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Abstract

We consider a magnetic Laplacian —A 4 = (id + A)*(id + A) on the Poincaré
upper-half plane H, when the magnetic field dA is infinite at infinity and such
that —A 4 has pure discret spectrum. We obtain the asymptotic behavior of the
counting function of the eigenvalues.
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Résumé

On consideére le Laplacien avec champ magnétique —A 4 = (id+ A)*(id+ A) sur
le demi-plan de Poincaré H, dans le cas ou le champ magnétique dA tend vers 'infini
a l'infini, de sorte que —A,4 ait un spectre discret. On donne le comportement
asymptotique de la fonction de dénombrement des valeurs propres.

Mots-clés : asymptotique du spectre, bouteilles magnétiques, demi-plan hyperbo-
lique, principe du minimax.
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1 Introduction

In this paper we study the asymptotic distribution of large eigenvalues of magnetic bottles on
the hyperbolic plane H. Magnetic bottles on H are Schrodinger operators of the form

—Aq = y*(Dy — A1) + y*(Dy — A2)?, (1.1)

where the magnetic field dA is infinite at the infinity . This property ensures that —A 4 has a
compact resolvent. The precise formulation is given below.

In the Euclidean case the asymptotic distribution of large eigenvalues of magnetic bottles
in R? has been given by Yves Colin de Verdiere [Col], using partition in cubes and estimations
for constant magnetic fields in the cubes. This method can still be used here, but cubes are
replaced by rectangles adapted to the hyperbolic geometry and the formula we get is of the
same type, taking into account the hyperbolic volume and the hyperbolic definition for magnetic
fields.

The hyperbolic framework we recall below has been used mainly for studying the Maass
Laplacian, which corresponds to the constant magnetic field case. This case has been studied by
many authors (see [Gro], [Els], [Com] [D-I-M]). In [In-Sh1] the authors consider asymptotically
constant magnetic fields and in [In-Sh3] they deal with Pauli operators. See also [Ike] for
relationship between Maass Laplacian and Schrodinger operators with Morse potentials.

From an other point of view , the asymptotic distribution of large eigenvalues in the hy-
perbolic context has already been studied for Schrédinger operators (without magnetic field)
(see [In-Sh2]). The method is based on Feynman-Kac representation of the heat kernel and the
Tauberian theorem. As already mentioned our own method involves only min-max techniques
so it does not require to study properties of the evolution semigroup. It is also local, so our
result is valid for many surfaces of infinite area with fundamental domain H.

Let us now set up the hyperbolic framework of our problem.

In a connected and oriented Riemannian manifold (M,g) of dimension n, for any real
one-form A on M, one can define the magnetic Laplacian

~Ay = (id+A)(id+A),

(((d+Au=idutud,Yu e CP(M)) . (1.2)
The magnetic field is the exact two-form pp = dA.
The two-form pp is associated with a linear operator B on the tangent space defined by
p(X,)Y) = gBX,)Y); VX,Y eTMxTM . (1.3)
The magnetic intensity b is given by
b = %tr ((B*B)1/2> . (1.4)

Let us assume that dim(M) = 2, and denote by dv the Riemannian measure on M; then
ps = bdv, with |b| = b.
In this case, we can say that the magnetic field is constant iff b is constant.

Now, we consider the case where M = H is the hyperbolic plane:

H = Rx]0,+o0c[, g =

dx? + dy?
Lﬂ, A=A (z,y) de + Ax(z,y) dy .

Y

We will assume that
Aj(ey) € CXEZR), V. (1.5)



Magnetic bottles on the Poincaré half-plane: spectral asymptotics 3

Let us define D, = %895 and Dy = %81/ Then we have
—Aa = ¥ (De— A1)* + P(Dy — A2)?, (1.6)

b = 4 (0zA2 — 0yA1) b = b|, and dv = y 2dady .

