Computer Algebra
and
Mathematics
with
theHP40GS

Renée De Graeve
Version 3.0

March 10, 2011



Acknowledgments

It was not believed possible to write an efficient programdamputer
algebra all on one’s own. But one bright person by the nameesh&d
Parisse didn't know that...and did it!!!

This is his program for computer algebra (calERABLB, built for the
second time into aklP calculator.

The development of this calculator has led Bernard Parsseadify his
program somewhat so that the computer algebra functiond teuedited
and cause the appropriate results to be displayed in thetieguezditor.
Explore all the capabilities of this calculator, as set authe following
pages.

| would like to thank:

e Bernard Parisse for his invaluable counsel, his remarksertext,
his reviews, and for his ability to provide functions on dewidoth
efficiently and graciously.

e Jean Tavenas for the concern shown towards the completitmeof
first version of this guide.

(© 2005, Renée De Graeve
The reproduction, distribution and/or the modification liftdocument is
authorised according to the terms of tG&U Free Documentation
License , Version 1.1 or later, published by the Free Software Fotioda
with no Invariant Sections, with no Front-Cover Texts, arithwo Back-
Cover Texts.
A copy of this license exists under the section entitled :
GNU Free Documentation License (chaptemd, p. 189).



Preface

The HP40Gmarked a new stage in the democratisation of the use of
symbolic calculation, on the one hand by its competitivegrand on the
other hand by making it possible to execute, step-by-step,ptinciple
algorithms taught in mathematics at secondary schoolsrethe ifirst years
of University.

But it was still necessary to add adequate documentatiaienably
written by a teacher of mathematics. That is what you find is ¢fuide,
written by Renée De Graeve. It contains, naturally, a cotepleference of
the functions for symbolic calculation, but also demorssausing exam-
ples taken from study for both certificate and diploma, hoiat@® smart
advantage of the calculating power of tH®40GS The guide ends with
two chapters dedicated to programming: the first for legrminprogram,
and the second to illustrate the application of algorithimnguage to arith-
metic programs as taught in French tertiary schools.

This guide is an update for tHéP40GScalculator, with some docu-
mentation improvements in addition to th#P40GSsoftware and speed
improvements.

Bernard Parisse

Lecturer at the University of Grenoble |






Chapter 1

To Begin

1.1 General Information

1.1.1 Starting the Calculator

Press th@©Nbutton.

TheHOMZEcreen is displayed.

As you work, you can use th@Nbutton to cancel the current operation. In
other words, it has the same function@GANCEL

To turn the calculator off, preSHIFT plusON (OFF).

If the calculator fails to respond after several presselsef®N ( CANCEL)
button, you can pres@NandF3 simultaneously to reinitialise the calcula-
tor.

1.1.2 What You See

>From top to bottom:
1.TheHOMEscreen

1.a The calculator’s status

1.b A horizontal line

1.c A menu bar of commands
2. The keyboard

1. TheHOMEScreen :
1.a The calculator’s status gives tHOMEcreen’s current mode:
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e RAD DEG or GRDwhen you are working with radians, degrees, or
gradians.

o {FUNCTION} to indicate the name of thiplet currently selected
here, thé~unction Aplet

e A toindicate that you can use the up-arrow to move back thrdlugh
history.

1.b Horizontal line :

- Above the horizontal line is found an overview of the ca#tidns carried
out in theHOMEcreen.

PRINCIPLE : On the screen, the requested calculation is written onette |
and the result is written on the right.

- Beneath the horizontal line is the command line.

Using the up-arrow, you can move back through the history, aisthg
COPYon the menu bar, copy a command or a preceding result into the
command line.

1.c Menu Bar:

The commands on the menu bar are accessible through thelabellad
grey keys, which we refer to here as :

F1 F2 F3 F4 F5 F6.

The menu bar can contain items consisting of groups of cordsahey
are marked by a folder icon.

To activate a command on the menu bar, it's enough to pressdine-
spondingFi key.

In the HOMEScreen, the menu bar contains two commands:

- STO> which enables you to store a value in a variable, and

- CAS which enables you to open the Equation Editor to performpater
algebra.

2. The keyboard :

You have already been introduced to:

The ONkey for starting the calculator or for cancelling the cutrepera-
tion, andSHIFT ONfor turning the calculator off.

Other keys you must know include:

e The four arrow keys (left, right, up, down), which enable yomove
the cursor while you're in the Equation Editor, in a menu, aaan,

e TheSHIFT key, which enables you to access two functions with one
key,
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e TheALPHAKey for typing text in upper case, and t8ellIFT ALPHA
keys for typing text in lower case. To remain in alphabetidmo/ou
must press and hold thA_PHAkey.

e X T # which enable you to typ#, T, 6,N directly, depending on the
active aplet.

e TheENTERKkey, which is used to confirm a command.

1.2 Notations

The four arrow keys are represented by four triangles:

A< D>V

TheSTO> on theHOMENenu is represented in the program by:

STO> or>or — >

In the Equation Editor, the position of the cursor is repnése by:

<

1.3 Online Help

With this calculator, you're able to get practical and effitionline help in
either French or English (¢.1.1).

You are shown an alphabetised list of computer algebra ifumgt As with
the drop-down menus, you are able to access the functioneelsgipg the
corresponding letter-keys without having to worry abowssingALPHA
The help consists of a succinct description of the commasayedl as an
example and its result. Each example can be tested BR@HO(on the
menu) and can be either used as is or modified. You can viewfbelp-
lated commands by means®EE1 SEE2.. on the menu. You have to use
EXIT to return, without change, in the Equation Editor.

For more details, refer to the description®fIFT 2 (SYNTAX), sec-
tions3.3.2and3.4.6
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Chapter 2

Aplets

2.1 APLETKey

The APLETkey gives you access to the list of availaBlglets

This calculator in effect enables you to work wiiplets

But what is amAplet ?

An Aplet is aprogram stored in the calculator, which enables yougityea
obtain three views of a mathematical object (a symbolic vi@mumeric
view, and a graphic view) and all this is pre-programmed !

The variousAplets  enable you to work with mathematical objects such
as: functions, sequences, statistical data, and so on...

CertainAplets illustrate particular classroom lessons.

2.2 The Various aplets

While you're inHOMEyou can see the name of the selected aplet by look-
ing at the status line.
Here are the possible choices for lBLET key:

e Sequence
ThisAplet enables you to define sequences having the names:
Ui, U2 .. U9, U0
One define®1(N) :
- To be a function oN,
- To be a function oU1(N-1) ,
- To be a function ofJ1(N-1) andU1(N-2) .
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You define (for example):

UL1(N) = N*N+1

and then the values @#1(1) andU1(2) are automatically calcu-
lated and displayed.

To display the values d#1(N) , choosaJ1, then preslNUM

You can find other examples that use Bequence Aplet inthe
following section, such as the calculation of tB€Dof two numbers
(cf 2.3.2, and the calculation of the coefficients of Bézout's Idgnti
(cf2.3.3.

e Function
This Aplet enables you to define functions having the names:
F1(X), F2(X) .. F9(X), FO(X)
One defines1(X) :
- To be an expression of a function Xf
For example, the formula:
F1(X) = X*LN(X) defines the function:
f1(z) = z. In(x)
- To use BooleansX(0 etc.) if the function is defined in parts :
For example, a formula of the form:
F1(X) = X((X(0)+2(X((X>0) defines the function:
fi(z) ==zif z <0and
filx)=2-x2ifz>0

Parametric  for tracing curves in parametric coordinates.

Polar for tracing curves in polar coordinates.

e Solve for solving numeric equations.

Statistics for working with statistics.

Inference  for working with inferential statistics.

Quad Explorer for exploring quadratic functions.

Trig Explorer for exploring trigonometric functions.

