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Abstract

For a prime number p > 5, we consider three classical cusp eigenforms

[i(2) =) anje(nz) € 8, (N, 4by), (5 =1,2,3)
n=1

of weights k1, ks, k3, of conductors Ny, N2, N3, and of nebentypus characters 1); mod
Nj.
According to H.Hida [Hi86] and R.Coleman [CoPB], one can include each f;
( = 1,2,3) (under suitable assumptions on p and on f;) into a p-adic analytic
family

oo
ki = {finy = D an(fin,)a"}
n=1
of cusp eigenforms f; . of weights k; in such a way that f;, = f;, and that
all their Fourier coefficients a,,(f;x;) are given by certain p-adic analytic functions
kj = an (k).
The purpose of this paper is to describe a four variable p-adic L function
attached to Garrett’s triple product of three Coleman’s families

kj — {fj,kj = Zamj(k)qn}

n=1

of cusp eigenforms of three fixed slopes o; = vp(a&;(kj)) > 0 where ozz(i; =
1()1])(1@) is an eigenvalue (which depends on k;) of Atkin’s operator U = U,, acting
on Fourier expansions by U(}_ 0% ang™) = Y050 npq"™-
Let us consider the product of three eigenvalues:

(07

A= A1, ko ks) = ol (k1)al! (ko)al') (k)
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and assume that the slope of this product
g = ’Up(/\(kl, kg, kg)) = Cf(kl, kQ, kg) =01 =+ g2 =+ g3

is constant and positive for all triplets (k1, ko, k3) in an appropriate p-adic neigh-
bourhood of the fixed triplet of weights (k1, k2, k3). The each value o; is fixed.

We consider the p-adic weight space X containing all (k;, ;). Our p-adic L-
functions are Mellin transforms of certain measures with values in A, where A =
A(B) denotes an affinoid algebra associated with an affinoid space B as in [CoPB],
where B = B; x By x Bg, is an affinoid neighbourhood around (k1, kg, k3) € X3
(with a given integers k; and fixed Dirichlet characters ¢; mod N).

We construct such a measure from higher twists of classical Siegel-Eisenstein
series, which produce distributions with values in certain Banach A-modules M =
M(N; A) of triple modular forms with coefficients in the algebra A.

Keywords: Symplectic group, Hecke’s operators, Coleman’s families, Garrett’s
triple product, Siegel-Eisenstein series.

Résumé

Soit p > 5 un nombre premier. On considére trois formes paraboliques classiques
fj(2), fonctions propres d’opérateurs de Hecke, de poids ki, k2, k3, de conducteurs
N1, N2, N3, et de caractéres ¥; mod N;. Selon H.Hida and R.Coleman, on peut
inclure chaque f; dans une famille p-adique analytique k; — {f;x;} de formes
paraboliques f;x,, fonctions propres d’opérateurs de Hecke, de poids variables
k; de telle facon que f;x, = f;, et que tous les coefficients de Fourier a,(fjx;)
sont donnés par certaines fonctions p-adiques analytiques k; — a,,_;(k;). Le but de
présent travail est de décrire une fonction L p-adique analytique de quatre variables
attachée au produit triple de Garrett de trois familles de Coleman k; — {fj,}
de formes paraboliques, fonctions propres d’opérateurs de Hecke, de trois pentes
fixées o; = vp(a(l)(kj)) > 0ot alt) = a(l)(kj) est une valeur propre (une fonction

P:J P,J D,J
de k;) d’opérateur d’Atkin U = U, agissant sur les développements de Fourier par

Um0 anq") = >0 tnpg"-

On considére l'espace des poids p-adique X contenant tous les (k;,1;). Nos
fonctions L p-adiques sont les transformées de Mellin de certaines mesures & valeurs
dans A, ou A = A(B) désigne l'algébre affinoide associée a 'espace affinoide B
introduit par R.Coleman, ou B = B; x By x Bg, est un voisinage affinoide autour
de (k1, k2, k3) € X? (avec les entiers donnés k; et les caractéres fixés ¢; mod N).
On construit une telle mesure a partir de twists de séries classiques de Siegel-
Eisenstein, produisant des distributions & valeurs dans certain modules de Banach
de formes modulaires triples sur I’algébre A.

Mots-clés : Groupe symplectique, Opérateurs de Hecke, Familles de Coleman,
Produits triples de Garrett, Séries de Siegel-Eisenstein.

2000 Mathematics Subject Classification : 11F60.
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1 Introduction
Why study L-values attached to modular forms?
A popular proceedure in Number Theory is the following:
) Compute f via
ConsFruct a geng"atmgn modular forms,
function f = Zr_zzo nd for example A number
€ C[[q]] of an arithmetical ~s oo i
. n (solution)
function n +— ay, ZP(”)(I
or example a,, = p(n) A g
Example 1 [Chand70]: 1 1
(Hardy-Ramanujan)
s Good bases, Values
p(n) = W finite dimensions, of L-functions,
+O(en VAR —1724) )33 ) many relations periods,
An =V 12 and identities congruences, ...
Other examples: Birch and Swinnerton-Dyer conjecture, ... L-values attached to

modular forms
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Our data: three primitive cusp eigenforms

£i(2) = aniq" € S, (N, 4by), (5 =1,2,3) (L.1)

n=1

of weights k1, k2, k3, of conductors Ny, N2, N3, and of nebentypus characters 1»; mod Nj,
N := LCM(Ny, Na, N3).

Let p be a prime, pt N.

We view f; € Q[q] A Cplq] via a fixed embedding Q & Cp, Cp = Q, is Tate’s
field.

Let x denote a variable Dirichlet character mod Np¥,v > 0.

We view k; as a variable weight in the weight space X = Xy, = Homeon(Y, (C;),
Y =(Z/NZ)* x Zy > (Yo, Yp)-

The space X is a p-adic analytic space first used in Serre’s [Se73| Formes modulaires
et fonctions zéta p-adiques. Denote by (k,x) € X the homomorphism (yo,y,) —
X (0)x(yp mod p”)y]’;. We write simply k; for the couple (kj,1;) € X.

The purpose of this paper is to describe a four variable p-adic L function
attached to Garrett’s triple product of three Coleman’s families
[o¢]
kj— {fj,kj = Zan,j(kj)qn}
n=1

of cusp eigenforms of three constant slopes o; = ordp(az(:; (k;j)) > 0 where al(:g). (k;),
(2)

a, (kj) are the Satake parameters given as inverse roots of the Hecke p—polynomial
L= ap X = (p)ph X = (1= g (D) X)(1 — 0} () X).
1 2
We assume that ordp(a](m)» (kj)) < ordp(az(%; (kj)).

