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1. OUTLINE

1.1. Introduction. Nakajima’s quiver varieties are certain smooth (non-affine) complex
algebraic varieties associated with quivers. These varieties have been used by Nakajima to
give a geometric construction of universal enveloping algebras of Kac-Moody Lie algebras (as
well as of the corresponding quantized enveloping algebras) and of all irreducible integrable
(e.g., finite dimensional) representations of those algebras. Nakajima’s varieties provide also
a large class of examples of algebraic symplectic manifolds whith extremely nice properties
and rich structures, interesting in their own right.

A connection between quiver representations and Kac-Moody Lie algebras has been first
discovered by C. Ringel around 1990. Ringel produced a construction of Ujn, the positive
part of the quantized enveloping algebra U,g of a Kac-Moody Lie algebra g, in terms of a
Hall algebra associated with an appropriate quiver. Shortly afterwards, G. Lusztig combined
Ringel’s ideas with the powerful technique of perverse sheaves to construct a canonical basis
of Upn.

The main advantage of Nakajima’s approach (as opposed to the earlier one by Ringel and
Lusztig) is that it yields a geometric construction of the whole algebra U,g rather than its
positive part. In addition, it provides a geometric construction of simple integrable U,g-
modules.

There are several steps involved in the definition of Nakajima’s quiver varieties. Given
a quiver (), we associate to it three other quivers, Q%, @, and QV, respectively. In terms

of these quivers, various steps of the construction of Nakajima varieties may be illustrated
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schematically as follows

Framed representation

variety Rep QY

7

Nakajima variety M g:

Hamiltonian reduction of
Rep Q Rep Q¥ = T"(Rep QY),
(= cotangent bundle of framed

representation variety of @)

N

Hamiltonian reduction
of Rep@ = T*(Rep Q)

Our exposition will be close to the one given by Nakajima in [Na5].

1.2. Reminder. Throughout, the ground field is the field C of complex numbers.

We fix a quiver @), i.e., a finite oriented graph, with vertex set I and edge set E. We write
Q°P for the opposite quiver obtained from ) by reversing the orientation of edges.

For any pair i, j € I, let a;; denote the number of edges of () going from j to i. The matrix
Ag = ||a;;|| is called the adjacency matriz of Q.

On C’, one has the standard euclidean inner product a - 3 := Y ic; @i Thus, the
(non-symmetric) bilinear form associated with the adjacency matrix reads

AQQ'B = Z Qltail () 5head(a:)u «, 6 € (CI'

zeE

One also defines an Euler form by the formula
(o, B)q == a- B — Aga-B, (1.2.1)

Let CQ be the algebra of @, and let CI C CQ be the subalgebra spanned by trivial paths.
Thus CI is a semisimple finite dimensional algebra isomorphic to the algebra of C-valued
functions on the set I, equipped with pointwise multiplication. We write 1; for the trivial
path at a vertex i € I, equivalently, for the characteristic function of the one point set
{i} CcIL

Let B be a C-algebra equipped with an algebra map CI — B, eg. B is a quotient of the
algebra of (). Abusing the notation, we also write 1; for the image of the element 1; € CI in
B. Associated with any finite dimensional representation M, of B, is its dimension vector
dim M € ZL, such that the ith coordianate of dim M equals (dim M); := dim(1; - M).

Given an I-tuple v = (v;);er € Z', let Gy := []..; GL(v;). Further, write Rep(B, V)
for the space of v-dimensional representations of B. In the special case B = C(Q), we use

2



simplified notation Rep(Q,v) = Rep(CQ, v) for the space v-dimensional representations of
Q.
Thus, Gy is a reductive group, and Rep(Q, v) is a vector space that comes equipped with
a linear Gy-action, by ‘base change’ automorphisms. We have

dim Rep(Q,v) = Agv - v, dimGy =v-v. (1.2.2)

Note the the subgroup C* C G, of diagonnaly imbedded invertible scalar matrices acts
trivially on Rep(Q,v).
We will very often use the following elementary result

Lemma 1.2.3. Let B be an algebra equipped with an algebra map CI — B. Then, the
isotropy group of any point of Rep(B,Vv) is a connected subgroup of Gy.

Proof. Let M be a representation of B, and write Endg M for the algebra of B-module
endomorphisms of M. It is known that the isotropy group G™ of the point M € Rep(B, V)
may be identified with the group of invertible elements of the algebra Endg M.

We claim that, more generally, the set A* of of invertible elements of any finite dimensional
C-algebra A is connected. To see this, we observe that the set A58, of noninvertible elements
of A, is a hypersurface in A given by the equation det m, = 0, where m, denotes the operator
of left multiplication by an element a € A.

Such a hypersurface has real codimension > 2 in A, hence cannot disconnect A, a real

vector space. Therefore, the set A = A ~ A" of invertible elements, must be connected.
O

2. MODULI OF REPRESENTATIONS OF QUIVERS

2.1. Categorical quotients. Naively, one would like to consider a space of isomorphism
classes of representations of () of some fixed dimension v. Geometrically, this amounts to
considering the orbit space Rep(Q,v)/Gy. Such an orbit space is, however, rather ‘badly
behaved’ in most cases. Usually, it does not have a reasonable Hausdorff topology, for
instance.

One way to define a reasonable orbit space is to use a categorical quotient

Rep(Q,v)/ /Gy := Spec C[Rep(Q, V)],

the spectrum of the algebra of Gy-invariant polynomials on the vector space Rep(Q, v). By
definition, Rep(Q,v)//Gy is an affine algebraic variety.

To understand the categorical quotient, we recall the following result of Le Bruyn and
Procesi, [LBP],

Proposition 2.1.1. The algebra C[Rep(Q, v)|Sv is generated by the functions Tr, : M —
Try(p), where p runs over the set of oriented cycles in Q) of the form p = pi, iy - Digis -

Dis vis - Pisins (Dij € E), and where Trp(p) denotes the trace of the operator corresponding
to such a cycle in the representation M € Rep(Q, V).

Corollary 2.1.2. For a quiver Q without oriented cycles, one has C[Rep(Q,v)]“w = C,
hence, Rep(Q,v)//Gy = pt. d

Theorem 2.1.3. Geometric (= closed) points of the scheme Spec C[Rep(Q, v)]%v are in a

natural bijection with G -orbits of semisimple representations of Q. O
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Corrolary 2.1.2 shows that the categorical quotient may often reduce to a point, so a lot
of geometric information may be lost.

A better approach to the moduli problem is to use a stability condition and to replace
the orbit space Rep(Q, v)/Gy, or the categorical quotient Rep(Q,v)//Gy, by an appropriate
moduli space of (semi)-stable representations. There is a price to pay: moduli spaces arising
in this way do depend on the choice of a stability condition, in general.

2.2. Reminder on GIT. The general theory of quotients by a reductive group action via
stability conditions has been developed by D. Mumford, and is called Geometric Invariant
Theory, cf. [GIT].

To fix ideas, let X be a not necessarily irreducible, affine algebraic G-variety, where G is
a reductive algebraic group. Given a rational character (= algebraic group homomorphism)
x : G — C*, Mumford defines a scheme X//,G in the following way. Let G act on the
cartesian product X x C by the formula g : (z,z) — (g9z,x(g)"" - 2) (more generally, the
cartesian product X x C may be replaced here by the total space of any G-equivariant
line bundle on X). The coordinate ring of X x C is the algebra C[X x C] = C[X][z], of
polynomials in the variable z with coefficients in the coordinate ring of X. This algebra has
an obvious grading by degree of the polynomial.

Let A, := C[X x C]¢ be the subalgebra G-invariants. Clearly, this is a graded subalgebra
which is, moreover, a finitely generated algebra by Hilbert’s theorem on finite generation of
algebras of invariants. Explicitly, a polynomial f(z) = N f,- 2" € C[X][z] is G-invariant
if and only if, for each n = 0, ..., n, the function f, is a x"-semi-invariant, i.e. if and only
if one has

falg ™ (@) = X(9)" - fulz), VgeG, zeX.

Write Y™ : g — x(g)" for the n-th power of the character y and let C[X|X" C C[X] be

the vector space of y™-semi-invariant functions. It is clear that we have

A, =C[X xC|° =, ., C[X]",

and the direct sum decomposition on the right corresponds to the grading on the algebra A, .

Let X//,G := Proj A, be the projective spectrum of that graded algebra. This is a quasi-
projective scheme, called a GIT quotient of X by the G-action; the scheme X//, G is reduced
whenever so is X (since A, has no nilpotents provided there are no nilpotents in C[X]). The
geometric points of the scheme X//, G correspond to graded maximal ideals of the algebra
A, different from the augmentation ideal.

n>0

Remark 2.2.1. In the special case of the polynomial algebra A = Cluy, ..., u,], we have
ProjA = P™ = (C™*! \ {0})/C*. Excluding the augmentation ideal of A corresponds in
this case to removing the origin 0 € C™*! from considerations. O

In general, for n = 0, we have C[X]X" = C[X]%, is the algebra of G-invariants. Thus,
we have a canonical algebra imbedding C[X]¢ < A, as the degree zero subalgebra. Put
another way, the algebra imbedding C[X]¢ < C[X x C]¢ is induced by the first projection
X xC— X.

Standard results of algebraic geometry imply that the algebra imbedding C[X]¢ — A,
induces a projective morphism of schemes 7 : Proj A, — Spec C[X]% = X//G.

To get a better understanding of the GIT quotient X//, G, one introduces the following
definition, see [GIT].

4



Definition 2.2.2. (i) A point © € X s called x-semistable if there exists n > 0 and a
x"-semi-invariant f € C[X|X" such that f(x) # 0.

(i) A point x € X is called x-stable if there exists n > 1 and a x"-semi-invariant
f € C[X|X" such that f(z) # 0, in addition, the G-action on the set X ~ f~1(0) is required
to be closed, and the isotropy group of the point x is required to be finite.

Write X3, resp. X3, for the set of semustable, resp. stable, points. Thus, we have
Xy C Xy CX.

(iii) Two x-semistable points x, 2" are called S-equivalent if and only if the orbit closures
G-z and G - &' meet in X3

Note that the G-orbit of a stable point is an orbit of maximal dimension, equal to dim G,
moreover, this orbit is closed in X7*. Hence, two stable points are S-equivalent if and only
if they belong to the same orbit.

