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Abstract. The goal of this survey is to present various results concerning the cohomology of pseudoeffective
line bundles on compact Ké&hler manifolds, and related properties of their multiplier ideal sheaves. In case
the curvature is strictly positive, the prototype is the well known Nadel vanishing theorem, which is itself a
generalized analytic version of the fundamental Kawamata-Viehweg vanishing theorem of algebraic geometry.
We are interested here in the case where the curvature is merely semipositive in the sense of currents, and
the base manifold is not necessarily projective. In this situation, one can still obtain interesting information
on cohomology, e.g. a Hard Lefschetz theorem with pseudoeffective coefficients, in the form of a surjectivity
statement for the Lefschetz map. More recently, Junyan Cao, in his PhD thesis defended in Grenoble, obtained
a general Kahler vanishing theorem that depends on the concept of numerical dimension of a given pseudoeffective
line bundle. The proof of these results depends in a crucial way on a general approximation result for closed
(1, 1)-currents, based on the use of Bergman kernels, and the related intersection theory of currents. Another
important ingredient is the recent proof by Guan and Zhou of the strong openness conjecture. As an application,
we discuss a structure theorem for compact Kahler threefolds without nontrivial subvarieties, following a joint
work with F. Campana and M. Verbitsky. We hope that these notes will serve as a useful guide to the more
detailed and more technical papers in the literature; in some cases, we provide here substantially simplified
proofs and unifying viewpoints.
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0. Introduction and statement of the main results

Let X be a compact Kahler n-dimensional manifold, equipped with a Kéahler metric, i.e.
a positive definite Hermitian (1,1)-form w = 137, wjk(2) dz; A dzy such that dw = 0.
By definition a holomorphic line bundle L on X is said to be pseudoeffective if there exists a
singular hermitian metric h on L, given by h(z) = e~%(*) with respect to a local trivialization
Ljy =~ U x C, such that the curvature form

(0.1) 107, := i00p

is (semi)positive in the sense of currents, i.e. ¢ is locally integrable and i© , > 0: in other
words, the weight function ¢ is plurisubharmonic (psh) on the corresponding trivializing open
set U. A basic concept is the notion of multiplier ideal sheaf, introduced in [Nad90).

0.2. Definition. To any psh function ¢ on an open subset U of a complex manifold X,
one associates the “multiplier ideal sheaf” J(p) C Ox|u of germs of holomorphic functions
f € Ox., x € U, such that |f|>e=% is integrable with respect to the Lebesque measure in
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some local coordinates near x. We also define the global multiplier ideal sheaf J(h) C Ox of
a hermitian metric h on L € Pic(X) to be equal to I(¢) on any open subset U where Ly is
trivial and h = e~%. In such a definition, we may in fact assume 1O ;) > —Cw, i.e. locally
w = psh+ C°, we say in that case that o is quasi-psh.

Let us observe that a multiplier ideal sheaf J(¢) is left unmodified by adding a smooth
function to ¢ ; for such purposes, the additional C*° terms are irrelevant in quasi-psh functions.
A crucial and well-known fact is that the ideal sheaves J(¢) C Oxy and J(h) C Ox are
always coherent analytic sheaves; when U C X is a coordinate open ball, this can be shown
by observing that J(¢) coincides with the locally stationary limit J = lim*ty_,, dn of the
increasing sequence of coherent ideals Jn = (g;j)o<j<n associated with a Hilbert basis (g;);en
of the Hilbert space of holomorphic functions f € Ox (U) such that [, |f|?e”?dV,, < +o0. The
proof is a consequence of Hormander’s L? estimates applied to weights of the form

Y(2) = ¢(2) + (n + k) log |2 — a*.

This easily shows that J(p), + m* = J, + mk and one then concludes that J(¢), = J. by
the Krull lemma. When X is projective algebraic, Serre’s GAGA theorem implies that J(h) is
in fact a coherent algebraic sheaf, in spite of the fact that ¢ may have very “wild” analytic
singularities — e.g. they might be everywhere dense in X in the Euclidean topology. Therefore,
in some sense, the multiplier ideal sheaf is a powerful tool to extract algebraic (or at least
analytic) data from arbitrary singularities of psh functions. In this context, assuming strict
positivity of the curvature, one has the following well-known fundamental vanishing theorem.

0.3. Theorem. (Nadel Vanishing Theorem, [Nad90], [Dem93b]) Let (X, w) be a compact Kdhler
n-dimensional manifold, and let L be a holomorphic line bundle over X equipped with a singular
Hermitian metric h. Assume that 1Oy, > ew for some e >0 on X. Then

HY(X,0(Kx ® L)®IJ(h)) =0 for all ¢ > 1,

where Kx = Q% = A"T% denotes the canonical line bundle.

The proof follows from an application of Hérmander’s L? estimates with singular weights,
themselves derived from the Bochner-Kodaira identity (see [Hor66], [Dem82], [Dem92]). One
should observe that the strict positivity assumption implies L to be big, hence X must be projec-
tive, since every compact manifold that is Kédhler and Moishezon is also projective (cf. [Moi66],
[Pet86], [Pet98a]). However, when relaxing the strict positivity assumption, one can enter the
world of general compact Kahler manifolds, and their study is one of our main goals.

In many cases, one has to assume that the psh functions involved have milder singularities.
We say that a psh or quasi-psh function ¢ has analytic singularities if locally on the domain of
definition U of ¢ one can write

N
(0.4) p(z) =clog Y |g;|> +0(1)

j=1

where the g;’s are holomorphic functions, ¢ € Ry and O(1) means a locally bounded remainder
term. Assumption (0.4) implies that the set of poles Z = p~!(—0o0) is an analytic set, locally
defined as Z = ﬂgj_l(O), and that ¢ is locally bounded on U \ Z. We also refer to this
situation by saying that ¢ has logarithmic poles. In general, one introduces the following
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comparison relations for psh or quasi-psh functions ¢ and hermitian metrics h = e~ ; a more
flexible comparison relation will be introduced in Section 4.

0.5. Definition. Let @1, @2 be psh functions on an open subset U of a complex manifold X .
We say that

(a) 1 has less singularities than g2, and write ©1 <X 2, if for every point x € U, there exists
a neighborhood V- of x and a constant C' > 0 such that p1 > po —C on V.

(b) w1 and @y have equivalent singularities, and write o1 ~ @2, if locally near any point of U
we have o1 — C < o < 1 +C.

Similarly, given a pair of hermitian metrics hy, ho on a line bundle L — X,

(a’) we say that hy is less singular than hs, and write hy < he, if locally there exists a constant
C > 0 such that hy < Chs.

(b’) we say that hy, he have equivalent singularities, and write hy ~ ho, if locally there exists a
constant C > 0 such that C " hy < hy < Chs.

(of course when hy and hs are defined on a compact manifold X, the constant C' can be taken
global on X in (a’) and (b)).

Important features of psh singularities are the semi-continuity theorem (see [DKO01]) and
the strong openness property recently proved by Guan and Zhou [GZ13], [GZ14a], [GZ14D].
Let U be an open set in a complex manifold X and ¢ a psh function on U. Following [DKO01],
we define the log canonical threshold of ¢ at a point zg € U by

(0.6) ¢z () =sup{c>0: e *¥is L' on a neighborhood of z} € |0, +00]

(Here L' integrability refers to the Lebesgue measure with respect to local coordinates). It is
an important invariant of the singularity of ¢ at zy. We refer to [FEMO03|, [DH14|, [DKO01],
[FEM10], [Kis94], [Nad90], [PS00], [Sko72b] for further information about properties of the log
canonical threshold. In this setting, the semi-continuity theorem can be stated as follows.

0.7. Theorem. (cf. [DKO1]) For any given zy € U, the map PSH(U) — 0, +00], ¢ > ¢4, (¢)
18 upper semi-continuous with respect to the topology of weak convergence on the space of psh
functions (the latter topology being actually the same as the topology of Li . convergence).

loc

The original proof of [DKO01] was rather involved and depended on uniform polynomial
approximation, combined with a reduction to a semi-continuity theorem for algebraic singular-
ities; the Ohsawa-Takegoshi L? extension theorem [OT87] was used in a crucial way. We will
give here a simpler and more powerful derivation due to Hiep [Hiep14], still depending on the
Ohsawa-Takegoshi theorem, that simultaneously yields effective versions of Berndtsson’s result
[Bern13] on the openness conjecture, as well as Guan and Zhou’s proof of the strong openness
conjecture for multiplier ideal sheaves.

0.8. Theorem. ([GZ13], [GZ14a], [GZ14b]) Let ¢, ¥, j € N, be psh functions on an open set
U in a complex manifold X. Assume that 1; < ¢ and that 1; converges to ¢ in Li _ topology as
Jj — +o00. Then for every relatively compact subset U’ € U, the multiplier ideal sheaves J(1;)
coincide with I(p) on U’ for j > jo(U'") > 1.

Before going further, notice that the family of multiplier ideals A — J(Ap) associated with
a psh function ¢ is nonincreasing in A € R;.. By the Noetherian property of ideal sheaves, they
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can jump only for a locally finite set of values A in [0, 400, and in particular, there exists a
real value \g > 1 such that

(0.9) T4 (0) == lim J(1+e)p) =T(\p), VA€ ]L Aol.

e—0+

We will say that I, (¢) is the upper semicontinuous regularization of the multiplier ideal sheaf.
Berndtsson’s result [Bernl3] states that the equality J(¢) = Ox implies Iy (p) = Ox. If we
take 1; = (1+1/j)¢ and assume (without loss of generality) that ¢ < 0, Theorem 0.8 implies
in fact

0.10. Corollary. For every psh function p, the upper semicontinuous reqularization coincides
with the multiplier ideal sheaf, i.e. Iy (p) = I(¢p).

Now, if L is a pseudoeffective line bundle, it was observed in [Dem00] that there always exist
a unique equivalence class hpi, of singular hermitian metrics with minimal singularities, such
that i©r 5., > 0 (by this we mean that Ami, is unique up to equivalence of singularities). In

fact, if hoo is a smooth metric on L, one can define the corresponding weight ¢in of Apin as
an upper envelope

(0.11) Pmin(z) =sup {p(z); iOL ) + 1009 >0, ¢ <0on X},

and put Apmin = heoe™ ?™in. In general, hy,;, need not have analytic singularities.

An important fact is that one can approximate arbitrary psh functions by psh functions
with analytic singularities. The appropriate technique consists of using an asymptotic Bergman
kernel procedure (cf. [Dem92] and Section 1). If ¢ is a holomorphic function on a ball B C C”,
one puts

1 2
om(z) = m log g%;] |gm,e(2)|

where (gm.¢)een is a Hilbert basis of the space H(B,my) of L? holomorphic functions on B
such that [ |f|?e”2™¢dV < +oo. When T = a + dd°p is a closed (1,1)-current on X in
the same cohomology class as a smooth (1,1)-form « and ¢ is a quasi-psh potential on X, a
sequence of global approximations T, can be produced by taking a finite covering of X by
coordinate balls (B;). A partition of unity argument allows to glue the local approximations
©m,; of ¢ on B; into a global potential ¢,,, and one sets T, = a + dd°p,,. These currents
T, converge weakly to 7', are smooth in the complement X \ Z,, of an increasing family of
analytic subsets Z,, C X, and their singularities approach those of T. More precisely, the
Lelong numbers v(T},, z) converge uniformly to those of T', and whenever T' > 0, it is possible
to produce a current 7;,, that only suffers a small loss of positivity, namely T}, > —¢&,,w where
lim,, o0 € = 0. These considerations lead in a natural way to the concept of numerical
dimension of a closed positive (1,1)-current 7. We define

(0.12) nd(7) = max {p=0,1,...,n; limsup/ (Ton + Emw)? Aw™ P > 0},
X~Zm

m——+00

One can easily show (see Section 4) that the right hand side of (0.12) does not depend on the
sequence (T},), provided that the singularities approach those of T' (we call this an “asymptot-
ically equisingular approximation”).

These concepts are very useful to study cohomology groups with values in pseudoeffective
line bundles (L,h). Without assuming any strict positivity of the curvature, one can obtain
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at least a hard Lefschetz theorem with coefficients in L. The technique is based on a use of
harmonic forms with respect to suitable “equisingular approximations” ¢,, of the weight ¢ of h
(in that case we demand that J(¢,,) = I(¢) for all m); the main idea is to work with complete
Kahler metrics in the open complements X ~\ Z,,, where ¢,, is smooth, and to apply a variant
of the Bochner formula on these sets. More details can be found in Section 3 and in [DPS01].

0.13. Theorem. ([DPSO01]) Let (L,h) be a pseudo-effective line bundle on a compact Kdhler
manifold (X,w) of dimension n, let O p > 0 be its curvature current and J(h) the associated
multiplier ideal sheaf. Then, the wedge multiplication operator w? A e induces a surjective
morphism

oL, HY(X, QY '@ Lo I(h) — HY(X,Q% @ L@ I(h)).

The special case when L is nef is due to Takegoshi [Tak97]. An even more special case is
when L is semipositive, i.e. possesses a smooth metric with semipositive curvature. In that case
the multiple ideal sheaf J(h) coincides with Ox and we get the following consequence already
observed by Enoki [Eno93] and Mourougane [Mou95].

0.14. Corollary. Let (L, h) be a semipositive line bundle on a compact Kihler manifold (X, w)
of dimension n. Then, the wedge multiplication operator w? A e induces a surjective morphism

®?: H' (X, QY '® L) — HIY(X,0% ® L).

