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Abstract

We propose an alternative to the usual time—independent Born—Oppenheimer ap-
proximation that is specifically designed to describe molecules with symmetrical Hy-
drogen bonds. In our approach, the masses of the Hydrogen nuclei are scaled dif-
ferently from those of the heavier nuclei, and we employ a specialized form for the
electron energy level surface. Consequently, anharmonic effects play a role in the
leading order calculations of vibrational levels.

Although we develop a general theory, our analysis is motivated by an examination
of symmetric bihalide ions, such as FHF~ or CIHCI~. We describe our approach for
the FHF~ ion in detail.

Keywords: Hydrogen Bonds, Vibrational Levels, Born-Oppenheimer Approxima-
tion.

Résumé

Nous proposons une alternative a ’approximation de Born-Oppenheimer indé-
pendante du temps spécifiquement adaptée a la description de molécules possédant
des liaisons hydrogenes symétriques. Dans notre approche, les masses des noyaux
d’hydrogene sont échelonnées différemment de celles des noyaux plus lourds et nous
employons une forme spécialisée de surface d’énergie électronique. En conséquence, les
effets anharmoniques jouent un réle dans le terme dominant du calcul des niveaux de
vibration. Bien que nous développions une théorie générale, notre analyse est motivée
par un examen des ions bihalides, tels FHF- ou CIHCI-. Nous détaillons notre approche
pour le ion FHF-.

Mots-clés : hydrogenes symétriques, niveaux de vibration, approximation de Born-
Oppenheimer.
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1 Introduction

In standard Born—-Oppenheimer approximations, the masses of the electrons are held fixed,
and the masses of the nuclei are all assumed to be proportional to e 4. Approximate
solutions to the molecular Schrodinger equation are then sought as expansions in powers
of €. For the time—independent problem, the electron energy level surface is also assumed
to behave asymptotically like a quadratic function of the nuclear variables near a local
minimum.

In this paper and in a future one [4], we propose an alternative approximation for
molecules that contain Hydrogen atoms as well as some heavier atoms, such as Carbon,
Nitrogen, or Oxygen. Our motivation is to develop an approach that is specifically tailored
to describe the phenomenon of Hydrogen bonding.

In this paper, we examine the specific case of systems with symmetric Hydrogen bonds,
such as FHF~. In [4], we plan to study non-symmetric cases, where the structure of
the typical electron energy surface is very different. The mathematical analysis of that
situation is consequently completely different.

The model we present here differs from the usual Born—Oppenhimer model in two
ways:

1. We scale the masses of the Hydrogen nuclei as e instead of e . This is physically
appropriate. If the mass of an electron is 1, and we define e~* to be the mass of a
C"'2 nucleus, then € = 0.0821, and the mass of a H' nucleus is 1.015 3.

2. We do not assume that the electron energy level is well approximated by an e—
independent quadratic function near a local minimum. Instead, we allow it to depend
on € and to take a particular form that we specify below. The particular form we
have chosen is motivated by a detailed examination of the lowest electronic potential
energy surfaces for FHF~ and CIHCI™.

Although symmetric bihalide ions are quite special, our approach is flexible enough
to describe more general phenomena. For example, the lowest electron energy surface
for FHF~ has a single minimum with the Hydrogen nucleus mid—way between the two
Fluorines. Our model can handle situations with single or double wells in the coordinates
for a Hydrogen nucleus that paticipates in Hydrogen bonding. We hope that the ideas in
this paper and [4] might provide some insight into some properties of Hydrogen bonded
Systems.

Our model leads to a different expansion from the usual Born—Oppenheimer approxi-
mation. For Hydrogen nuclei not involved in Hydrogen bonding, the vibrational energies
are of order ¢/2, while the vibrational energies for the other nuclei and the Hydrogen
nuclei involved in the symmetric Hydrogen bonding are of order ¢2. Furthermore, anhar-
monic effects must be taken into account for a Hydrogen nucleus involved in Hydrogen
bonding at their leading order, 2. In the standard Born-Oppenheimer model, all vibra-
tional energies appear in a harmonic approximation at order €2. Anharmonic corrections
enter at order €*.

We present our ideas only in the simplest possible situation. In that situation, there
are only 3 nuclei, and they are constrained to move along a fixed line. We plan to study
more general possibilities, such as bending of the molecule, in the future.
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The paper is organized as follows: In Section 2, we present the formal expansion. In
Section 3 we state our rigorous results as Theorems 3.6 and 3.7. The proofs of some
technical results are presented in Section 4.

Acknowledgements The authors would like to thank Thierry Gallay for several helpful
conversations. George Hagedorn would like to thank T. Daniel Crawford for teaching him
to use the Gaussian software of computational chemistry.

2 Description of the Model

We study a triatomic system with two identical heavy nuclei A and B, and one light
(Hydrogen) nucleus C. We begin by describing the Hamiltonian for this system in Jacobi
coordinates. We let 4 and xp be the positions of the heavy nuclei, and let xc be
the position of the light nucleus C. We let their masses be ms = mp and mg. We
maZa +mprp + moxc
let R =
ma+mp+ mg

A+ T .
TAB = ZATB enote the center of mass of the heavy nuclei. We let W =z — x4 be

denote the center of mass of all three nuclei, and let

the vector from nucleus A to nucleus B and let Z = x¢c — x4 be the vector from the
center of mass of A and B to C. We assume the electronic Hamiltonian h, only depends
on the vectors between the nuclei, and we set myp = ma+mp and M = mg+mp+mc.
In the original variables, the Hamiltonian has the form

1 1 1

- — —— Ay, — — Ay + he(zB — %A, TC — T4, TC — TB).
2ma T A 2mp rp ch' To e( B Ay LC Ay, LC B)

In these Jacobi coordinates, it has the form

Sl g mas A M N Wz W, Z— W),
2mamp 2mapmg

Since we are interested in bound states, we discard the kinetic energy of the center of
mass. We take the electron mass to be 1, and the masses of the heavy nuclei to be
ma = mp = € *u, for some fixed p. The mass of the light nucleus is mc = e 3v, for some
fixed v. The electronic Hamiltonian h. then becomes h.(W, Z4+W /2, Z—-W/2) = h(W, Z),

so that the Hamiltonian of interest is

4 3
—iAW - = <1+61/> Az + (W, Z).
7 2v 2u
This computation is exact and valid in any dimension.

v
To simplify the exposition, we drop the term ;— in the factor that multiplies Az.

It gives rise to uninteresting, regular perturbation corrections. Also, for simplicity, we
assume pu = 2 and v = 1. This can always be accomplished by trivial rescalings of W and
Z.

To describe our ideas in the simplest situation, we restrict W and Z to one dimension.
Thus, we are not allowing rotations or bending of the molecule. Furthermore, we intro-
duce € dependence of the electronic Hamiltonian to model the pecularities of symmetric
Hydrogen bonds that we describe below.



These considerations lead us to study the Hamiltonian

Hi(e) = - = = — S 2 4 e, W, 2). (2.1)

The electron Hamiltonian h(e, W, Z) is an operator in the electronic Hilbert space that
depends parametrically on (¢, W, Z) and includes the nuclear repulsion terms. For con-
venience, we assume that h(e, W, Z) is a real symmetric operator.

