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Abstract

We find an explicit solution in Shimura’s conjecture for Sps (1963). The ex-
istence of the solution was establised for any genus n by A.N. Andrianov. We
develop formulas for the Satake spherical maps for Sp,, and Gl,.
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Résumé

On trouve une solution explicite de la Conjecture de Shimura pour le groupe
symplectique Sps (1963). On utilise le théoréme général de rationalité établi par
A.N. Andrianov pour tout genre n. On développe les formules pour les applications
sphériques de Satake pour les groupes Sp,, et GL,,.
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1 A formula for the generating series of Hecke operators
of Sps

A classical method to produce L-functions for an algebraic group G over Q uses the

generating series
o [e.9]
- 5\, —5
D Astmn= I > 2@,
n=1

p primes §=0

of the eigenvalues of Hecke operators on an automorphic form f on G. We study the
generating series of Hecke operators T(n) for the symplectic group Spy, when N = 3,
and A\f(n) = Af(T(n)).

Let I' = Spy(Z) C SLan(Z) be the Siegel modular group of genus N, and [p|y =
ploy = T(p,---,p) be the scalar Hecke operator for Spy. According to Hecke and

_ 2N
Shimura,

Dp(X) = iT(P(S)Xé
) 6=0 .
1—T(p)X +p[phX?’

if N =1 (see [Hecke|, and [Shi71], Theorem 3.21),

- 1 — p?[pl2X?
1—T(p)X + {pT1(p?) + p(p? + 1)[pl2} X2 — p3[p]2T(p) X3 + pb[p]3X*
if N =2 (see [Sh], Theorem 2),

\

where T(p), T;(p?) (i = 1,--- , N) are the N + 1 generators of the corresponding Hecke
ring over Z for the symplectic group Spy, in particular, Tx(p?) = [p]n-

In the present paper we treat explicitly the case N = 3, and we find the polynomials
E(X)and F(X) in X of degree 6 and 8 such that D,(X) = E(X)/F(X), through the
generators T(p), T1(p?), T2(p?), [p]s of the Hecke ring (Theorems 1.1 and 2.1). Tt is for
the first time that these explicit polynomials are obtained for genus N > 2.
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The explicit knowledge of the sum of the generating series of Hecke operators

Dy(X) =) T(’)X° = E(X)/F(X)
0=0

gives a relation between the Hecke eigenvalues and the Fourier coefficients of a Hecke
eigenform f. This link is needed for constructing an analytic continuation of L-function
on Spy, which was done by A.N.Andrianov in the case N = 2, see [An74]. An approach
for constructing an analytic continuation of the spinor L-function on Sp3 was indicated
at the talk of the first author, see [PaGRFA].

Our result is based on the use of the Satake spherical map € (see Section 3 for
details). We obtain the following formula for the polynomial P(v) = Q(E(v)):

P(U) = Pg(:l’,‘(), Zy, X2, T3, U) =
- (Sym2,1,1 n (P> +p+1)symii

_l’_
P p?

p+1 3.3
+ pe (symagp 2+ symao1 + symai i + Symiag) Tov (1)

sYm1.1,0
z2 v

2
sym +p+1)sym sym
_( y 3,2,2+(p p 3) ymaze | sy 22,2,1) o
b p b
sym,
4 2YT8.38 p§’3’3 z50°.

(see also [PaVal). The case N = 4 was treated by K.Vankov in [VaSp4|.

In this formula the notation sym;, ;, i, represents the symmetric polynomial of three
variables z1, x2 and x3 constructed in the following way:

L = E i1 _d9 i3
SYMyy g iz = 0-(331 Lo X3 )a
aESn/Stab(zil m? w?’)

where the summation of permuted monomials 7' z5? x5’ is normalized using the stabilizer

Stab(x?w?m?) so that all coefficients are equal to 1 and i1 > i9 > i3 > 0. The total
degree of the polynomial is i1 + i2 + i3. Here S,, = S5 is the symmetric group that acts
naturally on polynomials in n variables, where n = 3 in our case. For example

symo,0 = 1

symi,0,0 = X1 + X2 + T3
sYymi,1,0 = 122 + 2123 + X203
SYymi,1,1 = T12273

4.3 2 4,23 3,42 3.2 4 243 2,34
SYMy4 3,2 = T1ToX3 + T1XoX3 + T]X5T3 + TTX5T3 + T1ToX3 + X1THX3 .