2.3 Examples using thésequence Aplet
2.3.1 Notation in Base

Given a andb, produce the serieg, (n > 1) andr, (n > 2) from the
quotients and the remainders of the divisiorypby b, defined by:
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g1 =a

G =b-q+12(0<1ry <D)
@2=b-q3+73(0<r3<bh)

dn—1 :an+Tn (0 <rp < b)

Note that ifr,,,; = 0, the number,,r,,_1.....r3ry is notated in baskof a,
while one assumes < b < 10.

Put intoB the value of the base, for example:
7STO> B

Put intoA the number to write in bad® (for example 1789 STO> A)
Define the following two series:

Ui(1)=A

U1(2)=FLOOR(A/B)
U1(N)=FLOOR(U1(N-1)/B)

and

U2(1)=0

U2(2)=A MOD B

U2(N)=U1(N-1) MOD B

Thereforeg,=UL1(N) andr,=U2(N) .

We obtain :

U2(2)=4 U2(3)=3 U2(4)=1 U2(5)=5 U2(6)=0
and so the notation in base 7 of 1789 is: 5134.

2.3.2 Calculating the GCD

This is an application of Euclid’s Algorithm on th¢P40GS
Here is the description of this algorithm:
If one performs the successive Euclidean divisions:

A= BXQ1+R1 0<Ri<B
B = R1XQ2+R2 0< Ry < Ry
R1: RQXQ3+R3 0§R3<R2

Rn72 = Rnfl X Qn + Rn 0< Rn < Rnfl

then after a finite number of steps (in excess)f there exists a whole
numbern such that:R,, = 0.

We have then:

GCD(A,B) =GCD(B,Ry) = ...

GCD(R,,—1,R,) = GCD(R,,_1,0) = R,
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Using a sequence, one then writes the sequences of remainder

With the HP40GS you use theSequence Aplet  (APLETkey, then se-
lect Sequence , thenSTARTon the menu bar).

To determine the GCD(78,56), you define the sequence:

U1(1) =78

U1(2) =56

U1(N) = U1(N — 2) MOD U1(N — 1)

PressNUMto get the numerical list 0U1(N) that is, the list of the
remainders of the successive divisions...
The final non-zero remainder is 2, so tR€' D (78, 56) = 2.
REMARK:
In HOMEyou can use the variablésandB to store the two numbers, and
then makeéJ1(1)=A andU1(2)=B .
It's also important to note tha&& MOD 0 = A

2.3.3 Calculating the Coefficients of Bézout’s Identity

Euclid’s Algorithm enables you to find a pdit, V' such that:
AxU+ BxV =PGCD(A, B)
Using the idea of sequence:
Define "the sequence of remaindét,, and two sequencés, andV/,, such
that at each step one has:
R,=U,xA+YV, x B.
Seeing that one has:
R, =R, >—Q, x R,_1,U, andV,, serve to satisfy the same recur-
rence relation (wher@,, is the whole-number quotient &, _» divided by
Rn—l)'
One then has (from the beginning):
Ri=AR;=18B
U =1U;=0sinceA=1xA+0xB
Vi=0Vo,=1sinceB=0x A+1x B
With the HP40GS using theSequence Aplet , you then define the
sequence of remaindetkl and the sequencéd? andU3 such that for all
None has:
U1(N)=A*U2(N)+B*U3(N)
For this, you need the sequence of quotients, which you paitia.
The sequencedl, U2 andU3 satisfy the same recurrence relation:
Un = Un-2— Qn X Un—l with
@, = U4(N) = FLOOR(U1(N — 2)/U1(N — 1))
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On définit donc :

U1(1) = A
U1(2) =B
U1(N) = UL(N — 2) — U4(N) * U1(N — 1)
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It's important to note that you udg4(N) only for N > 2; you have
therefore defined the two first values (which are uselessteas
NUMbhen displays the values of these various sequences, aihe tine of
the final non-zero remainder you can read the GCD and the cieeiff$ of
Bézout's Identity.

2.4 TheSYMB, NUM, PLOTand MODEXeys

In general, arplet can be viewed in three different ways:

A symbolic view, which corresponds to ti%Y MBkey

A numeric view, which corresponds to thiJMkey

A graphic view, which corresponds to tReOTkey

When these keys are SHIFTeSETUB, this corresponds to choosing the
various available parameters (choosing the parameteleajraphic win-
dow, the step size for the table etc...).

TheSHIFT HOME (MODESkey pressed ilOMcreen or irAplets
corresponds to the choice between Radians, Degrees or.Grads
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Chapter 3

CASuser’s guide

3.1 Terms and Conditions

Use of the CAS Software requires from the user an appropriatenath-
ematical knowledge. There is no warranty for the CAS Softwae, to
the extent permitted by applicable law. Except when otherwse stated
in writing the copyright holder provides the CAS Software Asls with-
out warranty of any kind, either expressed or implied, including, but
not limited to, the implied warranties of merchantability and fitness
for a particular purpose. The entire risk as to the quality and per-
formance of the CAS Software is with you. Should the CAS Softare
prove defective, you assume the cost of all necessary semi, repair
or correction.

In no event unless required by applicable law will any copyrght
holder be liable to you for damages, including any general,ecial, in-
cidental or consequential damages arising out of the use onability to
use the CAS Software (including but not limited to loss of daa or data
being rendered inaccurate or losses sustained by you or thirparties
or a failure of the CAS Software to operate with any other progams),
even if such holder or other party has been advised of the poislity
of such damages. If required by applicable law the maximum araunt
payable for damages by the copyright holder shall not exceethe roy-
alty amount paid by Hewlett-Packard to the copyright holder for the
CAS Software

Note that a large part of the HP40GS CAS is (c) Bernard Pallissttut
Fourier, Université de Grenoble I, France. This part is &tsnsed under

15
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the LGPL License as published by the Free Software Foundagivher
version 2 of the License, or (at your option) any later varsio

For more detalils, see

http://www-fourier.ujf-grenoble.fr/~parisse

3.2 Introduction

The wordCASis a shortcut for Computer Algebra System. This chapter
gives a brief overview on the HP40GS CAS.

3.2.1 WhatisCAS

TheCASenables you to perform exact or symbolic calculations. Make
you understand the difference between:

e exact or symbolic calculations, which are performed by rsezithe
CASfunctions. You work inexact mode , with infinite precision,
and

e numeric calculations, which are performed by means ofMA¢ITH
key’s MTHmenu, either in thedOMEscreen or inAplets  or pro-
grams. You work inapproximate mode , with a precision of
10712,

Example:

If you're working in theHOMEcreen:
1/2+1/6 returns 0.6666666666667
whereas irCAS

1/2+1/6  will return 2/3 .

Each mode has advantages and drawbacks, in exact modeghere i
round-off error, but some computations require much mone ttnd mem-
ory than in numeric mode. For example computing the fadtofi&00 is
slightly faster in numeric mode than in exact mode.

3.2.2 How do you perform a symbolic calculation?

The HP40GShas been designed to use computer algebra functions from a
special environment: the Equation Editor. You can, howgwerform com-
puter algebra in thelOMEscreen, as long as you take certain precautions
(cf 3.4), and it is mandatory if you want do symbolic linear algelsiace

the Equation Editor does not handle vectors and matrices.
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To open the Equation Editor, pre€AASon the menu bar of thelOME
screen.
To leave the Equation Editor, pred©MEo return to theHOMEcreen.
Section3.3 describes how to use tl@ASfunctions from the Equation
Editor, sectior8.4how to use th&€ASfunctions from theHOMEcreen and
chapters describes th€ASfunctions.

