Differential and pseudodifferential
operators on manifolds

Course on analytic geometry (Jean-Pierre Demailly)

1. Differential operators on vector bundles

We first describe some basic concepts concerning differential operators (symbol, composi-
tion, ellipticity, adjoint), in the general context of vector bundles. Assume given a differentiable
manifold M of class C°°, dimg M = m, and let E, F' be vector bundles on M, over the field
K =R or K = C, such that rank £ = r, rank F' = r’.

1.1. Definition. A (linear) differential operator of degree 6 from E to F is a K-linear operator
P:C>®(M,E)— C>®(M,F), u Pu of the form

Pu(x) = Z aq(z)Du(x),

|| <6

where Eyq ~ QO x K", Fiq ~ (1 X K" are local trivializations on an open chart @ C M with local
coordinates (x1, ... ,Tm), and the coefficients aq(x) are ' X r matrices (aw\u(l')hg/\gw, <psr

with C*° coefficients on 2. One write here D = (0/0x1)* -+ (0/0Tp)*™ as usual, and the
matrices u = (uy)1<u<r, D% = (DYuy)1<u<r are viewed as column vectors.

If t € K is a parameter and f € C*°(M,K), u € C*°(M, E), an easy calculation shows that
et @) P(etf(®)y(x)) is a homogeneous polynomial of degree § in ¢, of the form

e @ Pt @ y(z)) = oo p(x, df (z)) - u(z) + terms cj(x)t? of degree j < 4,

where op is a homogeneous polynomial map 73, — Hom(E, F') defined by

(1.2) Ty .2 &~ op(z,€) € Hom(Ey, Fy),  op(z,8) = ) ()6
lov|=6

Then op(x,&) is a C*° function of the variables (x,{) € T}, and this function is independent
of the choice of the coordinates or trivializations used for E, F'. The function op is called the
principal symbol of P. The principal symbol of a composition () o P of differential operators
P:C®(M,E)— C>®(M,F),Q:C>®(M,F)— C>®(M,QG) is simply the product

(1.3) 0Qop(7,§) = 0q(x,§)op(x,§),

calculated as a product of matrices (i.e. as a composition of endomorphisms). Differential
operators for which the symbol is injective play a very important role :

1.4. Definition. A differential operator P is said to be elliptic if op(x,&) € Hom(E,, F}) is
injective for all z € M and £ € Ty, . ~ {0}.

Let us now assume that M is oriented and assume given a C'* volume form dV(z) =
~v(x)dxy A+ ANdx,y, on M, where y(z) > 0 is a C* density; if (M, g) is a Riemannian manifold,
one can for instance take The Riemannian volume form dV = dV, = /det(g;;) dzi A+ Adxy,.
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If E is a Euclidian or Hermitian vector bundle, we can define a Hilbert space L?(M, E) of global
sections with values in F, namely the space of forms u with measurable coefficients that are
square summable for the scalar product

(1.5) Juf? = /M u()? AV (z),
(1.5%) {(u,v)) = /M(u(x),v(a:)) dv(x), u,v € LQ(M, E).

1.6. Definition. If P : C*°(M,E) — C>®(M, F) is a differential operator and if the bundles
E, F are Fuclidian or Hermitian, there exists a unique differential operator
P*:C*(M,F) - C>*(M,FE),

called the formal adjoint of P, such that for all sections uw € C*°(M,E) andv € C>°(M, F) one
has an identity

{(Pu,v)) = ((u, P*v)) whenever Suppu N Suppv € M.

Proof. The uniqueness is easy to verify, being a consequence of the density of C'*° form with
compact support in L?(M, E). By a partition of unity argument, we reduce the verification of the
existence of P* to the proof of its existence locally on M. Now, let Pu(z) = 3_, <5 @a(z)Du(z)
be the description of P relative to the trivializations of E, F' associated to an orthonormal
frame and to the system of locate coordinates on an open set 0 C M. By assuming
Suppu N Suppv € €2, an integration by parts gives

(Pu,v)) / Z oy Dy (2)0x(2) y(x) dy . .. dp,

|| <A, 1
/ Z |a| (x)D*(y(x) Garpvr(z) dzy ... dzy,
|| <, 1
- /QW Y (=D (@) T DY (y(2) ajo(x))) dV ()
|| <6

where a, denotes the adjoint (= conjugate of transpose) of matrix a,. We thus see that P* exists,
and is defined in a unique way by

(L.7) Pro) = 3 (=1) (@) D (y(x) alo(x)). O

lor| <6

1.8. Remark. The condition Supp uNSupp v € M avoids boundary terms in the integration by
parts. As a consequence, if (M,0M) is a manifold with boundary and Supp u N Supp v touches
the boundary, the equality is no longer valid. On the other hand, under the same condition
for the supports, the formula still holds whenever products D“u, 7y make sense in the sense of
distributions, e.g. if u € D' (M, E) and v € C*°(M, F'), or vice versa.