Many computations presented in this article were performed using Maple 9.50 (IBM
INTEL NT). Symmetric polynomials symi,i,i, (up to total degree 9) were computed
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using the coefficient of ¢ of the generating function

H (1+ tx?(l)x?(z)xf(g)) = (1 + ta a2a) (1 + tal alpal?)
o€ES3
x (14 tx?arélzc?)(l + txifwzf’x?)(l + tx?a:;lx?f)(l + tm’i%é?xél) ,

where i1 =0,...,6,i2=0,...,4; and i3 = 0,...,42. Then it is normalized by dividing
out its leading coefficient.

Let us state our result directly in terms of the Hecke operators for the symplectic
group Sp,,, defined at p. 142 of [An87]. Consider the group of positive symplectic
similitudes

S =8"=GSp, (Q) ={M € M2, (Q) | "M I M = p(M) T, u(M) >0}, (2)

where Jn—< Of (I)" )
—in n

For the Siegel modular group I" = Sp,,(Z) consider the double cosets
(M) =TMT CS, (3)

and the Hecke operators

MeSD,,(a)

where M runs through the following integral matrices
SDn(a) = {diag(dy, - ,dnie1, -, en) | dildit1, dnlen, €iriles, die; = a}.  (5)
Let us use the notation
T(dy, - ,dpser, - ,en)) = (diag(di, -+ ,dnse1, - ,en)). (6)

In particular we have the operators (see p. 149 of [An87)):

T(p) :T(]-a 717]77 7p)7 (7)
—— ——
n n
Ti(pz):T(la”'717p7"'7p7p27'”7p27p7'”7p)7 fori:1727"'7n‘ (8)
n—1 (2 n— 3

Then their images by the spherical map 2 are given at p.159 of [An87]:

UT(p)) = wo [ [(1+2:) =D wosj(ar, wa, -+ ), (9)
=0 =0

AUTip*)) = Y P Vsmy(a — i, a)agw(mas). (10)

a+b<n,a>i
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Here

si(x1,...,xn) = Z Tay Ty

1<o<-<a;<n
is the ith elementary symmetric polynomial (different then previously defined sym;, i, .i5),
In—a—b
Tah = pl, is a Hecke operator for GL,,, and the coefficient
PLy
smy(r, a) denotes the number of symmetric matrices of rank r and order a over the field
[F,,. This coefficient is evaluated at p.205 of [An87]:

ba(p)

smy,(r,a) = smy,(r,r) ——————, 11
P8 =S T e @) )
with ¢,(z) = (z — 1)(2? = 1)-...-(z" — 1) for » > 1, and ¢o(z) = 1.
In particular, we have in the case n = 3 that
Q(T(p)) = 20 (1 + symq 0,0 + sYymy 1,0+ $ym1,1,1) 5
z2 p2 -1 x2
QT (p%) = O(pg) (Symz,u + Sym1,1,o) + ;0 (Sym2,2,1 +symgy 10+ SymLo,o)
2 2
y(p—1)(2p°+4p+1
ol G ’ )Syml,l,lv
p
(12)

zqw(t(1,p,p)) + pradw(t(p, p, p?)) + smy(1, 3)zgw(t(p, p, p))

Q(Tg(pQ)) = pOSITlp((L 2)x%w(7r270) + p4smp(0, 2)(6%&)(7'(271) —i—posmp(l, S)xgw(ﬂgp)
4
5 i (p—1)(p*+p+1)

_ I
—*(Sym110+3ym211)+ SYmi 1.1 5
p3 b b b I pG b b

:E(2)1'1:132:E3 :L‘02

Q(T3(p?)) = Q([pl3) = psm, (0, 3)xdw(ms ) = = p?syml,l,l )

6
p
because of the equality (11) with a = 3,7 = 1 implying sm,(1,3) = (p — 1)(p> + p+ 1).

Consider the polynomial Q3(v) defining the spinor zeta function Z(s) of genus three:

Qs3(v) = Q3(z0, 21,22, T3,0)
= (1 — zov)(1 — zoz1v)(1 — 2o22v)(1 — TOT3V) (13)
X (1 — zoz1290) (1 — 2o21230) (1 — T2223V) (1 — TOT1T22T3V).