3.2.3 Variables

When you use the symbolic calculation functions, you are wgrkvith
symbolic variables (variables that do not contain a permevedue). In the
HOMEcreen, a variable of this kind must have a name3ikeS5,s1..
s5,nl..n5 , but notX which is assigned to a real value (by defaxilt

is assigned to 0) and to store for symbolic expressions, @ghiables are
EO,E1..E9 . In the Equation Editor, all variables may, or may not be,
assigned: for examplX is not assigned to a real value by default, com-
puting X+X will return 2X. Moreover, Equation Editor variables may have
long names, likeXY or ABG unlike in HOMEwvhere implied multiplication

is assumed (for examplkBCbecomesA*B*C in HOME For these rea-
sons,variables used in the Equation Editor cannot be usétDiMEand
vice versa. Using the commamUSH you can transfer expressions from
theHOMEscreen history to thEAShistory (cf sectiorB.4.4 and using the
commandPOR you can also transfer expressions from @&Shistory to
theHOMEscreen history (cf sectioB4.5.

3.2.4 The current variable

In the Equation Editor, the current variable is the name ef gmbolic

variable contained iWvX; it is almost alwaysX.

The current variable is alway&l in the HOMEcreen.

SomeCASfunctions depend on a current variable, for example, thetfan

DERVXcalculates the derivative with respect to the current eia
Hence in the Equation Editor,

DERVX(2*X+Y) returns 2 if¥X=X but

DERVX(2*X+Y) returns 1 if¥X=Yand

in theHOMEcreen,

DERVX(2*S1+S2)=2 , but

DERIV(2*S1+S2,S2)=1



18 CHAPTER 3. CASUSER'’'S GUIDE
3.3 Using the CAS in the Equation Editor

The Equation Editor enables you to type expressions thatwaoi to sim-
plify, factor, differentiate, integrate, and so on, anditherk them through
as if on paper.

The CASkey on theHOMENnenu bar takes you into the Equation Editor,
and theHOMEkey takes you back out.

This section tells you how to write an expression in the EiguaEditor
using the menus (sectiah3.1) and the keyboard (sectich3.2, how to
select a sub-expression (secti®B.3, how to call theCASfunctions on a
sub-expression (sectidh3.3 and how to store values in the Equation Edi-
tor variables (sectiofi.3.5. Chaptel5 explains all the symbolic calculation
functions contained in the various menus, together witlmgtas of use.
You can consult the online help wiBHIFT 2 (SYNTAX) (cf 3.3.2, to
get help for the other available functions, and you canid&~T MATH
(CMDS) (cf 3.3.2), to type them.

3.3.1 The Equation editor menu
The editor is supplied with a menu bar of menus:
1. TheTOOLmenu contains the commands:

e Cursor mode enables you to go into cursor mode &8.3.

e Edit expr. enables you to edit (modify) the highlighted
expression.

e Change font enables you to choose to type using large or
small characters (you can make this choice at any time).

e Cut copies the selection into the buffer, then erases the selec-
tion.

e Copy copies the selection into the buffer.

e Paste copies the buffer to the location of the cursor. The
buffer contains, either whatev@opy or Cut has selected the
last time, or the highlighted level when you I@OPYin the
CAS history toolbar.

2. The ALGB menu contains functions that enable you to perfal-
gebra: factoring, expansion, simplification, substitatio

3. The DIFF menu contains functions that enable you to perftiffer-
ential calculus: differentiation, integration, seriepamsion, limits...
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. The REWRI menu contains functions that enable you to revemit

expression in another form.

. The SOLV menu contains functions that enable you to salume

tions, linear systems, and differential equations.

. The TRIG menu contains functions that enable you to toansf

trigonometric expressions.

3.3.2 The keyboard in the Equation Editor

The keys mentioned in this section have different functidegending on
whether they are pressed in thquation Editor orintheHOMEcreen.
For the functionality of these keys outside the EquatioridEdiefer to sec-
tion 3.4.6 or consult the User’s Guide.

MATHkey

The MATHKkey, if pressed in the Equation Editor, displays the funwio
used in symbolic calculation. These functions are conthinenenus:

The five preceding menus (8f3.1) :
Algebra (ALGB) , Diff&Int (DIFF) , Rewrite (REWRI)
Solve (SOLV) , Trig. (TRIG)

The Complex menu containing functions that enable you to work
with complex numbers

TheConstant menu containing i oo pi.
TheHyperb. menu containing hyperbolic functions

Thelnteger menu containing functions that enable you to perform
integer arithmetic.

TheModular menu containing functions that enable you to perform
calculations inZ/pZ or Z/pZ[X], p being the value contained in the
variableMODULO

The Polynom. menu containing functions that enable you to per-
form calculations with polynomials.
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e TheTests menu containing:
ASSUME UNASSUMEO make hypotheses about the parameters,
and to modify the variablREALASSUME(f 3.3.5
>><<==#AND OR NOT
IFTE (to write an algebraic function having the same result as=an |
THEN ELSE)

Refer to sectiorb.1.9 for the list of the functions contained in the various
menus.

SHIFT MATH (CMDS)keys

This key combination opens the list of all tRAScommands available in
theEquation Editor

In this way, functions that are not presented elsewhere earalbed from
this menu, so you don'’t have to type themAhPHAmMode.

VARSkey

This key, if pressed while you're in tHequation Editor , displays the
names of the variables defined@AS

Take special note aiamVX which contains the name of the current vari-
able.

To see the contents of a variable, all you have to do is highitg name
and pres$2 for VIEWon the menu bar.

To change the contents of a variable, highlight its name aadsg3 for
EDIT on the menu bar.

Note also on the menu bar:

PURGEwhich enables you to destroy an existing variable,
RENAMEwhich enables you to change the name of an existing variable
NEWwhich enables you to define a new variable: just enter théeots
(object ), then the lame).

For more detalils, refer to secti@3.5

SHIFT 2 (SYNTAX) keys

While you're in the Equation Editor, the key combinat®HIFT 2 (SYNTAX)
opens theCAS HELP ONhenu.

To get help in French, choose Francais on @&Gmenu, which enables
you to change your configuration (8f1.1).

If there is noCASfunction selected in the editor, the menu shows a list of
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functions available in th&quation Editor . Just highlight a function
and pres©Kto see the help for that function.

If there is aCASfunction selected in the editor, for example:
FACTOR(45), the CAS HELP ONnenu directly opens the help topic
for FACTORThe help consists of a short description of the command, as
well as an example and its result. Each example can be copiedhe
Equation Editor by means oECHQon the menu bar, where it can be
used as is or modified.

Note that in the help example¥X=Xis used as the current variable. If
that is not the case for you, the example will be automatic¢edinsformed,
taking your value o/Xinto account , when you transfer it witlCHO

You can also go directly to see the help of a command pointeg fee:
with SEE1, SEEZ2... onthe menu bar.

SYMBkey

Pressing theSYMBKey in the Equation Editor enables you to access the
CAShistory.

The history of the calculations performed@ASdiffers from the history

of the calculations performed IHOME

As in theHOMEcreen history, the requested calculations are writtehen t
left, and the results are written on the right. Using the v, you can
move back through the history.

PressCOPYto copy the current CAS history level in the buffer in order to
paste it later witiTOOL->Paste in the Equation Editor.

PressENTER or ECHOon the menu bar, to replace the current Equation
Editor selection by the current CAS history level.

PressONto leave the CAS history without any changes.

SHIFT SYMBor SHIFT HOMEeys

While you are working in the Equation Editor, the key combiorat

SHIFT SYMB (SETUP)orSHIFT HOME (MODES)pentheCAS MODES
screen to define the CAS configuration and it is similaC&Gmenu (the

first item in theALGBmenu on the menu bar, 6f1.1).

This enables you to specify:

- The name of the variable contained WX, by typing its hame next to
Indep var.