Formula (1.7) shows immediately that the principal symbol of P* is
(1.9) op+(z,§) = Z g & 1)°op(z,€)*.
|oe|=0

If rank E = rank F', the operator P is elliptic if and only if op(x,§) is invertible for £ # 0,
therefore the ellipticity of P is equivalent to that of P*.
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2. Sobolev spaces

The space of tempered distributions 8'(R™) is by definition the dual of the Schwartz space
S(R™) of rapidly decrasing C*° functions, namely the subspace of functions f € C*°(R™) for
which all semi-norms f > pye(f) = sup|<,(1 + |z|)*| D f ()| are finite — §(R™) is a Fréchet
space. The Fourier transform u of a tempered distribution v € 8'(R™) is defined by the usual

~

adjunction property u(f) = u(f), where

fle:= | f)e ™S anw), fes®"),

Let us recall the basic Fourier transform formulas, which can be obtained by differentiating
under the integral sign, resp. by an integration by parts

A ~

Dgf(€) = ((—2mix)f(x))",  Daf(€) = (2mi&)*F(€)

for any f € S(R™). Also, the Fourier inversion formula stipulates that

f@) = f-z) = f)={ Feem=tare).

R™

By adjunction, the same formulas are still valid for all u € 8'(R™). For any real number s, we
define the Sobolev space W*(R™) to be the Hilbert space of tempered distributions u € 8'(R™)

such that the Fourier transform @ is a L2 _ function satisfying the estimate

(2.) a2 = [+ PPN < +oc.

For s € N, we have 50‘\11(5) = (27i&)*u(§), therefore, up to equivalence of norms,

iz ~ [ 3 ID"ut)Pare)

lorf <

and W*(R™) is the Hilbert space of functions u such that all derivatives D®u of order |a| < s
are in L2(R™). It is also easy to see that W*(R™) C L?*(R™) for s > 0.

We now assume that M is an oriented C°° manifold of dimension m, equipped with a
volume form dV'. Let E — M be a C'*° Hermitian vector bundle of rank r» on M. We denote by

Wlf)c(Mv E)

the (local) Sobolev space of sections u : M — E whose components are locally in W*(R™) on
all open charts. More precisely, choose a locally finite covering (£2;) of M by relatively compact
open coordinate charts €2; ~ B(0,r;) ~ R™ on which F is trivial. Consider an orthonormal
frame (ej.x)1<a<r Of Ejq; and write u in terms of its components, i.e. u = Zl</\<r uj )€ ) in
2;. We then define a Fréchet topology on W} (M, E) by considering the semi-norms

2 2
(2.2) lulfs = > llsuial?

1<AKr

where (1)) is a “quadratic partition of unity” subordinate to (€2;), i.e. such that ) wjz =1. We
show below that the topology defined in this way is independent of the choices made (covering,
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partition of unity, trivializations of E). If M is compact, the covering (£2,) can be taken finite,
and one gets a Hilbert space topology associated to the global norm

= v
TN

(2.2') lull? =

When M is compact, we simply write W} (M, E) = W*(M, E). To get the independence of
the topology on the choices made, we write u = . I 2/}2u] a€j.x and decompose again u with

respect to another covering (2},), Q) ~ R™, another quadratic partition of unity Y v,% =
and other choices of orthonormal frames (e}, ,). The new components ¥ uj y are finite linear
combinations of the v;u; , multiplied by C> functions with compact support in Q; N Q) (as
all such terms involve a factor v;1;). It is then sufficient to apply the following lemma

2.3. Lemma. For any f € D(R™), the multiplication map u — fu is continuous on W*(R™),
i.e. || fulls < Cllulls for some constant C = Cy > 0.

Proof. As is well known, we have ﬁ = f* u, that is,

Fu(€) = [ (& —n)aln) dA(n).

R™

One uses the Peetre inequality asserting that
(2.4) (14 1€1%)* <2811+ J& = )1 + |nf)*
for all £,7 € R™ and all s € R. Replacing £ by £ + 1, the case s > 0 is equivalent to
2 2 2
L+ E+n1" <2(1+[£9)A + [nl7)

which is itself an easy consequence of [ + n|? + |¢ — 7)|2 = 2(]¢]2 + \77| ). Now, for s < 0, the
inequality is equivalent to (14 |n|?)lsl < 2151(1 + | — £2)I*1(1 4 |€|?)I5], resulting from the case
|s| = —s > 0 by switching £ and 7. The Peetre inequality applied to s / 2 gives

m

(1+ |2 I fu(©)] < 2'8'/2/ (14 1€ = nD) 112 [ F(€ = m) (1 + In))*/> [@(n)] dA(n).

