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1. Introduction
Let X be a projective n-dimensional manifold, and £ — X a holomorphic vector bundle

equipped with a smooth hermitian metric h. Putting rank £ = r, the Chern curvature tensor
Opp = iV%’h can be written

(1.1) @E,h =1 E Cjk)\udzj /\dzk®e’j\®eu
1<), k<n, 1<A,u<r

in terms of holomorphic coordinates (21, ..., z,) on X and of an orthonormal frame (ex)1<x<r
of E. There is an associated quadratic form ©g j on Tx ® E defined by

_ 3 )
(1.2) Opn(y) = | Z CikAuYiNVEpr V= Z’ij\a_zj ®er€eTx ®E,
1<4,k<n, 1<\, u<r JrA

so that we have in particular

éE,h(§ ®v) = <@E,h(§£) U, V) = Z Cjkxuﬁjgkvxﬁ;L.

1<j,k<n, 1<, u<r



As is well known, the dual hermitian bundle (E*,h*) has a curvature tensor that is the
opposite of the transpose of O j, and for v = Zj’/\ 73‘)\8%]- ® ey € Tx ® E* we have

(13) _@E*,h* = T@E,h = Z Cjky)\dzj AN dzk ® (6;)* ® 6:1,

=Sy Ty L A S

(1.4) —Bpn(7) =TOpn(Y) = Z Cikp\YixTip > 0.

=Joyhv =Toy L AN S

Let us recall the following standard positivity concepts.

1.5. Definition. The hermitian bundle (E,h) is said to be

(a) Griffiths positive if @)E,h(£®v) > 0 for all decomposable nonzero tensors EQuv € Tx QF,
(b) Nakano positive if éE,h(y) > 0 for all nonzero tensors vy € Tx @ E,

(¢) dual Nakano positive if T@)E’h(y) > 0 for all nonzero tensors v € Tx @ E*.

One says that E itself has one of these three positivity properties if it possesses a smooth
hermitian metric h satisfying the corresponding positivity assumption.

This definition gives rise to well known implications

FE Nakano positive
F Griffiths positive = E ample.
FE dual Nakano positive

The last implication comes from the Kodaira embedding theorem [Kod54] and the easy
verification that the Griffiths positivity of ©g j implies the positivity of the curvature of
the induced metric on the tautological line bundle Op(g)(1), where P(E) is the projectivized
bundle of hyperplanes of E. A basic problem raised by [Gri69, Problem (0.9)] is

1.6. Griffiths problem. Does it hold that E ample = E Griffiths positive ?

One might wonder whether the ampleness of £ would even imply the Nakano or dual Nakano
positivity of F/, but it turns out that none of these implications holds true. In fact the tangent
bundle £ = T'x of the complex projective space X = P" is ample but not Nakano positive
(the fact that H"~1n=1(P" C) = H" 1 (X,Kx ® Tx) # 0 would contradict the Nakano
vanishing theorem [Nak55]), and the cotangent bundle £ = T% of a ball quotient X = B"/T’
is ample but not dual Nakano positive, since Idg € H(X, Q% ® E*) # 0 contradicts the dual
version of the Nakano vanishing theorem ([Nak55|, [DemB]). The latter fact, that was very
briefly mentioned in [LSY13, p. 304], had been overlooked in [Dem21], where we proposed
an approach to investigate the dual Nakano positivity of an ample vector bundle. However,
as we will see here, the above counterexample raises new interesting problems and does not
invalidate the approach of [Dem21]. We thank Dr Junsheng Zhang for pointing out to us the
observation made in [LSY13].

In section 2, we introduce three functionals ®5(Og 1), Pn+(Og.1), Pa(OF,n) and corres-
ponding integrated Monge-Ampere volumes MAVoly(E), MAVoly-(E), MAVolg(E) that
are related respectively to Nakano, dual Nakano and Griffiths positivity. One can check that
these Monge-Ampere volumes reach their maximum value if and only if the bundle E is
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projectively flat — see Corollary 2.7 for a detailed statement. The corresponding densities are
determinants of the curvature tensor that can be used to define global scalar equations for the
curvature. In section 3, extending the approach proposed in [Dem21], we show that it suffices
to add a trace free Hermite-Einstein condition to a scalar determinantal equation to yield
families of elliptic systems of Yang-Mills type, denoted respectively YMy g(t), YMn- 5(t),
YMg¢ 5(t), depending on a time parameter ¢t and a suitable positive constant /3, where the
unknown is a time dependent hermitian metric h; on E. These solutions could hopefully help
in the study of the Griffiths” problem if one could obtain an appropriate existence theorem.
On a more differential geometric side, if (F, h) is a hermitian vector bundle and ¢ € R a real
number, we consider formally the curvature tensor of F ® (det F)?, namely

(1.7) OFh +1Odet Bydeth ®Idp = Op), +1 trg O, ®1dg,

where Oget £ det n 1 the (1,1)-curvature form of the determinant bundle det E = A"E and
trg the trace operator on Hom(FE, F). We introduce the following threshold values, defined
for any vector bundle possessing an ample determinant.

1.8. Definition. Let E — X be a holomorphic vector bundle such that det E is ample. We
define the Nakano, dual Nakano, Griffiths and ample thresholds, denoted respectively

™w(E), n-(E), 71a(E), Ta(E),

to be the infimum of values t € R such that there exists a smooth hermitian metric h for
which Op j, +1Odet B,det n @ Idg s Nakano, dual Nakano, Griffiths positive, respectively the
infimum of t € Q such that E ® (det E)* is ample (i.e. Op(g)(1) ® 7*(det E)* is a Q-ample
line bundle on the total space of the projectivized bundle m: P(E) — X).

Notice that Nakano and dual Nakano positivity are stronger than Griffiths positivity, the
latter being itself stronger than ampleness, hence we always have

(1.9) TN(E) > 176(E) > 1a(E), 7n+(F)>716(E) > 14(E).

Since E ® (det E)~'/" has trivial determinant, no positivity property can hold for it, and we
conclude that 74(E) > —1/r. The equality may however occur, e.g. when E = L% is the
direct sum of r copies of an ample line bundle L. In fact, the following fact is easy to prove.