We now describe the specific € dependence of h(e, W, Z) that we assume. Although the
electron Hamiltonian does not depend on nuclear masses, the parameter € is dimensionless,
and thus may play more than one role. The dependence of h on € we allow is motivated
by the smallness of a particular Taylor series coefficient we observed in numerical compu-
tations for the ground state electron energy level for the real system FHF~. We allow
only the ground state eigenvalue to depend on €. Otherwise, our electron Hamiltonian is
e—independent. With the physical value of € inserted in our Hamiltonian, we obtain the
true physical Hamiltonian.

From numerical computations of E(W, Z) for FHF~, we observed that the Z?2 coef-
ficient in the Taylor expansion about the minimum (Wj, 0) of the ground state potential
energy surface had a small numerial value, on the order of the value of € = ¢y, where ¢
was defined by setting ¢ 4 equal to the nuclear mass of the C''2 isotope of Carbon.

The value of ¢ is roughly 0.0821. We define as so that the true Z2? Taylor series
term is ag €9 Z2. We then obtain h(e, W, Z) by adding (¢ — ¢p) ag Z2 to the ground state
eigenvalue E(W, Z). We make no other alterations to the electron Hamiltonian. When
€ = €g, our h(e, W, Z) equals the true physical electron Hamiltonian h(ey, W, Z).

Thus, we assume the ground state electron level has the specific form

El(e, W, Z) = Ey +a1(W—WO)2 + <a2€ —a3(W—W0)>22 —I—(I4Z4 + -, (2.2)

with a; = O(1). As we shall see, the leading order behavior of the energy and the wave
functions for the molecule are determined from the terms written explicitly in (2.2). The
terms not explicitly displayed are of orders (W —Wp)* Z 26 where « and 3 are non-negative
integers that satisfy a+3 > 3. They play no role to leading order, but contribute to higher
order corrections.

We assume a1, a3, and a4 are positive, but that as can be positive, zero, or negative.
When ay is negative, Ey(e, W, Z) has a closely spaced double well near (Wp, 0) instead of
a single local minimum.

To ensure that the leading part of Ey(e, W, Z),

Ei(e, W, Z) = Ey + a1 (W —Wp)? + <a26 — ag(W—Wg)>22 + ay 7%,

is bounded below, we assume that either

a3 < 4ayay, (2.3)
or
a% = 4qiaq4 and as > 0. (2.4)
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These conditions are equivalent to the property El(e, W, Z) > — C for some C, since we
can write

Ei(e, W, Z) = a <(W—Wo) — 2‘2’1%) + <a4 — 4“3> ZY + ageZ*

By rescaling with w = (W — Wy)/e and z = Z/€e'/?, we see that the Hamiltonian
_e Sl Rew2)

is unitarily equivalent to €2 times the e-independent Normal Form Hamiltonian

1 02 1 02
Hp = — -2 - -2 4 g 2.
NF 2 D2 2 922 + Enr(w, 2), (2.5)
where
Enp(w, z) = a1 w? + <a2 - a3w> 22+ ag 2t (2.6)

Remark Although we do not use it, further scaling shows that Hng is essentially a
three—parameter model, since the change of variables w = a s, z = «at, yields

1 02 1 92
_ =2 ( o Lo 2 2 2 4
Hnr >~ « ( 5 92 5 92 +a18” + aszt azst® + t >,
with
-1/6 ai az as
Q= ay , a1 = T/?)’ a9 = T/?)’ and a3 = 57/6
ay ay ay

Under conditions (2.3) or (2.4), Hyr is essentially self-adjoint on C§°(IR?) and has
purely discrete spectrum. This last property is easy to verify under condition (2.3), or
condition (2.4) with ay > 0, because Exp(w, z) tends to infinity as || (w, z)|| — oo.
When (2.4) is satisfied with as = 0, the result is more subtle because Enp(w, z) attains
its minimum value of zero along a parabola in (w,z). In that case we prove that the
spectrum is discrete in Proposition 3.1.

Explicit Computations for FHF~ The expression (2.2) is clearly special. Our com-
putations for FFHF~ that motivate this expression have roughly the following values,
where distances are measured in Angstroms and energies are measured in Hartrees:

Wy = 2.287,

FEy = —200.215,

a1 = 0.26,

as = 1.22 (if € = 0.0821),
az = 1.29,

aqs = 1.62.



Displacement of H from F — F Center of Mass

24 2.2 2.3 2.4 25
F - F Distance

Figure 1: Contour plot of the ground state electronic potential energy surface in the Jacobi
coordinates (W, Z). It is obviously not well approximated by a quadratic. Our technique
exploits the flatness of the surface in the Z direction near the minimum.

These results came from fitting the output from Gaussian 2003 using second order
Moller—Plesset theory with the aug—cc—pvtz basis set. We observed that the process of fit-
ting the data was numerically quite unstable, and that condition (2.3) was barely satisfied
by these a;.

The experimentally observed values [9] for the excitation energies to the first symmetric
stretching vibrational mode and the first asymmetric vibrational mode of FHF~ are
583.05 cm ™! and 1331.15 cm ™!, respectively. With the values of a;j above, the leading order
calculation from our model predicts 600 cm™! and 1399 cm~!. By leading order, we mean
Ey+ €2 & in the expansion we present below. These values depend sensitively on precisely
how we fit the potential energy surface, which itself depends sensitively on the electron
structure calculations. By comparison, Gaussian 2003 with the aug-cc-pvdz basis set
predicts harmonic frequencies of 608 cm ™! and 1117 cm~!. We could not obtain frequencies
for the aug-cc-pvtz basis set from Gaussian because of our computer limitations.

For some very recent numerical results for vibrational frequencies of F'HF~ that ap-
peared as we were finishing this paper, see [2].
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We now mimic the technique of [3] to obtain an expansion for the solution to the
eigenvalue problem for (2.1). We could have used the technique of [5], but that would
have led to more complicated formulas.

For convenience, we replace the variable W by W — W, so that henceforth, Wy = 0.

The technique of [3] uses the method of multiple scales. Instead of searching directly
for an eigenvector (e, W, Z) for (2.1), we first search for an eigenvector ¢ (e, W, Z, w, z)
for an operator that acts in more variables. When we have determined 1), we obtain ¥ by
setting

(e, W, Z) = ¥(e, W, Z, W/e, Z]e/?).

This is motivated physically by the following observation: The dependence of the electrons
on the nuclear coordinates occurs on the length scale of (W, Z), while the semiclassical
quantum fluctuations of the nuclei occur on the length scale of (w, z). To leading order
in €, these effects behave independently.

The equation for v is formally

H2(6) ¢(€7 W7 Z, w, Z) = 5(6) ¢(6, W? Zv w, Z), (2'7)
where
et 02 5 0 e 9 e 9 5 02 e 9
- _ = _ ‘s £ Y 52 _ v
Ha(e) 2 aw?2 ~ C aWaow 2 w? 2 972 ° 8Zd: 2 022

+ [hle, W, Z) — E(e, W, Z)] + E(e, ew, €/%z)

+ S e (Tm/Z(W, Z) = Ty palew, ¢/%2) ) (2.8)
m=>6

The functions T, » in this expression will be chosen later. Different choices yield equally
valid expansions for W (e, W, Z), although they alter the expressions for ¥ (e, W, Z, w, z)
by converting (W, Z) dependence into (w, z) dependence.

In (2.8), we expand both E(e, ew, €!/2z) and T2 (ew, €'/22) in Taylor series in powers
of €!/2. We then make the Ansatz that (2.7) has formal solutions of the form

b(e, W, Z,w,z) = o(W,Z,w,z) + /24y n(W, Z,w, ) + € v1(W, Z,w,z) + -+, (2.9)
with
Ee) = & + &y + & + -1 (2.10)

We substitute these expressions into (2.7) and solve the resulting equation order by order
in powers of €!/2.

