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ON THE SPACE OF KAHLER POTENTIALS

WEIYONG HE

ABSTRACT. We consider the geodesic equation for the generalized Kahler
potential with only mixed second derivatives bounded. We show that
given such two generalized Kahler potentials, there is a unique geodesic
segment such that for each point on the geodesic, the generalized Kahler
potential has uniformly bounded mixed second derivatives (in manifold
directions). This generalizes a fundamental theorem of Chen [6] on the
space of Kahler potentials.

1. INTRODUCTION

Let (M, [w]) be a compact Kahler manifold of complex dimension n. The
space of Kahler potentials (in the class of [w]) is given by

H={peC®: ws=w+V—-190¢ > 0}.
Mabuchi [12] defined a natural metric on H by, for ¥1,vs € TyH,

(1,12)p = / VY1¢hawy.
M
For any path ¢(t) € H, then the geodesic equation is given by
bt — [V n[2, = 0.

For any interval I in R, denote U = I x S'. We use (z,w) to denote points
on M x U. The geodesic equation is equivalent to the homogeneous complex
Monge-Ampere equation (assuming for each w, ¢ defines a strictly positive

Kahler metric, see [13], []])

wn
(1.1) Q= (¢ — N(bt@)w_i =0,
where 0y = T wo + 35w7z¢, m: M x U — M is the projection onto M and
¢ is regarded as a S' invariant function on M x U.

In [8], Donaldson proposed a program which tight up the problems in
Kahler geometry regarding the canonical metrics with the geometric struc-
ture structure of H, in particular the geodesic equation plays an impor-
tant role. A fundamental result of Chen [0] asserts that for I = [0,1] and
b0, 1 € H, there exists a unique C'! solution of (LI]) in the sense that

[9llcr + max{|00y, 0|} < C.

Chen’s result partially answered Donaldson’s conjecture [8] and proved that
‘H is a metric space with Mabuchi’s metric. It turns out to be important to
consider generalized Kahler potentials in various problems in Kahler geom-

etry. Fixing a background metric (M,w), we are mainly interested in the
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space of the generalized C'! Kahler potentials as
Hii={¢:wp > 0,][¢|lcr <00,0<n+Ap < oo},
and the space of bounded Kahler potentials
Hoo = {91 wp 2 0,9l < o0},

where the positivity of wy = w + V/—100¢ is understood in the sense of
currents. Recently Berndtsson [2] observed that for ¢g,¢1 € Heo, there
is a unique generalized solution of (LI]) which is uniformly bounded and
moreover ¢; is also uniformly bounded. Hence in this case the distance
function in H is actually well-defined but it remains unclear that whether
Hoo is a metric space. The point is that it is not clear that the geodesic
minimizes the distance among all curves (which is equivalent to the triangle
inequality). In [6] the nondegeneracy of Kahler metrics on two end points
¢0, ¢1 is crucial for triangle inequality; it is also important to notice that
the boundary estimate of ¢ also depends on the nondegeneracy of two
end points (as well as smoothness). It is actually an interesting question
to understand the structure of #H;; (and/or Ho.) and its relation with the
metric completion of H, for example.

The main result is concerned with the regularity of the geodesic segment
when ¢g, ¢1 € 7‘[171.

Theorem 1.1. For any ¢o,¢1 € Hi, there exists a unique generalized
solution of (1)) such that for each t € [0,1],

0<n+Ap(t) <C,

where C is a uniform constant depending only on n, ||¢;||rL~ and sup A¢;,
i =1,2 and the geometry of (M,w).

Remark 1.2. Theorem [[T] answers a problem of X.-X. Chen [5].

To prove Theorem [Tl the new ingredient is the following a priori esti-
mates,

Theorem 1.3. Let ¢g, 1 € H, and let f be a smooth function and let € be
a positive constant. There is a unique smooth solution of the equation

n

(12)  Gu—|Va3)2 = el 6(0,) = 60,0(1,) = 6.

Moreover there is a uniform constant C' depending only on n, ||¢;|| e, sup Ag;,
sup f, supe, ||V [z, inf Af and the geometry of (M, g) (the upper bound
of scalar curvature and the lower bound of the bisectional curvature) such
that for each t € [0, 1],

[6llcr + A < C.

When ¢, 91 € H, Chen [6] proved the existence of the unique smooth
solution of (L2]) and moreover, there exists a uniform constant C,

[llcr + ¢ + Ao < C,

where C' does not depend on the lower bound of €. Chen [6] obtained the
generalized solution of (II) with the the above uniform estimate by letting
€ — 0; however it is important to note that in his result, C depends on the
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strictly positive lower bound of n+ A¢y and n+ Ay in a crucial way. Hence
the only new ingredient in Theorem [[L3]is the estimate of A¢, independent
of the strictly lower bound of n + A¢g,n + A¢;.