1.10. Proposition. Let E — X be a holomorphic vector bundle such that det E is ample.
If TA(E) = —1/r, then F = E ® (det E)~Y" is numerically flat, in other words, as a Q-
vector bundle, we have E = F ® L where F is numerically flat of rank r, and L = (det E)'/"

is an ample Q-line bundle (one will refer to this situation by saying that E is projectively
numerically flat, see Definition 2.8). Then we have

TN (E) = 1N+ (E) = 1¢(E) = TA(F) = -

In this setting, the Griffiths problem translates into the conjectural implication
(1.11) E ample = 7¢(E) <07?
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On the other hand, in the counterexamples E = Tpn (resp. E = T3, /F) just mentioned for
Nakano (resp. dual Nakano) positivity, one can check that E is in fact Griffiths positive
and Nakano (resp. dual Nakano) semipositive, hence we have 7¢(E) < 0, while 7 (E) =0
(resp. Ty« (E) = 0). By investigating the curvature of direct images of adjoint positive line
bundles, Berndtsson [Ber09] (see also Mourougane-Takayama [MoT07]) has proved that

(1.12) E ample = S™E ® det £ = 7, (Op(g)(m) ® Kp(g)) Nakano positive for all m € N.

We infer from this that £ ample implies 7n5(£) < 1 and 75(S™E) < -~ where r, is the
rank of S™FE, namely r,, = (m:_rf 1). Furthermore, we know that S™F generates its jets for
m > my large, hence Ty« (S™FE) < 0 for m > my. In [LSY13, Cor. 4.12], it is further proved

that
(1.13) E ample = S™E ® det E dual Nakano positive for all m € N,

hence we have as well 7n+(E) < 1 and 7y-(S™E) < -~ when E is ample. The only counter-
examples we know about still leave room for the following question.

1.14. Question. Assume that E is an ample vector bundle. Are there examples for which
TN (E) >0, Ty« (E) >0 or 7q(E) >0 ?

Of course finding an example with 7¢(FE) > 0 would be equivalent to answer negatively
Griffiths’ problem 1.6. On the PDE side, our main result is as follows (see section §3).

1.15. Theorem. Given any value ty such that E® (det E)% >p 0, one can always arrange
the corresponding differential systems YMpy g(t), YMn~ g(t), YM¢g g(t) to be elliptic inver-
tible and to have unique solutions that depend continuously (and even differentiably) on t on
a small interval [to — g, to + o], do > 0.

The proof depends only on the theory of elliptic equations and on the implicit function
theorem. In the end, checking the ellipticity is just a sophisticated exercise of linear algebra.
A natural problem is whether such Yang-Mills type equations can be used to compute the
positivity thresholds, by trying to get solutions for t € | — 1/r, %] as small as possible.

1.16. Question. Can one design the Yang-Mills systems YMy g(t), YMn-+ 5(t), YMg g(t)
so that the infimum of times tine for which a smooth solution exists on |ting,to] coincides
respectively with the positivity thresholds Tn(E), Tn+«(E), 1q(E), for suitably chosen initial
data at t =ty (or whatever they are) ?

Getting tins = tins(8) to converge to the positivity threshold 7p(E) as f — +oo instead of
being equal to 7p(E) would be good as well. In the above question, we somehow expect
that the differential systems can be made invertible elliptic throughout an almost maximal
interval [tp(F) + 6,tg], 0 < § < 1, and not just on a small interval [ty — dg, to].

Acknowledgment. We warmly thank Vamsi Pritham Pingali and Junsheng Zhang for
enlightening exchanges that contributed to clarify some of our ideas. The reader is referred
to [Pin20] and [Pin21] for related results.



2. Monge-Ampere functionals for vector bundles

Let E — X be a holomorphic vector bundle equipped with a smooth hermitian metric h.
If the Chern curvature tensor Of j; is Nakano positive, then the %—power of the (n x r)-
dimensional determinant of the corresponding hermitian quadratic form on Tx ® F can be
seen as a positive (n,n)-form

(21) (I)N(@E,h) = detTX®E<@E,h)1/T = det(cjk)\ﬂ)l/g\),(k,u) ile A dEl VANPIRAN ZdZn N dzn.

(U
Moreover, this (n, n)-form does not depend on the choice of coordinates (z;) on X, nor on the
choice of the orthonormal frame (ey) on E (but (ey) must be orthornormal). Similarly, if the
Chern curvature tensor © j, is dual Nakano positive, we can consider the (n x r)-dimensional
determinant of the hermitian quadratic form on Tx ® E*, namely

(2.2) ®n-(Opn) =detrygp-(TOpL)Y" = det(cjkuA)g,TA),(k,u) Wdzy NdZL A Nidzp NdZn,

and view it as a positive (n,n)-form. Finally, if O, is Griffiths positive, the most natural
substitute for (2.1) and (2.2) is

o W1 Y
(2.3) ®¢(Opgp) = inf ﬁ(<@E,h-v7v>h) = 1nﬁf1 ﬁ( Z cjk)\#v,\vuzdzj/\dzk> .
ver, PR e
|’U|h:1

It is easy to see that the three volume forms coincide when (FE, h) is projectively flat, namely
when O, = a ® Idg where a is a positive (1,1)-form on X (which is then equal to
%trE Orpn = %@det E.deth)- In this case, we clearly have

1

1
(24) (DN<@E,h) = (I)N* (GE,h) = (DG(GE,}L) = m an = n'fr’n <@det E,det h)n.

In general, we have the following inequalities.

2.5. Proposition. Let (E, h) be a hermitian vector bundle.
1

nlrr

(a) If O, is Nakano positive, then ®n(Of,p) <

(Odet B,det n)" -

1

nlrn

(b) If O is dual Nakano positive, then ®n+(Op 1) < (Odet B,det n)" -

1

nlrn

(c) If ©p. is Griffiths positive, then ®G(Og ) < (Odet B,det 1) -
In all three cases, the equality of volume forms occurs if and only if (E, h) is projectively flat
and Oget B,det h > 0.