It should be observed that although all objects involved in Th. 0.13 are algebraic when X
is a projective manifold, there is no known algebraic proof of the statement; it is not even clear
how to define algebraically J(h) for the case when h = h,,;;, is a metric with minimal singularity.
However, even in the special circumstance when L is nef, the multiplier ideal sheaf is crucially
needed.

Our next statement is taken from the PhD thesis of Junyan Cao [JC13]. The proof is a combi-
nation of our Bergman regularization techniques, together with an argument of Ch. Mourougane
[Mou95] relying on a use of the Calabi-Yau theorem for Monge-Ampere equations.

0.15. Theorem. ([JC13], [JC14]) Let (L,h) be a pseudoeffective line bundle on a compact
Kahler n-dimensional manifold X. Then

HIX,Kx ® L®I(h))=0 for every q¢>n—nd(L,h)+1,
where nd(L, h) :=nd(iOp 4).
Cao’s technique of proof actually yields the result for the upper semicontinuous regulariza-
tion

(0.16) Iy (h) = lim J(h'Te)

e—0

instead of J(h), but we can apply Guan-Zhou’s Theorem 0.8 to see that the equality J;(h) = I(h)
always holds. As a final geometric application of this circle of ideas, we present the following
result which was obtained in [CDV13].

0.17. Theorem. ([CDV13]) Let X be a compact Kdihler threefold that is “strongly sim-
ple” in the sense that X has mo nontrivial analytic subvariety. Then the Albanese morphism
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a: X — Alb(X) is a biholomorphism, and therefore X is biholomorphic to a 3-dimensional
complex torus C3/A.

I would like to thank the referee wholeheartedly for numerous suggestions that led to sub-
stantial improvements of the exposition.

1. Approximation of psh functions and of closed (1,1)-currents

We first recall here the basic result on the approximation of psh functions by psh functions
with analytic singularities. The main idea is taken from [Dem92] and relies on the Ohsawa-
Takegoshi extension theorem, For other applications to algebraic geometry, see [Dem93b] and
Demailly-Kollar [DKO1]. Let ¢ be a psh function on an open set  C C™. Recall that the
Lelong number of ¢ at a point zg € €2 is defined to be

su
(1.1) v(p, o) :liminf& _ im PB@on) ¥
z=wo log|z —xo| =04 logr

In particular, if ¢ = log|f| with f € O(Q), then v(p, z¢) is equal to the vanishing order
ord,, (f) = sup{k € N D*f(z0) = 0, V]a] < k}.

1.2. Theorem. Let ¢ be a plurisubharmonic function on a bounded pseudoconvex open set
Q C C". For every m > 0, let Ho(mp) be the Hilbert space of holomorphic functions f
on Q such that [, |f|?e™*™¥dVa, < 400 and let ¢, = ﬁlog2|gm,g|2 where (gm.e) is an
orthonormal basis of Hq(mp). Then there are constants C1,Co > 0 independent of m such
that

C 1 C
(a) o(z) — —= < om(z) < sup @(¢) + —log—j for every z € Q and r < d(z,0Q). In
m [¢—z|<r m r

particular, @, converges to ¢ pointwise and in LllOC topology on 0 when m — +oo and

(b) v(p,2) — n < v(pm,z) <v(p,z) for every z € S).
m

Proof. (a) Note that > |gm.e(2)]? is the square of the norm of the evaluation linear form
ev, : f = f(z) on Hq(myp), since gm (z) = ev,(gm,) is the ¢-th coordinate of ev, in the
orthonormal basis (g, ¢). In other words, we have

D lgme(2)P = sup |f(2)]?

feB(1)

where B(1) is the unit ball of Hq(mep) (The sum is called the Bergman kernel associated with
Ha(mep)). As ¢ is locally bounded from above, the L? topology is actually stronger than the
topology of uniform convergence on compact subsets of . It follows that the series > [gm.¢|?
converges uniformly on €2 and that its sum is real analytic. Moreover, by what we just explained,
we have

1 1
em(z) = sup —log|f(z)]* = sup —log|f(z)|.
feB(1) 2m fep() m

For zg € Q and 7 < d(29,0f), the mean value inequality applied to the psh function |f|? implies
1 2

_— dVap,

el LIS
1

= anr2n /)

| f(20)? <

exp <2m sup go(z))/g|f]26_2m‘pdvgn.

|z—z0|<T
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If we take the supremum over all f € B(1) we get

1 1

om(20) < sup  @(z) + 0g w2 )

|z—zo|<T 2m

and the second inequality in (a) is proved — as we see, this is an easy consequence of the mean
value inequality. Conversely, the Ohsawa-Takegoshi extension theorem ([OT87]) applied to the
O-dimensional subvariety {zo} C €2 shows that for any a € C there is a holomorphic function f
on 2 such that f(zp) = a and

/ ’f‘26—2mcpdv2n < Cfg|a‘2€—2'rmp(zo)7
Q

where C'3 only depends on n and diam (2. We fix a such that the right hand side is 1. Then
| /Il <1 and so we get

1 C
log|f(20)| = —log|a| = ¢(2) — log ﬁ

1
> =
om(20) > m

The inequalities given in (a) are thus proved. Taking r = 1/m, we find that

lim — sup  o(C) = ¢(2)

mTE (=<1 /m
by the upper semicontinuity of ¢, and therefore lim ¢,,, (z) = ¢(z), since lim = log(Cam™) = 0.
(b) The above estimates imply

C 1 C
sup  p(2) — — < sup  @m(z) < sup  @(z) + — log —.
|z—zo|<T m |z—zo|<T |z—zo|<2r m r

After dividing by logr < 0 when r — 0, we infer

C c
SUP|z—z|<2r QD(Z) + % IOg 7«_7% < SUP|,—zo|<r 90771(2) < SUP|,—zo|<r QD(Z) - Rl

logr - logr - log r

and from this and definition (1.1), it follows immediately that

n
A a) ~ < vlom, ) < ulp,2). 0
Theorem 1.2 implies in a straightforward manner the deep result of [Siu74] on the analyticity
of the Lelong number upperlevel sets.

1.3. Corollary. [Siu74| Let ¢ be a plurisubharmonic function on a complex manifold X. Then,
for every ¢ > 0, the Lelong number upperlevel set

E(p)={z€X; v(p,2)>c}

s an analytic subset of X.
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Proof. Since analyticity is a local property, it is enough to consider the case of a psh function
¢ on a pseudoconvex open set 0 C C". The inequalities obtained in Theorem 13.2 (b) imply
that

m>mg

Now, it is clear that E.(¢,,) is the analytic set defined by the equations gffi )e(z) = 0 for all
multi-indices « such that |a] < mec. Thus E.(¢) is analytic as a (countable) intersection of

analytic sets. (

1.4. Remark. It has been observed by Dano Kim [Kim13] that the functions ¢,, produced
by Th. 1.2 do not in general satisfy ¢,,+1 = @m, in other words their singularities may not
always increase monotonically to those of ¢. Thanks to the subbadditivity result of [DEL00],
this is however the case for any subsequence (,,, such that m;, divides mg, 1, e.g. my = 2%
or my = k! (we will refer to such a sequence below as being a “multiplicative sequence”). In
that case, a use of the Ohsawa-Takegoshi theorem on the diagonal of {2 x {2 shows that one can
obtain ¢, ., < @m, (after possibly replacing ¢, by ¢m, + C/my, with C large enough), see
[DEL00] and [DPS01].

Our next goal is to study the regularization process more globally, i.e. on a compact complex
manifold X. For this, we have to take care of cohomology class. It is convenient to introduce
d° = (8 — 9), so that dd® = 5-90. Let T be a closed (1,1)-current on X. We assume
that T is quasi-positive, i.e. that there exists a (1,1)-form ~ with continuous coefficients such
that T' > v ; observe that a function ¢ is quasi-psh iff its complex Hessian is bounded below by
a (1,1)-form with continuous or locally bounded coefficients, that is, if dd®y is quasi-positive.
The case of positive currents (v = 0) is of course the most important.

1.5. Lemma. There exists a smooth closed (1,1)-form o representing the same 00-cohomology
class as T and an quasi-psh function ¢ on X such that T = o + dd°p.

Proof. Select an open covering (B;) of X by coordinate balls such that T = dd®p; over Bj,
and construct a global function ¢ = 3" 8¢, by means of a partition of unity {6,} subordinate
to B;. Now, we observe that ¢ — ¢}, is smooth on By, because all differences ¢; — ¢, are smooth
in the intersections B; N By, and we can write o — @i = Y 0,(p; —pr). Therefore a :=T —dd°p
is smooth. 0

Thanks to Lemma 1.5, the problem of approximating a quasi-positive closed (1,1)-current
is reduced to approximating a quasi-psh function. In this way, we get

1.6. Theorem. Let T = a + dd°p be a quasi-positive closed (1,1)-current on a compact
Hermitian manifold (X,w) such that T > ~ for some continuous (1,1)-form ~. Then there
erists a sequence of quasi-positive currents T,, = o + dd°p,, whose local potentials have the
same singularities as 1/2m times a logarithm of a sum of squares of holomorphic functions and
a decreasing sequence €, > 0 converging to 0, such that

(a) Ty, converges weakly to T,
(b) v(T,x) — o <v(Tp,z) <v(T,z) for everyx € X;
m

() Tin > v — emw.

We say that our currents T,,, are approzimations of T' with analytic singularities (possessing
logarithmic poles). Moreover, for any multiplicative subsequence my, one can arrange that
T, = @+ dd°p.,, where (@, ) is a non-increasing sequence of potentials.
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Proof. We just briefly sketch the idea — essentially a partition of unity argument — and refer to
[Dem92] for the details. Let us write T = « + dd°p with a smooth, according to Lemma 1.5.
After replacing T' with T'— o and ~ with v — «, we can assume without loss of generality that
{T} =0, i.e. that T = dd°p with a quasi-psh function ¢ on X such that dd°p > ~. Now, for
e > 0 small, we select a finite covering (Bj)i<;j<n() of X by coordinate balls on which there
exists an e-approximation of v as

Z )\j,gidzg/\dz <B, < Z Nje+e€) 1dz€/\d_]
1<¢<n 1<6<n

in terms of holomorphic coordinates (zJ)i1<¢<, on B; (for this we just diagonalize ~(a;) at
the center a; of B;, and take the radius of B; small enough). By construction v, .(z) =
@(2) = 3 <pen Njaz)|? is psh on By, and we can thus obtain approximations t; ., of 1; by
the Bergman kernel process applied on each ball B;. The idea is to define a global approximation
of v by putting

Vem(T) = %log ( Z 0;c(x) exp (m(%‘,s,m(m) + Z (Ao — E)’ZZ!2)>)

1<j<N(¢g) 1<é<n

where (6;)1<j<n(c) is a partition of unity subordinate to the B;’s. If we take ¢ = &, and
©m = Pe,,,m Where g, decays very slowly, then it is not hard to check that T,, = dd°py,
satisfies the required estimates; it is essentially enough to observe that the derivatives of 0; .
are “killed” by the factor % when m > % 0

We need a variant of Th. 1.6 providing more “equisingularity” in the sense that the mul-
tiplier ideal sheaves are preserved. If one adds the requirement to obtain a non-increasing
sequence of approximations of the potential, one can do this only at the expense of accepting
“transcendental” singularities, which can no longer be guaranteed to be logarithmic poles.

1.7. Theorem. Let T = a+ dd°p be a closed (1,1)-current on a compact Hermitian manifold
(X,w), where a is a smooth closed (1,1)-form and ¢ a quasi-psh function. Let~y be a continuous
real (1,1)-form such that T' > ~. Then one can write ¢ = limy, 1 o P where

) @m is smooth in the complement X \ Z,, of an analytic set Z,, C X ;

b) {&m} is a non-increasing sequence, and Z,, C Zpy1 for all m;

(a
(
(c) [x(e7¥ —e ‘pm)de is finite for every m and converges to 0 as m — 400}
(d) (“equisingularity”) I(pm) = I(p) for all m ;

(

e) T, = a+ dd°®,, satisfies Ty, > v — €pw, where limy, oo € = 0.