Note: The description in this section is purely formal. In particular, it does not take into
account the cutoffs that are necessary for rigorous results. The mathematical details are
dealt with in the next section.

Order 0 The order € terms require

[h(e, W, Z) — E(e, W, Z) | Yo + Eg o = &o o



We solve this by choosing
& = Eko,

and

Q/JO(VV, Z7 w, Z) = fO(VVa Z> w, Z) (I)(VVa Z)7

where ®(W, Z, -) is a normalized ground state eigenvector of h(e, W, Z). Under our
assumptions, we can choose ®(W, Z, - ) to be real, smooth in (W, Z), and independent of
€. This choice satisfies

(B(W, Z, ), Yz ®(W, Z, ), = 0, (2.11)

where the inner product is in the electronic Hilbert space. We assume that fo(W, Z, w, 2)
is not identically zero.

Order 1/2 The order €/2 terms require
[h(e, W, Z) — E(e, W, Z)| ¥1)2 + Eo Y12 = & Y1y + E1y2 Yo

The components of this equation in the ®(W, Z) direction in the electronic Hilbert space
require

The components of the equation orthogonal to ®(W, Z) in the electronic Hilbert space
require

[h(ﬁ, W, Z) - E(Ea W, Z)] ¢1/2 = 0,

SO
¢1/2(VV; Z, w, Z) = fl/Q(W) Z, w, Z) (D(W) Z)

Orders 1 and 3/2 By similar calculations, the order ¢! and €¥/2 terms yield
& = &p = 0,
vVi(W, Z, w, z) = [H(W, Z,w, z) (W, Z), and

V3o(W, Z,w, 2) = f32(W, Z, w, z) (W, Z).

Order 2 The order € terms that are multiples of ®(W, Z) in the electronic Hilbert
space require

1 9%f, 1 9fo
-5 W(VV’ Z,w, z) — 2 922 (W, Z, w, z) + Enxr(w, 2) fo(W, Z, w, 2)
- 82 fO(W7 27 w, Z)? (212)

where Enp(w, 2) is given by (2.6).

Because of the form of Exp(w, 2), (2.12) does not separate into two ODE’s. We do not
know & or fy exactly, although accurate numerical approximations can be found easily.
These eigenvalues and eigenfunctions describe the coupled anharmonic vibrational motion
of all three nuclei in the molecule. As we commented earlier, hypotheses (2.3) or (2.4)
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guarantee that the eigenvalues & are discrete and bounded below, with normalized bound
states fo(W, Z, w, z) in (w, z) for any (W, Z).

Later in the expansion, we choose the operator T3 so that fy has no (W, Z) dependence.
With this in mind, equation (2.12) determines & and a normalized function fo(w, z) (up
to a phase) for any given vibrational level.

The terms of order 2 that are orthogonal to ®(W, Z) require

[h(fa VVv Z) - E(67 W? Z)] 1/}2 = 07

Thus,
¢2 = fQ(W Za w, Z) (I)(W Z)

We split the scalar functions fo (W, Z, w, z) with a > 0 into two contributions
faW, Z,w, 2) = flW, Z, w, 2) + fH(W, Z, w, z)

where for each fixed W and Z, f(ll(W, Z,-,-)is amultiple of fo(-,-),and fi(W, Z,-,-) per-
pendicular to fo(-,-) in L?(R2, dw dz). Furthermore, we choose the operators Ts. ,, /2 later
in the expansion so that fcll(VV, Z,+,+) has no (W, Z) dependence. We will not precisely
normalize our approximate eigenfunctions, so we henceforth assume fcll(I/V, Z,w,z) =0
for all a > 0.

Order m/2 with m >4 We equate the terms of order m/2 and then separately exam-
ine the projections of the resulting equation into the ®(W, Z) direction in the electron
Hilbert space and into the direction perpendicular to ®(W, Z).

From the terms in the ®(W, Z) direction, we obtain the value of &, /2 and an expression

for fom—ay,2(W, Z, w, z) = f(J,'n_4)/2(W Z, w, z). When m = 6 we choose T3 so that fy

can be chosen independent of (W, Z). When m > 6, we choose T}, , so that f(llmiﬁ)/
be taken to be zero.

2 can

The terms orthogonal to ®(W, Z) in the electronic Hilbert space give rise to an equa-
tion for [h(e, W, Z) — E(e, W, Z)] 1y, /2. This equation has a solution of the form

Unpp W, Zw,2) = (oW, 20w, 2) + k(W Zow, 2) ) (W, 2)
+ ¢7Ln/2(VV7 Z, w, z),
where ¢77L1 /2 is obtained by applying the reduced resolvent operator
[h(e, W, Z) = E(e, W, Z) ]!

to the right hand side of the equation.
In the next section, we prove that this procedure yields a quasimode whose approximate
eigenvalue and eigenvector each have asymptotic expansions to all orders in €/2.
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3 Mathematical Considerations

In this section we present a mathematically rigorous version of the expansion of Section
2. This involves inserting cutoffs and proving that many technical conditions are satisfied
at each order of the expansion.

Proposition 3.1 Assume (2.3) or (2.4).
1 0? 1 0?

Then, the spectrum of Hyp = — 3502 " 382 + Enrp(w,z) is purely discrete.
w 2

Proof We use Persson’s Theorem (see, e.g., [6]) to show that the essential spectrum
of Hyp is empty. This theorem says that if V' € LP(IR") + L>®(IR"), with p =2 if n <3,
p>2ifn =4, and p > n/2 if n > 5, then the bottom of the essential spectrum of
H = —A +V is characterized by the behavior of the operator at infinity. More precisely,

inf oess(H) = sup iI;f(’)
KeR" P
K compact

{MHW

EE : gongo(lR”\K)}.

Since Enpr does not satisfy the hypotheses, we replace it with a cut off potential

Enp(w,z), if Enp(w,2) <T,
Er(w,z) =
T, otherwise.

The operator Hr = — A+ E7 is self-adjoint on the domain of — A. Because C§° is a core
for both Hyr and Hp, and (@, Hyvrpe) > (¢, Hrg), for any ¢ € C°, the min-max
principle shows that

inf O'ess(HNF) Z inf O'ess(HT). (31)

Under hypothesis (2.3) or (2.4) with ay > 0, Exp is arbitrarily large for all large
arguments. Persson’s Theorem easily shows that inf oess(Hp) = T for all large positive
T. Inequality (3.1) immediately implies the proposition.

Thus, we need only consider the case of hypothesis (2.4) with ag = 0. Since Ep < T,
we see that inf oess(Hr) < T. We shall use Persson’s Theorem to prove the reverse
inequality.

Consider a square K (R) of side 2R > 0, centered at the origin, and let ¢ € C§°(R" \
K(R)). We observe that Exp(w, z) =T on the set L = {w < —R}U{|z| > R, |w| < R},
for R > 2a; /a3, provided T < a; R%. Therefore,

/ p(w,z) (—02/2—02/2+ Br(w,?)) ¢(w,z) dwdz > / T |p(w, 2)* dw dz.
Lgr Lgr
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For w > R, we estimate the integral as follows

/ S(w,2) (—02/2— 8/2 4 Er(w,2)) g(w, =) dwdz
{w>R, z€R}

> / / p(w,z) (—02/2+ Er(w,2)) o(w, z) dzdw
w>R JzeR

/ il rw) ol ) do. (3.2)

For each value of w > R, the operator hr(w) is a one-dimensional Schrédinger operator
with potential given by a (cut off) symmetric quartic double well. Hence hp(w) always has
a ground state below T, for any large T. We shall show that the ground state converges
to T as w — o0.

