing an arbitrary (1, 0)-vector field V' into a sum of the form
V=A+W,

where W is a (1, 0)-vector field W tangent to the level sets {t = const.} (and hence
such that d (W) = 0), using (3) and (7), we get

eddu(V,V) = |A*1dd°t(Z,Z) + 2Re(Atdd t(Z, W)) + tdd“t (W, W)
—(dtAdTYAZ + W, AZ + W)
= 2i|A*t* + 2Re(rdt(W)) + tdd“t(W, W) — 2i |A|*1?
=tddt(W,W) >0,
because the level sets of u coincide with the level sets of t and these are strictly

pseudoconvex. It follows that dd“u > 0 is positively semi-definite and Anndd‘u =
CZon M \ {x,}.
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From these observations, we have that, for any u : M — R satisfying the above
conditions (a), (b) and (c), the family of complex lines

Z={2, CT:M, x #x, : Z,isthe kernel of ddu|, } ®)

is actually a complex distribution of rank 1 with the following crucial properties:

— TItis integrable (in fact, it coincides with Anndd“u and ddu is a closed 2-form).
— Its integral leaves are holomorphic curves (in fact, dd“u is a (1, 1)-form).

The foliation F of the integral leaves of Z is called Monge—Ampere foliation
associated with u (or T = e").

We point out that there exists a very simple criterion for determining whether a
holomorphic curve is part of a leaf of F: It suffices to observe that the image L(A)
of a holomorphic curve L : A —> M is contained in an integral leaf of Z if and
onlyifuo L : A —> R is a harmonic function.

Various properties of the domains of circular type follows from the above
conditions (a), (b), (c¢). We summarize them in the next theorem and we refer to
[40,41] for details and proofs.

Theorem 4. Let (M, t) be a manifold of circular type with center x, and denote
by my, : M — M and 7y : B" —> B" the blow-ups of M and of the unit ball
B" c C" at x, and 0, respectively.

There exists a diffeomorphism ¥ : B" —> M such that, forany v e S7! C
ToC", the map

fiA— M, £ =m, (¥ V)

is such that

(a) It is proper, one-to-one and holomorphic.

(b) Its image f,(A) is (the closure of) a leaf of the Monge—Ampere foliation on
M \ {x,} determined by t.

(c) It is the unique complex geodesic for the Kobayashi metric of M, passing
through x, and tangent to the vector v € Ty,M =~ C".

Moreover, the map ¥ satisfies the additional property

(tro W)I@,l\ﬂo—l(o) = -|? (|l - || = Euclidean norm of C" ) .

In Fig. 3, we try to schematize the properties of the map ¥ : B" —> M described
in the above theorem
Rather than provide a complete argument, we sketch here the circle of ideas
underlying these results. Under the assumptions of the theorem, there exist complex
coordinates on a neighborhood i/ C M of x, and centered at x, =~ Ocr, in which
assumes of the form
1(2) = h@llz)* + o(llzl*) ©)

for some h : S*"7!' C T,,M ~ C" — R, of class C* and such that
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diffeomorphism which is N
holomorphic along fibers M

P LLL_ _JACP
,ro ]

( w
()

¢ i

=

Fig. 3 The map ¥

h(Az) = h(z) forany A € Cwith |A| = 1.

Given the complex gradient Z = o TvTiM% of T on U \ {0}, consider the real
vector fields

Y:%(Z+7), W=i(Z-2Z).

which determine the real and imaginary parts of the flow of Z. By construction, Y
and W are generators over R for the distribution (8), which we know it is integrable.
Actually, using the Monge—Ampere equation satisfied by u = log t, one can directly
check that [Y, W] = 0.

Now, using (9) and once again the Monge—Ampere equation, one can show that
near x, the vector field Z is of the form

i)
Z =) ["+G"@) o forsome G'@) = O(lzlP). (10)
w,v

so that the vector field Z on (A, \ {0}) x BI\{0})withA, ={¢eC : |{|<e},
for a fixed r > 1 and ¢ > 0 sufficiently small, defined by

Z(A,2) = Z tg(/\z)rv"(kz)a% ,

v

extends in fact of class C> on the whole open set V = A, x B,
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From previous remarks, the C* vector fields

~ 1 ~ - ~ . ~ -
Y:f<Z+Z) . W=i(2-72)
satisfy o
Y,wj=0
at all points of ~
V\ ({0} x B! U A, x {0cn})

and hence, by continuity, on the entire V.
Due to this, one can integrate such vector fields and, for any v € B, construct a

holomorphic map f, : A, — V with fV(O) = (0, v) and such that

~ 0 -
fv* (a‘{) =Y

for any ¢ € A,. The collection of such holomorphic maps determine a map of class
COO

£ (@)

FiAx S V. Fev)= fi(0).

By restriction on A, x $2'~!, where §?""! = {7z € C" : |z] =1} C B, and
composing with the natural projection onto the blow up of ¢/ >~ B,

FV=AxB —B ~U, 7¢&v)=(v].tv).
we get a smooth map
F:A xS ' —SUcM, F=m0F|yxsni.

This map extends uniquely to a smooth map F : A x $?"~! —s M onto the whole
complex manifold M, with the following properties:

— ©(F(¢,v)) = |¢|* forany ¢ # 0, so that F(0, v) coincides with the corresponding
point ([v], ¢ v) of the singular set E = 75 ' (x,) >~ CP"~! forany v € §2"~!;
F(AL,v) = F(¢, Av) forany A with [A]| = 1;

— fv = F(-v) : A —> M is a biholomorphism between A and a (closure of) a
leaf of the Monge—Ampére foliation determined by u = logt on M \ {x,};
Z|F(§.V) = f/(¢) forany v € S27L;

- fJ(0) = \/h(v) v, where h denotes the function in (9).

The map of Theorem 4 is precisely the map ¥ : B" —> M defined by

Vg =1dg and  W([v].Zv) = F (§v) = fu(0)
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for any ([v],¢v) € B" \ E with v € §2"~!. Using the above construction, one can
directly check that ¥ is smooth.
It also turns out that the subset of T\ M defined by

I, ={veT,M~C": hW|v|*<1}

coincides with the Kobayashi indicatrix of M at x,. In fact, this is a consequence of
the following proposition [41].

Proposition 5. For any v € S*"~! C C" ~ T, M, the holomorphic disk f, :
A —> M is a Kobayashi extremal disk of M in the direction of v. This extremal
disk is unique.

Proof. To prove the first claim, we need to show that for any holomorphic map
g: A —> M with g(0) = x, and g’(0) = ¢ v for some ¢ € R., we have that

t= 18Ol = 1A/ O] = VA() .
For any such disk, consider the function
t:A—R, Q) =logr(g(?)).
It is subharmonic with [£({)| < 0 at all points and
1€(8) = log(IE)?| = o(l2]) -
This means that log(|¢|?) is a harmonic majorant for £(¢) and that
©(g(©) < [P =T (/) - (11
One can also check that the map
T=rt1o0my, ! M\nx_ol(xa) — R

extends smoothly to a function 7 : M —> R defined over the whole blow up M
and that the limit of ©,;(g({)), for  tending to 0, exists and its value

lim 7(2(0)); = T (8O- VT = Fus((¥). 0) v ¥

depends only on the element [v] € E = CP" !,
From (11), we have that z(g(¢)) = r(¢)|¢]? for some smooth function 0 < r < 1
and that

(80 = T (8" O Q) = r(QILP + re©)C + rz Q)T + Q) -
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All this implies that

TV, 0) vV = glg}g) 7,5 (8()g"(§)g () =r(0) = 1.

On the other hand, recalling that 7(£,(¢)) = |{|? and that f/(0) = /h(v)v, we
have

1 =1(£(0); = gl_% T (VO L) A7 (6) = h(V)Tuw (V] 0V

from which it follows that

~ v 1 1 ’ l
OV = = e el 1801 =12 [£O)

It now remains to check the uniqueness of such extremal disk. First of all, notice that
if g : A — M is a holomorphic disk with g(0) = x, and g’(0) = v = f/(0), and
7(¢) < lis the function defined above, such that t(g(¢)) = r(¢)|¢|?, then r(0) = 1.
Moreover:

(a) The function log r is subharmonic. In fact
Alogr = Alogtog— Alog|¢|?> = Alogrog > 0.

(b) The function log r is always less or equal to 0.

By Maximum Principle, conditions (a), (b) and the equality r(0) = 1 imply that
r(¢) = 1and t(g(¢)) = |¢|?* at all points. A little additional computation shows that
g(A) is necessarily included in a leaf of the Monge—Ampere foliation determined
by u = log 7. Using the fact that log |4(4) is harmonic, one concludes that there is
only one possibility for g, namely g = f,. O

This proposition concludes our outline of the ideas behind the proof of Theorem 4
and the various properties of the diffeomorphism ¥ : B" — M . There is however
another very important information on the diffeomorphism ¥ which we want to
point out.

Assume that M is a smoothly bounded, relatively compact domain in a larger
complex manifold N and that the exhaustion t extends smoothly up to the boundary
odM in such a way that dd°t > 0 also at the boundary points of M. In this
case, one can check that the map ¥ extends smoothly up to the closures of the
blow-ups

Uv:B"— M



Pluripotential Theory and Monge—Ampere Foliations 281

and, consequently, all holomorphic disk f, : A — M extend to smooth maps
f. : A — M. This extendability property will turn out to be important for the
construction of the normal forms and Bland and Duchamp’s invariants that we are
going to present in the next section.

Furthermore, the fact that such extremal disks are smoothly attached to the
boundary determine a crucial relation between these disks and the geometry of
the boundary. It turns out that for any v € S =l ¢ T, M, the corresponding
holomorphic disk f, : A —s M is stationary, i.e., (see [30] for the original
definition) there exists a holomorphic map

foiA—T*M
such that
(i) 7o f:,(@) = fy(¢) forany { € A, where 7 : T*M —> M is the standard
projection.

(ii) For any ¢ € A, the 1-form ¢! fv(é‘) e (T} P M) is non-zero and belongs
to the conormal bundle of M (i.e., vanishes on the tangent of dM ).