Proof. (A substantial simplication of the original proof in [DPS01].) As in the previous proof, we
may assume that o = 0 and T' = ddp, and after subtracting a constant to ¢ we can also achieve

that ¢ < —1 everywhere on X. For every germ f € Ox ., (c) implies [, [f[*(e”¥ —e™#m)dV,, <

+00 on some neighborhood U of z, hence the integrals [, |f|*e~¥dV,, and [, ]f\Ze_‘;m dV,, are
simultaneously convergent or divergent, and (d) follows trivially. We define

Pm(z) = sup (1+27F)p,,

where (p) is a multiplicative sequence that grows fast enough, with ¢,, ., < ¢p, <0 for all k.
Clearly ¢,, is a non-increasing sequence, and

lim @ (x) = kgrfoo ©pi, () = ()

m——+oo
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at every point x € X. If Z,, is the set of poles of ¢, , it is easy to see that

> = i s 1427k
Om () ggglee}ge]( )Ppi

converges uniformly on every compact subset of X \ Z,,, since any new term (1 + 2_£)gpm may
contribute to the sup only in case

1+ 27 Pm

Pre Z T omp Prm (= 20p,,),

and the difference of that term with respect to the previous term (1 +2-¢=)p, > (1 +
2=, is less than 27|, | < 21|y, |. Therefore @, is continuous on X \ Z,,, and
getting it to be smooth is only a matter of applying Richberg’s approximation technique ([Ric68],
[Dem12]). The only serious thing to prove is property (c). To achieve this, we observe that
{¢ < @m} is contained in the union (J,+, {¢ < (14 27%)p,, }, therefore

(1.8) / (7% —ePm)dV, < io / L1ty € 7dV,
X h—m Y X
and
/X Loc(142-k)p,, € FdVi = /X Loc(142-%)g,, &P (250 — (28 + 1)) dV,
< /X locto-r)p, €XP (2F + D (pp, — 9)) Ve,

(1.9) < /X locto-r)p, €XP (20 (pp, — 9))dV,

if we take py > 2! (notice that ¢, — ¢ > 0). Now, by Lemma 1.10 below, our integral (1.9)
is finite. By Lebesgue’s monotone convergence theorem, we have for k fixed

pgrfoo X Loc(ia-r)p,€ 7V =0

as a decreasing limit, and we can take p; so large that f¢<(1+2_k)¢ e~ %dV,, < 27k, This
Pi

ensures that property (c) holds true by (1.8). O

1.10. Lemma. On a compact complex manifold, for any quasi-psh potential @, the Bergman
kernel procedure leads to quasi-psh potentials v, with analytic singularities such that

/ 62m(¢m—ap)de < 400.
X

Proof. By definition of ¢, in Th. 1.2, exp(2m(¢,,)) is (up to the irrelevant partition of unity
procedure) equal to the Bergman kernel Y-, |gm,¢|*. By local uniform convergence and the
Noetherian property, it has the same local vanishing behavior as a finite sum Zéﬁ N(m) |Gm.e|?
with N(m) sufficiently large. Since all terms gy, ¢ have L? norm equal to 1 with respect to the
weight e 2™ our contention follows. U

1.11. Remark. A very slight variation of the proof would yield the improved condition
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(¢)) VAeRy, / (e=% — e‘Ag’”)de < 27 for m > mp(N),
b's

and thus an equality J(A@,,) = J(Ap) for m > my(X). We just need to replace estimate (1.8)
by

- oo
/ (e — e mem)dV, < Y / Loc(i42-4)p,, € PV,
X k=m Y X

and take py so large that 2p;, > k(2% + 1) and f@ ekedy, < 9-k—1, 0

<(A427F)pp,

We also quote the following very simple consequence of Lemma 1.10, which will be needed
a bit later. Since ¢, is less singular than ¢, we have of course an inclusion IJ(Ap) C I(Ap,,) for
all A € Ry. Conversely :

1.12. Corollary. For every pair of positive real numbers X' > X\ > 0, we have an inclusion of
multiplier ideals

1 AN
/
> | = .
I N om) CI(Ap) as soon as m > {2 . )\-‘

Proof. If f € Ox , and U is a sufficiently small neighborhood of z, the Holder inequality for
conjugate exponents p,q > 1 yields

’ 1/ ay/ 1/
[ipeeavi < ([ 1speenan) " ( [ gpeennear)",
U U U

Therefore, if f € J(N¢m)z, we infer that f € J(Ap), as soon as the integral [, e Pm =gy,
is convergent. If we select p € ]1, X' /A], this is implied by the condition [ etMem=2)qV,, < 4o0.
If we further take g\ = 2mg to be an even integer so large that

q . 2m0/)\ <)\_/
g—1 2mg/A—17" X\’

b= 1 AN W,

e.g. mo— m()(>\, )\/) = [ﬁm
then we indeed have [, e2molem—e)Jy, < Ix e?m(em=2)dV,, < +oo for m > mg(\, \'), thanks
to Lemma 1.10. ]

1.13. Remark. Without the monotonicity requirement (b) for the sequence ($,,) in Theo-
rem 1.7, the strong openness conjecture proved in the next section would directly provide an
equisingular sequence, simply by taking

R 1
(Pm:(1+ )‘Pm
m

where ¢,,, is the Bergman approximation sequence. In fact all ,,, have analytic singularities and
Cor. 1.12 applied with A = 1 and X' = 1+1/m shows that J($,,) C I(¢). Since @y, > (1+ 1),
the equality J(©,,) = J(¢) holds for m large by strong openness, and properties 1.7 (a), (c),
(d), (e) can be seen to hold. However, the sequence (©,,) is not monotone.
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2. Semi-continuity of psh singularities and proof of the strong open-
ness conjecture

In this section, we present a proof of the strong openness conjecture for multiplier ideal
sheaves. Let 2 be a domain in C", f € O(2) a holomorphic function, and ¢ € PSH({2) a psh
function on €2. For every holomorphic function f on €2, we introduce the weighted log canonical
threshold of ¢ with weight f at zg

Cf(p) =sup{c>0: |f[?e ¥ is L' on a neighborhood of 2} € ]0,+oc].

The special case f = 1 yields the usual log canonical threshold c,,(¢) that was defined in the
introduction. The openness conjectures can be stated as follows.

2.1. Conjectures.

(a) (openness conjecture, [DKO01])
The set {c>0: e ¢ is L' on a neighborhood of zy} equals the open interval 10, c.,(¢)].

(b) (strong openness conjecture, [Dem00])
The set {c > 0 : |f|?¢72¢¥ is L' on a neighborhood of zo} equals the open inter-

’U(Ll ]07 Cf,Zo (90) [

The openness conjecture 2.1 (a) was first established by Favre and Jonsson ([FJO05] in di-
mension 2 (see also [JM12], [JM14]), and 8 years later by Berndtsson [Bernl3] in arbitrary
dimension. The strong form 2.1 (b), which is equivalent to Cor. 0.10, was settled very recently
by Guan and Zhou [GZ13]. Their proof uses a sophisticated version of the L2-extension theo-
rem of Ohsawa and Takegoshi in combination with the curve selection lemma. They have also
obtained related semi-continuity statements in [GZ14a] and “effective versions” in [GZ14b].
A simplified proof along the same lines has been given by Lempert in [Lem14].

Here, we follow Pham Hoang Hiep’s approach [Hiep14], which is more straightforward and
avoids the curve selection lemma. It is based on the original version [OT87] of the L2-extension
theorem, applied to members of a standard basis for a multiplier ideal sheaf of holomorphic
functions associated with a plurisubharmonic function . In this way, by means of a simple
induction on dimension, one can obtain the strong openness conjecture, and give simultaneously
an effective version of the semicontinuity theorem for weighted log canonical thresholds. The
main results are contained in the following theorem.

2.2. Theorem. ([Hiepl4|) Let f be a holomorphic function on an open set Q in C™ and let ¢
be a psh function on €.

(i) (“Semicontinuity theorem”) Assume that [, e™*¢?dVa, < 400 on some open subset ' C Q
and let zo € Q. Then there exists 6 = 0(c, , ', z9) > 0 such that for every ¢ € PSH(Y'),
o=l < & implies c., (1) > c. Moreover, as 1) converges to ¢ in L*(Q), the function
e=2¢Y converges to e=2¢% in L' on every relatively compact open subset Q' € €Y.

(ii) (“Strong effective openness”) Assume that [, |f|*e2“?dVa, < +o0 on some open subset
' C Q. When ¢ € PSH(QY) converges to o in L' () with 1 < ¢, the function |f|?e2¢¥
converges to | f|2e72¢% in L' norm on every relatively compact open subset ' € V.

2.3. Corollary. (“Strong openness”). For any plurisubharmonic function ¢ on a neighborhood
of a point 29 € C", the set {c > 0 : |f|?e72¢¥ is L' on a neighborhood of z} is an open
interval (0,cf ., (p))-
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2.4. Corollary. (“Convergence from below”). If ) < ¢ converges to ¢ in a neighborhood of
2o € C™, then cy ., (V) < cg., (@) converges to cy ., ().

In fact, after subtracting a large constant to ¢, we can assume ¢ < 0 in both corollaries.
Then Cor. 2.3 is a consequence of assertion (ii) of the main theorem when we take €' small
enough and ¢ = (1 + 6)p with § N\, 0. In Cor. 2.4, we have by definition cy ., (¢) < ¢t (¢)
for 1 < ¢, but again (ii) shows that cy ., (1)) becomes > ¢ for any given value c € (0, ct ., (¢)),
whenever |[1) — ¢||£1(q/) is sufficiently small.

2.5. Remark. One cannot remove condition ¥ < ¢ in assertion (ii) of the main theorem.
Indeed, choose f(z) = z1, ¢(z) = log|z1| and ¢;(z) =log|z1 + 2|, for j = 1.0ne has p; — ¢
in L .(C™), however co(pj) =1 < cpo(p) =2 for all j > 1. On the other hand, condition (i)
of Theorem 2.2 does not require any given inequality between ¢ and ). Modulo Berndtsson’s so-
lution of the openness conjecture, (i) follows from the effective semicontinuity result of [DK01],

but (like Guan and Zhou) Hiep’s technique will reprove both by a direct and easier method.

2.6. A few preliminaries. According to standard techniques in the theory of Grébner bases,
one equips the ring Ocn» ¢ of germs of holomorphic functions at 0 with the homogeneous lexi-

cographic order of monomials 2® = 27" ... 25", that is, 27" ... 20" < zlﬁl ... 2P if and only if
la] = a1 +...4a, <|B] = B1+...+ 8 or |a] = |B| and a; < f; for the first index i with «; # ;.
For each f(z) = aalza1 + aaazo‘2 + ... with a,; # 0, j > 1 and 2 < 2 < , we define

the initial coefficient, initial monomial and initial term of f to be respectively IC(f) = aqr,
IM(f) = 2o IT(f) = aalzal, and the support of f to be SUPP(f) = {zal,zo‘z, ...}. For any
ideal J of Ocn 9, we define IM(J) to be the ideal generated by {IM(f)}{ses. First, we recall
the division theorem of Hironaka and the concept of standard basis of an ideal.

2.7. Theorem. (Division theorem of Hironaka, [Gal79], [Bay82], [BM8&7], [BM8&9], [Eis95]) Let
fi91,-..,9k € Ocno. Then there exist hy,..., h,s € Ocn o such that

f=higi + ...+ hrgr + s,

and SUPP(s)N(IM(g1), . ..,IM(gx)) = 0, where (IM(g1), ...,IM(gx)) denotes the ideal generated
by the family (IM(g1),...,IM(gx)).

2.8. Standard basis of an ideal. Let J be an ideal of Oc» ¢ and let g;,...,gr € J be such
that IM(J) = (IM(g1),...,IM(gx)). Take f € J. By the division theorem of Hironaka, there
exist hi,..., g, s € Ocn o such that

f=higi + ...+ hggr + s,

and SUPP(s) NIM(J) = (. On the other hand, since s = f — hy1g1 + ...+ hrgr € I, we have
IM(s) € IM(J). Therefore s = 0 and the g;’s are generators of J. By permuting the g;’s and
performing ad hoc subtractions, we can always arrange that IM(g1) < IM(g2) < ... < IM(gx),
and we then say that (g1,...,gx) is a standard basis of J.

Th. 2.2 will be proved by induction on dimension n. All statements are trivial for n = 0.
Assume that the theorem holds for dimension n — 1. Thanks to the L?-extension theorem of
Ohsawa and Takegoshi ([OT87]), one obtains the following key lemma.
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2.9. Lemma. Let ¢ <0 be a plurisubharmonic function and f be a holomorphic function on
the polydisc A%}, of center 0 and (poly)radius R > 0 in C", such that for some ¢ > 0

/ |f(2)Pe 2 ? P aV, (2) < +oo.
AR

Let p; < 0, j > 1, be a nequence of plurisubharmonic functions on AL with ¥; — ¢ in
Li (A%, and assume that either f = 1 identically or v; < ¢ for all j > 1. Then for
every r < R and ¢ € (0,%7“], there exist a value w, € A. ~ {0}, an index jy, a constant
¢ > ¢ and a sequence of holomorphic functions F; on A}, j > jo, such that IM(F;) < IM(f),
Fi(2) = f(2) + (20 — wn) Y j.02% with |wy||ajo| < r71%le for all a € N*, and

2

~ 3 < +OO, VJ Z j().
|wn|

/ IFy(2)2e 2505 gV, (2) <
An

Moreover, one can choose w,, in a set of positive measure in the punctured disc A. ~ {0} (the
indez jo = jo(w,) and the constant ¢ = ¢(wy,) may then possibly depend on wy,).