To establish such an estimate in Theorem [I.3] we follow the similar strat-
egy of Yau’s C? estimate [14] of complex Monge-Ampere equation but we
will deal with ([2)) directly. Our treatment here takes advantage of the
product structure of M x [0, 1] and hence one can separate the manifold di-
rection and ¢ direction respectively. This actually makes possible to estimate
directly A¢ instead of ¢4 + A¢. A similar situation is already considered in
[7] (see Lemma 3.9, the Ricci curvature assumption there is only technical
and not essential) to deal with Donaldson’s equation [9]. We also note that
our computation works for general right hand side with slight modification;
for simplicity, we will choose the right hand side to be the special case of
eel and it is sufficient for geometric applications.

We should mention that the study of complex Monge-Ampere equation
(nondegenerate/degenerate) has a long history in Kahler geometry and in
complex analysis. It has been studied extensively and it is still very active
in various settings. Hence we will refer readers to, for example, [11] for more
references.

Acknowledgement: The problem considered here is motivated in part
by a question in a recent preprint [I0] and the author would like to thank
Song Sun for numerous enlightening discussions and suggestions during the
preparation of these two papers. The author is grateful to Professor X.-
X. Chen for constant support and encouragements; our joint work [7] has
definite influence on the current work.

2. THE A PRIORI ESTIMATE

In this section we prove Theorem [[L3l Theorem [[T] is a rather straight-
forward consequence of Theorem [[L3] where in particular the uniqueness of
generalized solution in the sense of Bedford-Taylor [1] will be used. For The-
orem [[.3] to solve the equation one needs to establish the a priori estimates
and use continuity method, and we refer to [6] for the details. In particular,
the C° estimate is a standard maximum principle argument. The gradient
estimate was first proved in [6] by a blowing-up argument when ¢g, ¢1 € H
and one considers the C? estimates first. A more direct gradient estimate is
established in [3]. Hence we will only consider the only new ingredient — the
a priori estimate of A¢, independent of strictly positive bound of n + Ag;,
i=1,2.

Proof. We consider the equation
(2.1) (¢ — [Vrl3) det(g;5 + oi7) = ee! det(g;5),
where we use the complex notation as follows,
IVoI* = g brdr = drop, [Voul3 = g duidij, Ab = g™ hyg, Agh = gi'hyy.
We rewrite the equation as

(2.2)  log(du — [Ve|3) + log det(g;; + ¢;5) = loge + f + log det(g;5)-
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The linearization of the left hand side of (2.2)) is given by

T k‘ﬁ
hat + 9595 Piduidi;

Dh =Ayh +
v o — [V oul2
(2.3) -
9¢J (htip; + hy;bri)
Pu — |V¢t|?§

We compute

il kj o
D(AG) =Ay(Ag) + 22T 9o8s (B0t

o — IV oul2
(2.4)
B gg((Aqb)tz‘% + (A¢)tj¢ti)
bu — |V¢t|i

A direct computation by differentiating (2.2]), similar as in [14], gives

A (60— Voil2) [V(6u — Vo)

As(A¢) + 2 =9 I bign by + .
(2.5) bu — ‘V(bt’q& (¢tt - |V¢t|2¢>
+Af+1,
where

Z < R — Rar+ 94 R@'jkz’gbu}) :

gkl

Let the bisectional curvature of (M, g) satisfie, for some nonnegative num-
ber B

Rini > —B(9:594 + 9:19x5)
One can estimate, for example see [14],
I :923 R + o) — R
1+ dpx
= Z Rukk R

ik 1+ ¢4
1+ ¢pp
> — B(g:g.7 ik Jki -
(26) = (gzzgkk + gzkgkz) 1 + Qsﬁ
1+ ¢
- _B —" B-R
; 1+ o5

B(n+ A¢)
—Z o - B-R.
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We compute, by assuming g;; = d;5,dg;; = 0 at the point P,

2 W 0 ij
A(W@W =g m (9(;5 ¢ti¢t§>

- 895 = -
— "0, 8—Z[¢ti¢ﬁ + 9;] Ojpridi; + 9;] bt 0jPy;