It is well known that —A, is essentially self-adjoint on L?(H), see for example [Shu].
As we are only interested on the spectrum of sp(—A 4), we will use that it is gauge invariant:

sp(—Aa) = sp(—Aatap); Yo € C*(H;R). (1.7)

For an operator H , sp(H) , sp.,(H) , sp,(H) , spy(H) and sp,(H) denote its spectrum,
its essential part, its absolutely continuous part, its discret part and its ponctual part.
We will denote —A,4 by P(A).

2 The constant magnetic Laplacian on the hyperbolic plane

In this section, we explain how to get the well-known properties of the spectrum of a constant
magnetic Laplacian on the hyperbolic plane. The original study was done by J. Elstrodt in
[Els].

We consider the case where y%(9,A42(z,y) — 0,A1(x,y)) is constant. We choose a gauge
such that As = 0, so Aj(z,y) = £by~!. We can assume that A;(z,y) = by~!, even if we
change x into —x, which is a unitary operator on L?(H). The operator we are interested in is

A = y*(D, —by™H? + yQDi7 with b >0 constant. (2.1)
Let U be the unitary operator
U: L*H) - L*RxRY), Uf =y 'f; (2.2)
R x R*% is endowed with the standard Lebesgue measure dzdy. Then
Py = U(=Au)U* = (D, —by )y*(D, —by™') + Dyy’D,, . (2.3)
Using partial Fourier transform we get that sp(P,) = U sp(Po(§)), where Py(€) is the

£eR
self-adjoint operator on L?(R, ) defined by

Po(&)f = (y€=Db)*f(y) + Dy(y’Dyf)(y): V[ € CC(Ry). (2.4)
When ¢ > 0, by scaling, y — & 1y, we get that
sp(P(€)) = sp(Fu(1)), (f £>0).
In the same way, we get that
sp(Po(§)) = sp(Pu(-1)), if & < 0.

It is easy to see that sp.,(Po(£1)) = b? + sp,.(Po(1)) = spu.(Po(£1)), and, (see for
example the exercise I6 p. 1573 in [Du-Sc]),

sp(Po(—1)) = sp,(Po(—1)) = [b2+iv+00[: SPac(Po(1)) - (2.5)
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1

Py(1) may have some eigenvalues in [b, b? + Z[
For the proof, we use the method of [In-Sh1]. We define

Ky = y—-b-1—diyD,; so Ky =y—b+iyD,.

Then

K{;Kb = Pb(l) + b and KbKﬁ = Pb+1(1) —b-1.

When b > 1/2, we define

9b—1/2 -

eb(y) = my e, <<Pb € Ker(Kﬁ—l)) ;

©p is the ground state of P,(1) :  Po(1)pp = byp .

(2.8)

+oo
As Ky (Po(1) +2b+1) = Pyyi(1)Kpand K, ' f(y) = y_b_ley/ sPe S f(s)ds; YV f €

| Yy
[Pbs1]™ ;

1
we get that, if,u+2b—|—1<b2+1 , then
p € spg(Po(l)) = p+2b+1 € spy(Pori(1)),
andif A\—2b—-1>Db,
A€ spy(Por1())\{b+1} = A—2b—1 € sp,;(P) -

One gets the well-known following theorem:

Theorem 2.1. The spectrum of Py(£1) is formed by its absolutely continuous part and its

discret part, and

DPR(-1) = $pec(Pol=1)) = spe(Ao(1) = [b? + 7,00
DF(1) = p(Bo(D) , ifb < 3
Du(Po()) = {2j+Db-j(i+1);j € N, j<b-2} ifb > 2.

Corollary 2.2. The spectrum of —A v is essential: sp(—A p) = Sp.s(—Ap).

Its absolutely continuous part is given by sp,.(—Auw) = [b? + I, +o00|.