This extends a previous result: (see [PaTV]|, Invent. Math. v. 154, N3 (2003))
where a two variable p-adic L-function was constructed interpolating on all k a function
(k,s) — L*(fx,s,x) (s=1,--- ,k —1) for such a family.

We use the theory of p-adic integration with values in spaces of nearly holomorphic
modular forms (in the sense of Shimura, see [ShiAr]).

A family of slope o > 0 of cusp eigenforms f;, of weight £ > 2:

kv fr = Z an(k)q" 1) the Fourier coefficients a, (k) of f
_ n=1 and one of the Satake
€ Q4] c Cplq]

A model example
of a p-adic family
(not cusp and o = 0):

Eisenstein series 2) the slope is constant and positive:

an(k) =) "V i =Er | ord(a(k) = o >0
din

p-parameters a(k) = ()z](gl)(k)
are given by certain p-adic analytic
functions k — ay(k) for (n,p) =1
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The existence of families of slope o > 0 was established in [CoPB]

A program in PARI for computing
such families is contained in [CST9S§]|
(see also the Web-page of W.Stein,
http://modular.fas.harvard.edu/ )

R.Coleman gave an example with
p="7 f=A k=12
ar =71(7) = —7-2392,0 = 1.

Coleman proved that :

e The operator U acts as —> there exists
a completely continuous operator the Fredholm determinant
on each A-submodule Mf(Np¥; A) Py(T)
C Alq] (i.e. U is a limit =det(Id—-T-U) € A[T]
of finite-dimensional operators)
e there is a version
of the Riesz theory:
for any inverse root o € A*
of Py(T) there exists
an eigenfunction g, Ug = ag

such that evi(g) € C,[q]
are classical cusp eigenforms
for all k£ in a neighourhood

B C X (seein [CoPBJ)

2 Generalities on triple products

The triple product with a Dirichlet character y is defined as the following complex
L-function ( an Euler product of degree eight):

L(fi® fo@ f3,5,%) = [ [ LUf1 ® fa ® f3)p, x(p)P™*), (22)
ptN
where L((f1 ® fo ® f3)p, X) ! = (2.3)

(1) (1) 1)
« 0 Q 0 « 0
det | 1s — X 8’1 @) | ® 8’2 2 | ® 8’3 (2)
p,1 Ap2 A3

I - oo
n

1 1 1 1 1 2 2 2 2
= (1-afalBaldx)(1 - al}al)al%X). . (1 - alHal)allX),

product taken over all 8 maps n: {1,2,3} — {1,2}.

The Satake parameters and Hecke p-polynomials of forms f;:

Do are given as inverse roots of the Hecke p—

Here the Satake parameters Qs

polynomials

1 apy X — ¢i(p)p" X2 = (1 - o) (0)X)(1 - ol (p)X),

We always assume that the weights are “balanced”:
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k12k22k322, andk1§k2+k3—2 (2.4)

Critical values and functional equation

We use the corresponding normalized L function (see [De79], [Col, [Co-PeRi]), which
has the form:

Af1® f2® f3,8,x) = (2.5)
F@(s)l“@(s — ks + 1)F(c(8 — ko + 1)Fc(s — ki1 + l)L(fl ® fo ® fs, S,X),

where T'c(s) = 2(27) 5T'(s).

The Gamma-factor determines the critical values s = ki, , ko + k3 — 2 of A(s),
2
which we explicitely evaluate (like in the classical formula ((2) = %)

A functional equation of A(s) has the form:
s+ ki + ko + ks —2—s.

According to H.Hida [Hi86] and R.Coleman [CoPBJ, one can include each f; (j =
1,2,3) (under suitable assumptions on p and on f;) into a p-adic analytic family

fj : k‘j — {fng]- = Zan(fﬁk]‘)qn}
n=1

of cusp eigenforms [, of weights k; in such a way that f;,, = f;, and that all their
Fourier coefficients a,(f; ;) are given by certain p-adic analytic functions k; +— a, ;(k;).

3 Statement of the problem

Given three p-adic analytic families f; of slope o; > 0, to construct a four-
variable p-adic L-function attached to Garrett’s triple product of these fam-
ilies.

We show that this function interpolates the special values

(s, k1, k2, ko) — A(f1r, © fohs ® [3k55,X)

at critical points s = k1, -+, ko + k3 — 2 for balanced weights k1 < ko + k3 — 2; we
prove that these values are algebraic numbers after dividing out certain “periods”.
However the construction uses directly modular forms, and not the L-values in ques-
tion, and a comparison of special values of two functions is done after the construction.
Consider the product of the Satake parmeters

A = apilag oy = Aplki, ko, bs)

We assume that Ordpag])- < ordpag])-, and that the slope o = ord,(\p(k1, k2, k3)) is
constant and positive for all triplets (k1, k2, k3) in a p-adic neighbourhood B C X3 of
the fixed triplet of weights (k1, ko, k3).
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Our method includes:

e a version of Garrett's integral representation for the triple L-functions of the form: for
r=0,---,ka+ ks — ki — 2,
A(f1k ®f2k:2 ® f3,kss k2 + k3 —1,X) =
dx]dy]
Frin (21) Fory (22) Fa s (23) €21, 22, 233 =7, X) H( )

y]

FO N2 21) \H
where f] k; fjok is an eigenfunction of U; in My, (Np,v;),
Jjk; 0 is the correspondlng elgenfunctlon of Up,

&(z1, 29, 235 =1, X) € Mp(N?p?)

= My, (N?p*”, 901) @ M, (N?p?Y, 1h2) @ My (N7, 4)3)
is the triple modular form of triple weight (k1, ko, k3), and of fixed triple Nebentu-
pus character (1,9, 13), obtained from a nearly holomorphic Siegel-Eisenstein series
Fy, =G*(z,—r;k, (Np”)Q, 1), of degree 3, of weight k = ko + k3 — k1, and the Neben-
typus character ¥ = x111293

We obtain &(z1, 29, 23; —r, x) from a Siegel-Eisenstein series

by applying to F), Boecherer’s higher twist (see (11.22])) and Ibukiyama’s differential
operator (see (11.23)).

These operations act explicitely on the Fourier expansions.