To do this, we show that hr(w) — —8%/2 + T in the norm resolvent sense. By the
resolvent identity, this follows if we show that ||(Er(w,z) — T)(—0?/2 + T)~!|| tends to
zero as w — o0. To show this we use the following claim:

There exists ¢(7T'), such that,

IV (=02 +T) M ramy—r2my < o(T) |V ]2,

for all V € L*(IR).
By Theorem IX.28 in [11], given any a > 0, there exists b > 0, such that
lello < all(=02)¢ll2 + bll¢ll2, for any ¢ in the domain of —92. This implies that

IV (=02 +T) " Nl 2(mr)—r2(m) IV e my—r2m) | (=02 + 1)l r2(m)— 1o (m)

<
< oT) [V ]2,

for some finite ¢(7"). This proves the claim.
In our case, this yields

I (Br(w,) =T) (=0/2+T)"" || < o) || (Br(w,-) = T) |2,

where ¢(T) is independent of w.
Under the assumption that R > /T /a1, we have

| Br(w, ) ~T) 3 < / T? i
|lw—22a3/(2a1)|<\/T/a1
Y <\/w+\/T/a1 - \/w—\/T/a1>
as
<

TQ,/g S
W Jw—/T/a;
1

&(T)

1

as w — OQ.

ﬁ?
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Thus by the resolvent formula and Theorem VIIL.19 of [10], hy(w) converges in norm
resolvent sense to (—02/2 + T).
We let Pa(H) be the spectral projector on the interval A € IR for a self-adjoint
operator H. Then Theorem VIII.23 of [10] implies that for any positive a < b < T,
lim || Pap) (hr(w)) = Play(=02/2+T)|| = lim ||P(gp)(hr(w)] = 0,

since 0(—02/2+ T) = [T,00). Therefore, the bottom of the spectrum of hp(w) satisfies
T > bp(w) = inf olhr(w)) — T as w— 0.

Using this in (3.2), we obtain

/ w,2) (~02/2 = 02/2 + En(w, 2)) plw, 2) dwd>
{w>R, zeR}

> inf bT(v)/ lp(w, 2)|? dwdz.
v>R {w>R,zeR}

Combining all the estimates, we see that for any ¢ € C§°(IR" \ K(R))
H > inf b 2
(¢, Hr @) > inf br(v) [l¢],

provided a; R? > T. Thus,

inf oess(Hr) > sup inf bp(v) = T.
R>. /I V2R
>\ e
Since T is arbitrarily large, this implies the proposition. |
In the usual Born—Oppenheimer approximation, the semiclassical expansion for the
nuclei is based on Harmonic oscillator eigenfunctions. They have many well-known prop-
erties. Our expansion relies on the analogous properties for eigenfunctions of Hyp. The
following proposition establishes some of the properties we need in an even more general

setting.

Proposition 3.2 Let V be a non-negative polynomial, such that H = —A+V has purely
discrete spectrum. Let o(z) be an eigenvector of H, i.e., an L*(R™) solution of Hp = E¢p,
where € > 0. Then, ¢ € C®(IR") and Vo € L*(IR™). Moreover, for any a > 0,

¢ € D), VeeDEX)), and Ape D),

1+ Z x? . and D(e®®)) denotes the domain of multiplication by e,
j=1

Proof Since V € C, elliptic regularity arguments (see e.g., [7], Thm 7.4.1) show that
all eigenfunctions are C*°.
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We first show that the Vo is L?. Since V > 0, the quadratic form defined by

on Q(h) = Q(—A)NQ(V), is closed and positive. Here Q(A) means the quadratic form
domain of the operator A. Since D(H) C Q(h), any eigenvector of H belongs to

Q(=4) = {p e L*(R") : || Vel < oo}.

Thus, Vi € L.

Next, we prove ¢ € D(e®®), for any a > 0 by a Combes-Thomas argument, as
presented in Theorem XII.39 of [12]. We describe the details for completeness. Let o € IR,
and let v denote z; for any j € {1,--- ,n}. We consider the unitary group W(a) = e
for a € IR, and compute

H(a) = W(a) (~A+V)W(a)™ = H + iad, + o

The operator 10, is H-bounded, with arbitrary small relative bound, since V' > 0. Thus
{H ()} extends a self-adjoint, entire analytic family of type A, defined on D(H). We note
that since H(0) = H has purely discrete spectrum, its resolvent, Ry(\) is compact, for
any A\ € p(H) =€ \ o(H). Hence, Ry(\) = (H(a) — \)~! is compact for any o € IR, and
hence, for all a € €, if A € p(H(«)). It is jointly analytic in @ and A. The eigenvalues
of H(«) are thus analytic in «, except at crossing points, where they may have algebraic
singularities. Since for « real, W (a) is unitary, the eigenvalues are actually independent
of a, and o(H(«)) = o(H), for any a.

Let P be the finite rank spectral projector corresponding to an eigenvalue £ of Hyp.
Then, for a € IR, P(a) = W(a)PW (a)™! is the spectral projector corresponding to the
eigenvalue € of H(«). By Riesz’s formula and the properties of the resolvent, P(«) extends
to an entire analytic function that satisfies

W(ao)P(a)W(ag)™! = P(ag + a).

for any o € IR.

By O’Connor’s Lemma (Sect. XIII.11 of [12]), this yields information about the eigen-
vectors. If ¢ = Py, the vector ¢* = W (a)p, defined for a@ € IR has an analytic exten-
sion to the whole complex plane, and is an analytic vector for the operator v. There-
fore, ¢ € D(e?), for any a > 0. By taking all possible x;’s for v, and noting that
D(e*®) = D(e¥25 17D we see that ¢ € D(e*®)).

From this, it follows that Ap € D(e%®) for any a > 0 as well, since for any § > 0,

/ 2@ | Ap(z)|? da

= [ e (V@) - &) (o) [ da

IN

(V= 270 g [[e49/20) () |2

< 0oQ.
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Finally, Lemma 3.3 below shows that V¢ € D(e*®). To apply this Lemma in our
situation, we let p(z) = e**) and note that for any a > 0,

(Ve¥®)) /e®®) = aV(z) = az/(x)

is uniformly bounded. |
Lemma 3.3 requires some notation. Letting p(z) be a positive weight function, we
introduce the space

2= {5 = [ P +IAT@P) po) ds < oo},

We write | /I, = [z |f(2)|?p(2) dz, for any f € L*(R", p(x)dz), and || f||* = [g. [f(2)]* dz

when the weight is one.

Lemma 3.3 Let p € C! be positive, and assume that there exists a constant C' < 0o, such
that |(Vp(x))/p(z)| < 2C for all x € R™. Then, for any f € F2

IVflle < Clliflw + VIIfllo 1Aflw + C* If13. (3-3)

We present the proof of this technical lemma in Section 4.
We now state and prove the following Corollary to Proposition 3.2:

Corollary 3.4 Assume the hypotheses of Proposition 3.2. Let R(X\) be the resolvent of
H=—-A+V for A\ ¢ o(H), and let Pc be the finite dimensional spectral projector of H on
E. Letr(&) = ((H - ENa=pe)r2 )_1 be the reduced resolvent at £. Then, e*®) R(\) e~ @)
and e r(£) e=%*) are bounded on L*(IR™).