Proof. (a) We take h to be a hermitian metric on E such that O j is Nakano positive, and
consider the Kahler metric

W= Odet E,det h = tTE OF h-

If (aj)1<j<nr are the eigenvalues of the associated hermitian form 5) E,n With respect to w®h,

we have
n

1/r
detryge- (OF.n) Y= <Haj) %
; !



and (]] ; ;) L/nr <Ly ; @j by the inequality between the geometric and arithmetic means.
Since
Zaj = tr, (trE @E,h) =tr,w =n,
J

we obtained the asserted inequality

r 1 "wn 1
detr, o E (@E,h)l/ < (—Zaj> “ = w™.

nr - n! nlrr
j

(b) In the case of dual Nakano positivity, the proof is almost identical, except that we take
the a;’s to be the eigenvalues of T(f;E,h with respect to w ® h* on Tx ® E*. In both cases,
the equality of volume forms occurs if only if all eigenvalues o; are equal at all points, and
then we must have a; = %, hence Op ), = %w ® h.

(c) When (E, h) is Griffiths positive, we pick an h-orthonormal frame (ey);<x<, of £ and
observe that we have by definition

1

(%) Pa(Opn) < ] ((Opn-exex)n)”s 1<A<T
We view this inequality as a comparison between positive real numbers by referring to the
volume form dV = %w" of the metric w = Oget £ .deth- Let us consider the (1,1)-form
Ay = (Op -exex)p on (Tx,w) >~ (C",std) as a hermitian form (or matrix) on C". Then
we have % (Opn - ex,ex)p = det AxdV. We use the well-known fact that the function

A (det A)'/™ is concave on the cone of positive hermitian (n x n)-matrices. This implies

r r 1/n
1 1
- E (detA)\)l/n < <det (— E AA>> ,
7")\:1 7")\:1

in other words

r r ny 1l/n 1
1 1 A 1 (1 171\ \"

A=1

By (), the left hand side is greater or equal to ®¢(Ox 4)'/™, and by taking the n-th power

of the above inequality, we find ®¢(Opg ) < n!lrn w", as desired. The only line segments that
lie in the graph of A — (det A)*/™ project into rays of the cone of positive hermitian matrices.
Therefore, the equality case may occur only when the hermitian forms A, are proportional
and we have ®¢(Opg ) = % (Op.n-ex,ex)” for each A. This forces the (1,1)-forms Ay to be
equal, and therefore equal to %w, for any choice of h-orthonormal frame (ey). It follows that

(E, h) must be projectively flat. O

By considering their integrals over X, the above functionals give rise to interesting concepts
of volume for vector bundles.

2.6. Definition. Let E — X be a holomorphic vector bundle. If E is P-positive, where P
s any of the symbols N, N* or G, we define the related Monge-Ampére volume of E to be
1

MAVolp(FE) :sup—/ Pp(Og),
no(2m)" Jx
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where the supremum is taken over all smooth metrics h on E such that ©g ), is P-positive.
By Proposition 2.5, the supremum is always finite, and in fact we immediately get the
following upper bound from the fact that %@det E.deth 18 a (1, 1)-form representing the first

Chern class ¢q(det E) = ¢1(E).

2.7. Corollary. For any P-positive vector bundle E, we have

MAVolp(E) <

n
! (B)".
Moreover, the equality occurs, with the supremum being a maximum, if and only if E is
projectively flat.

It may happen that the equality occurs for the supremum, without E being projectively flat.
In fact, one has to take account the following more general situation.

2.8. Definition. We say that a rank r vector bundle E is numerically projectively flat if
F =8"E® (det E)~! is numerically flat, i.e; both F' and F* are nef vector bundles. An
equivalent condition is that the Q-line bundles Opg)(1) ® m*(det E)~1/" over P(E) and

Op(g+)(1) @ 7*(det E*) =1/ over P(E*) are both nef.

If det E happens to admit an r-th root (det E)~!/" that is a genuine line bundle on X, then
the numeric projective flatness of E is equivalent to F' = E ® (det E)~/" being numerically
flat. In that case, we know by [DPS94, Theorem 1.18] (assuming X to be projective), that
this is equivalent to the existence of a filtration 0 = Fy C Fy; C --- C Fx = F by vector
bundles F; such that the graded pieces F;/F;_; are hermitian flat for 1 < j < k, i.e. given
by representatons of 71 (X) into the a unitary group U(r;). Since there always exists a finite
morphism Y — X such that the pull-back of det £ to Y admits an r-th root on Y, we can
always obtain such a filtration by pulling back E itself. The above considerations lead to the
following fact.

2.9. Proposition. Assume that E is numerically projectively flat, that det E is ample and
admits an r-th root on X. Then

MAVoly (E) = MAVoly+(F) = MAVolg(F) = - ca(E)".

Proof. The proof proceeds by showing that there exist smooth metrics h. on the numerically
flat bundle F = E ® (det E)~/7, such that the curvature tensor © ri. 1s arbitrarily small
in L norm. This is a standard fact, resulting from the property that the filtered bundle F
deforms to its graded bundle G = @Kjgk F;/F;_:. In fact, it is enough to fix a C*° splitting
of the filtration (F}) and hermitian flat metrics h; on the graded pieces F;/F;_;. We can then
use he = Di<j<n ek=Ih; on F ~ G (as a C* vector bundle). An easy check shows that the
second fundamental forms of the Chern connections become arbitrarily small in L> norms.
We take a metric of positive curvature 7 on det E, and consider the metrics he = h. ® n*/"
on F. One can then see that the supremum of the Monge-Ampere integrals over the family
(he) reaches the equality in 2.9. When the filtration is non split, the supremum is never a
maximum, as this would imply E to be projectively flat by Proposition 2.5. O
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2.10. Complements. (a) The argument used in the proof of Proposition 2.9 also implies
Proposition 1.10, even without assuming that the n-th root (det F)Y/" exists on X. In fact,
we can extract the n-th root of det £ by pulling back via a finite morphism y : ¥ — X.
We then get a family of metrics h on p* E achieving the desired threshold —1/r over Y. We
define a metrich on E (or rather h* on E*) by putting

>k

yep~(x)

2 *
R () ek, z€X, yey,

where the sum is counted with multiplicity at branched points. Since Griffiths sempositiv-
ity is equivalent to the plurisubharmonicity of |£|?. on E*, this process preserves Griffiths
(semi)-positivity; in general the metric A* is just continuous, but we can apply a Richberg
regularization process to make it smooth. The armument is complete for the Griffiths thresh-
old 7¢. For the Nakano and dual Nakano positivity, we use the fact that E is a subbundle of
pep™ E (and likewise for E*), Nakano seminegativity being preserved by going to subbundles.