Then one uses:

e The theory of p-adic integration with values in Serre’s type A-modules My (A)
of triple arithmetical nearly holomorphic modular forms over p-adic Banach algebras
A. Explicit Fourier coefficients a, (R, T) € Q[R,T] of &(—r,x) are given by special
polynomials of matricies T = (t;;), R = (R;;) and of x(8)p" (with 8 € Z; N Q)
i.e. the coefficients of a,, by some elementry p-adic measures / xy dus € A. Here

Y

A = A(B) is a certain p-adic Banach algebra of functions on an open analytic subspace
B = By x By x By C X3 in the product of three copies of the weight space X =
Hom ot (Y, Cy).

These measures on the group Y = (Z/NZ)* x Z;, produce the coefficients of a,,

of E(—r,x) of Mp(A) for all p-adic weights x € X, given by / z(y)duy € A (an
Y
interpolation from x = xy, to all x € X).

e The spectral theory of triple Atkin’s operator U = U, 1

allows to evaluate the integral using at each weight (ki, k2, k3) the equality
(£%,(=r,x)) = (f°. m(E(=r, X))
with the projection 7y of Mp(A) to the A-part Mz (A)*, defined by :

Kermy := (] Im (Ur — AI)", Imm, = | | Ker (Up — AI)™.

n>1 n>1
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We prove that U is a completely continuos A-linear operator on a certain Coleman’s
submodule M(A)T of Serre’s type module M(A). Then the projection 7y exists (on this
submodule) due to general results of Serre and Coleman, see [CoPB], [SePB].

We show that there exists an element &(—r,x) € M(A)! such that at each weight
(k1, k2, k3) the equality holds:
<i0, E(—r, X)> = <i0, 77,\(é(—r, X))>, and the product can be expressed through certain

coefficients the series €(—r, x) which are the same as those of &(—r, x).

¢ Key point: modular admissible measures

Let us write for simplicity: &(—r, x) for &(—r, x)

Mz (A) instead of Mz(A)" (Coleman’s submodule)

One defines admissible p-adic measures ®* with values in Banach A-modules M2.(A)
which are locally free of finite rank, using the test functions: / Xy;&))‘ =m(E(—=r,X)).

Y

Consider the evaluation maps evs : A — C, for any p-adic triple weights s =
(s1,82,83) € B.
e Passage from values in modular forms to scalar values: apply an algebraic A-linear

form M7.(A) T A to the constructed measure &> (in modular forms), and the evaluation
maps A =3 C, for any p-adic triple weights s € X3.

The linear form /7 is an algebraic version of the Petersson product (a geometric
meaning of fp: the first coordinate in an (orthogonal) A-basis of eigenfunctions of all
Hecke operators Tj, for ¢t Np, with the first basis element f5 € M*(A)).

Using the evaluation map and the Mellin transform

We obtain the measure y = ¢7(®*) with values in A on the profinite group Y.
e Construct an analytic function £, : X — A = A(B) as the p-adic Mellin transform

L) = [ ao)duty) € 4, € X.

e Solution: the function in question L,(x,s) is given by evaluation of L,(x) at s =
(s1,82,83) € B: this is a p-adic analytic function in four variables

(,8) EX X By XBaxBs C X x X x X xX

L(x,s) =evs(Ly(z)) (z€X, se€ By x By x Bz, Llz) e A).

Final step: comparison between C and C,

e We check an equality relating the values of the constructed analytic function £,(x,s)
at the arithmetical characters

r = yyx € X, and at triple weights s = (ki, k2, k3) € B, with the normalized critical
special values

L*(fig @ foko @ fapas b2+ ks —2—1,x) (r=0,---, ko + k3 —Fk1 —2),
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for certain Dirichlet characters y mod Np¥,v > 1. These are algebraic numbers,

embedded into C, = Q, (the Tate field of p-adic numbers).  The normalisation of
L* includes at the same time Gauss sums, Petersson scalar products, powers of 7, the
product A,(k1, k2, k3), and a certain finite Euler product.

4 Arithmetical nearly holomorphic modular forms

Arithmetical nearly holomorphic modular forms (the elliptic case)

Let A be a commutative ring (a subring of C or C,,)
Arithmetical nearly holomorphic modular forms (in the sense of Shimura, [ShiAr| are
certain formal series

g= Z a(n; R)¢" € A[q][R], with the property
n=0

that for A = C, z = x + iy € H, R = (47y)~ ", the series converges to a C>®°-modular
form on H of a given weight k& and Dirichlet character ¢. The coefficients a(n; R) are
polynomials in A[R]. If degp a(n; R) < r for all n, we call g nearly holomorphic of type
r (it is annihilated by (2Z)™!, see [ShiA1]).

We use the notation My (N, 1), A) or M(N, 1, A) for A-modules of such forms (In
our constructions the weight k varies).

A known example (see the introduction to [ShiAr|) is given by the series

(o.9]
—12R+ By := —12R+1-24) _01(n)q"
n=1
3 . ! - _ _
= — lim y° Z (m1 + maz) "2 my + maz|%, (R = (4my) ™)

T4 s—0
m1,m2€ZL

where o1(n) = 3_ 4, d-
The action of the Shimura differential operator

6k : Mk,’r‘(Na 1/’7-'4) - M’C+2,T+1(N7 1/}’ ‘A)a

is given over C by (Sk(f) = (%& - m)f

This operator is a correction of the Ramanujan operator

0(2 anqn) = Znanqn = %&(Z anqn) = Q%(Z anqn)a
n=0 n=1 n=0 n=0
which does not preserve the modularity. For example A = Ey/A, where Es is a quasi-
modular form (in the sense of Kaneko and Zagier, see [Ka-Zal).
Notice that o f = (6 — kR)f, and that Serre’s operator f — 6f — %ng takes My,
to Mk+2.
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Note that that the arithmetical twist operator

00> " ang™) = x(n)ang"
n=0 n=1

is a natural analog of the Ramanujan operator.

Triple arithmetical modular forms

Let A be a commutative ring. The tensor product over A
Mk,T,T(N7 ?ﬁ, ‘A) = Mk1,T(N7 wla A) & Mk‘zﬂ”(N? ¢27 'A) & ng,?"(Nv 17[)3>'A')

consists of triple arithmetical modular forms as certain formal series of the form

o0

g = Z a(nl,n27n3;R17R27R3)Q?1q7212qg3

ni,n2,n3=0

€ Alqi, g2, 3] [R1, R2, R3], where z; = z; +iy; € H, R; = (47ryj)*1,

with the property that for A = C, the series converges to a €>®-modular form on H?
of a given weight (ki, ko, ks) and character (i1,19,13), j = 1,2,3. The coefficients
a(ny,na,n3; Ry, Ry, R3) are polynomials in A[R;, Ry, R3]. Examples of such modular
forms come from the restriction to the diagonal of Siegel modular forms of degree 3.