1
2

The remaining part of its spectrum is empty if 0 < b < 1/2, otherwise it is formed by a finite

number of eigenvalues of infinite multiplicity given by

. » . . 1 L1
spp(—Bae) = {2j+1Db—j(j+1);j € N, j<b-g}, (if 5<b))

3 The case of a magnetic bottle (with compact resolvent)

The following theorem deals with the case of a magnetic field which fulfills magnetic bottles

type assumptions.
Theorem 3.1. Under the assumptions (1.5) and (1.6), if

b(z,y) — +oo as d(z,y) — +00,
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and if 3 Cy > 0 such that, for any vector field X on H ,
|Xb| < Col[b] +1)V/g(X, X) ; (3:2)

then P(A) = —A4 has a compact resolvent.
(d(z,y) denotes the hyperbolic distance of (x,y) to (0,1)) .

Proof: The standard proof for elliptic operators on the flat R™ can be applied using the
estimate given by the following Lemma.

Lemma 3.2. For any € €]0,1[, there exists Cc > 0 s.t.

Vi€ CFM), [ bl < (14 5)=Aaflf i + Collf i -

For the proof, one can use the unitary operator defined in 2.2
U: L*H) - L*(RxR}), Uf(z,y) =y f(z,y).
We get that UP(A)U* = y*(D, — A1) +y(Dy — As)%y
In this form, we can write UP(A)U* = K*K + b=K'K —b
with K = y(D, — A1) — i(Dy — As)y and K = y(Dy — A1) + i(Dy — A2)y. So

+b < UP(A)U* .

We cover R x R* by two open sets Oy, Oy, such that Oy is bounded and y and 1/y are bounded
on Op, and 1 < b on O;. B
Taking an associated partition of unity x; , (j = 0,1), and using that £b < UP(A)U*, we
get
/ b|x1 f|*dzdy < / UP(A)U* (x1f)x1 fdzdy .
RXR?

RXR?,

The Lemma comes easily from this estimate.

4 Spectral asymptotics for magnetic bottles

4.1 The main theorem

For a self-adjoint operator P, and for any real A < infsp_,(P), we denote by N(\; P) the
number of eigenvalues of P, (counted with their multiplicity), which are in | — oo, A[.

Theorem 4.1. Under the assumptions of Theorem 3.1, P(A) = —A4 has a compact resolvent
and for any
§ €L, 2[, in (4.15), there exists a constant C' > 0 such that

3’5
1 ¢ = —35+1 1 0
o H(l B T E )b(mn) kz_o[m —C\ ) =5 — @k + Db(m)] dv
< N\ —-Ay) < (4.1)
1 c =

b(m) 3 AL+ CAHH) - i 2k + Db(m)]), dv

= [a+
2 H( (b(m) + 1)(2_55)/2) k=0

[Pl is the Heaviside function:

0 1, if p>0
0, if p<o.
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This result can be compared to the one obtained in [Col]. The difference between the two
results is the additional term —i , which comes from the geometry of the problem. It becomes
really significant in the following

Corollary 4.2. Under the assumptions of Theorem 3.1 and if the function

wl) = [ ln=b(m)do
satisfies
3C1>0st.Vu>Cy, V7 €]0,1], w((1+7) pu)—wp) <Ci 17w, (4.2)

then

N —Ay) ~ %/Hb(m)Z[A— i — (2k + 1)b(m)]% dv . (4.3)
keN

The assumption (4.2) is satisfied when w(\) ~ aA¥In?(\) when A — +oo ,
with £k >0,ork=0and j>0.

25
For example this allows us to consider magnetic fields of the type b(z,y) = (x) + g(y),
Y

with j € N* and g(y) = pi(y) + p2(1/y),
where p;(s) and pa(s) are, for large s, polynomial functions of order > 1 . In this case w(\) ~
% In(\) when A — +oo.

For the proof of Theorem 4.1, we will establish some transformations, prove some technical
lemmas and then use the minimax technique on quadratic forms as in Colin de Verdiere’s result
to get successively a lower bound and an upper bound for N(\; —A4).