The latter integral can be seen as a convolution of g(n) = (1 + |n|)l*I/2|f(n)| with h(n) =
(1+ |n])*/2 |u(n)|. The Young inequality ||g * h||z2> < ||g]|z1||h]|z> finally implies

I fulls < Cfllulls where C; = 2151/2 /R (1 + )12 F ()| dA(n)

and Cy < 400 since e S(R™). ad
We now recall two further fundamental facts, namely the Sobolev lemma and the Rellich lemma.

2.5. Sobolev lemma. For any integer k € N and any real number s > k + 2, we have
W (M, E) C C*(M, E) and the inclusion is continuous.

Proof. Tt is enough to consider the case M = R™ and to show that W*(R™) C C*¥(R") for
s > k + m/2. However, by the Fourier inversion formula, D%u is the Fourier transform of
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(—2mi&)*u(—¢). If we check that £2u(¢) € LY(R™), it will follow that D f is continuous and
D% flloe < (21)121]|€9T(€)]| 1. Now, for |a| < k, the Cauchy-Schwarz inequality implies

lea©l, < [ I aE@1ane) = [ (@+1eR) /g 1+ P i) axe)

1/2

<([ A a0) ([ ariermorae)

and we infer || D%ul|oo < C||ul|s as soon as the first integral of the right hand side is convergent,
which is the case if s > k +m/2. 4

It follows immediately from the Sobolev lemma that

(2.6) [ Wise(M, E) = C=(M, E).

s20

Since W#(R™) and W~—*(R™) are dual, one can also infer by duality that

(2.6") U Wi (M, E) = D'(M, E).

s<0

A continuous linear operator ¢ : F' — G of Fréchet spaces is called compact if there exists a
neighborhood U of 0 in E such that ¢(U) is compact in V. If F' is a Banach space, this just
means that for any bounded sequence (x,) in £, one can extract a subsequence (z,x)) such
that (2, () converges in G. It is easy to see that a composition v o ¢ of continuous operators
©, 1 is compact as soon as one of them is compact.

2.7. Rellich lemma. Let Q2 € M be a relatively compact open subset. Then for allt > s, the
restriction morphism

ngc(Ma E) — Wlf)c(Qv E)
is compact. In particular, if M is compact, the inclusion W (M, E) — W*(M, E) is compact.
Proof. By definition of the topology of W} (€, E), it is sufficient to show the inclusion morphism
WE(R™) — W#*(R™) is compact, where W} (R™) consists of elements u € W*(R™) with

support in a given compact subset K C R™. Now, for any bounded sequence u, € W} (R™),
the Fourier transforms

() = / o fa) 2 dA ()

are C*° functions (they even extend as entire holomorphic functions u, € O(C™) by taking
& € C™), since the convergence of any derivative D%u, (§) is guaranteed by the compactness of
the support of u,. If 8 € D(R™) is a real cut-off function equal to 1 on a neighborhood of K

and f € D(R™) C §(R™), the formula u, (f) = 4, (f*~1) = 4, (f(—n)) implies

DG, (€) = (~2ri)' / () 6(z) 5 e~275E AA(¢)

N ~ a\ A
= (20"l [ () (8(a) %) (¢ ) dA(o)
The Cauchy-Schwarz and Peetre inequalities finally give

) 1/2
D31 < ol [ @ b0 2) €~ )] ario)

< (2m)l 221 1g )2 10 () 2| ¢ fluu .
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As ||uy|; is bounded and f(z)2* € D(R™) C WH(R™), this shows that @, is equicontinuous
on every ball B(0, R) C R™. By the Ascoli theorem, we can extract a subsequence ;) that
converges uniformly on every ball B(0, R). Now

lune) — |2 = / (L4 62)° B ) — B ()2 dNE)
{I¢I<R}U{|¢|>R}

< (1 + R2ymax(=0) /|£<R U0y (€) = Wiy ()7 dAE) + (14 R*)*Huy o) — v ll7

and by taking R > 0 large, we see that (u,(x)) is a Cauchy sequence in the Hilbert space
W (R™). Therefore (u,x)) is convergent in W*(R"™), and we infer that Wi (R™) — W*(R™)
is compact. d

3. Pseudodifferential operators

If u € D(R™), the Fourier transform of u is
(3.1) u(€) = / u(z) e 2™ E dX\(z)

and the Fourier inversion formula gives u(z) = [p,, @(£) €™ ¢ dA(€), thus for any differential
operator P =3} 5 aa()D" on R™, we have

(3.2) Pu(x) = Y an(z)Du(z) = /R ) D aa(z)(2mi) 0(E) ™ dA().

jal<s lal<d

We call
o(z,8) = Y aa(x)(2mig)* = > (2mi)* aq(x) &

| <6 lor| <6

the (total) symbol of P. By analogy with (3.2), and in more generality, a pseudodifferential
operator is defined to be an operator Op, of the form

(3.3) Op, (u)(x) = /m o(z,6)U() e*™ ™€ dA(E),  ue DR™) C SR™),

where o belongs to a suitable class of functions on 73,.. The so-called standard class of symbols
S%(R™) is defined as follows : for § € R, S°(R™) is the space of C* functions o(z,&) on T
such that for any a, 8 € N™ and any compact subset K C R™ one has an estimate