Now, for any G-orbit O C X, the polynomials f € A, such that f(O) = 0 form a graded
ideal Jo C A,. It is easy to see that Jo is a mazimal graded ideal in A, and that, for any
G-orbit O C X*°, we have Jp # A,.

One of the main basic results of GIT reads

Theorem 2.2.3. (i) The assignment O +— Jp induces a natural bijection between the set
of S-equivalence classes of G-orbits in X* and the set of geometric points of the scheme
X//,G.

(ii) The bijection from (i) makes the orbit set X°/G a Zariski open (possibly empty) subset
in X//,G.

Example 2.2.4. For the trivial character y = 1, a point x € X is y-semistable if and only if
the G-orbit of z is closed in X. Furthermore, we have A, = C[X]%[z]. Therefore, we get

X//\G = ProjA, = Proj (C[X]9[z]) = SpecC[X]“ = X//G, for x =1.
In this case, the map 7 becomes an isomorphism X//,G = X//G.
We will frequently use the following result which is, essentially, a consequence of definitions.

Corollary 2.2.5. Let X be a smooth G-variety such that the isotropy group of any point of
X is connected. Then the set X°/G is contained in the smooth locus of the scheme X//\G.

Assume, in addition, that X is affine and that the G-action on X*° is free. Then any
semistable point is stable and the scheme X//,G is smooth. U

2.3. Stability conditions for quivers. A. King introduced a totally different, purely al-
gebraic, notion of stability for representations of algebras. He then showed that, in the
case of quiver representations, his definition of stability is actually equivalent to Mumford’s
Definition 2.2.2.

To explain King’s approach, fix a quiver @ and fix § € R?. It will become clear shortly
that the parameter € is an analogue of the group character x : G — C*, in Mumford’s
theory.

Definition 2.3.1. A representation M of Q) is said to be 0-semistable (resp. 6-stable), if
0-dim M = 0 and, for any subrepresentation N C M, we have 8 -dim N < 0, (resp. for any
subrepresentation N C M, such that N # 0, M, we have 6 - dim N < 0).
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Clearly, if the vector # € RL; has negative coordinates then there are no #-semistable
representations.

At the opposite extreme, let the vector § € RL, have non-negative coordinates. Then any
representation of @ is f-semistable. If, furthermore, § € RL, then any representation of Q
is even #-stable. We will often use the following vector

0t = (1,1,...,1) € Z,. (2.3.2)

In general, it may be rather hard to describe explicitely the class of (semi)stable represen-
tations.

Remark 2.3.3. Let dim M = v and fix § € Z’. Then, it is clear that 6 - dim M = 0 if and
only if the character x4 vanishes on the subgroup C* C G,.

For this reason, we will be mostly interested below in (semi)stable representations of
dimension v such that #-v = 0. Clearly, this may only happen when not all the coordinates
of the vector # are of the same sign, in particular, we have 6% - v # 0. O

The definition of (semi)stability given above is a special case of a more general definition
due to A. King [Ki|, who considers the case of an arbitrary associative C-algebra A.

Given such an algebra A, let Kg,(A) denote the Grothendieck group of all finite dimen-
sional A-modules. This is a free abelian group with the basis formed by the classes of simple
finite dimensional A-modules. Fix an additive group homomorphism 6 : Kz, (A) — R.

Following King, one says that a finite dimensional A-module M is #-semistable, if §([M]) =
0 and, for any A-submodule N C M, we have §(|N]) < 0. A semistable representation M is
called f-stable if the only subrepresentations N C M with 6(|[N]) = 0 are M and 0.

This definition specializes to Definition 2.3.1 as follows. One takes A := C(@). Then, the
assignment [M] — dim M yields a well defined group homomorphism dim : Kg,(CQ) — Z'.
Now, for any 6 € R!, define a group homomorphism ¢y : Z! — R, x > 0; - x;. This
yields an obvious isomorphism R! = Hom(Z!,R), 6 +— ¢y. Thus, given § € R/, one may
form a composite homomorphism Kg,(CQ) — Z' — R, [M] — 6 - dim M.

For this last homomorphism, King’s general definition of stability for A-modules reduces
to Definition 2.3.1.

Remark 2.3.4. Assume that the quiver () has no oriented cycles. Then, it is easy to show
that any simple representation M of @) is 1-dimensional, i.e., there exists a vertex ¢ € [
such that M; = C and M; = 0 for any j # i. It follows that the map dim : K4,(CQ) —
7', [M] +— dim M is in this case a group isomorphism. O

Fix either a quiver or a C-algebra. Let f : M — M’ be a morphism of f-semistable
representations of (of possibly different dimensions). Then, it is immediate from definitions
that Ker f and Coker f are again semistable.

In this way, one obtains

Lemma 2.3.5. For any 0 € R!, the 0-semistable representations form a full abelian subcat-
egory in the category of all finite dimensional representations. 6-stable representations are
the simple objects of that category. U

As a corollary, we deduce that any #-semistable representation M has a Jordan-Hoélder

filtration 0 = My C M; C ... C M,, = M, by subrepresentations, such that My/M;_,
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is a f-stable representation for any k£ = 1,...,m. The associated graded representation
gr® M := @y, My, /My_1 does not depend, up to isomorphism, on the choice of such a filtration.

To relate Mumford’s and King’s notions of stability, we associate with an integral vector
0 = (0;)ic; € Z', a rational character

Xo: Gy —C*, g=(g)ier — []det(g:)".
el

The main result of King relating the two notions of stability reads

Theorem 2.3.6. For any dimension vector v and any 0 € Z' such that 0 -v = 0, we have
(i) A representation M € Rep(Q, V) is xg-semistable, resp. xg-stable, in the sense of Def-
inition 2.2.2 if and only if it is O-semistable, resp. 0-stable, in the sense of Definition 2.3.1.
(ii) A pair M, M’', of xg-semistable representations, are S-equivalent in the sense of Def-
inition 2.2.2 if and only if one has gr® M = gr® M'. 0

Let Repy(Q,v) denote the set of stable, resp. Rep*(Q,v) denote the set of semistable,
representations of dimension v. We write Ry(v) = Rp(Q,V) := Repy*(Q,Vv)//y,Gv. By
Theorem 2.2.3, this is a quasi-projective variety.

Corollary 2.3.7 (A. King). (i) The group G/C* acts freely on the set Repy(Q,v), of
f-stable representations. The orbit set Rj(v) := Repp(Q,Vv)/Gy is contained in Ry(v) as a
Zariski open (possibly empty) subset.

(ii) Assume that QQ has no edge loops. Then, the vector v € ZIZO s a Schur vector for Q)
if and only if there exists 0 € Z' such that
6-v=0 and Repy(Q,v)#0.
For such a 0, we have dimRy(v) =1— (v,v)q.
Proof of (i). Let g be an element of the isotropy group of M, such that g ¢ C*, and let
¢ € C be an eigenvalue of g. Then N := Ker(g — cId) is a nontrivial subrepresentation of M.

Clearly, the group C* acts trivially on N. Hence, we have dim N - v = 0, contradicting the
definition of stability. It follows that the group G,/C* acts freely on Repy (@, v). O

According to Example 2.2.4, we get
Corollary 2.3.8. In the special case 0 = 0, one has

Ro(v) = Rep(Q,v)//Gy = SpecC[Rep(Q, V).
For any 0 € 7, there is a canonical projective morphism 7 : Ry(Q,v) — Rep(Q,v)//G,.
[

Remark 2.3.9. It may be expected that, for any # € R!, the set Ry(v) has a natural structure
of a complex analytic (not necessarily algebraic) variety. I am not aware of any serious work
in this direction.

Remark 2.3.10. Note that a representation M of () is #-semistable if and only if M*, the
dual representation of Q°P, is (—6)-semistable. Thus, taking the dual representation yields
canonical isomorphisms

Repy’(Q,v) = Rep®)(Q°P,v), resp. Ry(Q,v) >R _4(Q%, V).
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3. FRAMINGS

3.1. The set Ry(Q, v) is often empty in various interesting cases of quiver () and dimension
vector v. Introducing a framing is a way to remedy the situation.

To explain this, fix a quiver Q with vertex set I. We introduce another quiver Qv, called
the framing of, Q as follows. The set of vertices of Q¥ is defined to be I L I’, where I’ is
another copy of the set I, equipped with the bijection I = I', i — i'. The set of edges of
Q" is, by definition, a disjoint union of the set of edges of ) and a set of additional edges
ji 11— 7', from the vertex i to the corresponding vertex i’, one for each vertex i € I.

Thus, giving a representation of Q¥ amounts to giving a representation x, of the original
quiver @, in a vector space V' = (V});c; together with a collection of linear maps V; — W;, i €
I, where W = (W;);¢r is an additional collection of finite dimensional vector W, placed at
the vertex i € I'. We let w := (dim W;);c; denote the corresponding dimension vector, and
write j : V' — W to denote a collection of linear maps j; : V; — W;, i € I, as above

With this notation, a representation of Q% is a pair (x,j), where x is a representation
of @ inV = (V;)er, and j : V. — W is arbitrary additional collection of linear maps.
Accordingly, dimension vectors for the quiver Q¥ are elements v x w € Z! x 7! = 790"
We write Rep(Q, v, w) := Rep(QY, v x w) for the space of representations (x, j), of Q, of
dimension dimV = v, dimW = w.

We define a Gy-action on Rep(Q¥,v,w) by g: (x,j) — (¢7'xg,jg), where we write jog

for the collection of maps V; v LN W;.

Remark 3.1.1. The group Gy = [],.; GL(v;) may be viewed as a subgroup in Gy x Gy, =
[Tic; GL(v;) x[1,c; GL(w;). The later group acts on Rep(QY, v, w) according to the general
rule of §1.2 applied in the case of the quiver Q¥. The G, -action defined above is nothing
but the restriction of the G x Gy-action to the subgroup G,.

From now on, we will view Rep(Q¥, v, w) as a G-variety, and will ignore the action of
the other factor, the group Gy. O

3.2. We may apply the general notion of stability, cf. Definition 2.2.2, in the special case

of the quiver Q¥ and a character yg : G, — C*. In this subsection, we restrict ourselves

to the case where 6 = 07, cf. (2.3.2); we write ‘semistable’ for ‘6*-semistable’, and let

Rep®(QY,v,w) denote the set of semistable representations of Q% of dimension (v, w).