In fact, since the restrictions of u on the leaves of the Monge—Ampere equation are
harmonic, one can immediately check that, for any given disk fv i A — M, the
required map fv A— (Tf ( )M)lo is given by

f:/@) = a“|fv(§)‘

We conclude this section with the following result by Stoll ([52]; see also the
alternative proofs in [13, 56]), which was essentially one of the starting points of
the geometrical applications of the theory of Monge—Ampere foliation theory.

Theorem 6 ([52]). Let M be a complex manifold complex manifold of dimension n.
Then there exists a C* exhaustion T: M — [0, 1) such that

(1) dd°t > 0on M (2) (ddlogt)" =00on M \ {t =0}

if and only if there exists a biholomorphicmap F:M — B" = {Z e C" | | Z|* <
1} with ©(F(2)) = |z

Two key remarks allow to prove Stoll’s theorem using Theorem 4:

(i) The minimal set {r = 0} of t reduces to a singleton {x,} so that (M, t) is a
manifold of circular type with center x,.

(i) The map ¢ : B" —> M, defined by requiring that the following diagram
commutes (here 70, 7Ty, are blow down maps and ¥ : B" —> M is the map
given in Theorem 4),
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~ 14 ~
B" M
TTo Ty,
(12)
)]
B M

is a smooth diffeomorphism (even at the origin!).

To prove (i), one has first to observe that, as consequence of a result of Harvey
and Wells [25], the level set {t = 0} is totally real, compact and discrete (and
hence finite). Then the conclusion follows by an argument of Morse theory: M is
connected and retracts onto {t = 0} along the flow of the vector field Y, which
turns out to be the gradient of /7 with respect to the Kihler metric g determined
by the Kihler form dd‘r.

Property (ii) follows from the fact that it is possible to show that @ is a
reparametrization of the exponential map at x, of the metric g and it is therefore
smooth at x,.

By a classical result of Hartogs on series of homogeneous polynomials, from the
fact that @ is smooth and holomorphic along each disk through the origin, it follows
that @ is holomorphic. The fact that 7(®(z)) = ||z||? is a consequence of Theorem 4
and the commutativity of the diagram (12).

3 Normal Forms and Deformations of CR Structures

3.1 The Normal Forms of Domains of Circular Type

In this section we constantly use the following notation:

— B” is the unit ball of C", centered at the origin.

- Jg i§ the standard complex structure of C".

— m:B" — B”" is the blow up of B”" at the origin.

- 17, : B" — Ry is the standard Monge—Ampere exhaustion of B”, i.e., 1, =
I 112

— u, : B" — Ry is the function u, = log toz.
We will also denote by Z = |J,epnoy 2 and H = |, epn oy Us the

distributions on B" \ {0}, determined by the following subspaces of tangent spaces:

Z, = 0-eigenspace of the matrix (i, jE) cT,B", (13)

‘H.. = orthogonal complement of Z, in 7, B" ( w.r.t Euclidean metric) . (14)
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Notice that, for any point x € B” \ {0}, the space Z, is nothing else but the tangent
space of the straight complex lines of C”, passing through x and O and that the
(closures of) integral leaves of Z are the straight disks through the origin. The
distributions Z and H will be called radial and normal distributions, respectively.
They are both smoothly extendible at all points of the blow up B".

The main ingredients of this section consist of the objects introduced in the
following definition.

Definition 7. A complex structure J on B” is called L-complex structure if and
only if

(i) The distributions Z and H are both J-invariant.
(i) J|z = Jy|z (i.e., J and Jg differ only for their actions on H!).
(iii) There exists a smooth homotopy J(¢) of complex structures, all of them
satisfying (i) and (ii), with J(0) = Jy and J(1) = J.

A complex manifold M = (B",J), which is the blow-down at 0 of a complex
manifold of the form (]E”, J ), for some L-complex structure J , is called manifold
of circular type in normal form. Its complex structure J will be called L-complex
structure induced by J.

Remark 8. The existence of a complex structure J on B” that makes M = (B", J)
a blow-down at 0 of (B",J) is a consequence of the fact that (B, J) is naturally
endowed with a J-plurisubharmonic exhaustion 7 : B" —> [0, 1), with 71(0) =
CP" ! which s strictly J -plurisubharmonic outside the exceptional set 7! (0). For
this classical fact one may refer for instance to [36] (see also [42, Sect.3.1], for
more details about this point).

The crucial property of this class of manifolds is the following:

Proposition 9. If M = (B", J) is a complex manifold, which is blow-down at 0 of
a complex manifold of the form (B", J), for some L-complex structure J, the pair
(M = (B", J), t,) is a manifold of circular type with center x, = 0.

The proof essentially consists of checking that the exhaustion 7, : B" — Ry
is strictly plurisubharmonic w.r.t. the (non-standard) complex structure J, i.e.,
dd;t, > 0. Here, “d{” is the operator d{ = —J o d o J and is in general different
from the usual operator d€ = —Jgod o Jg = i(d — 5) determined by Jg.

Due to J-invariance, the radial and normal distributions Z, H are not only
orthogonal w.r.t. the Euclidean metric but also w.r.t. the J-invariant 2-form dd z,.
Moreover, since J |z = Jy|z, we have that

dd Ty gz = ddTy] 22z > 0.

Therefore, what one really needs to check is that dd t,|,,,,, > 0. By construction,
for any x € B" \ {0}, the subspace H, C T,B" coincides with the J-holomorphic
tangent space of the sphere S, = { 7, = ¢ } with ¢ = 7,(x). Indeed, it is also
the J(¢)-holomorphic tangent space of S%"~! for any complex structure J(t) of the
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isotopy between Jg and J . It follows that the restriction

ddc](t) to HyxXHy

is the Levi forms of S, at x for any complex structure J(¢). On the other hand,
the distribution H|s, C 7S, is a contact distribution (it is the standard contact
distribution of S.) and, consequently, all such Levi forms are non-degenerate. Since
dd ;) Tol#,xn, is positively when # = 0 and the complex structure is J(0) = Jg,

by continuity, the Levi forms dd‘J'(t )To o are positively defined for any 7 and in

particular when the complex structure is J=1J (1). This shows that dd Ty |y, w3, >
0 at all points as we needed.

By previous proposition, the manifolds “in normal form” constitute a very large
family of examples manifolds of circular type, with an exhaustion 7, = || - || which
is particularly simple. Moreover, the key result on such manifolds is the following.

Theorem 10 (Existence and uniqueness of normalizing maps). For each man-
ifold of circular type (M, J), with exhaustion Tt and center Xx,, there exists a
biholomorphism @ : (M,J) — (B",J') to a manifold in normal form (B", J')
with (Fig. 4)

(a) ®(x,) =0andt =1,0 P/
(b) @ maps the leaves of the Monge—Ampere foliation of M into the straight disks
through the origin of B".

Any biholomorphism & :(M,J)—> (B",J’), satisfying the conditions
(a) and (b), is called normalizing map for the manifold M. The lifted map
& : M —> B" between the blow ups at x, and @(x,) = O is nothing but the
inverse

&=y
of the diffeomorphism ¥ : B" —> M, described in Theorem 4. The L- complex
structure J' on B" is constructed in such a way that the corresponding complex
structure J on the blow- -up B" coincides with the ‘complex structure on B", obtained
by push-forwarding the complex structure J of M onto B", i.e.,

TIEe, (J).

Notice also that two normalizing maps, related with the same exhaustion 7
and same center x,, differ only by their action on the leaf space of the Monge—
Ampere foliation. In fact, it turns out that the class N (M) of all normalizing
maps, determined by all its exhaustions of M (which might correspond to distinct
centers), is naturally parameterized by a suitable subset of Aut(B"), which includes
Aut(B")y = U,,. We will discuss this point in more details in Sect. 3.3.
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Idea of how to construct normal forms

(B, T = v ) ,7) T
T =y
along the fibers (CPH 1 CP” 1
and not holomorphic
T,=ToY| change the compl. str.
strictly psh. to MAKE IT hol.

off cPi—1

o

Y
(Bn"ﬂ) (M,]) T
7= normalizing map
strictly psh. ~o__ b -
wed N/ | J  TTTTT0TTTT
normal form manifold of circular type

Fig. 4 Normalizing Map

3.2 Normal Forms and Deformations of CR Structures

Let (B", J) be a manifold of circular type in normal form, which is blow down of
(B", J) for an L-complex structure J (for simplicity, we will use the same symbol
for the two complex structures). By definitions, J is completely determined by the
restriction J | and such restriction is uniquely determined by the corresponding
J -anti-holomorphic subbundle HY' C HT, formed by the (—i)-eigenspaces HY'. C
HE, x € B" of the C-linear maps J, : HE — HE.

If we denote by H’' C H® the Jy-anti-holomorphic subbundle, given by the
standard complex structure Jg, in almost all cases the L-complex structure J can be
recovered by the tensor field

¢ € (H)* @ H'" = ] Hom(HS'. 1)) .
xeBr

defined by the condition (Fig. 5)
N =f(v=wtg;(w). weH"}. (15)

This tensor field ¢; is called deformation tensor of J .

We however point out that the existence of a deformation tensor ¢, associated
with a complex structure J, which satisfies only (i) and (ii) of Definition 7, is a
priori not always granted: It exists whenever, at any x € B”, the natural projection
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Fig. 5 Deformation Tensor

p HS =HO + 1O — KO

determines a linear isomorphism PlHOIY : Ht}lx AN HO!. This is an “open”
condition, meaning that if J can be represented by a deformation tensor ¢y,
then also the sufficiently close complex structures J', satisfying (i) and (ii), are
representable by deformation tensors.

However, as we will shortly see, the existence of a deformation tensor for
L-complex structures is also a “closed” condition and hence any L-complex structure
is represented by a deformation tensor. T

By these remarks, we have that the biholomorphic classes of domains of circular
type are in natural correspondence with the deformation tensors of L-complex
structures on B". It is therefore very important to find an efficient characterization
of the tensor fields ¢ = (H°!)* ® H'? that correspond to L-complex structures, by a
suitable set of intrinsic properties. This problem was solved by Bland and Duchamp
in [7-9] via a suitable adaptation of the theory of deformations of complex structures
(see [29] for a classical introduction).

In those papers, Bland and Duchamp were concerned with strictly linearly
convex domains in C” that are small deformations of the unit ball B”. To any such
domain D, they associated a deformation tensor field ¢p on 0B", which, in our
terminology, is the restriction to 0B” of the deformation tensor of the L-complex
structure J of a normal form.