(3.4) IDEDlo(2,8)] < Crap(l+1E)°71P W(2,6) € K xR™,

where § € R is regarded as the “degree” of o. Since u € §(R™), the integral (3.3) is always
convergent under condition (3.4). The case when o(z, £) is a polynomial of degree § in £ (6 € N)
precisely corresponds to the case of a differential operator of degree d. In general, since u belongs
to the class 8(R™) of rapidly decreasing functions, the integral (3.3) is convergent as well as
all its derivative DY, thus Op,(u) is a well defined C*° function on R™. In the more general
situation of operators acting on a bundle E and having values in a bundle F' over a manifold M,
we introduce an analogous space of symbols S°(M; E, F). The elements of S°(M;E, F) are
functions
Ty 2 (z,8) — o(x,§) € Hom(E,, F;)
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satisfying condition (3.4) with respect to all coordinate systems and all local trivializations of
E., F. An associated global operator Op,_, on M can be defined by taking a locally finite covering
(2;) of M providing coordinates and trivializations of F, F', a quadratic partition of unity (¢;)
subordinate to (2;) (i.e. 347 = 1), and by putting

(3.5) Op, (u Zw] Op,, (Y;u),  ueC®(M,E),

where o; € C®(T} M9, ,Hom(K”,K"') is the local expression of ¢ on ); with respect to the

trivializations of E, F'. This definition of Op, allows to reduce most properties to be checked
to the case of R™ With the trivial bundles £ = F = K.

3.6. Remark. The global definition of Op, provided by (3.5) does depend on the choice of the
partition of unity (¢;), and also on the trivializations of E, F'. This can be seen already in the
case of an ordinary differential operator D¢. In fact, the Leibniz formula shows that

D D (yu) = D ut Y @) ;D Py DPy
j

B, BF#a

differs from the top degree term D%u by variable lower order terms. The important fact,
however, is that the principal symbol is what one expects, and it is always possible to add
lower order terms to Op, to correct any discrepancies. One can e.g. rely on the following
elementary fact about asymptotic expansions of symbols.

3.7. Asymptotic expansions. Let 0, € SOV (M;E,F), v € N, be any sequence of symbols.
Then there exists T € S°(M; E, F) such that T — Zﬁ:o o, € SO~k=1(M;E,F) for all k € N.

Proof. By a partition of unity argument, it is sufficient to prove the result in the case M = R™,
E =F =K. Let (§) > 0 be a C* cutoff function on R™, equal to 0 for |£|] < 1 and to 1
for [€] > 2. We set

+oo
7(x,&) = oo(x,&) + Y 0(e,8)0,(x,€)

where ¢, € ]0,1] is a sequence that decays sufficiently fast to 0. In fact, by (3.4) there is an
increasing sequence of constants C'y > 0 such that

|DEDL o, (2,€)] < Cn(1+[¢])> 17

for all |a|, |B],v < N and = € R™ such that |z| < N. Also, since 6 vanishes on B(0, 1) and its
derivatives Vamsh on R™~ B(0,2), there is a constant Cy; such that | DV(¢)| < O[] (1+]¢]) 1]
for all £ € R™ and |y| < N, thus

Chedlelel ., e+ e)

Tt eafe)il S O e g agepnt < O+ 1D

IDY(&— 0(,€))| = ) |D70(e,€)| <

By the Leibniz formula, for any |al, |8] < N and z € RY with |z| < N, we get

+oo
’D$D5<29(au§)0u(l’ £ )’ ZZ( )CNE,, (141t Ivlcmax(Ny)(1+’£D5 v—|B—~]|
v=1

V= 1’y<6

< QNCEV Z‘Suomax(N,u) (1 + |€|)67|B|7

v=1
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and the convergence of the series is achieved by taking e.g. £, = 27%C, 1. This already implies
7 € SO(R™). Next,

k k 400
T(2,8) =Y 0u(2,6) = Oppr (1§01 (2,9 + Y (1-0,(2.8))on (2, )+ Y Ou(c.8))0u(,€).
v=0 v=1 v=k+2

Here, the first term coincides with opq1(z, &) for €] > 2/ep41, thus it belongs to S°~F~L(R™).

The same is true for the summation 25:1 which has compact support in &. Finally, the above
estimates imply

o0 +o0
‘DgDsﬁ( > 9(@5)%(1’,5))’ <2YCN D e Crnax(v (L + (€))7 H118L
v=k+2 v=k+2

hence the summation S Lo is also in SO7FTL(R™). ad
The basic results pertaining to the theory of pseudodifferential operators are summarized below.

