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Abstract

We “rst present four graphic surgery formulae for the degree n part Z, of the Kontsevich-
Kuperberg-Thurston universal nite type invariant of rational homology s pheres.
Each of these four formulae determines an alternate sum of the form

G ' Za(My)

| %2N

where N is a nite set of disjoint operations to be performed on a rational homology sp here M,
and M, denotes the manifold resulting from the operations in 1. The “rst formula treats the case
when N is a set of 2n Lagrangian-preserving surgeries (aLagrangian-preserving surgery replaces a
rational homology handlebody by another such without changing the linking numbers of curves in
its exterior). In the second formula, N is a set ofn Dehn surgeries on the components of a boundary
link. The third formula deals with the case of 3 n surgeries on the components of an algebraically
split link. The fourth formula is for 2 n surgeries on the components of an algebraically split link in
which all Milnor triple linking numbers vanish. In the case of homology spheres, these formulae can
be seen as a re nement of the Garoufalidis-Goussarov-Polyak comparison ofdi®erent “Itrations
of the rational vector space freely generated by oriented homology spheres(up to orientation-
preserving homeomorphisms).

The presented formulae are then applied to the study of the variation of Z, under a p=¢
surgery on a knot K . This variation is a degree n polynomial in g=pwhen the class ofq=pin Q=2
is "xed, and the coezcients of these polynomials are knot invariants, f or which various topological
properties or topological de nitions are given.

Keywords: nite type invariants, 3-manifolds, Jacobi diagrams, clovers, Kontsev ich-Kuperberg-
Thurston con guration space invariant, claspers, Casson-Walker invarian t, Goussarov-Habiro T-
tration, surgery formulae, Y -graphs

2000 Mathematics Subject Classi cation: 57M27 57N10 57M25 55R80



R&sum§

Nous pr§sentons d'abord quatre formules de chirurgie graphiques pourla partie Z, de degrgn de l'invariant
universel de type ni des spheres d’homologie rationnelle de Kontsevich, Kuperberg et Thurston. Chacune de
ces quatre formules dgtermine une somme alternge de la forme

G ' Za(My)

| %2N

op N designe un ensemble ni d'op®rations disjointes p e®ectuer suune sphgpre d’homologie rationnelle M ,
et M, d®signe la vari§t§ obtenue en e®ectuant les op®rations dé. La premigre formule traite le cas d'un
ensembleN de 2n chirurgies lagrangiennes (une chirurgie lagrangienne remplace un corpsen anses d'homologie
rationnelle par un autre sans changer les nombres d'enlacement des coures de I'ext§rieur). Dans la deuxipme
formule, N est un ensemble den chirurgies de Dehn sur les composantes d'un entrelacs bord. Dans la toisipme,
N est un ensemble de & chirurgies sur les composantes d'un entrelacs alg§briguement smd§, alors que dans
la quatripme N est un ensemble de 2 chirurgies sur les composantes d'un entrelacs alg§briguement smd§
dont tous les nombres de Milnor triples sont nuls. Ces formules pr§cisent la comparaison, dde p Garoufalidis
Goussarov et Polyak, des di®®rentes “ltrations de I'espace vectoriel rationnel librement engendr§ par les sphgres
d'homologie entigre (vues p homg§omorphisme pr§servant I'orientation prgs).

Les formules pr§sent§es sont ensuite utilisfes pour ®tudir la variation de Z, lors d'une chirurgie de
coexcient p=qsur un n¥aud. Cette variation est un polynéme de degr§ n en g=p quand la classe deq=pdans
Q=Z est x%e, et les coexcients de ces polyndmes sont des invariantsde n¥uds pour lesquels nous exhibons
diverses propri§t§s topologiques ou d§ nitions topologiques.

Mots-cl§s : invariants de type ni, vari§t®s de dimension 3, formules de chir urgie, diagrammes de Jacobi, T-
tration de Goussarov et Habiro, invariant de Casson-Walker, invariant de K ontsevich, Kuperberg et Thurston,
chirurgie borrom$enne, claspers, graphes eny, espaces de con gurations
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1 Introduction

In this article, we shall focus on the real "nite type invariants of homology 3-spheres in the sense of
Ohtsuki, Goussarov and Habiro, and on the topological properties of the sugery formulae that these
invariants satisfy.

M. Kontsevich proposed a topological construction for an invariantZ of oriented rational homology
3-spheres using con guration space integrals. G. Kuperberg and D. Thurston proved thaZ is a
universal nite type invariant for homology 3-spheres, in the sense of Ohtsuki Goussarov and Habiro
[KT, L3]. Like the LMO invariant, the Kontseeéich—Kuperberg-Thurston inva riant Z = (Zn)n2n takes
its values in a space of Jacobi diagram# = =, An, and any real degreen invariant © of homology
3-spheres is obtained from the Kontsevich-Kuperberg-Thurston invariant ¢;)i>n by a composition
with a linear form that kills the Z;, fori>n.

We shall rst prove four formulae for Z,, for n 2 N. Each of these four formulae will determine
an alternate sum of the form

(i D' Za(M1)
1 2N

where N is a set of disjoint operations to be performed orM , and M, denotes the manifold resulting
of the operations in|. Our “rst formula, Theorem 3.1, will be a mere alternative statement of the

main theorem of [L4] and will treat the case whenN is a set of 21 Lagrangian-preserving surgeries
(a Lagrangian-preserving surgeryreplaces a rational homology handlebody by another such without
changing the linking numbers of curves in its exterior). In our second formula, Theoem 4.1, N will be

a set ofn rational surgeries on the components of a boundary link. Our third formula, Theoem 4.3,

will deal with the case of 3h surgeries on the components of an algebraically split link. Our fourth
formula, Theorem 4.4, will be for 2n surgeries on the components of an algebraically split link in which
all Milnor triple linking numbers vanish.

In the case of integral homology spheres, these results can be seen as re nementshef Garoufalidis-
Goussarov-Polyak comparison of the TTtrations of the vector space generatedybhomology spheres,
with respect to algebraically split links, boundary links or Lagrangian-presewving surgeries [GGP, AL].

As it was proved by Garoufalidis in [Ga], a degreen nite type invariant ° of homology spheres
satis es a surgery formula that describes its variation under Er-surgery on a knotK as

X .
oM (K;21=r)i °M)= °O(K 1M)r
i=1

where () is a Tite type knot invariant in the Vassiliev sense for knots in S as de ned in [B-N].

Since all the real nite type invariants of homology 3-spheres can be obtained &m the universal
LMO invariant by composition with a linear form on the space of Jacobi diagrams [LMO, Le], and since
the LMO invariant is de ned using the Kontsevich integral and surgery presentations of manifolds, the
knot invariants ° () can be explicitly given in terms of the Kontsevich integral of surgery presenations
of the knots. See also theéhrhus construction [A1, A2, A3].

We seek for a better topological understanding of the invariants® (), and we shall relate some of
them to the topology of Seifert surfaces of the knots. For example, for any degree invariant °, we
give a formula in terms of the entries of the Seifert matrix and the weight system of © for the leading
coexcient °(" of the surgery polynomial. See Theorem 5.1. We shall also prove th&t(!) is of degree
less than & for any i < n. This speci es a result of Garoufalidis and Habegger who proved that
°(M(K;1)i °(M))is a degree 2 knot invariant with the same weight system as a degree & knot
invariant induced by the Alexander polynomial, by using the LMO invariant [G H].

Some of the results proved in this article can be re ned in the extensively studied casef the
Casson-Walker invariant, = Wy £Z4, where Wl(e) = 2, that satis es the well-known formula, for



a knot K in a homology sphereM ,

L (M(K;p=d) i ,(M)= 3

o’
where , (K ) is half the second derivative of the normalized Alexander polynomial oK evaluated at 1
and L(p;i 0) is the lens space obtained byp=gsurgery on the unknot. We shall prove some graphical

formulae for , (K ) and for its variation under surgeries on disjoint algebraically unlinked knots in
Propositions 6.1, 6.2, 6.3.

AK)+ , (L(p;i q)

Next, we shall concentrate on the case of the degree 2 invariant, = W,+Z,, where W,( A )=1
and Wz(e e) = 0. The invariants , and , , generate the vector space of real-valued invariants
of degree lower than 3 that are additive under connected sum. We shall prove that, satis es the
surgery formula

VI | P}
M (K:p=a) | ,2(M)=  RK) g +w3(K)g+c(q:p,°(K)+,Z(L(p;aq))

for a knot K in a homology sphereM , where c(q=p only depends ong=pmodulo Z, , is explicitly
given in Theorem 5.1 andws is a knot invariant, for which we shall prove various properties. These
properties include a crossing change formula, Proposition 7.2, and a formalfor genus one knotsK ,
Proposition 7.3. For knots in S*, w3 is the degree 3 knot invariant that changes sign under mirror
image, and that maps the chord diagram with three diameters to { 1). In his thesis [Au], Emmanuel
Auclair independently obtained a formula for w3(K) in terms of topological invariants of curves of an
arbitrary Seifert surface of K, that is fortunately equivalent to Proposition 7.3 in the genus one case.

The article is organized as follows. The main results are stated precisely ithout proofs from Sec-
tion 3 to Section 7. The proofs occupy the following sections. Questions and expecteeieralizations
of the proved results are mentioned at the end.

2 The Kontsevich-Kuperberg-Thurston universal nite type
invariant Z

2.1 Jacobi diagrams

Here, aJacobi diagram j is a trivalent graph j without simple loop like 0. The set of vertices of
such a j will be denoted by V (j), its set of edges will be denoted by E(j). A half-edgec of j is an
element of

H(i) = fc=(v(c);e(0)jv(c) 2 V(i); e(c) 2 E(i); v(c) 2 e(0)u:

An automorphism of j is a permutation b of H (j) such that for any c¢;®2 H(j),

v(0) = v(c) =) v(B(0)) = v(K(c?) and e(c) = e(c) =) e(b(c)) = e(b(c):

The number of automorphisms of j is denoted by JAut(j). For example, ]Aut(@) =12. An
orientation of a vertex of such a diagram j is a cyclic order of the three half-edges that meet at tha
vertex. A Jacobi diagram j is oriented if all its vertices are oriented (equipped with an orientation).
The degreeof such a diagram is half the number of its vertices.

Let A, = A, (;) denote the real vector space generated by the degrae oriented Jacobi diagrams,
guotiented out by the following relations AS and IHX:

As:ﬁg +?— =0; andIHX:\}\ +,& +\/§ =0:



Each of these relations relate diagrams which can be represented by planar inersions that are
identical outside the part of them represented in the pictures. Here, the orientation & vertices is
induced by the counterclockwise order of the half-edges. For example, AS identi es the sumf &wo
diagrams which only di®er by the orientation at one vertex to zero.A(;) is equal to R generated by
the empty diagram.

2.2 The Kontsevich-Kuperberg-Thurston universal nite type invariant Z

Let o be Z, Z=2Z7 or Q. A m-sphereis a compact oriented 3-manifoldM such that Hs(M ;r) =

Ho(S3%;m). A Z-sphere is also called ahomology spherewhile a rational homology sphereis a Q-
sphere. Following Witten, Axelrod, Singer, Kontsevich, Bott and Cattaneo, Greg Kuperberg and
Dylan Thurston constructed invariants Z, = (Zkkt )n Of oriented Q-spheres valued inA,(;) and
they proved that their invariants have the following property [KT]. See also [L3].

Theorem 2.1 (Kuperberg-Thurston [KT]) An invariant °© of Z-spheres valued in a real vector
spaceX is of degree- n if and only if there exist linear maps

AC)AG)E X
for any k - n, such that

X
°= A(®) £Zy:

k=0

A real nite type invariant of Z-spheres is a topological invariant ofZ-spheres valued in a real
vector spaceX which is of degree less than some natural integen. Theorem 2.1 can be used as a
de nition of degree - n real-valued invariants of Z-spheres.

A degree- n invariant ° is of degreen if A,(°) 6 0. In this case, A, (°) is the weight systemof ©
and is denoted byW. .

Let p>:Ax(;) 'A «(;) be the canonical linear projection of Ay (;) onto its subspaceAg(;) gener-
ated by the connected diagrams, such thap® maps the non-connected diagrams to 0 and the restriction
of p® to AL (;) is of course the identity. Then Z§5 = p® +Z, is additive under connected sum. Fur-
thermore any real-valued degreen invariant belongs to the algebra generated by the A £Z¢)k. n
for linear forms A.; generating the dual of AL(;).

Remark 2.2 The above de nition coincides with the Ohtsuki de nition of real "nite type invaria nts
[O]. The Ohtsuki degree (that is always a multiple of 3) is three times the aboe degree. See
[O, GGP, Ha, AL] and references therein for more discussions about the various concepts nite-
type invariants.

3 Lagrangian-preserving surgeries

Conventions:  Unless otherwise mentioned, manifolds are compact and oriented. Boundaries are
always oriented with the outward normal “rst convention. The normal bundle N (V) of an oriented
submanifold V in an oriented manifold M is oriented so that the tangent bundle TyM of the ambient
manifold M at somex 2 V is oriented asTyM = Nx\VOT,V. If V and W are two oriented transverse
submanifolds of an oriented manifoldM , their intersection is oriented so that the normal bundle of
T« (V\ W) is the sum N4V © NyW. If the two manifolds are of complementary dimensions, then the
sign of an intersection point is +1 if the orientation of its normal bundle coincides with the orientation

of the ambient space that is equivalent to say thatTyM = T,V © T,W. Otherwise, the sign isj 1.



If V and W are compact and ifV and W are of complementary dimensions inM, their algebraic
intersection is the sum of the signs of the intersection points, it is denoted ¥ hv; Wiy, .

Recall that the linking number Ik(J;K) of two disjoint knots J and K in a rational homology
sphereM is the algebraic intersection ofJ with a surface 8« bounded by K if K is null-homologous,
that Ik(J;:) is linear on H1(M nJ), and that 1k(J;K) = Ik(K;J).

The Milnor triple linking number * (K ;K»;K3) of three null-homologous knotsK 1;K »; K3 that
do not link each other algebraically in a rational homology sphereM may be de ned, as the algebraic
intersection of three Seifert surfaces §, §1, §3 of these knots in the complement of the other ones.

1K1 K2;Kz) = ih 81;85;831 = ih 81\ 82831 = i Ik(K3;81\ §)):

We now describe part of the behaviour of theZ, under the Lagrangian surgeries de ned below.
A genusg Q-handlebodyis an (oriented, compact) 3-manifold A with the same homology with
rational coexcients as the standard (solid) handlebodyHy below.

T az ag

Note that the boundary of such a Q-handlebody A is homeomorphic to the boundary @H = § 4) of
Hg.
For a Q-handlebody A, La denotes the kernel of the map induced by the inclusion:

H1(@AQ) I Hi(A;Q):

It is a Lagrangian of (H1(@AQ);higa), we call it the Lagrangian of A. A Lagrangian-preserving
surgery or LP{surgery (A;A9) is the replacement of aQ-handlebody A embedded in a 3-manifold by
another such A° with identical (identi'ed via a homeomorphism) boundary and Lagrangian.