The arguments of Bland and Duchamp extend very naturally to all cases of our
more general context and bring to the characterization of L-complex structures,
which we are now going to describe.

First of all, notice that the holomorphic and anti-holomorphic distributions #°,
HO! can be (locally) generated by vector fields X0 € H'?, Y%! € 1! such that

o (X070 = [ (X ). 5 (VD] = 0.
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where # : B" — C"~! is the natural fibering over the exceptional set CP"~! of
the blow up B". Let us call the vector fields of this kind holomorphic (resp. anti-
holomorphic) vector fields of HC.
Now, consider the following operators (see e.g. [29]) (here, we denote by (-)yc :
T(CIB%” —> HC the natural projection, determined by the decomposition 7CB" =
+ HO):

éb : HO,l* ® Hl,O - AZHO,I* ® Hl,O ,
I (X, V)EX, a(V)]pe — [V, a(X)]pe — a(X, Y]) . (16)
and

[]: (HOJ* ® Hl’o) x (Ho'l* ® Hl,O) — A2HO* @ g1

def

[ BIX. Y) =2 ([ (X). V)] — [a(Y). B(X)]) (17)

for any pair of holomorphic and anti-holomorphic vector fields X, ¥ of H. We then
have the following:

Theorem 11 ([42]). Let J be an L-complex structure on B" that admits a defor-
mation tensor ¢ (in fact, J is an arbitrary L-complex structure). Then:

(i) dd° t0(¢>(X), Y) +ddt,(X,¢(Y)) = 0 for any pair X, Y of vector fields in
HO!
(ii) 3b¢>+ [¢.¢] = 0;
(lll) [,Zo.l (d)) =0.
Conversely, any tensor field ¢ € H®'* @ H'O that satisfies (i)—(iii) is the
deformation tensor of an L-complex structure.
In addition, an L-complex structure J, associated with a deformation
tensor ¢, is so that (B", J, t,) is a manifold of circular type if and only if
(iv) dd°t,(p(X), (X)) < dd°t,(X,X) forany0 # X € H*'.

For the proof we refer directly to [42]. Here, we only point out that the conditions
(i)—(iii) comes out from the request of integrability for the almost complex
structure J, coinciding with Jy on Z and with anti-holomorphic distribution HY!
determined by (15).

Remark 12. Condition (iv) of previous theorem can be interpreted as an a-priori
estimate for the deformation tensor ¢: It gives an “upper bound” for the norm of ¢
w.r.t. to the Kahler metric dd‘z,. It is this property that makes the representability
of an L-complex structure by a deformation tensor a “closed” condition and that
it implies the existence of a deformation tensor for any L-complex structure, as
previously pointed out.

Consider now a local trivialization of the line bundle 7 : B" — CP" !, which
represents the points z = ([v],v) € 7~!(If) of some open subset i/ C CP"~! by
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pairs (w, ) € S2"7! x A with

v
w:meSz”_l and v={_(W.

Condition (iii) of Theorem 11 implies that the restriction ¢ |,—1,) of the deforma-
tion tensor of J is of the form

gr=Y ¢ w0 =) ghwit,
k=0

k=0

where each ¢(Jk)(w, §)d§f¢’; (w)Z* is a tensor in (H*"* ® H10)|([W] tw)"

One can check that the tensor fields ¢*) do not depend on the trivializations and
are well defined over B". Indeed, one has a sequence {q&y‘)} of deformation tensors

over B” such that the series Y, qb(]k) converges uniformly on compact sets to ¢ .
These observations bring directly to the following corollary.

Corollary 13. A manifold (B", J) of circular type in normal form, given by the
blow down at 0 of (B", J), is uniquely associated with a sequence of tensor fields
(Jk) in (H'Y* @ H'°, 0 < k < oo, each of them (locally) of the form

P (Wl ew) = gh(whek,  weSM ' teA,

such that the series

¢r=y ¢} (18)

k>0
converges uniformly on compacta and satisfies the following conditions:
(i) dd°t,(¢s(X),Y) +dd°to(X,$;(Y)) = O for anti-holomorphic XY € H*!;
(i) Opps + 5[¢s. 451 =0; )
(iii) dd°t,(¢;(X), s (X)) < dd°to(X,X) forany 0 # X € H*!,
Conversely, any sequence of tensor fields qb(]k) e (HH* @ H°, 0 < k < oo,

such that (18) converges uniformly on compacta and satisfies (i)—(iii), determines a
manifold of circular type in normal form.

It is important to observe that the restriction <;~5 J = ¢slgm—(,) of a deformation
tensor ¢; to a sphere

SN ={ Vv, Ivli=rycB,  0<r<l

is the deformation tensor of the CR structure (H|s2i—1, , J), induced on §2"~(r)

by the complex structure J. Vice versa, any deformation tensor ¢p; of a CR structure
of the form (H|g21—1(,, J) on a sphere S 21=1(r) can be written as a Fourier series
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¢ = ¢®, (19)
k>0
whose terms are of the form
7 (k i 7 i n—
W (w). re'?y = gh(whrke® . we s,

From this, one can see that all deformation tensors <;~S s of such CR structures are
exactly the restrictions of the deformation tensors ¢; as in (18). If such deformation
tensor ¢; satisfies conditions (i)—(iii) of Corollary 13, it uniquely determines a
complex structure J which makes (IE%”, J) the blow up of a manifold of circular
type in normal form.

Summing up all these observations, we see that there exists a natural bijection
between the following two classes:

{Manifolds of circular type in normal formal
with the point O as distinguished center}

¢

{Deformation tensors of CR-structures on S2"~!(r)
satisfying suitable (explicit) conditions}

As we already mentioned, the Fourier developments of the tensors ¢~> J, which
characterize the CR structures of the form (H|s2u—1(,),J) on § 2n=1 were first
considered by Bland and Duchamp in [8, 9] in case of small deformations of the
standard CR structure. They managed to prove that they can be always realized as
the CR structures of boundaries of bounded domains in C”.

3.3 Parameterizations of Normalizing Maps

For a given manifold of circular type (M, J) (considered without a distinguished
exhaustion 7), there are in general many distinct normalizing map

o.M —B".

The class A(M) of all such normalizing maps is an important biholomorphic
invariant of the manifolds of circular type. Let us see in more details how such
class V(M) can be studied.

Let us first try to understand the structure of the subclass N'(M),, C N(M),
consisting of the normalizing maps that send a fixed center x, into the center 0 of its
normal form (B", J”). For this we need to introduced the notion of “special frames”.
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Let x, € M be the fixed center determined by a given Monge—Ampere exhaustion
T: M — Rypand k = ky, : Ty, M = C" — R the infinitesimal Kobayashi
metric of M at x,. Letalso I C T,, M be the Kobayashi indicatrix at x,, that is

I ={veT,M>=~C": k,(v)<l1}.

Recall that  is a circular domain of 7y, M =~ C" and that ¢ coincides with the
Minkowski functional of /. We call special frame at x, any linear frame (e, ey, . . .,
en—1) for Ty, M such that:

(i) ey € 0I;
(ii) (ey,...,ey—1) is a collection of vectors in the tangent space

Too (1) C Toy(Ty,M) = Tx,yM ~C" |

that constitutes a linear frame for the holomorphic tangent space of 9/ at e,
which is unitary w.r.t. the Levi form determined by the defining function p =
k> —1of I.

In [42], we proved the existence of a natural one-to-one correspondence between
N(M),, and the set Py, of all special frames at x,. More precisely, given a fixed
frame u, = (ef,...e%_,) € Py, and a normalizing map ®, € N(M),,, the new
basis of T,,M defined by

u® = (eo,....en—1) withe; = (@7 o ®,)x(ef) , @ € N(M),,,
is also a special frame and the correspondence
1y, : Ny, (M) — Py, 1(P) = u?

is a bijection.
Therefore, for studying the whole class A (M) of normalizing maps, it is
convenient to consider the collection of special frames

pPMmy= |J P,

X € M that
are centers w.r.t some T

which we call pseudo-bundle of special frames. We stress the fact that P(M) is
not expected to be a manifold—its geometric properties strongly depend on the
geometry of the set of centers of M. However, it turns out that when M is a strictly
linearly convex domain of C”, the pseudo-bundle P (M) coincides with the unitary
frame bundle of the complex Finsler metric, given by the infinitesimal Kobayashi
metric k (for definitions and properties of unitary frame bundles of complex Finsler
manifolds, see e.g. [50])
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The previously defined correspondence between normalizing maps and special
frames determines a natural bijection

NM) = P(M).

Notice also that, if we identify M with one of its normal form (B”, J), one can
construct a diffeomorphism between the collection P,, of all special frames at a
fixed center x, € B" and the subgroup U, = Auty(B", Jy) of the automorphisms
of (B", Jy) fixing the origin. Such correspondence brings to an identification
between P(M) and a suitable subset of Aut(B", Jy), which reveals to be a true
diffeomorphism

N(M) = Aut(B", Jy)

when M is a strictly linearly convex domain of C”.

3.4 Some Geometrical Interpretations and Applications

Let M = (B", J, 7,) be a manifold of circular type in normal form, endowed with
the standard exhaustion 7, = || - ||*. Letalso ¢, = Y o, ¢>(Jk) be the corresponding
deformation tensor and / C TpB" = C” the Kobayashi indicatrix at the center
x, = 0. Notice that, if we denote by i = «? given by the square of the infinitesimal
Kobayashi metric « of (B”, J) at 0, the pair (/, i) is a domain of circular type in
ToB" = C"—in fact, [ is a circular domain and its Minkowski functional is «!

One can prove the following.

Theorem 14. (i) The 0-th order component qb(JO) of ¢y coincides with the defor-
mation tensor of the normal form of (I, |1).

(ii) The difference ¢y — (;5(]0) vanishes identically if and only if M is biholomorphic
to the circular domain I.

An application of this and all previous discussion is given by the following
generalizations of results of Leung, Patrizio and P.M. Wong and for strictly convex
domains and of Abate and Patrizio for Kidhler—Finsler manifolds [1,34]. In the next
statement, given a manifold of circular type (M, 7) with center x, and a real number
0 <r <1,weusethenotation M, , ={x e M : t(x) <r}forany0 <r < 1.

Theorem 15. (1) A manifold of circular type (M, t) is biholomorphic to a circular
domain if and only if the following condition holds:

(x) there exists two distinct values ri,r, € (0,1) such that M, , is
biholomorphic to My, ,.