Following the proof at p.159 of [An87|, there exist Hecke operators
q; € Q[T(p), T1(p?), -, Tn(p?)] such that

ogn
ZQ(qj)vj =Qn(w) = (1 —29v)(1 — zgz10)(1 — ToZ2V)". . .«(1 — TYT1T2". . T V).
j=0

(14)
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Let us consider the series R, (v) = .52, T(p?)v° € Lz[v] and the polynomial Q,,(v) =
Z?lo q;v’ over the Hecke ring L7.
It was established by A.N.Andrianov, that there exist polynomials

P, (v) € QT (p), T1(p?),--- , Tu(p?),v] such that

_ 5y — P, (v)
R, (v) = gT(p o = Qn(v)’

(15)

with the above polynomial Q,(v) = Z?Zo q;v’ of degree 2", and such that P, (v) =
22

Z ujvj is a polynomial of degree 2" — 2 with the leading term

j=0

(_1)n—1pn(n+1)2"_2—n2 [p]2n_1—1v2”—2
(as stated in Theorem 6 at p. 451 of [An70] and at p.61 of §1.3, [An74]). In the following

theorem we denote by [p], = (pI2,) = Tp(p?) the element (3.4.48) in [An70]), so that
Q([pln) = p "t 20201 .

THEOREM 1.1 Ifn = 3, there is the following explicit polynomial presentation:

5 _ P3v)
Qs(v)’

Rs(v) =) T

0=0

(16)

where

P3(v) =1 — (p*Ta2(p®) + (p* + p* + 1)p*[pl3) v* + (p + 1)p*T(p)[p]sv® (17)
—p° (P*T2(p)[pls + (0" + p* + D)p*[p)3) v* + p'°[p]30° € Lz[v].

REMARK 1.2 It was pointed out to the first author by S.Boecherer, that difficulties in the
problem of analytic continuation of the spinor L-function of genus 3 could come from
the polynomial P3(v). Indeed, this is clearly indicated by Kurokawa’s paper [Ku88],
Theorem 2 in the case of the Siegel-Eisenstein series of genus 3. A similar polynomial
is discussed in the paper of Maass [Maa76] using densities.

REMARK 1.3 It seems that the polynomial P, (v) does not depend on T1(p?) in general.

2 Explicit form of Shimura’s conjecture for Sp;

Our result gives a complement to the solution of Shimura’s conjecture by A.N.Andrianov
in [An67| (see also [An68| and [An69]). This conjecture was stated in [Sh|, at p.825 as
follows:

“In general, it is plausible that D,(X) = E(X)/F(X) with polynomials
E(X) and F(X) in X with integral coefficients of degree 2" — 2 and 2",
respectively”
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(i.e. with coefficients in Lz = Z[T(p), T1(p?),--- , Tn(p?)])-

THEOREM 2.1 Ifn = 3, one has the following explicit polynomial presentation:

o 5y — P3(v)
=2 T =G0y 1)
where P3(v) is given by (17), and
Qs(v) =1—-"T(p)v (19)
+ (pT1 + (»* +p) T2(p?) + (p° — 2p° + 2p* + 29 + p) [p]3) v*
+ (- Ta(p®) — p* T(p) [pl3) v*
+(—2p7T1 ) [p)s + p° Ta(p 2)+(—2p7+2p6)T2( *) [pl3
+(=3p"? +4p't —4p' —2p - 2p +p pl3 + 1° [pls T(p)*)v*

%)
+p6[p] (—p*T(p) T2(p?) — p’ [p]3) v
+p' [p]g(pTl(p) (p +p)T2( )+( 6 —2p° +2p* +2p° + p) [p3) 0°
— p"® [p3 T(p)v" + p* [pl3v° € Lz[v]

REMARK 2.2 (a) In the case n = 2 Shimura proved ([Sh], Theorem 2) that

ZT (1 — p?[plaX?)x

[1 —T(p)X + {pT1(p*) + p(p* + 1)[p)2} X — p*[p]2T(p) X* + p°[p)5X "]

(b) For the group G = GL,, it was proved by T.Tamagawa [Tam] that for all n

n

Zt(pé)X(S _ [Z(_1)ipi(i—1)/2ﬂ_i(p)Xi]—1
=0

=0
(see in [Shi71], Theorem 3.21).