There is a canonical isomorphism

@v H2(A[ @ai A%Q)!IL A

that maps the class of a closed surface in the closed 3-manifol®A([ @aj A9 to the boundary of its
intersection with A. This isomorphism carries the algebraic triple intersection of surfaces to @rilinear
antisymmetric form | anoonLa.

ano(@i; g ak) = h@yy (@) @y (8); @y (a)iag Ao

is a basis ofH1(A; Q). Representl aa o by the following combination T (I aa o) of tripods whose three
univalent vertices form an ordered set:

X 2
T(l ano) = I aao(ai; & ;ax) <z',
ff ik g%f 1;2;::50 A G5i<j<k ¢
When G is a graph with 2n trivalent vertices and with univalent vertices decorated by disjoint curves
of M, de ne its contraction hiGii , as the sum that runs over all the waysp of gluing the univalent
vertices two by two in order to produce a vertex-oriented Jacobi diagramG

X
hiGiin = (Gp)[Gy]
p



where *(Gp) is the product over the pairs of glued univalent vertices, with respect to thepairing p, of
the linking numbers of the corresponding curves. The contractionhhii is linearly extended to linear
combination of graphs, and the disjoint union of combinations of graphs is bilinea

A k{component Lagrangian-preserving surgery datumin a rational homology sphereM is a datum

LP-surgeries A; A9).
Theorem 3.1 Let
(M ; (Ai ) AiO)iZf 1 2ng)
be a2n{component Lagrangian-preserving surgery datum in a ratioral homology sphereM . For | %

We shall prove that this formula is equivalent to the formula of [L4] in Section 8.

Let F( be the rational vector space freely generated by the oriente®@-spheres viewed up to oriented

and de ne Fy as the subspace of ¢ generated by elements of o of the above form. Then, it easily
follows from the above theorem thatZ,(F2,+1) = O where Z,, is linearly extended to Fy. For two
elementsx andy of Fg, we write x n y to say that xj y 2 Fan41 . Thus, if x n y, then Z,(x) = Z,(y).

The intersection of this “Ttration with the rational vector space freely generated by the oriented Z-
spheres is the Goussarov-Habiro Ttration. (The inclusion of the Goussarov-Hairo Ttration ( FSH ),
in the intersection is obvious, the other one comes from the fact that- " is the intersection of the
kernels of theZ; for 2i <k because of the universality ofZ.)

4 Surgeries on algebraically split links

Let L(pi;i g) be the lens space obtained fron$2 by p,=q-surgery on a trivial knot. (The standard con-
ventions for surgery coezxcients are recalled in the beginning of Section 6.) Wheh = (Ki;pi=q)i2n iS
a given link whose components are equipped with surgery coexcients in a rationdlomology sphereM ,
for | 2N, let
M = M(Ki;piZQi)iZI ]]jZan L(pj v q)

denote the connected sum of the manifoldM (k .p.=q),,, = M ((Ki;pi=q)i21) obtained from M by
surgery on (Ki; pi=q)i21 and the lens spaced (p;;i g ) forj 2 1.

Set X
M (Kisp=a)ian]= (G 1! My:

1 ¥%2N

Note that the connected sums with lens spaces are trivial when they, are 1.
The invariant Z, is linearly extended to Fo. By the additivity of the connected part Z% of Z,

under connected sum, ifN has more than one element,
A !

X
ZE(IM; (Ki;pi=q)izn]) = Z¢ (i D" Mk, ipi=q)ie,
| 12N



and the connected sums with lens spaces do not appear in this case either.
In Section 9, we shall see how Theorem 3.1 easily implies the following surgergriula on n-
component boundary links.

symplectic basis for the Seifert surfaceé§'. De ne

| X X Y] ()" (xi)*
1(8") = VERVAR
(hk)2f 1,239 (8 1) g2
Then i
Zn M (Ki;pi=q)izf 10 g] =0 F . ifr>n
= 5hh o EIED) i ifr=m

De nition 4.2 A link L in a 3-manifold is said to be algebraically splitif any component of L is
null-homologous in the exterior of the other ones (i.e. if any component of. bounds a surface in the
complement of the other components oL ).

An edge-labelledJacobi diagram is a Jacobi diagram j equipped with a bijection from E(j) to
f1;2;3;:::;3ng for some integern. Let D, be the set of unoriented edge-labelled Jacobi diagrams of
degreen. Let L = (Kj)izf 1,2;3:::: 3ng D€ @ {component algebraically split link. Let j 2 De;, orient
i. To any vertex of j, whose incoming edges are labeled byi;j; k with respect to the cyclic order
induced by the orientation, associate the Milnor triple number * (K;;K;j;Ky). Then de'ne *; (L) as
the product over all the vertices of j of the corresponding Milnor numbers of L. Note that *; (L)[i]
does not depend on the orientation of j. Let u(j) be the number of components of j homeomorphic
to

Theorem 4.3 Let n andr be elements olN. Let L = (K;;pi=q)i2 1.2:3.:r g b€ a (rationally) framed
r{component algebraically split link in a rational homology sphereM . Then with the notation above,

[ ¢ .
Zn [M;(Ki;pi=q)iz 1;0r g] = %3 . if r> 3n
n i 1{ H i = .
i=1 ST i 2D en 2u((i))[|] if r=3n:

A 2=3-labelled Jacobi diagram is a degreen Jacobi diagram j equipped with an injection {from
f1,2;3;:::;2ng to E(j) such that at each vertex two edges of the image off meet one edge outside
the image of § Let D,-3,, be the set of unoriented 23-labelled Jacobi diagrams of degre@. Let
(Fi)i=1 .- 2n be a collection of transverse oriented surfaces that meet pairwise only insidéngir respec-
tive interiors, such that hF;;F;;Fci =0 for any fi;j;k g %2 f1;2;3;:::;2ng. Let | 2 D=3, Orient j.
For a vertex of j, whose half-edges belong to edges labelled by;{; nothing), with respect to the cyclic
order induced by the orientation, assign the intersection curveF; \ F; to the unlabelled half-edge. To
any unlabelled edgee that is now equipped with intersection curvesF; \ F; and Fx\ F- associate the
linking number “((Fi)i=1::2n;i; €) of Fi\ Fj and F; \ F*, whereF,; and F" are parallel copies of
Fx and F-.

Note that there is no need to push the intersection curves by using parallels iF;, Fj, Fx and F:
are distinct, to de ne this linking number. If fi;j g= fk; g, this linking number is the self-linking of
the intersection curve that is framed by the surface, up to sign. Now, note thatlk (Fi\ Fj;F"\ F*) =
Ik(Fi\ Fj;F"\ F)and that

|k(Fi+\ Fj;Fi\ F*)i |k(Fi\ Fj;Fi+\ F‘): §hFi;Fj;F‘iZ



Therefore if the cardinality of fi;j g\f k; gis 1, the linking number ~((Fi)i=1 .- 2n; i; €) is well-de ned,
too. De ne “((Fi)i=1::2n; i) @s the product over all the unlabelled edges of j of the " ((Fi)i=1 :::: 2n; i; ©).
Note that “((Fi)iz1 - 2n:i)li] is independent of the orientation of j. Let ]Aut,—3(j) be the number
of automorphisms of i that preserve its 2=3-labelling.

Theorem 4.4 Letn andr be elements ofN. Let L = (K;;pi=0)i2f 1,2;3:: g b€ @ framedr {component
algebraically split link in a rational homology sphereM such that for any fi;j;k g 2 f1;2;3;:::;rg,
l(Ki;KJ;Kk):O.

Let (Fi)iaf 1.2:3.:¢ g b€ a collection of transverse Seifert surfaces for th&; whereF; does not meet

the K; fori 6 j.
Then with the notation above
i ¢ ,
Zn M (Ki;pi=q)iof 1m0 g] = (b P if r> 2n
= <20 g Edimw 2nid 1 ifr = 2p
i=1 pi i2D2=sn  JAUL() M

where the sum runs over alR=3-labelled unoriented Jacobi diagramsg .

When M is a Z-sphere, when thep; are equal to 1, and whenr is greater or equal, thann for
Theorem 4.1, than 2 for Theorem 4.4, and than 3 for Theorem 4.3, the left-hand sides of the
equalities of these theorems are ifF $7 . Since the degreen part of the LMO invariant coincides with
Zn Oon Fg’nH , these three theorems hold for the LMO invariant as well, in these cases.

Theorems 4.3 and 4.4 will be proved in Section 11. Their proofs will rely on soe clasper calculus
performed in Section 10, that will also lead to the following propositia.

Proposition 4.5  Let L = (K)o 1,2:3::;r g b€ @anr{component algebraically split link in a rational ho-
mology sphereM . Then there exist transverse Seifert surfaceg€; in M n([ jsiK;) for each component
Ki of L, such that, for any triple (K;;K;j;Ky) of components ofL, the geometric triple intersection
of the surfaces§;, §; and & is made ofj! (K;;K;;K)j points.

Section 11 also contains an equivalent de nition of the Matveev Borromean surgsr (or surgery on a
Y -graph), see Proposition 10.1.

5 On the polynomial form of the knot surgery formula

Recall that for any rational homology sphereM, Zo(M) = 1. Theorem 4.1 implies that for any knot
K that bounds a surfaceF in a rational homology sphereM and for any two coprime integersp and
g such that p6 0,

ZuM (K3 D) 1 Za(M) = S0 (R 3+ Zu(L(pii o)

We shall see in Section 12 that Theorem 4.1 also easily implies the followindheorem. The “rst part
of this theorem is essentially [Ga, Prop. 4.1].

Theorem 5.1 Let p and g be coprime integers such thap6 0. Letn 2 N, n, 1. Let K be a knot
that bounds a Seifert surfaceF in a rational homology sphereM . Let F' be parallel copies ofF for

each component is framed byl. Then

Zy(M (K;

P i za(M)= * o (K M)+ By
q+ rp | n o n;g=p p

for any r 2 Z where the coeicientsYn(;i;:p (K) satisfy the following properties.

10



(n) _ Gy g 1 G T
Yn;q:p (K) - Tzn([M 1Ln]) - nian hh I (F ) i
i2f 1;:5n g
2ifn, 2
o1 HM |l H Al
(nj 1) _ (i l)n'l ni 1 9 . E .
Yn;q:p (K) - (n | 1)| 2 + p Zn ([M an]) + Zn [M (K ’ q)v Lni 1] ’

2 ifn, 2 pC(Yn(;g‘:pl)) = Yn(;gi:pl)c does not depend orp and g,

2 fi. nj 1 YW

ng=p only depends ong=pmod Z,

2 if U bounds a disk inM , then Y.!)

) (U%:M)=0 if i> 0and

YO, (U M) = Zo(MIL (p5i 6) i Za(M);

Y QK M) =0;

YO (K M) = ()Y (K i M):
A singular knot is an immersion of S in a 3-manifold whose only multiple points are transverse
double points like .
Such a double point can be removed in a positive wayX{ or in a negative way (.
Let K* be a singular primitive knot in a rational homology sphere with k double points. Fix a

of K3 such that the singular points in the image of | have been removed in a negative way, and the
singular points outside the image ofl have become positive. Ify is a knot invariant valued in an
abelian group, set

X
y(K*®) = G ' y(K)):

Remark 5.2 It may happen that we do not know whether Z, (M (K ; ﬁ)) is polynomial in r for
a given |, but that we know that
X Il p
(i )" Zn(M (K3 W))
1%f 1,k g

is. Then the de nition of Yn(;iq)zp (K ®) extends in an obvious way.
Proposition 5.3  For any singular knot K * in a rational homology sphere withk double points, for
any integersn, i, gand p, with 0- i - n,

YO0 (K®) =0 if k> 2n,

Vo) (K®)=0if k>2nj landifi<n.

In other words, y®

_ma=p
andifi<n, Y&

is a knot invariant of degree at most2n with respect to the crossing changes,
is a knot invariant of degree at most(2n 1) with respect to the crossing changes.
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Two disjoint pairs of points in S* are said to beunlinked if they bound disjoint intervals in S?.
Otherwise, they are said to belinked. Two double points of a singular knot are said to belinked if
their preimages are linked.

.....

unlinked double points numbered from 1 tok in the following way. Each double point i X can be
smoothedto transform the knot into two oriented singular knots K 59 and K 5%

< Kiso
A~ KiSOO
Set
i (K®) = Ik (K%K :
If i andj label two unlinked double points, let K be the curve amongK #° and K #®that does not
contain the double point labeled byj, then *j (K*) = Ik(K? ;K™)if i 6 j.

Proposition 5.4  For any singular knot K * in a rational homology sphere withk pairwise unlinked

double points, for any integersn, i, gand p, with O- i- n,andn, 1,
it k>n, Y\ (K9)=0,
if k=n, Yn(;iq):p (K%)= Yn(;i(),(K ) is an explicit homogeneous polynomial of degreein the coexcients

of the linking matrix of K, and er%):p (K3)=0.
Proposition 12.2 will give explicit examples of computations of the aboe homogeneous polynomi-
als.

6 A few formulae for the Casson-Walker invariant

Set, = Wi+Z, wherer(e) = 2: According to [L4], , is the Casson-Walker invariant as normalized
by Casson forZ{spheres (see [AM, GM, M]), , is half the Walker invariant as normalized in [W], and

, coincides with AT where jH1(M)j denotes the cardinality of Hy(M ; Z) for Q{spheres, and, is
the extension ofjH (M )j, to oriented closed 3-manifolds that is denoted by, in [L1].

A rationally algebraically split link is a link whose components do not link each other. The following
proposition gives formulae that generalize Theorem 4.1, Theorem 4.3 and Theored.4 in the degree
1 case ( = 1) for rationally algebraically split links.

The order of a knot K in a rational homology sphere is the smallest positive integeOx such that
Ok K is null-homologous. A primitive curve on a torus S* £ S! is a non-separating simple closed
curve on the torus. A primitive satellite of a knot is a primitive curve on the boundary @NK) of
its tubular neighborhood. A surgery on a knot K is determined by a primitive satellite * (oriented
arbitrarily) of the knot that will bound a disk inside the surgered torus after surgery. If mg is the
meridian of K, the isotopy class of such a curve is determined by the pair

(P = k(5K )ik = Mg tiank))

and the surgery coezcient is px =0 .

For any order d componentK of a rationally algebraically split link L, there exists an embedded
surface § in the complement of L whose boundary @ is made of essential parallel curves of the
boundary @NK ) of the tubular neighborhood N (K) of K such that @ is homologous tod parallels
of K in N(K). Let H1(8) =H1(@) denote the guotient of H(8) by the image of H{(@) under the

12



deme
X XY Yk Xk
1(8) = YV—V -
(jk )2f 1;2;::59 92
If Wn:A, ! Qs alinear form, then W, (hh¢i) will also be denoted by hheijy, .
For example,

1 X i + + + + ¢
hh (8) ii w, = 2 Ik (X 3 X OIKQY; 5y ) i KOGy k(Y 5% )
(jik )2f 1;2;:59 92

Proposition 6.1 Let n be an integer. SetN = f1;:::;ng. Let L = (Kj;pi=q)i2n be a framed
rationally algebraically split link in a rational homology sphere M. Let d; be the order ofK; in
H1(M), let §; be a surface ofM nL whose boundary is made of essential parallel curves @NK)
and is homologous todiK; in N(Kj). If n =1, assume that theQ=Z{self-linking number of K, is
zero.