(2.7) 2 ij

kL L 9o ij ij
=9\ 7, aZZQStiQStj + 019 Ok Prids + 079 Dribur

+g" <3kg§f britis + 94 duitdi; + 93 @ﬁ%})
+ 9 (Okg) Guidir; + 9 Oxuidin; + 9 6602 16, )
At the point P, we compute
O = 9797 O (9pz + Opa) = — 9297 Spa
Or9] = —9.19% O (9pg + bpa) = —9.29% byt
and hence we have
g0} ; <gf ) = — g g1 g% O (gpg + bpa)
+ 9" 95 9792 0k (grs + 6r5)01(gpg + dpa)
+ 9" 9795 Ok (grs + 615)01(gpg + dpa)

(2.8)

Kl id _pj
= —3"995 3} 1(9p0)
(2.9) — 94950, (gklaz,ifﬁ) + 959 %5 <9kl> 2

+ 9" g1 9579 O (grs + brs)0y(gpa + bpa)
+ 9" 975 7 Ok (grs + 615)01(gpg + dpa)
=g g g2 R — 9097 (Ad)pq + 979 Rigpaur
+ 9" g gL (Srskbpai + Opaibrsl)
By 27), (2.8) and(29]), we compute,
A(IVerl3) :gkigffngquWti@j - g;quE(A(b)pq(ﬁti(ﬁﬁ
+ gfgff Ry1pq 1 ti®4;
+ g™ g gL gY (Srskbpgi + Gpahbrst) Pridy;
(2.10) - g’“@fﬁ gl (Dtik®ej + PriPu;)
- gkingf%qk@nWﬁ + Gtidyr)
+ gg(A¢)ti¢tj + gg¢ti(A¢)tj
+ gkigfg (DritPiji + Drikdii)
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Hence we compute, by (2.4)), (2.5) and (2ZI0),

V(6u V62|
D(A¢) =Af + 9;] 95 Digk by + 5
(2.11) (fﬁn - !Vqﬁt@)
11+ 11T
b — [V il2

+1+

where

11 = gMgiT gt R inid; + 95007 Rigpatibridn

and
IIT gklgzsg;qu] (Drskbpgi + OpakPrst) Prithi
(2.12) = 6”995 Spar( Guindis + Priduz)

- gklgfgz] Gpak (Priide; + Pridesi)
kl U (¢tzl¢t]k + ¢tzk¢t]l)

Note that as an Hermitian matrix, (¢u¢y;) is nonnegative definite and
hence we can then estimate, where we choose a coordinate at the point such

that g;5 = dij, ;5 = &304,
1T =909 Rygri(9i + $i) i
> — B(9pa9ui + 9pi95a)95 96 (i + Puie) Pride

(2.13) :—B(n—l—Atﬁ)Z% — BV}

bt ¢t€

> —2B(n+A¢)Zm.

where we use the observation for each i,
n+A¢ > 1+ ¢, (n+Ag) 7 < (L4657

and hence we can estimate

|V¢t|¢> ¢tz¢tz -1 Otidg

It then follows from (IZD:I), using (2.6) and (2.13)

II7
DIA SA +z]pq i R ———
(B0) 2T+ 9,99 banuin ¥ 5 542
n+ A¢
- 2B

n + A¢ ¢tz¢tz
¢tt - ‘V(ﬁtP ; 1+ ¢zz
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A direct computation gives, for A > 0,

I il B kj .
(2.15) D(log h) — Dh g5 hihy B <ht - g¢¢m‘hl) <ht — 9¢]¢tjhk>
o W2 (bu — [Véul3)
We also have
gl gy
D= (n+1)—gig, - 2207 0
¢=( ) — 9, 9 ¢tt—|V¢t|§)

(2.16)

1 ¢t’l¢tz
=n+1)—
( ) ;1+¢u ¢tt_ ’v¢t’ ; 1+¢n
Take h = n + A, and let
(e = giluina) (he — g éushu)
P (on — V)
Then we compute, using ([2.15]) and (2.16])

D(Ag) 9 hyohy
n+ A¢ h?

—A—(n+1)C

¢tz‘¢t€
* ; 1+ ¢ - b1t — |V¢t|§ ; (1+ ¢57)?

Applying (2.14), it follows from (ZI7) that

Af=B-R 9995 biardpi 95 b
n+ A¢ n—+ A¢ h?

C-B
+Zi:1+¢ii—(n+1)C’

(C=2B) Y, e,
b — |V¢t|i
ITI(n+ A¢)~?
b — |Vr|2

We have the estimate (see [14] (2.15) for example),

93 9 biandyii > (n+ A¢) " g5 (AG)k(Ag)y
We also have the estimate
(2.19) IIT > A(¢u — [Vrl3).