Proof. By Fubini’s theorem we have
[ e o av, o) avaten) <
Ar LJan-

Since the integral extended to a small disc z, € A, tends to 0 as  — 0, it will become smaller
than any preassigned value, say €3 > 0, for n < 79 small enough. Therefore we can choose a
set of positive measure of values w,, € A, \ {0} such that

& _

fz',w 26—2ccp(z’,wn)dv (2 < ‘
/A;;*H g n22) S 2 <,

Since the main theorem is assumed to hold for n — 1, for any p < R there exist jo = jo(w,) and
¢ = ¢(wy,) > ¢ such that

2
g . .
0|2, Vi > jo.

|wn,

[ M )P v, () <
N

(For this, one applies part (i) in case f = 1, and part (ii) in case ¢; < ¢, using the fact that
(S %wj converges to ¢ as ¢ — ¢ and j — +00). Now, by the L?-extension theorem of Ohsawa
and Takegoshi (see [OT87]), there exists a holomorphic function Fj on A7~! x Ag such that
Fj(2',wy) = f(2',wy) for all 2/ € A1, and

/ |Fj(2)[Pe72¢ ¥ dVo, (2) < C, R? / f (2 wn)Pe 26 V) Vs, o ()
AT X AR

where (), is a constant which only depends on n (the constant is universal for R = 1 and is
rescaled by R? otherwise). By the mean value inequality for the plurisubharmonic function
|F;]2, we get
1 /
ﬂ-n(p - ‘21D2 tt (p - ’Zn|)2 Ap_|21|(Zl)X...XAp_|Zn|(Zn)
C,R?e3
m(p = |z1])? .. (p = [2n])?lwa|?”

|F(z)) |Fj*dVa,

IN
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where A,(z) is the disc of center z and radius p. Hence, for any r < R, by taking p = 1(r + R)
we infer

QnCéREO
72 (R —17)"|w,|

(2.10) [ F]| oo (an) <

Since Fj(z',wy,) — f(2',wy,) = 0, V2" € A1 we can write F;(z) = f(z) + (2, — wn)g;(2) for
some function g;(z) = > cyn @02 on A1 x Ag. By (2.10), we get

1
logllar = Nosllaz-txon, < 7= (IFslzmcap + I lli=ap)
1 QnCn%REo
_— n —I'_ oo n ).
r——Wm|<WEG%—TVﬂwn| Il

Thanks to the Cauchy integral formula, we find

1
g;llan 1 ( 2"C Reg
rlel = (r — Jw, )l \ 73 (R — r)"|w,|

1Sl cap )

|00
We take in any case n < eg <e < 4r. As Jw,| < n < 3r, this implies

2 2"C%Re

) |a\<_(# e ><C/

[wn||aj.ql 7 —rwﬂR—mﬂHUh(“m%|_ €0,

for some constant C’ depending only on n, r, R and f. This yields the estimates of Lemma 2.9
for eg := C"e with C” sufficiently small. Finally, we prove that IM(F;) < IM(f). Indeed, if
IM(g;) > IM(f), since |wp|laj.qo| < r71%le, we can choose ¢ small enough such that IM(F;) =

IM(f) and )%( € (L,2). Otherwise, if IM(g;) < IM(f), we have IM(F}) = IM(g;) < IM(f).

2.11. Proof of Theorem 2.2. By well-known properties of (pluri)potential theory, the L!
convergence of 1 to ¢ implies that 1y — ¢ almost everywhere, and the assumptions guarantee
that ¢ and v are uniformly bounded on every relatively compact subset of Q. In particular,
after shrinking 2" and subtracting constants, we can assume that ¢ < 0 on §. Also, since the
L' topology is metrizable, it is enough to work with a sequence (1;);>1 converging to ¢ in
LY(Y). Again, we can assume that 1); < 0 and that 1); — ¢ almost everywhere on 2. By a
trivial compactness argument, it is enough to show (i) and (ii) for some neighborhood Q" of a
given point zg € £2'. We assume here zy, = 0 for simplicity of notation, and fix a polydisc A%, of
center 0 with R so small that A% C . Then t;(e, 2,) — ©(s, 2,,) in the topology of L'(A% ™)
for almost every z,, € Ag.

2.11 (i). Proof of statement (i) in Theorem 2.2. We have here [, e 2¢?dVs, < 400
R

for R > 0 small enough. By Lemma 2.9 with f = 1, for every » < R and ¢ > 0, there exist
w, € A; \ {0}, an index jy, a number ¢ > ¢ and a sequence of holomorphic functions F; on
AT § > jo, such that Fj(2) = 1+ (2, — wn) Y. aj.02%, |wal|ajo|r~1% < e and

62

/A 5 (2)| 22545 Vs, (2) < o Vi > jo.

For e < 1, we conclude that |F;(0)| = [1 —wpajo| > 3 hence c¢y(¢);) > ¢ > ¢ and the first part of
(i) is proved. In fact, after fixing such ¢ and w,,, we even obtain the existence of a neighborhood
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Q" of 0 on which |Fj| > %, and thus get a uniform bound [, e"2%i*)dV;,(2) < M < +cc.
The second assertion of (i ) then follows from the estimate

/ |e726%i() _ ¢=20() |V, (2) < / |72 — 72 ¢ |dVy, (2)
1" Q”ﬂ{|¢j|§A}

+ / e 2¢?2) Wy, (2)
Q' {y;<-A}

+ 6—2(E—C)A/ 6_25¢j(z)d‘/2n(2).
Q'N{y;<—A}

In fact the last two terms converge to 0 as A — +oo, and, for A fixed, the first integral in
the right hand side converges to 0 by Lebesgue’s bounded convergence theorem, since ¢; — ¢
almost everywhere on ".

2.11 (ii). Proof of statement (ii) in Theorem 2.2. Take fi,...,fr € Ocn o such that
(f1,..., fr) is a standard basis of J(cy)o with IM(f1) < ... < IM(fx), and A’ a polydisc so
small that

/ fi(2)Pe 29 dVy, (2) < 400, 1=1,...,k.

R

Since the germ of f at 0 belongs to the ideal (f1,..., fx), we can essentially argue with the f;’s
instead of f. By Lemma 2.9, for every r < R and ¢; > 0, there exist w,,; € A, \ {0}, an index
Jjo = jo(wn,1), a number é = é(wy,,;) > c and a sequence of holomorphic functions Fj; on A7,
J > jo, such that Fj;(2) =14 (2, — wn1) Y aj1,a2%, |Wnillajial r=lel < g, and

2
(2.12) / |1 (2)]2e 2%V, (2) < ©l Vi=1,....k, Vj>jo.

Since ¢; < ¢ and ¢ > ¢, we get Fj; € J(¢v;)o C I(cp)o. The next step of the proof consists
in modifying (F};)1<i<k in order to obtain a standard basis of J(cy)o. For this, we proceed
by selecting successively €1 > €2 > ... > ¢, (and suitable w,; € A, ~ {0}). We have
IM(Fj1),...,IM(F; %) € IM(I(cp)o, in particular IM(Fj 1) is divisible by IM(f;) for some [ =

., k. Since IM(Fj1) < IM(f1) < ... < IM(f), we must have IM(F} ;) = IM(f;) and
thus IM(g;1) > IM(f1). As |wn1]laj1,a| < €1, we will have %’ € (3,2) for &1 small

1

enough. Now, possibly after changing s to a smaller value, we show that there exists a
polynomial Pj2 such that the degree and coefficients of Pj2; are uniformly bounded, with

IM(Fj2 — Pj21F;1) = IM(f2) and [IC(F, |IC(PJ)2| 1Fj1)] € (3,2). We consider two cases:

Case 1: If IM(g;2) > IM(f2), since |wp2||aj2,q] < r=leley. we can choose 4 so small that

IM(Fj2) = IM(f2) and w € (3,2). We then take Pj5; = 0.
Case 2: If IM(g;2) < IM(f2), we have IM(g;2) = IM(F}2) € IM(J(cyp)o). Hence IM(g;,2) is
divisible by IM(f;) for some | = 1,..., k. However, since IM(g;2) < IM(f2) < ... < IM(fx),
the only possibility is that IM(g;2) be divisible by IM(f1). Take b € C and S,y € N such that
IT(gj2) := aj2~2" = bzP IT(F;1). We have 28 < 27 = IM(g;2) < IM(f2) and

(9372)’ 2|wn’2HGj72’,Y’ 2r7|’7|52

[IC(F; )l = [IC(A)l — [TC(A)]

[wn2[b] = |wn,2
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can be taken arbitrarily small. Set §;2(2) = g;2(2) — b2PFj1(2) = 3" Gj.2,02% and

Fj2(2) = f2(2) + (20 — Wy 2)§j,2(2) = Fjo(2) — b(2n — wy2)2" Fj 1(2).

We have IM(g;2) > IM(g;2). Since |wy2||b] = O(e2) and |wy2||aj2.q| = Oe2), we get

|wn, 2]]Gj2,o| = O(e2) as well. Now, we consider two further cases. If IM(g;2) > IM(f2), we can

again change e, for a smaller value so that IM(E} ) = IM(fa) and % € (3,2). Other-
2

wise, if IM(g;,2) < IM(f2), we have IM(F}2) = IM(g;2) < IM(F}2) = IM(gj,2) < IM(f2). No-
tice that {27 : 27 <IM(f2)} is a finite set. By using similar arguments a finite number of times,

we find €9 SO small

that IM(Fj5 — Pj21F;1) = IM(f2) and |IC(Fj’|216(];j’)2|’1F"1)| € (3,2) for some polynomial
2

P; 5 1. Repeating the same arguments for Fj 3, ..., I}, we select inductively ¢;, [ = 1,...,F,

and construct linear combinations

Fj,=Fju— Y  PyuwmF},

1<m<i—1

with polynomials P;; ,, 1 < m <[ < k, possessing uniformly bounded coefficients and degrees,

IC(F!
such that IM(F7 ;) = IM(f;) and % €(3,2)foralll=1,...,k and j > jo. This implies
’ !
that (F},,...,F},) is also a standard basis of I(c¢)o. By Theorem 1.2.2 in [Gal79], we can
find p, K > 0 so small that there exist holomorphic functions hj1,...,hj, on A7 with p <r,

such that
f = hj,lF]{’l + hj,QFJ/',Q 4+ ...+ thgFj{’k on AZ

and [|h il Lo (an) < K[ f|l L an), for alll=1,...,k (p and K only depend on fi,..., fx). By
(2.12)), this implies a uniform bound

/ F(2) 229 BV (2) < M < 400
A

for some ¢ > c and all j > jo. Take Q" = A7. We obtain the L' convergence of |f|?e~2¢¥i to
|f]?e~2¢¥ almost exactly as we argued for the second assertion of part (i), by using the estimate

[ e el ) < [ 7Pl 6) — =260 |av, (2
Q' Q' {lp;|<A}

T / P2V, (2)
Q' {y;<-A}

+ 6—2(E—c)A / ’f|26—25¢j (Z)d‘/gn(z)
Q'N{y;<—-A}

3. Hard Lefschetz theorem for pseudoeffective line bundles

3.1. A variant of the Bochner formula

We first recall a variation of the Bochner formula that is required in the proof of the Hard
Lefschetz Theorem with values in a positively curved (and therefore non flat) line bundle (L, h).
Here the base manifold is a Kéhler (non necessarily compact) manifold (Y,w). We denote by
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| | =] J|wn the pointwise Hermitian norm on AP9T} ® L associated with w and h, and by
| || =1 |lw.n the global L? norm

wTL

||| = / lu|?dV, where dV, = —
We consider the d operator acting on (p, q)-forms with values in L, its adjoint 52 with respect to

h and the complex Laplace-Beltrami operator A} = %2 —1—525. Let v be a smooth (n—g, 0)-form
with compact support in Y. Then u = w? A v satisfies

(3.1.1) |9ul® + [Bull® = [[20]* + /Z ZA IUUI

jedJ

where A\; < --- < )\, are the curvature eigenvalues of O, ; expressed in an orthonormal frame
(0/0z1,...,0/0z,) (at some fixed point xg € V), in such a way that

> dzndz, (OLn)ay = dd0u, =1 Y Ndzj Adz;.

1<j<n 1<j<n

Formula (3.1.1) follows from the more or less straightforward identity

— =%

@,0+03,) (v Aw?) — (D, v) Aw? = q10dp AwT™! A,

by taking the inner product with u = w? A v and integrating by parts in the left hand side (we
leave the easy details to the reader). Our formula is thus established when v is smooth and
compactly supported. In general, we have:

3.1.2. Proposition. Let (Y,w) be a complete Kdihler manifold and (L,h) a smooth Hermitian
line bundle such that the curvature possesses a uniform lower bound ©r ) > —Cw. For every
measurable (n — q,0)-form v with L? coefficients and values in L such that u = w? A v has

differentials Ou, 9 u also in L?, we have

19ul® + (19, ull® = |9v]* + /Z ZA Jurs|?

Jjed

(here, all differentials are computed in the sense of distributions).

Proof. Since (Y, w) is assumed to be complete, there exists a sequence of smooth forms v, with
compact support in Y (obtained by truncating v and taking the convolution with a regularizing
kernel) such that v, — v in L? and such that u, = w? A v, satisfies u, — u, Ou, — Ou,
0w, = 0 uin L2 By the curvature assumption, the final integral in the right hand side of
(3.1.1) must be under control (i.e. the integrand becomes nonnegative if we add a term C|lul|?
on both sides, C' > 0). We thus get the equality by passing to the limit and using Lebesgue’s
monotone convergence theorem. U

3.2. Proof of Theorem 0.13

Here X denotes a compact Kéhler manifold equipped with a Kéhler metric w, and (L, k) is
a pseudoeffective line bundle on X. To fix the ideas, we first indicate the proof in the much
simpler case when (L, h) has a smooth metric h (so that J(h) = Ox), and then treat the general
case.
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3.2.1. Special Case: (L,h) is Hermitian semipositive (with a smooth metric).

Let {8} € H1(X, Q% ® L) be an arbitrary cohomology class. By standard L? Hodge theory,
{8} can be represented by a smooth harmonic (0, ¢)-form S with values in Q% ® L. We can
also view [ as a (n, q)-form with values in L. The pointwise Lefschetz isomorphism produces a
unique (n — ¢,0)-form « such that § = w? A a. Proposition 3.1.2 then yields

el + | 37 (300 )lansl = [981F +13;81° = .
1,J

jed

and the curvature eigenvalues )\; are nonnegative by our assumption. Hence Oa = 0 and
{a} € HY(X, Q% ?® L) is mapped to {8} by @, , = wiAe.