Then A I
X Il i ¢ n G 0
(1", Mkip=q)diannL(B5i ) =i 1) — L)
EAN =1 ™
where
hhi (§ 1)ii . —
. O(L) - (22):[” W 1 + % i ﬁ{ |f n= 1
_ hh(81)%M (K2;1)iiw, , hH(81)%Miiw, _ ., Ik(81\ 82:(81\ 82)k) ifn=2
B 2d} : 2d3 - d7d3 B
= Bl ifn=3
=0 ifn, 4
and, if n> 1,
PR AN ¢
(i 17, M(K\;piZQi)izl]]jZanL(pj’l q) - (i )7, M(Ki;pi=Qi)i2|
1 %N AN

This proposition is proved in Section 13. Under its hypotheses, we then obvioulg have the following
equalities q
VUKL 2M (K2;p=d) i, (K1 %2M) = o K 1:K2)

and

(K1 2 M ((K2; p2=a); (K3 ps=a))) i, %K1 %2 M (K2;p2=a)) i, °(K1 %2 M (K 3; ps=ap))

+ YKL %M) = —OQ%, AK 1;K2;K3):
P2Ps3
Then the variation of linking numbers under surgery recalled in Lemma 9.5 easilymplies the following
proposition (see also the proof of Lemma 13.5).

Proposition 6.2 Let (K1;K;K3) be a rationally algebraically split link in a rational homology sphere
M. Let d; be the order ofK; in Hi(M), let §; be a surface ofM nL whose boundary is made of
essential parallel curves of@ NK;) and is homologous tod;K; in N (K;). Then

13



LUK KR) = %hfﬁ?l@l) Ko —Koax ii w,
=i zhhgl B2) Ki—Kakiiw,;
1 ..
LAK 1K Kg) = ghh(81) Ko—Kac Ka—Kaciiw,:
1

Proposition 6.3 If K3 is a singular knot with one double point, then
,AK®) = "1(K®):

The easy proof of this well-known proposition is also given in Section 13.

7 On the knot surgery formula for the degree 2 invariant | »
Consider the degree 2 invariant

~ s 2.~ W5 izg

A ! A !
where W, A = 1 and therefore W, O:Q = 2. The invariant , is invariant under

orientation change and additive under connected sum.

Theorem 7.1 There exists a function ¢ from Q=Z to Q such thatc(0) = 0, c¢(q=p = ¢(j g=p and
the following assertions hold. Letr = q=p2 Q nf0g, where p and q are coprime integers. LetK be a
knot that bounds a Seifert surfacer in a rational homology sphereM . Let F! and F? be two parallel
copies of F. Then

2(M(K;2E0) i, 2(M) =, 38K + wa(K)r + C(K;g=p + , 2(L(p;i )

where
1, G i
LK) = ghn (1(F") i w,
i2f 1;2g

w3(K 2M) = i wa(K %2 (i M))

and C(:;g=p is an invariant of null-homologous knots that only depends om=pmod Z, such that:

C(K;0) =0, and, if K bounds a surface whosel; vanishes inH.(M), then C(:;g=p = c(q=p, {K).
Furthermore, if K* is a singular knot with two unlinked double points, then

"12(K®)
2

wa(K3) = j and C(K®;g=p =0:

Like all the statements in this section, the above theorem will be proved in Segon 14.

Proposition 7.2  Let KS be a knot with one double point in a rational homology sphere.et K* and
Ki be its two desingularisations, and letk ° and K ®°be the two knots obtained fronK $ by smoothing
the double point. Assume thatk © and K ®are null-homologous, then

)= LK)+ L AKY L AKT) + L AKT) + K3(KOKY
= i :

+ . i
w3(K™) i ws(K 5 2
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Let H denote a two strand braid with jxj vertical juxtapositions of the motive »< if x> 0 and

jXj vertical juxtapositions of the motive X if x< 0.

Let x, y and z be three odd numbers. LetK (x;y;z) be the following pretzel knot that bounds a
genus one Seifert surface § whose thickeningl coincides with the thickening of the twice punctured
disk next to it. H is a genus two handlebody whose boundary is equipped with curves, Y and Z

that bound disks in its exterior.
p — . - \
Z K (i 1)3\1)(

Note that any genus one knot that bounds a genus one surface, whod#; goes to 0 inH1(M),
may be written as the image ofK (x;y; z) under an embeddingA of H into M that maps X and Y to
0in Hy(M nA(H)).

Proposition 7.3  Let A be an embedding oH in a rational homology sphere such thatA(X ) and A(Y)
are null homologous in the exterior ofA(H). Then

ws(ACK (6 20) = Ws(K (y:2)) |, XA | 2 AA) i 2, YA + . (AKX )i ACY))

and

X2(y+2)+ yA(x+ 2)+ Z2(x+y)  Xyz  X+y+z
32 8 16

where , YA(X)) and , YA(X);A(Y)) are de ned in several equivalent ways in Section 6.

ws(K (x;y;2)) =

8 Proof of the Lagrangian-preserving surgery formula

In this section, we prove Theorem 3.1 by proving that its formula is equivalentto the formula of [L4]
(or [AL] for the case of integral homology spheres). We “rst rewrite the right-hand side of the formula
of Theorem 3.1.

Let g(i) be the genus ofA;. Let (a;a);:::;ay,,) beabasisofL,, andletz;;:::;z,;, be homology
classes of@A, such that hel; z,i@a= % . Let F be the set of mapsf from f1;:::;2ng£f 1,2;3g to
N such that 1 f(i; 1) <f (i; 2) <f (i; 3) - g(i). Let P be the set of pairingsp of the disjoint union
GO of the following 2n tripods, that pair a univalent vertex of some tripod to a univalent vertex of a

di®erent tripod.
3
i 2
< 2

Let p 2 P. The half-edges ong are naturally labeled in f1;:::;2ng £f 1;2;3g. Assume that some

(f 2 F) is given. With a half-edge ong labeled by (j;j ) that belongs to the tripod i, associate the

curve z (i) of @A. Then to an edge ofGy, associate the linking number of the curves associated to
its two half-edges, and de nelk(p;f) as the product over the edges of these linking numbers. Set

c(pif) = Ik(pif) T aa0(@i1ys @ i2)s 8 iog))s

i=1
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and X

c(p) = c(p;f):
f2F
Then G X
hh T(lan0)iin = c(p)[Gpl:
i2f 1;::; 2ng p2P

Let D be the set of unoriented Jacobi diagrams of degrea. Consider a Jacobi diagram j of D.
Let P(j) be the set of the pairings p of P such that Gg is isomorphic to j as an unoriented Jacobi
diagram. Then G X X
hh T(laa0)iin = (PIGyI:
i2f 1;:::; 2ng i 2D p2P(j)

f1;2;3g that map any half-edge c of a vertex v(c) to three images with the same rst coordinate
by (c) = bi(v(c)). An element b of B (j) determines a pairing p(b) of P (j), and the number of elements
of B(j) that determine the same pairing is the number of automorphisms of j.

_ c(p(b) _ c(p(b); f)
SAPIGE gy GelT g
p2P(j) b2 B (j) b2B (j) ;f 2F

[GS(b)]i

Let G(j) be the set of injections g from the set H (j) of half-edges of j to
f(i;jy2fL:::;2ngE N;1- j - g(i)g

that map the three half-edges of a vertex to three images with the same rst coordinte, and that
induce a bijection from V (j) to f1;:::;2ng. An injection g of G(j) provides a natural bijection b(g)
of B(j) and a map f (g) of F such that g(c) = ( by(c); f (g) £b(g)(c)). Furthermore, such a g orders
the three half-edges of a vertex, and hence provides an orientation(g) of j.

c(p(b(9)); f (9))

Ay L oo

c(p)[GY] =
p2P (i) 92G(i)

three half-edges of any vertexw of j with a bijection b(w): vi (w) ! f 1;2;3g, arbitrarily. This orients
i and equips each injection g 2 G(j) with a sign that is +1 if 0o(g) coincides with this orientation of
i (except for an even number of vertices) and (j 1) otherwise. Furthermore, g provides summands of

X . . . . . .
L(AAD) = Laino(@y )85 27 83)200) - Z6@ - 200
gi:f1;2;3g!f 1;2;:59 (i)g

where g(b(b.(g)' (i)' *(j)) = (i;gi(j)). Note that the sign of an injection g is +1 if the number
of vertices by(g)i (i) where the cyclic order induced byg; does not coincide with the cyclic order
induced by b(b,(g)! (i) is even, and (j 1), otherwise. This shows that for any bijection %from V (j)

92G(i); bi(9)= %

with the notation of [AL] or [L4]. :
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9 A direct proof of the formula for boundary links

9.1 A Lagrangian-preserving surgery associated to a Seifer t surface

Let § be an oriented Seifert surface of a knotK in a manifold M . Consider an annular neighborhood
[i 3;0]£ K of (fOg£ K)= K = @ in §, a small disk D inside ]ij 2;i 1[EK, and an open diskd in

the interior of D. Let F = 8§ nd. Let hg be the composition of the two left-handed Dehn twists on
F alongc= @Dand K, = fi 2g£ K with the right-handed one alongK; = fj 1g£ K.

SeeF asF £f Og in the boundary of the handlebody Ar = F £ [j 1;0] of M. Extend hg to a
homeomorphismh, of @A by de ning it as the identity outside F £f Og.
Let A2 be a copy ofAg. Identify @A with @A with

ha: @R ! @A:

De ne the surgery associated to§ as the surgery associated with A ;A2) (or (Ag;AZ;ha)). If
1 denotes the embedding from@4 to M. This surgery replaces

M = (M nint(Ag)) [ 1Ar

by
Mg = (M nint(Ag)) [ g, AR:

Proposition 9.1  With the notation above, the surgery(Ar;A2) associated to§ is a Lagrangian-
preserving surgery with the following properties. There isa homeomorphism fromMg to M

2 that extends the identity of
M n(i 3;0]1£ K £ [i 1,0]);

2 that transforms a curve going throughd £ [j 1;0] by a band sum withK ,

2 that transforms a O-framed meridian m of K going throughd £ [j 1;0] into a O-framed copy of
K isotopic to the framed curvehkl(m) of the following "gure.
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Proof: Observe that hg extends to § £ [j 1;0] as

h: 8£[i ;0] ! 8E£[j10]
(¥ 7' h(¥ ) =(h(%;1)

where hg is the extension ofhg by the identity on d that is isotopic to the identity,

h; 1 is the identity of §,

h; coincides with the identity outside [j 5=2; 1=2] £ K (S%),

and h is de'ned as follows on [ 5=2; 1=2]£ K (S%).

2 Whent - i 1=2, then h; describes the following isotopy betweenlf; ; = identity) and the composi-
tion h, 1=, of the left-handed Dehn twist alongK , located on [j 5=2; 2]£ K (S!) and the right-handed
Dehn twist along K ; located on |j 1; 1=2]£ K (S%),

hi(u;K(2)) =(u;K (zexp(i(2t +2)(4 Y{u +5=2))))) if u-j 2
hi(u;K(2)) = (uK (zexp(i(2t +2)(2%)))) if 2 u-j1
hi(u;K(2)) =(uK (zexp(ji(2t+2)(44u+1=2))))) ifu,i L

2 Whent i 1=2, then h; coincides with h; ;-, outside the disk D whose elements will be written as
D(z 2 C), with jzj- 1. The elements ofd will be the D(z) for jzj < 1=2. On D, h; will describe the
isotopy between the identity and the composition hg of the left-handed Dehn twist along @ Dlocated
onfD(z);1=2-j zj- 1g and a negative twist of d.

hi(u;K(2)) =(u;K (zexp(i(4“4u + 5=2))))) if u-j 2

he(u;K(2)) =(u;K(2) if i 2-u-i L(uK(2)2D
hi(u;K(2)) =(uK (zexp(i i(dAu+1=2)))) ifu,j 1

hi(z2 D) = zexp(i¥%2t+21)4(jzji 1)) if jzj, 1=2

hi(z2 D) = zexp(i 2%42t + 1)) if jzj- 1=2:

Now, M is naturally homeomorphic to

(M nint(8 £ [i ,0])) [ vo (B £1[i 1,0)

that maps to M by the identity outside 8 £ [j 1;0] and by h on § £ [; 1,;0], homeomorphically.
Therefore, we indeed have a homeomorphism fronMg to M that is the identity outside [ 3;0] £
K £ [j 1;0] and that mapsd£ [j 1;0] to a cylinder that runs along K before being negatively twisted.
In particular, looking at the action of the homeomorphism on a framed arcx £ [j 1;0] wherex is on
the boundary of d shows that the meridian m with its framing induced by the boundary of Ar is
mapped to a curve isotopic to h}f(m) in a tubular neighborhood of K with the framing induced by
the boundary of Ar.

Now, H; (@A) is generated by the generators oH,(8) £f Og, the generators ofH,(8) £f;j 1g,
and the homology classes of = @Dand m. Among them, only the class ofm could be a®ected by

ha, and it is not. Therefore ha acts trivially on H;(@4 ), and the de ned surgery is anLP {surgery.

Let F £ [ 1;2] be an extension of the previous neighborhood df, and let Bf = F £ [1;2]. De ne
the homeomorphismhg of @B as the identity anywhere except onF £f 1g where it coincides with
the homeomorphismhg of F with the obvious identi cation.

Let B2 be a copy ofBr. Identify @B with @B with

hg: @B ! @B:

De ne the inverse surgery associated t& as the surgery associated with 8¢ ; B2) (or (B ;B2;hg)).
Note that the previous study can be used for this surgery by using the central symmey of [j 1;2].
Then, we have the following obvious lemma that justi es the terminology.

j@s £ i
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Lemma 9.2 With the notation above, performing the two surgeries(Br;B2) and (Ar;A2) a®ects
neither M nor the curves in the complement ofF £ [j 1;2], while performing one of them changes a
O-framed meridian of K going throughd £ [j 1;2] into a O-framed copy of§K..

Lemma 9.3 Let (Xi;Yi)i=1;:;9 be a symplectic basis o8, then the tripod combination T (I o, a0 )

associated to the surgeryAg;A2) is

X Yi

T(lAFAg): i ¢<>éi:

i=1

For a curve c of F, let c* denotec£ f 1g. The tripod combination T(I g, g2 ) associated to the
surgery (Bg;B2) is

Note that the only curve of the Lagrangian basis that is modi ed by ha ism, and that hA(m) = mK
The isomorphism @,y from La, to Ha(Ar [i A2) satis'es

@y (xii X[) =S(i)=i (x£[i LODI[ (xi £ [i 1,0]%AR)
@y i Y1) =Su)=i O£ LON[ (vi £ i L0]%AL)
@ (M) Sa(m)=Dmi (8 n(Qi 20]£K))[ (i Dm %AR)

Since x; intersects only y;, S(x;) intersects only S(y;) and Sa(m). The algebraic intersection of
S(Xi), S(yi) and Sa(m) is | 1.

For the surgery (Be;Bg), Sg(m)= Dn +8 n(]i 20]£ K)[ (i Dm % B2), and the algebralc
intersection of S(x;), S(yi) and Sg(m) is 1. !

9.2 Proof of Theorem 4.1

Remark 9.4 For this proof, | could also have used the strategy of Section 11. But | prefer this
self-contained proof.

First recall the following easy lemma that will be used several times.

Lemma 9.5 The variation of the linking number of two knotsJ and K after a p=gsurgery on a knot
V in a rational homology sphereM is given by the following formula.