(b) In the case of a completely split bundle E = G} 1 E; with ample factors E; of rank 1,
equipped with a split metric h = GD L hj, Yau’s theorem [Yau78] allows us to normahze the
metrics h; to have proportional volume forms (%@ E;h,;)" = Bjw™ for any Kéhler metric
w e cl(E), B; > 0 being a suitable constant. We then get 8; = ¢1(E;)"/c1(E)™, and find

/r n r 1/r
et oo (9] 53 )

For P = N, N*, the inequality of Corollary 2.7 then reads

1
(Hcle)“) < elB)"

It is an equality when F; = --- = FE., thus Corollary 2.7 is optimal as far as the constant ,Tn
is concerned. For a completely split bundle E = @, i<r E; with arbitrary ample factors,
it seems natural to conjecture that o

MAVoly (E) = MAVoly-(E) = E ( H cl(Ej)">r,

i.e. that the supremum is reached for split metrics h = @ h;. In the case of the Griffiths
functional, it is easy to see that

1 w1 .
(2.11) MAVolg(F) = @) /X(I)C;(GEJL) = 1I<111£1 5j/x P 1I<nJ11<1rcl(E) .

In fact, ®¢(Og,,) is obtained by picking vectors v in the component E; for which j; is
minimum. Moreover, for any G-positive metric h on E, even a non split one, (bl) is proved
by arguing with the induced metric hjg, on Ej, which is again G-positive as a quotient of
the metric of E by the projection £ — Ej;.



(¢) It would be interesting to characterize the “extremal metrics” h achieving the supremum
in MAVoly (E), MAVoly+(E), when a maximum exists (we have seen in the proof of Propo-
sition 2.9 that this is not always the case). Suitable calculations (see §3 for this) would show
that they satisfy a certain Euler-Lagrange equation

(2.12) / (det )7 - trry o p- (9—1 : T(z'amhéu)) —0  Vue C®(X,Herm(E)),
X

where 6 is the (n x r)-matrix representing 7O ;. After integrating by parts twice, freeing
u from any differentiation, we get a fourth order nonlinear differential system that h has
to satisfy. Such a system is somewhat akin to the equation for cscK metrics, in the special
case E =Tx.

(d) When r = 1, we clearly have

1
(2.13) ON(Orn) = PN+ (Oph) = Pc(Opn) = ) (Op.n)",

and we infer that the integrals ﬁ fX Op(Op) = % c1(E)™ do not depend on h. In the
case of ranks r > 1, it is natural to ask what is the infimum

: 1
4 oy J B©e)

for the three types of functionals. Let us consider the split case (E,h) = @(E;,h;). By
[Yau78] again, we can renormalize O, 5, to get volume form equalities (2#)*"@%1_7 hy = fiw"
with arbitrary functions f; > 0 such that [, f;w™ = ¢1(E;)". Then

(2.14) (271T)”/X(I)N<@E’h): (Zi)n/X‘I)N*(@E,h):/X(f1~..fr)1/r %T!L,
1 . "
(2.15) (%)n/X%(@E,h): Xlrsnjlgrfj T

and these integrals become arbitrarily small if we take the f;’s to be large on disjoint open
sets, and very small elsewhere. This example leads us to suspect that for » > 1 and any
P = N,N* @G, one always have

(2.16) inf R

/X Bp(Opp) = 0.

(e) In example (2.15), we have ®¢(Og ;) = mini<;<, f;. This shows that the functional ®¢
fails to be differentiable in general, even though it is clearly Lipschitz continuous. In order to
mitigate this difficulty, it suffices to take a large parameter s > 0 and to consider the family
of functionals

—1/s
1
(2.17) Qcs(Opn) = (/%E?'U'h:l ((<®E,h-v,’0>h)”)8 da(v)>

where do is the unitary invariant probability measure on the unit sphere. Then ®¢ , > ®¢
and ®g oo = lims 4o Pas = Pg. A differentiation under the integral sign shows that ®¢ g
is a differentiable functional whenever s < oo.




(f) One desirable property for our functionals ®p(©g ;) is that the conditions ©gj; >p 0
and ®p(Opg ) > 0 should enforce O >p 0, thus preventing the P-positivity of ©f 5 to
degenerate. This is clearly the case for @, ® N+, P. This will be also the case for ¢ , for
s > r—1: infact, if (Og -v,v), > 0and ((Og,,-v,v),)"™ vanishes at some point (zg,vg) € E,
|vg| = 1, then the differentiability of the non negative polynomial expressing the volume form
along the (r — 1)-dimensional projectivized fiber P(E,,) implies ((Og j - v,v))"/|v|*" =
O(|v — vp|?) near [vg] € P(E,,); we conclude that the integral (2.17) is divergent on P(E,,)
as well as on the unit sphere of E, , and this shows that ®¢ s(Og )(zo) =0 for s > r — 1.

3. Hermitian-Yang-Mills equations and positivity thresholds

Following the strategy suggested in [Dem21|, we propose here to study certain differential
systems of Yang-Mills type, that could be useful to obtain information on the positivity
thresholds of a holomorphic vector bundle. Throughout this section, we assume that X is a
complex projective manifold of dimension n, and that £ — X is a rank r holomorphic vector
bundle such that det E is ample. Then there exists ¢y > 0 such that F ® (det E)' has all
positivity properties P = N, N*, G we may desire. If FE itself is assumed to be ample, we
know by [Ber09] and [LSY13] that one can take ¢y = 1. We consider time dependent smooth
metrics (h¢)ie)t, o] O E, such that

(3.1) OFr h, +tOdet E,det h, @ Idg >p 0.