5 Siegel-Eisenstein series

Siegel modular groups

Om _1m

Let Jo,, = <1m 0,

). The symplectic group

Sp,(R) = {g € GLam(R)|'g - Jomg = Jom } ,
acts on the Siegel upper half plane

H,, = {z ="'2 € M,(C)|Imz > 0}

by g(2) = (az+b)(cz+d)~!, where we use the bloc notation g = (Zs) € Spy,,(R). We
use the congruence subgroup I'f*(N) = {v € Sp,,(Z) | v = (; ) mod N} C Sp,,(Z).

A Siegel modular form

f e Mi(TF(N), x) of degree m > 1, weight k and a Dirichlet chracter xy mod N is a
holomorphic function f: H,, — C such that for every v = (ZS) € I'f*(N) one has

F((2)) = x(det d) det(cz + d)* (2).
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The Fourier expansion of f uses the symbol ¢7 = exp(27itr(Tz))

m T 2735 -
= [, a5 [Lic;ja;; 7 € Claw, - - gmmllaij, qijl]i,jZL---,mn
¢i; = exp(2m(v/—1z;;)), and T in the semi-group By, = {T ='T > 0|7 half-integral} :
f(z)= Y a(T)q” € C[¢P](a formal g-expansion € C[¢gPm]),

JEBm
Siegel-Eisenstein series

ExaMpPLE 5.1 ( [NAG2|, p.408)

EP(2) =1 4 2401, + 240gs5 + 21603, + (240¢;2 + 13440g,!
+ 30240 + 1344012 + 240¢%5)q11¢22 + 2160g25 + . .
EP(2) =1 — 50411 — 504qas — 16632¢%, + (—540q;:2 + 4435247,
+ 166320 + 44352¢12 — 5044¢%5)q11q22 — 16632q35 + . . . .

Arithmetical nearly holomorphic Siegel modular forms
Arithmetical Siegel modular forms

Consider a commutative ring A, the formal variables ¢ = (¢; ;)i j=1,....m, R = (Ri ;)i j=1,...m.
and the ring of formal Fourier series

Al Rig) = = Y alT.R)q” | a(T.R) € AR, (5.6)
JeEBm

(over the complex numbers this notation corresponds to ¢7 = exp(27itr(Tz)), R =
(47Im(z))~1).
The formal Fourier expansion of a nearly holomorphic Siegel modular form f with
coefficients in A is a certain element of AJgPm][R; ;]. We call f arithmetical in the sense
of Shimura [ShiAr], if A = Q.

5.1 Algebraic differential operators of Maass and Shimura

Maass differential operator

Let us consider the Maass differential operator (see [Maal) A,, of degree m, acting on
complex C*-functions on H,, by:

A,y = det(él-j), 5@' = 2_1(1 + 5U)8/8U, (57)
its algebraic version is the Ramanujan operator of degree m:

1
(27ri)mAm’

O,, = det(%&j) = det(@ij) = (58)

where ©,,(¢”) = det(7T)q”.



12 Prépublication de I'Institut Fourier n° 693 — Octobre 2006

Shimura differential operator

The Shimura differential operator (see [Shi76] [ShiAx]):
Orf(2) = det(R)*1=#0,, |det(R)* 1% f| , where R = (47my)~ !,

acts on arithmetic nearly holomorphic Siegel modular forms, and the composition is
defined

0y = Osar—a 0 0 0 M N, 13 Q) — My g (N, 95 Q), (5.9)
where
f(z) = <;>m det(y) "L det(z — 2)**A,, |det(z — E)k_%+1f(z)} :

Universal polynomials Q(R,T;k,r)

Let [ = Z c(Tq” € MP*(N, ) be a formal holomorphic Fourier expansion. One
JEBm
shows that (5,(:)]“ is given by

087 = 3 QR Tk r)e(Tq”

TEBm

Universal polynomials (continued)

Here we use a universal polynomial (5.10) which can be defined for all £ € C, and it
expresses the action of the Shimura operator on the exponential (of degree m):

87(q7) = Q(R, Tk, r)g”

If m = 1, r arbitrary (see [Shi76]), 6,?“) =) (—1) <T> MRT*j@j, Q(R,n;k,r) =
— L'(k+j)
a _ I'(k+r)
_1)rd S\ preipg
21 G maey

Universal polynomials (continued)

If r = 1, m arbitrary, one has (see [Maa]):

0rf(2) Z Z )i (k 41 — s)tr (*pm—i(R) - p{ (7)) q°

Te Bm =0

where R = (47y) ™" = (Ri ;) € My (R), cpm(a) = lm’ () = a0 1:[ F
(s = (5/2)).
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Here we use the natural representation p, : GL;,(C) — GL(A"C™) (0 < r < m) of
the group GLy,(C) on the vector space A"C™. Thus p,(2) is a matrix of size (") x (")
composed of the subdeterminants of 2 of degree r. Put p}(z) = det(2)pm—r(2)

Then the representations p, and p} turn out to be polynomial representations.

In general (see [CourPal, Theorem 3.14) one has:

|3
—_—

Q(R,T) = Q(R,T: k,7) (5.10)
= <Z> det(T)"™ " Rp(k—k—r)QL(R,T),
t=0 |L|<mt—t

QLR,T) = tr (i, (R)pL, (7)) - - 1 (o1, (R)pf, (T))).

In , L goes over all the multi-indices 0 < I3 < --- < [; < m, such that |L| =
Lh+-+1L <mt—t,and Rp(5) € Z[1/2][F] in are polynomials in 3 of degree
(mt — |L|) (used with f=x —k —1).

Note the differentiation rule of degree m (see [Sh83|, p.466):

A(fg) =Y tr (00(8/02)f - phr(8/02)g)
r=0

EXAMPLE 5.2 (SIEGEL-EISENSTEIN SERIES OF ODD DEGREE AND HIGHER LEVEL)

G*(z, 81k, 9, N) (5.11)
= det(y)* Z (det ¢) det(cz + d) | det(cz + d)| 7 -
c,d
~ /2]
-T'(k,s)Ln(k + 2s,1) H Ly (2k 4+ 4s — 2i,4°) | , where
i=1

(c,d) runs over all “non-associated coprime symmetric pairs” with det(c) coprime to N,
k= (m+1)/2, and for m odd the T-factor has the form:
f(k:,s) — ~mk‘2—m(k+1)ﬂ.—m(s+k)rm(k + S).

_ 1
We use this series with 1 = x?919903, k = ko + ks — k1 > 2, m =3, k = ml_ 2,

2
[m/2] = 1.