3.2.2. General Case.

There are several difficulties. The first difficulty is that the metric A is no longer smooth
and we cannot directly represent cohomology classes by harmonic forms. We circumvent this
problem by smoothing the metric on an (analytic) Zariski open subset and by avoiding the
remaining poles on the complement. However, some careful estimates have to be made in order
to take the error terms into account.

Fix ¢ = ¢, and let he = h., be an approximation of h, such that h. is smooth on X \ Z.
(Z. being an analytic subset of X), ©r, . > —ew, h. < h and J(h.) = I(h). This is possible by
Th. 1.7. Now, we can find a family

w€,5:w+5(135¢6+w)7 0>0

of complete Kahler metrics on X \ Z., where 1. is a quasi-psh function on X with 1. = —oc on
Z., . smooth on X\ Z. and 199, +w > 0 (see e.g. [Dem82], Théoréme 1.5). By construction,
we,s > w and lims_,owe s = w. We look at the L? Dolbeault complex K2 of (n,e)-forms on
X \ Z., where the L? norms are induced by w. s on differential forms and by h. on elements
in L. Specifically

Kg’(; = {u:X N Ze—ANITS @ Ly /X(gﬁ\n,q%,g@he + |5u|/2\”a4+1w575®h5>dee,6 < OO}-
NZLe

Let ng’ s be the corresponding sheaf of germs of locally L? sections on X (the local L? condition
should hold on X, not only on X \ Z.!). Then, for all e > 0 and § > 0, (Kg’(;,g) is a resolution

of the sheaf Q% ® L ® J(h.) = Q% ® L ® J(h). This is because L? estimates hold locally on
small Stein open sets, and the L? condition on X ~ Z. forces holomorphic sections to extend
across Z. ([Dem82], Lemma 6.9).

Let {f} € HI(X,Q% ® L ® J(h)) be a cohomology class represented by a smooth form
with values in Q% ® L ® J(h) (one can use a Cech cocycle and convert it to an element in the
G Dolbeault complex by means of a partition of unity, thanks to the usual De Rham-Weil
isomorphism, see also the final proof in Section 5 for more details). Then

18

2 <[l = /X BEnondVis < 0.

The reason is that |5 \in,qw(@thw decreases as w increases. This is just an easy calculation,
shown by comparing two metrics w, w’ which are expressed in diagonal form in suitable coor-
dinates; the norm |/ |in,qw®h turns out to decrease faster than the volume dV,, increases; see

e.g. [Dem82|, Lemma 3.2; a special case is ¢ = 0, then \Bﬁn,qw@hde = i”zﬁ A B with the
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identification L ® L ~ C given by the metric h, hence the integrand is even independent of w
in that case.

By the proof of the De Rham-Weil isomorphism, the map « — {«a} from the cocycle space
Z9(X2 5) equipped with its L? topology, into HY(X,Q% ® L ® J(h)) equipped with its finite
vector space topology, is continuous. Also, Banach’s open mapping theorem implies that the
coboundary space B?(X? ;) is closed in Z9(X? 5). This is true for all § > 0 (the limit case 6 =0

yields the strongest L? topology in bidegree (n,q)). Now, 3 is a d-closed form in the Hilbert
space defined by w. s on X \ Z,, so there is a w. s-harmonic form u. s in the same cohomology
class as (3, such that

(3.2.3) || we,s

les < |18

£,0-

Let v 5 be the unique (n — ¢, 0)-form such that u. 5 = ve 5 A w? ; (ve,5 exists by the pointwise
Lefschetz isomorphism). Then

[veslle.s = llueslle.s < 1Blles < 1I51-

As > jeJ A; > —qe by the assumption on Oy ;_, the Bochner formula yields

Hgva,é

26 < aellueslZs < aellB)*.

These uniform bounds imply that there are subsequences u. 5, and v, 5, with J,, — 0, possessing
weak-L? limits u. = lim, ;| o Ue 5, and v, = lim, 4 o0 Ve 5,. The limit v. = lim, 4o Ve 5, 1S
with respect to L?(w) = L?(we ). To check this, notice that in bidegree (n — ¢,0), the space
L?(w) has the weakest topology of all spaces L?(w. s); indeed, an easy calculation made in
([Dem82], Lemma 3.2) yields

\f|in_q,ow®thw < ]f\in_q,owa!(s@hdv%vé if f is of type (n — ¢,0).

On the other hand, the limit u. = lim, 4« u. 5, takes place in all spaces LZ(wEV(;), 0 > 0, since
the topology gets stronger and stronger as ¢ | 0 [possibly not in L?(w), though, because in
bidegree (n, q) the topology of L?(w) might be strictly stronger than that of all spaces L?(w. s) |.
The above estimates yield

loell2o = /X Vel —v0man, Ve < 18I,

19ve]1Z 0 < g8

2
e,00

U =wl ANv. = in H1(X,Q% ® L®I(h.)).

Again, by arguing in a given Hilbert space L?(h.,), we find L? convergent subsequences u. — u,
ve — v as € — 0, and in this way get dv = 0 and

lll* < 118117,
u=wiANv=p in HY(X,Q% @ L®I(h)).

Theorem 0.13 is proved. Notice that the equisingularity property J(h.) = J(h) is crucial
in the above proof, otherwise we could not infer that w = [ from the fact that u. = S.
This is true only because all cohomology classes {u.} lie in the same fixed cohomology group
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HY(X,0% ® L®I(h)), whose topology is induced by the topology of L?(w) on d-closed forms
(e.g. through the De Rham-Weil isomorphism). O

3.2.4. Remark. In (3.2.3), the existence of a harmonic representative holds true only for w, s,
0 > 0, because we need to have a complete Kéahler metric on X ~ Z.. The trick of employing
we 5 instead of a fixed metric w, however, is not needed when Z. is (or can be taken to be)
empty. This is the case if (L, k) is such that J(h) = Ox and L is nef. Indeed, by definition, L is
nef iff there exists a sequence of smooth metrics h, such that i©r j;, > —e,w, so we can take
the ¢,’s to be everywhere smooth in Th. 1.7. However, multiplier ideal sheaves are needed in
the surjectivity statement even in case L is nef, as it may happen that J(hmin) 7 Ox even then,
and h := lim h, is anyway always more singular than h.;,. Let us recall a standard example
(see [DPS94], [DPS01]). Let B be an elliptic curve and let V' be the rank 2 vector bundle over
B which is defined as the (unique) non split extension

00—V —=>0—0.

In particular, the bundle V' is numerically flat, i.e. ¢;(V) =0, co(V)) = 0. We consider the ruled
surface X = P(V). On that surface there is a unique section C = P(Op) C X with C? = 0 and

O0x(C) = Opv)(1)
is a nef line bundle. One can check that L = Op()(3) leads to a zero Lefschetz map
wAhe: HY X, Q4 ®L) — HY(X,Kx®L)~C,

so this is a counterexample to Cor. 0.14 in the nef case. Incidentally, this also shows (in a
somewhat sophisticated way) that Op(y)(1) is nef but not semipositive, a fact that was first
observed in [DPS94].

4. Numerical dimension of currents

A large part of this section borrows ideas from S. Boucksom’s [Bou02], [Bou04] and Junyan
Cao’s [JC14] PhD theses. We try however to give here a slightly more formal exposition. The
main difference with S. Boucksom’s approach is that we insist on keeping track of singularities
of currents and leaving them unchanged, instead of trying to minimize them in each cohomology
class.

4.1. Monotone asymptotically equisingular approximations

Let X be a compact complex n-dimensional manifold. We consider the closed convex cone of
pseudoeffective classes, namely the set €(X) of cohomology classes {a} € HY'!(X,R) containing
a closed positive (1, 1)-current 7' = a+ddp (in the non Kéhler case one should use Bott-Chern
cohomology groups here, but we will be mostly concerned with the Kéhler case in the sequel).
We also introduce the set 8(X) of singularity equivalence classes of closed positive (1, 1)-currents
T =a+dd° (i.e., a being fixed, up to equivalence of singularities of the potentials ¢, cf.
Def. 0.5). Clearly, there is a fibration

(4.1.1) 7:8(X) — &(X), T — {a} € &X) c HM'(X,R).

We will denote by 8,(X) the fiber 771 ({a}) of §(X) over a given cohomology class {a} € &(X).
Observe that the base £(X) is a closed convex cone in a finite dimensional vector space, but
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in general the fiber 8,(X) must be viewed as a very complicated infinite dimensional space :
if we take e.g. {a1} € HY*(P™,R) to be the unit class ¢;(O(1)), then any current T' = [H]
where H, is an irreducible hypersurface of degree d defines a point in 8, (P™), and these points
are all distinct. The set §(X) is nevertheless equipped in a natural way with an addition
law 8(X) x 8(X) — 8(X) that maps 8,(X) + 85(X) into 8445(X), a scalar multiplication
Ry x 8(X) — 8§(X) that takes A - 8,(X) to the fiber 8),(X). In this way, 8$(X) should be
viewed as some sort of infinite dimensional convex cone. The fibers 8, (X)) also possess a partial
ordering < (cf. Def. 0.5) such that Vj, S; < T; = >.5; < >, T}, and a fiberwise “min”
operation

min : 84(X) X 84(X) — 8a(X),
(4.1.2) (Th,T) = (a + ddp1, a0 + dd°po) — T = a + dd° max(p1, p2),

with respect to which the addition is distributive, i.e.
min(T1 + S, T2 + S) == min(Tl,TQ) + S

Notice that when 77 = é[H 1), Th = é[Hg] are effective Q-divisors, all these operations +, - ,
min(e) and the ordering < coincide with the usual ones known for divisors. Following Junyan
Cao [JC14] (with slightly more restrictive requirements that do not produce much change in
practice), we introduce

4.1.3. Definition. Let T = « + dd°p be a closed positive (1,1)-current on X, where « is
a smooth closed (1,1)-form and ¢ is a quasi-psh function on X. We say that the sequence of
currents Ty, = a+dd“yy, k € N, is a “monotone asymptotically equisingular approrimation of T’
by currents with analytic singularities” if the sequence of potentials (1) satisfies the following
properties:

(a) (monotonicity) The sequence () is non-increasing and converges to ¢ at every point of X .
(b) The functions vy have analytic singularities (and ¥y < Yr1 by (a)).
(¢) (lower bound of positivity)

a+ ddvg > —e - w with  lim e, =0

k—+oo

for any given smooth positive hermitian (1,1)-form w on X.

(d) (asymptotic equisingularity) For every pair of positive numbers X' > X\ > 0, there exists an
integer ko(X, \') € N such that

I\ r) C I(Ap) for k> ko(\,N).

4.1.4. Remark. Without loss of generality, one can always assume that the quasi-psh potentials
o = cx log|gx|?* + O(1) have rational coefficients ¢, € Q4 ; here again, g, is a tuple of locally
defined holomorphic functions. In fact, after subtracting constants, one can achieve that ¢ <0
and Y < 0 for all k. If the ¢ are arbitrary nonnegative real numbers, one can always replace
Y by ¢ = (1 — 6;)Y, with a decreasing sequence 0, € |0,1[ such that limd, = 0 and
(1 —0r)cr € Q4. Then (a), (b), (d) are still valid, and (c) holds with ¢}, = (1 — dx)ex + Cy,
and C' a constant such that o > —Cw. ]

The fundamental observation is:
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4.1.5. Theorem. If ¢y 1= @, 15 the sequence of potentials obtained by the Bergman kernel
approzimation of T = a+ dd®p given in the proof of Theorem 1.6 and (my) is a multiplicative
sequence, then the Yy can be arranged to satisfy the positivity, monotonicity and asymptotic
equisingularity properties of Definition 4.1.8. Moreover, if we start with currents T < T' in the
same cohomology class {a}, we obtain corresponding approzimations that satisfy Vi, < ¥y,

Proof. By Cor. 1.12, the asymptotic equisingularity property (d) in Def. 4.1.3 is satisfied for

mi > (%)\/\,—i/ﬂ The other properties are already known or obvious, especially the coefficients

ck = mik are just inverses of integers in that case. U

The following proposition provides a precise comparison of analytic singularities of potentials
when their multiplier ideal sheaves satisfy inclusion relations.

4.1.6. Proposition. Let ¢, ¢ be quasi-psh functions with analytic singularities, let ¢ > 0 be
the constant such that ¢ can be expressed as clog > |g;|* + O(1) with holomorphic functions g;,
and let A € Ry. Denoting t4 := max(t,0), we have the implications

@) Vf€Oxar [ IPeAV <400 = loglfPx He-n) o,
B.>x

(b) () CI(Ap) = /ew’\‘pdv <400 and Y = 1(Ae— n)+<,0 (locally).

Proof. Since everything is local, we may assume that ¢, i are psh functions on a small ball
B C C" and ¢(2) = clog|g|* = clog 3=, ;< v 95 (2)]*.

(a) The convergence of the integral on a small ball B, of center x implies

/ f1?1gl"2*aV < Const/ 1f2edV < +o00

T B:U

By the openness of convergence exponents, one gets

/‘vmmg“wv<+m

x

for € > 0 small enough (this can be seen e.g. by using a log resolution of the ideal sheaf (f,g;)).
Now, if A\¢ > n, Skoda’s division theorem [Sko72a] implies that each f can be written f = ) h;g;
where h; satisfies a similar estimate where the exponent of |g| ™2 is decreased by 1. An iteration
of the Skoda division theorem for the h; yields f € (g;)* where k = (| Ac|—(n—1))4 > (Ae—n)4.
Hence

k
log |f[* < kloglg]” + C < —p+ '
and (a) is proved.