We start at ¢ = ¢y and try to decrease ¢ as much as we can, eventually going down to
the positivity threshold ti,s = 7p(E). In any case, we can find a P-positive metric on
E ® (det E)t, and since det(E ® (det E)%) = (det E)!T"%  we can derive from it a metric
hi, on E satisfying (3.1). In the sequel, we also set

0
(32) Wt = @det E.,det hy -

By our assumption (3.1), w; is a Kéhler metric that lies in the Kéhler class 27 c;(E). We
wish to enforce suitable differential equations on (h;) so that the family (h;) is uniquely
determined, running ¢ backwards as long as possible. One natural condition is to require

dp (@E,ht + 1 Odet E.det hy @ IdE) = some positive volume form on X,

in the hope of enforcing the P-positivity of the tensor Og j, + t Odct E,det n, ® Idg. Let
Qe C®°(X,A""T%) be a fixed positive volume form on X. For reasons that will become
apparent later, we introduce a new parameter € R, and the differential equation

0O B
(3.3) Pp(Opn, +tOdet Brdetn, @1dE) = fi <F) Q, fi >0, fr e C*(X,R).
¢

In the case of Griffiths positivity, we take ®p = @ ; with p large, according to the discussion
conducted in 2.10 (e,f). As was pointed out in [Dem?21], equality (3.3) yields only one scalar
differential equation, whereas h; is represented by r? unknown real coefficients. Therefore we
need to couple (3.3) with an additional matrix equation of real rank r? — 1 to achieve exact
determinacy. It turns out that 72 — 1 is precisely the real dimension of trace free hermitian
endomorphisms of E. It is therefore natural to consider trace free Hermite-Einstein equations
of the form

(3.3°) wp PAOL L, = qiwl, g € C°(X,Hermj, (E, E)),
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expressed in terms of the direct sum decomposition
(3.4) Hermj(E,E) = {u € Herm,(E, E); tr(u) = 0},

1
(3.4") Hermy(E,E) =Herm;(E,F)®RIdg, u=u°+ —tr(v)®Idg, tr(u®)=0.

,

In the above notation, O ; is the curvature tensor of £ ® (det E)~Y7 namely
1

(3.5) Bh=OBn— ;@det Bdeth ® Idp € O%(X, Ay T% ® Hermj,(E, E)).

By the fundamental work of [Don85] and [UhY86], we know that (3.3°) can be solved with
ge = 0if E is ¢1(E)-polystable, and with a suitable choice of the right hand side g; = G(h;)
otherwise; as shown by [UhY86], it suffices to take for G an appropriate matrix functional,
for instance G(h) = —elogh in suitable coordinates, with € > 0 arbitrary. The “friction
term” g; wy® = —elog hy wy® helps in getting a priori bounds for the solutions, and in our case,
we will possibly need to take € large. The following simple observation is essential.

3.6. Observation. As long as t — hy is continuous with values in C*(X,Hom(E, E))
and we start with an initial value hy, such that O p, + 1 Odet E,deth, ® Idg >p 0 at time
t = tg, complement (2.10 f) shows that the positivity property P is preserved on the whole
interval |ting, to] where the solution exists. One would therefore need to show that the solution
persists to times t < 0 to conclude that 0 € |ting, to] and (E, ho) >p 0.

Now, the differential system (3.2, 3.3, 3.3°) can be considered with arbitrary right hand sides
ft, g+ of order at most 1 in hy, i.e. of the form

(3.7) fi(z) = F(t, 2, hi(2), D2hi(2)) > 0,
(3.7°) gt(z) = G(t, 2, hs(2), D.hs(2)), g € C°(X,Hermy, (E, E)).

These right hand sides do not affect the principal symbol of the system, which is or order 2,
as we will see very soon. At this stage, our first concern is whether the above (fully non
linear) differential system is actually elliptic. It is a priori exactly determined in the sense
that there are exactly as many equations as unknowns, namely 72 scalar coefficients for h;(2).

3.8. Theorem. Let E — X be a holomorphic vector bundle such that det E¥ is ample and
t € R such that E ® (det E)t >p 0. Then there exist explicit distortion functions Bpht in
C(X,Ry) such that for any metric hy on E satisfying Op n, + t Odet B.detn, ® Idg >p 0
and any > supy Bp,n,t, the system of differential equations (3.2,3.3, 3.3°) possesses an
elliptic linearization in a C? neighborhood of hy, whatever is the choice of right hand sides
ft = F(t, z, ht, Dzht) > 0, g¢ = G(t, Z, ht, Dzht) € Hermzt(z)(Ez, Ez)

Proof. The proof is similar to the one given in [Dem21], although we have somewhat extended
our perspective and allowed more flexible equations. For simplicity of notation, we put h = h;
and, in general, we set

M := Herm(F) = hermitian forms £ x F — C, M4 = positive ones in M,
My, := Hermy, (E, E) = hermitian endomorphisms £ — F with respect to h € M,
My := Herm; (E, E) = trace free hermitian endomorphisms E — FE.
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The system of equations (3.2, 3.3, 3.3°) is associated with the nonlinear differential operator
Q:C¥(X,My) = C¥(X,R& M),  hr Q(h)
defined by @ = Qr ® Q° where

wp, = Odet E,det h > 0,
(3.9) Qr(h) == (WP /Q)P QL @p(Op, +tw, ® dE),

Q°(h) := (wp) " Hwp ' A B ,).

By definition, it is elliptic at A if its linearization d@Q(h) is an elliptic linear operator, the
exact determinacy being reflected in the fact that M and R & M; have the same rank 72
over the field R of real numbers. Our goal is to compute the principal symbol

o2(dQ(h)) € C*°(X, S*T% ® Hom(M,R @ My))

of the linearized operator dQ(h), and to check that o2(dQ(h))(§) € Hom(M,R & My) is
invertible for every non zero vector cotangent vector £ € T';. For the calculation in coordi-
nates, we fix locally on X a holomorphic frame (¢%)1<)<, of E, and denote by Hy the trivial
hermitian metric for which (£Y) is orthonormal. Any hermitian metric i is then represented
by a hermitian matrix, denoted again h = (h,,), such that the corresponding inner product
is (he,e)p,. It is well known that the Chern curvature tensor ©p j is given locally by the
matrix of (1,1)-forms

Op.n = i0(h~0h).