- The value oMODULDby typing its value next tdModulo ,

- Whether you want to work iexact mode (orinapproximate mode ,

if you've chosemApprox with CHKon the menu bar)
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- Whether you want to work in real mode (or in complex mode, ifi'ye
choserComplex with CHKon the menu bar)

- Whether you want to work iirect mode (or inStep by Step
mode, if you've chosetep/Step  with CHKon the menu bar)

- Whether you want polynomials to be written in decreasingpetcord-
ing to exponent (or increasing order, if you've chodaaor Pow with
CHKon the menu bar)

- Whether you want numerical factors suppressed (or notufwochosen
Num.Factor with CHKon the menu bar)

- Whether you want to work inon-rigorous mode (or inrigorous
mode, if you've choseRigorous with CHKon the menu bar so as not to
neglect the absolute values!)

- Whether you want to simplify non-rational expressions ifiye chosen
Simp Non-Rational  (or not, if you clear the selection by pressi@giK
on the menu bar).

UseOKor ENTERto confirm your choices.

SHIFT , key

While you are working in the Equation Editor, the key combiorat
SHIFT ,(MEMORY) plays the role of an "undo" key.

This is very useful when you've made a mistake, because kileagou to
cancel the last command.

PLOTkey

When you pres®LOTin the Equation Editor, a dialog box asks you if you
want to graph a function, a parametric curve, or a polar curve
Depending on what you choose, the highlighted expressionpged into
the appropriate aplet, to the location that you have spédifiethe destina-
tion.

NOTE : This supposes that the current variable is also the variabthe
function or curve you want to graph: when the expression ey it is
evaluated, and the current variable (variable contain&Xris changed to
X, T, or6, depending on the type of plot.

NoOTE : If the function depends on a parameter, it is preferableve the
parameter a value before pressPIigOT. If, however, you want the param-
eterised expression to be copied with its parameter, themame of the
parameter must consist of a single letter other tanT , or 0, so that
there is no confusion.

If the highlighted expression has real values :
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the Function Aplet or Polar Aplet can be chosen, and the graph
will be of Function or Polar type.

If the highlighted expression has complex values :

theParametric Aplet must be chosen, and the graph will bé@irametric

type.
If you choose:

e the Function Aplet , the highlighted expression is copied into
the chosen functioki , and the current variable is changed<tdur-
ing the copy.

e the Parametric Aplet , the real part and the imaginary part of
the highlighted expression are copied into the chosen ifumeXi,
Yi , and the current variable is changedrtduring the copy.

e the Polar Aplet , the highlighted expression is copied into the
chosen functiorRi, and the current variable is changeditduring
the copy.

NUMey

Pressing th&lUMkey in the Equation Editor causes the highlighted expres-
sion to be replaced by a numeric approximation.
NUMouts the calculator into approximate mode.

SHIFT NUMkey

Pressing th&HIFT NUMKey in the Equation Editor causes the highlighted
expression to be replaced by a rationnal number.
SHIFT NUMputs the calculator into exact mode.

VIEWSkey

Pressing th&/IEWSkey in the Equation Editor enables you to move the
cursor with the> and< arrows to see the entire highlighted expression.
Then pres©Kon the menu bar to return in the Equation Editor.

Short-cut keys

Note: In the Equation Editor, the following short-cut keys available on
the keyboard:
SHIFT 0 for oo
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SHIFT 1 for i

SHIFT 2 to opentheCAS HELP ON

SHIFT 3 forw

SHIFT 5 for <

SHIFT 6 for >

SHIFT 8 for <

SHIFT 9 for >

SHIFT NUMto put the calculator into exact mode
NUMo put the calculator into approximate mode.

3.3.3 Expressions, subexpressions, selection

When you type expressions in the Equation Editor, the opeth#t you
are typing always carries over to the adjacent or selectprbsgion.

You don't have to preoccupy yourself with where the paresgsago... just
select!

You need to view a mathematical expression as a binary trekthee four
arrow keys as enabling you move through the tree in a natasidn:

The right and left arrow keys enable you to move from one brancan-
other,

The up and down arrow keys enable you to go up and down a plarticu
tree,

The SHIFT-up and SHIFT-down arrow keys enable you to makeipheil
selection (cf pag@6 example 3).

How do you select?
There are two ways of going into selection mode :

e The up-arrowa takes you into selection mode and selects the ele-
ment adjacent to the cursor.
Example:
1+24+3+4 A

selects 4, then selects the entire tree 1+2+3+4.

e The right-arrowr> takes you into selection mode and selects the
branch adjacent to the cursor.
Pressing> again augments the selection, adding the next branch to
the right.
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Example:

1+2+3+4>

selects 3 + 4, ther selects 2+3+4, then selects 1+2+3+4.

e NOTE: If you are typing a templated function with multiple argu-
ments (such ay_, [, SUBST, or the like), the right arrow enables
you to move through the template by changing the locatiorhef t
cursor. In effect, the left and right arrow, keysandr> enable you
to move from one argument to another. In this case, you alwags
the up arrowa to select (cf3.3.4.

Examples of the way this Equation Editor works:
PressCASon the menu bar to open the Equation Editor, then type the ex-
pressions in the examples.

e Example 1
Typing:
24+ X x3—-X

returns:
2+X-3—-X

Press> > > to select the expression,
then theENTERKey to produce:

242X
Typing:
2+ Xp> x3—X

returns:
(2+X)-3-X

Press> > to select the expression,
then theENTERkey to produce:

6+2-X

Typing:
2+ Xp> x3 A —X
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returns:
(2+4X)-(3=X)

Press> > > to select the expression,
then theENTERKey to produce:

—(X2-Xx-6)
Example 2
To express:

X2 -3-X+1
type:

Xx¥2p> —-3X+ 1

To express:

X2 -3-X+1
type:

(-)xx2>> —3X + 1
In effect, you must select X2 before typing the rest.

Example 3
To express:
1 1 1 1
2 + 3 * 4 - 5
Here, the tree ends in-a, and there are four branches; each of these
branches ends in-a and has two leaves.

PressCASon the menu bar to open the Equation Editor, then type the
first branch:

1+-2
then select this branch with
>
Then, type
+
and the second branch:
1+3

then select this branch with
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Then, type
+
and the third branch:
1+-4
then select this branch with
>
Then, type
+
and the fourth branch:
1+5
then select this branch with
>

At this point, the desired expression :

is in the Equation Editor, andl is selected.
To move back through the tree and select:

1 n 1
3 4
type
<<
to select thel, then press
SHIFT>

which enables you to select two contiguous branches, thelozedy
selected and the one to the right of it, like this:

11

3 4
Advantage : If you want, you can calculate the selected pyaptéss-
ing ENTER

This produces:
1 7 1

212 ' 5
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with the = selected.
If you want to perform the partial calculation

you must first perform a permutation so that ghand theé are side
by side. To do this, type:
SHIFT<

which exchanges the selected element with its neighbouretdeft.

This produces:

7+1+1
12 2 b

with the - still selected. Press :
>SHIFT>

to select :
1 1

2's
PressingENTERthen produces the result.

e Summing up: SHIFTr> enables you to select the selected element
and its neighbour to the righ8HIFT< enables you to exchange the
selected element with its neighbour to the left. The setbetement
remains selected, even if you move it.

How to modify an expression

If you're typing an expression, thBEL key enables you to erase what
you've typed.

If you're selecting, you can:
- Cancel the selection without deleting the expressionyping :

DEL

The cursor moves to the end of the deselected portion.

- Replace the selection with an expression, just by typirgdbsired ex-
pression

- Transform the selected expression by applyir@fsfunction to it: you
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call the function via one of th€EASmenu options.
- Delete the selected expression by typing:

ALPHA SHIFT DEL (ALPHA CLEAR)
- Delete a selected unary operator "the top of the tree" bintyp
SHIFT DEL (CLEAR)

For example, to replacgIN(expr)  with COS(expr) , selectSIN(expr)
then presSHIFT DEL and pres€0S

- Delete a binary infix operator and one of its argument bycsielg the
argument you want delete and typing:

SHIFT DEL (CLEAR)

For example : if you have the expression 1+2, you select Ty $tFT
DEL deletes 1+ and it leaves only 2.