Proof of Theorem 2.1 follows the same lines as that of Theorem 1.1. We compute
an expression for Q(Qs(v)) in terms of sym;, i, i,:

QUQs(v)) =1 — x5 (symy 1,1+ symy 1o+ symy oo+ 1)v

+ 25 (4 symy 11+ symy g o+ 28ymy 1 1 +28ymy 1 g+ sYma 1 o+ SYMa 2 1) v’

- xg(sym& 1,1+ symy 10+ 4symg o 1 +4Asymy 1 1+ symg 1 o+ Symg o o +4Ssymsy o o
+ symg 9 o+ symg o 1 +4symgy 4 )o° + :Lﬁl(sym& 1,1 T 8ymy 1 1+ symg 31

+ 8ymy 9 o +25ymy 1 1 +4Asyms o o +28ymg o 1 + SYmg 9 o+ 85Yma 9 o (20)
+2symg 5 9 + syms 5 5 +4 S?sz,z,l)v4 - Ig(sym4,3,3 + SsYymy 3.0 + SYmo o 4

+ 4 5ymy o o+ 4 5ymy 5 o + Syma 31 + 4 syms o o + 4 symy 5 3+ SYyMmy 5 5 + sYmy 9 1)0°
+ a5 (2symg 5 o + syms o 5 + 2 symy 3 3 + 4 syms 3 5+ symy 3 o + symy 4 3) 0°

7 7, .8 8
— @y (8YmMy 3,3+ SYms 3.3+ SYmy 4 4 + 8Ymy 4 3) V' + T5 symy 4 4 v°.
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Then we use the polynomial expressions (12) for the generators of the Hecke ring. Using
these generators, we may look for a solution in the following form:

Q3(v)) =1 = AT P)v + (Kr1ppQ(T1(p?)) + Kr2p2(T2(p?)) (21)
+ Kr3p2Q([ps) + KrprpU(T(p))?) v?
+ (Krpr1p2 AT (p)T1(p?)) + Krprope U T(p)T2(p?))
+ Kryrsp2 T (p)[pls) + KTpTszirJQ(rI‘(p))3)U3
+ (Kr1por1p2 QU T1(p?))? + KriporopeQ(T1(p®) T2(p?))
(T1(*)[Pl3) + KroparapmQ(Ta(p?))
(T2(p*)[pl3) + Krsparspe A[pJ3)
+ Kriporymy AT (0°)T(9)?) + KraparpryTa(p°) T(p)?)
Q[P T(p)*) + Kryrprpry AT (p))v"
+Q(as)v” + Qqe)0° + Qar)v” + p* Q([pls) "o,

+ Kr1porap2 §2

+ K7oporap2 §2

+ Kr3p21pTp

It is not too difficult to resolve the resulting equations in the indeterminate coeffi-
cients:

Krpripe = 0, Krprprp = 0, Krprope = —p°, Krprape = —p°, Krope = p° + p,
Krapy =p° — 2p° +2p* + 2p3 + p, KTlpZ D, Krprp = 0, Kroparprp = 0,
Kriporsp2 = —2p7, Kroporaps = —2p7 + 25, KT1p2T1p2 0, Kr1par2p2 = 0,

Kroporape = 1%, Kriperprp = 0, Kraparyrp = 0°, Krprprpry = 0,
Kraporsps = —3p'? +4p'! — 4p10 Z2p0 27 45,

Then we find the remaining coefficients qs, qg, qr using the functional equation
[An87], p.164 (3.3.79): qs_; = (p°[p]3)*aq; (i = 0,---,8), compare with formulas in
[Evd]. n

3 An identity involving w(t(1, p2, p™*))

The theory of Hecke rings for the symplectic group is developed in [Sh|, [An87] and
[AnZh95] (Ch. 3). At page 150 of [AnZh95] we have the following identity for the
spherical map