Next, we pick an infinitesimal variation dh of h in C°°(X,M). It is convenient to write
it under the form dh = (ue,e)p, = (hue, o)y, with u € M, = Herm,(E, F). In terms
of matrices, we have 6h = hu, that is, u = (uy,) = h™1'0h is some sort of “logarithmic
variation of A”. In this setting, we first evaluate (dOg p)(u). We have h+0h = h(I +u) and
(h+6h)~1 = (Id — u)h~! modulo O(u?), thus

dO g n(u) = i0((I —uw)h ' O(h(I +u)) —i0(h~'0h) mod O(|u|® + |dul?),
that is,
(3.10) dOg n(u) = d(h~t0(hu)) — i0(uh~ 0h) = —00u + O((h~*Oh)u) — id(u(h~'OR)).

As a consequence, the order 2 part (s)[? of the linearized operator d(©g 1), in other words
its principal symbol, is simply given by

(3.10) (dOp,1)P (u) = —iddu.

Since dwp(u) = tr(dOg n(u)), we find

(3.11) (dwp)Pl(u) = —itr 90u = —i00tr(v),  (dO% ) (u) = —iddu°,
(3.11) (dlogwp) P (u) = n (win) " wp ™t A (o) (w).
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In order to compute d@, we need the differential of the functional ® p. In the case P = N, N*,
we have to consider the (nr x nr)-matrix 6;(h) of the hermitian form on T'x ® F defined by

Qt(h) ~ @E,h +tw, ®Idg >p 0

(or its transpose), and the logarithmic differential of det(6;(h))!/" is L tr (6;(h)~'d6;(h))
where 0;(h)~" = (det 6;(h))~' T(6,(h)°°) and 6,(h)°°! is the Hom(Tx ® E Tx ® E)-cofactor
matrix of 6;(h), T (s) the corresponding transposition operator. We pursue our calculations
with respect to wp-orthonormal coordinates (z;)1<;j<n on X at a given point 2° € X, and
also use later on an h-orthonormal frame (ey)1<x<, of E,,. We then get respectively

0%u 0%u
3.12)  doy(h)? (u) = ( L W) 7
(3.12) t(h) (u) = 02,07, ’\“Z&Zjafk (A, (k)

(3.13)  (dlogw! § Rl
' gwh) 82382;]
21y = _—1 cof ([ Pun, Duy
(3.14y) dlogx (B ) = o jkEAjuet(h)jW( LY §V 5o )
2] -1 T cot [ OPuny 0%u,,
14y.) dlog ® - S of [
(3.14n~) dlog @y (et)h (u) r det 76, (h) I )\M( et(h))]ku/\(azjazk +t6>\ﬂ21/: 02,0y,

where (Tet(h))COf is the Hom(Tx ® E*, Tx ® E*)-cofactor matrix of 76;(h). The calculation
for the functional ® , requires a differentiation of (2.17) and is more involved. If we notice
that the differentiation of (e, e); in h does not contribute to the order 2 terms, we find

(3.14g)  dlog®.(01) (u) =

(/ do (v) >1/ n (0 (h) - v, 0)n)" "1 A (6, (W) () - v, v) do(v)
|qj]|§£1 (((Be(h) - v, 0)p)™)° \;}Ei (((6¢(h) - v,v>h)”)s+1

Notice that the s-th power of an (n,n)-form in the first integral and the quotient of an
(n,n)-form by the (s+ 1)-st power of an (n,n)-form in the second integral actually combine
into a dimensionless value. In normal coordinates, (df;(h)?(u) - v,v);, is the (1,1)-form

2] Puny Pury | o _
(3.15) (dOi(h)“ (u) - v,v)p = — E AT, + 1 —— |v,|* ) dz; A dZy.
2jO0ZL

j?k7A7u

Let us begin with the case of Nakano positivity P = N. By the above identities, the
logarithmic differential of the first scalar component Qg(h) of Q(h) has order 2 terms

Qa(h) ™" (dQz )P (u) = dlog @ (6,)} (u) + B (dlogwp) (u)
—1 cof 0 Uy 0? Uy ) 8271,,,,
- - +1td m—
r det Gt(h) s Mo (&z OZ A Z 020z, Z 0207
—1 cof 0? uAM 1 0? Upy 0? Upy
(8:16x) = r det Ht(h) i Jk)‘”((‘?z 8zk ;) O ; 0z; 8zk> Z 02;0%;
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and we get a similar expression for @+ by (3.14x+). Finally, we compute the order 2 terms
in the differential of the second component

hims Q(h) = (W)™ (Wi ™! A O ) € M.
The above calculations imply

dQ° (M) (u) = — n(w) ™2 (W™ A (dwp)P (W) - (W)™ A O%,)
n—1) (wp) ™ (w2 A (dwp) P (w) A OF )

o [2] _ - . o *
dQ°(h)“(u) = + 92,07, g\: Criau € @ €u

1 9%u,, “,\
3.16° Dy "
( ) n ; Cikap 6/\®€M 82’]823 6)\ ®6N

The principal symbol o2(dQ(h)) at h, taken on a cotangent vector £ € Ty, is thus given by
the two components o2 (dQg(h)) and o2(dQ°(h)) such that

o2 (dQr(h :
2(dQe (1) (&) u_rdewt S 0,(h jkwgk(um(H;)Wr(u)) 81 tr(u),

dQr(h) e
(3.17,3.17°)
1wy _
o2(dQ°(h))(§) - u = - ﬁh Z (Z a7 = ESran€i€) tr(w) + [€] Uiu) ex ey
o \ ik