THEOREM 5.3 (SIEGEL, SHIMURA [SH&3], P. FrIT [FEIRG]) Let m be an odd integer
such that 2k > m, and N > 1 be an integer, then:

For an integer s such that s = —r, 0 <r < k — K, there is the following Fourier
eTpansion
G*(z,—r) =G*(z,—r;k,¢p,N) = Z a(T,R)q’, (5.12)
Am3T>0

where for s > (m + 2 — 2k)/4 in the only non-zero terms occur for positive
definite T > 0,
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Fourier coefficients of Siegel-Eisenstein series (continued)

a(T,R) = M(T,4,k — 2r) - det(T)* "2~ "Q(R, T; k — 2r, 1), (5.13)
M(T k—2r4p)= [ MT p(0)eF) (5.14)
£ det(27)

polynomials Q(R,T;k — 2r,7) are given by (5.10), and for all T > 0, T € Ay, is a
finite Euler product, in which My(T,x) € Z|x]. O

6 Statement of the Main Result

Main Theorem (on p-adic analytic function in four variables)

0
78 1y
1) The function Lg: (s, k1, k2, k3) — <f§—TX)>
<f >f0>
variables (X - Yy, k1, k2, k3) € X x By x By x Bs;
2)  Comparison of complex and p-adic values: for all (k1,ke,ks) in an affinoid
neighborhood B = By x By x By C X3, satisfying k1 < ko + k3 — 2: the values at
s = ko 4+ k3 — 2 — r coincide with the normalized critical special values

depends p-adic analytically on four

L*(fik @ foky @ fa ks b2+ ks —2—1,%) (6.15)
(T:O7"' 7k2+k3_k1_2)7

for Dirichlet characters x mod Np”,v > 1, such that all three corresponding Dirichlet
characters x; have Np-complete conductors:

Main Theorem (continued)

x1 mod Np¥ =y, x2 mod Np¥ = 113, (6.16)
x3 mod Np® = Y13h3x, 1 = X 1¢aihs.

The normalisation of L* in 1s the same as in Theorem C below.

3) Dependence on x € X: let H = [2ord,(\)] + 1. For any fized (k1,ko,k3) € B
and x = x -y, the function
<f07 8(—’!”, X)>

<f07f0>

extends to a p-adic analytic function of type o(log™ () of the variable xz € X.

REMARK. The function Lf depends on the variables (s, k1, k2, k3) in a different way: it
is a mixture of the p-adic Mellin transform (in s), and of a rigid analytic function (in
ki, ko, k3).
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Outline of the proof

1) e At each classical weight (k1, ko, k3) let us use the equality

(£9,8(=r,x)) = (£°, mA(E(=7, X))

which is deduced from the definition of the projector my: Kermy = (1,,~; Im(Ur —
M) Immy =, Ker (Up — XI)™. -

Notice that the coefficients of &(—r,x) € M(A) depend p-adic analytically on
(k‘l,kg,k}g) € B = 'Bl X BQ X Bg, where A = .A(Bl X BQ X Bg) is the p—adic Banach
algebra of rigid-analytic functions on B.

Interpolation to all p-adic weights:

e At each classical weight (k1, ko, k3) the scalar product (f°, &(—r,x)) is given by the
first coordinate of 7y (€(—r, x)) with respect to an orthogonal basis of M*(A) containing

fo with respect to Hida's algebraic Petersson product (g, h), = <gp| (1\?;; _01) ,h>, see
[FE90].
_ (&9n)

Let us extend the linear form ¢(h) = 1G] (defined for classical weights), to Cole-
man’s type submodule of overconvergent families h € M*(A)T € M*(A) as the first
coordinate of h with respect to some A-basis of eigenfunctions of all (triple) Hecke
operators T, for ¢ f Np, having the first basis vector fo € M*(A)T.

The linear form ¢ can be characterized as a normalized eigenfunction of the adjoint
Atkin’s operator, acting on the dual A-module of M*(A)t: £(fy) = 1.

In order to extend ¢ to h = E(—r, x), we need to choose a certain representative of
&(—r,x) in the A-submodule M*(A)" , which is locally free of finite rank.

A representative of £(—r, x) in the (locally free of finite rank A-submodule)

MM AT
Choose a (local) basis £, --- ,¢" given by some triple Fourier coefficients of the dual
(locally free of finite rank) A-module M*(A)T*.

Then define

0= Bl + -+ Bl
where f3; = £(¢;) € A, and ¢; denotes the dual basis of M*(A)T: #/(¢;) = 6;;. At each
p-adic weight (kq, ko, k3) € B let us define
UE(=r,X)) = Bl (E(=r,x)) + -+ + Bal™(E(=7,X)) (belongs to A),

where 3; = £({;) € A, and ¢*(&(—r,x)) € A are certain Fourier coefficients of the seies
& (_T7 X)
Conclusion

There exists an element .
E(—r,x) € MMA)T € M(A)!
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such that | £(&(=r,x)) = L(E(—r,x)) | (at each weight (ki,ko,k3)). In fact, let us
define

E(=r,x) =L E(=r))r + -+ LH(E(=r X))

= U(E(=r,x)) = ﬁ(ﬁl)gl( (=7, X)) + -+ L)L (E(=7, X))
= Bl (E(=r,x)) + +ﬁnf"( (= 7X))
=/l(&(—r,x)) (at each weight (k1, ko, k3)).
Thus, the dependence of £(E(—r,%)) € A on (ki, ko, k3) € X3 is p-adic analytic.

In order to prove the remaining statements 2), 3), the dependence on x = x - Yy 18
studied in the next section.

7 Distributions and admissible measures

Distributions and measures with values in Banach modules

Notation
A (a p-adic Banach algebra)
14 (an A-module)
C(Y,A) (the A-Banach algebra
U of continuous functions on Y )

Qloc—const(y, A)  (the A-algebra
of locally constant functions on Y )

DEFINITION 7.1 (DISTRIBUTIONS AND MEASURES) a) A distribution D on Y with val-
ues i V is an A-linear form

D €Y A) V. e D) = [ oD,
Y
b) A measure u on Y with values in V is a continuous A-linear form

p:CY,A) =V, wH/sodM.
Y

The integral [ pdp can be defined for any continuous function ¢, and any bounded

Y
distribution u, using the Riemann sums.