Ky e, (3K ) = Tkt (JK ) gIkM (V; )k (V;K):

Let (K1;K32;:::;Ky) be a link where all the K bound disjoint oriented surfaces §. Consider an
embedding of ,’:1 § £ 1;2]. Let N = f1;2;:::;ng. Fori 2 N, associate surfaces' = § ' nd'
and LP {surgeries (Ai;A]) = (Ari;A2;) and (Bi;B?) = (Bgi;BE) as in Subsection 9.1. LetU; be a
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meridian of K; going through d' £ [j 1;2], so that performing one of the two surgeries transformdJ;
into 8 K; and performing both or none of them leavedJ; unchanged. Then

M:(Kiip=a)l = Muip=q) i Mk ip=a)
3IM (Ui pi=q); (A AD); (Bis BL:

Mipiza)ion )3 = M=)z o) lli21 ) LR 5i G) = M)

where | (J) is the set of elementsi of N such that ] (J\f (A;;A9;(Bi;BYg) is one. Note that
(i DY = (i ') and that for any subset | of N there are 2 subsetsJ of the set of LP-surgeries
such that 1 (J) = 1. Thus

M; (Ki;pi=q)i2n] = zin[M(Ui;pizqi)iZN (A AD 2N (BisBIion I

In particular, we can apply Theorem 3.1 to computeZ,([M ; (Ki; pi=d)iz2n ])-
According to Lemma 9.3, the tripods associated to the surgery Ar: ;A(F’i) and to the surgery

P y-i ) P y.i+ . . . )
Bri:B%)are; L Iyi and % | yi* respectively. The only curve that links ¢ al-
(Bri;Bgi) I éxj i=1 %XJ p Y. y

gebraically in My, .p,=q),, a@mong those appearing in all the tripods isc* with a linking number
i g=p. Therefore, these two must be paired together with this coetcient. Theorem 4.1 folbws when
r = n. The caser > n can be either deduced from the case = n or proved directly, it is easy. |

10 Some clasper calculus

The proofs of Theorems 4.3 and 4.4 will be given in Section 11. They will rely o the current
section, where we recall some known clasper calculus and where we show how to presegearaically
Ki in M n([;eiKj) have minimal triple intersection, namely so that for any triple ( K;;K;;Ky) of
components ofL, the geometric triple intersection of the transverse surfaces § §; and §y is made
of j* (Ki; Kj; Ky)j points. (This shows Proposition 4.5 that will be a direct corollary of Lemma 10.7
and Proposition 10.8.)

10.1 Two ways of seeing surgeries on Y -graphs

Let @ be the graph embedded in the surface §(=) shown below. In the 3{handlebody N = §(=) £
[i 1;1]), the edges of o are framed by a vector "eld normal to §(a) = §(x) £f Og. §(v) is called a
framing surface for o,

@ ©
©

A Y -graph in M is the isotopy class of an embedding of N (or §()) into M. Such an isotopy
class is determined by the framed image of the framed unoriented graph o undeA. A leaf of a
Y -graph A is the image underA of a simple loop of our graph . An edgeof A is an edge ofA(r) that
is not a leaf. With this terminology, a Y -graph has three edges and three leaves.
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The surgery on such aY -graph can be de ned in several equivalent ways.
Originally, it was de ned by Matveev in [Mat] and named Borromeo transformation as the e®ect
of the surgery on the following 6-component framed link in the framed neighbdnood of the Y -graph.

The framing of the link is induced by the framing of the surface.
We shall prove the following proposition.

Proposition 10.1  The above surgery is equivalent to the surger§Ar ; A2) associated to the following
subsurfaceF of §(m) £ [j 1;1], with respect to the notation of Subsection 9.1.

Let G¥2M be aY-graph. A leaf | of a'Y-component ofG is trivial if | bounds an embedded disc
that induces the framing of I, in M nG. It is easy to see that with both de nitions, performing the
surgery on aY -graph with a trivial leaf does not change the ambient manifold. More precisely,the
following lemma is proved in [GGP], for the rst de nition.

Lemma 10.2 ([GGP, Lemma 2.1]) Let M be an oriented 3{manifold (with possible boundary).
Let G be aY-graph in M with a trivial leaf that bounds a discD in M nG. Then

2 for any framed graphTp in M n G that does not meetD, the pair (Mg; To) is di®eomorphic to
the pair (M;Tp).

2 If T is a framed graph inM n G that meetsint( D) at exactly one point, then the pair(Mg;T)
is di®eomorphic to the pair(M; Tg), where T is the framed graph inM below.
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Now, it is proved in [AL, Proof of Lemma 4.6], that this property fully det ermines the surgery.
Therefore, since this property is also true for the second de nition, the two de nitions cancide and
Proposition 10.1 is proved. In particular, the second de nition has the same synmetries as the rst
one obviously has.

This de nition does not depend on the orientation of §(=). Nevertheless, we shall sanetimes
need orientations of ourY -graphs. An orientation of a Y -graph is an orientation of its three leaves,
together with a cyclic order on the 3{element set they form, induced by an orientatin of §() as in
the “gure (everything turns counterclockwise).

@ (©
©

An n{component Y -link G %2M is an embedding of the disjoint union ofn copies ofN into M up
to isotopy. The Y -surgery along aY-link G is de ned as the surgery along eactyY -component of G.
The resulting manifold is denoted by M.
10.2 Some clasper calculus

Recall the following equivalences between surgeries inside handlebodies -that can be themssl em-
bedded in any 3-manifold in an arbitrary way-. The rst one is move Y3 in [GGP], as recti ed by
Emmanuel Auclair in his thesis [Au].

Lemma 10.3 (JAu]) The surgeries on the following twoY -links are equivalent.

(©)© (2
© © © 4o

Lemma 10.4 (Theorem 3.1, move Y, in [GGP]) The surgeries on the following twoY -links are
equivalent.

B ©-©
©

The two equivalences above easily imply the following one.

Lemma 10.5 The surgeries on the following twoY -links are equivalent.

> J B8
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As a consequence of Lemma 10.4, we also have the following lemma that provides iamerse for a
Y-graph. A mark » on an edge indicates a positive half-twist of this edge.

Lemma 10.6 (Theorem 3.2 in [GGP]) The surgery on the followingY -link is trivial.

10.3 A clasper presentation of algebraically split links

A leaf * of aY-link G is ameridional leaf or is a meridian of a link L, if it is trivial, and if it bounds
a meridian disk of some link component whose interior intersectsG [ L at exactly one point of L.
Say that a Y-link G lacesthe trivial r-component link U(") of a connected 3-manifold if

2 each of theY -link components contains a meridional leaf ofu("),

2 The componentsU; of U(") bound disjoint disks (D;)i=1 :; (Ui = @DB) so that D;\ G is inside

the meridional leaves ofU; (and contains one point per meridional leaf ofU;),

2 no component ofG contains more than one meridional leaf of a given component);.

is presented by(G; U(").
Since any null-homologous knot bounds an oriented Seifert surface, by Lemma 10.2,i$ easy to
see that any null-homologous knot is presented by a pair G;U;), where G is a 'Y -link that laces the

In a connected oriented compact 3-manifoldM such that H,(M ;Z) = 0, the linking number of
a null-homologous knotK with a knot C in its complement is well-de ned as the algebraic intersec-
tion of C with a surface bounded byK. The Milnor triple linking number * (K ;K;;K3) of three
null-homologous knotsK ;; K ;K3 that do not link each other is also well-de ned, as the algebraic
intersection of three Seifert surfaces of these knots in the complement of the other on&gth the sign
1(K1;K2;K3) = ih 81;82;83i.

Let G be aY-link that laces the trivial link U() of M. Let m; denote the homology class of the
oriented meridian of U;. Say that a component of G is of type ("im;;";m;;f) if its leaves are one
meridian of U;, one meridian of U;, and another oriented framed leaff and if it can be oriented so
that the homology classes of its oriented leaves reati m;, ";m; and [f ] with respect to the cyclic
order induced by the orientation, with ";"; 2 fi 1;1g. Similarly, say that a component of G is of
type ("im;;"; m;; "kmy) if its leaves are one meridian ofU;, one meridian of U;, and one meridian of
Uy, and if it can be oriented so that the homology classes of its oriented leave®ad "im;, ";m; and
"kmy with respect to the cyclic order induced by the orientation, with ";;";;"« 2 fi 1;1g.
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Lemma 10.7 Let G be aY-link that laces the trivial link U(") of an oriented connected3{manifold

bound surfaces8; such that

2 forany fi;j g% f1,2;:::;rg, 8§\ §; is the union over all the componentsf type ("im;;";m;;f)
of the framed oriented leaves';"; f ,

2 for any fi;j;k g ¥2 f1;2;:::;rg, the oriented intersection §; \ §; \ §y is a union over all the
componentsof type ("im;;"; m;;"xmy) of points with sign";";"«.
In particular, if Ho(M;Z) = 0, then ! (K;;K;;Ky) is the sum over all the componentsof type
("imj;"jm;j; "kmy) of the contributions (i "i";"«).

Proof: De ne the index of a componentY of G as the smallesti such that Y has a meridional leaf
of Uj. Realize the surgeries on the components of indexof G by applying Lemma 10.2 to the trivial
meridional leaf * of U; and to the part of U; going through . These surgeries transformU(") into L
and allow us to see eactK; as the boundary of a surface§; whose 1-handles are thickenings of the
framed leaves that are not meridians ofU; of the components of indexi.

So far, § may intersect the K; with i <k (but not the K; with i> k). More precisely, ifi <k,
each component of indexi of type (m;;"my;f) or (m;;f; i "my) gives rise to an arc of intersection
of 8§ \ 8. Tubing 8§y along the part of K; between the two extremities of the intersection arc
that is contained in the surgery picture transforms this arc of intersection into "f and removes the
intersection of K; with §y.

If the third leaf is a meridian of K; for i <j <k then perform the tubing along this leaf inside
the tubing of §; along the meridional leaf ofmy. Let 8§ denote the surface obtained after all these
tubings.

It is left to the reader to check that the surfaces have the announced properties. :
Say that a Y-link G * -lacesthe trivial r-component link U(") of a connected 3-manifold if it laces
with one leaf that links U;, one leaf that links U; and one leaf that links Uy.
It is known that any algebraically split link can be presented by a Y -link G that laces the trivial

link U [GGP, Lemma 5.6], [Mat, MN]. We prove the following proposition that re nes this resuilt,
and that, together with Lemma 10.7, proves Proposition 4.5.
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Proposition 10.8  For any algebraically split link L = (Ky;:::;K;) in a connected 3-manifold M
such that H,(M ;Z) = 0, there exists aY-link G that ! -laces the trivial link U(") of M such that
(G;U() presentsL.

This proposition will be a direct corollary from the slightly more general proposition 10.9 below,
that may be used for the study of homology handlebodies.

Here, anr-component based linkis an embedding j. of the following graph with r loops, up to
isotopy. Its underlying link is the restriction of the embedding to its r loops.

Uler

The trivial r-component based linkj 8) is the abover-component based link seen in a 3{ball.

Proposition 10.9  For any basedr-component link j |, whose underlying linkL = (Kq;:::;K;) is
algebraically split, in a connected3-manifold M such thatH,(M ;Z) = 0, there exists aY-link G in

M nj (U') that * -laces the trivial link U(") of M such that (G; (Ur)) presents; . .

Proof:  For any sublink L° of L, there is a canonical subgraph jo of j | that is a based link with

underlying link L°% We prove Proposition 10.9 by proving the following statement by induction on
the number r of components ofL.

Induction hypothesis

Let M be a connected 3-manifold such thatH,(M;Z) = 0. Let | [ Lo be a based algebraically split
linkin M whereL has r components. Let jy)[ o be the based link obtained from j._ Lo by replacing
iL byi 8) so that each component ofu(") bounds a diskD; whose interior does not meet iU Lo

Then there exists aY-link G in of M nj o such that the following set of propertiesH (G;j ;i Lo) is

satis ed.

2. G%2Mnjymy o

2 G 1-lacesthe trivial link U of M nL°

2 (GjiymLo) presents jLoin M,

2 the only leaves ofG that link L° algebraically are meridional leaves of L°,

2 no component of G contains more than one meridional leaf of a given component df°,

2 For any triple fl;J;K g of components ofL [ L° with at least one component inL, there are
exactly j (1;J; K )j components ofG with one leaf that links |, one leaf that links J and one
leaf that links K.

This statement is obviously true for 0-component links.

is satised.
Consider a two-dimensional diskD that meets K, along an arc® of its boundary around which
all the meridional leaves ofK, are, and such thatD intersects all the meridional leaves, so that

KO=(Kn®[ (i @n®)

bounds a surface § that meets neither j o yri 1 [[ i« Di, nor the path °, from the vertex of j | Lo
to K, nor the leaves ofG;.
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Lemma 10.10 The graph G; and the surface§ can be modi ed so that§ does not meetG; at all
outside the meridional leaves oL, and the following set of assumptions

HZ(Gl; i KooK ri i K[ L°;§)
2 § meets neitherj yui v Lo[[ i« Di, nor °¢, nor the leaves ofG;

.....

meridians of L nK, provided that they have a meridian ofK,.

2 H(G1i kiK1 100 K [LO) IS satis'ed except that components ofG; are allowed to have no

is still satis ed.

Proof: We need to remove the intersections of § with the edges of5;. By isotopy, without loss,

assume that no edge adjacent to a meridional leaf oK, intersects §; (push the intersection on the

two other edges, if necessary). Similarly, assume that if a component containsnty one meridian

of L, the edge adjacent to this component does not meet 8 Now, the intersections of the edges
adjacent to non-meridional leaves can be removed by tubing § around the part of the Y -graph that

contains the corresponding leaf. Herdubing means replacing a small disk of § in a neighborhood
of an intersection point with an edge by the closure of its complement in the lbundary of a regular
neighborhood of the part of the Y -graph that contains the corresponding leaf, as below.

25

Thus, we are under the assumptiondH (E) that the only edge intersections occur on edges adjacent
to a meridional leaf of someK;, with j <r , of components with at least two meridional leaves of
L. De ne the complexity c(§; G1) of such a situation as follows. De ne the complexity ce(Y) of a
componentY of G; as the number of intersection points of its edges with §. De ne the complexity
c(8; G1) as the pair (maximal complexity c. of the components, number of components with this
complexity) ordered by the lexicographic order.

Now, to prove the lemma, it is enough to prove that there exists a pair (§;G1) with lower com-
plexity such that H2(G1; ik, ., 15i k, (Lo 8) and H(E) are satis ed.

Consider a componenty of G; with maximal complexity, and its edge e with the maximal number
of intersection points. By hypothesis, e is adjacent with a meridional leaf * of some componentK;
with i <r . Remove the point ofe\ § that is closest to ~ as follows. By our assumptions, § intersects
a neighborhood ofY in the gray part of the following picture, where the intersection point that wi Il
be removed is at the top right corner. Perform the modi cation of Lemma 10.5s0 that the resulting
three graphs are like in the following picture with respect to the positions d the possible intersections
with 8.
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Let Y; be the graph that replacesY with one edge intersection removed. LetY; be the graph with
a meridional leaf of K, a leaf parallel to °, and another trivial leaf "1, and let Y, be the other one
with one meridian of “;. Remove all the intersection ofY3z with § outside its meridional leaf of K, by
tubing. If Y, has only one meridional leaf ofL, then remove its intersections as before, too. Otherwise,
don't change it, it has two meridional leaves, and its complexity ¢, is lower than c.(Y). Slide the
meridional leaf of K, in Yz so that it is around the arc ® of K,. Thus, the obtained graph and
the modi ed § together satisfy Ha(G1;i kyk ., 11 k. [ Lo; 8) and H(E), and have lower complexity.

The lemma is proved. :

By Lemma 10.2,K; n® is obtained from @Dn ® by surgery on aY{link G, in the neighborhood
of 8 nD such that any component of G, contains exactly one meridian of@D Let U, = @D Thus,
K, is obtained from U, by surgery on G; [ G,, G [ G, !-laces the trivial link U() of M nL®
(G1[ G2 U Lo) presents j Lo in M. Let us now modify G = G;1 [ G so that the last three
conditions of H(G;j ;i Lo) are satis ed in addition to the previous ones.

