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CORRELATION INEQUALITIES - GKS AND APPLICATIONS

QUESTION 1. Griffith Kelly Sherman inequalities [GKS]

Let A € Z% and K = (K¢)oca be a family of real numbers. Consider the following probability
distribution on Qy = {—1, +1}*:

exp(z Kcowe)

Py k(w) =
AK CCA

where we = [[;co wi-

1. Show that the Ising measures in A with 4, free, and periodic boundary conditions can be written
in this form with K¢ > 0 for all C' C A if the magnetic field h is positive.

2. If Ko >0 for all C C A, show that for any A C A,
Epk(oa) > 0. (1)

Hint : expand each eXc“c in Taylor series, and recall that D w1 W™ is equal to 2 if m is even
or to 0 if m 1is odd.

3. If Ko >0 for all C' C A, show that for any A, B C A,
Ear k(0a0B) > Ep k(04)EA k(0B). (2)
Hint : the "duplicated variables trick".

o Write Ep x(0a0op) —Ep k(04)Ex k(0B) as the expectation of some random variable under
the product measure Pp i @ Pp g (w,w’) =Py g (w)Pp g (w').
e Rewrite the expectation using the change of variables w = wiw] = w; /wy.

e Apply the inequalities for each fized configuration w".

QUESTION 2. Consequences of the GKS inequalities. Consider the Ising model in a box A € Z¢,
with the following Hamiltonian:

HAJh Z szo'zo'] Zh 0; — Z Jijainj

i,jeN i€ ieA,jgA
i~j i~j
We write: )
" 6_HA,J,h(a)
pia g (o) = i and AJh = Z flo IU’AJh o)
A, J.h o

Show that
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(o A>X, 7.p, 18 an non decreasing function of J and of h.

forall J >0, h>0and AC A; C Ay € Z% we have

(0A) %o <045, 0n

deduce the existence of the free state

for all J >0, h > 0, <UA>jh is an increasing function of the dimension d of the lattice.

. Recall the definition of the critical inverse temperature [.(d) of the ferromagnetic Ising model,

and show that it is a non increasing function of d.

for J = 6J with J > 0 and h > 0,
(a) <O’A>g7h = (a@?h is left-continuous as a function of 3.
(b) <O'A>E7h = <0—A>j,h is right-continuous as a function of 3.

Hint : Use the following lemma :
Let ap,n be a non decreasing double sequence bounded above. Then,

lim lm an, = lim lm a,, =sup{amn}
m—00 N—00 n—00 Mm—r0o0 m,n

The same result holds if the double sequence is nonincreasing and bounded below.

QUESTION 3. On the article "GHS and other inequalities" by Lebowitz, CMP 35, 87—92 (197})

1

2

W

Explain why us(i,j) > 0 for arbitrary field h, while u;(¢) > 0 only holds for h > 0.
Prove the relation (2.2).
Prove the relation (2.6).

We will now focus on the proof of the inequalities (2.4) of the Theorem:

Explain why P(A) € [0,1] and f(A) > 0.
Deduce that {gc)’ > 0 for any C' C A.

inequalities.