(2) A complex manifold (M, J) is biholomorphic to the standard unit ball (B", Jy)
if and only if it admits at least two distinct structures of manifold of circular type
(M, 1), (M, "), relative to two distinct centers x, # x,, for which condition
(x) holds.
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3.5 Remarks and Questions

Here are some open question, which we consider interesting and worth of investiga-
tions.

(a) Find geometric interpretations of (possibly all) terms of the expansion in Fourier
series ¢ = D pep qb(Jk) of the deformation tensor of a manifold of circular type
in normal form.

(b) Using modular data (in practice, using possible expression for the deformation
tensors in normal forms), construct explicit examples of manifolds of circular
type with prescribed properties, e.g.,

— with exactly one center or with a discrete set of centers (if there are any);
— with an open set of centers:
— not embeddable in C” (if there exist).

(c) Find conditions on the deformation tensor that characterize the domains of
circular type, for which any point is a center.

We recall that Wong proved in [58] that any manifold of circular type admits non
constant bounded holomorphic functions. In fact, such manifolds are hyperbolic
and he proved that the Caratheodory metric of such manifolds is bounded below
by a multiple of the Kobayashi metric. This stimulates further research towards the
solution to the following basic question:

(d) Find conditions on modular data that characterize the manifolds of circular type
biholomorphic to some strictly linearly convex domain or just to a bounded
domain in C".

4 The Definition of “Stationary Disk” in the Almost Complex
Setting

4.1 First Definitions

From now on, our discussion will focus on the wider class of almost complex
manifolds and we will be mainly concerned with generalizations of previous results
in this larger context.

In what follows, M is always a 2n-dimensional real manifold with an almost
complex structure J, which is a tensor field of type (1, 1) that gives a linear map at
anyx € M

Jo: M — TyM  suchthat J? = —1dry .
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We recall that an almost complex structure J is called integrable if the associated
Nijenhuis tensor N; vanishes identically. The definition of N; is the following: It
is the tensor field of type (1, 2) defined by the relation

N@JQZ%QKYL¢MJH+JM&H+JMJW

for any pair of vector fields X, Y of M.

By the celebrated Newlander—Nirenberg theorem, an almost complex structure
J is integrable if and only if M admits a structure of complex manifold, i.e., if and
only if there exists an atlas of complex charts for M

E=G'=x"+i,. I =x"+d"):UCM—C",

Gl 0 0 ad
J - - J - - —
(3X’ ) dy’ (By’ ) dx!

and the changes of coordinates £ o ™!, n o £~! between any two overlapping charts
of the atlas are holomorphic. In the following, the charts of such atlas will be called
systems of holomorphic coordinates.

Given a pair of almost complex manifold (M, J), (M',J"),amap f : M —
M’ is called (J, J')-holomorphic (or, simply, holomorphic) if

such that

A f(v) =0 forany ve TM ,
where ;. f is the map
A f:TM —TM . 30 f(V) = fu(UV) =T ().  (20)
Notice that 0,/ is a natural generalization of the usual d-operator. In fact, when

(M, J) and (M’, J') are complex manifolds (i.e., when J, J’ are both integrable)
and

R A ] . i, -7
_ i i r_ o 1o
S_<x 2 vy 2l ) ) g (x 2 vy 2l

are systems of holomorphic coordinates for M and M’, respectively, the expression
of an arbitrary smooth real map f : M —> M’ is of the form

fE 7)) = ("), [T, 7),

where f"(z,27) and f M(z,z/) denote the values of f(z,z/) in the complex
coordinates 7" and 7/ of M. In such coordinates the (C-linear extended) map

Ay f:T°M — TM
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is

_ 9 afi 8 afl 8 afi 8 afi @
a_]“]/f — | =1l =7 1l _'—l—_‘—.+l—_‘:'
' a7 dzi 0z 9Z' 97/ dz 927 07 077
J
L
0z 077

showing that 3; ;- f vanishes identically if and only if the f*’s are holomorphic in
the usual sense.

In the following, when (M, J) C (C", Jy), we will often use the simplified
notation 0, = 9 J7..J7- Given an almost complex manifold (M, J), a map

fraA={ll <1} — (M. J)

is called J-holomorphic disk if it is (Jg, J)-holomorphic or, equivalently, if
3y f =0. A simple argument shows that, for an arbitrary C'-map f : A —>
(M, J), the J-holomorphicity condition 3y f = 0is equivalent to the differential
equation

ajf(ai')=o forany{ =x+iye A
*le

(see e.g. [26,51]).

4.2 Canonical Lifts of Almost Complex Structures

When (M, J) is a (integrable) complex manifold, it is easy to define a corresponding
pair of natural complex structures on the tangent bundle

7:TM — M
and on the cotangent bundle
7:T"M — M .

In fact, any system of holomorphic coordinates § = (x’) can be used to locally
identify M, TM and T* M with open subsets of C", TC" = C?" and T*C" = C?>",
respectively. These identifications determine integrable almost complex structures
Jand J on TM and T*M, which turn out to be independent on the choice of the
considered system of holomorphic coordinates. They are therefore naturally and
globally defined complex structures on TM and T* M, respectively.

When (M, J) is a (non-integrable) almost complex manifold, the notion of
“system of holomorphic coordinates” is meaningless and the above construction
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does not apply. However, it is still possible to define a pair of almost complex
structures on TM and T*M, which depend in a canonical way on the almost
complex J of M. Such almost complex structures were introduced by Yano and
Ishihara in the 1970’s and are defined as follows (see [59]). Given a system of
coordinates

E=xL.... ") UcCM—R",

let us denote by

ey e
|

XMt AT U) € TM — R
XM pn L p) AT U) C TFM — R

the associated coordinates on TM|y; and T*M |y, determined by the components

q' of the vectors v = ¢’ % in the basis (%) and by the components p; of the

covectors @ = p;dx/ in the basis (dx'). Let us also denote by Ji = Ji(x) the

components of the almost complex structure J = J ]’ % ® dx’ .

The canonical lifts of J on TM and T*M are the almost complex structures
Jon TM and J on T* M, defined by

3 , 3 4 3 :

J=J'—®d'+J'— ®dq +¢"J— ®@dx', (1)

0x¢ q° 2 0q?
T a J i a 4
J=J'—@dd + J!— ®dp.+

8x” Di

1 a a a V4 m I m 3 i

tspa (=9 T+ IE (9 = T a7) g @4 @)

These tensor fields can be checked to be independent on the chart (x") and:

(i) The standard projections 7 : T*M — M, 7 : T*M — M are (J, J)-
holomorphic and (J, J)-holomorphic, respectively.

(ii) Given a (J, J’)-biholomorphism f : (M,J) —> (N, J’) between almost
complex manifolds, the tangent and cotangent maps

fe :TM — TN and f*:T*N —T*M

are (J,J')- and (7', j)-holomorplgic, respectively.
(iii)) When J is integrable, J and J coincide with above described integrable
complex structures of TM and T* M, respectively.

In order to better understand the property (iii) and see the precise relation between
the almost complex structures J and J with their analogues of the integrable case,
it is convenient to rewrite them in (non-holomorphic) complex coordinates, i.e., in
complex coordinates of the form

(ZA) — (Za = x4+ l-xa+n’za =70 = x% — l-xa-l-n) )
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If (¢) = (g% g% and (ps) = (Pa. pgdéfﬁ) are the complex components of real
vector fields and real 1-forms

d 0 _
X :(]u@ +(]aﬁ S TM, w = padza +ﬁadza S T*M S

the canonical lifts J and J can re-written in the following form:

0 0 0
_ g4 B B C rA B
J—JB (_aZA®dZ +an ®dq )+q JB’C—an@)dx s

= 0 0
_ 8 9 A, 9
J=J; (8Z3®dz +8pA®de)

1 ad
+ S (=I5p + T5a+ I (Vw5 = T5n ') s ® dz*,
where the J g"s are the components of J w.r.t. the complex vector fields (aziA)

When J is integrable and (', ....7") are holomorphic coordinates, the J g”s are
constant and equal to the entries of the matrix

o [is 0
uir= (7 )

and J and J assume the familiar expressions

d d - d d
J:Jg’(az—A®dzA+aq—A®qu) ,Jsz(BZ—B®dzA+87A®de) :

4.3 Strong Pseudoconvexity in the Almost Complex Setting

ELINNT3 th}

The classical notions of “CR structure”, “Levi form”, “(strong) pseudoconvexity
admit direct and simple generalizations in the context of almost complex manifolds.
Let us recall them.

Let (M, J) be an almost complex manifold and I" C M a connected (smooth)
hypersurface. The (induced) CR structure of I' is the pair (D, JP) formed by

(a) the distribution D C TM defined by

D=|JD,. Di={vell :JveTd}:
XEM

(b) the family J P of complex structures

JP:D, — D,, JPv)=J.v.
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A 1-form ¢ in T*I is called defining form for D if for any x € I
kerd, =D, .

Notice that, for any pair of defining forms ¢, ¥’ for D, there exists a nowhere
vanishing, smooth real function A such that

Y =20, (23)

In the following, we will assume that I” is oriented, i.e., endowed with a fixed choice
of a nowhere vanishing vector field £ € TI" \ D. Clearly, N, = J§, is transversal
to 71" at all points x € I" and to be oriented in the previous sense coincide with
the usual definition. If I’ = 9D is the boundary of a relatively compact domain
D C M, we will always assume that the orientating field £ is such that the vector
N, = JE&, is pointing outwards D for any x € I'. A defining form ¢ such that
?(€) > 0 (resp. < 0) will be called positive (resp. negative).

Given a fixed positive defining form 9, the Levi form of I' at x is the quadratic
form

Ly:D, — R, Lo(V) =dOc(v,Jv) =XV, JXV]), (24

where X is any smooth vector field with values in D such that X\ = v. From
the last expression in (24), it follows immediately that if ¢ is replaced by another
positive defining form, the corresponding Levi form changes only by a positive
factor.

Definition 16. An oriented smooth hypersurface I' C M is called strongly
pseudoconvex if L, > 0 for any x € I'. A smooth, relatively compact domain
D C M is called strongly pseudoconvex if 9D is strongly pseudoconvex.