3.8. Schwartz kernel of a pseudodifferential operator. Condition (3.4) implies that
€ — o(z,£) as well as all its derivatives £ — D%o(x,€) are of polynomial growth at infinity.
This implies that they are in the space of tempered distributions 8'(R™), and can be assigned
a partial Fourier transform y +— o¢(x, y) with respect to the second argument, that is in 8'(R™)
and depends smoothly on z. The Fourier transform of o(z, £)e?™*¢ is K, (z,y) = 0¢(z,y — z),
and for M = R™, the usually adjunction formula g(u) = g(u) implies

(3.9) Op,(u) = . Ko (z,y)u(y)dV(y), Yue D(M),

or equivalently, viewing Op, (u) as a distribution,

M x M

/eM Op, (u)(z) f(x)dV (z) = / Ko (z,y) f(z) u(y) dV(z) dV(y), Vf,uec DM).

The distribution K, (z,y) € D'(R™ xR™) is called the (Schwartz) kernel of Op,. More generally,
in the case of a manifold, we get by (3.5) a formula similar to (3.9), with a global kernel
Ko(2,y) = 32 ¢j(2) Ko, (2,y)¢;(y) in D'(M x M). Laurent Schwartz has shown (this is the
so-called Schwartz kernel theorem) that every continuous linear operator T : D(M) — D'(M)
is actually given by such a kernel K € D'(M x M), i.e.

Tu(z) = / K@y uly) aviy) =

/M Tu(z) f(z) dV (x) = / K(z,y) f(z) u(y) dV(z) dV(y)

M x M

for all f,u € D(M). A proof can be obtained as a direct application of Grothendieck’s theory
of topological tensor products (see Chapter 9 of online book).

3.10. Action of pseudodifferential operators on Sobolev spaces. For o € S°(M; E, IF),
the operator Op,, can be extended uniquely as a continuous linear operator

Op, : W (M, E) = WS (M, F).

loc
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Proof. Thanks to the presence of a term 1; on both sides in (3.5), we are reduced to the case
(3.3) where M = R™ and z — u(x), z — o(z,§) have support in a compact subset K C R™.
The result is easily seen to be true when Op, = |, <5 @a(x)D® is a differential operator.
In fact, since multiplication by a, is continuous on W*(R™) by Lemma 2.3, we only have to
show that D : W*(R™) — W*~9(R™) is continuous for |a| < §, but this is obvious from the
identity leTu(f) = (27i&)*u(&). In general, we just compute the Fourier transform of Op, (u).
By Fubini, for v € D(R™) C §(R™), we find

Op,(u)" (1) = / (/ o(x, &) u(E) e”m dk(i)) e TN d)(x) = / o2(n — &, €) u(§) dA(§)
where 7, is the partial Fourier transform of o(z, &) with respect to z. Inequality (3.4) implies

SME) Crap(1+1€)° 717,

|(2min)*D{5. (1, €)| = Dy Do (z,&)e > dA(x)

RmMm

thus we have an estimate
(3.11) |D?8$(n,§)] < Con(1+ 021+ 1¢)-18D/2 for every N € N.

At this point, we need (3.11) only for § = 0. The Peetre inequality gives

1+ |n[*) 9721 0p, (w)" (n)]

<202 [ (= )L )2 - £,)] ()] dNE

Rm™

<o / (1t [ — €2 1=01=M/2(1 4 [¢2)9/2 [a(e)| dA(E).

Rm

We choose N > |s — 6|+ m, eg. N =||s—0| ] +m+1,sothat t :== N —|s — | > m. Then

[asm—eprang = [ i) ane < oo,

m

and we get a probability measure dpu, (&) = c(1 + |n — &]?)7"/2d\(€) for a certain constant
¢ > 0. By Cauchy-Schwarz applied to the measure dy, () and to the functions f(§) = 1,
9(&) = (1 + [€[*)*/* [u(€)|, we find

2 "

(14 1= [0p, @ )] < € [ el =27 (14 P ae) | axe)

By the Fubini theorem, a final integration with respect to n implies || Op, (u)|[2_5 < CZ 5|ull3.

Since D(R™) is dense in W*(R™) (exercise!), the existence of a unique continuous extension
Op, : W¥(R™) — W*=°(R™) follows. O

3.12. Regularizing operators. In particular, if o € S™*°(M; E, F) := (5, S°(M;E, F),
then Op,, is a continuous operator sending an arbitrary distribution D’'(M, E) into C*° (M, F).
More precisely, since £ — o(z, £) is rapidly decreasing locally uniformly in = with all derivatives
D¢ the Schwartz kernel K, (x,y) = 0¢(z,y—) is then easily seen to be smooth, and conversely,
if we are given a kernel K (z,y) in C*°(M x M) with “proper support” in M x M in the sense
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that for every point x¢ € X, there is a neighborhood W of xy and a compact set L C M such
that K(x,y) =0 on W x (M \ L), the formula

(3.13) / K(z,y)u(y)dV(y), ue€ D'(M)
defines a continuous operator R : D'(M) — C°°(M). In the case M = R™, we have

/ Ry(w, &) a(€)av(e), Vue D'(M),

thus R is the pseudodifferential operator associated with the symbol o(z, §) = I?y (x,—&) e 2mizE,

The properness condition for K implies that I?y (x,€) is rapidly decreasing in &, thus o is in the
class R := S7°°(M; E, F'). Such an operator is called a regularizing operator.