2 Cutting the leaves so that the only leaves that link ° algebraically are meridional leaves of L°

Use MoveY 4 of [GGP] (Lemma 10.4) to cut the leaves ofG, that are not meridians of K, so that
they are either O-framed meridians ofL° or they do not link L% at all. Indeed, this move allows us to
cut the leaves into leaves that are homologically trivial in the complement ofL°, and meridians of the
components ofL ® without creating further intersections of G, with the disk D. De ne the complexity
of a leaf as the minimal number of leaves in such a decomposition minus one. De nhe& complexity of
a'Y -graph as the sum of the complexities of its leaves. Finally de ne the complexity of & -link as the
pair (maximal complexity of the components, number of components with this canplexity) ordered
by the lexicographic order. The leaves can be cut in order to make this complexity decres without
creating further intersections of G with D.

2 Sliding the handles so that no component o& contains more than one meridional leaf of a given
component of L%

Now, we wish to remove theY -components with a meridional leaf ofK; and two meridional leaves
of the same component] of L°. By Lemma 10.2, a surgery with respect to such a graplG; corresponds
to a band sum with the boundary of a genus one Seifert surface as below.

where® and ~ are meridians ofJ. In this “gure, a right-handed (resp.left-handed) Dehn twist of the
surface along the simple curves(®) freely homotopic to ® transforms ~ into ®  (resp. ® 17) and does
not change®. Therefore, the Y -graph Gs is equivalent to a Y -graph whose leaves are a meridian of
K., the meridian ®, and the curve among® and ® !~ that is null-homologous.

2 Realizing the algebraic cancellations to the Milnor invarants * (K, ;Kg; K;) where Ks and K are
components ofL°.
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First recall from Lemma 10.7 that ! (K, ; Ks; K¢) is the sum of the contributions " of the Y -graphs
of type (m,;j "mg; 'my) or (m,;"m¢; mg) where" and ~ belong tofj 1;1g. Second, exchange the
order of the Y -graphs that link U, so that all the graphs that contribute with a sign opposite to the
Milnor invariant are followed by a graph that contributes with the sign of the Milnor invariant. In
order to exchange twoY -graphs that link U,, perform the foIIowmg sequence of operations.

m

First slide the meridian m of one of them inside the other onem® Next use moveY,; (Lemma 10.4)
to cut m®into m® and a leaf that links the edge going tom. It is enough to slide inside components
that contribute to * (K;;Ks;K¢). Thus, we do not lose properties of our graphs, (and otherwise we
could just perform the surgery).

Last, transform a pair of K, {adjacent Y -graphs with opposite contributions to * (K, ; Kg; K¢) into
a family of Y -graphs that do not individually contribute to ! (K;;Ks;K}:). To do this, see the e®ect
of the surgery along the twoK {adjacent Y -graphs as a band sum with the boundary of a genus two
surface § whose 1{handles are®y, 1, ®,, >, and are meridians ofKs and K.

We are in one of the following situations for the homology classes of the cues: Either [®] = [®;]
and[1]=i[ 2 or[®&] =i [®]and[1]=[ 2], or [®]=[ 2]and [ 1] =[®], or [®]= i [ ] and
[d=i [®]

Consider the following simple closed curveg(®;), ¢( 1), ¢( 2), ¢( 1®;) and c( 1 2) whose homol-
ogy classes are®@], [ 1], [ 2l [ 1®:] and [ 1 2], respectively.

For a curve ¢, let ¢; denote the right-handed Dehn twist around this curve. Recall the action
of ¢ on homology classesc(x) = x + hc;xigc. Then the homeomorphism ¢l g )¢l * ) éc-,@,) Of §
transforms ®, and " ; to conjugate curves, where the conjugation paths are in the neighborhood of the
genus 2 surface and avoids the diskB;, fori - r, and it transforms ®, and " into curves homologous
to ®,®, ! and ;. Therefore using this boundary-preserving homeomorphism in the Tst case allows
us to transform the surgery on the initial pair of Y -graphs into a surgery on a pair ofY -graphs such
that each of the graphs has a homologically trivial leaf and two meridional aves. In the second case,
US€ éo@,) o 1) oty my) - USE T,y &ty ée(ams) @Nd &) ée(y) ¢4 7, -, In the third and fourth cases,
respectively to achieve a similar reduction. :
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11 Proof of the formulae for algebraically split links

We prove the surgery formulae of Theorem 4.3 and Theorem 4.4 following a sttagy that was used
in [GGP] to compare the Ttration of the space of Z{spheres associated to algebraically split links to
the “ltration associated to Y -links.

According to Proposition 10.8, it is enough to prove these theorems for linkghat are presented
by pairs (G;U(")) where G is a Y -link that *-laces the trivial link U(") of M, that is for U(") %4 Mg,
where U(") is equipped with surgery coexcientspi=q;, P2=, ..., Pr=G¢ -

X
Mg;U(M]= G M M;H[ UM
H ¥»G

where

. (7 — X NIt i NS
[M,H[ u ]— (I 1) MJ;(U‘;pi:q‘)iy] ]j2f 1;2;5r gnIL(pj-l q) .

J¥H;l Yf 1;2;05r g

P
Then Ma;UMT™ 7 g 2n( DM IMGH [ UG,
If there exists i, such that U; does not link any leaf ofH, then [M;H [ U(]=0.
If there exists i, such that U; links only one leaf ofH, then let Y; be the component of this leaf.

IM;H[ U= [My,;HnY [ UD]:

Recall that the surgery onY; is a surgery associated with a genus one surface bounded by sole
as in Subsection 9.1. Then the inverse surgery of this subsection transformg; into j K; and since it
can be realized as a genus one cobordism, it can also be realized by a surgery ovi-graph that laces
U; and that sits in the complement of G. Let Y; ! be such a graph. We can assume that its leaves
are a meridian ofU; and two leaves parallel to the two other leaves ofY;. Compare with Lemma 10.6.

Then [My,;H nY; [ U] = [My; s H Y[ U] and

MiH [ UO)= 2IMGH [ Y] P U]

As long as there is a componentJ; that bounds a disk D; intersecting H [ Y{ Y Y, ! once
(and necessarily) inside a meridional leaf of some componenv.; of H, add Yk‘& , and write

[M;H[Ylil[ | Ykil[ U(I’)]: %[M;H[Ylil[ | Ykil[ Yki& [ U(r)]:

1

M;H[ U= N

IMGHL Yi Pl YL Y[ uor:

Finally, [Mg;U(] is a rational combination of terms of the form [M ;H°[ U{)] where eachU; links
at least two leaves ofH? To be more specic, the consideredH © are of the formH [ Hi !, whereH

is a sublink of G, and H} Lis a link made of inverses of the components of a sublinkd; of H. In
particular, the leaves of a component ofH] ! have the same constraints as the leaves of a component
of G. Since a leaf ofH? links at most one U;, such aH? has at least 2 leaves linking the U;. In

particular, if 2r > 6n, [Mg;U(M]" 0.

2 Under the hypotheses of Theorem 4.3, assumer2= 6n. Up to elements in Fon+1, [Mg; U]
is a rational combination of terms of the form [M;H°[ U()] where eachU; links exactly two
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leaves ofH°, and each leaf ofH ? is a meridional leaf of someU;. More precisely, let Gz be the
sublink of G made of the components that have three meridional leaves, we have

X
Me;UOT" )M [M;H[ U]
H

where the sum runs over theH that read as the disjoint union of two Y -links H; and H, of G3

such that for any componentU; of U("), either there is one meridional leaf ofU; in H; and no

meridional leaf of U; in H,, or there is no meridional leaf ofU; in H; and there are two meridional
leaves ofU; in H,. Let H denote the set of the H1;H2) where H; [ H, is a decomposition as
above of such a graph.

2 Under the hypotheses of Theorem 4.4, at most two thirds of the leaves of théd® link the U,
once, and the leaves of the other third do not link theU; at all. Therefore, if 2r > 4n, [Mg; U(")]
belongs toFoh41. If r = 2n, up to elements in Foy.1, [Mg; U] is a rational combination
of terms of the form [M;H°[ U(")] where eachU; links exactly two leaves ofH® and in each
component of H, there are two meridional leaves ofU(") and a null-homologous leaf. More
precisely, let G, be the sublink of G made of the components that have two meridional leaves,
we have X

MeiUOT" (M MIH [ U]

H

where the sum runs over theH that read as the disjoint union of two Y-links H; and H, of

G, such for any componentU; of U("), either there is one meridional leaf ofU; in H; and no

meridional leaf of U; in Hy, or there is no meridional leaf ofU; in H1 and there are two meridional

leaves ofU; in H,. Let H denote the set of the H1;H2) where H; [ H, is a decomposition as
above of such a graph.

In both cases

Loox o BT .
Me; U] S GDMMIHL L HPT He [ U]
(HiH2)2H

whereH [ H] [ H, has 2n components (and therefore ( 1))H2 = 1). Apply Theorem 3.1 to compute

it. The tripod associated to a surgery on an orientedY -graph whose leaves aré;; *»; "3 was computed

1

in Lemma 9.3 (thanks to Proposition 10.1). It is -< *2 while the tripod associated to an inverse of
N 3

. .3k . o
such a graph |s< _2k Where the parallels are taken with respect of the parallelization of the leaves

1k
Later, we shall consider twice the tripods of the components oH, and remove the { 1)1 1. Recall
the formula of Lemma 9.5
lkn

oimay (B K) = lkm (3K ) %IkM (Ui; Dlkm (Ui K):

(|
If for somei, a contraction does not pair two curves linkingU;, then its contribution to [ M ; H (UnU;)]
and its contribution to [My,;H°[ (U nU;)] will be the same. Therefore, it won't contribute to
[M;HC[ U]. Thus since there are exactly two leavesm; and m? linking U; in each H® the only
pairings that will contribute will pair these pairs together, and the corresponding remaining linking
number will be %IkM (Ui; mi)lky (Ui; m9).

2 Under the hypotheses of Theorem 4.3, there is one contributing pairing for everyH1;H2) 2 H .
It can be seen as an edge-labelled Jacobi diagram I{1; H,) together with a bijection bfrom the
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set of its vertices to the set of components oH;[ Hj L[ H, that maps a vertex v with adjacent

edges labelled byi; j;k to a componentb(v) of G of type ("im;;"; m;;"«my) where";, "j, "« are

in fi 1;1g, or to the inverse of such a component. Equip iH1;H>2) with an orientation. Then

if the orientation of a vertex v as above is induced by the cyclic orderi(j; k ), assign it the sign

(i "i"j"«), and assign it";"; "¢ otherwise. De ne sign(j(H1; H>); b) as the products of the signs

of the vertices. Then
3

T g X
Zy [Mg; U] =

3 i SIGNG( Ha Ho); B HaiHo)
i=1 ™

(H1H2)2H

Now, let f = f (b) be the map from V (j( H1;H2)) to the set of components of G obtained from
a bijection b as above by setting

f (b)(v) b(v) if b(v) is a component of H1 [ H»

Yi o ifbv)= Yk

There are 2" b such that f (b) = f, and, if JAute(j) is the set of automorphisms of j that
induce the Identity on E(j), there are ]Aute(j) b that de ne the same pairing. Since an
automorphism that preserves the edges pointwise may only exchange vertices insidensponents
), JAute()) =2 M0,
Orient G arbitrarily. Let j 2 De;. Equip j with an arbitrary orientation. Let  G(j) be the set
of maps g from V() to the set of components of G that map a vertex v with adjacent edges
labelled by i;j; k , with respect to the order induced by the orientation, to a component g(v)
of G of type ("imj;j "jm;j;"kmi) or ("im;;"kmy;";m;j). De ne sign(g;v) = "i"j"k for such a
vertex. De ne sign(j; g) as the product of the signs associated to the vertices. Then
3 ’ .
Zn [MG;U(r)] = v 9 X M[l]

) (i)
iz P i 2Den 92G(j) 24

Now, Lemma 10.7 easily leads to the conclusion of the proof of Theorem 4.3.

Orient G arbitrarily. Under the hypotheses of Theorem 4.4, a contributing pairing for (H1; H2) 2
H is a 2=3{labelled Jacobi diagram j, equipped with a bijection from V(j) to the set of com-
ponents of Hy [ Hi L[ H, that maps a vertex with two adjacent edges labelled byi andj to a
component of type ("im;;";m;;f)or (";m;;i "im;;f). For a xed 2=3{labelled Jacobi diagram
i, there are JAut ,=3(j) bijections from V(j) to the set of components of H; [ H] 11 H, that
will correspond to the same pairing.

Let i 2 D,=3.n. Equip i with an orientation. Let G(j) be the set of maps g from V (j) to the
set of components ofG that map a vertex v whose adjacent edges are labelled by;{; nothing)
(with respect to the orientation of j) to a component of type ( "im;;";m;;f)or ("jm;;i "im;;f)
of G. When g 2 G(j) is xed, assign the framed oriented curve ";"jf to the unlabelled edge of
eachv 2 V(i) as above. Then assign to each edge of j the linking number of the two curves
assigned to its half-edges (change a curvk into its parallel f, if the two curves coincide) and
de ne Ik (j; g) as the product over the edges of j of the associated linking numbers.

g X k(i; g)
o P 1Aut 2=3(j)

3 .
Zy Mg;U] = [il:
i 2D 2=31 :92G(j)
Now, Lemma 10.7 easily leads to the conclusion of the proof of Theorem 4.4 when tt&geifert
surfaces are associated to a presentation of the link by a graph that -laces the unlink as in
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Proposition 10.8. Fortunately, this is enough to conclude the proof of Theorem 4 thanks to the
following proposition 11.1 that ensures that the right-hand side of the equally of Theorem 4.4
does not depend on the choice of the Seifert surfaces.

Let n 2 N. Let D,-3.o,n be the set of 23-labelled unoriented Jacobi diagrams whose labelled edges
are oriented. Forgetting the edge orientations transforms an element j ofD,-3.,., iNto an element

f (j) of Dy=3.n, and an element ofD,-3., comes fromm elements ofD 3.0 -
2=3

Let L = (Ki;pi=Q)i2f 1,2;3;:; 2ng D€ @ framed D{component algebraically split link in a ratio-
nal homology sphereM . Assume that for any fi;j;k g %2 f1;2;3;:::;2ng, * (Ki;K;j;Kg) = 0. Let
(Fi' )iaf 1:2:3:5 2ng [ (FF )iof 1:2:300 2ng be a collection of transverse surfaces such that, for any, F;
and F;" are two Seifert surfaces oK that do not meet the K; forj & i.

Let j 2 Dy=3.qn. Orient j. In such a j the half-edges of the labelled edges inherit a label from
the edge orientation. Namely, Edgei goes fromii toi*

For any vertex of j, whose half-edges are labelled by i(;j ; nothing) with respect to the cyclic
order induced by the orientation, assign the intersection curver;" \ F; to its unlabelled half-edge. To
any unlabelled edge that is now equipped with two intersection curves associate thiénking number of
these curves. Then dene’; ((F;' ; F" )i=1 ::2n) as the product over all the unlabelled edges of j of the
corresponding linking numbers. Note that™; (F;' ; F" )i=1 .- 2n)[i] does not depend on the orientation
of j.

When F* is a parallel copy ofF/ , then

X . i), o, X
((F, )I—l 20 I) [I] - , ((FI ,F )I 1""2n)

: 2N
i 2D2:3;n ]AUt2:3(|) i 2D2*3'Dn 2

[']
Proposition 11.1  With the notation and hypotheses above

\i ((Fii , Fi+ izt i2n) 5o [l]

2n
i 2D2=3;0;n 2
is independent of the choice of the surfaceéF; ;Fi+)i:1 2n In the complement of[ ;¢;Kj, it only
depends onL.