4.2 Technical transformations

4.2.1 Change of variables

Let us consider the diffeomorphism

¢ : R? — H, (z,y)=d¢(,t):= (wvet>
which induces a unitary operator
U : L*(H;dv) — L*(R?;dzdt)
(Uf)(x,t) :== e /2 f(z,e') for any f € L2(H).
U maps C§°(H) onto C§°(R?) and the inverse U-! is given by
(U=2g)(z,y) == y"/2g(x,Iny) for each g € L2(R2).
The quadratic form related to the operator P(A) = —A 4 is given, for any u € L?(H), by

o) i= [ 1D = Ayl +1y(D, — AyuP] T

B / [1€(D2 = A)u(@)? + €' (¢ Ds = Aa)u(9) ] ' dudt

- /R [162(Dy = A)u(@) + [e2(e™ Dy — Ao)u(9) 2] dudt

with

Ai(z,t) = Ay(z,et) | i= 1,2 .
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After defining w := U u, the preceding form becomes
q(w) == / [|et(Dm — ADw)? + [(e7V2Dyet/? — et Ay)w|?| dadt
R2

SO
P(A) :=UPAU " = (D, — A1)? + (D; — €' Ay)? +1/4.

4.2.2 Gauge

We want to work with a gauge such that As = 0. Since
b = y? (0,42 — 9,A;)

we can take

Ay(ay) = _/1y b(z,s)

52

which gives
¢~

Ay (z,t) = —/16 b(x’s)ds (4.4)

52

et 77 2
I b
and P(A) = ¢e* Dz—l—/ (xés)ds + D} +1/4.
1 S

The associated quadratic form is
i (w) = / (16D — Avyul? + | Dol + 1/4hwf?] dudt
R2

An application of the assumption (3.2) is the following Lemma.

Lemma 4.3. For any a > 0 and any €9 > 0 small enough

1

(co < minfy, o
€0 < min 3 Colat 1)

}) ,there exists C1 >1 such that ,

if (zo,y0) € H and b(zo,yo) > 1, then

1
a b(anZIO) < b(xay) < Cl b(anZ/O) ; v (x7y) € Q(x05y07a’a 60)

where (0, Yo, a,€0) = {(x,y) / & = wo| < ago yo, [y = yol < eoyo} -

The proof comes directly from the assumption (3.2). Performing Taylor expansion , we get

[b(z,y) — blzo, y0)| < (J& = zo| + |y = o) Sgg(\azg(Z)l +10,b(=)))

so B, ) — Bzo,y0)| < coCola+ Lyosup 2L

and the proof follows easily.
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4.3 Technical lemmas

4.3.1 Localization in a suitable rectangle in R?

Let ap > 1 be given.
Any nonnegative constant depending only on ag, will be denoted invariably C.
Let Xo = (wg,t0) € R? such that b(z) > 1; (20 = (z0,€%) ) ; |Xo| can be very large.
Let us choose g9 €]0,1[, ¢ can be very small.
For a E]aio,ao], let

eto eto
KZ:X()-l-Ko, Ky :]—80a7, 80a7[><]—— 7[ (45)

We consider the Dirichlet operator Pg(A) on K associated to the quadratic form

a;;(w):/ [1€(De — Avyuf? + | Dy + 1/4jwf?] dadt ¥ w € Wi (K).
K

We are interested only by the spectrum of Pk (A). It is gauge invariant,
sp(Pxc(A)) = sp(Px(A+ V), (4.6)

so by taking p(z,t) = — fO‘T Zl(s,to)ds, we can assume that

Ay (1) :/e/g(x’s)ds (and Ay =0).

to 82
Let us define the magnetic potential related to a constant magnetic field

A%z, t) = (A9,0) with AV := —(t — to) e~* b(z,e™) . (4.7)

We want to compare N(\; Px(A)) to N(\; P%(A°)) for A >> 1, where P%(A°) is the Dirichlet
operator on K, associated to the quadratic form

qAﬁo’O(w)z/ [1(Dy — ADw] + Dyl + 1/dlwf?] dedt Y w € WE(EK) .
K

We begin with comparing the associated magnetic potentials.