Admissible measures of Amice-Vélu
Admissible measures

Let h be a positive integer. A more delicate notion of an h-admissible measure was
introduced in [Am-V| by Y. Amice, J. Vélu (see also [MTT], [V]):
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DEFINITION 7.2
a) For h € N,h > 1 let P*(Y, A) denote the A-module of locally polynomial functions
of degree < h of the variable y, : Y — Z; — A*; in particular,
(]31 (Y,.A) — eloc—const(Y,A)

(the A-submodule of locally constant functions). Let also denote Clo°~(Y, A) the A-
module of locally analytic functions, so that

PLY,A) C PMY, A) C €leeman(y, A) C €(Y,A).

b) Let V be a normed A-module with the norm |- |,yv. For a given positive integer
h an h-admissible measure on 'Y with values in 'V is an A-module homomorphism

d:PNY,A) -V

such that for fized a € Y and for v — oo the following growth condition is satisfied:
= o(p""'=M) (7.17)

/ (yp — ap)h/d(i)
at+(Np®) PV

for all h'=0,1,...,h—1,a, :=yp(a)

The condition (7.17) allows to integrate the locally-analytic functions on Y along
® using Taylor's expansions! ~ This means: there exists a unique extension of ¢ to
Qlec—an(y A) — V.

7.1 U,—Operator and the method of canonical projection
Using the canonical projection )

We construct our H-admissible measure ®* : PH (Y, A) — M(A) out of a sequence of
distributions @, : P*(Y,A) — M(A) defined on local monomials y; of each degree r by
the rule

/ny; d®* = 75(&(—r, x)), where &(—r,x) € M = M(A).
Here &(—r, x) takes values in an A-module
M =M(A) C Alq1, g2, g3][R1, Re, R3]
of nearly holomorphic (overconvergent) triple modular forms over A (for 0 <r < H -1,

H = [2ordpAp] + 1), and the formal series E(—r, x) was constructed in the proof of 1)
of Main Theorem.
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Definition of the canonical projection )

Here A is an C,-algebra, and X\ € A* is a fixed non-zero eigenvalue of triple Atkin’s
operator Ur = Ur,, acting on M(A),

T M(A) — M(A)?

is the canonical projection operator onto the maximal A-submodule JV[(A))‘ over which
the operator Uy — AI is nilpotent (we call M(A)* the A-characteristic submodule of
M(A)).

The projector 7y is defined by its kernel: Kermy := (), -, Im(Ur — AI)", Immy :=
U,>1 Ker (Up — XI)™. -

8 Triple modular forms

Triple modular forms are certain formal series

o
g= > a(ni,ng,ng; Ry, Ry, Ra)qi" g g5

ni,n2,n3=0

€ Alqi,q2,3][R1, R2, R3], where z; = x; +iy; € H, R; = (47Tyj)_1,

with the property that for A = C, the series converges to a €>®-modular form on H?
of a given weight (k1, k2, k3) and character (¢1,v2,3), j =1,2,3.
The coefficients a(n1, ng, ng; R1, Re, R3) are polynomials in A[R;, R, R3], and the
triple Atkin’s operator is given by
e ni _ng ns

Ur(g)= >  a(pni,pna,pns; pRi,pR2, pR3)q1" ¢52 q5°.

ni,n2,n3=0

Eigenfunctions of U, and of U}.
Functions f;o and f;
an(f)q", there is an eigenfunc-

1) cQ

29

Recall that for any primitive cusp eigenform f; = > |

tion fio = Y00, an(fj0)g" € Qg] of U = U, with the eigenvalue a = «
(U(fo) = afo) given by

_ 0
fio =1 — a2 fi|Vy = f; — o 2 (g 1> (8.18)
S an(fio)n ™ = an(fi)n (1 — ol lp~) 7N
n=1 n=1
pin

Moreover, there is an eigenfunction fjO of Uy given by

[e.o]

0 -1 T r\.n
p=sl (o) e = Swm e s19
n=1

Therefore, Ur(fi,0 ® f2,0® f30) = A(f1,0 @ f2,0 ® f3,0).
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9 Critical values of the L function L(f; ® fo® f3,5,X)

Choice of Dirichlet characters

For an arbitrary Dirichlet character x mod Np? consider the following Dirichlet char-
acters:
x1 mod Np® = x, x2 mod Np* = a3, (9-20)
X3 mod Np¥ = ¢nibax, v = x*¢1¢batds;
later on we impose the condition that the conductors of the corresponding primitive

characters Xxo,1, X0,2; Xo0,3 are Np-completes (i.e. have the same prime divisors as resp.
those of Np).

THEOREM A (ALGEBRAIC PROPERTIES OF THE TRIPLE PRODUCT)

Assume that ko+ks—ky > 2, then for all pairs (x,r) such that the corresonding Dirichlet
characters x; have Np-complete conductors, and 0 < r < ko + k3 — k1 —2, we have that

AF @0 [kt ks =21t 5
(ffefSefl ffeflef)r

where

(TR fL LR fse e = [N )N, )N
= (f1, f[1)N(f2, f2) N (f3, f3) N

10 Theorems B-D

Recall: the p-adic weight space and the Mellin transform

The p-adic weight space is the group X = Homcont(Y, C)) of (continuouos) p-adic char-
acters of the commutative profinite group Y = lim(Z/Np“Z)"

v
The group X is isomorphic to a finite union of discs U = {z € C, | |z, < 1}.
A p-adic L-function L) : X — C, is a certain meromorphic function on X. Such a
function usually come from a p-adic measure p on Y (bounded or admissible in the sense
of Amice-Vélu, see [Am-V]). The p-adic Mellin transform of y is given for all z € X by

L(p)(x) = /Y x(y)dy(y),L(p) X =G,
N

P

Theorem B (on admissible measures attached to the triple product:fixed
balanced weights case)

Under the assumptions as above there exist a Cp-valued measure ﬂ}1®f2®f3 on YN, and
a Cy-analytic function
Dpy(z, i@ fa® f3) : Xp — Cp, given for all x € Xy by the integral D, (z, fL @ fa ®
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f3) = fYN .fzs(y)d,a?l®h®f3 (y), and having the following properties:
sP

(i) for all pairs (r,x) such that x € Xto,;s, and all three corresonding Dirichlet
characters x; have Np-complete conductor (j = 1,2,3), and r € Z is an integer with
0<7r<ko+ks— ks —2, the following equality holds:

(19)2) (2) O 2277
G(x1)G(x2)G(x3)G(Pripax1) A2

Doy (X 1 ® fo @ f) = i

AL @ f5® f5 ko + ks —2 —?“,%Dﬂ/)zx))
(Y@, fio® fa,0® f30)7.Np
where v = ord,(Cy ), G(x) denotes the Gauff sum of a primitive Dirichlet character xg
attached to x (modulo the conductor of xo),
(ii) if ordpAp, = 0 then the holomorphic function in (i) is a bounded Cp-analytic
function;

(iii) in the general case (but assuming that A, # 0) the holomorphic function in (i)
belongs to the type o(log(xzfl)) with H = [2ordy\p] + 1 and it can be represented as
the Mellin transform of the H-admissible Cy,-valued measure ﬂ?1®f2®f3 (in the sense of
Amice-Vélu) on'Y
(iv) Let k = ko+ks—ky > 2. If H < k—2 then the function D (p) 15 uniquely determined
by the above conditions (i).