Proof:  We study the e®ect of changing a surfac€;" to another Seifert surfaceF ° of K; disjoint from
the K; for i 6 j, and transverse to the other ones. Obviously, for any i, the only modi ed ingrediert
is the linking number associated with the unlabelled edgee that shares a vertex with i that reads

§Ik(F, \ S1;S:\ S3)

where S;, S; and S; are the three other surfaces associated to the three other labelled half-edges
containing the vertices of e.

Let us compute the variation of such a linking number. Recall that Ho(M n[=1;2::;20Kj) iS
generated by the homology classes of the boundarie®@NK ) of the tubular neighborhoods of the
K;, for j 6 i. Therefore the immersed oriented closed surfaceF(' [i F9 cobounds a 3-dimensional
chain C with some copies@NK ). In particular, if S, is a Seifert surface forK; 4, the boundary of
C\ S, is the union of (F°\ S;j F;"\ S;) and some copies oK 1y. Since all the Milnor triple linking
numbers vanish, Ik (K );S2\ S3) =0, and

IkK(FO\ Sy F '\ S3;S;\ S3)= 8hC\ S;;S,\ Szi = 8hC;S;\ Sp\ Sai

Now, consider the two elements oD ,-3.,., Obtained from j by changing the neighborhood of e in j
as in the following “gure.
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Fiv (Ss Fiy (Ss Fiyv Ss
e A o2
S S, s.7 N\s, sl/l\s
(Actually, since the current de nition of Jacobi diagrams does not allow looped edgessome of the
above graphs may not be Jacobi diagrams. In order to make this proof workallow Jacobi diagrams
with looped edges, and set them to be zero i\, (; ), so that the IHX relations involving such graphs
are still valid and these graphs do not contribute to the sum of the statement.)
Assume without loss, that the orientations of the three graphs coincide outside he neighborhood
of e and are induced by the "gure at the shown vertices. Then the coe+cients of these three elements
of D,=3.0.n are perturbed in the same way. (Note that we did not need to take care about theabove
signs, they are well-de ned in each step, and the result only depends on the cyclic order &, S,,
Sz.) Since the sum of the corresponding oriented graphs vanishes iA,(;) and since all the graphs
of D,=3.0n Can be grouped in three-element sets as above, the sum of the statement is independent of
the surfaces. :

Similarly, we can show the following proposition.

Proposition 11.2 Let L = (Kg;K1;K2;K3) be a rationally algebraically split link whose three-
component sublinks have Milnor triple linking numberO in a rational homology sphereM . Let a,
b and c be three real numbers such thaa+ b+ c=0. Let §; be a Seifert surface forK; in the exterior
of L nK;. Then

Cabc(Ko;K1;K2;K3) =

alk(8o\ 81;82\ 83)+ blk(8o\ 82;83\ 81)+ clk(8o\ 83;81\ 82)

does not depend on the surfaceS§; that satisfy the given assumption. The invariant®,,. satis es the
following properties.

2 |t is invariant under self-crossing changes of the componestof L.

2 If M = S3, 9, is the following combination of the Milnor invariants de ned in [Mi],
®abc = b1(10;23); c*(01;23):
1(01;23) = °1;0;5 1 @nd * (10;23) = ©; 1;1;0.

Proof:  The proof of Proposition 11.1 shows that®,,. does not depend on the surfaces and that
it is therefore well-de ned. Let us prove that °,,. does not vary under self-crossing changes and is
therefore a homotopy invariant of these four-component links. To study the e®ecbf a self-crossing
change onKg inside a ball B, choose the surfaces g§for i > 0 so that they intersect B as parallel
tubes around one strand ofK . Then their intersections like §,\ &3 will not meet B, and will also
bound a surface &3 in the exterior of Ky and K; that intersects B as parallel tubes around the same
strand of Kg. Now, 81\ 8,3 does not meetB, and then

Ik(8o\ 81;82\ 83)= 8lk(Ko;81\ 823)

does not vary under the considered crossing change &fo.

According to [Mi], if the ambient 3-manifold is S3, there is a bijection from the set of homotopy
classes of four-component algebraically split linksL whose three-component sublinks have Milnor
triple linking number 0 to Z © Z that maps L to (* (01;23)(L);* (10; 23)(L)).
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Furthermore, if (Ko; K 1;K?) is the trivial three-component link with meridians ®y; ®;; ®,, and if
the homotopy class ofK o; in the exterior of (Kg; K1; K2) reads (with the notation of [Mi]),

@t = RO @ (R®,) H(@®, 1@ )@ (®1®), 1@ 1) = [ ®y; [@r; ®,]]

then 1 (01;23)(Ko;K1;K2;Ko1) =1 and 1 (10;23)(Kg;K1;K2;Kp1) = 0. More generally, if the ho-
motopy class ofK 3 reads [Ry; [®1; ®]]  [®;; [®y; ®,]] 1, then 1 (01;23)(Ko;K1;K2;K3) = 1o; and
1(10;23)(Ko;K1;K2;K3) = 145. The link presented by the following clasper

Uz @%O QYo
Ui G Uo1

has the same properties than Ko; K1;K2; K1) and, according to Lemma 10.7,
abc((Ko;K1;K2;Kp)) = j ¢
More generally, if the homotopy class ofK 3 reads [Ro; [®;; ®]]" @ [®1; [R; ®]] *°, then

Cabc(Ko; K1; K2, K3) = (b1 ctor)(Ko; K13 Ko Ka):

12 On the polynomial form of the knot surgery formula: proofs
and remarks

Proof of Theorem 5.1: Since the theorem easily follows from Theorem 4.1 fon = 1, we assume
n, 2. First assume p;q) =(1;0). A rl-surgery onK is equivalent to jrj sign(r)-surgeries on parallel
copies onK . These parallel copies form anrj-component boundary link L bounding parallel copies
of F. We have 1 X
MK D)= ()P M;J]

J YL
Up to elements of Ker(Z,,), we only consider the sublinksJ of L with at most n components, according
to Theorem 4.1. There are VRN | I L
jri _nidrii 1:z(rii j+1)
J j!
sublinks J of L with j components and they are all isomorphic to the boundary linkL; whose
components are framed by sign(). This shows that

Pn ) i
= p izl Yn;_o(K M )r ifr, O
= YR K M)t ifr- o

Zn(M (K5 8) i Zn(M)

where

. 1)
Yn(;no)' = Yn(;no) = Ln!) Zn ([M;Ln])
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is given by Theorem 4.1. Now, we prove that the two polynomial expressionsthe one forr > 0 and
the one forr < 0, coincide. Applying the above result toM (K ; %) with ro < j n, implies that for
anyr , ro,
N L o s i
Zn(M(K: ) i Zn(M(K:E))_ YooK 2M (K —))(r| ro)':
i=1
The above result also implies thatZ, (M (K; 1)) i Za(M(K; ) is
P
L YUK M)+ Zo(M) § Zo(M(K;2)  ifr, 0
LY (K M)+ Zo (M) Zn (M(K,rlo)) if r- O

Therefore the coezxcients of the two polynomials coincide. This proves the existence dhe polynomial
expression with its given leading term for p;g) = (1 ;0). Applying this result in M (K; g) and using
the fact that a ﬁ surgery onK is equivalent to a p=gsurgery on K and a 1=r surgery on a parallel
copy on K gives a similar polynomial expression forZ, (M (K ; H )i Zn(M(K; p)) with the same
leading coezcient since, according to Theorem 4.1Z,([M ;L ]) = Z (M (K; 2); L nl)- Now, up to

polynomials in r of degree less thanrj 1),

2o (i Pyt zon) = 0z, Lo
. 1
"ni G 1) Goito Mo b o
o Zyn (M;La])+ (ni 1)'Zn [M(K-_)-Lnil] il
= Yn(;"o)(K VM) + pq e+ YLK M)
Thus .
IR ADEE R A
) il )
Gyt Mo 1G 1" Yn; 1) .
- (ni 1)!Zn [M(Kaa)’l-nill + szn ([M,Ln]).
Then
YLK M) i Y V(K M)
u Al
_ G )it b, . .
= D pz W (ML) Zo MK D) Lo adi ML o)
where H q
Z, [M(K:%):Lml]i MIL (P;i @);Ln; 1] = | gzon;Ln])

by Theorem 4.1, and by additivity of p°(Z,) = Z§ under connected sum, sincen ; 2,
Za(IMIL (psi @) Ln; a]) = Z5[M5Ln; 4l:

Therefore (7L V" (K % M) = Y} V(K %M).

The behaviour of Yn('q) p(K % M) under an orientation change of M comes from the fact that

Zn(i M)=(ij 1)"Z,(M), and the other assertions are easy to observe. :

35



not depend on the symplectic bases chosen for the I§eifert surfag,es becattgF) may be identi ed
to Hy(F)® via (x 7! hx;:i), and therefore the tensor (| Xi - Vi i Vi Xi) mpay be identi ed with
invariant under the addition of a hollow handle. (See [Go, p. 27] or [KeL] for a refeence for the fact
that for two Seifert surfaces of a knot K, there exists a third Seifert surface ofK that is obtained
from the two former ones by adding hollow handles.) Indeed letm be a meridian of a one-handle
whose boundary is the union of the hollow handle and two disks, and let be a dual curve for it
with respect to the intersection form of the stabilized surfaceF . Since the innermost copy ofm does
not link any curve of the other copies ofF, the pair (m; ") does not contribute to the pairing. Now,
the next innermost meridian does not link any other curve g’ther... In such a way, it & easily seen
that the pairs (m; ") can be forgotten and this shows thathh ;... (I (F') ii is invariant under a
stabilization of F by addition of a hollow handle.

Proof of Proposition 5.3: Let Ko = K. be the positive desingularisation ofK S. Let U() be the
trivial link that bounds a disjoint union of disks D; such that eachD; meetsK * exactly at one double
point, and @D does not algebraically link Ko, so that each desingularisation ofK s is obtained from
Ko by surgery on a subset oflL = f(U;;i 1)gi2f 1.k g- Then

.....

0 kM N = 2 (MK Py L.
Vo (KM + D)= Z (M (Koi 250 L)

Each U; bounds a genus one surface;8in M nK g obtained from D; by tubing K, say in the K °
part, where we “x the choice of the K so that for any pair fi;j g, K\ K? is connected.

Let us prove that such a choice is indeed possible for th& % Fixing the choice of K ? amounts to
choosing an interval of the circle between the two preimages of the double poirit If some of the two
possible intervals for a double pointi does not contain a pair of preimages for another double point,
pick such an interval. In the next steps, if some of the two intervals for adouble point i only contains
pairs of preimages for another double point together with their associate alredy chosen intervals,
then pick such an interval. It is easy to see that this process will stop when dlthe K ? are chosen so
that for any pair fi;j g, KP\ K is connected.

Now, assume that the diameters of the tubes are all constant and di®erent and thathe tube for
U; is thinner than the tube for U;, if Kj° contains the two preimages of the double pointi.

8T Ko

Then §; \ §; is empty if the pair (D; \ Kg) does not link the pair (Dj \ Kg), and it is a meridian
curve of Ko in D otherwise. Therefore, the! -invariants of the three-component sublinks ofL in

M (K o; ﬁ) are zero and Theorem 4.4 can be used to computg, (M (K o; ﬁ); L]D.
In particular, if k > 2n, Zn([M(Ko;ﬁ);L]) = 0. Since the linking numbers betyeen two

intersection curves will be § ‘“% or zero, itk = 2n, Zn([M (Ko; 555 ); L]) is @ monomial in q*%
I
I

Proof of Proposition 5.4: In this case, the link U) of the previous proof is a boundary link in
M (Ko; ﬁ) because the produced genus one surfaces are disjoint. Then Theorem 4.1 can be applied.
It implies the “rst part of the proposition. Use bases (m;; ;) for the Seifert surfaces wherem; is a

0-framed meridian of K, and *; is a curve along the tube of § and D; that is homotopic to KiSO, and
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that does not link Kq. In M (Kg; ﬁ), the linking number of two meridians is § ©- the linking
number of a meridian and a longitude is O or§ 1 while the linking number of two longitudes is their
linking number in M . Note that if one tube for §; goes inside another one for §(if K 6 K, and if
K 2 is the positive desingularisation ofK 0then Ik(*i;"j) = Ik("i; K = j k(i;Koi K2 =i 7 (K®).
There are at mostn pairings of meridians. Furthermore, since there is at least one innermost meridian
that cannot be paired with a longitude, there is at least one pairing of meridians. Nw, the number

of pairs of meridians coincides with the number of pairs of longitudes in a pairing. :

As an example, we computeYZ(i)c(K $) where K* is a singular knot with two unlinked double
points.

Proposition 12.2  Let K3 be a singular knot with two unlinked double points.

(G D Z5M () 1) =

| v%f 1;29
il po o os2ine e esn® 2.« st :
2 512(K®)*+2711(K®) 22(K®) rej "12(K®)r 0:0

Proof:  Use the strategy and the notation of the proofs of the two previous proposibns. Choose
Seifert surfaces of the two knots of the crossing changes with disjoint tubes whedongitudes ", and
*, are homotopic to K $2 and K 5'*, respectively, so that

k(C1;72) = Ik(1;73) = k(1 2) = "12(K?®)

lk(my;mz) = i r = Ik(mi;m)
KCi; )= Ti(K®)
lk(mi;"[) = Ik(my; 2) = Ik(mz;"1) =0
lk(m{ ;%) =1:

Then, according to Theorem 4.1,

0 . . 1
m, m,
RN TR A 1. 1 PO ol
(1 Zz(M(KI,F)): ZP hh| | oG
1 2
mi mo

Note that m; and m, must be paired to another meridian. Then the right-hand side of the equality
can be rewritten as

0 1
2 N+
4 1 2 4

Indeed, either two pairs of meridians are paired together. This leads to the quadratic catribution
in r above, or there is one pair of meridians, it is necessarilyni1; m,) and in this casem; must be
paired with *; and m; must be paired with *,. Then ] and *; must be paired together, and this

provides the linear contribution above. !

1 %f 1,29
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13 Computation of the Casson-Walker knot invariant

Let K be an orderOk knot in a rational homology sphereM . Let M nK be the inhite cyclic covering
of M nK. Denote the action of the homotopy class of the meridian ofK on Hl(l\ﬂ nK;Q) as the
multiplication by t so that a generator ofH (M nK )=Torsion acts as the multiplication by t°« . As
in [L1, Chapter 2], de'ne the Alexander polynomial ¢( K ) of K as the order of theQ[t8 1=°« ]-module

H1(M nK; Q) normalized so that

¢( K)(1) = jTorsion(H1(M nK))j =

IHMT ang (1 )(£70¢ ) = 6( K )(t1 20% ):
Ok

Then the formula of [L1, p 12-13] implies the following lemma.

Lemma 13.1 For any knot K such thatlk(K;K ) 2 Z in a rational homology sphereM , for any pair
(p; 9 of coprime integers such thatq6 0.

a" ok eqK)w 1 1

. —_— . —_ 1 . .
MR i L ()= e ST ey g+ (L )

Proof: Recall that , (M) = m_f% where jH;(M)j is the cardinality of Hy(M;Z) and , is the
extension ofjH (M )j, to oriented closed 3-manifolds that is denoted by, in [L1]. For any knot K in
a rational homology sphereM , according to [L1, 1.4.8,T2], forq > 0O,

.M(K:p=a)i ,(M)=
" o e . 1 @1l signea , spi ak(KiK g

p jH.(M)j 2 ' 2402 ' 24 8 2

where the Dedekind sums(pj glk(K;K );g) is de ned in [RG] (and in [L1, 1.4.5]). This formula
makes clear that

" o e 1 1!