By definition dQ(h) is elliptic if and only if o2 (dQ(h))(§) € Hom(M},,R@ M) is injective for
all cotangent vectors £ # 0. Now, since t + % > (0 and since the cofactor matrix is hermitian
positive by the Nakano positivity assumption, we see that the vanishing of o2 (dQr(h))(&) - u
implies by a simple Cauchy-Schwarz argument that

1 [0:(h)>"|
3.18 t < —
(3.15) tru)] < - b
where the norms of tensors are taken with respect to (E,h) and (Tx,wy). By plugging this
inequality into o2(dQ°(h)), taking the inner product with u° = ZA’H us, €} ® e, and using
again Cauchy-Schwarz, we see that o3(dQr(h))(€) - u = 0 entails

b (I o = (Vi =T+ 1) 0% ] €] [u°l | er(w)] ),

3I>—‘

(=02(dQ°(h))(E) - u,u®) >
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hence

V=141 105, |9t<h>‘3°f!>

(3.18%) |02(dQ° (R))(€) - u| > %% €17 ] (1 Br det 0; (1)

Let us introduce the “distortion function” By ¢ € CY(X,Ry)

Vi =141 0% ,]10:(h)*"]
r det 0;(h)

(3.19n) BN,ht =

computed at each point z € X and, in a similar manner for dual Nakano positivity,

V=141 0%, [(T0:(h))*"|
r det(T0,(h))

(3.19n+) BN+ ht =

Then, for 8 > supx Bn,h,t (resp. S > supy B+ ht), inequalities (3.18) and (3.18°) imply the
ellipticity of our differential system. In the case of ®¢ s, the identities (3.14¢) and (3.15)
yield

Qr(h) ™" 02(dQr.n)(u) - § = 02(dlog Dc,s(0:)n) (u) - € + Boa(dlogwy)(u) - €

_ Ztr(u) — 2 )
= — B¢ tr(u) </v€E ((<9t(h)-v,v>h)”)s>

|[v|p=1
n ((0:(h) - v, 0))" A (W0 (0),0) + (t+ 1) tr(u) [v]2) i€ A Edo(v)
ol (((8e(R) - v, 0)p)m) "™

By easy estimates left to the reader, this leads in the case of the Griffiths functional to the
distortion function

Basht = (Vn—1+1)|0% ]

do(v) - n ((6e(h) - v, 0)0) "1 A wp dor(v)
(319 ) ( cE s) vEE s+1 )
¢ " /|f|h:1 (((0:(R) - v, 0)p)") /|v|h:1 (((Be(h) - v, v))™) ™™

where B¢ sht(2) is obtained by computing the integrals fiberwise on E,. The proof of
Theorem 3.8 is complete. O

3.20. Remark. It the curvature tensor ©g j(z) happens to be just rescaled by a positive
multiplication factor at some point z € X, the value of the above distortion function Sp (%)
can be seen to remain invariant. In some sense, Spj +(z) measures the ratio of “eigenvalues”
along directions of maximum and minimum P-positivity for O j, + t Oget E.det n ® Idg, at
each point z € X. Hopefully, there might be a way of relating these distortion functions
to simpler geometric invariants, such as the slopes in the Harder-Narasimhan filtration of
with respect to ¢1(F).

Our next concern is to ensure that the existence and uniqueness of solutions hold, at
least on suitable subsets of R x C°(X, M), consisting of pairs (¢,h) such that 0g ) +
t Odet B.det h @1dg >p 0. We fix such a pair (tg, ho) and use Hy = hy, and wy, = Odet £ det he,
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as the reference metrics on F and T'x respectively. For K > Ky > 1, we consider the subset
Sk C]—1/rto] x C®(X, M) of pairs (¢, h) such that

(3.21) lhl: < K, |h Y e2 <K, 0pn+tOdetpdesn ®Idg >p K ' wo®Idg

with respect to (Hp,w,). In the case of a rank one metric h = e~ %, it is well-known
that the Kihler-Einstein equation (wg + i00p;)" = e/ A%t yields easily the openness and
closedness of solutions when A is positive, as a consequence of the fact that the linearized
operator ¢ — A, 1 — A is always invertible. Here we can still play the game of adjusting
the right hand sides f;,g; in (3,3,3.3°) to achieve the invertibility of the related elliptic
operator @, at least for (¢,h) € Sk. Before doing so, we introduce some notation. If
h € Herm(F) is a hermitian form, we have an isomorphism

(3.22) Herm(E) — Hermy, (E,E), hw— h such that h(v,w) = (v,w)), = (h(v), W), ,

and for h € Herm  (E), we let logh € Hermy, (F,E) be its logarithm as a hermitian endo-
morphism. Finally, we define h(!) = (det h)~*/"h, so that det(h(!)) =1 and

(3.23) log hV) = (logh)° € Hermy,, (E,E)

is the trace free part of log h. One way to generalize the Kahler-Einstein condition to the

case of arbitrary ranks r > 1 is to consider pairs (¢, h) satisfying a differential equation of
the form (3.3) with a factor f;(2) = (det hy,(2)/ det h(2))?, namely

det by, \ [ 2 )°
(3.24) CDP(@EW—I—twh@IdE) = ( to) (—n> Q, where wp = Odet E,dethy A, 5 >0,
det h wy

and the volume form 2 > 0 is chosen so that equation (3.24) is satisfied by (o, ht,). The
choice A > 0 has the advantage that the right hand side gets automatically rescaled when
multiplying h by a constant (while the left hand side remains untouched), thus avoiding a
trivial non invertibility issue. When r = 1, one easily sees that equation (3.24) actually
reduces to the usual Kéhler-Einstein equation. By Uhlenbeck-Yau [UhY86], if one chooses
for the right hand side of (3.3°) a “friction term” g, of the type g(z) = —e a(t, z) log h(V) (2),
a(t,z) > 0, then the Hermite-Einstein equation always has a solution, although it usually
blows up as € — 0 when E is unstable. This leads to couple (3.24) with a trace free Hermite-
Einstein equation of the form

(3.24°) wy, ™ (wp ™t A ©%.n) = —e A(det h) log A,

where A € C*(]0,+oo[,R}) is a positive function; one could also use more generally a
factor A(detu(z),z) where A € C*°(]0,4o00[ x X,R,), such as A(y,z) = (det hy, (2)/y)H,
i € R. The precise form of A is irrelevant here, provided that A > 0; one could just take
A = 1. The right hand sides used in (3.24,3.24°) do not depend on higher derivatives of h,
thus Theorem 3.8 ensures the ellipticity of the differential system as soon 5 > supy Bp+.n
(see (3.19p)).