Proof We use the notation of the proof of Proposition 3.2. We know that R,()) is
compact and analytic in a € C, if A & o(H). Hence, for any ¢, ¢2 € C§°, the map from
IR x p(H) to € given by

(a,A) — (1, € Ro(N) e™ ™ 1hg)

is uniformly bounded by C ||11]] ||12]| on any given compact set of IR x p(H) for some C.
From this we infer that for any a > 0, e** R()\) e=%*) is bounded in L?(IR™), uniformly
for A in compact sets of p(H). Since the reduced resolvent r(€) can be represented as

1 1

rE) = 3= . Ro(\) 5= (3.4)

where Cg is a loop in the resolvent set encircling only &, the boundedness of e®) r(€) e~ ()
follows. |

To show that the terms of our formal expansion all belong to L?, we use the following
generalization of Proposition 3.2. We present its proof in Section 4.

Proposition 3.5 Assume the hypotheses of Proposition 3.2 and let ¢ be an L? solution of
(—A+V —=E)¢ = 0. Then, for any a > 0, and any multi-index o € N*, D% € D(e™?)),
where D% = g1 0g2 -+ Ogn.
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We now prove that our formal expansion leads to rigorous quasimodes for the Hamil-
tonian Hj(e) given by (2.1). Theorem 3.6 summarizes this result for the leading order,
while Theorem 3.7 handles the arbitrary order results.

Theorem 3.6 Let h(e, W, Z) be defined as in Section 2 with W shifted so that Wy = 0.
We assume h(e, W, Z) on H is C? in the strong resolvent sense for (W, Z) near the
origin. We assume its non-degenerate ground state is given by

Ey(e, W, Z) = FEy+ ayW? + (a26a3W>Z2 + a1 Z* + S(e, W, Z)

= Eo+ E(e, W, Z) + S(e, W, 2), (3.5)

under hypothesis (2.3) or (2.4), and we denote the corresponding normalized eigenstate
by ®(W, Z). Suppose the remainder term S is uniformly bounded below by some r > —o0
and that |S| satisfies a bound of the form

|S(e, W, Z)| < C Y |W*Z¥| (3.6)
a+pB>3

for (W, Z) in a neighborhood of the origin. Here C is independent of €, the sum is fi-
nite, and o and 3 are non-negative integers. Let fo(w,z) be a normalized non-degenerate
etgenvector of Hyp, i.e.,

(—0n/2 = 02/2+ Enp(w,2)) fo = & fo,
with
Enp(w,z) = a1 w? + (ag — a;;w) 22 4+ ay 2t
Then, for small enough €, there exists an eigenvalue E(€) of Hy(€) which satisfies
E(e) = By + €& + O(),
for some & > 2 as e — 0.

Remarks 1. At this level of approximation, it is not necessary to require the eigen-
vector ® to satisfy condition (2.11) or to require h(e, W, Z) be real symmetric.

2. We have stated our results for the electronic ground state, but the analogous results
would be true for any non-degenerate state that had the same type of dependence on e.

Proof: In the course of the proof, we denote all generic non-negative constants by the
same symbol c.
Our candidate for the construction of a quasimode is

Vole, W, Z) = F(W/e™) F(Z/e®) fo(W/e, Z/Ve) (W, Z), (3.7)

where F' : IR — [0,1] is a smooth, even cutoff function supported on [—2,2] which is
equal to 1 on [—1,1]. One should expect the introduction of these cutoffs not to affect
the expansion at any finite order because the eigenvectors of Hj(e€) are localized near the
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minimum of Fj(e, W, Z). Thus, the properties of the electronic Hamiltonian for large
values (W, Z) should not matter. The choice of a different cutoff for each variable is
required because these variables have different scalings in e. We determine the precise
values of the positive exponents d; and s in the course of the proof. We also use the
notation

F(e,W,Z) = F(W/) F(Z/e%?). (3.8)

We first estimate the norm of ¥g.

Moll? = [ 17 W.2) 1W/e, Z/VAP |80V, 2) 1k,
= [ 1nwe zpve aw iz

- /R (= P W, 2)) |fo(W/e, 2/ Vo) dW dZ.

The first term of the last expression equals €2, by scaling, since fy is normalized. If

01 < 1 and d2 < 1/2, the negative of the second term is bounded above by

s [Fo(W/e Z//e)* dW dz

|Z|>e%2

_ B2 R e 20lwltlzD) 20wl | £ (w, 2))? dw dz

\z|251/2_52

-5 -5
< B2 20/ 417D a(l ) g2

= 0(e),
since fo € D(e®(W:2)) Hence,
[Toll = €/* (14 0(e*)), where the O(¢>) correction is non-positive. (3.9)
Next we compute

(Hi(e) = (Bo + &) Ygle, W, 2)

= S W, 2) folw,2)lwz Fle W, 2) (W, Z)
- ((Soh+ 598 Fewi2) 00.2)) fow. (5,10
— & (Qufo(w,2)lw,z) Ow(F(e. W, 2)@(W, Z))
— &2 (@ fo(w,2)|w.z) 0z(F(e, W, Z)B(W, 2)),

where we have introduced the shorthand fo(w,z)lwz = fo(W/e, Z/\/€) and used the
identity ~
E(e,W,Z) — € Exr(W/e, Z/\Je) = 0.
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Also
OWF(e,W,Z) = - F(W/E) F(Z/e®)
€
OpF(eW,2) = - P(W/[EM) F(Z/e)
€

and, by assumption, ||04;,0%®(W, Z )7, is continuous and of order ¥ in a neighborhood
of the origin, for p + v < 2. Therefore,

C
Sup 10w (F(e W, 2)2(W, 2)) |ny < =
&
Sﬂg? H 0z (]:(6’ W, Z)(I)(W7 Z)) H’Hel < ETQ
) c (3.11)
sup 10 (F(e. W.2)2(W, 2)) It < 5
C
sup || 0% (F(e, W, 2)®(W, 2)) llng < =5
R? €

where all vectors are supported in {(W,Z) : |[W| < 2/en, |Z] < 2/e*2}. FEach of
these vectors appears in (3.10), multiplied by one of the scalar functions fo(w, 2)|w, z,
(Owfo(w,2)) lw.z, or (0 fo(w, 2)) lw.z. In turn, each of these functions belongs to L2(IR?)
by Proposition 3.2, and each one has norm of order €¥/4 because of scaling, e.g.,

1/2
([ 1@utve zivapavaz) = & oufs e

Therefore, the norms of the last three vectors in (3.10) are of order ¢/ times the corre-
sponding power of € stemming from (3.11).

We now estimate the norm of the term that arises from the error term S. From our
hypothesis on the behavior of S, we have

IS F fo®|* = wieaesr oW/e Z[\/e) S(W, 2)|% dw dz
\Z|§_2/552
2
< ¢ Y [ oW/e 2/ VO |Woz?P | aw dz
Oé+ﬁ23 \2\52/562
<

¢ Y oo / fo(We, Z/Ve)* aw dz
R2

a+6>3

= Y Madieass) 2
a+B523

where the sums are finite.
Collecting these estimates and inserting the allowed values of a and 3, we obtain

I (H1(e) = (Eo + €2€2)) Vg |

< e (5351 4 2001+82) | Si+dby | 66 | A-261  3-20p 4 361 65/2—52> '
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We further note that §; < 1 and d2 < 1/2 imply 47201« 3701 gnd 37202 « (H/2702,

This, together with (3.9), shows that for small enough e,

| (Hi(e) = (Bo + €2&2)) ¥q ||
g

We still must show that all terms in the parenthesis above can be made asymptotically
smaller than €2. This can be done if there exist choices of §; and d, such that all exponents
in the parenthesis above are strictly larger than 2. The inequalities to be satisfied are

0<d <1, (51>2/3, 01+ o > 1, 0<(52<1/2, 52>1/3, 01 + 469 > 2.