Let us describe now p-adic measures attached to Garrett’s triple product of three
Coleman’s families

K fy = D ang ("} G = 1,2.3) (10:21)
n=1

Consider the product of three eigenvalues:

A= Np(ki, ko, ks) = ol (k1)all) (k2)all) (ks)

and assume that the slope of this product
g = Ol“dp(A(k‘l, /-6‘2, k‘3)) = O‘(kl, ]{22, k‘3) =01 + g9 + g3

is constant and positive for all triplets (k1, k2, k3) in an appropriate p-adic neighbourhood
of the fixed triplet of weights (ki, k2, k3).

Let A = A(B) denote an affinoid algebra A associated with an analytic space
B = By x By x Bz, a neighbourhood around (ki ks, k3) € X3 (with a given k and
1 mod N).

Theorem C (on p-adic measures for families of triple products)

Put H = [20ord,(\)] + 1. There exists a sequence of distributions @, on Y with values
in M = M(A) giving an H-admissible measure ®* with values in M* C M with the
following properties:
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There ezists an A-linear form { = g o508, ) : M(A)* — A (given by (11.24)), such

that the composition

i = fifofef, ) = opeh (V)
is an H-admissible measure with values in A, and for all (ki,ke,ks) in the affinoid
neighborhood B = By X By x Bs, as above, satisfying k1 < ko + ks — 2
we have that the evaluated integrals

A
€V(ky ko ka) ((€f1®f2®f3,A)(<P )(yf;x))
on the arithmetical chracters y,x coincide with the critical special values

A*(kal ® f2,k2 ® f3,k37k2 + k3 —2-— T, X)

forr =20,--+ ko + ks — k1 — 2, and for all Dirichlet characters x mod Np’,v > 1,
with all three corresonding Dirichlet characters x; given by , having Np-complete
conductors. Here the normalisation of A* includes at the same time certain Gauss sums,
Petersson scalar products, powers of m and of A(k1, ke, ks), and a certain finite Euler
product.

The p-adic Mellin transform and four variable p-adic analytic functions

Any h-admissible measure i on Y with values in a p-adic Banach algebra A can be
caracterized its Mellin transform Ly(x) Lp : X — A, defined by L;(x) = [y z(y)di(y),
where z € X, L;(x) € A,
Key property of h-admissible measures fi: its Mellin transform L is analytic with values
in A.

Let A = A(B) = A1®A20A3 = A(B1)®A(B2)RA(B3) denote again the Banach
algebra A where B is an affinoid neighbourhood around (ky, ks, k3) € X3 (with a given
integer k and Dirichlet character ¢ mod ).

Theorem D (on p-adic analytic function in four variables)

Put H = [2ord,(\)] + 1. There ezists a p-adic analytic function in four variables
(,8) € X x By xBax Bz C X x X x X x X:

Li:(z,8) — evs(Lyey) (z€X, Lu(z) € A).

with values in Cp,, such that for all (ki,k2,k3) in the affinoid neighborhood as above
B = By x By x Bs, satisfying k1 < ko + k3 — 2, we have that the special values Lj(x, s)
at the arithmetical chracters x = y,x, and s = (k1,ka,ks) € B coincide with the
normalized critical special values

L*(fl,kl ®f2,k2 ®f3,k37k2+k3_2_r7><) (TZO,"' 7k2+k3 _kl _2)5

for Dirichlet characters x mod Np¥,v > 1, such that all three corresonding Dirichlet
characters x; given by , have Np-complete conductors where the same normali-
sation of L* as in Theorem C.
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Moreover, for any fized s = (ki, ka, k3) € B the function
x— Lz, s)

is p-adic analytic of type o(logf (-)).

Indeed, we obtain the function in question L, (z,s) by evaluation at

s = ((51,%1), (52,%2), (s3,93)) € B :

this is a p-adic analytic function in four variables (z,s) € X x B; X By x Bg C X x X X
X x X:

L,;(:c,s) = €US(L,1)(.%') (1‘ € X, s € By x By x B, Lﬁ(x) S .A)

This is a joint work in progress with S.Boecherer, we use:
1) the higher twists of the Siegel-Eisenstein series, introduced in [Boe-Schm),
2) Ibukiyama's differential operators (see [Ibul, [BSY]).

11 Ideas of the Proof

11.1 Boecherer’s higher twist

We define the higher twist of the series Fy, = Y .qay,(R,T)g” by some Dirichlet
characters x1, X2, X3 as the following formal nearly holomorphic Fourier expansion:

Fyr= Z X1(t12) X2 (t13) X3 (tas)ay,r (R, T)q” . (11.22)
T

The seies is a Siegel modular form of some higher level, but it has additional sym-
metries with respect to symplectic embedding t3 : To(Np?¥) x To(Np?¥) x To(Np?¥) —
Sps: its triple Nebentypus character does not depend on x mod Np?, and is equal to
(Y1, 2, %3), if we choose Dirichlet characters as in (6.16)):

x1 mod Np” = x, x2 mod Np¥ = ¢ath3x,
x3 mod Np” = ¢1b3x, 1 = x*1patds.

We use the Siegel-Eisenstein series Iy, which depends on the character x, but its
precise nebentypus character is ¥ = x?119215, and it is defined by

Fyr = G*(z, -1k, (Np*)2, ),

G*(z, s; k, (Np“)Q,'o,b) is given by (|

This series depends on s = —r, and for the critical values at integral points s € Z
such that 2 — k < s < 0, it represents a (nearly) holomorphic Siegel modular form in
the sense of Shimura [ShiAx]:

where z denotes a variable in the Siegel upper half space Hs, and the normalized series
i

Fyr= Z det(T)k_Qr_KQ(R, T;k —2r, T)ax,r(q)qj'
T
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11.2 TIbukiyama’s differential operator

We use an algebraic version of Ibukiyama's differential operator, which generalizes the
algebraic “pull-back”™ it transforms a nearly holomorphic Siegel modular form of weight
k to a nearly holomorphic triple modular form of weight (k1, ko, k3) (k = ko + ks — k1).