LM(KGp=a) i (M) = e SR e g (i

for somef (p; g) that depends neither on the knot K with self-linking number 0 nor on its ambient
manifold M . Applying this formula to the trivial knot U of S® concludes the proof of the lemma.!

We now express ¢(K ) from the Seifert form of a Seifert surface forK in the following proposition.
Proposition 13.2  Let K be a knot of orderd, with self-linking number (; a=b 2 Q=Z, wherea and b
are coprime integers, in a rational homology spheréM . Let N (K) be a tubular neighborhood oK . Let

8§ be a surface inM whose boundary is made ofd=bH parallel copies of a primitive curve of @ NK).
Let Bg be a symplectic basis foH(8) =H1 (@), and let

¢ 5 ()= deflk(M20™ § ¢l 2R s D) (b:b0y 28 2

where b (resp. B%) is a representative of i° pushed away from§ in the direction of the positive
(resp. negative) normal direction to §. Then

_d
JH1(M)]

btz | ti
dtﬁi ti 2 '

)
I~ S

¢(K)=¢ g(t™)

of
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Proof:  First assume that the self-linking number of K is zero. LetN (K ) be a tubular neighborhood
of K. There exists a genusg surface 8 in M whose boundary is made ofd parallel copies ofK.
Consider a collar 8£ [j 1;1] in M such that

G EL LID\ NK)= @£ [i L,1]

LetY =M n(N(K)[ 8£]i L1].
The in nite cyclic covering X of M nN (K ) can be seen as
A !
aa
h*(Y) h“§ £ [i 1,1]) =2
k2Z k2Z

whereh is a generator of the group of automorphisms of the coveringC and 2 provides the following
identi cations.
h (%2 §;1)2 Y) 2 h"((342 §;1)2 (8 £ [i 1;1])
(%2 §;1 1)2Y) 2 W (%42 851 1)2 (8 £ [i L1]):

Then it is easy to see that, if the action ofh on H1(X"; Q) is denoted as a multiplication by ¢,

Hi(Y;Q)- Qlé;d '] .
(Opp (¢ i B)Q)- Qle:d
as aQ[¢; ¢ 1]-module, whereB is a basis ofH1(8) and, for b2 B, b* (resp. bi ) denotes the class of

bin H1(8 £f 1g) (resp. in H1(8 £fj 1g)).
In particular, if Cis a basis ofH(Y;Q), then

H1(X;Q) =

h i
. — 4l=dy _ L 1=2 et L 1=2
¢(K)(¢=t") =det ¢c(b")i ¢ cb) (cb)2CEB
up to a multiplication by a unit of Q[¢; ¢ .

Computation of H(Y; Q).
LetZ=Mn(8£]i 1,1].

The coIIar 8£[i 1;1]isagenus (+ dj 1)-handlebody whoseH ; has a basisB made of the classes
"1;72;000; g 1 of (dj 1) boundary components of §, and a symplectic basiBs for H1(8) =H1(@®).
Therefore, Z has the rational homology of a genus (8 + dj 1)-handlebody andH(Z;Q) is freely
generated by the linking numbers with the elements ofB.

Use the following exact sequence to computél (Y ; Q)

HYZY;Q ! HYZ;Q! HYY:Q)! HAZY;Q)! O

The pair (Z;Y) has the homology of the palr N(K);@NK) n(@ £ [i 1;1])) where @I\{K) n
(@ £ [i 1;1]) is a disjoint union of d annuli A"} ) whose cores are parallels]” ;5" ;:::;° )" of K,
and such that

@K )="7i "4

(where “i,, = "1). In particular,

Hj (Z,Y)



where ¢ is the class of a path from*]* to

boundary is (i i “17).

The image ofH 1(Z Y;Q) ! HYZ;Q)is freely generated by the algebraic intersectionst; j AC;™ )i =
k(G 0 ) fori22;d

For i , 2, consider a curvee that goes from '; to “j+; in 8 and that avoids the chosen geometric
symplectic basis ofH(8) =H1 (@), and consider a closed loop; in N(K)[ 8 £ [j 1;1] that equals
e outside N (K).

S+

i in N(K), and B; is the class of an annulus whose

Then k(@B = ;" i T J) = 4. Therefore the mapH(Y;Q) ! H2(Z;Y;Q) admits a
section whose |mage i©L, Qlk(:;1)).
Thus

HY(Y;Q) = Oz, Qlk(;;b) ©©L, Qlk(:;1)):
Sincelk(*? ;b) = 0 for any b2 B, up to units of Q[t8 =0« ],

¢(K)=¢ s(e)e(d)

with ‘
¢(d)=detl k(™2 i & 25 )2t 20d g2

.....
+ S+ ++

where™[ =" andl =",

Sublemma 13.3
;d=2 i d=2

¢(d) = —d&l R

Proof of the sublemma: By pushing 1; along the negative normal of the Seifert surface of ;"
(or K) we see thatlk (1" ;1) =
Setz = ¢172j ¢ 72 and Y= 1 ? , ¢( d) is the determinant of the following matrix [¢ §j 1(ij )2t 2::d g2
where .
Co = k(¥ @ BT )= ey i

g
and fori> 2
Gy = kT 03T ) BICT L TNt = A G )0 Y
that is for d =5, 2
g ooiG G i
€] §|1/2i wnl 1 0 0 2
U i ¥2 i wnl ) 0 ’
i ¥ 0 wnl 1

¢(2)= 22 and ¢(3)= &t
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In general the development with respect to the rst column gives that
0 1

4 di 2) z 1 X di )i (i 3 z X i 3>@ di i Gi i)
¢(d)=(Y a)1/£| i a(1/2.'_1&)@ 14di )i (i A a1/2 Lhi 1hdi )i (i
j=3 i=4 j=i

where 0 1

xd xd
1h1l@ 1Adi Di (i A = 14di 2)+2) — 120 d) 4 1440 d) 4 .- 4 14di 4).

j:3 j:3
Thus,
¢(d) = 1A% D El/édi 2 Mi E%Zxd X 14d+2ii 2)).
d d = .
i=3 j=i
¥ e | | |
1/£d+21121):(di 2)1/§+(di 3)1/§|2+(di 4)1/9.4_'_:::_'_1/&5‘ d)
i=3 j=i
xd o
z 1/£d+2”2]):(di 2)1/&d+1) i 1/£di 1)i 1/£di 3)i oy 1/£5i d)
i=3 j=i

de( d) = dAdi D 1Adi D)y ahli d) (dj 2)1/§d1 D 4 14di 3) 4 14di 5) 4 ... 4 1430 d)

.d=2 . .,j d=2
-4 D) 4 o1fdi D) 4 1di 5) 4 oeay 1Rid) L opglid) o & 0 ¢ :
(20 ¢l 2)

Back to the proof of Proposition 13.2, since ¢(K )(t = ¢9)(1) = ’Hl(TM)’

HiM)j 12 v 12

¢( K )(t) = d d(tlz(zd) i ti l=(2d)) ¢ § (C.’):

and Proposition 13.2 is proved in the self-linking number 0 case. Let us now deduce thgeneral
case from this case. LetK be a knot with order d and with self-linking number (j a=b where a
and b are coprime. Letm be a meridian of K, there exist a parallel L of K and a surface 8 in
M n K whose boundary is made of ¢=h parallel copies ofam + bL. Then there exists a primitive
curve my such that hm;;am + bLi = 1. Let J be the knot with meridian m; and with complement
M nK. This knot has order (d=b and self-linking number 0. Its Alexander polynomial is then given
by the proposition. Furthermore, since it satis'es ¢(J)(1) = jTorsion(Hi(M nK))j = ¢( K)(1),
¢(JI)(ty = ¢9P) = ¢( K)(tk = ¢%). Then ¢( K)(tx ) = ¢( J)(t; = tg ") and we are done. !

Proposition 13.2 implies the following lemma that together with Lemma 13.1 proves Proposition 6.1
for n = 1. We use the notation of Section 6.

Lemma 13.4 Under the assumptions of Proposition 13.2,

d ¢RK)Q) _ hh@E)iiw, , 1 1
jH1(M)j 2 B 242 247 ' 2492
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Proof:  First note that when K is null-homologous,Ox = d = b= 1. Then since , = W; £Z;,,
Lemma 13.1 together with Theorem 4.1 together imply that
1 ¢XK)A) _ hh(®)iiw,
jH1(M)j 2 2 '

Therefore, according to Proposition 13.2 (that is well-known in this case),

¢80 _ hh(§)iiw, .
2 2 '

Then since ¢5(t) = ¢ 5(ti 1),

ht (8) il w,
72 u

¢s(exp(u)) =1+ + 0(4)

where O(4) stands for an element ofu*Q[[u]], and this formula remains true for any § as in the
statement of Proposition 13.2. Since

E(l + u_2 + 0O(4));

d 24d? '

it is easy to conclude. :

exp(u)?@ | exp(u) %7 =

Now that Proposition 6.1 is shown forn = 1, let us prove it for n = 2. By the formula that is
recalled in the beginning of the proof of Lemma 13.1,
q Ok  ¢%K)Q)
M(K;p=0)i ,(M)= —=- - +f(p;q;Ik(K;K ); O
LM (K;p=a) i, (M) = ol = (P i k(K; K ); Ok )
for somef (p; q; Ik(K; K ); Ok ) that only depends onp, q, Ik(K;K ), Ok, and that therefore does not
change under surgery on a knoK , that does not link K algebraically, so that

g ¢ X g ¢
(1", Mip=q)- j2r 12gm L(B;i G) = G D", MKip=q)>
1 ¥%f 1,29 1%f 1;29g
1
- % " Ok, ¢ %K1 %2 M (K2; p2=0p))(1) i Ok, ¢ QK1 % M)(1)
P1 2iH1(M (K2; p2=p)) | 2iH1(M)j
Ch

2p10§1 (hh (81) 2 M (K 2; p2=)ii w, i hhl (8 1) Y2Mii w,)

according to Lemma 13.4. Therefore, Proposition 6.1 fon = 2 follows from the following lemma.

Lemma 13.5 Under the assumptions of Proposition 6.1,

2q

i ¢
hii (§ 1) %2 M (K 2; p=0)ii w, i hhl (§ 1) Y2 Mii w, = i dTp”"§1\ §2,(81\ 82)k
2

.....

linking numbers after surgery recalled in Lemma 9.5, the variation of the expession ofhh (8 1)ii w,
given before Proposition 6.1 reads

Proof:  Let (Xi;Vi)i2f 1.9 g D€ @ Symplectic basis forH1(8 1)=H1(@ 1). Because of the variation of

hh (§ 1) %2 M (K 2; p=Qii w, i hhI (§1) % Mii w, =

¢ X . .

2? Ik (x; ; K2)IK (K 2; x5 )k (yj s K2)IK (K 23y )
(

jik)2f 1,259 @2
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2 X
i 2% Ik (x; 3 K 2)IK (K 2; v YK (y; ; K 2)IK (K 2 %}))

2
P (ik)2f 1,239 02
. q X [ . Syt gty . gyt oyt ¢
| 2_ Ik(xj 7K2)Ik(K21Xk )Ik(yj vyk) | Ik(X] 1K2)Ik(K21yk )Ik(yj 1Xk)
P (ik)2f 1;2;:mg g2
. q X [ vt . gty s Vs . vyt ¢
| 2[_) Ik(xjvxk)lk(yJ7K2)|k(K21yk)| Ik(X]vyk)lk(yijz)Ik(KZ'le)

(ik)2f 1;2;:mg g2

where the quadratic part in q=pis obviously zero. On the other hand, whenc2 H,(§ ),
hc;81\ 8aig, = dalk(c;Ky):

Therefore inH4(8 1),

§:\ §,= dzxg (IK(Xi;K2)yi i Ik(yi; K2)xi)

i=1
and
k(81\ §2;(81\ 8§2)")

X i ¢
=db Ik Ik (X K2)y; i k(Y KX k(X K2)ye i k(i K2)xg
(jik )2f 1;2;::9 92

Then Proposition 6.1 is proved forn = 2. Since

Km (K 3:pa=as) (B 1\ 82:(81\ 82)k) i lkm (B1\ 82;(81\ 82)k) = i %IKM (81\ 82;Kg3)?

this in turn implies Proposition 6.1 for n = 3. Now, since Ik(§8 1\ §,;K3) does not vary under a
surgery on a knot that does not link K1, K, and K3 algebraically, Proposition 6.1 is also true for

n, 4 and hence for alln. |

Proof of Proposition 6.3: Use that , (K $) = , qU; K ) where U is a trivial knot that surrounds

the crossing change. (See the proofs of Propositions 5.3 and 12.2 in Section)12 :

14 Proofs of the statements on , , and ws

Theorem 5.1 guarantees the existence of a polynomial surgery formula
2(M(Kp=g) i ,2(M) =, 31K)(q=p*+ wa(K)(a=p + C(K;q=p + . 2(L(p;i 0))

where C(K ; q=p only depends ong=pmod Z and C(U;q=p = 0. Since Z5(j M) = Z5$(M), w3(K %
M) =i ws(K Y2 (i M)).

Furthermore, according to Proposition 12.2, if K® is a singular link with two unlinked double
points, then w3(K ®) = j % and C(K®;g=p =0.

The only unproved assertion of Theorem 7.1 is that the knot invariantsC (K ; g=p read c(q=p, q(K)
for knots that bound a surface whoseH ; vanishes inH;(M ). The proof of this assertion will be given
in this section.
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Also note that for any knot K in a rational homology sphereM, w3(K 2 M) = w3(K ¥2M]IN )
and C(K 2M;qg=p = C(K 2M]N ;qg=p.

Let K S be a singular knot with one double point in a rational homology sphere. LetK * and K
be its two desingularisations, and letk ® and K ®°be the two knots obtained from K $ by smoothing
the double point. Assume that K ° and K ®are null-homologous, set

oy s (KY+  AKO L AKT )+ L AKT ) + IKA(KEK Y
f(KS) = 5 i ; :
Note that f (K %M) = f (KS%M]N ).

In order to prove Proposition 7.2, we shall successively prove the folloing lemmas. The two last
ones Lemmas 14.3 and 14.4 obviously imply Proposition 7.2.

Lemma 14.1 Let K be a singular knot with one double point in a rational homolog sphere. The
invariants C(K 5;g=p and (wsj f)(K?®) do not vary under a surgery on a knot that is null-homologous
in the complement ofK S.

Lemma 14.2 Let | be a non-necessarily connected graph in a rational homologybkere M , such that
every loop ofj is null-homologous inM . Then there exist a graphij, in S%, an algebraically split
(rationally) framed link L in S® whose components are null-homologous i8° nj o, and a rational
homology sphereN, such that (S3(L);i o) =(M; i) N .

Lemma 14.3 Let K} be the following singular knot

(3

where representsjnj vertical juxtapositions of the motive 2 if n> 0 and jnj vertical juxtapo-

sitions of the motive § if n< 0. Then for any singular knot K $ with one double pointp, such that
the two knotsK © and K ®obtained from K $ by smoothingp are null-homologous,

(wa i F)K®)=(wzi F)K?yKoxon):
Lemma 144 Foralln2 Z, (wsi f)(K3)=0

We shall next prove the following proposition that generalizes a Casson lemefrom integral to
rational homology spheres.