Further let R(v, w) := Rep**(Q", v, W)/ /x,+ Gv be the corresponding GIT quotient.
Imitating King’s arguments, one proves

Lemma 3.2.1. (i) A representation (x,j) € Rep(Q¥,v,w), in vector spaces (V,W), is
semistable if and only if there is no nontrivial subrepresentation V' C V', of the quiver @,
contained in Kerj.

(i) The group G acts freely on the set Rep®(Q%, v, w), moreover, any semistable repre-
sentation 1s automatically stable.

(i) R(v, w) is a smooth quasi-projective variety and the canonical map Rep*(Q%, v, w) /G,
— R(v,w) is a bijection of sets.

Proof. Part (i) is proved by mimicing King’s proof of Theorem 2.3.6. To prove (ii), let

g # 1d be an element of the isotropy group of a representation V' € Rep**(Q%, v, w). Then,
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V' := Ker(g — Id) is a subrepresentation of V' that violates the condition of part (i). Part
(ii) follows from this. Part (iii) follows from (ii) by Corollary 2.2.5. O

Proposition 3.2.2 (King). (i) Assuming Q has no edge loops and the set of 0-stable v-
dimensional representations of () is nonempty, we have

dimRy(v,w) =v-w — (V,V)q, (3.2.3)
(i) If Q has no oriented cycles then the scheme Rqo(v, W) is a (smooth) projective variety.

Sketch of proof of formula (3.2.3). Observe first that we have
dim Rep(Q¥,v,w) = w-v + Agv - v.

Furthermore, one shows that, for 6 as in the statement of the theorem, the set Rep5(QY, v, w)
is Zariski open in Rep(QY, v, w). The G-action on Repj(Q, v, w) being free, we compute

dim Ry (v, w) = dim ( Rep®(Q", v, w)/Gy)
= dimRep*(Q", v, w) — dim Gy = dim Rep(Q, v, w) — dim G,

=wW-V+Agv-v—v-v=w-v—(V,V)g. O

Remark 3.2.4. Note that the Gy-action on Rep(Q®, v, w) does not factor through the quo-
tient G, /C*. Therefore, the condition § - dimV = 0, on the vector § € R!, is no longer
so natural. Indeed, the vector 6% = (1,1,...,1) used in the definition of R(v,w) does not
satisfy this condition. O

Ezample 3.2.5 (Jordan quiver). Let ) be a quiver with a single vertex and a single edge-
loop at this vertex. For any positive integers n,m € Z! = 7Z, we have Rep(Q,n) = End C".
Further, we have

QO; (\.*'l).,

Hence, we get Rep(QY,n,m) = End C" x Hom(C",C™).

It is clear that, for # = " = 1, any n-dimensional representation of () is f-stable. The map
sending an n X n-matrix to the (unordered) n-tuple of its eigenvalues yields an isomorphism
R*(n) = Rep(Q,n)//GL, = C"/S,.

Now, take m = 1, so we get Rep(QY,n,m) = EndC" x Hom(C",C). A pair (x,j) €
End C" x (C")* is semistable if and only if the linear function j : C* — C is a cyclic vector
for x* : (C™)* — (C™)*, the dual operator.

It is known that the G L,-action on the set Rep®(QY,n, 1), of such pairs (x,j), is free.
Moreover, sending (x,j) to the unordered n-tuple of the eigenvalues of x yields a bijection
between the set of GL,-orbits in Rep®(Q¥,n,1) and C"/S,. Thus, in this case, we have
isomorphisms R(QY,n,1) 2 R¥(n) = C"/S,.

Ezample 3.2.6 (Type A Dynkin quiver).

Q . 1 2 . n—2 n—1 n
: [ J [ J [ J [ ] L]

In this case, we have I = {1,2,...,n} and Rep(Q,v)//GL, = pt, since @) has no oriented
cycles.
Now, let v = (vy,v9,...,v,) and w = (7,0,0,...,0), where > v; > vy > ... > v, > 0,
is a strictly decreasing sequence of positive integers. An element of Rep(QY, v, w) has the
9



form (x,j), where x = (x;_1,; : C¥% — C"1),—5__,, and the only nontrivial component of j
is a linear map j :=j; : C"* — C".
Observe that the collection of vector spaces

F; = Image(joxao...ox;—1,;) C C", i1=1,...,n,

form an n-step partial flag, F; C F» C ... C F,, = C", in C". Now, the stability condition
amounts, in this case, to the injectivity of each of the maps j, xi2,..., Xp—1,. It follows
that we have
dim F; = dim Image(joxaio ... oX;_1;) = dim C" = v;.
In this way, one shows that the corresponding moduli space R(v,w) is isomorphic to a
partial flag manifold. In particular, it is a smooth projective variety, in accordance with
Proposition 3.2.2(ii).

4. HAMILTONIAN REDUCTION FOR REPRESENTATIONS OF QUIVERS

4.1. Symplectic geometry. To motivate later constructions, we first remind a few basic
definitions.

Let X be a smooth manifold, write 7*X — X for the the cotangent bundle on X. The
total space T*X, of the cotangent bundle, comes equipped with a canonical symplectic
structure, i.e. there is a canonically defined nondegenerated closed 2-form w on T*X.

In the case where X is a vector space, the only case we will use below, we have T*X =
X x X*, where X* denotes the vector space dual to X. The canonical symplectic structure
on X x X™* is given, in this special case, by the formula

wlxxz*, yxy") =y (zr) —2"(y), Vr,ye X, z",y" € X"
Now, let a Lie group G act on an arbitrary smooth manifold X. Let g be the Lie algebra
of G. Given u € g, write u for the vector field on X corresponding to the ‘infinitesimal
u-action’ on X, and let u, be the value of that vector field at a point z € X.

Associated with the G-action on X, there is a natural G-action on 7% X and a canonical
moment map

pw: T"°X — g, a,— p(a), where g* 3 u(ay) ru— (o, u,), (4.1.1)

where o, € T X stands for a covector at a point z € X.
The following properties of the map (4.1.1) are straightforward consequences of the defi-
nitions.

Proposition 4.1.2. (i) If the group G is connected then the moment map is G-equiva-riant,
i.e. it intertwines the G-action on T*X and the coadjoint G-action on g*.
(it) Writing Ty X for the conormal bundle of a submanifold Y C X, one has

p0)= | THX). (4.1.3)
Yex/a
Here, X/G stands for the set of G-orbits on X.
From the last formula one easily derives the following result

Corollary 4.1.4. Assume that the group G acts freely on X, and that the orbit space X/G
1s a well defined smooth manifold. Then,

e The G-action on T*X s free, and the moment map (4.1.1) is a submersion.
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e For any coadjoint orbit O C g*, the orbit space u=*(O)/G has a natural structure
of smooth symplectic manifold.
o For O = {0}, there is, in addition, a canonical symplectomorphism

T (X/G) = 1~ (0)/G. (4.1.5)

Formula (4.1.5) explains the importance of the zero fiber of the moment map. Later on,
we will consider quotients of 1 ~*(0) by the group action in situations where the group action
on X is no longer free, so the orbit set X/G can not be equipped with a reasonable structure
of a manifold.

For any group G, the differential of a rational group homomorphism G — C* gives a linear
function g — C, i.e. a point A € g*. The points of g* arising in this way are automatically
fixed by the coadjoint action of G on g*. If the group G is connected, then the corresponding
fiber ©~*(\) is necessarily a G-stable subvariety, by Proposition 4.1.2(i). The varieties of
that form play the role of ‘twisted cotangent bundles’ on X/G. These varieties share many
features of the zero fiber of the moment map.

The following elementary result will be quite useful in applications to quiver varieties.

Lemma 4.1.6. Let A € g* be a fixed point of the coadjoint action of a connected group G,
and let G act on a manifold X with an associated moment map p as in (4.1.1). Then, the
following holds:

A geometric point o € p~Y(\) is a smooth point of the scheme theoretic fiber u=t(\) if
and only if a has finite isotropy in G. In such a case, the symplectic form on T*X induces
a nondegenerate bilinear form on the vector space T,(T*X)/ Lie G*.

Proof. Put M := T*X, for short, let « € M, and write G* C G for the isotropy group of
the point . One has the following sequence (not exact sequence) of linear maps

w: Emw(é-)

g% T,(M) T (M) 25 g, (4.1.7)

Here, the first map is induced by the infinitesimal g-action on M, the second map is an
isomorphism induced by the symplectic 2-form w on M = T*X, and the last map is the
transpose of the first one. Clearly, one has Lie G* = Ker(act).
Now, the crucial observation, that follows directly from the definition of the moment map,
cf. (4.1.1), is that the differential of p at the point « is given by the formula dul|, = act* .
Since the map @ in (4.1.7) is a bijection, we deduce

G is finite <= LieG*“=0
<= actisinjective <= act” is surjective

< dp|, is surjective <=« is a smooth point.

This proves the first statement of the lemma.

To prove the second statement, note that we have T, (u~*(\)) = Ker(dul|,). From (4.1.7)
we see that the map @ provides an isomorphism Ker(du|,) = Ker(act*).

One has the following elementary result of linear algebra. Let f : E — F be a linear
map of finite dimensional vector spaces. Then, any nondegenerate bilinear form 3, on F,
induces a well-defined nondegenerate bilinear form on Ker(f)/Image(3~ o f*), where we

write 371 : E* — E for the isomorphism induced by £3.
11



The proof is completed by applying this general result of linear algebra in the case where
E:=T:M), F=g* and f := act™. O

4.2. Fix a finite set I and a dimension vector v € Z!.

From now on, we specialize to the case where the group G is a product of general linear
groups of the form Gy = [[..; GL(v;). Thus, we have g, := Lie Gy = ®;er gl(v;). The center
of each summand gl(v;) is a 1-dimensional Lie algebra of scalar matrices. Therefore, the
center of g, may be identified with the vector space C'.

Observe further that any Lie algebra homomorphism g, — C has the form x = (2;);es —
Zie ;i - Tra;. We deduce that the fixed point set of the coadjoint Gy-action on g is a
vector space C! C g*. Explicitly, an element A = ()\;)ic; € C! corresponds to the linear
function x = A-x =", ;A - Tra,.