IN

c (6351 +€2(§1+52)+€§1+452 +6662 +E3—51 +€5/2—52>

Satisfying these is equivalent to satisfying
2/3<d1 <1
1/3<d2<1/2
which defines the set of allowed values. The best value,

& = On}saxl min {3(51, ((514-52), 01 + 409, 602, 3 — 01, 5/2—52} > 0,
0<§21<<1/2

is obtained by straighforward optimization and is given by £ = 15/7, obtained for 5/7 <
01 < 6/7 and d2 = 5/14. With such a choice, there exists an eigenvalue £(¢) of Hj(e) that
satisfies
E(e) = Ey + €2&(e) + O(e),
with € =2 +1/7. |
We now turn to the construction of a complete asymptotic expansion for the energy
level £(e) of Hy(e€), as € — 0.

Theorem 3.7 Assume the hypotheses of Theorem 3.6 with the additional condition that
h(e, W, Z) on He is C™ in the strong resolvent sense in the variables (e, W, Z). Then
the energy level £(€) of Hi(€) admits a complete asymptotic expansion in powers of €'/2.
The same conclusion is true for the corresponding quasimode eigenvector.

Proof Our candidate for the quasimode is again the formal expansion (2.9) truncated
at order ¢¥/2 and multiplied by the cutoff function (3.8), i.e

N
Vo(e, W, Z2) = Fle, W, 2) Y & 4in(W, Z, W/e, Z//e).
j=0
We shall determine v, /5 and T} /5 in (2.8) explicitly, but first we introduce some nota-

tion for certain Taylor series. Expanding in powers of l/2

,‘Tj/2<W7 Z) - j/Q(ewa 61/22’)
=Tj2(W, Z) — T;2(0,0) — 61/2327}/2(0,0)
+ € (OwTj2(0, 0)w+8zz 52(0,0)w?/2) +

, we write

=Tj(W, Z) — Tj;(0,0) + Z TWQ) ) /2.
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Next, our hypotheses imply that the function S(e, W, Z) in (3.5)
Ei(e,W,Z2) = Ey + E(e, W,,Z) + S(e, W, Z)

is C*™ in (¢, W, Z). Using (3.6), we write

oo
Ei(e, ew, €/%2) = Ey + € Enp(w, z) + Z em/? Spy2(w, 2).
m>6

Note Because we have assumed (e, W, Z) is even in Z, S,,/5(w, z) = 0 when m is
odd, but the notation is somewhat simpler if we include these terms.

We use this notation and substitute the formal series (2.9) and (2.10) into the eigen-
value equation (2.7), with Hy given by (2.8). For orders n/2 with n < 4, we find exactly
what we obtained in Section 2. When n > 5, we have to solve

[h(E, W, Z) - E1(67 W, Z)] ¢n/2

(T3 (W, 2) = T3 (0,0))0 — 722 (w, 2)4hg — 7

[

+ (Las (W, 2) = Ta (0,017 = 70,13 (w0, 2)nyp = - =7y 2w, 2oy

(T3(W, 2) = T3(0,0) a2 = 74 (w, 2)u-1y2

+
+ (TG (W) Z) - Tg (07 O))w(nfﬁ)/Z
1 1 1
- §Aw,z¢(n—4)/z — 0% . V(n—5)/2 — Oty ¥(n—6)/2 — 58%,21/)(71—6)/2 - 5312/V7w¢(n—8)/2
=& Ym-ay2 T Esp2 Vm-sy2 + -+ + Enjatbo,
(3.12)

with the understanding that the quantities S, T" and 7 that appear with indices lower than
those allowed in their definitions are equal to zero.
We solve (3.12 by induction on n. We assume that

gj/2a d}j_/z(VVa Z,U/,Z), E/Q(W7 Z) for J<n-—1, and

fipo(W, Z,w, 2) for j<n-5

have already been determined, with f]“/Z(VV, Z,w,z) =0, for j > 1.
We project (3.12) into the ®(W, Z) direction and the orthogonal direction in the
electronic Hilbert space to obtain two equations that must each be solved.
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First, we take the scalar product of (3.12) with ®(W, Z) in the electronic Hilbert space
to obtain

Enr(w, 2) f—ay/2 + Ses2(w, 2) fin—6)/2 + S7/2(w,2) fin—r)y2 + -+ + Spja(w, 2) fo

1 2 n=6
+(T4(W, 2) = T30, 00 fo — 7,2 (w,2)fo Tigéw,z)fo — e D w2y
n—7
+ (Lo (W, 2) = Tans (0. 0)frp = 703 p(w, 201y = -+ = 7 7 (w,2) iy
1
+ (T3 (W, 2) = T30, 0)) fuzz = 72 (w,2) fumys2
+(Ts (W, 2) = Ts(0, 0)) fin—6)/2
1
-5 Dwizfin-aye — (@W, Z), 05 0m-s)2)na — (2(W, Z), 05w (n—6)/2)Hu
1 1
3 (®(W, Z), 0% s (n—6)/2) 10 — 3 (@(W, Z), Oywn—s)/2)Hoi
=& fin-ay2 + &2 fn-sy2 + - + Eup2 fo

(3.13)

We further project (3.13) into the fo direction and the orthogonal direction in L? (jRZ)
to obtain two equations that must each be solved.
We take the scalar product of (3.13) with fo in L?(R?). Using f]“/z =0 for j > 1 and

(—1Au. + Exp(w,2)) fo = & fo, we obtain

gn/2 = Tﬂ(vvv Z) - TQ(Ov 0)

n—7 n—6—k

+Z fo, Sij2 fii—6)2 ) 12r2) Z Z ,]/2 TR fk/2>L2(]R2)
7j=6 k=0 =1

- < fo, {<<1><W, Z), 0% An—s)2)Ha + (@W, Z), Oy V(n—6)/2) M.,

1 1
+ (W, 2), a%,zw(n76)/2>7—{el + 5 (2(W, 2), a%V,WI/)(n*8)/2>Hel }> .
2 2 12(R2)

(3.14)

We can solve this equation for &, , if the right hand side is independent of (W, Z).
This will be true, if we choose

n n—T n—6-k
Tu(W, Z) = = Y {fo, Sip2 fimeyp2 )o@y + 2 > (fo, 7;72_(J+k))/2) fry2) 2 m2)
=6 k=0 j=1

+<fo, {(‘P(W Z), 0% sy 2)Ha + (R(W, Z), Oy (n—s)/2) 1o

1 1
T+ LW, 2), 0 o+~ (BW. Z), O tnsy ), }>
2 2 L2(R2)
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We then are forced to take

The first non-zero T} /5(W, Z) is
1
Ts)o(W, Z) = 5 (W, 2), 05 0(W, Z))1,, — (fo. S3 fo)12(m2). (3.15)