So, to deleté(X)= of the expressiof(X)= X2 — X + 1 you selecF(X) ,
then presSHIFT DEL, and this produce® = X2 — X + 1 (you have deleted
the unary operatorg), thenSHIFT DEL, producex? — X + 1 (you have
deletedX and the operator).

- Delete a binary operator by editing the expression, yoecsel

Edit expr.

from theTOOLmenu on the menu bar, and then make the correction.

- Copy an element from the CAS history. You access to the CA®Iyi by
pressingSYMB In the history, pressinENTERor selectingeCHOon the
menu bar inserts the copy where the cursor is, or in placeeo$étection.
You can also us€OPY on the history menu bar, to copy the selection in the
buffer, or the commandsSut, Copy and Paste fromtheTOOLmenu

on the Equation Editor menu bar to delete, copy and pastessjons as
you would with any text editor (c3.3.1).

The cursor mode

The cursor mode enables you to select a large expressioklyjuio go
into cursor mode, select:

Cursor mode in th& OOLmenu,

then use the arrow keys to include your selection in a box fwioel release
the arrow key, the expression pointed to by the cursor isosed).

Then, pres€ENTERto select the contents of the box.
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To see everything

By selectingChange font from theTOOLmenu on the menu bar, you
can increase or decrease the font size of the expressioa.efibles you
to view a large expression in its entirety when you need to.

If this is insufficient to see the whole expression, then {ai€ed to go into
cursor mode:

selectCursor mode in the TOOLmenu, then use the arrow key, and
then useENTERto quit cursor mode,

or you can also press:

the VIEWSkey, then use the arrow key, and pres©Kon the menu bar to
quit VIEWSscreen.

3.3.4 Accessing th€ASfunctions

While you are in the Equation Editor, you can accesLlSfunctions,
and you can access them in various ways.

General principle:
When you have written an expression in the Equation Editbycal have
to do is presENTERto evaluate the selection (or the entire expression, if
nothing is selected).

How to type [‘and

> is found on the keyboard, all you have to do is type:

SHIFT + () )
The symbol] is also found on the keyboard, it can be produced by typing:

SHIFT d/dX (/)

The symbols| and} are treated as prefix functions with multiple argu-
ments.

[ and}" are automatically placed before the selected elementeittis
one (hence "prefix functions").

You can move the cursor with the arrow keys:

>

Enter the expressions according to the rules of selectiptaied earlier,
but you must first go into selection mode by pressing
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NoTE: Do not use the indexto define a summation, becausgesignates
the complex-number solution af + 1 = 0.

> performs exact calculations if its argument has a dicreitaipive else
> performs approximate calculations, even in exact modeekample in
exact, or numeric mode :

4
k=0

whereas in exact mode :

| —

= 2.70833333334

x5

1 1 1 1 65
St ot =

1
TR TR TRy

the symbol! is obtained by typingHIFT x.

Note that) " can symbolically calculate summations of rational fragsio
and hypergeometric series that allow a discrete primitive.

Example :

If you type:

‘ 1
g;KW+D

then select the entire expression and pENFER you obtain:

4

5
If you type:

> ra
~K-(K+1)
then select the entire expression and pENSER you obtain:

1

How to call infix functions

These functions are typed between their arguments, for pbeam

AND | MOD ,are infix functions.

You can either:

- type them inAlpha mode (usingAND MOPthen type the arguments,
or

- call them by selecting @ASmenu option or by pressing a key, provided
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you have already written and selected the first argument.

You move from one argument to the other by using the arrow keys

The comma enables you to write a complex number:

whenyoutype +2-1ior(1,2) ,theparentheses are automatically placed
when you type the comma.

If you want to type (-1,2), you must of course select -1 befare type the
comma.

How to call prefix functions

These functions are typed before their arguments (whideisisual case).
To call a prefix function:
you can type the first argument, select it, then call the fonctising a
menu,
or, you can call the function using a menu or a keystrok&lpha mode,
then type the arguments.
The following example illustrates the different ways oflicey a prefix
function.
Example:
Say you want to factor the expressioh— 4, then find its value for: = 4.
You know thatFACTORSs the function for factoring, and that this function
is found in theALGBmenu.
You also know thatSUBST s the function for substituting a value for a
variable in an expression, and that this function is founthéALGBmenu
as well.

First possibility: Function call, then arguments
Press the=2 key to activate theALGBon the menu bar, then highlight
FACTORand pres&ENTER
FACTOR( «) is displayed in the editor, with the cursor between the paren
theses.
Type your expression, using the rules of selection giveliezar

X¥2p>—4p 0>
The following is now selected:
FACTOR(X? — 4)
PressindgENTERthen produces the result:

X+2)-(x=2)
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The result is selected, and replaces the command.
You do not see this, but after eaBliNTER the display is written to the
history, so in this caseFACTOR(X? — 4) and the answefX +2) - (X — 2)
are written to the history (presYMBto see the history and then pre3bl
to return to the Equation Editor).
At this point, you can erase the preceding result Witi’HA SHIFT DEL
(CLEAR), because the result is selected.
Press the key that activatéd GBon the menu bar, then highlightUBST
and presENTER

SUBST(«, e)

is displayed in the editor, with the cursor between the pheses at the |
ocation of the first argument.
Type your expression, using the rules of selection givelezar
NoOTE: Here, SUBSThas two arguments, so you must go into selection
mode usingh :

XXX2 AN —4D>X=4D> >

The following is now selected:
SUBST(X? — 4,X = 4)
PressingENTERthen produces the result:
4> —4

The result is selected, and replaces the command. PreSaligRthen
yields the simplified result:

12
Naturally, SUBST(X? —4,X =4), 42 —4 and 12 are all written to the
history.
REMARK:

When you call & ASfunction that has arguments, you can type ilpha
mode with its parentheses.
Second possibility: Arguments, then function call
First of all, type the expression and select it using thesraeselection
given earlier.
In this case, type:
XX¥¥2p—4p >

Then callFACTOR
press the ke¥2 that activate#®\L GBon the menu bar, then highlighfACTOR
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and presENTER
This produces:
FACTOR(X? — 4)

PressindENTERthen yields the result:
(X+2)-(X-2)

The result is selected, and replaces the command.

Naturally, FACTOR(X? — 4) and (X+2) - (X —2) are both written to the
history.

Recall now that because your result is selected, you cay appther com-
mand to it.

At this point, then, calSUBST press the key2 that activate ALGBon
the menu bar, then highligi®UBSTand pres&ENTER

SUBST((X+2) - (X — 2), «)

is displayed in the editor, with your expression as the firgument be-
tween the parentheses, and with the cursor at the locatidheo$econd
argument.
All you have to do then is type:
X = 4 then,> >, followed byENTER
This produces:

(4+2)-(4-2)

PressingENTERthen yields:
12

Naturally,SUBST(X? — 4,X = 4), (4+2)- (4 —2) and 12 are all written

to the history.

REMARK:

If you call a CASfunction while you're writing an expression, whatever
is currently selected is copied into the function’s first ordin" argument.

If nothing is selected, the cursor is placed at the apprtpi@cation for
completing the arguments.

3.3.5 Equation editor variables

You can store objects in variables, then access an objectiby the name
of its variable.

NOTES

1- Variables used i€AScannot be used iHOMEand vice versa.
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2- In HOMEBbr in the program editor, usT0r (represented here 850> or

> or ->) to store an object in a variable.