4.3. The double (). Given a quiver Q, let Q = Q L Q°° be the double of Q, the quiver
that has the same vertex set as () and whose set of edges is a disjoint union of the sets of
edges of @ and of Q°P, an opposite quiver. Thus, for any edge = € (), there is a reverse edge
e P CQ.
_ Assume the quiver @ has no edge-loops. Then, from formula (1.2.2) applied to the quiver
Q, we find

2dim G, — dim Rep(Q, v) = =Cov - v, where Cq :=2Id — Ag, (4.3.1)
is the Cartan matriz of the underlying graph of Q.

Definition 4.3.2. For any A :_(/\i)ief € CI, let 1Ty = I1,(Q) be a quotient of the quiver
algebra CQ), of the double quiver Q, by the two-sided ideal generated by the following element

Z (xx™ —x"x) — Z i1
TEQ i€l
Thus, Iy is an associative algebra called preprojective algebra of () with parameter .

The defining relation for the preprojective algebra may be rewritten more explicitly as a
collection of relations, one for each vertex ¢ € I, as follows:

Z xr* — Z 'r = N\-1;, 1€ 1.
{z€Q: head(x)=1} {z€Q: tail(x)=i}

Clearly, one has Rep(Q, v) = Rep(Q, v) x Rep(Q°P, v). We will write a point of Rep(Q, v)

as a pair (x,y) € Rep(Q,v) X Rep(Q°P,v).
Recall that, for any pair, E, F', of finite dimensional vector spaces, there is a canonical
perfect pairing

Hom(E, F) x Hom(F,E) — C, fx f'— Te(fof") =Tr(f < f).

Using this pairing, one obtains canonical isomorphisms of vector spaces

Rep(Q™,v) = Rep(Q, V)", tesp. gy = gy. (4.3.3)
We deduce the following isomorphisms
Rep(Q, v) = Rep(Q, v) x Rep(Q, v)* = T*(Rep(@,v)). (4.3.4)

12



The natural Gy-action on Rep(Q, v) corresponds, via the isomorphisms above, to the G, -
action on the cotangent bundle induced by the Gy-action on Rep(Q, v). Associated with the
latter action, there is a moment map p. It is given by the following explicit formula

gt Rep(Q,v) =T"(Rep(Q,v)) — gy =gv, (X,¥) Y _ (zoy—yex) € g
We explain this general formula in the simplest case of the Jordan quiver.

Example 4.3.5. Let @ be a quiver with one vertex and one edge-loop. Then, @ is a quiver with
a single vertex and two edge-loops at that vertex. Thus, given a positive integer v € Z! = Z,
we have Rep(Q, v) = gl, x gl,. The action of the group G, on the space Rep(Q,v) becomes,
in this case, the Ad GL,-diagonal action on pairs of (v X v)-matrices.

Further, the isomorphism g, = g¥, resp. Rep(Q°?,v) = Rep(Q, v)*, sends a matrix x € gy
to a linear function y +— Tr(x -y). Hence, in the notation of §4, for any u € gl,, we have
u = ad u.

Now, according to definitions, see formula (4.1.1), the moment map sends a point (x,y) €
T*(gl,) = gl, x gl, to a linear function

A

px,y): gl, = C, ur—{y, ux) =y, adu(x)) =Tr (y- [u,x]) =Tr ([X,y] u)

We see that, the linear function u(x,y) € gl corresponds, under the isomorphism gl = g,
to the matrix [x,y]. We conclude that the moment map for the Ad G L,-diagonal action on
T*(gl,) = gl, x gl, has the following final form

K g[vxg[v - g[v7 XXyH[X7Y]‘
This is nothing but the general formula (4.3.4) in a special case of the Jordan quiver Q. ¢

It is clear from Definition 4.3.2 that, inside Rep(v, @), one has an equality:
Rep(ITy, v) = ' (A) := {(x,y) € Rep(Q,v) | [x,y] =2}, AeCl (4.3.6)

This is, in fact, an isomorphism of schemes.

It is important to emphasize that, up to a relabelling A — X of parameters, both the
scheme £~!(\) and the algebra I1,(Q) depend only on the underlying graph of Q,
and do not depend on the orientation of the quiver.

Remark 4.3.7. Observe that, for any Il -representation V' of dimension v, in view of the
defining relation for the preprojective algebra, one must have

AV = Z i - Try(1;) = Try (Z )\ili> = Try <Z (xx™ — x*x)) =0,

i€l i€l reQ

where in the last equation we have used that the trace of any commutator vanishes. We
deduce that the algebra II) has no v-dimensional representations unless A - v = 0.

This is consistent with (4.3.6). Indeed, the group C* C G, acts trivially on Rep(Q, V),
hence the image of the moment map p is contained in the hyperplane (LieC*):t C g7.
Therefore, the fiber p=(\) over a point A € C! C g* is empty unless we have X - v = 0.
Conversely, it is easy to see that the condition \ - v = 0 insures that p=!(\) # 0. O
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Given a dimension vector v, we introduce the following notation
Cl.={NeC'|)N-v=0}, resp. ZI.=7"nCL.

The cotangent bundle projection p : T*(Rep(Q, v)) — Rep(Q, v), may be clearly iden-
tified with the natural projection to Rep(Q,v) — Rep(Q, V), (x,y) — x, cf. (4.3.4). Re-
stricting the projection p to a fiber of the moment map one obtains a map py : Rep(Il),v) =
7 (A) = Rep(Q, v). _

Observe further that the composite CQ) — C@Q — II, yields an algebra imbedding CQ) —
IT\. In terms of the latter imbedding, the map p, amounts to restricting representations of
the algebra II, to the subalgebra CQ. Thus, we obtain, cf. [?],

Proposition 4.3.8. For any x € Rep(Q, V), the set py'(X) is canonically identified with
the set of extensions of x to a Il\-module (x,y) € Rep(Ily, v). d

4.4. Hamiltonian reduction. For any \ € CL, the fiber p~1()\) is a nonempty closed
G-stable subscheme of Rep(Q, v). We consider the following GIT quotient

Mio(v) := 71 (N)/ /4, Gv = Rep® (I, v) /S-equivalence, NeCl ezt (44.0)

Remark 4.4.2. One may identify C! x R = R3 @ R! and view a pair (), 0) € C! x R as a
point in R?® @ R, In this way, the Hamiltonian reduction p~*(\)//,,Gyv may be identified
with a hyper-Kahler reduction of the vector space Rep(@, v), equipped with a Hermitian
metric, with respect to the maximal compact subgroup of the complex algebraic group Gy
formed by the elements which preserve the metric.

Corollary 4.4.3. (i) Any simple I\-module of dimension v corresponds to a point in
(A8, the smooth locus of the scheme (4.3.6)

(i) The group G /C* acts freely on pu~'(\)8.
(iii) Let Taya(p™t(N)) be the normal space, at o € pu=(N)*8, to the orbit Gya C = (\)"8.
Then, the vector space Tg,o( (N)) has a canonical symplectic structure, and we have

dim T, o (™' (N)) =2 —Cv - v.

Proof. Part (i) follows, thanks to Schur’s lemma, from Lemma 1.2.3 and Lemma 4.1.6. The
last lemma also yields part (ii).

To prove (iii), put U := p~1(\)™8. For any a € U, the tangent space to U/G at the point
corresponding to the image of « equals T,(M)/Lie G*. The symplectic structure on this
space is provided by the last statement of Lemma 4.1.6.

Further, the (proof of) Lemma 4.1.6 implies that the map du|, is surjective, and the map
act in diagram (4.1.7) is injective. Thus, we compute

dim U/G = dim (T, (M)/ Lie G*) = dim Ker(dp|,) — dim Image(act)
= [dim(7T*X) — dimg*] — dimg = 2(dim X — dimG). O

Many of the results concerning stability of quiver representations carry over in a straight-
forward way to IIy-modules. In particular, we have

Theorem 4.4.4. (i) For § = 0, the scheme M, (v) = Spec C[u=1(N)]%, is affine; geo-
metric points of this scheme correspond to semisimple I1\-modules.
14



(ii) Geometric points of the scheme M o(V) correspond to S-equivalence classes of 6-
semistable 11, -modules.

(iii) The group G acts freely on the set u=1(\)*, of O-stable points; isomorphism classes
of 0-stable TIx-modules form a Zariski open subset M3 4(v) C Myo(v), of dimension 2 —
(v,Cv).

(iv) The canonical map 7 : Myg(v) — Myo(V) is a projective morphism that takes a
I1\-module V to its semi-simplification.

Sketch of Proof. Part (i) of the theorem is a consequence of Corollary 2.3.8.

To prove (iii), let V € p=1(\)* be a stable II)(Q)-module. A version of Corollary 2.3.7(ii)
implies that the isotropy group of V' is equal to C*. It follows that V' gives a smooth point
of the fiber ;~1(\), by Lemma 4.1.6. Furthermore, Corollary 4.4.3 applies and we find

dim M3 4(v) = 2(dim Rep(Q, v) — dim(G,/C")) = 2 — (v, Cv).
_ Other statements of the theorem are obtained by applying Theorem 2.3.6 to the quiver
Q. O

In the special case A = 0, using isomorphism (4.1.3), we deduce

Proposition 4.4.5. The variety Mogo(v) contains T*R;(v), the cotangent space to the
moduli space Rj(v), as an open (possibly empty) subset of the smooth locus of Myg(v). O

Ezxample 4.4.6 (Dynkin quivers). Let @ be an ADE quiver, and fix v and A such that \-v = 0.

The number of Gy-orbits in Rep(Q), v) is finite by the Gabriel theorem. Thus, we see from
(4.1.3) that x~(0) is in this case a finite union of conormal bundles, a Lagrangian subvariety
in 7" Rep(Q, v).

Further, for any x € Rep(Q, v) and any t € C*, let t-x be the representation obtained by
rescaling all maps in x by ¢. It is easy to see that x and ¢ - x belong to the same G,-orbit.
Hence, each Gy-orbit in Rep(Q,v) is a C*-stable subvariety. It follows that the conormal
bundle to such an orbit contains the origin 0 € Rep(Q, v) in its closure. We deduce that any
homogeneous G-invariant polynomial on p~1(0) of positive degree vanishes.

One proves that any simple II)(Q)-module is 1-dimensional, and one has

Mo(v) = pt.

4.5. The McKay correspondence. Fix a 2-dimensional symplectic vector space (E,w),
and a finite subgroup I' C Sp(F,w) = SLy(C). Let Q = Qr be the McKay graph of T'.