It is a straightforward computation to establish (2I9) and we will derive
this in (Z2I)). Hence if we choose C' sufficiently large (but finite number)
such that

D(logh — C¢) =
(2.17)

D(logh — C¢) >

(2.18)

—A

C—2B—-R+infAf>1,C—2B>1,

we have the estimate

D(logh—C¢) >

T5or (n+1)C.
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Observe that
D(#?) = 2(¢n — [Vee[3) 7.

Hence we have

D(logh—Co+12) > > (1+¢7) "' + (¢u — [Veel3) ™' — (n+1)C.

7

Now following [14] (2.19, 2.20) for example, we can get that

ST+ 60) 7+ (G — IVAE) ™ > (0 + Ad+ g — [Vauf2) e e

(2

Either logh — C¢ + t? obtain its maximum interior at some point P, then
at P,

D(logh — C¢ +t%) <0,
it then follows that
(n+ AG)(P) < Cexp(f /n)e/™

for some uniformly bounded constant C' = C(B,n,inf Af). Clearly in this
case

(2.20) n+ A¢ < Coexp(f/n)e/™,

where Cy = Co(||¢|| <, B, n,inf Af). Orlog h—C¢p-+t? obtains its maximum
on boundary, then we also have

n+A¢ <C,

where C' depends on ||@|| o<, sup A¢p and sup Agy.
Now we establish (2.19]). We need to show that,

(221)  HI(n+A6) > ((A0) — glon(a0)) ((Ad) — g 65(A0)k)
where I11 is given by (Z12). We rewrite
IIT = A, + Ao,
where we set
Ay =g" g5 93 g% bpandrsinidi; + 9" 95 S
— g9 b ideidu; — 9 GY e brirdis
and
Az ZQMQfoQf GrskPpgiPtiPej + gkigg Prik Py
— 99005 6 prtuinds; — 97T G bpanduidir
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We can estimate

— Gti rik ¢t§¢jf}} B
Ay _Z 1+ ¢rr (Z 1+ ¢”> ; 1+ bpr + O Pirk

r.k

o PtiPrik B ¢t3¢jfk
_Z 1+¢rr %”‘“Z L+ o35 +¢"’“§]~: L4653

- ; 1+ ¢TF (Mt = bypit) Mt — bern)

1 -

where we denote M, as the matrix (of complex number),
Pri¢p rik ¢t5¢j?k
rk_21+¢” rk—zl+¢]3

In particular A; > 0 and it follows similarly that A > 0. Moreover, we can
estimate

Al(n + Agb) Z <Z 1 +1¢rr( thrr)( ¢trr)> (Z(l + gbrr))
Z <Z(Mrr - thrr)) <Z(Mrr - gbtrr))

¢tz Agb ¢t]( (b)
<Z I+ o A@) 205,
= ((A0) — giou(20)) ((A0): — gl 85(A0) )
It completes the proof of ([Z21]).

Remark 2.1. If the righthand side is a positive function F, then a slight
modification can get that
A(log F)

D(log(n+A¢) = Co+1?) > T A

+F Y (0 Mg+ g — [Vul) = O,
where C1 = C1(n, B).

3. DISCUSSIONS

To prove Theorem [LLI) we assume ¢g,¢1 € Hi1. Then there exists a
unique generalized solution ¢(t) of (L) with uniformly bounded |||z,
|¢¢| and |Vé|. We choose a sequence of functions ¢¥ € H, which converges
to ¢; in C® and such that Aqﬁf < C. By Theorem [I.3] there exists a

sequence of solutions ¢*(t) of

(S = [Voulg)wi (@)~ = %ef L 08(0) = 65, 6" (1) = ¢}
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By passing to a subsequence, ¢F(t) — ¢(t) in C® by the uniqueness of

the generalized solution. Moreover by Theorem [[3, A¢* < C, where C is

independent of the strictly positive lower bound of n + Agbf, i =1,2. Hence

let k& — oo, we can get that A¢(t) < C.
As mentioned in the introduction, the problem considered here is moti-
vated by the questions in [10],

Question 3.1. IsHi 1 (or Hoo) a metric space? If the answer is affirmative,
does Hi1 (or Hoo) have nonpositive curvature in the sense of Alexanderov
as H does (see [4])? What is the relation between Hiy (or Hoo) and the
metric completion of H?

However, our estimates do not give any information on ¢y when ¢; € Hy 1;
our results seem not to be able to answer the above question directly even
though we believe it would be an interesting problem.
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