Many properties of classical strongly pseudoconvex domains generalize to the
case of strongly pseudoconvex domains in almost manifolds. For instance, it is
known that D C M is strongly pseudoconvex if and only if it admits a strictly
J -plurisubharmonic defining function (for the definition of J-plurisubharmonicity,
see later). For this and other basic properties of almost complex domains, we refer
to the survey [16].

4.4 Stationary Disks

Let us now introduce the notion of stationary disks of almost complex strongly
pseudoconvex domains. The original definition of stationary disk is due to Lempert
[30] (see also [49]) and extended by Tumanov [54] to more general settings for
submanifolds in (integrable) complex manifolds. Tumanov’s definition extends
directly to the almost complex environment (see [15,16,21]). As before, (M, J) is an
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almost complex manifold and I" = dD C M is the oriented, smooth hypersurface,
which is the boundary of a relatively compact domain D C M.

Let us recall that the conormal bundle of I is the collection N of 1-forms at the
points of I" defined by

N={aeTM : xeTand T, Ckera } CT*M|r .

We denote NV, = N\ {zero section}.

I_)eﬁnition 17. Giveno > 1,6 > 0,amap f : ‘A — M from the closed unit disk
A C Cinto M is called C**-stationary disk of D if

(i) flaisaJ-holomorphic embedding and f(dA) C dD; ~ o
(i) there exists a J-holomorphic maps f:A—T*M withwo f= fandfo f
in C*¢(A, C*") for some system of complex coordinates § = (z', w;), such that

¢ f(¢) € Ny forany ¢ € DA . (25)

If f is a stationary disk, the maps f that satisfy (ii) are called stationary lifts of f .
In (25), the product “-” denotes the C-action on 7* M defined by

(-a=Re(Qa—Im()J*a foranyax € T*M, ¢ e€C. (26)

We point out that, as a consequence of the maximum principle for subharmonic
functions and of the fact that D is strongly pseudoconvex, for any disk f:A—
M satistying (i), one has that f(A) C D and f(¢) € dD if and only if { € JA.

Remark 18. When J is an integrable complex structure, condition (ii) implies that
the restriction along f(dA) of the CR distribution of 0D extends to a J -holomorphic
bundle over A (~ f(A)), this being a characterizing property of the usual stationary
disks of the domains of C" [30]. This is one of the reasons why the previous
definition can be considered as the natural generalization of the concept of stationary
disk in the almost complex setting.

S Almost Complex Domains of Circular Type

5.1 Looking for the Stationary Disks of Almost Complex
Domain

In this and the next sections, D is a smooth, relatively compact, strongly pseudo-
convex domain in an almost complex manifold (M, J) with boundary I = dD
and

Ny = N\ {zero section} , where N' C T*M |yp conormal bundle.
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We will also assume that:

— D C M is contained in a globally coordinatizable open subset i/ C M or,
equivalently, D is a domain of M = R?" ~ C" equipped with a non-standard
complex structure J.

— D has a smooth global defining functionp : i C M — R, i.e.,

D={xeM : p(x)<0}

with dp, # O forany x € I = dD.

Let us study the differential problem that characterizes the lifts f A —>T*M
of stationary disks of D. Consider the map

PR X T*M|y — RxT*My . pt.0)E(p(F(@)).a —1 - dpz) - (27)

Notice that Ny is a 2n-dimensional submanifold of 7*M and that it can be
identified with the level set

{to): t#0, p(t,e) = Or,0,, )} CRexT*M|y,
(o)

which is a 2n-dimensional submanifold of R, x 7*M . Therefore, using a system
of coordinates § = (x', p;) on T*M |y, associated with coordinates £ = (x'), we
may identify R. x T*M |, with an open subset VV C R*'*! and N, with the level
set in )V defined by

Ne~{(t,@)eV : p(t,a)=0, 1<i<2n+1}.

By a direct check of the rank of the Jacobian, one can see that 5 = (p',..., p>" )
is a smooth defining function for N.
We now consider the map r : C x V C C x R¥*! — R2"*! defined by
def / ~ - ~ _
r )= (pN T a), L T ) (28)

By the above identifications, we have that a disk f : A — D C R is stationary if
and only if there exists f € C*<(A;C?>") and A € C¢(dA;R) such that

if©) =0, LeA,
(29)

rC Q). f(0) =0, {edA,

where 9y = gjmﬂ : C%(A; C?") — C*~'(A; C?") is the operator (20). Problem (29)
belongs to the class usually called of generalized Riemann—Hilbert problems, for
which there exists a well developed theory (see e.g. [35,55]).
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In order to study the solution space of (29) and its stability w.r.t. small deforma-
tions of data, one has to find explicit coordinate expressions for the operators, which
determines this problem. For this, let us fix an almost complex structure J = J,, a
point x, € D(C R>") and a vector v, € T, D ~ R?". Denote by Ry, ..., Rs the
operators

(f A, ) € C¥°(A; C) x C(DA: R) x R, |
which correspond to the conditions of (29) plus some additional conditions, which

are convenient to introduce in order to fully parameterize the solution space of the
problem:

Ri(f A p) = 3y, f (J-holomorphicity of f) .
Ra(f, 2, ) = r(& A0, f(©) (boundary data for f),
R3(]7,/\,M)=7~t(];)|g=o—x0 (centeroff:frof), (30)

R4(f, A ) = ft(f)* (% ‘g:o) — v, (tangent vector at the center) ,

Rs(f. A pw) = f (fr(f)* (%h)) —1 (normalizing condition on f) .

Using Hopf’s Lemma, one can check that, for any stationary disk, there exists
exactly one stationary lift satisfying the condition

7w (5 ) =1

Therefore, if we denote by Ry, x,.v,) = (Ri....,Rs) the operator

R(J(,,x(,,v(,) = (Rl’ ceey RS) : Caqs(z; Czn) X CE(aA; R) X R* —>
— C*E(A;C) x CE(AA; R Ty x C" x C" xR,

we see that there is a one-to-one correspondence between the stationary disks f :
A — D with f(0) = x, and f ( J |x0) and the solutions to the problem

ox

Rigyxpn (A 1) = 0. 31)

The following is a well-known fact of Lempert’s theory of stationary disks [30]:
If D C C" is a strictly (linearly) convex, smoothly bounded domain, endowed with
the standard complex structure J, = Jg, for any x, € D and v, € T, D, the
problem (31) has a unique solution smoothly depending on data x, and v,,.
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Now, a similar existence and uniqueness result and a smooth dependence on
the data for the stationary disks of almost complex domains (D, J) can be proved
whenever J is small deformations of Jy in the following sense.

Consider a solution ( f,, A,, i,) of (31) and denote by

def -
= Ritosovol (jy1st0)

m(]mxmvo;f:)s)lo#o)
the linearized operator at (f,,,, it,) determined by R, .x,v,)- By the Implicit

Function Theorem (see e.g. [28]), when the linear operator R = 9%( Jo X0 o fo Do fle)

is invertible, there exists a solution to the problem Ry, x, v,)( f , A, ) = 0 for any
smooth deformation (J;, x;, v;) of (J,, X,, V,) for a sufficiently small 7. In this case
dim]R ker 9{( JoxowtoiFohote) is f.:o.lual to the dimension of the solutions space. This fact
motivates the following definition.

Definition 19. Let f, : A — D be a stationary disk of (D, J,) with x, = f(0) and
Vo = fx (% ‘;:o)' We say that 0D is a good boundary for (J,, f,) if there exists

a lift f, of f, and a function A, such that ( f:, Ao, 1) is a solution to (31) and the

linearized operator R = ZR( JorXo o foho 1) 1S invertible.

The Implicit Function Theorem and previous remarks bring immediately to the next
proposition. In the statement, we denote by g = g;;dx’ ® dx/ a fixed Riemannian
metric on a neighborhood of D and by g* = g;;dx' ® dx/ + g'/dp; ® dp; the
corresponding Riemannian metric on 7* M . We also set

[EEe ) =T M)lg

b x€DVET(T*M) vie

. (32)

where || ||, and || - || g+ are the norm functions determined by g and g*. The topology
determined by the norm || - ||%) is clearly independent on the choice of g.

Proposition 20. Let f, : A — D be a stationary disk of D C (M, J,) with x, =
fo(0)andv, = fo« ( % |§=0). Assume also that 0D is a good boundary for (J,, f,).

Then, there exists neighborhoodsV C D, W C TD of x, and v,, with (W) =
VY C D, and ¢ > 0 such that, for any

xeV., vew. |J-JlY <e.

there exists a unique stationary disk f with

f0)=x and f*( ):,uv for some u # 0. (33)

e
0x =

The disk f depends smoothly on x, v and J.
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The previous result reduces the problem of finding domains with well-behaved
families of stationary disks to the query for almost complex domains (D, J) with
stationary disks and good boundaries for such disks—Iet us informally call this kind
of domains “good”. By these remarks, we can determined useful and efficient results
if we are able to determine conditions that ensure that a domain is “good”. Such
conditions do exist and we will shortly discuss them.

For the moment, let us see what one can do if he has to deal with a “good”
almost complex domain. As usual, let D C (M, J) be a smooth, relatively compact,
strongly pseudoconvex domain in almost complex manifold. For a fixed x, € D, let
7 : M —> M be the blow up of M at x,. Here some care is needed: Keep in
mind that the definition of “blow up at a point” is usually defined just for complex
manifolds. Nonetheless there exists a generalization that makes sense also in case of
almost complex domains and this is the notion we refer to (for details, see e.g. [44]).

Now, if f : A — D is a stationary disk with £(0) = x, and fi (1],) = w.

we may define a J-holomorphic lift of f with image in the closure D in M of the
blow up D at x,:

. . (f©. @D ifE#0,
M, f@) =

>

A —
(>0, [W]) iff=0.

This allows to consider the next definition.

Definition 21 ([43]). Let x, € D and B as above and denote by F (%0) the family of
all stationary disks of D with f(0) = x,. We say that ) is a foliation of circular
type of the pointed domain (D, x,) if the following conditions are satisfied:

() for any v € Ty, D, there exists a unique disk ) e F@) guch that
*(V)(% o) = iV forsome0 # p € R;
(ii) under a fixed identification (T, D, J,) =~ (C", Jy), the map

B et —bB. B = o)), (34)

between the blow ups of B" C C" and D at 0 and x,, respectively, is smooth and
extends smoothly up to the boundary, determining a diffeomorphism E|yp: :
0B" — 0D.