Lemma 4.4. Under the above assumptions there exists a constant C, depending only on ag in
(4.5), such that for any (z,t) € K:

|/~11(Jc,t) —A?(x,t)| < C E(ZJ e~ b(xg,e) .

Proof: As

Ai(,t) ::—/e biw,s) 4 (4.8)

Jto 52
there exists 7 = 7(x) €|to, t[ such that
A b(xa eT)

Arfwt) = (! = )T = —eto(e ™ - 1)

Writing N N
A to b(z,e™) B b(xg, e*?)

627' eto
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we get from the definition 4.7

Ay (2,t) — A (2, )] < CJt —to]|A] < C e Al .

But from the lemma 4.3, we get the following estimate for any (z,7) € K:

b(z,e7)  b(wg, e
|.A‘ — |etg (JU,S ) _ (1’0,6 )‘ < C &g e~ to b(l‘o,eto) ]

€2T eto

To see this we decompose A in 3 parts

Ay = eto™27 (B(CE, e’) — B(mo, e”))

Ay = efo27 (E(xo, e™) — b(xg, e'))
1 1

toh t
.A3 =e Ob(l‘o,e 0) (6? - 6270)

According to the assumption (3.2) and to the Lemma 4.3 we have

(b(z,e™) — b(xg,e7)) < '™ b(zg,e) ,

SO
|A1| < e Clz — z9le™™ b(zg,e™) < Cagge " b(zg,e)

|Az| < e Cle™ — e'oleT b(xg,ef) < Ce |1 —tg| b(xg,e) < Cege 0b(xg, e™) |

The third term is also bounded by the same expression
|A3| < C gg e b(xg,e")

so we finished the proof.

4.3.2 Quadratic forms on K

Let us define

T (w) ::/ [\etO(Dx — A wl? + |Dywl? + 1/4jw]?| dedt , Yw € WEK) |

K

Lemma 4.5. There exists a constant C' depending only on ag of (4.5), s.t.
(1-e0C) 3" (w) < G (w) < (1+ 00" (w) -

Proof : Write
T (w) = / [62<f—t0>|eto (D, — A )w|? 4 | Dyw|?dzdt| + 1/4|w|?| dadt

K

and use that [t — o] <1 in K.

Lemma 4.6. There exists a constant C depending only on ag of (4.5), such that, for any
T €]0,1], (with zg = (xo,e') ),

~A° 1 i
(1=72) T *(w) + (1= ) € & b?(z0) [w]* < Gi° (w)
0 1
< (1473 (w) + (1+ =) C g5 b2 (z0) |u]* -

Proof : This is a straightforward application of lemma 4.4, when we write

et (D, — Apw = e (D, — AD)w — e (A; — AD)w.
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4.3.3 Spectral asymptotics for a rectangle.

An immediate application of Theorem A.2 in the appendix is the following Lemma.

Lemma 4.7. For any real \,

JWAP%A%)<J5B@&§Q§§M—E—Qk+DMmewm. (4.10)
K - 2meto — 4 ’ *

Moreover, there exists a constant Cy depending only on ag of (4.5), such that, if 862/00 <
b(xg,et*) < A, then V1 €]0,1],

2‘K|b(x07et0) = 1 OO to
=P RS - e o ) < NOLPRUT) (4

Proof. Change variables (z,t) — (£,0) = (e”"(x — zg),t — to) and apply (A.3) to get
(4.10), and (A.4) to get (4.11).
Taking into account (4.6), Lemmas 4.5 - 4.7, we get the following proposition.