On a holomorphic Siegel modular form F = "5 a(7T)g”, this operator has the form

LV (F) =" Pk, ko, ks, 0,T)a(T)q}" g5 g, (11.23)
T
where A = k1 — ks > u = ki — ko > 0, and P(ky, ko, k3;r; T) is certain Ibukiyama’s
polynomial, equal to (tntggtgg)/\(tlgtlgtgg)u, if r=0.

As a result we obtain a sequence of triple modular distributions ®,.(x) with values
in the tensor product Mz (A) = M(A)@AM(A)@4M(A) of three Banach A-modules
of arithmetical nearly holomorphic modular forms (the normalizing factor 2" is neeeded
in order to prove certain congruences between ®,). Note that Mz (A) is again a Banach
A-module on which Uy acts as a completely continuous operator.

The important property of the triple modular forms ®,.(x): the nebentypus character
is fixed and is equal to (¢1,9,13) (for all (k1, ke, k3) and x in question).

Using this property we compute the canonical projection my(®,(x)) of the triple
modular form @, (x) onto the A-characteristic A-submodule Mz (A) of the triple Atkin’s
operator Ut y:

7yt Mp(A) — MM (A).

We prove that the resulting sequence of modular distributions 7y (®,) on the profi-
nite group Y produces a certain p-adic admissible measure ®* (in the sense of Amice-
Vélu, [Am-V|) with values in a certain locally free A-submodule of finite rank

M7(A) € Mr(A) C | Mp(Np®, 1, 1o, 53 A)
v>0

of formal nearly holomorphic triple modular forms of all levels Np” and the fixed
nebentypus characters (11, 2,13). We use congruences between triple modular forms
®,(x) € Mr(A) (they have explicit formal Fourier coefficients).

Then we use a general admissibility criterion saying that these congruences imply
H-admissibility for their projections in M2.(A), where H = [2ord,()\)] + 1.

11.3 Algebraic linear form

3) From M2.(A) to A: we use a Q-valued linear forms of type

(f0®f @ f),h)
(F, Fro) (S, f2,0)(fL, f30)
where fjo is the eigenfunction 1} of the conjugate Atkin’s operator Uy, and fj is

the eigenfunction (8.19)) of U,. The linear form L is defined on the finite dimensional
Q-vector characteristic subspace

h € My (Q)M)

M, (Np, P13 Q) @ My o (Np, P25 Q) @ My o+ (Np, 35 Q).

L :h—
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This map is then extended to an A-linear map
l= £f1®f2®f3,)\ : M(‘A)A — A; (11'24)

on the locally free A-module of finite rank M(A)*.
This map produces a sequence of A-valued distributions () € A in such a way
that for all suitable weights k € B one has

evi (17 (X)) = L(evk(ma(®r) (X)), A € A, A(k) € Q7
where k = (k1, k2, k3) € B, evk : B — C,, denotes the evaluation map with the property
evk : M(A) — My (C,).
More precisely, we consider three auxilliary families of modular forms
Fin; (2) = (11.25)

o0
Zdn,j,kje(nz> € Sk, (Lo(N;p™7),4;), (1 <j<3,v; > 1),

n=1

with the same eigenvalues as those of ((10.21)), for all Hecke operators T}, with ¢ prime
to Np. In our construction we use as f;, certain “easy transforms” of primitive cusp

forms in ([L.1)).

In particular, we choose as f] certain eigenfunctions f]kj = j?kj of the adjoint
Atkin’s operator Uy, in this case we denote by f;, o the corresponding eigenfunctions
of Up.

The Q-linear form £ produces a Cp-valued admissible measure i* = £(®*) starting
from the modular p-adic admissible measure ®* of stage 3), where £ : Mp(C,) — C,

denotes a C,-linear form, interpolating L.

11.4 Evaluation of p-adic integrals
L-values and p-adic integrals

4) We show that for any appropriate Dirichlet character y mod NpY the integral

12 (X) = L(ma(®:(x))) € A

evaluated at (k1,kq,ks) € B = By x By x B, coincides (up to a normalisation) with
the special L-value

L*(flp,k;l ®f2p7]<;2 ®f§7k37k2 +'I€3 —-2- T)¢1¢2X)

under the above assumptions on y and r).
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A general integral representation of Garrett’s type

The basic idea how a Dirichlet character  is incorporated in the integral representation
|Ga87, BoeSP]| is somewhat similar to the one used in [Boe-Schml|, but (surprisingly)
more complicated to carry out.

Note however that the existence of a A-valued admissible measure i* = £(®*) estab-
lished at stage 4), does not depend on this technical computation.

In order to control the denominators of the modular forms
mA(E(=7, %)) € MMA) = O.(x),

used in the construction (the admissibility condition) we use the following result.

12 Criterion of admissibility

THEOREM 12.1 (CRITERION OF ADMISSIBILITY ) Let o € A*, 0 < |a|, < 1 and sup-

pose that there exists a positive integer s such that the following conditions are satisfied:
1) for all ™ =0,1,---,h — 1 with h = [sordpa] + 1, and v > 1,

®,.(a+ (Np')) € M(Np™) (the level condition) (12.26)

2) the following congruence for the coefficients holds: for all t =0,1,---,h — 1

t
27U t -7 v _ v
oy <r> (—ap)'™"®r(a + (Np")) = 0 mod p** (12.27)
r=0
(the divisibility condition)

Then the linear form given by @a(daJr(va)y;) = 7o (Pr(a + (Np?)) on local mono-
mials (for all 7 = 0,1,--- h—1), is an h-admissible measure: ®* : P*(Y,Q) — M* Cc M
Proof uses the commutative diagram:
M(NpU T s A) =5 MO (NPT s A)
| o
M(Np,ip;A)  —  MH(Np,ih; A) = MY (Np"H, 4 A).
To,0

The existence of the projectors 7y, comes from Coleman’s Theorem A.4.3 [CoPB.

On the right: U acts on the locally free A-module M®(Np?*™! A) via the matrix:

o *
0 a - =«

where av € A%
0 0 Lo
0 0 - «

= U" is an isomorphism over A,
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and one controls the denominators of the modular forms of all levels v by the relation:
Taw(h) = U "o 0(Uh) =: mo(h) (12.28)
The equality (|12.28]) can be used as the definition of 7, at any level Np.

The growth condition (see ((7.17))) for m,(®,) is deduced from the congruences (12.27))
between modular forms, using the relation ((12.28)).
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