It is well known that the assignment I' — Qr gives a one-to-one correspondence between
conjugacy classes of finite subgroups of the group SLy(C) and quivers of the form @, where
@ is an extended Dynkin quiver of type A, D, FE.

The set I of vertices of @) is identified, via the McKay correspondence, with the set
of equivalence classes of irreducible representations of I'. We write L; for the irreducible
representation corresponding to the vertex ¢ € I and put §; := dim L;. In particular, there is
a distinguished vertex o € I corresponding to the trivial representation.

Associated with the extended Dynkin diagram, is a root system R C Z!. The vector
§ = (0;)ier € Z! is the minimal imaginary root of that root system.

Let CI" be the group algebra of I'; and for each ¢ € I, choose a minimal idempotent e; € CI"

such that CI'-e; 2 L;. Put e = Ziel e;, an idempotent in CI'.
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One way of stating the McKay correspondence is as follows

Theorem 4.5.1. (i) There is a canonical algebra isomorphism e - I1y(Q) - e = Sym E x I';
in particular, the algebras I1y(Q) and (Sym E) x I' are Morita equivalent.
(i) There is a canonical algebra isomorphism 1, - lo(Q) - 1, = (Sym E)F.

The orbit space C?/T" = Spec C|[x, y]" is an irreducible normal 2-dimensional variety with
an isolated singularity at the origin. Such a variety is known to have a minimal resolution,
unique up to isomorphism.

The following result is a reformulation of a result of P. Kronheimer in the language of
quiver moduli.

Theorem 4.5.2. (i) There is a natural isomorphism M,(8) = C?/T, of algebraic varieties.

(i) Assume that 0 € Z' does not belong to root hyperplanes of the affine root system.
Then, the variety Mg(d) is smooth and the canonical map m: Mg(6) — My(d) = C%/T is
the minimal resolution of C?/T.

5. NAKAJIMA VARIETIES

5.1.  'We now combine together all the previous constructions and consider the quiver Q.
For any dimension vector (v,w) € Z! x Z!, by definition, we have

Rep(@, v,w) = T*Rep(QY, v, w)
= Rep(Q, v) x Rep(Q°?,v) x Hom;(C¥,C%) x Hom;(C",C").

Thus, one may view an element of Rep(@,v,w) as a quadruple (x,y,1,j), where x €
Rep(Q,v), y € Rep(Q°P,v), i € Hom;(CY,CV), and j € Hom;(CY,C").
The vector space has the symplectic structure of a cotangent bundle and the group G

acts on Rep(QY, v, w) by symplectic automorphisms. The associated moment map is given
by

pi Rep(QY,v,w) = gy =gy, (Xy,1j)— Y [z +i®] € gy, (5.1.1)

where i; ® j; : V; — Vj is a rank one operator, and we use the notation i®j := >, ., i ®j;.
For any A € C! we have

p (A = {(x,y,1,j) € Rep(Q¥,v,w) | [x,y] +i®j = A}.

The equation on the right is often called the moment map equation, or the ADHM-equation,
since an equation of this form was first considered by Atiyah, Hitchin, Drinfeld, and Manin
in their work on instantons on P?.

From that point of view, it is natural to view the equation above as part of a larger system
of hyper-Kéahler moment map equations, cf. Remark 4.4.2. Accordingly, we will refer to an
element of the real vector space R® @ R as a ‘hyper-Kéhler parameter’.

Now, given § € Z!, we may apply general Definition 2.3.1 to the variety p~!(\) and the
character yy of the group G. This way, one proves

Proposition 5.1.2. A quadruple (x,y,1,j) € p~*(A\) is f-stable if and only if the following
holds:
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For any collection of vector subspaces S = (S;)ie; C V = (Vi)ier which is stable under the
maps X, by we have

S; C Kerj;, Viel = 0(dimS) <0;
S; D Imagei;, Viel = 6(dimS5) <6f(dimV). (5.1.4)
In the special case, cf. (2.3.2), where 6 = 0%, resp. 0 = —0%, condition (5.1.4), resp.
(5.1.3), is superfluous. O

Definition 5.1.5. The variety My o(v,w) := pu~1(N)5*/xoGy is called the Nakajima variety
with parameters (X, 0). Let M3 4(v,w) C Myg(v,w) denote the subset corresponding to
stable points.

To formulate the main properties of Nakajima varieties, recall first that, in the case where
the quiver @ has no edge loops, there is a root system R C Z! associated with the Cartan
matrix Cg. Let R, be the set of roots a € R with nonnegative coordinates. For any root
a€ R, weput at :={AeR | X\ -a=0}.

Given a dimension vector v € ZL, the parameter (A, 0) € C' x Z! will be called v-regular
if, viewed as a hyper-Kihler parameter (), 0) € R® ® R’ it satisfies

A\ 0) e RP@R! U R ® o', (5.1.6)

{a€R+|v—a€ZIZO}
We note that (A, 6) := (0,0%) is a regular parameter.

Theorem 5.1.7. (i) We have Myo(v,w) = pu*(\)//Gy is an affine algebraic variety
for any A € C!; given 0 € Z!, there is a natural projective morphism 7 : Myg(v,w) —
Mio(v,w).

(ii) If Q has no edge loops and the parameter (\,0) is v-reqular, then Myg(v,w) =
M3 p(v, W) is a smooth and connected algebraic symplectic manifold of dimension

dim My p(v,w) = 2w -v —Cgv - v.
(ii) The variety Mg g+ (v, w) contains T*R} (v, w) as a Zariski open subset.

Sketch of Proof. Part (i) is clear. To prove (ii), one shows that the isotropy group of any point
(x,y,1,j) € p~ () that satisfies the stability conditions (5.1.3)-(5.1.4) is trivial, provided the
parameter (\, ) is v-regular. It follows, in particular, that the Gy -orbit of a semistable point
(x,¥,1,j) € p~*(A\) must be an orbit of maximal dimension equal to dim G,. We conclude
that one semistable orbit can not be contained in the closure of another semistable orbit.
Thus, all semistable orbits are closed in p~1(A\)*, hence any semistable point is actually
stable.

Further, by Corollary 4.1.6, the triviality of stabilizers implies that the set pu=(\)** of
f-stable points is smooth and p~!'(\)* /G, is a symplectic manifold. Further, we have
dim Rep(QY, v, w) = 2w - v + (2Id — C)v - v. Therefore, we find

dim (' (A)*/Gy) =2w-v + (2Id — Co)v- v — 2dim Gy, = 2w - v — Cgv - v.

The connectedness of the varieties M (v, w) is a much more difficult result proved by

Crawley-Boevey [CBI1]. O
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Let ' (A)° C p~"'(X) be the subset of points with trivial isotropy group. We let MS (v, w)
C My o(v,w) be the image of this set in p~'(\)//Gy. We have

Proposition 5.1.8. Assume the quiver () has no edge loops. Then,
(i) M3 o(v, W) is a Zariski open (possibly empty) subset of Mxo(v,w) and the map 7
restrics to an isomorphism
ro o (M3 w) S M (v, w). 0

(ii) Assume that (X, 0) is a v-regular parameter and the set M3 (v, w) is nonempty. Then
the set w1 (M3 o(v, w)) is dense in Myg(v,w) and map 7 : Myo(v,w) — Myo(v,w) is
a symplectic resolution of singularities. 0

5.2. A Lagrangian subvariety. In this subsection, we let A = 0. Note the the affine
scheme M (v, w) contains a distinguished point 0, the image of the zero representation
0 € Rep(QY, v, w) in the categorical quotient M o(v, w) = u~1(0)//Gs.

For any 6 € Z', we define a closed subscheme Ag(v, W) C Mg o(v, W) to be Ag(v,w) :=
[771(0)]ed, the zero fiber of the canonical morphism 7 : Mg g(v, w) — Mo o(v, w) equipped
with reduced scheme structure.

Definition 5.2.1. A subvariety A of a symplectic manifold (M,w) is called Lagrangian if the
tangent space to A at any smooth point of A is a mazimal isotropic subspace of the symplectic
2-form w.

Theorem 5.2.2. Assume @) has no edge-loops. Then, we have

(i) If the parameter (0,0) is v-regular then, each irreducible component of the scheme
Ao(v,w) is a Lagrangian subvariety of Mog(v,w), a symplectic manifold.

(i) If 0 = 0T, then the Gy-orbit of a quadruple (x,y,i,j) € pu~1(0)* represents a point
of Ag(v,w) if and only if we have i = 0 and the Gy-orbit of the pair (x,y) € Rep(Q,V)
contains the pair (0,0) € Rep(Q,V) in its closure.

Remark 5.2.3. Part (ii) of the theorem motivates the name ‘nilpotent variety’ for the variety

Ag(v,w). O

We will prove part (i) of Theorem 5.2.2. To this end, we introduce a C*-action on various
varieties in question. First of all, let C* act naturally on T* Rep(QY,v,w), by dilations
along the fibers of the contangent bundle. This C*-action corresponds, via the identification
Rep(QY,v,w) = T*Rep(QY,v,w), to the action C* >t : (x,y,1,j) — (x,t-y,i,t-]j).
The latter action keeps the subvariety 1~1(0) stable and commutes with the Gy-action on
Rep(@,v,w). Therefore, for any 6, there is an induced Gy-action C* 2 ¢ : z +— t(z), on
Mo o(v,w). Furthermore, the map 7 becomes a G,-equivariant morphism of G,-varieties,
and the fiber 771(0) C My (v, w) becomes a Gy-stable subvariety.

Observe next that the symplectic form w on T* Rep(QY, v, w) gets rescaled under the
C*-action as follows C* 5 ¢t : w+ t-w. Hence, the induced symplectic form on Mg o(v, w),
to be denoted by w again, transforms in a similar way.

Lemma 5.2.4. If the quiver Q has no oriented cycles, then the C*-action on Mgo(v, w) is
a contraction to Moo(v,w)®" = {0}, the only fized point.
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Proof. A fixed point in Mg (v, w) = ~1(0)/G, is represented, by definition, by a C*-stable
and closed Gy-orbit O C p~1(0). For any point (x,y,1,j) € O, in this closed orbit, we must
have tlim (x,t-y,i,t-j) € O. Thus, we get (x,0,i,0) € O. We conclude that the orbit O

is contained in Rep(QY, v, w), the zero section of the cotangent bundle T Rep(QY, v, w) =
Rep(Q7, v, w).