Proposition 4.8. There exists a constant C1 > 1 depending only on ag of (4.5), such that
for any o €]0,1/(2C1)[, for any real A\ > 1 and for any n €]0,1/2[,

“+o0

~ Klb(zg, et 1
N Pi(A) < BRI SR 0) L ok b, ey (02)
k=0
. 2\ —1 A 53 2 to
with AM(/\) = (1 -1 ) [m + ?01() (l‘o,e )}

Moreover, there exists a constant Cy depending only on ay of (4.5), such that for any
g0 €10,1/(2Cy)|, for any real X > 1 and for any n €]0,1/2[, if €52/Co < b(zo,e'), then
V7 €0,1],

(1= EBG0) §Xy ) L O op g et < N Pr(A) s (413

2meto - 4 (1ep)?
MMA(M:(Hm%ﬂ—JLffiqﬁ@eM]
m 1+ 5001 772 0 .

Without the condition that ey ?/Co < b(zo,e™), we have in the same way that

%[AW(A) - i = Co(VAL +b(x0, ")) ?] < N\ Px(A)) . (4.14)

For the lower bound (4.14), use the same method as for (4.13), by using the lower bound
in (A.5) instead of (A.4).
4.4 Lower bound and upper bound for the N(\; —A,)
4.4.1 A partition adapted to b
Let ag and §p be given such

12
1 < ap and 50 G]g,g[ (415)
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For any a € Z2, we denote the rectangle

e? e?
+e*ay, eay +

[x}—1+a2,a2+1[. (4.16)

K() =] - 5 5 5

So R? = UyK(a) and K(a)NK(B) = 0 if a # 3. Taking into account Lemma 4.3, each
K (a) can be parted, (if necessary), into M () rectangles:

- o) — €q,jelod €q jE'I €aj €aj
K(a) = Uj]vi(l )Ka,j o Koy =1- 04712 tZa,j s Ta,jt (MQ [x]— OéJ taj» tajt (;J [,
(4.17)
with
! %o (4.18)

< <
&0(1 + b50 (l‘a)j,et"“j) ) > €aj S (1 < bég (xa,j,etw') ) )
and such that Ko NKyj = 0 if E#j.

We will denote T' = {(«a,j); a €Z*, j€{1,...,M(a)}},
X, = (z4,t,) the center of K., , (y € '), and z, = (z,,e").

4.4.2 The lower bound estimate

Proposition 4.9. Under the assumptions of Theorem 3.1 and on 0y in (4.15), there exists a
constant Cy > 0 such that

+oo
3= 0T sy Plm) SAI=Cox 50~ (k)b do < N\ =44 .
k=0

(4.19)

Proof. Any constant depending only on the assumptions will be denoted invariably by C.
As R? = U?ﬂy, and K, N K, =0 if v # p, we get that ZN(/\,PKW(A)) <
yel’ yell
N\ —Ay).
For large || , we use the lower bound estimate (4.13), with

n? =e, =b"%(z,) and 7 =b"0=2/2(5)

and also the fact that on K., |e7"b(z,e") —e " b(z,)] <¢,C.
For small |y| , (even the v such that b(z,) < A\1726%=1 ) e use (4.14) instead of (4.13),
taking into account the Remark A.3. The lower bound (4.19) comes easily.

4.4.3 The upper bound estimate

Proposition 4.10. Under the assumptions of Theorem 3.1 and on 0¢ in (4.15), there exists
a constant Co > 0 such that

N\, —-Ay) < (4.20)
1 Co = 35041y L 0
o H(1 + () © 1)(2_550)/2)10(771) ;0[)\(1 + CoA )= 5~ @k+1b(m)]} dv .

Proof. Any constant depending only on the assumptions will be denoted invariably by C.
We keep the partition and the notation used in the lower bound.
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We consider the covering of R? by open rectangles:

= UK, K = X+ 1/n)(E, - X))
el

with 7, € b (®0=2/2(z )ag' ag] . Then there exists a partition of unity (y,(x,t))

satisfying
Z%Hl
support(x cK 491
Daxs| < O/ (eveyr,) (21
|Dixy| < C/(e47y)
We write G l ,’éw (xyw) V|X7w|2da§dt1 )
vy Y

with V(z,t) = Z[|Dajx'y(l‘7 )1+ [Dixy (1)),

Thus on K, , V(m, t) < C/(ey7)? , and it follows easily from the min-max principle that
N\, —Ay) Z N+ ——, Pc (4). (4.22)

Then we get (4.20) from (4.22), as for (4.19), but using only (4.12), (instead of (4.13) and (4.14)
).