(22)

o0
=> S p e, (g0 ) ()
0=0 0<61<-<0,<6

This identity for formal generating series of elements of Hecke ring allows to reduce
computations in the local Hecke rins of the symplectic group to computations in poly-
nomial rings by applying the spherical map Q to elements T(p®) = T"(p°) € Ly(q) of
Hecke ring for the symplectic group or spherical map w to elements t(p, ..., p’) =
>_jaj(Agj) € Lo(A", Gy) of Hecke ring for the general linear group. Detailed definition
of spherical maps for Hecke elements as well as definitions and a structure of left cosets
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Agj and Hecke pairs A", G} can be found in [AnZh95] chapter 3 paragraphs 2 and 3, see
also [An87| chapter 3. For generating elements m;(p) = 7' (p) = (diag(1,...,1,p,...,p))
with 1 on the diagonal listed (n — i) times and then p listed 4 times (1 < i < n) the

images elements under the map w = wy are given by the formulas

Wl (p) =p Psi(@r,..oxa) (L<i<n),

where

si(T1y. .., xn) = Z Tay Ty

1<o <-<a;<n

is the ith elementary symmetric polynomial (different then previously defined sym;, 4, i,)-
For an arbitrary element ¢ the map is defined by

w(t) = Zajw((/\gj))-

Examples of computation for cases n = 1 and n = 2 are given in [Sh|, at page 824,
and in the book [AnZh95], at page 150:

Ri(v) = [(1 — zov)(1 — mox1v)] 1, (23)
2 2
Ro(v) = [(1 — 2ov)(1 — 20210 (1 — 2oz2v)(1 — T2y 290)] <1 - Wlf”) (24)
In this paper we consider n = 3. Acting analogously to the case n = 2 let

5y =01 + 0
d3 = 61 + &5

O (25)
0=01+9
&' =0d0+0

where 0 < 0] <65 <4’, 3> 0. Then

[eS)
R3(’U) — Z Z p351+252+53w<t(p517p527p53))(x0,v)5
0=0 0<81<62<83<0

4
=3 Y (wgu)i ot (x1$2$3> lw(t(l P8, %) )pBi+2(61+6)+(r+65)
8120 5>0,0<8; <8} P

61
=3 S (agu)hts <x1x2$3> N R

0
61>0 3>0,0<8), <8

= ZZ(movxlmgxg)‘sl(:Uov)ﬁ Z w(t(1,p%1, p22)) 21t (10v)%

5120 320 0<8; <84
= [(1 = 2ov)(1 — ommazgv)] " > w(t(1,p’, p’))p? 1% (zv)%
0<5, <8,

= [(1 —zov)(1 — zoz1v)(1 — zoz2v) (1l — Zo23V) (1 — ZoT1220V) (1 — TOT1T3V)

x (1 — zoxox3v)(1 — zox1xx3v)] L P3(V)
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Here P3(v) denotes a polynomial of degree 6 as stated in the Theorem 6 (page 451) of
[An70]. This rational polynomial presentation is proved in [An69]| for Hecke series and (-
functions of the groups GL,, and SP, over local fields. Further theory and applications
were developed for genus 2 in the work [AnT74|.

It follows that

Py(v) = > w(t(1,p,p%))p*1 % (zgv)% x (26)
0<6) <8,

X [(1 = zox1v)(1 — zoz2v)(1 — 2o23v) (1 — TpT122V) (1 — ToT123V) (1 — TOT2X3V)],

and our main result follows from the explicit computation of the coefficients w(t(1, p%, p%2))
given in the next section.

4 A computation for the images of the Hecke operators
under the spherical map

The formula for Pj is obtained using the following computation for the images w(t(1, p*2,
p™3)) of the Hecke operators under the spherical map for the group A = GL3(Z). Note
that the notation € used in the article [An70] corresponds to w in our formulas by the
substitution of x1 by z1/p, x2 by x2/p and x3 by x3/p. We used formula (1.7) for
at page 432 of [An70] and adopted it for w. In the notations of that article we have
that W is the group S, = Ss, the set ¥ = {(1,-1,0),(1,0,-1),(0,1,—-1)}, ¢ = p and
A = (0,0;,8,). The expression for the polynomial ¢(z) from [An70] takes the following
form

(w2 — a1/p)(xs — a1/p)(x3 — 22/p)

c(r1,2,23) = (xo — 1) (23 — 11) (23 — T2)

In the case of n = 3 we have 28 different possibilities for w(t(1, p*2, p*#)), which we only
need in order to compute the polynomial P3(v) of degree 6:

1) w(t(1,1,1)) =1,

SYymy 0,0

2) w(t(1,1,p) = —=,
p

SYymy 1.0

3) w(t(l,p,p)) = -

(p—1)symy19  symago
p3 * p?