3-InCAS use thesTOREcommand (cf3.3.5 to store a value in a variable.
4- TheVARSKey displays a menu that contains all the available varg&able
Pressing this key while you are HOMEHlisplays the names of the variables
defined inHOMEanNd in theAplets

Pressing this key while you are in the Equation Editor digpline names
of the variables defined iIBAS

To store an object in aCASvariable : STORE

In CAS it is necessary to use tf#TOREcommand to store an object in a
variable, or to use th¥ ARSkey in the Equation Editor (and then choose
NEWbr EDIT on the menu bar; ¢f3.3.2.
All you need to provide is the name of the variable.
STORESs found in theALGBmenu on the Equation Editor menu bar.
Example:
Type:
STORE(X? — 4, ABC)

Or, type:

X* -4

then select it and caBTORE

then typeABG then,ENTERconfirms the definition of the variabkBC

To destroy the variable, use théARSkey in the Equation Editor (then
choosePURGEON the menu bar; ¢f3.3.2), or invoke theUNASSIGNcom-
mand on theéALGBmenu by typing (for example):

UNASSIGN(ABC)

PredefinedCASvariables

VX contains the name of the current symbolic variable.
Generally this isX, so you should not us¥ as the name of a numeric
variable, or erase the contentsXfvith the UNASSIGNcommand in the
ALGBmenu after having done a symbolic calculation by typing efcam-
ple, UNASSIGN(X).

EPS contains the value of epsilon used in tBESX0command (cf.
5.11.9.

MODULQ@ontains the value gf for performing symbolic calculations
in Z/pZ orin Z/pZ[X]. You can change the value pfeither with the
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MODST©ommand in thé/1ODULARenu, (by typing, for exampl®ODSTO(13)
to give p a value of 13), or us8&HIFT SYMBto open theCAS MODES
screen and chandé@odulo .

PERIODmust contain the period of a function before you can find its
Fourier coefficients (cf5.9.4.

PRIMIT contains the primitive of the last integrated function.

REALASSUMEontains a list of the names of the symbolic variables
that are considered reals. If you've chosen@meplx vars option onthe
CFGconfiguration menu, these are by default:
X, Y, t, S1, S2 ,aswellas any integration variables that are in use.
Of course, if you've chosen thHeeal vars option on theCFGconfigura-
tion menu, all symbolic variables are considered reals5df.1). You can
also use an assumption to define a variable suctras
In a case like this, you use tR&SSUME(X>1) command to makREALASSUME
containX>1. The commandJNASSUME(X)destroys all the assumptions
we've previously made abodt

To see or to modify all these variables, as well as those tbalvg
defined iINCAS pressVARSIn the Equation Editor, then oBDIT on the
menu bar (cf3.3.9.

3.4 CASinthe HOMEcreen

You can use many computer algebra functions directly irHi@dMEcreen,
as long as you take certain precautions. CAS functions &hat thatrices
arguments work only frorlOMEFor the description of these functions see
chapterd.

3.4.1 HOMHMvariables

You can not use the same variable named@MEas in the Equation Edi-
tor. For exampleX can not be used as a symbolic variable, sinceAth#
variables names are numeric variables, and always contaial aalue (0
by default).

The names of the symbolldOMEvariables are :

S1..S5, sl1..s5, nl..n5

Unlike with Equation Editor variables, it is not possibleassign a value
to aHOMEsymbolic variable: note thatl..s5 andnl..n5 are some-
times returned byQUADand ISOLATE respectively instead of a sign (it
should be replaced by-1 to get both solutions iIrQUAD for instance,
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QUAD(S1*S1-9,S1) returnss1*6/2 ) orinstead of an integer (e.g. for
isolation inside a trigonometric function, for instant®OQLATE(SIN(S1),S1)
returns3.14..+nl ).

If you want to store symbolic expressionsHOME/ou must use the sym-
bolic expression variablds0..E9 . If you want to store lists of symbolic
expressions itHOMByou must use the variablé$)..L9

3.4.2 Storing an object in aHOMEvariable : STO>

STO> enables you to store an object iHOMBvariable. STO> is obtained
by pressing=1 on theHOMEnenu bar or on program editor menu bar,. A
variable can store only one kind of object, this kind is detieed by the
variable name (see above).

For example, type:

S1%2 4+ 2 x S1 STO > E1, then,

DERIV(E1,S1)

you get :

2% S1+4 2.

3.4.3 Some tricks and examples.

CAS functions may be accessed fret®MEeither from theCASsubmenu
of the MATHkey’s menu barK4 key), or directly (type the function name
in alpha mode). Note that:

e Certain calculations will be performed in approximate mbdeause
numbers are interpreted as reals instead of integefSOMETo do
exact calculations, you should use the commz@lit converts an
approximate argument into an exact argument. For exanfplepi
work with Radians :

ARG(XQ(1 + 1)) = %

ARG(1 + i) = 0.7853...
FACTOR(XQ(45)) = 3% x5
FACTOR(45) = 45

e The symboliHOMEvariableS1 serves as the current variable for the
relevantCASfunctions inHOMEFor example :

DERVX(S1% 4+ 2 x S1) = 2% S1 4 2
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The result2 x S1 4 2 does not depend on the Equation Editor vari-
ableVVX). Note that a fewnCASfunction can not work insideiOME
because they require to change the current variable.

Remember that you must use :
S1,S2,..S5,s1,s2,..s5,n1,n2,..n5 for symbolic variables
andEO,E1,..E9 to store symbolic expressions. For example, if
you type :

S12 — 4 x S2 STOBE1

then you have :
DERVX(E1) = S1 % 2

DERIV(E1,82) = —4

INTVX(E1) = 1/3 % 1% — 4 % (S2 % S1)

If you want to work with symbolic matrices, you must storerthe

in LO, L1..L9 , because symbolic matrices are interpreted in the
same these matrices are interpreted in the same way asflistso
(whereas numeric matrices are storedvi, M1..M9 ). The CAS
linear algebra instructions accept list of lists as input.

For example, if you type iHOME

xQ({{s2 + 1,1}, {v2,1}}) sTo> L1
then you have :
TRAN(L1) = {{s2 + 1,v2}, {1,1}}

Some numeric linear algebra instructions do not work orofisists,
but will after a conversion baXL, like:

DET(AXL(L1))) STO> E1

you get :

S2 — (—1+/2)

Sectiond describes CAS instructions that work only from HOME, in-
cluding some CAS symbolic linear algebra instructions. rRore in-
formation you can also use the on-line hefi5LPor e.g.HELPWITH
TRAN or look at the HP49G, HP49G+ or HP48GII CAS documen-
tation available from:

http://www-fourier.ujf-grenoble.fr/~parisse
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3.4.4 Send expressions frorlOMENto the CAShistory :
PUSH

In the HOMEScreen, you can use tiRdJSHcommand to send expressions
into theCAShistory.

In the HOMEScreen, you type:

PUSH(S1+1)

andS1+1 is written to theCAShistory.

3.4.5 Retrieve expressions written to theCAS history in
HOME POP

In the HOMEscreen, you can use tHROPcommand to retrieve the last
expression written to thEAShistory.

In the HOMEscreen, you type:

POP

and, for exampleS1+1 is written to theHOMEcreen history an81+1 is
removed from theCAShistory.

3.4.6 The keyboard in theHOMEscreen
MATHkey

This opens the menu of mathematical functions.

This key, if pressed in thelOMEscreen, open a window containing the
mathematical (numeric) functions grouped by theme, sine®tTH option
on the menu barH1 key) is selected by default.

If you chooseCASon this window’s menu barH4 key), you'll find the
same menus as when you pressM®&THkey in the Equation Editor: this
gives you access to all available computer algebra funstigrouped by
theme, from theHOMEscreen.

SHIFT F6 keys

The key combinatioSHIFT F6(CAS on the menu bar) opensCAS
MODEScreen, which enables you change @#Sconfiguration from the
HOMEscreen (cB.3.9.
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SHIFT 2 (SYNTAX) keys

The key combinatiorSHIFT 2 (SYNTAX) placesHELPWITHin the
command line. All you need to do then is complete the line withname
of the command o€ASfunction for which you want help. You can enter
the name of &ASfunction with MATHand CASon this window’s menu
bar (F4 key), but take care to omit the parentheses.