APPENDIX

A Constant magnetic laplacian on the flat plane

A.1 The density of states for the euclidian constant magnetic field
Let us consider on L?(R?) the Schrédinger operator with a constant magnetic field Hy =
(D, — b%)2 + (D, + bg)2 ; (b > 0 is a constant).

The density of states of Hy, N(X, Hyp) , is defined, (see [D-I-M]), by

. N\ Hy")
AN Hp) = 1 ; Al
N Ho) = Jim =0 (A1)
Qg is any bounded open domain of R? | with Lipschitz boundary, containing (] — %, %[)2 ,

and H(?R is any self-adjoint operator on L?(Qr) associated to the quadratic form of Hy ,
with domain included in the Sobolev space W (Qg).

Theorem A.1. The Colin de Verdiere formula holds for any A > 0 :
b
N\ Hy) = %ﬁ{n EN; 2n+1)b< A}. (A.2)

Proof: Its comes easily from THEOREME 1.6 of [Dem].

Let us sketch a proof.

By scaling and dividing A by b, we need only to establish the formula when b = 1.

We take Qr = (] — &, £[)2, the Dirichlet boundary conditions on « = +£ and the Floquet
conditions: ¢*¥/2u(x,y) is R-periodic in y.



Magnetic bottles on the Poincaré half-plane: spectral asymptotics 13

As u — ue'¥/? is a unitary operator, by performing this gauge transform, H(?R becomes

Hy = D2 + (D, +x)?, for the Dirichlet boundary conditions on 2 = +£ and the periodic ones
_ 1R
ony==+35.
H* and Hy have the same spectrum.
Using discret Fourier expansion, we get that N(\, H§'®) = Z N(\, HiR) ,
kEZ
[, associated to the harmonic oscillator

)

where Hy, g is the Dirichlet operator on Ip =] —
D} + (3 +2)%.
As N(\, Hy,g) = 0 when [k] > 2= (RVA + &), we get

vl

R
2

2
N\ Hy) <t{neN; 2n+1</\}><Rlim (R\[\_FR?)’

L
—00 7TR2
1

or equivalently N(A, Hp) < Q—Ii{n eN; 2n+1< A}
™

Now, for any fixed € €]0,1[ , ( for example ¢ = 1/v/R ), and for any k such that [k| <
(1-— e)%ﬁ, the exponential decreasing of the eigenfunctions of the harmonic oscillator on R?
leads to N(A\,Hpr) >8{neN; 2n+1 <\ — QC—];‘Q}, where C\ depends only on .

€

To see this, with e chosen as previously and R >> A + 1, just use the fact that, for any

u € x(42/VR)Ex(Hy,o0)[L*(R)] ,

R/2

R/2
/ Hy g uit do < ()\+C/R)/ luf2dz
—R/2 _R/2

H}, ~ denotes the harmonic oscillator D2 + (%T’T +)? on L?(R), x is a cut-off function, sup-
ported in [—1,1] and equal to 1 in [-1/2,1/2], and E\(Hg, ) denotes the spectral projection
on | — oo, A[ of the self-adjoint operator Hy, o .

Then, with the same e and using the left-hand side continuity of the function A — f
{n €N; 2n+1 < A}, we get also that

1
N(\ Hy) > ﬂﬁ{nEN; 2n+1< A}

A.2 Eigenvalues estimate in the euclidian rectangle for a constant
magnetic field

Let us consider the Dirichlet problem Hg’% associated to the Schrodinger operator with a

constant magnetic field Hy = (D, — bg)2 + (Dy + bg)Q; (b > 01is a constant), in a rectangle

Qp =] = B, B[x] -2, B[ R= (R, Ry) € (R}).