(b) If (fe)een is a Hilbert basis of the space of L? holomorphic functions f with [ [f[?e~*dV <
+00, the proof of Th. 1.2 yields ¥ < C + log_ |f¢|* (and locally the singularity is achieved
by a finite sum of f;’s by the Noetherian property). After possibly shrinking B, the relations

fe € I() CI(Ap) imply
/ |fo|?e™?dV < 400,
B
hence [ e¥~2?dV < 400 locally by taking the sum over £. The inequality proved in (a) for each
f = fe also yields
1
2 1
¢§log2]fg] +C < E()\c—n)+90+0,
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and our singularity comparison relation follows. 0

4.1.7. Corollary. If T = a+ dd°p is a closed positive (1,1)-current and (), (v},) are two
monotone asymptotically equisingular approrimations of ¢ with analytic singularities, then for
every k and every € > 0, there exists £ such that (1 — )y < 1, (and vice versa by exchanging

the roles of (¢x) and (¢.)).

Proof. Let ¢ > 0 be the constant occurring in the logarithmic poles of 1y (k being fixed). By
condition (d) in Def. 4.1.3, for A’ > A > 1 we have J(N¢;) C I(Ap) C I(A\py) for £ > Lo(A, )
large enough. Proposition 4.1.6 implies the singularity estimate ¢, = =7 (cA — n) {4y, and the
final constant in front of ¢ can be taken arbitrary close to 1. O

Our next observation is that the min(e) procedure defined above for currents is well behaved
in terms of asymptotic equisingular approximations.

4.1.8. Proposition. Let T = a + dd°p and T' = a + dd°¢’ be closed positive (1,1)-currents
in the same cohomology class {a}. Let (Y1) and (;,) be respective monotone asymptoti-
cally equisingular approrimations with analytic singularities and rational coefficients. Then
max (), 1)) provides a monotone asymptotically equisingular approxzimation of min(T,T") =
a + dd° max(p, ¢') with analytic singularities and rational coefficients.

Proof. If ¢y = clog|gr|®> + O(1) and ¢}, = ¢} log|g;|> + O(1), we can write cx = pi/qx,
&, = pl /gl and

1 ,
max (Y, ¥y,) = qk—,log (lgk[*"* + |gi*"*) + O(1),
k

hence max(ty, ;) also has analytic singularities with rational coefficients (this would not be
true with our definitions when the ratio ¢} /¢y, is irrational, but of course we could just extend a
little bit the definition of what we call analytic singularities, e.g. by allowing arbitrary positive
real exponents, in order to avoid this extremely minor annoyance). It is well known that

a+ ddy > —epw, o+ ddy; > —ejw
=  «a+ dd° max(Yg, ;) > — max(e, €}, )w-

Finally, if ¢ 1 (resp. Q/J/B’ . and JB,k)) comes from the Bergman approximation of ¢ (resp. of
¢ and @ := max(p, ¢')), we have

>0 = Uk >UBk, e>¢ = Ypp> Uk

hence ;ZB,k > max(@bB,k,zpj&k) and so QZBJC < max(wB,k,ij,k). However, for every € > 0,
one has (1 —¢)Yp, < ¢ and (1 — €)Y, < 9, for £ > Lo(k,e) large, therefore (1 — e)JB,k <
max (1), ¢;). This shows that max(ty, ;) has enough singularities (the “opposite” inequality
max (), ;) > ¢ = max(p, ¢’), i.e. max(yy, ¢;) < @, holds trivially). O

Following Junyan Cao [JC15], we now investigate the additivity properties of the Bergman
approximation procedure.

4.1.9. Theorem. Let T = a+dd°p and T = B+dd°y’ be closed (1,1)-currents in cohomology
classes {a}, {8} € E(X). Then for every multiplicative sequence (my), the sum om, 4+, of the
Bergman approzimations of v, ¢’ gives a monotone asymptotically equisingular approzimation
of o+ ¢ and T +T'.
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Proof. Let @, be the Bergman kernel approximations of ¢ = ¢ + ¢’. By the subadditivity
property of ideal sheaves J(mp + my’) C I(mp)I(me’) ([DEL00], Th. 2.6), hence we have
Om + ¢ < @m. By Def. 4.1.3 (d), Th. 4.1.5 and Cor. , to prove Th. 4.1.9, it is sufficient to

prove that for every m € N fixed, there exists a positive sequence liIJP ep = 0 such that
p——+o0

(4.1.10) (1 =¢6p)@m S p+0,  forevery p> 1.
For every m € N fixed, there exists a bimeromorphic map = : XX , such that

~ B ' ' 0 '
1. m 1 7 (3 Y
(4.1.11) @ 071—2 cilnls;| +C for some ¢; > 0

and the effective divisor ) Div(s;) is normal crossing. By the construction of ¢,,, we have
Om < @ + . Therefore

(4.1.12) Pmom <X (p+¢)om.

By Siu’s decomposition formula for closed positive currents applied to dd®(y o 7), dd°(¢’ o 7)
respectively, the divisorial parts add up to produce a divisor that is at least equal to the divisorial
part in dd®(p,,om), thus (4.1.12) and (4.1.11) imply the existence of numbers a;, b; > 0 satisfying

(i) a; + b; = ¢; for every 1,
(ii) Zailn|si] < ¢@om and Zbiln]sﬂ < ¢ om.
i i

Let p € N be an integer, J be the Jacobian of 7, f € I(py), and g € I(py’), for some z € X.
The inequalities in (ii) and a change of variables w = 7(2) in the L? integrals yield

2 J2 2 J2
(4.1.13) / ol TP | o and / lgo Pl |
=1(Uy) H |si|2pa1 T=1(Uy) H |3i|2pbz

for some small open neighborhood U, of . Since ) Div(s;) is normal crossing, (4.1.13) implies

(3
that

Z(pai —1DIn|s;| < In(|fon|) +1In|J| and Z(pbi —1)In|s;| < In(|go7|) + In|J].

(2

Combining this with (i), we get

(4.1.14) > (pei —2)In|s;| < In(|(f - g) o w[) + 21n |.J].

(3

Note that J is independent of p, and ¢; > 0. (4.1.14) implies thus that, when p — 400, we can
find a sequence ¢, — 07, such that

(4.1.15) chi(l—eEp)ln\si\ <In|(f-g)on|

Since f (respectively g) is an arbitrary element in J(pp) (respectively J(py’)), by the construc-
tion of ¢, and ¢}, (4.1.15) implies that

Zci(l —&p) Infsi| < (op + 90;) o.

i
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Combining this with the fact that (1 —e,)pm om ~ > ci(1 —¢gp)In|s;|, we get

(1—¢ep)Pmom =< (@p+ @;) oT.
Therefore (1 —¢€,)om < ¥p + ¢, and (4.1.10) is proved. O

This motivates the following formal definition.

4.1.16. Definition. For each class {a} € £(X), we define Sa (X) as a set of equivalence classes
of sequences of quasi-positive currents Ty = « + ddYy such that

(a) Tp = a+ ddYy > —ep - w with limg_, | o e = 0,
(b) the functions vy have analytic singularities and ¥y < 41 for all k. We say that (Ty) is
weakly less singular than (T7) in 8,(X), and write (Ty) <Sw (T7,), if for every e > 0 and k, there

exists £ such that (1—¢)Ty, < Ty. Finally, we write (Ty) ~w (T},) when we have (Ty) sw (T},)
and (T}) <w (T), and define 8,(X) to be the quotient space by this equivalence relation.

The set

(4.1.17) sX)= |J S.(x)
{a}ee(x)

is by construction a fiber space 7 : g(X ) — &(X), and, by fixing a multiplicative sequence such
as my = 2, we find a natural “Bergman approximation functional”

(4.1.18) B:S$(X)—8(X), T=a+dd¢— (Tgy), Th=a+ddPp

where ¥ := ¢m, is the corresponding subsequence of the sequence of Bergman approxima-
tions (@ ).

The set g(X ) is equipped with a natural addition (7%) + (7}) = (Tx + 1}.), with a scalar
multiplication \-(T}) = (A\Tj) for A € R, as well as with the min(e) operation min((7%), (1},)) =
(min (7}, T})) obtained by taking max (v, 1)) of the corresponding potentials. By Prop. 4.1.8,
B is a morphism for the min(e) operation, and by Th. 4.1.9, B is also a morphism for addition.

Accordingly, it is natural to define a weak equivalence of singularities for closed positive currents
by

(4119) T <w T’ <—>def (TB,k) <w (T/B,k)’

Related ideas are discussed in [BFJ08] (especially § 5), using the theory of valuations. One can
summarize the above results in the following statement.

4.1.21. Theorem. The Bergman approximation functional
B:S(X)—8(X), T=a+ddp—s (Tsy)

is a morphism for addition and for the min(e) operation on currents. Moreover B induces an

injection 8(X)/~w — g(X)

4.1.22. Remark. It is easy to see that the induced map 8(X)/~w — g(X) is an isomorphism
when dim X = 1. However, this map is not always surjective when dim X > 2. In fact,



4. Numerical dimension of currents 27

Example 1.7 in [DPS94] exhibits a ruled surface over an elliptic curve I' and a nef line bundle L
over X, such that a = ¢1(L) contains a unique closed positive current 7' = [C], for some curve
C C X that is a section of X — I'. Then the Bergman approximation is (up to equivalence of
singularities) the constant sequence T = T', while 8,(X) also contains a sequence of smooth
currents Tj, > —exw. This implies that §(X) — 8(X) is not surjective in this situation. The
following proposition shows however that the “formal elements” (T}) from 8(X) do not carry
larger singularities than the closed positive current classes in 8(X) (the latter being constrained
by the singularities of the “limiting currents” T representing the class).

4.1.23. Proposition. Let T, = a+dd“yy be a sequence of closed (1, 1)-currents representing an
element in 8,(X). Then there exists a closed positive current T € « such that (1) <w (TB.k)-

Proof. We have T}, > —epw and 9 < ¥g41 for some decreasing sequence ¢ | 0. We replace
Yy by setting

@Zk(x) = sup {T(x); supT <0, a+dd°T > —cpw, and AC > 0, 7 < Yy + C’}.
X

Then (@Zk) is a decreasing sequence for the usual order relation < and J/{ ~ 1y (the argument to
prove the equivalence of singularities is similar to the one already used in the proof of Th. 4.1.9,
clearly vy > 1 — M), where M), = supy ¥k, and the converse inequality ¢, < ¥x + C is seen
by using a blow-up to make the singularities of v, divisorial). We take

o= lim ¢, and T =a+ dd.

k—+oo

Since a + ddcizk > —epw, we get in the limit 7' = a 4 dd“p > 0. Let (¢,,) be the Bergman
approximation sequence of . Since ¢ < ¥y < by + Cy, Prop. 4.1.6 (a) applied with A = 2m
shows that ¢, = 5—— (2mc; —n) 1y where ¢, > 0 is the coefficient of the log singularity of ;.

~ 2mcy

Therefore, if we take T = o + dd®pyy,,, we get in the limit (T ) =w (7). O
4.1.24. Remark. When X is projective algebraic and {a} belongs to the Neron-Severi space
NSg(X) = (H"'(X,C) N H*(X,Z)/torsion) @7 R,

the fiber ga(X ) is essentially an algebraic object. In fact, we could define ga(X ) as the set
of suitable equivalence classes of “formal limits” lim. (p)—{a} limg 400 %ak associated with
sequences of graded ideals ar, C H°(X,Ox (kD) satisfying the subadditive property ag;, C
aiag, where D are big Q-divisors whose first Chern classes ¢; (D) approximate {a} € NSg(X).
Many related questions are discussed in the algebraic setting in Lazarfeld’s book [Laz04]. It is
nevertheless an interesting point, even in the projective case, that one can “extrapolate” these
concepts to all transcendental classes, and get in this way a global space $(X) which looks well
behaved, e.g. semicontinuous, under variation of the complex structure of X.

4.2. Intersection theory on $(X) and g(X)

Let X be a compact Kéahler n-dimensional manifold equipped with a Kéhler metric w. We
consider closed positive (1,1)-currents T = a; +dd®p;, 1 < j < p. Let us first assume that the
functions ¢; have analytic singularities, and let Z C X be an analytic set such that the ¢;’s
are locally bounded on X \ Z. The (p, p)-current

@:]-X\ZTI/\---/\Tk:
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is well defined on X \ Z, thanks to Bedford and Taylor [BT76], and it is a closed positive current
there. By [BT76] such a current does not carry mass on any analytic set, so we can enlarge Z
without changing the total mass of ©. In fact, © extends as a closed positive current on the
whole of X. To see this, let us take a simultaneous log resolution of the T}’s, i.e. a modification

,u:)/i\'—>X

such that if ¢; = ¢;jlogd ", |gjel*> + O(1), then the pull-back of the ideals (gj¢)¢, namely
1 (g5,6)e = (gj,e01)¢ is a purely divisorial ideal sheaf O &(—D;) on X. Let u; = 0 be a local holo-

morphic equation of the divisor D; on X. Since log S lgiel® = log|ui? +1og >, 1g5.e/ujl? =
log |u;|* 4+ v;, where v; € C* and dd®log |u;|? = [D,] by the Lelong-Poincaré equation, we find

(4.2.1) Wy = ptay +dd°(p 0 p) = ¢[Dj] + Ty, where T = pa; + dd°@,

and @; is a locally bounded potential on X such that fj > 0. Now, if £ = p=Y(Z), we get

~ A~

(4.2.2) Ix zT A ATy =g AN AT,) = p(Ti A AT).