Observe next that, for any homogeneous polynomial f € C[Rep(Q%, v, w)]", of positive
degree, we have flrep@ovw) = 0, since @ has no oriented cycles, see Proposition 2.1.1.
Also, the restriction map C[Rep(QY, v, w)] — C[p1(0)]% is a surjection, since x~1(0) is
a closed subvariety and the group G\, is reductive. It follows from this that any homogeneous
invariant polynomial f € C[u~1(0)]%v, of positive degree, vanishes on the orbit O. But G-
invariant polynomials are known to separate closed Gy-orbits. Thus, O = {0}. U

We note that the C*-action on Rep(@, v, w) depends on the orientation of @ (that is, on
the position of Q¥ inside Q%) while the scheme 1~ (0) is independent of such an orientation.
From now on, we choose an orientation such that () has no oriented cycles, so that Lemma
5.2.4 holds.

The fixed point set of the C*-action in the smooth variety Mgq(v,w) is a (necessar-
ily smooth) subvariety F = Mgo(v,w)" C Mgp(v,w). We write Fy,...,F, for the
connected components of F', and introduce the following sets

As = {z € Mop(v,w) | im ¢(2) exists, and we have limi(z) € Fi}, s=1,...,m
(5.2.5)

Lemma 5.2.6. The set F is contained in 7=*(0), and there is a decomposition A g(v, w) =
Lhcoer As

Proof. Since m(Mog(v,w)") C Moo(v,w)C" = {0}, it follows that F C 7~1(0).

Fix z € Mgo(v,w), and consider the map C* — Mgo(v,w), t — t(z). The C*-action
being a contraction, this map extends to the point ¢ = 0. It is clear that if the map ¢ — #(z)
also has a limit as ¢ — oo then it extends to a regular map P* — Mqo(v,w). Such a
map must be a constant map, since M (v,w) is affine. Thus, we have shown that, for
any z € Moo(v,w) ~\ {0}, the map ¢ — ¢(z) has no limit as ¢ — oo. Therefore, for any
2z € Mog(v,w) ~ 7(0), the map ¢ — #(z) can not have a limit as ¢t — oo.

We conclude that the limit lim ¢(z) exists if and only if we have 2 € 7=1(0). Moreover,

since m~1(0) is proper, in such a case one has limt(z) € 771(0). Finally, it is clear that the
limit point must be a C*-fixed point. The result follows. O
Remark 5.2.7. The C*-action on M (v, w) is a contraction to F'.

Theorem 5.2.2(i) is clearly a consequence of the following more precise result

Proposition 5.2.8. FEach piece A, is a smooth, connected, locally closed Lagrangian subva-
riety of Moe(v,w).
Furthermore, the closures Ay, s =1,...,7, are precisely the irreducible components of A.

Proof. The pieces defined by equation (5.2.5) are known as the Bialinicki-Birula pieces. They
are shown by Bialinicki-Birula to be smooth, connected, and locally closed subsets, in a much

more general setup. The first statement of the proposition follows.
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Next, we fix a connected component F, and a point ¢ € F,. The tangent space to
Moo(v,w) at ¢ has a weight decomposition with respect to the C*-action

T¢ (MOﬁ(V»W)) = @mez Hy, (5.2.9)

such that ¢ € C* acts on the direct summand H,, via multiplication by ¢"*. In particular,
we see that Hy = T4 F, is the tangent space to the fixed point set F'.

Recall that the symplectic 2-form w on Mgg(v,w) has weight +1 with respect to the
C*-action. Hence, a pair of direct summands H; and H,; are w-orthogonal unless k + [ = 1;
furthermore, the 2-form gives a perfect pairing w : H,, x H;_,, — C, for any m € Z. We
see, in particular, that €, ., H,, is a Lagrangian subspace in ,,., Hn.

To complete the proof, pick z € A, such that }L% t(z) = ¢. It is clear that, for the curve
t — t(z) to have a limit as t — oo, the tangent vector to the curve at ¢ = oo must belong to
the span of nonpositive weight subspaces. In other words, we must have

d(t(z))
pr _. € Do Hn

Since Ay is smooth at ¢, we deduce the equation Ty(As) = €D,y Hm- It follows, by the
above, that T4(Ay) is a Lagrangian subspace in T} (J\/love(v, W)), and the first statement of
the proposition is proved.

Now, the decomposition of Lemma 5.2.6 presents A as a union of irreducible varieties of
equal dimensions, and the second statement of the proposition follows. 0]

5.3. Hilbert scheme of points. Let () be the Jordan quiver, and let v € Z be a positive
integer.

In the setting of Example 4.3.5, the fiber of the moment map over a central element
A-1d € gl equals

po (A1) = {(x,y) € gly x gl | [x,y] = A-Td}.

This variety is empty for A # 0 since we have Tr([x,y]) = 0. For A =0, we get = 1(0) = Z,
the commuting variety of the Lie algebra gl,.

Let 2 : CV — gl, be the imbedding of diagonal matrices. Since any two diagonal matrices
commute, we get a closed imbedding 2 x 2 : CY x CV — Z. The group S, C GL,, of
permutation matrices, acts diagonally on Z C gl, x gl,, and clearly preserves the image of
the map @ x 1. Therefore, restriction of Ad G L-invariant functions induces an algebra map
(2 x 2)* : C[Z]AEv — C[CY x CY]*. The latter map can be shown to be an algebra
isomorphism.

Thus, we deduce

Moo(v) = 1~ (0)//G L, = Spec C[Z]* %Y = Spec C[CY x CY]* = (C¥ x C)/S,. (5.3.1)
Next, we study Nakajima varieties M, (v, w) for the Jordan quiver ). We have

X

_ ) j
Q@ — Cv - = Ccw
O
Yy
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Therefore, writing My (v, w) := u~*(A-Id) for the corresponding fiber of the moment map,
we get

My(v,w) = {(x,7,1.3) € gl x gl, x Hom(C™,C") x Hom(C¥,C") | [x,y] +i®@j = A- Id}.

Here, i ® j denotes a rank one linear operator CV — CV, u — (j,u) - i.

The above variety M) (v, w) is nonempty for any A € C. Below, we restrict ourselves to
the special case w = 1. In this case, we may view i as a vector in C¥ = Hom(C, CV), resp. j
as a covector in (C¥)* = Hom(CVY,C).

Assume first that A # 0. Then, one proves that there is no proper subspace 0 # S € C¥
such that i € S and such that S is stable under the maps x,y. It follows, by Corollary
4.4.3(i) that My(v,1) is a smooth affine variety and that the G L,-action on this variety is
free. Therefore, each G Ly-orbit in My (v,1) is closed. We conclude

Mio(v,1) = My(v,1)//GLy = My(v,1)/GL, =: Calogero-Moser space.
Also, we compute
dim My (v, 1) = dim My (v, 1) — dim GL, = (2v* + 2v — v?) — v* = 2v.
Next, let A = 0. Then, from the equation [x,y] +i® j = 0 we deduce
(5,0) = Te(i @) = — Te([x,y]) = 0.

It follows that i ® j is a nilpotent rank one linear operator in CV.
The following result of linear algebra will play an important role in our analysis.

Lemma 5.3.2. Let x,y € gl, be a pair of linear operators such that [x,y] is a nilpotent rank
one operator. Then there exists a basis of CV such the matrices of x and y in that basis are
both upper-triangular. O

In the case A = 0, the variety My(v, 1) is neither smooth nor irreducible. Thus, to get a
good quotient one has to impose a stability condition. First, let 6 = 0, so Mg (v, 1) is an
affine algebraic variety, by Theorem 5.1.7.

To describe this variety explicitly, one shows using the above lemma, that the assignment
sending a quadruple (x,y,1,j) € My(v, 1) to the joint spectrum (Specx,Specy) € CV x CV,
of the operators x and y, written in an upper-triangular form provided by lemma 5.3.2, gives
a well-defined morphism My(v,1) — (CY x CY)/Sy, of algebraic varieties. Moreover, this
morphism turns out to induce an algebra isomorphism C[CY x CY]%v = C[My(v, 1)]%v.

We conclude that the Nakajima variety with parameters (X, ) = (0,0) is an affine variety

Moo(v,1) = (CY x CY)/S,. (5.3.3)

Remark 5.3.4. The C*-action on My (v, 1) that has been defined in the previous subsec-
tion goes under the above isomorphsm to a C*-action on (CV x CV)/S,. The latter action
is given by C* >t : (u,v) +— (u,t-v). The fixed points of that action form a subset
(CV/Sy) x {0} C (CY x CY)/S,. Note the subset in question does not reduce to a single
point. Indeed, the Jordan quiver has an edge loop and, therefore, Lemma 5.2.4 does not
apply in our present situation. O

Next, we take 6 := —0" = —1 € Z. With this choice of 6, a point (x,y,1,j) € My(v,1) is
stable if and only if condition (5.1.4) holds, and we have
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Proposition 5.3.5. The set of 0-semistable points equals
My(v, 1) e ={(x,y,1,]) | [x,¥] =0, j=0, i is a cyclic vector for (x,y)}. (5.3.6)

Proof. According to Theorem 5.1.2, a point (x,y,i,j) € Moy(v,1) is stable if and only if
condition (5.1.4) holds. The condition means that i is a cyclic vector for (x,y), i.e., we have
C(x,y)i=Cv.
We claim that the last equation implies j = 0. To see this, we observe that for any a € gl,,,
we have
(, ai) =Tr(a-(i®]))) = —Tr(a-[x,y]),  Vaegl,. (5.3.7)
Assume now that a € C(x,y), is a noncommutative polynomial in x and y. Then, we may
write the matrices x,y, and a in an upper-triangular form, by Lemma 5.3.2. In this form,
the principal diagonal of the matrix [x,y| vanishes, and we get Tr (ao[x, y]) = 0. Thus,
(5.3.7) implies that the linear function j vanishes on the vector space C(x,y)i = CV, and the
proposition follows. O

For any commuting pair (x,y) € gl, and any vector i € CY, we introduce a set of
polynomials in two indeterminates, x and y, as follows

It is clear that Jxy; is an ideal of the algebra C|z,y|. Furthermore, this ideal has codi-
mension v in C[z, y] if and only if the map Clz,y|/Jxyi — C¥, f— f(x,y)i, is surjective.
The latter holds if and only if i is a cyclic vector for the pair (x,y). In fact, one proves

Corollary 5.3.8. The assigment (x,y,1) — Jxy: establishes a bijection between the orbit
set Mo(v,1)® 4 /G Ly and the set of ideals J C Clz,y| such that dim Clz,y]/J = v. O

The set of codimension v ideals in the algebra C|z,y] has a natural scheme structure.
The resulting scheme Hilb™(C?) turns out to be a smooth connected variety of dimension
2n, called the Hilbert scheme of n points in the plane. Thus, we see that, for w = 1 and
A =0, # =—07", one has a natural isomorphism

My _g+(v,1) = Hilb"(C?).
In this case, the canonical projective morphism 7, cf. (5.3.3),
T Moy _g+(v,1) = Hilb"(C*) — Mgp(v,1) = (C¥ x C)/S,,
turns out to be a resolution of singularities, called the Hilbert-Chow morphism.