4) w(t(1,1,p%) =

(2172 -p—1) Symii SYma 1,0
6 + 4
p p

5) w(t(1,p,p?)) =

(p—1)symy 4 L SYmaz0

6) w(t(1,p?p*)) = p~ o

b

(P> —2p+1) symy n (p* —p) syma1 o L SYMs00

7) w(t(L 17p3)) = » I 3

b
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(2p—2)symyyq  (p—1)symasg  SYM31 0
6 + 6 + 5
p p p

8) w(t(1,p,p?)) =

Y

2p—2) sym p—1)sym sym
( ) sy 2,2,1+( ) sy 3,1,1 n yms 20

9 wtl,pz,p?’ =
) w(t( ) e pe o7

7

2 2
p°—2p+1)sym P2 —p) sym sum,
10) w(t(17p3’p3)):( ) sy 2,2,2+( ) Syms o 1 Y

pll i o
(p2 - 2]0 + 1) Symz’Ll (p2 — p) Sym27270 (pz — p) Sym37170
11) w(t(l, 1,p4)) = p6 + p6 n p6
pt
2p* —3p+ 1) sym 2p* —2p) sym p* —p) sym
12) w(t(l,p,p4)) = ( 3 ) 2,21 +( 8) 3,1,1 +( )8 3,2,0
p P P
SYma, 1,0
ps

(—4p* +3p°> +2p— 1) symgoy  (2p° —3p* +p) syms o,
13) w(t(l,pz,p4)) = pll — + pll =

(p3 - p2) SYyms 3.0 I (p3 - P2) SYMy 1.1 n SYmy 2.0

_l’_

pll pll P
(2 p2 -3p+1) SYms 2 2 (2172 —2p) SYms 3.1 (P2 - p) SYmy a1
14) w(t(l,p?’,p‘l)) = p12 + p12 + p12
SYmy 3.0
plo 7
(P> —2p+1)symsszo  (P* —p)symyss  (P* —p) symy sz,
15) w(t(l,p4,p4)) = p14 + p14 + p14
SYMy 4.0
pli2 7
2 2 2
p°—2p+1)sym p°—2p+1)sym p° —p) sym
10 ottt 1y = L2V 62+ D oy (5 0) o
(»* —p)
P —=Dp)symy1o0  SYMs50,0
+ 7 + 5
p p
2p% —4p+2) sym 2p2 —3p+1)sym 2 —p)sym
17) w(t(l,p,p5)):( p p - ) sy 2,2,2+( p p ; ) sy 3,2,1+(P P)g?/ 3,3,0
) p2 p b
(2p* —2p) SYMy 11 (r* —p) SYyMmyoo  SYM51.0
+ 9 + 9 + 7
p b p
(3p® —5p° +3p—1)symsqy  (2p° —4p*+2p) syms 3,
18) w(t(l,p2,p5)) = p12 + plg
2p3 —3p +p)sym p® — p?) sym p® — p?) sym sym
+( ) sy 42,1 +( ) sy 4,3,0+( ) 8y 5,1,1 n ) 5,2,07

p12 p12 p12 p9
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(Bp* —5p* +3p—1)symzz,  (2p° —4p* +2p) symy s,