Hence the right-hand side defines the desired extension of 1x. z71 A... AT, to X as the direct

image of a closed positive current on X carrying no mass on F. An essential point is the
following monotonicity lemma — the reader will find a more general version for non-pluripolar
products in [BEGZ], Theorem 1.16.

4.2.3. Lemma. Assume that we have closed positive (1,1)-currents with analytic singularities
Ty, Tj € {aj} with Ty K T}, 1 < j <p, and let v > 0 be a closed positive smooth (n —p,n —p)-
form on X. If Z is an analytic set containing the poles of all T; and TJ{, we have

/1X\ZT1/\~~/\Tp/\’72/1X\ZT1//\~~~/\TZI,/\'7'
X X

Proof. We take a log-resolution p : X — X that works for all T; and T} simultaneously. By
(4.2.1) and (4.2.2), we have p*T; = ¢;[D;] + fj where T\J > 0 has a locally bounded potential
on X , and

/ 1X\ZT1A.../\TpAfy:/Aﬁ/\.../\fp/\u*y.
X X

There are of course similar formulas p* T} = ¢;[Dj] —HA’J{ for the T7}’s, and our assumption T < T}

means that the corresponding divisors satisfy c;D; < ¢;D’, hence A; 1= ¢, D — ¢;D; > 0. In
terms of cohomology, we have

p{a;} ={p"T;} ={T;} + {c;D;} = {w*T;} = {T}} + {c;D}},
hence {fj} = {j\’]’} +{A;} in HQ()/(\',R). By Stokes’ theorem, we conclude that
/Aﬁ /\fg/\.../\fp/\u*’y:/A(T{-I-{Al})/\fz/\.../\fp/\,u*’y
X X

z/Aﬁ’Afz/\.../\:Fp/\u*y
X
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thanks to the positivity of our currents TA’j, fj’ and the fact that the product of such currents
with bounded potentials by the current of integration [A;] is well defined and positive ([BT76]).

By replacing successively all terms {IA”]} by {fj’ }+{A,} we infer

/A'fl/\.../\fp/\,u*vz/Af{/\.../\fl’)/\u*'y. O
X X

Now, assume that we have arbitrary closed positive (1,1)-currents Ty, ..., T),. For each
of them, we take a sequence T} = «; + 1009, of monotone asymptotically equisingular

approximations by currents with analytic singularities, T}, > —¢;rw, limp_4 €51 = 0. We
have T} 1, < T} x+1, and we may also assume without loss of generality that €; 3 > €; x41 > 0 for
all 7, k. Let Zj, be an analytic containing all poles of the T}, 1 < j < p. It follows immediately
from the above discussion and especially from Lemma 4.2.3 that the integrals

/ 1x.z, (Tl,k + 81,kw) VANRRAN (prk + €p7kw) Ay >0
X

are well defined and nonincreasing in k (the fact that ¢, is non increasing even helps here).
From this, we conclude

4.2.4. Theorem. For everyp =1, 2,..., n, there is a well defined p-fold intersection product
S(X) x -+ x §(X) — HVP(X,R)

~

which assigns to any p-tuple of equivalence classes of monotone sequences (Tjx) in 8(X),
1 <5 <p, the limit cohomology class

lim {1xz,(Tik+e1pw) Ao A(Tpp +eppw)} € HYP(X,R)

k—+oco

where HYP(X,R) C HPP(X,R) denotes the cone of cohomology classes of closed positive (p,p)-
currents. This product is additive and homogeneous in each argument in the space 8(X).

4.2.5. Corollary. By combining the above formal intersection product with the Bergman ap-
prozimation operator B : §(X) — 8§(X), we get an intersection product
§(X) x -+ x 8(X) — HYP(X,R) denoted (Tt,...,T,)— (Tt,...,Tp)",

which is homogeneous and additive in each argument.

Proof of Th. 4.2.4. The existence of a limit in cohomology is seen by fixing a dual basis ({v;})
of H"P"~P(X), using the Serre duality pairing

HPP(X,R) x H™ P P(X) SR, (B.7) / B An.
X

Since X is Kéhler, we can take 7; = w™™? and replace if necessary v; by v; + Cw™™?, C > 1,
to get ; > 0 for all 7 > 2. Then the integrals

/ 1x.z, (Tl,k + 51’kw) VANRWA (TpJg + 5p7kw) Nvy; =0
X
are nonincreasing in k, and the limit must therefore exist by monotonicity. U

4.2.6. Remark. It is natural to ask how the above intersection product compares with the
(cohomology class of the) “non-pluripolar product” (11, ...,T,) defined in [BEGZ], §1. In fact,
the above product only neglects analytic parts of the currents involved. The simple example of
a probability measure T" without atoms supported on a polar set of a compact Riemann surface
X yields e.g. (T)* = 1, while the non-pluripolar part (T') vanishes.
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4.3. Kahler definition of the numerical dimension
Using the intersection product defined in Th. 4.2.4, we can give a precise definition of the

numerical dimension.

4.3.1. Definition. Let (X,w) be a compact Kihler n-dimensional manifold. We define the
numerical dimension nd(T) of a closed positive (1,1)-current T on X to be the largest integer
p=0,1,...,n such that (T?)* #0, i.e. [((TP)T Aw" P >0.

Accordingly, if (L, h) be a pseudoeffective line bundle on X, we define its numerical dimen-
sion to be

(432) nd(L,h) = nd(i@Lﬁ).

By the results of the preceding subsection, nd(L, h) depends only on the weak equivalence class
of singularities of the metric h.

4.3.3. Remark. H. Tsuji [Tsu07] has defined a notion of numerical dimension by a more
algebraic method:

4.3.4. Definition. Let X be a projective variety and (L,h) a pseudo-effective line bundle.
When V' runs over all irreducible algebraic suvarieties of X, one defines

0V ,*(1,&m *1m
l/num(L, h) = sup {p:dnan hmsuph (VMUJ (L )@J('u h )) S O}

m—00 mpP

where [ : V =V C X is an embedded desingularization of V in X.

Junyan Cao [JC14] has shown that vyum (L, h) coincides with nd(L, h) as defined in (4.3.2).
The idea is to make a reduction to the “big” case nd(L,h) = dim X and to use holomorphic
Morse inequalities [Dem85b] in combination with a regularization procedure. We omit the
rather technical details here.

4.3.5. Remark. If L is pseudo-effective, there is also a natural concept of numerical dimension
nd(L) that does not depend on the choice of a metric A on L. One can set e.g.

nd(L) = max {p €[0,n]; 3¢ >0, Ve >0, Jh., Opp. > —cw, such that

/ (1O, +ew)? AW"P > c},
X\Z.

where h. runs over all metrics with analytic singularities on L. It may happen in general that
nd(L, hyin) < nd(L), even when L is nef; in that case the he can be taken to be smooth in the
definition of nd(L), and therefore nd(L) is the largest integer p such that ¢;(L)P # 0. In fact,
for the line bundle L already mentioned in Remark 3.2.4, it is shown in [DPS94] that there is
unique positive current 7' € ¢1(L), namely the current of integration 7' = [C] on the negative
curve C' C X, hence nd(L, hyin) = nd([C]) = 0, although we have nd(L) = 1 here.
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5. Proof of Junyan Cao’s vanishing theorem

This section is a brief account and a simplified exposition of Junyan Cao’s proof, as detailed
in his PhD thesis [JC13]. The key curvature and singularity estimates are contained in the
following technical statement, which depends in a crucial way on Bergman regularization and
on Yau’s theorem [Yau78] for solutions of Monge-Ampeére equations.

5.1. Proposition. Let (L,h) be a pseudoeffective line bundle on a compact Kdihler mani-
fold (X,w). Let us write T = %@L,h = a + dd°p where « is smooth and ¢ is a quasi-psh
potential. Let p =nd(L,h) be the numerical dimension of (L,h). Then, for every v € ]0,1] and
d €10,1], there exists a quasi-psh potential ®. 5 on X satisfying the following properties:

l) « + (; J + 6 > - ’y w n .
ddCQr)/ ]_ ] X
C ~ 6 Y n AN -
(E—'—{i”—‘l—dd > a (S 1“) [0} X Z
(

d) ©,5 < (14b0)Yp.i+ C, 5 where Yp i > @ is a Bergman approximation of ¢ of sufficiently
high index k = ko(0).

(e) supx @15 =0, and for all v € ]0,1] there are estimates ® 5 < A and

exp (= By g) < e~ (1H92 exp (A — 4y 4)

(f) For ~o, 60 > 0 small, v €]0,7], § €]0,00] and k = ko(6) large enough, we have

I Py6) = T4 () = I(e).

Here a, b, A, v9, 0o, Cy,s > 0 are suitable constants (C., s being the only one that depends on
7, 0).

Proof. Denote by ¥ 1 the nonincreasing sequence of Bergman approximations of ¢ (obtained
with denominators my = 2F, say). We have ¢ > ¢ for all k, the ¢)p have analytic
singularities and o + dd“yp > —egw with € | 0. Then ¢ < % for k > ko(9) large enough,

and so
o+ 0w+ dd®((1 + bd)Yp k) > o+ 6w — (1 + bd)(a + exw)

> dw — (14 bd)epw — béa > gw

for b > 0 small enough (independent of § and k). Let u : X = X bea log-resolution of ¥,
so that

¥ (a4 0w+ dd°((1 + b8)Yp k) = cu[Di] + Br

where 8y > g,u*w > 0 is a smooth closed (1, 1)-form on X that is > 0 in the complement X\FE
of the exceptional divisor, ¢ = 1;;—25 > 0, and Dy is a divisor that includes all components
E; of E. The map u can be obtained by Hironaka [Hir64] as a composition of a sequence of
blow-ups with smooth centers, and we can even achieve that D; and F are normal crossing
divisors. In this circumstance, it is well known that there exist arbitrary small numbers 7, > 0

such that Bx — > n¢[E,] is a Kéhler class on X. Hence we can find a quasi-psh potential 6, on

X such that 5k = Br — >_me|Ee] + ddcﬁk is a Kahler metric on X and by taking the 7, small
enough, we may assume that [o( B > 3 fX B Now, we write

o+ dw + ddc((l + b5)¢37k> > a—+epw+ ddclﬂB,k + (5 — €k)w — b5(a + Ekw)
> (a+ epw + ddYp i) + Sw



32 Jean-Pierre Demailly, On the cohomology of pseudoeffective line bundles

for k > ko(0) and b > 0 small (independent of § and k). The assumption on the numerical
dimension of 5-0Op ), = a + dd°p implies the existence of a constant ¢ > 0 such that, with
Z = pu(E) C X, we have

/A B = / Lxz(o+ 0w+ dd*((1+ b8)p.r))"
X X
N e rir s o
p 2 X~\Z X

for all k > ko(6). Therefore, we may assume

/)?(Bk) Zg5 p/Xwn-

By Yau’s theorem [Yau? 8], there exists a quasi-psh potential 7. on X such that Bk + dd°Ty, is
a Kihler metric on X with a prescribed volume form f > 0 such that Isf=J3 Bk By the

above discussion, we can take here f > 20" Puw™ everywhere on X.
Now, we consider 0, = u*ek and T = U«Tk € Lloc( ). Since 9k was defined in such a way
that dd°0), = Bk — Br + >, me[Ee], we get
" (04 0w + dd°((1+b8)p k + ¥(0k + 7))

= cx[Di] + (1 — )8k + 7(21%[134] + B, + ddc?k> > 0.
1

This implies in particular that ®. 5 := (1 +b0)Yp  + 7(0r + T) is a quasi-psh potential on X
and that

N &

p (a4 dw—+dd®y5) > (1—7)Bk > (1 —7) p'w,

thus condition (b) is satisfied. Putting Zs = u(|Dg|) D u(E) = Z, we also have

1 lx zs(a+ dw+ ddCCI)W;)n > A" Bl? > g PO W™,
therefore condition (c) is satisfied as well with a = ¢/3. Property ( ) is clear, and (d) holds
since the quasi- psh function Gk + 7 must be bounded from above on X. We will actually adjust
constants in Qk + 7; (as we may), so that supy ®; 5 = 0. Since ¢ < Y < Ypo < A =
supy ¥B,0 and

D5 =(1+b0)Vpr+7(Prs —VBr) = (1 —7+b0)Ypr+ 7P,

we have

(1+b0)p — (Ao —¥Bk) < Pys < (1 —v+0b5)Ag

and the estimates in (e) follow with A = (1 + b)Ag. The only remaining property to be proved
is (f). Condition (d) actually implies J(®5 ) C I((1 + bd)yp k), and Cor. 1.12 also gives
I+ 08)vpr) C I((L+b0/2)p) if we take k > ko(6) large enough, hence IJ(®,5) C I4(p)
for 6 < 69 small. In the opposite direction, we observe that ®;  satisfies o + w + dd°®; s > 0
and supy ®1 5 = 0, hence ®; 5 belongs to a compact family of quasi-psh functions. A standard
result of potential theory then shows the existence of a uniform small constant ¢y > 0 such that
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fX exp(—co®1,5)dV, < +oo for all § € ]0,1]. If f € Ox , is a germ of holomorphic function and
U a small neighborhood of z, the Holder inequality combined with estimate (e) implies

1 1
/ |f|2 eXp(—(I)%g)de < 6A</ |f|2€—p(1+b5)<ﬂde> P (/ |f|2€—q’Y<I>1,5de) q.
U U U

We fix A\g > 1 so that J(Aop) =4+ (¢), p € |1, X[ (say p =1+ Xg)/2), and take

A —1
v < = ©_ o and d < dp €]0,1] so small that p(1 + bdp) < Ao.
q Ao +1
Then clearly f € J(Aop) implies f € J(®,,5), and (f) is proved. O

The rest of the arguments proceeds along the lines of [Dem82], [Mou95] and [DP02]. Let
(L, h) be a pseuffective line bundle and p = nd(L, h) = nd(iOr ). We equip L be the hermitian
metric hs defined by the quasi-psh weight ®5 = &, s obtained in Prop. 5.1, with ¢ € ]0, .
Since ®; is smooth on X \ Z;, the well-known Bochner-Kodaira identity shows that for every
smooth (n, ¢)-form u with values in Kx ® L that is compactly supported on X ~\ Zs, one has

JBul + 107wl = 27 [ (st oo+ Ags — a8)ue ™,
X

2 h Ve = [ [u[?e=*2dV,, and

where [[ul[§ == [y [ulf, ,,

0< /\1’5<LL‘) <.