Remark 5.3.9. One can show that changing our choice of stability condition from 6 = —07 to
0 = 0" leads to isomorphic quiver varieties, because of the isomorphisms of Remark 2.3.10.

5.4. A Steinberg type variety. Throughout this subsection, we let (X, #) := (0,67), and
we use simplified notation M(v, w) := Mg o(v,w), resp. My(v,w) = Myo(v,w). Also, we
write v < v/ whenever v/ — v € ZL,.

The variety Mg(v,w) has a distinguished origin 0 € M,(v,w) that corresponds to the

zero representation of QY.
For any pair 0 < v < v/, of dimension vectors, we have a natural vector space imbedding

Rep(QY, v, w) — Rep(Q®,v/,w), M — M & 0y_,, where 0y_, € Rep(Q%,v' — v, w),
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denotes the zero representation. The imbedding above clearly induces a closed imbedding
Mo(v,w) — My(v',w), of categorical quotients. In this way, we may (and will) view
Mo(v,w) as a closed subscheme of My(v', w).

Given § € Z! and any pair v,v/ € Z!, of dimension vectors, we define an associated
Steinberg variety

Z(v,v',w) 1= M(V,W) X povivw) MV, W) C M(v,w) x M(V',w), (5.4.1)
as a fiber product in the following diagram

(5.4.2)

v,V w

VW)/Z< e

)
M(v, MV, w)

| X

Mo(v, W)—— Mo(v + V', w) <—M,(v/, w)

Thus, one has a canonical projective morphism 7z : Z(v,v,w) — My(v + v/, w).

Recall next that M(v,w), resp. M(v',w), is a symplectic manifold with symplectic 2-
form w, resp. w'. We equip the cartesian product M(v, w) x M(v',w) with the symplectic
2-form w + (—u').

Theorem 5.4.3. Z(v,Vv',w) is a Lagrangian subvariety of M(v,w) x M(v',w).

The Steinberg variety is typically quite singular and has many irreducible components.
In the special case where v = v/, the diagonal M(v,w) C M(v,w) x M(v,w) is one such
component, which is smooth.

6. LIE ALGEBRAS AND QUIVER VARIETIES

6.1. Convolution. Let C[X] denote the vector space of C-valued functions on a finite set
X. Characteristic functions of one element subsets form a C-base of C[X].

Let X,, i = 1,2, be a pair of finite sets. A linear operator K : C[X;] — C[X}] is given,
in the bases of characteristic functions, by a rectangular | X;| x | Xs|-matrix | K (zg, 21)|s,ex,-
We may view this matrix as a C-valued function (z1,zs) — K(x1,23), on X7 X Xy, called
the kernel of the operator K.

The action of K is then given, in terms of that kernel, by the formula

K: fr Kxf, where (Kxf)(x:):= Y K(zsa1) f(21). (6.1.1)

r1€X1

Now, let X;, i = 1,2,3, be a triple of finite sets, and let K : C[X;] — C[X;] and K’ :
C[X3] — C[X3] be a pair of operators, with kernels K3y € C[X3 x X5] and Ky € C[X3 x X1,
respectively. One may form the composite operator K« K’ : C[X;] — C[X3], f+— K(K'(f)).
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Explicitly, in terms of the kernels, for any f € C[X;], the function K (K'(f)) is given by

3 > K(K'(f)(ws) = ) K32($37132)‘<Z Kzl(xzaﬁl)'f($1)>

r2€Xo r1€X1

- Z (Z K32($3,952)‘K21(5U2ax1>> ACE

r1€X1 T2€X2

Thus, the kernel of the composite operator KoK’ is a function Kzp * Koy, on X3 x X1,
given by the formula

(w3, 1) > (Kso % Kop)(ws, 21) o= Y Kap(ws, 02) Koi (12, 1), (6.1.2)

r2€Xo

The operation
* 1 C[Xg X XQ] X (C[XQ X Xl] — C[Xg X Xl], K32 X Kgl — K32 * Kgl (613)

is called convolution of kernels. Thinking of kernels as of rectangular matrices, the con-
volution becomes nothing but matrix multiplication. Thus, formula (6.1.2) corresponds to
the standard matrix multiplication for |X3| x | X3|-matrix by a | Xs| x | X;|-matrices. So, all
we have done so far was a reinterpretation of the fact that composition of linear operators
corresponds to a product of corresponding matrices.

Remark 6.1.4. A There is an equivalent, but slightly more elegant, way to write formula
(6.1.2) as follows.

For any map p: X — Y, of finite sets, one has a pull-back map p* : C[Y]| — C[X], of
functions given by (p*f)(x) := p(f(x)), Vz € X. We also define a push-forward linear map
on functions by

po: CIX] = C[Y], frpf whee (f)y)= Y f(a) (6.1.5)
{zep~' ()}
For any pair i, j € {1,2,3}, let p;; : X3 x Xo x X7 — X; x X be the projection along the
factor not named. It is clear that, with the above notation, formula (6.1.2) may be rewritten
as follows

Ko x Koy i= (pa1)« ((p352K32) - (95, K21)). (6.1.6)

We will be especially interested in a special case of convolution (6.1.6) where X; = Xy =
X3 = X is a set with n elements. Then, the convolution product (6.1.6) makes C[X x X]
an associative algebra. According to the preceeding discussion, this algebra is isomorphic to
the algebra of n X n-matrices.

One may get more interesting examples of convolution algebras by considering an equi-
variant version of the above construction, where there is a group G acting on a finite set
X. We let G act diagonally on X x X and let C[X x X]¢ c C[X x X] be the subspace
of G-invariant functions. This space is clearly isomorphic to C[(X x X)/G], the space of
functions on the set of GG-diagonal orbits in X x X.

It is immediate to check that the convolution product (6.1.2)-(6.1.3) is G-equivariant,
hence it makes C[X x X]¢ a subalgebra of C[X x X|. The resulting algebra (C[X x X]%, x)
may be shown to be always semisimple. Such an algebra need not be simple, so it is not

necessarily isomorphic to a matrix algebra, in general.
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Ezample 6.1.7 (Group algebra). Given a finite group G, we take X = G. We let G act
on X by left translations, and act diagonally on G x G, as before. Observe that the map
GxG— G, (91,92) — g;' - g2 descends to a well defined map (G x G)/G — G. Moreover,
the latter map is easily seen to be a bijection.

We deduce the following chain of vector space isomorphisms

ClG x G| = C[(G x G)/G] = C[G]. (6.1.8)

It is straightforward to check that the restriction of convolution (6.1.2)-(6.1.3) to C[G x G|
goes, under the composite isomorphism in (6.1.8), to the standard convolution on a group.
The latter is given by

(f=f)g) =D flgh™")-f'(h),  Vf [ €C[G].
heG

We conclude that the algebra (C[G x G]¢, x)), with convolution product (6.1.6), is iso-
morphic to the group algebra of G.

Ezample 6.1.9 (Hecke algebra). Let G = G(F) be a split reductive group over a finite field
F =F,. Let B C G be a Borel subgroup of G. We put X := G/B, and let G act on X by
left translations. It is known, thanks to the Bruhat decomposition, that G-diagonal orbits
in G/B x G/B are labelled by the elements of W, the Weyl group of G.

The resulting convolution algebra H,(G) := (C[G/B x G/BJ]¢, x) is called the Hecke
algebra of G.

6.2. Borel-Moore homology. We are going to extend the constructions of the previous
subsection to the case where finite sets are replaced by smooth C'*°-manifolds.

Thus, we let X;, ¢« = 1,2,3, be a triple of smooth manifolds. One might try to replace
the summation in formula (6.1.2) by integration to get a convolution product of the form
* 0 COO<X3 X XQ) X COO<X2 X Xl) — Coo(Xg X X1)7 cf (613)

To make this work, one still needs additional ingredients. One such ingredient is a measure
on X, that is necessary in order to define the integral that replaces summation in formula
(6.1.2).

An alternate approach, that does not require introducing a measure, is to replace functions
by differential forms. In this way, one defines a convolution product

Qp(Xg X XQ) X Qq(XQ X X1> — Qp+q_dimX2 (Xg X Xl), K32 X K21 — (p§2K32) A (p;lKgl).

X2
(6.2.1)
To insure the convergence of the integral in (6.2.1) one may assume, for instance, that the
manifold X5 is compact. A slightly weaker assumption, that is sufficient for (6.2.1) to make
sence, is to restrict considerations to differential forms with certain support condition that
would insure, in particular, that the set

pg;(supngQ) N pgll(supngl) be compact. (6.2.2)

Unfortunately, none of the above works in the examples arising from quiver varieties that
we would like to consider below. In those examples, the manifolds X;, ¢+ = 1,2, 3, are the
quiver varieties, which are noncompact complex algebraic varieties. It turns out that the

only natural support condition one could make in those cases in order for (6.2.2) to hold, is
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to require supports of K3s and Ks, in (6.2.1), be contained in appropriate closed algebraic
subvarieties.

Obviously, any C'*°-differential form on a manifold whose support is contained in a closed
(proper) submanifold must vanish identically. There are, however, plenty of ‘distribution-like’
differential forms, called currents, which may be supported on closed submanifolds. Indeed,
replacing differential forms by currents resolves the convergence problem for integration.
Unfortunately, introducing currents creates another problem: the wedge-product operation,
which is used in (6.2.1), is not well defined for currents.