19) w(t(1,p?,p%)) = T + e
(2p® =3p® +p)symyz1  (p° —p*)symyqo (0 — D) symsoy  symszg
+ 12 + 12 + 14 R
b p b b
(2p* —4p+2) symsg g (2 p*—3p+1) SYMmy 3.2
20) w(t(l,p4,p5)) = pi5 + Pl
n (2p® —2p) symy 4, n (p® — p) syms 2.9 n (p® — p) syms 31 N SYMs5 4.0
it E it PR
(P —2p+1)symyzs (P —2p+1)symyyo (p* —p) syms o
21) w(t(l,p5,p5)) = p17 + p17 + p17
(P2 —p) SYyms 41 . SYMsi50
+ 5 5
2 2 2
—2p+1)sym —2p+1)sym — D) sym
22) wit(l, Lpﬁ)) _ (p p ) sy 2,2,2 4 (p p ) sy 3,2,1 I (p p) 8y 3,3,0
7 'S 'S
(P2 —2p+1) SYmg 11 (P2 - D) SYmy 2.0 (P2 - D) SYms 1,0 SYmMe 0,0
+ 3 + 3 + 3 + 5
p D p p
(2p* —4p+2) symzoy  (2p* —3p+1) symgy,
23) w(t(l,p,p6)) = plo + plo
(2p* —=3p+1)symyoy  (P* —p)symyzo (20> —2p) syms 1,
+ p10 + P10 + P10
(P2 - D) SYmsoo . SYMe 1.0
+ P10 + B
(3p° —6p° +4p—1)symgg,  (3p° —5p* +3p—1)symys,
24) w(t(l,pZ,pEi)) = p13 + p13
(2p° —4p*+2p)symyzy  (p° —p®) symaao  (2p° —3p® +p) syms oy
+ NE + e + e
I (P3 - p2) SYms 3.0 i (P3 - p2) Syme1,1 | SYMe 20
B e plo
(4p° —Tp* +5p—2) symggs  (3p° —6p” +4p— 1) symys9
25) w(t(l,pg,p6)) = p15 + p15
(2p° —4p® +2p)symyy;  (2P° —4p* +2p) symsoe  (2p0° —3p* +p) syms 5,
+ iE + 8E + 8E
n (p3 - p2) SYms 4.0 I (p3 - P2) SYyMme21  SYMe 30
E E P2
(3p° —6p* +4p—1)symyss  (3p> —5p> +3p — 1) symy 4,
26) w(t(l,p47p6)) = p17 + p17
N (2p® —4p* +2p) syms 3.9 N (2p® —3p® +p) syms 4, N (p° — p®) syms 50
. 5 o S 5
n (P’ —p )Sym6,272 n (P> —p )Sym6,3,1 SYme 4.0

p17 p17 p14 ?



A. Panchishkin & K. Vankov — Explicit Shimura’s conjecture for Sp,

(2p* —4p+2)symyys  (2p° —3p+1) syms 33
27) w(t(l,p5,p6)) = p18 + p18

N (2p® —3p+1) syms 49 N (2p* —2p)syms 5, (p* — ) symg 3.

_|_
) pIB pI8 I8
(p* —p) SYme 4.1 SYme 5.0
+ I8 + pl6
(P* —2p+1)symyyy  (P* —2p+1) syms, 3
28) w(t(17p67p6>) = p20 + p20
(p* —2p+1) SYms 5.2 (p* —p) SYme 3.3 (p* —p) SYMeg 4.2
+ 20 + 20 + 20
) b p b
(p” —p) SYymes1  SYMe 6.0
+ P20 I8

13

Note that Rhodes, J. A. and Shemanske, T. R. developed an alternative method

of computing w(t(p®,...,p’)) in [RhSh], based on counting of certain left cosets in a

given double coset (Theorem 4.3 of [RhSh]).

5 A special case

For some particular values of the Satake parameters zg, x1, €2, 3, the polynomial Ps

can be considerably simplified. For example, let us substitute o =1, x1 =p, xo = p
and x3 = p® as in Exercise 3.3.40, p.168 of [An87|: P,(v) := P(1,p,p?, p3,v), where v
denotes the degree homomorphism v(zg) = 1, v(z1) = p, v(x2) = p?, v(x3) = p>. Then

the polynomial P takes the form

p"+p®+p°
D

1) (p° + pl0 4 pll 1) (p7 + 8+ p°
+<(p+1)p1o+(p+ )(ppﬁgp +p )+(p+ )(pp+p +p”)

13 14 15 9 10 11
+p+ +p'0+
- (W+(p2+p+ 1)p9+ppp2p> vt +p'oaf

=1-(p® +p" +2p° +p° +2p* +p* + p*)0?
+ (M +2p0 4297 +3p8 +3p" +2p% +2p° +p)0?
_(pl3 +p12 +2p11 +p10 +2p9 +p8 +p7)v4+p1506.

3 .4 .5
+pt
+(p2+p+1)p4+p7p p>v2

Py(v):1—<

This gives the following factorization:

2

5 +(p+ 1)p4> v?

P,(v)=(1-pv)(1—p°v)(1—p*v) (1 —p*v) (L+pv+p*v+p*v+ptv+p°o?).
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