So,
£ = (or S5 fohuzammy — 5 {200, 0), (9% 2)(0, 0)),

We next equate the components on the two sides of (3.13) that are orthogonal to fy in
L?(IR?). The resulting equation can be solved by applying the reduced resolvent ryp(E2),
which is the inverse of the restriction of (— Aw »+ Enr — &) to the subspace orthogonal
to fo. We thus obtain

n

fn—ay2 = rNr(&2) Z Emn—jj2 Fiia — Y (Sj2(w,2) fi—e)2)*
j=1 7=6

—Tn—6—
k))
+ Z Z J/2 J+)/2(wsz/2 +Z Tin-j)/2(0,0) = T J)/2(WZ)) /2
k=
+ (W, 2), aZ,z ‘I’(n—5)/2>Hel + (@ (W, Z), 8W,w (n—6)/2>7J:lel

+ <(I)(W7 Z)a 8%,Z \Ij(n—ﬁ)/Q >'}J-_{el + <(I)(I/Va Z)v 812/1/,W \Ij(n—S)/Q >7J'_fel >

This solution has f,_4)/2 = f(fl —1)/2 orthogonal to fy, as claimed in Section 2. The first
non-trivial f;/, for j > 1is

flL(VV, Z,w, z) = —ryp(&) (S3(w, z) fo(w,z))l. (3.16)

Next, we equate the components of (3.12) that are orthogonal to ®(W, Z) in H;.
We solve the resulting equation for w;ﬁby applying the reduced resolvent r(W, Z) of

hie, W, Z) at Ei(e, W, Z). This yields

n—>5
e =r(W, Z) Em-i)j2 Yip2 — Z i/2(w,2) g2
j=1
n—7n—6—=k (ne(+K))/2) n—=6
n—(j+
+ Tie 7w, 2 + D (Tl 12(0,0) = Ty 2 (W, Z))05
k=0 j=1 Jj=1

+ (0. Ym-sy2)" + (O +0%.2) Yin—s6)/2)"

1
+ (vw %78)/2% - (iAw,z‘i‘ENF(wyz) &) Tﬂ(n 1)/2

(3.17)
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The first non-zero component zﬂj—m with 7 >0, is

Vs (W, Z,w, 2) = (9:fo)(w,2) r(W, Z) (929)(W, Z). (3.18)

Finally, Proposition 3.9 below shows that each 1;/, in this expansion belongs to

D(e“(‘w‘/e*"Z'/\/a). As a result, whenever a derivative acts on the cutoff, it yields a
contribution whose L? norm is exponentially small. This way, we can neglect such terms.
For example

(8W~7:(€> W, Z))¢j/2(W7 Z, W/E, Z/\/E)
= ¢ U F (W) F(Z)e%) 4y 0(W, Z, W/e, Z]\e).

The square of the L? norm of this term is bounded by a constant times

201 / |t /2(W, Z, W/e, Z/ﬁ)|2
|W|/e51>1,|Z| /e2 <2

Q2a(IW|/e+|Z]/Ve) g =2a(1/'=20) qyrrar O(e™).

Thus, we have constructed the non-zero quasimode (3.7) that satisfies the eigenvalue
equation up to an arbitrary high power of €'/2. [ |

The proof of Proposition 3.9 relies on the following lemma.

Lemma 3.8 Let V' be a polynomial that is bounded below, such that the spectrum of
H= —%A + V purely discrete. Let o € C®(IR™) satisfy D*p € D(e®), for all « € N"
and any a > 0. If R(\) denotes the resolvent of H, then D*R(\)¢ € D(e*®)) for all
a € N" and all X in p(H). The same is true for D*r(E)p, where r(E) is the reduced
resolvent at £.

Proof We first note that elliptic regularity implies that the resolvent R(\) maps C*°
functions to C* functions. Next, applied to smooth functions in L?, we have the identity

[02;; RON)] = R(A) (9x,V) R(A).

We claim that the operators on the two sides of this equation have bounded extensions
to all of L2. To see this, note that DAV is relatively bounded with respect to V for any
f € N” because V is a polynomial. Furthermore, since H > V, we see that DSV is
relatively bounded with respect to H, which implies the claim. Hence, for ¢ as in the
lemma, we have

Or, RN & = RN 9, ¢ + ROV (95,V) RN . (3.19)

The first term on the right hand side of this equation belongs to D(e**)) since R(\)
maps exponentially decaying functions to exponentially decaying functions (see Corollary
3.4). The same is true for the second term, with a possible arbitrarily small loss on the
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exponential decay rate, due to the polynomial growth of d,, V. This provides the starting
point for an induction on the order of the derivative that appears in the conclusion of the
lemma.

We now assume that for some a € N", D*R(z)¢p is a linear combination of smooth
functions of the form R(z)(D"V)R(z)--- R(z)(DV-1V)R(2)D" ¢ all of which belong to
D(e®®), for any a > 0. We assume every v that occurs here has |y| < |a|. Then
0z; D*R(2)¢p is a linear combination of elements of the form

Oz; (R(2)(DMV)R(z) - - - R(2) (D V) R(2) DV )

Applying (3.19) successively, we see that the structure is preserved. Since all D"V are
polynomial, Corollary 3.4 implies the result.
The statement for the reduced resolvent follows from the representation (3.4). |

Proposition 3.9 Assume the hyptheses of Theorem 3.7. Let 1;,5(W, Z, w, ) be deter-
mined by the construction above, where (W, Z) belongs to a closed neighborhood 2 of the
origin and (w, z) € IR%. Then V2 is C°, and the function

G(wa Z) = sup ’w]/Q(W7 Z,w,z)]
(W,Z)e

belongs to D(e®(w2))).

Proof The hypothesis on the Hamiltonian and the properties of the normal form Hypg
proven above imply that ®(W, Z) and (W, Z) are smooth, and that rnr(£2) maps smooth
functions to smooth functions. We also know that the non-degenerate eigenstate fy is
smooth and belongs to D(e®(*2)). The smoothness of Vi;e(W, Z, w, z) follows trivially
in Q x IR%.

Concerning the exponential decay, we observe that the (w, z) dependence of /9
stems from the successive actions of derivatives, reduced resolvents, and multiplications
by polynomials in (w, z), acting on the eigenstate fy. Lemma 3.8 applied in conjunction
with Proposition 3.5 shows that the exponential decay properties are preserved under such
operations. [ |

4 Technicalities

In this section, we present the proofs of Lemma 3.3 and Proposition 3.5.

Proof of Lemma 3.3 We first note that the hypothesis on p implies p(z) > 0 for any
x € R™, and that

e~ 201yl < p(2) /p(y) < 2, (4.1)

Let Br € R™ be a ball of radius R > 0. We first show that f € L?(Bgi1) and Af €
L?(Bpry1) imply f € H?(Bg), where

H*(Bg) = {f € L*(Br), Vf € L*(Br), and Af € L*(Bg) }.
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We denote the usual H?(Bg) norm by ||| g2(p,,)- We now show the existence of a constant
K(R) > 0, which depends only on R, such that

| s k®) [ (arP P, (42)
Bgr Bpr+1

Note This estimate does not hold in general if the balls over which one integrates have
the same radius.

We set ¢ = Af on Bry1 and g(x) = 0 if || > R+ 1. We can then decompose
f = f1+ fo with fi and fo solutions to

Afi=g,  filoBrss =0
Afs=0  |z|<R+1.