If 7% is a foliation of circular type, we say that x, is the center of the foliation
and that D is a domain of circular type with center x,.

Proposition 20 brings to the following stability result for foliation of circular type
of “good” domains.

Proposition 22. Let D be of circular type w.r.t. to an almost complex structure J,
and with center x,, such that D is a good boundary for (J,, f) for any f € Fo).
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Then there exists € > 0 and an open neighborhoodU C D of x, such that for all
almost complex structures J (defined on a neighborhood of D) with || J —J,, ||%) <eg,
D is a domain of circular type w.r.t. J with center x € U (i.e., for any such J and x,

the corresponding collection of stationary disks F) is a foliation of circular type).
Let us now come to the main results on existence of foliations by stationary disks.

Theorem 23 ([43]). Let D C M be a bounded, relatively compact, strongly
pseudoconvex domain with smooth boundary in an almost complex manifold
(M, J,,). If there exists a diffeomorphism

p:UCM— o) CcC",

between an open neighborhoodU of D and an open subset of C", with the property
that D' = @(D) is a strictly linearly convex domain D' C C" and ¢«(J,) is
sufficiently close to Jy in C'-norm, then D is a domain of circular type w.r.t. J,
with center x € D (for any x € D!).

This result is essentially a generalization of the result for the case D’ = B", proved
by Coupet et al. in [15]. Its proof is also very close to a similar result, proved
independently by Gaussier and Joo in [20].

The proof is technical and we just outline the key ingredients. The first thing
to be done is to show that the boundary dD of a strictly (linearly) convex domain
D C (C", Jy) is good for any pair (Jy, f) formed by the standard complex structure
Js and a stationary disk f of D through any x, € D (here, “stationary” is in the
usual sense, in the context of integrable complex structures). In this case, existence
and uniqueness results are determined by Lempert’s theory.

Secondly, for any v, € Tx, D, one considers the Riemann—Hilbert operator

R = R(JS(,X(,,V(,) = (Rl ) RZ? R3s R47 RS)
defined in (30) and the corresponding linearization

R =R = (R1. Rz, R3, R4, Rs)

(JOsXOvVO;.};;?vAOvILO)

at a given triple ( ﬁ,,)&a, o), corresponding to some lift f, of a stationary disk
fo- One of the key points of the whole proof consists in showing that the operator
R = (R, Ry), given by just the first two components of R, is surjective and with
finite dimensional kernel. After this, if one consider the other three components
(M3, M4, R5) (which correspond to the operators which fix the initial data and
impose an additional normalizing condition), the resulting operator R is “nailed
down” to become a linear isomorphism.

The surjectivity of R = (M, M,) is in fact a direct consequence of a result by
Globevnik [22] and of general facts of the theory of Riemann-Hilbert problems.
Such results can be used only if one is able to compute explicitly (and hence check
whether they satisfy or not certain conditions) the so-called partial indices and the
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Maslov index of the conormal bundle along the boundaries of stationary disks of
a strictly (linearly) convex domain D C C". The computation of these indices is
radically simplified by considering the so-called flattening coordinates of Lempert
and Pang, in which a given stationary disk and the boundary nearby assume very
simple expressions (see [38, Proposition 2.36 and Theorem 2.45]).

We conclude this section, mentioning that there exists also the following
“boundary version” for Theorem 23. As before, let D C M be a smoothly bounded,
relatively compact, strongly pseudoconvex domain in an almost complex manifold
(M, J,). For a fixed point x, € dD, consider a Riemannian metric < -,- > around
Xo, Which is Hermitian w.r.t. J,, a normal vector v to dM at x,, pointing inwards,
and for any a > 0, let us denote by C® the cone

CO={vel M :<v,v>>a}.

With the same techniques of Theorem 23, one can prove the following:

Theorem 24 ([43]). Assume that there exists a diffeomorphism
p:UCM— o) CC",

between an open neighborhood U of D and an open subset of C", with the property
that D' = @(D) is a strictly linearly convex domain D' C C" and that ¢«(J,) is
sufficiently close to Jg in C'-norm. Then for any x, € 0D and a > 0, there exists
a foliation by stationary disks of a subdomain D((Q y C D, in which all disks map
1 € 04 into x, € dD and have boundary tangent vector at x, contained in the
cone C'9.

For the definition of boundary tangent vector and a more detailed description of the
subdomain D((io) C D, see [43].

5.2 Almost Complex Domains of Circular Type and Normal
Forms

The project of this section can be roughly described as follows:

— Try to reproduce the steps, performed in the study of stationary disks and Monge—
Ampere foliations of complex domains, in the new wider context of domains in
almost complex manifolds.

— Show that such steps can in fact be performed for a very large class of almost
complex domains and give useful information about pluripotential theory on
almost complex domains.

As usual, let D C (M, J) be a smooth, relatively compact domain in an almost
complex manifold and, for any point x, of an almost complex domain D C (M, J),
denote by F) the family of stationary disks of D with f(0) = x,. By analogy
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with foliations of circular domains in complex manifolds, one is naturally driven
to consider the notion of foliation of circular type 7, given in Definition 21. For
any such foliation, the point x, is called center of the foliation and the corresponding
map E : B" —> D is called (generalized) Riemann map of (D, x,). Any domain
D C (M, J) admitting a foliation of circular type centered at x, is called almost
complex domain of circular type with center x,.

As in the integrable case, consider the blow-down map

n:B" —B"

and the (uniquely defined) map E : B" — D such that the following diagram
commutes

- E -
B" D
b4 b4
E
B" D

The map E defined in this way is C* on B" \ {0} and it is continuous at 0.
However, in general, E is not smooth at 0. Nevertheless, one can consider a new
differentiable structure on B”, formed by the atlas of coordinate charts of the form

g/:u_>R2n’ E/ZSOE,

where the § = (x?) are charts of the differentiable structure of D C M. By
construction, these charts overlap smoothly with the standard coordinates of R?"
on any open subsets of B" \ {0}. Hence their restrictions on B” \ {0} belong to the
standard differentiable structure of B"”. On the other hand, when E is not smooth
at 0, they cannot smoothly overlap with standard coordinates in neighborhoods
of 0. This means that they give a non-standard differentiable structure on B", which
coincides with the standard one only on B" \ {0}.

In the following, we always implicitly consider on B"” such new differentiable
structure. Notice that, by construction, the map E : B" — D is smooth also at 0 if
B" is endowed with such non-standard differentiable structure.

Now, let us consider on B” the almost complex structure J’ defined by

J =E*(J).

We stress once again that the tensor field J' is smooth over the whole B", provided
that one considers the differentiable structure on B" defined above; w.rt. the
standard differentiable structure, J' is smooth only on B" \ {0} and it is possibly
non well-defined at 0 € B".
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The pair (B", J') is called normal form of the almost complex domain of circular
type (D, J). After all necessary verifications, one can conclude that the following
perfect analogue of the situation in the integrable case, holds true: Any almost
complex domain D C (M, J) of circular type is (J, J')-biholomorphic to its normal
form (B", J') through a map that sends the J -stationary disks of D into the straight
radial disks of B", which are therefore J'-stationary disks.

This shows that the analysis of almost complex domains can be reduced to the
study of almost complex structures on B"” with the above properties, i.e., such that
the straight radial disks are J’-stationary.

Consider the distribution Z C TB" defined in (13). We have the following.

Theorem 25. A pair (B", J), formed by B" endowed with a non-standard differ-
entiable structure, coinciding with the standard one on B" \ {0}, and an almost
complex structure J which is smooth w.r.t. such differentiable structure, is a domain
of circular type in normal form if and only if

(i) Zis J-invariant (i.e., JZ = Z);
(ii) the straight radial disks of B" are J -stationary;
(iii) the non-standard differentiable structure is such that the blow-up B of B"
at 0, determined by J, is equivalent, as differentiable manifold, to the blow-up
determined by the standard complex structure.

In the following, the almost complex structures J on B", satisfying (i)-(iii) of
previous theorem, will be called L-almost complex structure.

It is important to observe that (ii) holds if and only if, in suitable systems of
coordinates, the components of J belong to the range of a Fredholm operator, i.e.,
they belong to a space, which is finite codimensional in an appropriate Hilbert space,
and can be characterized by a finite number of equations. This fact has a pair of
interesting consequences, namely that:

(a) The class of L-almost complex structure is in practice a very large class.
(b) Such class naturally includes two smaller classes, characterized by very simple
conditions, which are very useful to construct a number of interesting examples.

The definitions and the analysis of such smaller classes are the contents of next
section.

5.3 “Nice” and ‘“Very Nice” L-Almost Complex Structures

Consider the distributions Z and H on B” defined in (13) and (14). We recall that:

— denoting, as usual, 7,(z) = ||z||* and d§ = J.¥ o d o J}, one has that

JuZ, = 2,
forany z € B" \ {0} .
Z, = kerdd; log 7,
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— Z and ‘H are not only orthogonal w.r.t. the Euclidean metric but also w.r.t. the
Jg-invariant 2-form dd¢ 7, To-

— Forany z € B"\ {0}, the subspace H, C T;B" coincides with the Jy-holomorphic
tangent space of the sphere S, = {7, = ¢ }, ¢ = 7,(2).

— For any tangent space T;B", z # 0, the complexification TZCB” decomposes into
the direct sum

T'B =zFeoH: = (29 2)) o (H o HY)') |
where we denoted by Zfl, Hgl the (—i)-eigenspaces of Jy in ZZ(C and Hf, and
by Zzlo, HZIO their complex conjugates (which are the (+i)-eigenspaces).

Now, an arbitrary almost complex structure J on B" is uniquely determined by
the corresponding distribution of (—i)-eigenspaces (7,B" (}1 in TCB". Generically,
these eigenspaces are determined by a tensor field ¢ € Hom(TOIIB" T'°B") such
that

(T.B")] = T."B" + o(T'B") .

where, as before, we denoted TZOIIB%” = (TZIBB")(}il and TZIOIB%” = (TZIB%”)IJ?I. If we
consider the decomposition of ¢ as a sum of the form
b =¢Z @ @ pEM @ "2
with
¢Z € Hom(2", 2%, ¢™ e Hom(H"', H'"), ¢Z" e Hom(2"!, H'?),

¢""% € Hom(H"', 2'%) ,

we have that the (—i)-eigenspaces (7;B")Y! can be written as

(T.B"] = (2% +¢Z(2") +¢77(2") +
+ (H' + ¢IH(H") + 9[22 (H™)) . (35)

We observe that J satisfies condition (i) of Theorem 25 (i.e., J(Z£) C Z and
J|z = Jy|z) if and only if the components ¢ and =7 are identically equal to 0,
that is

H H.Z
p=9¢ +o~
In such class of almost complex structures J on B", it is very convenient to consider

the following conditions.