All the above difficulties may be resolved by introducing homology. Recall that there is
the de Rham differential acting on the (graded) vector space 2*(X), of differential forms on
a manifold X. The homology of the resulting de Rham complex (Q(X ), d) is isomorphic
to H*(X,C), the singular cohomology of X with complex coefficients. Similarly, there is a
natural de Rham differential on the (graded) vector space of currents on X, and the homology
of the resulting complex is known to be isomorphic to HEM (X, C), the Borel-Moore homology
of X with complex coefficients. The latter is the homology theory that we are going to use.

For practical purposes, it is more convenient to use a different (a posteriori equivalent)
definition of Borel-Moore homology based on Poincaré duality rather than on the de Rham
complex of currents. We now recall this definition.

Let M be a smooth oriented C*°-manifold of real dimension m. One defines Borel-Moore
homology of a closed subset X C M to be the following relative cohomology

HEM(X):= H (M, M ~ X;C). (6.2.3)

It can be shown that the group on the right is, in fact, independent of the choice of a
closed imbedding of X into a smooth manifold.

Notation 6.2.4. From now on, we drop the superscript ‘BM’ and let H.(X) stand
for Borel-Moore homology (rather than ordinary homology) of X.

A property that makes Borel-Moore homology so useful for our purposes is that, for any
X, which is either a smooth connected, and oriented C'*°-manifold or an irreducible complex
algebraic variety, the space H,,(X), where m := dimg X, is 1-dimensional; furthermore, there
is a canonical base element [X| € H,,(X), called the fundamental class of X.

Remark 6.2.5. Note that, in the ordinary homology theory, fundamental classes only exist for
compact manifolds, while such a compactness condition is not necessary for the fundamental
class to exist in Borel-Moore homology. O

We record a few basic properties of the Borel-Moore homology theory. First, for any proper
map p: X — Y, there is a push-forward functor p, : H.(X) — H.(Y).

Second, there is a cap-product on Borel-Moore homology. In more detail, given two closed
subsets X,Y C M, where M is a smooth oriented manifold of real dimension m, one has a
cup product

U H™(M, M~ X; ©) x H" (M, M\ Y; ©) — H*™ (M, M ~ (X UY); C).

We define a cap-product on Borel-Moore homology by transporting the above cup product
via formula (6.2.3); this way we obtain a cap-product pairing
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It should be emphasized that the cap-product so defined does depend on the ambient smooth
manifold M.

6.3. Convolution in Borel-Moore homology. There is a convolution product in Borel-
Moore homology that provides an adequate generalization, from the case of finite sets to the
case of manifolds, of the convolution product (6.1.6).

To define the convolution product , fix M;, i = 1,2, 3, a triple of smooth oriented manifolds,
and let p;;j : My x My x M3 — M; x M; denote the projection along the factor not named,
cf. (6.1.6).

Definition 6.3.1. A pair of closed subsets Z1o C My X My and Zazs C My X M3 is said to
be composable if the following map (6.3.2) is proper

P13 (P1a Z12) N (o Zas) — My X M. (6.3.2)
Given composable subsets as above, we define their composite to be
Z1g 0 Zog i=p13|(p1a Z12) N (p3s Zos)] C My x Ms.

Now, let Z15 C M; x My and Zy3 C My X Ms be as above, and put m; := dim M.
We use M := M; x My x Mj as an ambient manifold and apply formula (6.2.6). In this
way, we get a cap product map

N Hipmy (P12 Z12) X Hjjm, (033 Zos) — Higjomy (013 Z12) N (D23 Za3))-

Assume further that Z;5 and Zs3 are composable. Then, we have a push-forward morphism
(p13)«, on Borel-Moore homology, induced by the proper map (6.3.2).

One defines the convolution in Borel-Moore homology as the following map, cf. (6.1.6),
(6.2.1),

* Hi(Z12) X Hj(Zzz) — i+jfdimM2(212 S Z23),
C12 X Cg3 F=> C12 * Co3 := (plg)*<(012 X [Mg]) N ([Ml] X ng)). (633)

6.4. Convolution algebra. Fix M, a smooth complex algebraic variety, not necessarily
connected, in general. Further, let Y be a (not necessarily smooth) algebraic variety and
m: M — Y, a proper morphism. Thus, we may form a fiber product Z := M xy M, a closed
subvariety of M x M.

One may apply the convolution in Borel-Moore homology operation in a special case where
My = My = M3z = M, and Z19 = Zs3 = Z. The assumption the morphism 7 be proper
insures that the set Z is composable with itself in the sense of Definition 6.3.1. Furthermore,
it is immediate to check that one has Z o Z = Z. Thus, the convolution product (6.3.3) gives
H.(Z), the total Borel-Moore homology group of Z, a structure of associative algebra. The
fundamental class [A], of the diagonal A C M x M, is the unit of the algebra (H.(Z), *).

Next, pick a point y € Y and put M, := 7 *(y). Consider the setting of section 6.3 in
the special case where M; = M, = M, and where M3 = pt is a point. Thus, we have
My x My = My x pt = M, and put Zy5 := M Xy M = Z, as before, and Za3 := M, = 7 (y),
viewed as a closed subset in My x M3 = M.
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It is immediate to check that the sets Z and M, are composable and, moreover, one
has Z o M, = M,. Therefore, convolution in BM homology gives the space H.(M,) an
H.(Z)-module structure.

Let 7 denote a set that provides a labelling for connectected components of the manifold
M. We write M) for the connectected component with label r € #. For any pair M), M (s),

of connectected components, we put Z("*) := Z N (M ") x M S)) Similarly, we put M, [ )
M, N M@ for any r € ¥. Clearly, we have H.(Z) = D, .cr H(Z™9), resp. H.(M ) =
@rev/ H<M’y(r))'

We introduce a special notation, Hi,,(Z"®) := Hy(Z™*), d := dimg Z™*), for the top
Borel-Moore homology group of Z™9)| resp. Htop(MlST)) for the top Borel-Moore homology
group of MZST). These groups have natural bases formed by the fundamental classes of

irreducible components of the variety Z(*), resp. of the variety M?ST) , of maximal dimension.
The following result is an immediate consequence of formula (6.3.3).

Lemma 6.4.1. (i) The vector space Hiop(Z) = €D, ey Hiop(Z™#)) is a subalgebra of the
convolution algebra (H.(Z), *).

(i) For any y € Y, the vector space Hyop(My) == B,y Htop(My)) is stable under the
convolution-action of the subalgebra Hyo,(Z) C H.(Z) on H.(M,). O

Remark 6.4.2. Note that, in the direct sum @, ., Hiop(Z"), resp. @,cy Hyop (M),
different direct summands may have different degrees, in general. O

6.5. Geometric construction of U(g). We return to the quiver setting. Thus, we fix a
quiver @, without edge loops, and a dimension vector w € Z!. We keep the assumptions of
§5.4, in particular, we put 6 := 6% and we let the parameter A be zero.

For each dimension vector v, we have defined a smooth Nakajima’s quiver variety /\/l( W),
an affine quiver variety MO(V, w), and a projective morphism 7 : M(v,w) — My(v,w).
Further, for each pair v,v’, we have defined a Steinberg variety Z(w,v,v') C M(v,w) X

MV, w), cf. (5.4.1).
We introduce the following disconnected varieties

M(w) = |_| M(v,w), My(w |_| Mo(v,w), Z(w):= |_| Z(w,v,Vv').
vezl vez! (v,v)ezl x7t

Thus, the morphisms m : M(v,w) — My(v,w) may be assembled together to give a

morphism M(w) — My(w), and we have Z(w) = M(W) X pyw) M (W). Also, we define
Hy = ) Hiop(Z(w,v,V')).
(v,v)ezl x7t

Thus, at a heuristic level, one has Hy, = Hiop(Z(W)). At any rate, applying convolution

in Borel-Moore homology for various direct summands, one by one, one makes (Hy, *) a

Z' x Z'-graded C-algebra.
We also let A(v,w) =771(0) be the zero fiber of the morphism 7, cf. §5.2. We put

Ay = |_| A(v,w), resp. Ly := @ Hiop(A(v,w)).

I
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Thus, heuristacally, one has Ly = Hiop(Aw).

Recall next that, associated with the Cartan matrix Cg, of the quiver @, there is a Kac-
Moody Lie algebra gg. Let U(gg) be its universal enveloping algebra.
One of the main results of Nakajima’s theory reads

Theorem 6.5.1. (i) There is a natural algebra homomorphism V : U(gg) — Hy.
(it) The U(gq)-action on the vector space Ly, induced by the homomorphism ¥ via Lemma
6.4.1(ii), makes the latter a simple integrable gg-module with highest weight w.

Theorem 5.2.2 implies that Ay, is a (disconnected) Lagrangian subvariety of M(w), a
disconnected symplectic manifold. It follows that the fundamental classes of all irreducible
components of the variety Ay, form a natural basis in the vector space Ly, = Hiop(Aw). This
basis goes, via the identification provided by Theorem 6.5.1(ii), to a so-called semicanonical
basis in the corresponding simple U(gg)-module.

Recall that the Lie algebra gg has a set of Chevalley generators e;, h;, fi, @ € I. The
homomorphism W, of Theorem 6.5.1(i), is constructed by sending each Chevalley generator
to an appropriate explicit linear combination of the fundamental classes of some carefully
chosen smooth irreducible components of the Steinberg variety Z(w).

Specifically, fix i € I and let € = (0,...,0,1,0,...,0) € Z! denote the i-th coordinate
vector. Then, the generator h; is sent to a linear combination of the form ) ay - [M (v, w)],
where [M(v,w)] denotes the fundamental class of the diagonal M(v,w) C M(v,w) x
M(v,w), and a, € C are certain coefficients.

The generator e; is sent to a linear combination of the form Y = by - [Z'(v,w)]. Here
ZY(v,w) C M(v,w) x M(v + €', w), is a smooth irreducible component of the Steinberg
varietiy Z(v,v + e',w), and b; € C are some coefficients. Similarly, the generator f; is
sent to a linear combination of the form > ¢, - [Z'(v — €', w)°?]. In the last formula,
ZH(v—e',w)? C M(v,w)Xx M(v—e',w) is a subvariety which is obtained from the variety
ZY (v —e',v) C M(v —e',w) x M(v,w), involved in the formula for the generator e;, by
the flip-isomorphism M(v — e, w) X M(v,w) = M(v,w) x M(v — €', w).
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