Regularizing operators play very nicely in regularity theory, in the sense that adding such
operators does not interfere with the regularity of distributions at stake. They can somehow
be considered as “negligible” in pseudodifferential calculus; it is thus very frequent to make
calculations only modulo R.

3.14. Composition of pseudodifferential operators associated to standard symbols.
For any o € S°(M;E,F) and o' € S° (M;F,G), 6,0’ € R, there exists a “composed symbol”
o' o0 € St (M; E,G) such that Op,, oOp, = Op,.,,. Moreover

o' oo —0o -oeST N M E,G).

More precisely, we have an asymptotic e:cpansz'on

o oo(x,&) ~ ZZ @) Ia\al 50(33 &) Dyo(x,&) modR

¢ Jal=  (
where the (-th term, is in S°T9 ~4(M; E, G).

Proof. When Op,, and Op, are differential operators (i.e. o’(x,§) and o(z, &) are polynomials
in £), the asymptotic expansion is an exact formula, and is just a finite sum this follows easily
from the Leibniz formula. The general manifold case requires to compute locally finite sums of
the form

Z Vi Op, (¥rt; Op,, (1ju))

.k
where u € W2 _(M). The (j, k)-term is non zero only in case Supp(¢;) N Supp(¢x) # 0. One can
arrange the covering (2;) and the partition of unity in such a way that whenever this happens
Supp(e;) U Supp(¢x) is contained in Q; or  (e.g. by taking geodesic balls Q; ~ B(0,7;), s
that B(0,r;/4) still covers M, and Supp(%) C B(0,7;/4)). Then, by using a dlffeomorphlsm
Q; ~ R™, it is sufficient to consider the case where M = R™, and to consider the composition
of pseudodifferential operators associated with the symbols ¢y ()0 (x, &) and Y1, (x)o;(x, €).
Hence, we can also assume that o'(z, ) and o(z, &) have compact support in z, being non zero
only when x € K C R™. In that case, for u € D(R™) we have absolutely convergent integrals
of rapidly decreasing functions

Opys(u)(a) = [ o) ) 27" dA(),
Op, ()"n) = [ 20~ €T N,
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the first one being equivalent to definition (3.3) with £ replaced by 7, and the second one already
stated in 3.10. By substituting the second formula in the first, we find

0p,00p,)a) = [ a'en)( [ 5ln- 6O ) ar(
[ ([ o wnson-cger=ranm Jae i)
= [ ([ s+ 9nm.o@mam Jae e ae)

where, in the last line, we have performed a change of variable n +— n 4 £. This shows that
Op, 0 Op,, is associated to the symbol

(3.15) o oa(n.€) = [ oo+ €)Eun M)

and we have to prove that ¢’ oo € S‘S‘L‘s/(M; E,G). For this, we compute

DeDio o o(x,6) =Y (“) (5 ) / _ DEDYO w1+ €) DY G, €) (2min) e dA ()

o NI
As we have already shown (cf. (3.11)), we have estimates
D50 (0, )] < Cpmpn (L4 [n?) N2 (14 (g3 O 1D/
and also

|DEDEo" (x,m+ )| < O, (1+ |+ €210/
&' —|vl||/2 2\ (8" —|v])/2 278" —|v||/2
nggl lvIl/ (1+ |¢] )( v/ (1+ |n] )| lvIl/

by the Peetre inequality. Therefore
DD 0 o §)] < Ol [ (14 16 EF0 0121ty 5= el =072 g ),
For N large enough to ensure the convergence of the integral, we get the expected upper bound

|D2Do" o a(w,€)] < O y(1 + €))7+~ 1A1,

Furthermore, we have a Taylor expansion

(z,n+ &) = Z D (2,6 n® +/ > —D "(2,& +tn)n® (p+1)(1 — t)Pdt
|a|<p | || i1 '
The integral term is bounded by
4 2\(8'—p—1)/2 5 2\(8'—p—1)/2 2y]6'—p—1|/2
CE(L+ €+ i) 7=/ < O (14 [¢[3)0 P D/2(1 4 [y f2) 0 2172,

If we plug the Taylor expansion in (3.15), this remainder term contributes for

Ok [ (I D30 ) 5102 ) < D (14 €))7,
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while the main terms yield

/m S Do, )0 Guln, ) NN = Y Dgo'(w,€) Dio(w,€)

el

jal<p NEMCDI
by the Fourier inversion formula. It is easy to check that the terms with || = ¢ are in
SO+O—4(M; E, F). Statement 3.14 is proved. O

3.16. Adjoint of a pseudodifferential operator. Assume that E, F are equipped with
smooth Hermitian metrics hg, hp. Given o € S°(M;E,F), there exists an adjoint symbol
of € SO(M; F,E) such that Op, et Op,: are (formally) adjoint, i.e. for every u € D(M,E),
ve DM, F)

/(Opa(u),v>FdV:/ (u, Op,+(v)) g dV.