1. J is called nice if the corresponding deformation tensor ¢ is, in addition, of the
form

p=0¢"

This is equivalent to assume that the distribution H is J-invariant.
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2. J is called very nice if

¢ =g and L™ =0.
This assumption corresponds to require that J is nice and that the deformation
tensor ¢ depends Jg-holomorphically on the complex parameter that describe
the straight radial disks of B”.

A geometric motivation for considering the notion of “very nice structures”
comes from the following. It is well known that, in case of integrable complex
structures, there exists a strict relation between stationary disks and Kobayashi
extremal disks. This is a fact that goes back to the ideas of Poletski [49] and Lempert
[30], which showed that, under appropriate regularity conditions, the stationary
disks are the solutions to the Euler—Lagrange conditions for the extremal Kobayashi
disks (they are the critical point of a suitable functional!). In fact, by the results of
[30] we know that the two notions agree for the strictly linearly convex domains
inC".

Now, it is important to have in mind that, for generic almost complex domains,
these two notions—stationarity and extremality—are no longer related. Counterex-
amples have been recently exhibited by Gaussier and Joo in [20]. The authors
determined also some conditions, which are sufficient for a stationary disk to be
also extremal and which can be described as follows.

Let us first recall a few concepts related with the geometry of the tangent bundle
of a manifold M . We recall that the vertical distribution in T (TM) is the subbundle
of T(TM) defined by

TVamy= ) TE M . TE M =kermuy) -
(x,v)€ETM

For any x € M, letus denote by (-)" : T,M —> T(I;’V)M the map

i ad v def ad
W — =W —
oxt |, ik

It is possible to check that this map does not depend on the choice of coordinates
and that it determines a natural map from TM to T(TM) (see [59]). For any w € TM,
the corresponding vector w¥ € T(TM) is called vertical lift of w.

Definition 26 ([21,44]). Let f : A — M be a C*<, J-holomorphic embedding
with f(dA) C aD. We call infinitesimal variation of f any J-holomorphic map
W : A — TM of class C* '€ with m o W = f (here, m : TM —> M is the
natural projection). An infinitesimal variation W is called attached to 0D and with
fixed center if

(a) a(Wy) = 0forany o € Ny, { € 04,
(b) Wlo =0.

(x.v)
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It is called with fixed central direction if in addition it satisfies

() Wi (%e{ 0))V for some A € R.

The disk f is called Kobayashi critical if for any infinitesimal variation W, attached

)=

Such definition is motivated by the fact that, when f©) : A — M, t €] —a, a], is
a smooth 1-parameter family of J-holomorphic disks of class C*€ with f(© = £,

( . .. . .
then W = %ﬂ is a variational field on f. Moreover, if f ® is such that, for all

=0
t €la,al
d
(aRez 0) eRf*(aRez o) 0

then W satisfies (a)—(c). On tEe other hand, a disk f' is a locally extremal disk if for
any J-holomorphic disk g : A — M of class C*, with image contained in some
neighborhood of f(A) and such that, for some A € R,
0
= (mez,)
o) "\ 0Re¢ 0

0
dRe?l

then A < 1. It is known that the notions of “Kobayashi critical” and “locally

extremal Kobayashi disk™ are tightly related. In fact, any locally extremal disk f,

with f(0A) C 9D, is Kobayashi critical. Conversely, when D C C" is strictly

convex around f(A) and J is sufficiently close to Jg, any Kobayashi critical disk

f is locally extremal [20,21,44].

Next theorem gives conditions that imply the equality between stationary and
critical disks and will be used in the sequel. It is a refinement of a result and
arguments given in Gaussier and Joo (2009, Preprint of Extremal discs in almost
complex spaces, unpublished) (see [44]). In this statement, f : A — M is a
J -holomorphic embedding, of class C*€ with f(dA) C dD, and Var,(f) denotes
the class of infinitesimal variations of f attached to dD and with fixed center.

Theorem 27. Assume that D CM is of the form D={ p < 0 } for some
J -plurisubharmonic p and that Bar,(f) contains a (2n — 2)-dimensional
J-invariant vector space, generated by infinitesimal variations e;, Je;, 1 < i <
n — 1, such that the maps

0) € Ty, (TM) and it is equal to A (f* (%

to dD and with fixed central direction, one has Wi (%ez

fO@A) cap, fO0) = f0), £

g@A) C oD . g(0) = f(0) = x, . g*(

(e, e Q) A—TM

are of class C*< on A. Assume also that, for any { € A, the set {e;(), Je;({)} C
TreyM span a subspace, which is complementary to Ty f(A) C Ty M.
Then f is critical if and only if it is stationary.

This result has a direct application in our case. Assume that (B", J) is an almost
complex domain of circular type in normal form (i.e., such that J is an L-almost
complex structure).



310 G. Patrizio and A. Spiro

One can construct variations of the straight radial disks of B”, deforming them
through the directions of  and obtain a special subspace U C ar,(f) of
infinitesimal variations for any given straight radial disk f. It turns out that when J
is nice, (i.e., H is J-invariant),

JU C Var,(f) — L] =0,

i.e., if and only if J is very nice. Combining this fact with the previous theorem,
one is able to prove the following proposition which motivates the interest for “very
nice structures”.

Proposition 28. Let (B",J) be an almost complex domain of circular type in
normal form. If J is very nice, the straight radial disks of B" are not only stationary
disks but also Kobayashi critical.

6 Plurisubharmonic Functions and Pseudoconvex Almost
Complex Manifolds

Let (M, J) be an almost complex manifold and .Qk(M ), k = 0, the space of
k-forms of M. We denote by d¢ : 2K(M) — 2%+ (M) the classical d°-operator

da = (=D¥(J*od o J*)(a),

where J* denotes the usual action of J on k-forms, i.e.,

def

J*BOIL, o o Vi)=(=DRBT v, T Vi)

Let us recall, once again, that when J is integrable,
— — 1
d°=i(0—9), d0= Tdd" , dd° =—-d°d
i

and that dd“u is a J-Hermitian 2-form for any C2-function u. We stress the fact that,
when J is not integrable, d°d # —dd® and the 2-forms dd“u, determined by the
functions u € C*(M), are usually not J -Hermitian. In fact, one has that

dd"u(JXl, Xz) =+ ddCM(Xl,JXZ) = 4NX1X2(M) s 37

where Ny, x, is the Nijenhuis tensor evaluated on X;, X, and is—of course—in
general non zero. This fact suggests the following definition.

Definition29. Letu : Y C M — R be of class C>. We call J-Hessian of u
at x the symmetric form Hess(u), € S>T, M, whose associated quadratic form is
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L(u)(v) = dd°u(v, J v),. By polarization formula and (37), one has that, for any
vaweT M,

1 X ,
Hess(u)x(v,w) = 3 ddu(v,J w) + ddu(w, J v))| =
=ddu(v,J w)y — 2N,y (1) . (38)
We remark that Hess(u), is not only symmetric, but also J-Hermitian, i.e.,

Hess(u)(J v, J w) = Hess(u) (v, w) forany v,w

and it is associated with the Hermitian antisymmetric tensor

Hess(u)(J-,-) = % (ddu(,) + dd‘u(J-, J-)) = (ddcu + J*ddcu) .39

=

The Levi form of u at x is the quadratic form
L) (v) = ddu(v, J V)|, .

The operator dd° defined above turns out to be suitable to study plurisubharmonicity
on almost complex manifolds. It has been used for instance by Pali in [37] for
his study of positivity questions and in a very recent work of Harvey and Lawson
[24], using a completely different point of view involving viscosity approach, to
provide a satisfactory weak pluripotential theory in the almost complex setting.
We will further give evidence that it is appropriate to define the almost complex
Monge—Ampere operator. Finally, we point out that Pli§ [48] uses it to study the
inhomogeneous almost complex Monge—Ampere equation.

An upper semicontinuous function u : U C M — R is called
J -plurisubharmonic if

uof:A—R

is subharmonic for any J-holomorphic disk f : A — U C M. As for complex
manifolds, for any u € C>(U) one has that

u is J-plurisubharmonic
if and only if
L(u)y(v) = Hess(u)x(v,v) >0 forany x eUd and veTM .
This motivates the following generalizations of classical notions. In the follow-

ing, for any &/ C M, the symbol Psh(l{) denotes the class of J-plurisubharmonic
functions on Y.
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Definition 30. Let (M, J) be an almost complex manifold and &/ C M an open
subset. We say that u € Psh(lf) is strictly J -plurisubharmonic if:

(@) u € Li, (U);

(b) for any x, € U there exists a neighborhood V of x, and v € C*(V) N Psh(V)
for which Hess(v), is positive definite at all points and u — v is in Psh(V).

In particular, u € Psh(i/)NC?(U) is strictly plurisubharmonic if and only if Hess (i),
is positive definite at any x € U.

The almost complex manifold (M, J) is called strongly pseudoconvex (or Stein)
manifold if it admits a C? -strictly plurisubharmonic exhaustion t : M —] —
00, 09|.

6.1 Maximal Plurisubharmonic Functions

The J-plurisubharmonic functions share most of the basic properties of classical
plurisubharmonic functions. In particular, as it occurs for the domains in complex
manifolds, for any open domain i/ C (M, J), the class Psh({/) is a convex cone and
for any given u; € Psh(i/) and A; € R, also

n
u= E A and w' = max{uy,...,u,}

i=1

are in Psh(l{). It is therefore natural to consider the following notion of “maximal”
J -plurisubharmonic functions.

Definition 31. Let D be a domain in a strongly pseudoconvex almost complex
manifold (M, J). A function u € Psh(D) is called maximal if for any openid CC D
and & € Psh(U/) satistying the condition

limsuph(z) <u(x) forall x € ol , (40)

=X

one has that # < uly,.