Thus, fi € H?(Bgry3), and there exists a constant c;(R), which depends only on R,
such that

I fillz2(Brys) < c(R) [[AfillL2(Bris) = c1(BR) |1AfllL2(Bry) (4.3)

so that
IVfll2Bryy < WfillazBr.,) < a(B) IAflL2(Bry)-
By the mean value property for harmonic functions, fo also satisfies estimate (4.2), for

some constant Ko(R) with Afy = 0 (see e.g., Chapter 8 of [1]). Combining these argu-
ments, we see that for co(R) = ¢1(R) + Ka(R),

[ W0 < @ [ (AAP+IRR) < a®) [ (AP +2A7P+IAP).
BR BR+1 BR+1
But fBR+1 112 < HleJQqQ(BRH), so (4.3) implies that (4.2) holds for some constant
K(R).

Because of (4.1), we can insert the weight p into this estimate to establish the existence
of another constant K (R), which depends only on R, such that

[ owivse < K@) [ pqarkeisp (14)
Br Bri1
In other words, p'/2 V[ € Ll20c if f e F2.

A second step consists in showing that p'/? V£ is in L?(R") and satisfies (3.3). Let
Xr € C*®(R") be a truncation function such that 0 < xr < 1, with xr(z) = 1 if
|| < R, and xgr(z) = 0if || > R+ 1. We can take yr so that ||[Vxg|lc is independent
of R. Let f € F2, and set fr = xrf. Since Vfr = xrVf + fVxr, we see that
1PY2 ¥ frll 28y = P2 V fllz2(5,), and

Jim (192 (Fr = )2y — 0.

by Lebesgue dominated convergence. By the same argument with Afr = YrAf+ fAxr+
2VXva7
dim [p2(Af — (A + fAXR)) [12@n) = 0.
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We have the estimate |p'/? VXRVfHQLQ(BRH) < e fBRJrl\BR p/? |Vf[?, for some
constant cg, independent of R. We can cover the set Bry1 \ Br by a finite set of balls
{B1(j)}j=1,-. N(r), of radius 1, centered at points z; such that |z;| = R+1/2. In each of
these balls By (j), we can apply (4.4) (with a constant K, independent of R), to see that

N(R)
[ stk Y [ p(arRIR),
Br+1\Br j=1 7/ B20)

where Bs(j) has radius 2 instead of 1. Using ij:(f) Bs(j) C Brys \ Br-3, and taking into

account that certain points are counted (uniformly) finitely many times in the integral,
we eventually obtain

92 TxR Y ey < [ p (AR ISP,

Brt+1\Br

where c3 is uniform in R. By the dominated convergence theorem again, this integral goes
to zero as R goes to infinity. So, we finally obtain

Jim Ip"? (Af = Afr))llz2@ny = 0.

Since fr belongs to H2(R™), the set of compactly supported functions in H?, we
compute

V-(pfrVfr) = pfrAfr + |VfrlI*p + fr Vo Vg
Since fr has compact support, Stokes Theorem and our hypotheses on Vp show that

/29|sz|2 = ‘/ fRAfRP+/fRVprR

([ 137m) 1/2 (/ |fRPp>1/2 w0 (f rfRPp)l/z (/ WfRPp)m,

or, in other words,

IV /el < IAfRlw IfRlw + 2C [V Rllw | fllw-

This estimate implies (3.3) for fr. The right hand side of that estimate has a finite limit
as R — oo with f in place of fr on the right hand side. Since

/BR pIVIE < [ o9

we deduce that p [V f|?> € L'(R") and satisfies (3.3). |

IN

Proof of Proposition 3.5 We use the following Paley—Wiener theorem, Theorem 1X.13
of [11]:

Let f € L*(IR™). Then e®*lf ¢ L2(IR™) for all a < d' if and only if f has an analytic
continuation to the set {p : |Im p| < a'} with the property that for each t € IR" with

~

it| < a', f(- +it) € L*(IR™), and for any a < d/, supj<a [If(- +it)l]2 < occ.
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We refer to the conditions on fin this theorem as “the Paley—Wiener conditions.”

Since el o € L2(IR") is equivalent to ¢ € D(e®*)), Proposition 3.2 shows that @ is
analytic everywhere and satisfies the Paley-Wiener conditions. The functions p — p; ¢(p)
and p — 3 p]2- ©(p) also satisfy these conditions.

As a preliminary remark, we note that for any fixed t € IR", there exist K (t) > K (t) >
0 and R(t) > 0, such that if p € IR" satisfies p? > R(t), then

n

K(t) Y p3 <[> (pj+ity)*| < K(t Zp] (4.5)
j=1

j=1

So, if Bg is a ball of radius R with center at the origin, —@ satisfies
2
n
/ STp | 1elp +it)]? dp < oo, (4.6)
R™\Br@) \ j=1

uniformly for ¢ in compact sets of IR".

We now start an induction on the length |«| of the multi-index « in D%p. We first
show that p — p; pr @(p) satisfies the Paley—Wiener conditions for any j, k € {1,--- ,n}.
Note that we only need to prove estimates for large values of the [p;|’s. Also, note that if
Py p? > R(t) > 1, there exists a constant C'(¢) > 0 such that

| (pj +ity) (pr +itg) | < CO(t Z o (4.7)

Therefore, (4.6) implies that

/ (s +t5) (o + 1) 2 100 + )2 dp
R™\Bpg)

2
n

gw@/ Sop2 | 18 +it)? dp
R™\Brt) \ j=1
< 00,

uniformly for ¢ in compact sets of IR". Hence, 0y,0y, ¢ € D(e™*)) for any a > 0.
We next turn to third order derivatives. Consider the derivative of —Ap+(V—&)p =
For any j € {1, ---, n},

awj AQD = (axjv)sp + (V_E) aerO

Since V' is a polynomial, Proposition (3.2) shows that d,; Ay € D(e®®)), for any a > 0.
Thus, the function p — p; (327, p?) ©(p) satisfies the Paley—Wiener conditions.
Consider now any triple of indices j, k, . For Z?:o pjz > R(t), we have

| (pj +ity) (pr + ite) (o +it1) | < C(t) |pj + ity] Z 2.
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Hence, using this estimate with (4.6), we deduce that

/ (0 + ;) (o1 + ite) (01 + it0) [2 |5 + i) 2 dp
R™\BRr(y)
2
n
< Cz(t)/ pi+iti? [ D pF | 18 +it)]* dp
R™\Bpr(y) j=1
< oo,

uniformly for ¢ in compact sets of IR"™. Therefore, the Paley—Wiener Theorem asserts that
O; Oy O, € D(ea<x>), for any a > 0.

We now proceed by assuming D¢ € D(e®®)), for any a > 0 and any 3, such that
|B] < m. Let a have || = m+1. Let & be any multi-index of length m —1. Differentiating
the eigenvalue equation again, Leibniz’s formula yields

DAp = Y CY (D*(V-£)) DYy, (4.8)

0<~<a

where the C,’g“ are multinomial coefficients. The induction hypothesis and the assumption
that V is a polynomial show that D% Ay € L?(IR"). Therefore, p — p* (37— p?) o(p)
satisfies the Paley—Wiener conditions. In «, there are two indices, a; and oy, not neces-
sarily distinct, which are larger or equal to one, such that we can write

(p+it)” (4.9)
= (p1+it)* - (p; + ’itj)aj_l o (p A it) T (p ity (pj +itj) (pr + ity).

Estimating the absolute value of the last two factors by (4.7) and using that

&= (ay, - ,a;—1,--- ;a—1, -, ay) has length m—1, we see that p — p* @(p) satisfies
the Paley-Wiener conditions. Hence, D®p € D(e*®)) for any a > 0. |
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