M

M

Proof. We first compute of in the trivial case M = R™, E = F = K with the trivial metric,
when x — o(x, ) has compact support. Then

| ©Opgw.pav = [ Opy@i@ ire) = [ ol €))7 @) aha) dA©).

R™

A partial Fourier transform with respect to = gives
[ ©Oponpav = [ G- €9 6O TN A
M R?n XRT?'L
Similarly, {(u, Op,+(v)) = (Opy+(v),u)), and by switching v and v, £ and 7, o and o, we get

/ (0D (v), u) dV = / o3 — 1,m) D) AE) AA(E) dA(r).
M

Rm™ xR™

The required relation between ¢ and o is o} (& —n,n) =0.(n—& &), or equivalently, after a
one-to-one substitution (1,&) — (§,€ +n),

—

al(n,€) =G.(—n, €+ ).

In the higher rank case £ = K", F' = K™ we find

—

(3.17) oh(1,€) = Gu(—n, €+ 1)

where A* is the complex adjoint of a matrix A. We leave the reader check that this defines
ol € SO(M; F,E), again by means of the Peetre inequality and by the fast decay of 7, (7, )
in 7. The general case follows from the fact that (¢; Op,, ;)" = ¢;(Op,,)*¥; = ¥; Op,: ¥y,
when orthormal trivializations of E, F' are taken in each chart. ‘O
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4. Fundamental results on elliptic operators

The concept of ellipticity is easily extended to pseudodifferential operators by expressing
that the symbol o(z, &) is “uniformly” injective when & — oo.

4.1. Definition. A pseudodifferential operator Op, of degree § is called elliptic if it can be
defined by a symbol o € S°(M, E, F) such that

jo(2,€) - ul > el ul, V(x,6) €Ty, Yu€ E,
for |&| large enough, the estimation being uniform for x € M.

If £ and F have the same rank, the ellipticity condition implies that o(x,§) is invertible
for ¢ large. By taking a suitable C°° truncating function 6(£) > 0 equal to 0 for |£| < R large
and to 1 for |¢| > 2R, one sees that the function o’(z,&) = 0(¢)o(z,£) ™! defines a symbol in
the space S~°(M; F, E). Also, since

10’ (@,6) 0,6) = 1 - 0(¢) € D(R™) C S(R™),

this difference is a regularizing operator. According to 3.14, we have Id — Op,, o Op, = Op,,
where p € S™Y(M; E,E), and thus p* € S7/(M; E, E). Choose a symbol 7 equivalent to the
asymptotic expansion Id +p + p°2 + -+ + p® + ... (this is possible by 3.7). Then Op._ is an
inverse of Op,, o Op, = Id — Op, modulo R. It is then clear that one obtains an inverse Op,,,
of Op, modulo R. An easy consequence of this observation is the following :

4.2. Garding inequality. Assume given P : C°(M,E) — C>®(M,F) an elliptic differential

operator of degree 0, where rank E' = rank F' = r, and let P be an extension of P with
distributional coefficient sections. For all u € WO(M, E) such that Pu € W*(M, F), one then
has u € W59 (M, E) and

[ullsts < Cs(1Pulls + [lullo),

where Cy is a positive constant depending only on s.

Proof. Since P is elliptic of degree §, there exists a symbol ¢ € S~°(M;F,E) such that
Op,oP = Id+R, R € R. Then || Op,(v)|ls+s < CJv|s by applying 3.10. Consequently, in
setting v = Pu, we see that u = Op_ (Pu) — Ru satisfies the desired estimate. O

5. Finiteness theorem

We conclude these notes with the proof of the following fundamental finiteness theorem,
which is the starting point of L? Hodge theory. We assume throughout this section that M is
compact, in general finiteness cannot hold on non compact manifolds.

5.1. Finiteness theorem. Assume given E, F Hermitian vector bundles on a compact
manifold M, such that rank E = rank F' = r, and let P : C>*°(M,E) — C®(M,F) be an
elliptic differential operator of degree §. Then :

i) Ker P is finite dimensional.

ii) P(COO(M, E)) is closed and of finite codimension in C°°(M,F); moreover, if P* is the
formal adjoint of P, there exists a decomposition

C>(M,F) = P(C®(M,E)) & Ker P*

as an orthogonal direct sum in WO(M,F) = L*(M, F).
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Proof. (i) The Garding inequality shows that ||ul|s4+s5 < Cs|lul|o for all u € Ker P. By the Sobolev
lemma, this implies that Ker P is closed in W°(M, E). Moreover, the || |o-closed unit ball of
Ker P is contained in the || |[s-boule of radius Cjy, therefore it is compact according to the
Rellich lemma. The Riesz Theorem implies dim Ker P < +o00.