The following characterization of maximal plurisubharmonic functions ‘“nails
down” the right candidate for what should be considered as ‘“almost complex
Monge—Ampere operator”.

Theorem 32. Let D C M be a domain of a strongly pseudoconvex almost complex
manifold (M, J) of dimension 2n. A function u € Psh(D) N C*(D) is maximal if
and only if it satisfies

(ddu + J*(dd‘u))" = 0. (41)

Proof. Lett : M —>] — 00, +00| be a C? strictly plurisubharmonic exhaustion for
M and assume that u satisfies (41). We need to show that for any # € Psh({/) on an



Pluripotential Theory and Monge—Ampere Foliations 313

U CC D that satisfies (40), one has that # < u|y,. Suppose not and pick Y CC D
and i € Psh(Uf), so that (40) is true but there exists x, € U with u(x,) < h(x,). Let
A > 0 so small that

h(xo) + A (t(xp) — M) > u(x,) , where M = max t(y) ,
yeUu

and denote by h the function

A h+ Az = M), . (42)

By construction, he Psh(if), satisfies (40) and (}; —u)(x,) > 0. In particular, h—u
achieves its maximum at some inner point y, € U. Now, we remark that (41) is
equivalent to say that, for any x € D, there exists 0 # v € Ty M so that

(ddu + J*(ddcu))x (v, Jv) = Hess,(u)(v,v) = 0. (43)

Let 0 # v, € Ty, M be a vector for which (43) is true andlet f : A — M bea
J -holomorphic disk so that f(0) = y, and with

ad d d
* | = = Vo, * | 5 = fil Jst — =Jv, .
f(axo) ¥ f(aYO) f( laxo) b
Then, consider the function G : A — R defined by
G0 f—uof=hof+Ot—AM—u)o f. (44)

We claim that there exists a disk A, = {|{| < r} such that G|,, is subharmonic. In
fact, since 7 is C? and strictly plurisubharmonic and Hess(u),, (Vo, v,) = 0, we have
that

0 < Hess(AT — AM —u)),, (Vo, Vo) = 2i (AT —AM —u) o f) .
Hence, by continuity, there exists 7 > 0 so that
O<2i8§((kr—kM—u)of){ forany (€ A, .

It follows that (At — AM — u) o f|,, is strictly subharmonic and that G|, is
subharmonic, being sum of subharmonic functions. At this point, it suffices to
observe that, since y, is a point of maximum for h — uon f(A) C U, then
0 = f~'(y,) € A, is an inner point of maximum for G|,,. In fact, from this
and the maximum principle, we get that G|,, is constant and hence that s o f'|,,

is C? with 2i 3d(h o f) }A < 0, contradicting the hypothesis on subharmonicity of

ho f.
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Conversely, assume that u € C>(D) N Psh(D) is maximal, but that there exists
Yo € D for which Hessy, (1)(v,v) > 0 forany 0 # v € T\, M and consider the
following well known result (see e.g. [18]).

Lemma 33. For any ¢ > 0, there exists a relatively compact neighborhood U of
Yo, such that U, J) is (J, J')-biholomorphic to (B",J’) for some J' such that
177 = Jullgr 2 <.

Due to this, we may assume that T = 1, o ¢, with 7,(z) = ||z||?, is a C? strictly
J -plurisubharmonic exhaustion on I/, tending to 1 at the points of d{. Hence, there
is a constant ¢ > 0 such that

Hess,(u+ c(1 —1))(v,v) = Hessy(u)(v,v) — cHess,(t)(v,v) > 0,

forall x € Y andv € TyM ~ R?*" with || v| = 1. This means that

~def
R e =0)lg, 0

is in C2(U) N Psh(l{), satisfies (40) and, by maximality of u, satisfies h < u at all
points of /. But there is also an € > 0 such that @ # t=!([0, 1 — €[) < U and hence
such that, on this subset, 7 > u + ce > u, contradicting the maximality of u. O

6.2 Green Functions of Nice Circular Domains

The results of previous section motivate the following generalized notion of Green
functions.

Definition 34. Let D be a domain in a strongly pseudoconvex, almost complex
manifold (M, J ).lVe call almost pluricomplex Green function with pole at x, € D
an exhaustion u : D — [—00, 0] such that

(i) ulpp = 0 and u(x) ~ log||x — x,|| when x — Xx,, for some Euclidean metric
|| - || on a neighborhood of x,;
(i) itis J-plurisubharmonic;
(iii) it is a solution of the generalized Monge—Ampere equation (ddu +
J*(ddu))" =0o0n D\ {x,}.

Notice that, if a Green function with pole x, exists, by a direct consequence of
property of maximality (Theorem 32), it is unique.

Consider an almost complex domain D of circular type in (M, J) with center x,
and denote by E : B" —> D the corresponding Riemann map. We call standard
exhaustion of D the map
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|E7 (o)) ifx #£0,
T, - D — [0, 1], T(x) =
0 ifx=x,.

so that, when D is in normal form, i.e., when D = (B",J) with J almost
L-complex structure, its standard exhaustion is just 7,(z) = ||z]|*.

Proposition 35. Let D be a domain of circular type in (M, J) with center x, and
standard exhaustion 1(y,). If u = log t(y,) is J -plurisubharmonic, then u is an almost
pluricomplex Green function with pole at x,,.

Proof. With no loss of generality, we may assume that the domain is in normal form,
ie, D = (B",J)and 7y, (z) = 7,(x) = ||x||. Since 7, is smooth on B" \ {0} and
u = logt, is J-plurisubharmonic, we have that Hess(u), > 0 for any x # 0. On
the other hand, for any straight disk f : A — B" of the form f({) = v-{, we
have that o f is harmonic and Hess(u) r¢)(v,v) = 0 for any ¢ # 0. This means
that Hess(u),, > 0 has at least one vanishing eigenvalue at any point of B” \ {0} and
that (41) is satisfied. The other conditions of Definition 34 can be checked directly
from definitions. O

When J is integrable, the standard exhaustion u = log 7(,,) of the normal form of
a domain of circular type is automatically plurisubharmonic [42], but in the almost
complex case, this is no longer true, even for small deformations of the standard
complex structure. Though this fact is known, it is important to try and understand
why it happens. In the next section, we will illustrate how it is easy to produce
illuminating examples using our deformation arguments and we provide hints on
how to avoid such pathologies.

6.3 A Counterexample and Pluricomplex Green Functions
of Nice Domains

On the blow up 7 : B2 —> B2 of the unit ball B2 C C2 (defined in the usual way,
via the standard complex structure Ji) consider the vector fields

Z, JoZ, E, J4E,

where Z is the lift on B" of the real vector field Re (zi aizi) on B" and E is any
vector field in the distribution H that satisfies the conditions

[Z,El=[J«Z,E]1=0, [E,J4E] = —JuZ . (45)

The standard holomorphic bundle TR is generated at all points by the complex

vector field
Z0 =7 —-iJ.Z,
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which determines the “radial” distribution, and by the complex vector field
E"=E—iJ4E ,

which determines the holomorphic tangent bundles of the spheres S, = { 7,(z) =
lzl = ¢ }.

Let us also denote by (E'0%, EO1* Z10% 701%) the field of complex coframes,
which is dual to the complex frame field (E'°, EO' = E10, 710 701 — Z10) at all
points. ~

Consider now a smooth real valued function / : B" — R such that

— on each sphere S, the restriction /s, is constant,
— h = 0 on an open neighborhood of 7~!(0) = CP!,

and let ¢ € Hom(H"!, Z'° + H!) be the deformation tensor
0, = h(z)Z;O ® EOI: .

The almost complex structure J, corresponding to ¢, is uniquely determined by the
J-holomorphic spaces

T}Sfl%” =Cz'® (CE~ZIO where E;O &ef E +h(z)Z",

By direct inspection, it is not hard to check that J is an almost L-complex structure
and that (B", J) is an almost complex domain of circular type in normal form [44].
But we also have the following crucial fact.

Fact. If h # O, the function u = log 1, is not J -plurisubharmonic.

Indeed, using the definition of J and (45), one computes
Hess(E'°, E') = 2(1 4 2hhy) ,

Hess(ElO, Zlo) =2hy, Hess(ZlO, Zlo) =0

(here, we used the notation “(-)z” to indicate the derivative (1) = Z(-) in the
direction of Z) so that the matrix H of the components of Hess(u), w.r.t. the frame

{ElO,ZIO} is
14+ 2hhz hy
H=2 .
( hz 0)

. . 1+2hhz) £ A/ (14+2hhz )2 +4h%
Since the eigenvalues of H are A1 = 2( +2hkz) (2+ z)"+4hy , we conclude that

u is J-plurisubharmonic if and only if 7z = 0 and hence if and only if & = 0 at all
points (recall that, by assumptions, / vanishes identically around 0).

Therefore, we may construct arbitrary examples in which u = logzt, is not
J -plurisubharmonic for almost complex structures J arbitrarily close to the stan-
dard one. This shows that in order to avoid situations like this it is not sufficient




Pluripotential Theory and Monge—Ampere Foliations 317

to restrict to a class of sufficiently small deformations of integrable structures. One
needs some additional assumptions. One of them is the condition that J is also
“nice”. In fact, one has the following result.

Theorem 36. Let D be a nice circular domain with standard exhaustion t(,) and
normal form (B", J). If J is a sufficiently small C'-deformation of Jy, then u =
log t(y,) is the Green function with pole at x,.

Proof. We only need to show that u = log ||z||? is J-plurisubharmonic on B" \ {0}.
If (B",J) is nice, then Hess(u),(Z,H) = 0 at any z #* 0. Since the spheres
S, are J-pseudoconvex for any J sufficiently close to the standard structure,
the plurisubharmonicity of u follows directly by computing the Hessian along
“orthogonal” directions. O

Putting all these facts together, one gets

Theorem 37. Let D be an almost complex domain of circular type with center x,
in (M, J) strongly pseudoconvex. If the normal form (B", J') of (D, J) is very nice
with J' sufficiently close to J, then

(a) The stationary foliation ™) consists of extremal disks w.r.t. Kobayashi metric.

(b) The function u = log t(y,) is the almost pluricomplex Green function of D with
pole x,.

(c) The distribution Z, = ker(Hess(u);) is integrable and the closures of its
integral leaves are the disks in F*).
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