Proposition 14.5 Let C be a real-valued invariant of null-homologous knots in ratioal homology
spheres such that

2 C(K 2M)= C(K 2M]N ),
2 C(U)=o0,
2 C(K) does not vary under a surgery on a knofl such that(J;K) is a boundary link,

2 jf K% is a singular knot with one double point,C(K %) does not vary under surgery on a knot
that is null-homologous in the complement oK 3.
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Then there existsc 2 R such that

2 jf K S is singular knot with one double pointp, such that the two knotsk ° and K ®obtained from
K S by smoothingp are null-homologous, thenC(K $) = clk(K %K 99, and,

2 jf K bounds a surface whosél, maps to zero inH{(M), C(K) = ¢, {K).

Since the C(;; p=0 satisfy the hypotheses of the proposition above (thanks to Theorem 4.1dfr the

hypothesis on boundary links), this proposition will be sutcient to conclude the proof of Theorem 7.1.
I
|

Let us now prove all the lemmas and the proposition.
Proof of Lemma 14.1: Let J be a null-homologous knot unlinked with K®and K. Let F; be a
Seifert surface forJ that does not meetK s, and let (m; ") be the usual basis of the genus one surface
obtained by tubing a trivial knot V surrounding the double point of K 3, m is a meridian of Ki | ~ is
homotopic to K ®and Ik(*;K i ) = 0. By Theorem 4.1,

ZS(M(J;%)(KS;E»i Z5(M (KS;g»

0 1

- Q

"mm*tTt P,
__C 1 i = A
4pJp@hh\f v 1(F3) %M (K ,q)u :

Since, according to Lemma 9.5, the pairing oim and a curve c in the contraction above will give
rise to the coezxcient (j g=plk(K;c) = j rlk (K;c), C(K%;g=p does not vary under a (;=q )-surgery
onlJ.

ws(K* M (37 2)) i Ws(K® v M) =

H@ﬂ H ) q
@r r:OWZ Zg(KSl/zM(J;aJ))i ZS(KS M)

wherem must be paired either with m* or with | (F;), and in the latter case m* must be paired with
" in order to lead to a linear contribution in r.

m(KS%M(J:EJ—J»a ws(KS % M) =

| . 9 K _
= j —hh 1 (F;) Y2Mii + ——hh 1 (F3) %2Mii w,:
i 20, M\ (Fy) %2 Miiw, 2, MY (Fs) 2Mii w,

SinceK = K%+ ° as far as the connected pairing withl (F;) is concerned,

K-O-K*= "«O-"" + K%K +2 " O-K®
and

KO 2 O+ KOO

Therefore,

1 1
KO- = - 0" EKOO—O—K°9+ SK-OK™

NI =

W3(K51/2M(J;z]i))i w(KS¥2M) =
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S+

a ? . qy ,, K90k 08 . ol K K* N
i —hh 1 (F3)ii i —hh 1 (F3)ii + —hh I (F3)ii w,:
gy oy TFDiwe Rty 1 (Foiiw, + g hh s o (R,

Thus, according to Proposition 6.2, since
hhK «OK * 1(Fy)iiw, = hnK —K [ (Fy)ii w,;
Ws(K* M (3500 | wa(K® M)

=D (EHKY+ L ATHKY L ATK))
2p; 0

Jg L ABKY LXK K YK )
TP 2 2 ! 4 ! 4

= f(Ksl/zM(J;z]—J))i f(KS¥%BM):

Proof of Lemma 14.2: After a possible connected sum with some lens spaces, th@=Z{valued
linking form of M is diagonal [Wa], and the generators ofH (M ;Z) can be represented by a linkL
of algebraically unlinked curvesK; that do not link j, algebraically. Then for each Kj, there exists
a surface § in the exterior (M niIntN (L)) of L whose boundary is a connected essential curve of
@NK;), and that does not meet j. Thus, HY(M nIntN(L); Z) is freely generated by the algebraic
intersections with the §;, and there exists a surgery orL that transforms M into a homology sphere
H. The manifold H can in turn be transformed into S® by surgery on a boundary link of H bounding

a disjoint union Fy of surfaces inH that can be assumed to be disjoint from the rst surgery link
and from the image of j in H. This proves the lemma. |

Proof of Lemma 14.3:  Apply Lemma 14.2 to j = K3, then K0 = ,. Note that Ik(KJ; K39 =
k(K%K?. Recall that (w3 f)(KS % M) = (w3 f)(KS % MIN). Thanks to Lemma 14.1,
(wzj f)KS%MIN)=(wzj f)(KS?%S3). Now that the proof has been reduced to the case where
M = S3, recall that a crossing change orK ° or K ®may be realized by a surgery on a knot satisfying
the hypotheses of Lemma 14.1, that changes neithelk (K %K %9 nor (ws i f)(K?®). Unknotting K°
“rst by crossing changes and next unknotting the parts of K ®between two consecutive intersection
points with the disk bounded by K ®transforms K ® into K® o o - !

Proof of Lemma 14.4: By the crossing change formula of Proposition 6.3, (K })j , °(K§i =il
and , (K)= i n. SinceK}, K2 and K Qare trivial, f (K3)= j 2O,

On the other hand, sincews(K | ) =0, ws(K$) = ws(K} ). The unlinked double crossing change
formula of Theorem 7.1 implies that

1
W3(K;+2)i 2W3(Kr:r+1)+ wa(Ky) =i >

SinceK is trivial, w3(K,) =0, and since K ; is the "gure-eight knot that coincides with its mirror
image, ws(K §) =0, too. Then wa(Kg) = wa(K;) = j "L !

Proof of Proposition 14.5: Let K* be as in the hypotheses of Proposition 7.2. The proof of
Lemma 14.3 shows thatC(K %) = C(Kf’,k(Ko;K o). Since C(U) =0, C(K3) = C(K}). Since the
hypotheses of the proposition imply that C maps singular knots of S® with two unlinked double
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points to 0, C(K,,,) i 2C(K,,;)+ C(K}) = 0, and C(K;) is atne with respect to n. Since
C(Kg) =0, C(K})is linear. Then there existsc such that C(K %) = clk(K %K 9.

Let K be a knot that bounds a Seifert surface § whoseH; maps to zero inH1(M). Applying
Lemma 14.2 to the one-skeleton of § allows us to reduce the proof thaC(K) = ¢, {K) to the case
of knots in S2, thanks to the hypothesis on boundary links. Then this case is easily proved wit the
crossing change formula. :

Proof of Proposition 7.3: Consider the genus one surface 8 irH and its symplectic basis @;b)
below.

ha;bi =1, lk(a;a*) = 52, Ik(b;BF) = L2, Ik(a;b") = L2L2, Ik(a";b) = 12,

. 2
CAK (Y5 2) = L z)(y+4z)+1 1z W= yz: zx+1,

Note that |, YAX); A(Y)) = , YA(Y); A(Z2)) = , AAZ); A(X)). In particular, both sides of the equality

to be proved are symmetric under a cyclic permutation of (X;x);(Y;Vy);(Z;z)). Using this cyclic

symmetry, the formula for the pretzel knot K (x;y; z) follows from the crossing change formula starting

with the trivial knot K 1.1.1:

Py+ zﬂz

2

Aws(K (x+2;y;2) i Aws(K(%y;2)) =, AK(x+2;y;2)+ , AK(xy;2)) +

16 (Wa(K (x +2;y;2)) i Wa(K(X;y;2))) = (2 x+2)(y+ 2) +2+4yz+y*+ 2%
32ws(K (X;y;2)) = 2 x +4xyz + xy2 + xz? + x2(y + 2) + F(y; 2):

Otherwise, the following lemma 14.6 reduces the proof of Proposition 7.3 tohe case where the knot
AK (x;y;2)) is in S8, thanks to Lemma 14.2, and next when the knot is a pretzel knotK (x;y; z) by
crossing changes orX and Y.

Lemma 14.6 Let A be an embedding oH in a rational homology sphere such thatA(X ) and A(Y)
are null homologous in the exterior ofA(H). Let J be a knot in the exterior of A(H) that links neither
A(X) nor A(Y), then
w3(A(K (x;y;2)) %M (3;p=0) i ws(AKK (x;y;2)) % M)
= 55 B NAX)IAYYD) i X, YAX); )iy, YA(Y)9) i 2, (A ) 9))

Proof of Lemma 14.6:  According to Theorem 4.1, if F; is a Seifert surface of] in the complement
of the genus one Seifert surface § oA(K (x;y;z)) in A(H),

w3(AK (xy;2)) %M (3;p=0) i ws(A(K (xy;2)) %2M) = %hhl (&) 1(Fy)iiw,

47



where
abpa
1(8) = VIRV

Write q
4—phhl (8) I'(Fy)iiw, = Ca+ Cpg

where C, is the contribution of the pairings that pair two univalent vertices of |(8), and Cg is the
contribution of the pairings that pair all the univalent vertices of 1(8) to univalent vertices of | (F;).
A !
X+ z y+z

CA:%hh 5 bl + 5 aO-a" +z a«O-b | (Fy)iiw,:

From now on, we write X, Y and Z for A(X), A(Y) and A(Z), respectively.

A !
Ca = %hh gx0x++gv<>v++g (X +Y) O (X + Y)* 1(Fy) i w,:

Thus, according to Proposition 6.2,

a'x, qx:9) AV Z,°(Z:J)ﬂ:

Ca=ig 2 2 2

Let us now compute the contribution of the pairings that are bijections from the set o univalent
vertices of | (8) to the set of univalent vertices of | (F;). For them, we may changeato Y and bto X
and write

XY Y*rX*
&= v v

where the superscripts + distinguish two copies ofX (or Y) whose linking numbers with the curves
of F; are the same.

Let us compute the contribution Cg of the pairings that are bijections from the set of univalent
vertices of | (8) to the set of univalent vertices of some

cd ef
I (c;d;e;f) = VARV
to hhl (c;d;e;f) I (8) ii w,.

Note the symmetry under the exchange of the pair K;Y ) with the pair (X *;Y™).
The contribution of the pairings that pair canddto X and X * is

YOO Y
Ik (c: X)Ik (d: X )hh i‘i/ " \ﬁ/ i w,

that is zero by the antisymmetry relation in the space of Jacobi diagrams. Shilarly, the contribution
of the pairings that pair canddto Y and Y* vanishes.
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The contributions of the pairings that pair d and eto X and X *is

A !
2k (d; X)lk (e; X)k(c;Ik(EY )W, 00 + XD

where A I A I
w, 80 =w A -1

Therefore, the contribution to hhl (c;d;e;f) I (8) ii w, of the pairings that are bijections from the
set of univalent vertices ofl (8) to the set of univalent vertices of 1(c;d;e;f) is

Shh(Gdie) X —X Y —Y" iiw,
Therefore, according to Proposition 6.2,

CB_ q3

L + + i - ﬂ 01 w-
—4p4hh(FJ) X —X*  Y—Y* iiw, 32p, (3 X;Y )

= SCACGY) BM@ia=a) | A6 ) M)

15 More about surgeries on general knots in rational homol-
ogy spheres

Theorem 5.1 describes the polynomial behaviour o, under surgeries on null-homologous knots. It
can easily be generalized to the case of non null-homologous kndks a primitive satellite = of which
bounds a Seifert surface. Letmx be the meridian of such a knotK such that hmg ; “ignk) = Ok .

A surgery curve t on @NK) is determined by its coordinates (k ; gk ) in the symplectic basis
(mg ; %‘) of Hi(@NK); Q) where px = &hl;‘ i is the linking number of K and *, and ox =
hmy ;1. The associate surgery coexcient i =0 -

Theorem 15.1 Letn2 N. Let K be a knot of orderOx in a rational homology sphereM such that
a primitive satellite ~ of K bounds a Seifert surfaceF. Let F1;:::;F" be parallel copies ofF. Let
Pk = 2 Q be a surgery coezcient forK. Then

X )
. P . _ 0K i
ZoM (K )i Za(M) = O Vi e 03 ) (K M)
1=
where
v K= — % _hh O IEY
mak =(pk Oﬁ)( )= ni2n O2n (F") i
' K i2f 1;:5n g
0 = 2 i (ni 1) _ v(nj e
gk =(pk OF ) only depends onck =(px Ok ) mod Z, and, if n, 2, pC(Yn:qlK =(pk OZ )) - Yn;qlK =(px 0%)

does not depend ok and g« . Furthermore, if m is a primitive satellite of K such thathm; i gk ) =

1, and if K %2 M is the knot with the same complement a& whose meridian ism, then, if n | 2,
1

Oﬁni 2

YN DK M) = Y DR % M) + nbm;mg i O Y{ME(K % M):
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Proof: Let?! = pxmk + (g =0« )" be a surgery curve on@NK ). Let
(p=Hh;"1=0kpk;g=m;*i=pchmmgi+ gc=0k)

be the coordinates of! in the symplectic basis (m; ) of H1(N (K);Z). Note that changing m to
another curve such thathm; "i gk ) = 1 leavesp invariant and does not change the class og in Q=Z.
When the other data are xed, the mod Z congruence class of

Ok hm; mg i
5 +
Pk OK Ok

a._
p
depends on the class o% in Q=Z. From the formula of Theorem 5.1
K

ZoM (R P i 2o M= YO R ey + g)i;

n;a=p
i=0
we deduce
Zn(M(K;W))I Zy(M)
_ X v hm; mK| i
= nqp(r@l/zmxw o+ )+ Za(M) i Za(M)
i=0 k Ok
X )
= () 2 . WK
= ) er(:(pK C)}2()(K %BM)(rOg + p_K)
where ) G
(n) T
Yﬂ;qK=(DK Oﬁ)(K M) = |2n02n hh L(F') ii
i2f 1;:5n g
and, if n, 2,
y (i D (K % M) = 1 Y(n.l)(le 15 M) + nhm;my iOx Y(M(K % M):
nak =(pk OF ) in'z n;g=p ;Mg 10k Yy :

Remarks 15.2 A knot K of order O in a rational homology sphere has a primitive satellite that is
null-homologous in its exterior if and only if the self-linking number of K readsd=0x (mod Z) where
d is coprime with Ok .

Like in the proof of Theorem 15.1, the case of knots without null-homologous pgmitive satellites
can be reduced to the case of knots of orde®x > 1 with self-linking number 0. This latter case is
still unclear to me (except for the degree 1 case that can be treated with the methods dhe article).

Relationships between surgery formulae for variougj=p can be found using some equivalences of
surgeries. See [GO].

16 Questions
The statements of Theorems 4.3 and 4.4 make sense for rationally algebraltasplit links. Do they

hold true in this case?
How do the properties of surgery formulae generalize for surgeries on non null-hatogous knots?
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What is the graded space associated to the tration of the rational vector spa&e generated by
rational homology spheres, de ned using Lagrangian-preserving surgeries?

The degreen parts of the LMO invariant and the Kontsevich-Kuperberg-Thurston invarian t coin-
cide on the intersection ofF,, with the vector space generated by homology spheres. The con guration
space invariant for knots in S is obtained from the Kontsevich integral by an isomorphism that in-
serts a (possibly trivial) speci ¢ two-leg box ~ on each chord of a chord diagram. See [L5] for a
more speci ¢ statement. Do the LMO invariant and the Kontsevich-Kuperberg-Thur ston invariant
actually coincide? Is the Kontsevich-Kuperberg-Thurston invariant obtained from the LMO invariant
by inserting the two-leg box —, k (or 2k or 3k) times on each degreé& component of a Jacobi diagram?
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