For example HELPWITH DERVXpens theCAShelp topic onDERVX

If you want generaCAShelp in theHOMEcreen, presdELP, thenENTER
This gives you help on th€ASfunctions available in thelOMEcreen.

To get help in French, choose Francais in @eGmenu, which enables
you to change your configuration (6f1.1).

Each example can be copied into tHOMEscreen history by means of
ECHOon the menu bar, where it can be used as is or modified, and natu-
rally, the variableX of the example is replaced automatically 8.

In addition, the examples are sometimes modified autonligticechange
in HOMEScreen, reals to integers using @function.

For example, you type in thdOMEcreen:

HELPWITH PROPFRAC
or
HELP then you seled®ROPFRAC in CAS HELP ON
You obtain the example fdPROPFRAC

PROPFRAC(XQ(43))—»3~+ !
1277 12

whereas if, in the equation editor, you selBROPFRAGN theCAS HELP
ON the exampleis :

43
PROPFRAC(—)
12
but typing inHOME
43
PROPFRAC(—)
12

gives
3.5833..



Chapter 4

The CASfunctions only
valid in HOME screen

These functions have as arguments matrix or vectors anchretatrix or
vectors.

4.1 Linear systems

In this paragraph, we call "augmented matrix" of the systémX = B
(or matrix "representing” the systes - X = B), the matrix obtained
augmenting the matrid to the right with the column vectas.

4.1.1 Resolution of a linear system of equationsREF

REFsolves a linear system of equations written in matrix form:
A-X=B

The argument oREFis the augmented matrix of the system (the matrix
obtained augmenting matrixto the right with the column vectads).
The resultis amatrigA1,B1] : Al has zeros under its principal diagonal,
and the solutions of:

Al-X=B1

are the same as:

41



42CHAPTER 4. THECASFUNCTIONS ONLY VALID INHOME SCREEN

For example, solve the system:

3-x+y = -2
Typing:
gives:

E

So,y =4andx =—-2/3—-4/3=-2

= WOl

ol |
= N
—_—

4.1.2 Resolution of a linear system of equationsrref

rref  solves a linear system of equations written in matrix form:
A-X=B

TThe argument ofref  is the augmented matrix of the system (the matrix
obtained augmenting matrixto the right with the column vectads).

The resultis a list containing the list of pivot elementsdisg the command
and a matri{A1,B1] : Al has zeros both above and under its principal
diagonal, and the solutions of:

A1-X=B1

are the same as:
A-X=B

Itis interesting to useref  in step-by-step mode.
For example, to solve the system:

3-rx+y = =2
3-x+2-y = 2
Typing
rref([[3,1,—2][3,2,2]])
gives :

teslon )
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Typing
rref([[1,81][S1,1]]))

{{312 ~1,1) { S (12— 1(; H

4.2 Polynomials

gives :

4.2.1 Listof factors : FACTORS

FACTORSas either a polynomial or a list of polynomials as argument.
FACTORSeturns a list containing the factors of the polynomial ameirt

exponents.
Typing:

FACTORS(S1? — 2% S1+ 1)
gives:

{s1—-1,2.}

Typing:

FACTORS(S1* — 2% S1% 4 1)
gives:

{s1—-1,2,81+1,2}
Typing:
FACTORS({S1® — 2812 +1,81% — 81})

gives:

{{s1—1,1,2%814+-1++5,1,2%S1— (1++6),1, 4,1},

{s1,1, 81 —1,1}}

4.2.2 Rational function given by its roots and polesFCOEF

FCOEFas as argument a vector whose components are the rootslaad po
of a rational function?’[z], followed by their multiplicity.
FCOEFreturns the rational functiof'[x].
Typing:
FCOEF([1,2,0,3,2,—1])
gives:
S1® % (S1—1)?/(S1 —2)
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4.2.3 Roots and poles ofa rational function FROOTS

FROOTShas a rational functioft'[x] as argument.
FROOTSeturns a vector whose components are the roots and thegfoles
F[z], followed by their multiplicity.

Typing:
815 —2.981%* 4513
FROOTS( +sb,
S1—2
gives:
[27 717 07 35 15 2]

The result means that is a pole of order 10 is a triple root, and is a
double root ofF'[z] = %f;”} since(z — 1)? - 2% =25 — 2. 2 + 22,

4.2.4 Groebner basis GBASIS

GBASIS has two arguments : a vector of polynomials with several-vari
ables and the vector of names of these variables.

GBASISreturns a Groebner basis of the polynomial ideal built by tig-p
nomials which are in the first argument.

We choose to write the polynomial variables with the ordethef last ar-
gument and to write the polynomials in decreasing powetr. i#f an ideal
and if (Gi)rex is a Greebner basis of this ideBthen if F' is a non zero
polynomial inI, the greatest power term &f is divisible by the greatest
power term of aGy.

Property : If you do an euclidian division df by its correspondanty,
then if you continue with the remainder of this division, wavh at end, a
null remainder.

Typing :
GBASIS([2-S1-82 — 822,81 — 2-51-82],[S1,52])
gives :
[S1? — 822,281 - 82 — §2% 527
4.2.5 Groebner reduction :GREDUCE

GREDUCHas three arguments : a polynomial with several variables, a
vector made with polynomials which are a Graebner basis aret@wof
names of these variables.

GREDUCEeturns the reduction (+ a constant) of the polynomial given
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the first argument with respect to the Groebner basis givehersécond
argument.

Typing :
GREDUCE(S1 % S2 — 1,[81% — 822 2 % 81 % S2 — 522, 82%], [S1, S2])

gives :

(522 —2)/2
that is to say? — 2 is the reduce polynomial &f- X - Y — 2 (Y2 — 2is the
remainderoR - (X-Y—1)byGy, =2 -X-Y —Y?).

4.2.6 Lagrange’s polynomial :LAGRANGE

LAGRANGIHBas as argument a matrix with two rows andolumns:
the first row corresponds to the abscissa valugsand the second row
corresponds to ordinate valugs(i = 1..n).
LAGRANGEeturns the polynomiaP of degreen — 1, so thatP(z;) = y;.
Typing:

LAGRANGE([[1, 3], [0, 1]])
gives:

S1—1
2

infactZ! =0forz =1and%;l =1forz =3

427 GCDofalist:LGCD

LGCDdenotes the gcd (greatest common divisor) of a list of whotalvers
or of a list of polynomials.

LGCDreturns theGCDof all whole numbers of the list or the CDof all
polynomials of the list.

Typing:
LGCD({125,45,35})
gives:
5
Typing:

LGCD({S1? +2%S1 + 1,81 +1,51% — 1,812 + 51})

gives :
S1+1
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4.2.8 resultant of two polynomials:RESULTANT

RESULTANThas two polynomials as arguments.

RESULTANTreturns the resultant of the two polynomials. The resultant
of two polynomials is non zero if and only if the polynomialse gprime
together. It is the determinant of their Sylvester maffix

The Sylvester matri¥ of two polynomialsA[X] = >~ a; X" andB[X] =
Yo a; X' is a square matrix withn 4+ n rows and columns; its first
rows are made from the coefficients 4fX]:

S$11 =0p S12=0ap-1 *°*  Si(nt1) = Ao 0 - 0
o1 =0 sp2=an, -+ Sypi1) =@ S2(ny2) =a0 - 0
Sm1 =0 Sm2=0 - Spmt1) =Am-1 Sm(n+2) = Gm-—2 - a0

and the followingn rows are made in the same way from the coefficients
of B[X]:

( Stm+1)1 = bm  Sm41)2 =bm-1 "+ Stmy)(mt+1) =bo 0 -+ 0 )

For example, typing:
RESULTANT(S1® — 82 % S1 + 83,3 % S1? — S2)

gives:
—(4 % 82% — 27 % 83?)

4.2.9 Division by the PGCD SIMP2

SIMP2 has two whole numbers (or two lists of whole numbers with the
same length) as arguments. These two whole numbers araleoetsias
representing a fraction.