3.25. Theorem. Consider the differential operator Q : C=(X, M,) — C(X,R & My)
defined by

A det b\ deth \ [wp)’
(YM)  Qr(h) = <deiht ) Qr(h) = (deiht ) <%h) Q' ®p(Opn +tw, ®1dg),

(YM®)  Q°(h) = Q°(h) + < A(h) log AV = w, ™ (wp ™t A©% ) + e A(det ) log h(V).
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where Q@ = Qr D Q° is the operator introduced in the proof of Theorem 3.8, and A is any
smooth positive function. There exist bounds Bo(K) := supg pyes, SUPx Brt.h, €o(4, K, B)
and A\o(A, K, B) such that for any choice of constants § > Bo(K), € > €o(A, K,5) and
A > MNo(A, K, ), the elliptic operator defined by (YM, YM®) possesses an invertible elliptic

%
X

linearization dQ(h) for all (t,h) € Skg. As a consequence, there exists an open interval
[to — 0o, to], do > 0, such that the solution hy of the system (Qr(h),Q°(h)) = (1,0) exists and
is unique for t € [to — do,to]. This solution hy depends differentiably on t.

Proof. Here, we have to keep an eye on the linearized operator d@ itself, and not just its

principal symbol. We let again u = h~15h € Herm;, (E, E) and use the formulas established
for dQ(h) in the proof of Theorem 3.8. The logarithmic derivative of Qgr(h) is

(3.26) Qr(h) "1 dQr(h)(u) = Qr(h) " dQr(h)(u) + A tr(u).

For @o, we need the fact that, when viewed as a hermitian endomorphism, h° = h-(det h)~1/"
possesses a logarithmic variation

- ~ 1
(R = 4° =y — ;tr(u) ldg.

By the classical formula expressing the differential of the logarithm of a matrix, we have

(dlog g)(6g) = /o ((1—s)Id + sg)_lég (1= s)Id+ sg)_1 ds

(g and dg need not commute here!), which implies
= ! = 1z = 1
dlog hV (5h) :/ (1= s)Id+shM) " rMye ((1 - s)Id + s M) ds.
0

If (ax)1<a<r are the eigenvalues of hM) with respect to ht, and we use an orthonormal basis
of eigenvectors, we obtain in coordinates

- . . o o
dlog h™W : 6h — Ly (u°) = (%‘N“/\M)KA,MQ’ Tap = r‘%‘o\ log a—i,
=i i

where u = (uxp)i<apu<r = h=15h and the coefficient Yau > 0 is to be interpreted as 1 if
ay = a,. In the end, we obtain

(3.26°) dQ° (h)(u) = dQ°(h)(u) + ¢ (A(h) Ly (u®) + A'(det h) det h tr(u) log iL(l)).
In order to check the invertibility, we compare the operators

dlog Qz(h) ®dQ°(h) and dlogQr(h) @ dQ°(h).
The principal symbol calculations (3.17,3.17°) show that for

B> Bo(K)= sup supfBpht,
(t,h)eSk X
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the linearized operator dlogQgr(h) @ dQ°(h) is elliptic and essentially positive for all
(t,h) € Sk. We consider the natural L? metric on L*(X, M) ~ L*(X,R & M;) defined by

lull® = tr(@)|I* + [[u]%,

using the hermitian metric h* ® h on Herm; (E, E) and the volume element wj’/n! on X.
By the ellipticity of dQ(h) and an elementary case of Garding’s inequality, there exist cons-
tants C, C" > 0 such that

(3.27) (dlog Qr(h)(u) & dQ° (h)(u), tr(u) & u®Yransg > C [ Vaull® = C'llull®.

Moreover, the estimate is valid with constants C' = C (K, 3), C' = C'(K, ), uniformly for
all (t,h) € Sk. In such a C? bounded set, we also have bounds

{ (A(h) Ln(u®),u%) = A(h) 3oy <x p Vanlul,* = C7 Ju®]?,

(3.28) N
|A’(det h) det h log hV| < C"

with ¢ = C"(A,K),C" = C"'(A,K) > 0. Estimates (3.26,3.26°), (3.27,3.28) and the
Cauchy-Schwarz inequality imply

(dlog Qw(h)(u) @ dQ°(h)(u), tr(u) ® u®)re
> Cl|Vpull® = C'llull® + Al tr(w)[|* + & (C” u®l] = €™ || tr(w) [ [|u°]])

2 / 2(0///>2 2 1 " / o012
(3.29) >C||Vyu||*+ (A=C" — Yol || tr(w)]|* + 566’ —C" ) Ju®|
by the inequality | tr(w)|| [|u®]] < S || tr(u)||? + 5 [|u®]|2. If we take
20/ 2 C/// 2
(330) 5>€O(A7K76) = 77 )‘>)\0(AaK7ﬁ> :C/+ (20//) ’

we conclude from (3.29) that dlogQr(h) ® dQ°(h) is an invertible elliptic operator
Wst2 — W* for all Sobolev spaces W*, s > 0. The proof of Theorem 3.25 is achieved
by applying standard results in the theory of elliptic operators and the implicit function
theorem. O

3.31. Remark. Theorem 3.25 is somehow purely local. The main point would be to obtain
more uniform estimates with respect to the metric h, especially in terms of the distortion
fonctions, so that one could keep control on the solution throughout the expected maximal
interval of time. This obviously requires a finer analysis than the one we conducted here.
If Bp,t.n could be better understood, explicit expressions of the constants C,C’,C”,C"" and
thus of €¢(A, K, 3) and A\o(A, K, ) would perhaps become accessible by looking more in
depth at the Bochner formula.
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