Theorem A.2. The Colin de Verdiére upper bound holds for any A > 1:

bl
N\ Hpj) < '2:'

H{neN; 2n+1)b< A} (A.3)

For the lower bound, we will need to precise Colin de Verdiére’s one as follows.
There exists a constant Cy > 0 s.t., if 0 <b< X and 1 < Vb min R; , then Ve €]0,1],

€0y < N\ H2). (A.4)

b|Qk|
— 27 . N —
(1—¢) 5 fH{neN; 2n+1)b< A com B2t S
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The classical Weyl estimate is the following. There exists a constant Cy > 0 such that, if
0<b<Aand (Covb)™t < R; forj =1, 2, then

Qx| NG Qg Vb
=G0 TR o

Proof: The upper bound (A.3) and the lower bound (A.4) come from the density of state
using the same proof as in Colin de Verdiére paper [Col].

We sketch the proof of the lower bound (A.4).

We set : R(b) = Rvb. By scaling, we change

Qr, band X into Qg), 1 and \/b.

] < N\ HpS) < ] (A.5)

Then we take a large rectangle Q) are = U Q(j,€) where

Qj,€) = zj + (1 — €)Qp(p) are open rectangles with center z; such that
)k, €)= 0if j #F .

We consider the large rectangle Qp@) ar = U Q(j) where Q(j) = z;j + Q-

So there exists a constant Cy and a partition of unity (x;) s.t

Co

support(x;) C Q(j) ZXJ =1on Qpeyare and V| < emin Ry, (b)

We can write, for any u € W, (R, M.e);

[ 0= Anupdsdy - Z/ (A = Ao)xyul? = Vix;ul?) dady
QRb),M,e Q(35)

where D — Ag = (D — 4, D, + §) and V(2 Z [Vxe(2)|%; so we get that for any real p,
N(,u HQR(b) ME) < M x N(M+( Co )2 HQR(b))
’ - emin Ry, (b)” 7 DL 7
By the density of states formula, we have
Q
N(p, Hpy"™) bRy,
lim ———— = (1— 2 1
Jim v (1—¢)? o H{neN; 2n+1<pu},

and we get the lower bound (A.4) by taking = 3 — (gmincizozk(b))?
For the proof of the classical Weyl estimates (A.5), by scaling, we change Qg , b and X into
Q> Land \/b.

(j) where Q(j) are open rectangles with sides in

H'Ci

Then we take a partition Q gz, =
[1/2,1] such that Q(j) () (k) _wlfj 7é1<;

SOZN HpD) < N\ HES).
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We change gauge in each (j) in order to consider Hgf{) as the operator

(D —A()))? = (Dy — 554)? + (D, + 52)? , where (z;,y;) is the center of Q(j).
Now, it is easy to get the uniform Weyl formula:
3Co > 0 st. Vji+1,...,M,

Q)1 A Vb A ou) - 1906)] A Vb
FL—CoZ SN Hp) < 2 L+ Co 2

To be convinced, see that 3Cy > 0s.t. V7 €]0,1], Vu € WH(Q(5) ),
1= )| Vaul2 = a2 < (D = AG)ull? < (1 + 72)[Vul2 + Z2u?
A =) IVull® = —[lull” < lI( @)l < @+ 7)Vul® + —Fllul®,

and take 7 = %.
So we get the lower bound of (A.5). We get in the same way the upper bound by considering

the Neumann operators Hf\z,({) instead of the Dirichlet ones Hg({)
Remark A.3. As in Theorem A.2,

A—=b A+b

5 < t{neN; @n+1)b<i} < %
so the upper bound (A.3) is sharp compared to the one in (A.5). The lower bound (A.4) is
sharp, compared to the one in (A.5), when € < \/(b/)\).
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