(ii) We first show that the extension
P:W*t(M,E) — W*(M,F)
has a closed image all s. For any ¢ > 0, there exists a finite number of elements vy, ... ,ony €

Wsto(M, F), N = N(g), such that

N
(5.2) [ullo < elfulls+s + Z [, vi))ol-

Indeed, the set
N
Koy = {u e WM, F) 5 ellulloss + 3 {050l < 1)
j=1

is relatively compact in WO(M, F') and ﬂ(vj)ﬁ(vj) = {0}. It follows that there are elements

(v;) such that the F(Uj) are contained in the unit ball of WO(M, E), as required. Substituting
the ||u||o by its upper bound (5.2) in the Géarding inquality, we obtain

N
(1= Cee)ullsrs < Ca([1Pulls + D vyl ).

Define T = {u € W™ (M,E) ; u Lv;, 1 <j<n}and put e = 1/2C;. It follows that
|ulls45 < 20| Pulls,  VueT.

This implies that P(T) is closed. As a consequence

P(W**(M,E)) = P(T) + Span(P(v1), ... , P(vy))

is closed in W*(M, E). Consider now the case s = 0. Since C*°(M, E) is dense in W°(M, E),
we see that in WO(M, E) = L?(M, E), one has

- 1 1 —

(PW* (M, )" = (P(C™(M,E))) " = Ker P
We have thus proven that
(5.3) WO(M,E) = P(W®(M, E)) ® Ker P*,
Since P* is also elliptic, it follows that Ker P+ is finite dimensional and that Ker P* = Ker P* is
contained in C*° (M, F'). By applying the Garding inequality, the decomposition formula (5.3)
gives
(5.4) W*(M,E) = P(W**(M, E)) & Ker P*,

(5.5) C>*(M,E) = P(C>(M,E)) ® Ker P*.
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We finish this section by the construction of the Green operator associated with a self-
adjoint elliptic operator.

5.6. Theorem. Assume given E a Hermitian vector bundle of rank r over a compact mani-
fold M, and P : C° (M, E) — C*®°(M, E) a self-adjoint elliptic differential operator of degree §.
Then if H denotes the orthogonal projection H : C*°(M,E) — Ker P, there exists a unique
operator G on C*(M, E) such that

PG+H=GP+H=1d.

Moreover G is a pseudodifferential operator of degree —0, called Green operator associated to P.

Proof. According to Theorem 5.1, Ker P = Ker P* is finite dimensional, and Im P = (Ker P)=.
It then follows that the restriction of P to (Ker P)* is a bijective operator. One defines G
toe be 0 ® P~! relative to the orthogonal decomposition C>° (M, E) = Ker P & (Ker P)*. The
relations PG + H = GP + H = Id are then obvious, as well as the uniqueness of GG. Moreover,
G is continuous in the Fréchet space topology of C°° (M, E), according to the Banach theorem.
One also uses the fact that there exists a pseudodifferential operator @) of order — which is an
inverse of P modulo R, i.e., PQ =1d+R, R € R. It then follows that

Q=(GP+H)Q=GId+R) + HQ = G + GR + HQ,

where GR and H() are regularizing operators (H is a regularizing operator of finite rank defined
by the kernel > pq(z) ® ¢%(y), where (p5) is a base of eigenfunctions of Ker P C C*°(M, E)).
Consequently G = @Q mod R and G is a pseudodifferential operator of degree —4. O

5.7. Corollary. Under the hypotheses of Theorem 5.6, the eigenvalues of P form a real sequence
(M) such that limg_, 4o |Ai| = +00, the eigenspaces Vy, of P are finite dimensional, and one
has a Hilbert space (completed) orthogonal direct sum

L*(M,E) = @kv,\k.

For any integer m € N, an element u = >, ux € L*(M, E) is in W™ (X, E) if and only if
20 k[P g |* < +oo.

Proof. The Green operator extends to a self-adjoint operator
G:L*(M,E) — L*(M,E)

which factors through W°(M, E), and is therefore compact. This operator defines an inverse to
P WO(M,E) — L?*(M, E) on (Ker P)*. The spectral theory of compact self-adjoint operators
shows that the eigenvalues py of G form a real sequence fy, tending to 0 and that L?(M, E) is a
Hilbert orthogonal direct sum of eigenspaces. The corresponding eigenvalues of P are \; = u,;l
if pg # 0, and according to the ellipticity of P — \i Id, the eigenspaces V), = Ker(P — A\ Id) are
finite dimensional and contained in C*° (M, E). Finally, if u = >, u, € L*(M, E), the Garding
inequality shows that u € W™ (M, E) if and only if P™u € L2(M,E) = WO(M, E), which
easily gives the condition >~ |\g|?™||u||?> < +o0. O