< )\n75 (x)

are, at each point x € X, the eigenvalues of o 4+ dw + dd“®s with respect to the base Kahler

metric w. Notice that the \; 5(z) — ¢ are the actual eigenvalues of 5-Op n; = o+ dd°®s with
respect to w and that the inequality Ajs(z) > $(1—+) > 0 is guaranted by Prop. 5.1 (b). After
dividing by 2m¢q (and neglecting that constant in the left hand side), we get

(5.2) 1OullF + 110" ull§ + 8ullf = / (Mg + -+ Ago)[uffe™ 2 dV,.
X

A standard Hahn-Banach argument in the L-theory of the d-operator then yields the following
conclusion.

5.3. Proposition. For every L? section of A™T% @ L such that ||f||s < +oo and df =0 in
the sense of distributions, there ezists a L? section v = vs of A9 1T% ® L and a L* section
w = ws of A"IT% ® L such that f = 0v + w with

1
)\1,5+---+)‘q,5

1 —
ol + 5wl < [ FPeay,.
X

Because of the singularities of the weight on Zs, one should in fact argue first on X \ Z5 and
approximate the base Kéhler metric w by a metric @5 = w + €is that is complete on X \ Zj,
exactly as explained in [Dem82]; we omit the (by now standard) details here. A consequence
of Prop. 5.3 is that the “error term” w satisfies the L? bound

0
5.4 2e=®3dV, </ Zem 3 dV,.
(5.4) J e v, < | e
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The idea for the next estimate is taken from Mourougane’s PhD thesis [Mou95].

5.5. Lemma. The ratio ps(x) = 6/(Ais(x) + ... + Ag5(2)) is uniformly bounded on X
(independently of §), and, as soon as ¢ > n —nd(L,h) + 1, there exists a subsequence (ps¢),
0¢ — 0, that tends almost everywhere to 0 on X.

Proof. By estimates (b,c) in Prop. 5.1, we have \;j 5(z) > $(1 — 7o) and
(5.6) AMs(x) ... Aps(x) > ayyo" P where p=nd(L,h).

Therefore we already find ps(x) < 2/q(1 — 7p). Now, we have

/ An.s(x)dV, < / (0 + 0w 4 dd°®s) A"t = / (a + dw) Aw"™ ! < Const,
X Zs X X

therefore the “bad set” S. C X\ Zs of points  where \,, 5(x) > ¢ has a volume Vol(S.) < Cé¢
converging to 0 as § — 0 (with a slightly more elaborate argument we could similarly control
any elementary symmetric function in the \; s’s, but this is not needed here). Outside of S,
the inequality (5.6) yields

Ag.s ()16 > Xy 5 (@) N o (2)" 70 > a6 P

hence
n—p+(n—q)e n—p+(n—q)e

Ag,5(x) > co a and  ps(z) < C3' a
If we take ¢ > n — p+ 1 and € > 0 small enough, the exponent of 9 in the final estimate is
positive, and Lemma 5.5 follows. 0

Proof of Junyan Cao’s Theorem, Th. 0.15. Let {f} be a cohomology class in the group
HI(X,Kx ® L®IJ4(h)), ¢ > n—nd(L,h) + 1. Consider a finite Stein open covering U =
(Ua)a=1,.... v by coordinate balls U,. There is an isomorphism between Cech cohomology
H(U,F) with values in the sheaf 5 = O(Kx ® L) ® I, (h) and the cohomology of the com-
plex (K2,0) of (n,q)-forms u such that both u and du are L? with respect to the weight ®;,
ie. [y |ul?exp(—Ps)dV.,, < 400 and [, |[du|? exp(—Ps)dV,, < +oco. The isomorphism comes
from Leray’s theorem and from the fact that the sheafified complex (IK;,E) is a complex of
C>°-modules that provides a resolution of the sheaf F: the main point here is that J(®s5) =
I, (¢) = I, (h), as asserted by Prop. 5.1 (f), and that we can locally solve -equations by means
of Hérmander’s estimates [Hor66].

Let (1),) be a partition of unity subordinate to U. The explicit isomorphism between Cech
cohomology and L? cohomology yields a smooth L? representative f = Z‘ I=q fr(z)dzy A oA
dz, N\ dZ; which is a combination

f= Zdjaocaoal,..aqgwal ANR /\51/)%
ag

of the components of the corresponding Cech cocycle
Capar.ag €L (Uay NUay N...NUVa,, O(F)).

Estimate (e) in Prop. 5.1 implies the Hélder inequality

Q=

/ ps|f1? exp(—®s)dV,, < eA</ p§|f|2€—p(1+b5)sﬂde>5</ |f|2e—qvo¢1,ade>_
X X X
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Our choice of § < &g, 70 and p, ¢ shows that the integrals in the right hand side are conver-
gent, and especially [ < |f 2~ P(1+)e gV < 400. Lebesgue’s dominated convergence theorem
combined with Lemma 5.5 implies that the LP-part goes to 0 as = §; — 0, hence the “error
term” w converges to 0 in L? norm by estimate (5.4). If we express the corresponding class
{w} in Cech cohomology and use Hérmander’s estimates on the intersections U, = [ Ua,
we see that {w} will be given by a Cech cocycle (w,) such that fU |Wa|?e®5dV, — 0 as
d = 0¢ — 0 (we may lose here some fixed constants since @5 is just quasi-psh on our balls, but
this is irrelevant thanks to the uniform lower bounds for the Hessian). The inequality ®s < A
in Prop. 5.1 (e) shows that we have as well an unweighted L? estimate fU \wa| dV — 0. How-
ever it is well-known that when one takes unweighted L? norms on spaces of Cech cocyles (or
uniform convergence on compact subsets, for that purpose), the resulting topology on the finite
dimensional space H?(U, F) is Hausdorff, so the subspace of coboundaries is closed in the space
of cocycles. Hence we conclude from the above that f is a coboundary, as desired. 0

5.7. Remark. In this proof, it is remarkable that one can control the error term w, but a
priori completely lose control on the element v such that dv ~ f when § — 0!

6. Compact Kahler threefolds without nontrivial subvarieties

The bimeromorphic classification of compact Kéahler manifolds leads to considering those,
termed as “simple”, that have as little internal structure as possible, and are somehow the

elementary bricks needed to reconstruct all others through meromorphic fibrations (cf. [Cam80],
[Cam85]).

6.1. Definition. A compact Kahler manifold X is said to be simple if there does not exist any
wrreducible analytic subvariety Z with 0 < dim Z < dim X through a very general point x € X,
namely a point x in the complement X \|JS; of a countable union of analytic sets S; C X.

Of course, every one dimensional manifold X is simple, but in higher dimensions n > 1, one
can show that a very general torus X = C™/A has no nontrivial analytic subvariety Z at all (i.e.
none beyond finite sets and X itself), in any dimension n. In even dimension, a very general
Hyperkahler manifold can be shown to be simple as well. It has been known since Kodaira
that there are no other simple Kéhler surfaces (namely only very general 2-dimensional tori
and K3 surfaces). Therefore, the next dimension to be investigated is dimension 3. In this
case, Campana, Horing and Peternell have shown in [CHP14] that X is bimeromorphically a
quotient of a torus by a finite group (see Theorem 6.8 at the end). Following [CDV13], we give
here a short self-contained proof for “strongly simple” Kéhler threefolds, namely threefolds that
do not possess any proper analytic subvariety.

6.2. Theorem. ([Brul0]) Let X be a compact Kdhler manifold with a 1-dimensional holomor-
phic foliation F given by a monzero morphism of vector bundle L — Tx, where L is a line
bundle on X, and Tx is its holomorphic tangent bundle. If L' is not pseudoeffective, the
closures of the leaves of F' are rational curves, and X is thus uniruled.

We use this result in the form of the following corollary, which has been observed in [HPR11],
Proposition 4.2.

6.3. Corollary. If X s a non uniruled n-dimensional compact Kdhler manifold with

HO(X,Q% 1) #0, then Kx is pseudoeffective.
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Proof. Q}_l is canonically isomorphic to Kx ® T'x. Any nonzero section of Q}_l thus provides
a nonzero map K)_(l — T'x, and an associated foliation. OJ

It follows from the above that the canonical line bundle Kx of our simple threefold X must
be pseudoeffective. We then use the following simple observation.

6.4. Proposition. Assume that X is a strongly simple compact complex manifold. Then
every pseudoeffective line bundle (L, h) is nef, and all multiplier sheaves I(h™) are trivial, i.e.
J(h™) = Ox. Moreover, we have c1(L)" = 0.

Proof. Since there are not positive dimensional analytic subvarieties, the zero varieties of the
ideal sheaves J(h™) must be finite sets of points, hence, by Skoda [Sko72a], the Lelong numbers
v(1Op 5, ) are zero except on a countable set S C X. By [Dem92], this implies that L is nef
and ¢ (L)" > cqv(iOL n,x)". However, by the Grauert-Riemenschneider conjecture solved
in [Siu84], [Siu85] and [Dem85b], the positivity of ¢1(L)™ would imply that a(X) = n (ie. X
Moishezon, a contradiction). Therefore ¢;(L)" =0 and S = 0. O

6.5. Proposition. Let X be a compact Kdahler manifold of dimension n > 1 without any
non-trivial subvariety, and with Kx pseudoeffective. Then

R (X, KY™) < hO(X, Q%( ® K¢™) < (7;) for every j > 0,

and the Hilbert polynomial P(m) := x(X, K{™) is constant, equal to x(X,0x).

Proof. The inequality k7 (X, K&™) < hO(X, ¥, ® K&™) follows from the Hard Lefschetz
Theorem 0.13 applied with L = Kx and the corresponding trivial multiplier ideal sheaf. Also,
for any holomorphic vector bundle E on X, we have h°(X, E) < rank(E), otherwise, some
ratios of determinants of sections would produce a nonconstant meromorphic function, and
thus a(X) > 0, contradiction; here we take E = Q% ® K{™ and get rank E = (?) The final
claim is clear because a polynomial function P(m) which remains bounded as m — 400 is
necessarily constant. O

6.6. Corollary. Let X be a strongly simple Kdhler threefold. Let h*7 = dim H*I(X,C) be the
Hodge numbers. We have

a(X)P =ci(X) e2(X)=0, x(X,0x)=0 and q:=h"">0.
Proof. The intersection number K% = —c;(X)? vanishes because it is the leading term of
P(m), up to the factor 3!. The Riemann-Roch formula then gives

(1—-12m)

Pim) = —5;

61<X) . CQ(X).
The boundedness of P(m) implies x(X,0x) = 5;¢1(X) - c2(X) = 0. Now, we write
0=x(X,0x)=1—n"" +hr>0 —p*0.

By Kodaira’s theorem, h*? > 0 since X is not projective, and h3? < 1 since a(X) = 0. Thus
0=1—-h'04n20 _p30>1_g+1—-1=1-¢q, and ¢ > 0. O

Everything is now in place for the final conclusion.
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6.7. Theorem. For any strongly simple Kdhler threefold X, the Albanese map o : X — Alb(X)
18 a biholomorphism of 3-dimensional tori.

Proof. Since ¢ = h''Y > 0, the Albanese map « is non constant. By simplicity, X cannot
possess any fibration with positive dimensional fibers, so we must have dim a(X) = dim X = 3,
and as ¢ = h''? = RO(X, QL) < 3 (Prop. 6.5 with j = 1, m = 0) the Albanese map o must be
surjective. The function det(da) cannot vanish, otherwise we would get a non trivial divisor,
so « is étale. Therefore X is a 3-dimensional torus, as a finite étale cover of the 3-dimensional
torus Alb(X), and o must be an isomorphism. O

In [CHP14], the following stronger result is established as a consequence of the existence of
good minimal models for Kahler threefolds:

6.8. Theorem. Let X be smooth compact Kahler threefold. If X is simple, there exists a
bimeromorphic morphism X — T /G where T is a torus and G a finite group acting on T .
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