SIMP2 returns the simplified fraction, represented as a list of wile
numbers.

Typing:
SIMP2(18,15)
gives:
{6.5}
Typing:

SIMP2({18,28},{15,21})
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gives:
{6,5,4,3}

SIMP2 has two polynomials (or two lists of polynomials with the sam
length) as arguments. These two polynomials are consigere€epresent-
ing a rational fraction.
SIMP2 returns the simplified rational fraction, represented dstaf two
polynomials.
Typing:

SIMP2(S1° — 1,812 — 1)

gives:
{s1> + 81 +1,51 + 1}

4.2.10 Sturm’s sequencesSTURM

STURMas a polynomiaP as argument.
STURMeturns a list containing the Sturm’s sequence® @ind their mul-
tiplicities.
The Sturm sequenck,, R, ... can be obtained from a square-free factor
F of P as follows:
R; is the opposite of the remainder of the euclidean divisioR' &y F;
then, R, is the opposite of the remainder of the euclidean divisioR"dby
Ry,
and so on, untiR; = 0.
For example, type:

STURM(S1° + 1)

You obtain:
{[1]a _17 [Sls + 17 -3 812 - 1]7 1}

The first element of the list denotes that the denominatd? ¢that is, the
element with—1 power), is 1.

4.2.11 Zeros of a polynomial :ZZEROS

ZEROShas two arguments: a polynomiland a variable name.
ZEROSreturns a list containing the zeros #f with respect to the given
variable,wITHOUT their multiplicity.
Type:

ZEROS(S1* — 1,81)
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gives:
- in real mode (change the mode wiiHIFT F6 andUNCHK Compley

{_1’ 1}
- in complex mode (change the mode WBRHIFT F6 andCHK Complex)

{ia 717 7ia 1}

4.3 Rational fractions

4.3.1 Numerator and denominator of a fraction : FXND

FXNDhas a rational fraction as argument, and returns a list gontpthe
simplified numerator and denominator of this fraction.

Typing:
FXND(3/6)
gives :
{1,2}
Type:
FXND((S1? — 1)/(S1 — 1))
You obtain:

{s12 — 1,81 — 1}

4.4 Modular calculations

4.4.1 Resolution of alinear system of equationsRREFMOD

RREFMOBolves a system of linear equatioAX = Bin Z/pZ.

The argument is the matrix augmented with the vectd as its rightmost
column. The result is a matrix composed4f andB1, whereA1l has zeros
both above and under its principal diagonal, and the systéi = B1 is
equivalenttoAX = B.

To solve, inZ/13Z :

Il
o ©

xT+ 2.y
3-x+10-y

Typing :
MODSTO(13)
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RREFMOD([[1, 2, 9][3, 10, 0]])

gives :
[[2,0,6],[0,4, —1]]

that is,2.X = 6 and4.Y = —1 or, which is the same& = 3 Y = 3 (since
—4 %3 =1 (mod13)).

4.5 Variables

4.5.1 The symbolic variables of an expressionLNAME

LNAMEhas an expression as argument, and returns a vector whoge€om
nents are the symbolic variable names the expression osntai
Typing :

LNAME(S1 * S2 * SIN(S1))

gives :
[S1,82]

4.5.2 The variables of an expression LVAR

LVAR has an expression as argument, and returns a vector suctine¢hat
original expression is a rational fraction with respectite tomponents of
this vector.
Typing :

LVAR(S1 * S2 % SIN(S1))

gives :
[SIN(S1),81,82]

4.6 Numeric calculus

4.6.1 Omitthe values smaller than EPS EPSXO0

EPSX0has as argument an expression; in the expression, it repédce
numeric values whose magnitude is smaller tB&Swith zero and returns
the result.
Type:

EPSX0(0.001 + S1)
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You obtain (wherEPS=0.01) :

0+81
You obtain (wherEPS=0.0001 ) :

.001 + 81

4.6.2 Solve numerically a system MSLV

MSLVsolves numerically a system of non-polynomial equations.
MSLVhas three vectors as arguments: a vector containing théieogiea
vector containing the system'’s variables, and a vectoragginig an initial
guess for the solution.

MSLVreturns a vector containing an approximate solution of thergsys-
tem of equations.

While the command is running, the first display line shows #s¢ éstimate
V', and the second line shows the modula\oF

For example, type:

MSLV([SIN(S1) + S2,S1 + SIN(S2) — 1],[S1,S2],[0,0])

You obtain:
[1.823841 12611, —.968154636174]

List of values : TABVAL

TABVALhas an expression and a list of numbers as arguments.
TABVALreturns a list. This list holds two lists : the list of numbegigen
as input and the list of the value the expression where thahlarS1 is
replaced by the list of numbers given as input.

For example, typing:

TABVAL(S1? + 81, {1,2,3,XQ(v/5})
gives:

{{1,2,3,v5},{2,6,12,56 + v/5}}

4.6.3 Time for evaluation of the answer :TEVAL

TEVALhas a command as argument.
TEVALreturns the list of the answer and the time for the evaluaifdhis
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answer (unit=second).
For example, typing:

TEVAL(FACTOR(S1% — 1))

gives:
{(81 —1) % (S1+1),0.2991}

4.6.4 Numeric approximation : XNUM

XNUMnhas either an expression or an array as argument.
XNUMenables approximate mode and returns the numeric appro@ma
of its argument.
Type:
XNUM(V/2)
You obtain:
1.41421356237

4.6.5 Exactvalue :XQ

XQhas a real numeric expression as argument.
XQenables exact mode and returns either a rational or a reabdpyation
of the expression.

Typing:
XQ(1.41421)

gives:

66441

46981
Typing:

XQ(1.414213562)
gives:
V2

4.7 The lists

4.7.1 Concatenation AUGMENT

AUGMENTas as arguments two vectors, or two lists, or a list and an ele
ment.
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AUGMENToncatenates its arguments.

Typing:
AUGMENT({1, 2}, 3)
gives:
{17 2, 3}
Typing:
AUGMENT({1, 2}, {3,4})
gives:

{1,2,3,4}

4.7.2 Map a function to a list : MAP

MAPhas two arguments: a list and a function defining an holomorph
operator.
MAPapplies the operator to the list, and returns the result.

Typing:
MAP(1, 0,2, EXP(S1)

gives:
{EXP(1),EXP(0),EXP(2)}

4.8 Quadratic forms

4.8.1 Matrice to quadratic form : AXQ

AXQhas two arguments: a symmetric matrxrepresenting a quadratic
form ¢ and a vector whose components are the quadratic form’sblasia
AXQreturns the quadratic form

Typing :
Axq([[o, 1], [1,0]] , [s1,82])

gives :
2% 82 % S1
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4.8.2 Gauss decompsition GAUSS

GAUSSas two arguments: a quadratic fogrand a vector whose compo-
nents are the quadratic form’s variables.
GAUSSeturnsg expressed as a sum of squares.
Typing:
GAUSS(2-S1-82, [S1,S2])

gives:
S2 —S1

2

1
)+ 5 (S2 +81)?

_2.(

4.8.3 Matrix of a quadratic form : QXA

QXAhas two arguments: a quadratic fogrand a vector whose components
are the form’s variables.
QXAreturns the matrix4 associated witly.

Typing :
QXA(2 % S1 % S2, [S1,82])
gives :
[[0, 1], [1, 0]]
and withSHOW

0 1
10
4.8.4 Sylvester decomposition SYLVESTER

SYLVESTERas one argument: a symmetric matrix representing a quadrat
formq.

SYLVESTERreturns a list of two elements: the diagonal elements of the
diagonal matrixB (obtained expressingas a sum of squares) and the ma-
trix of change of basé).

We have:
Q- B-Q=A
Typing:
SYLVESTER([[0, 1], [1, 0]])
gives :

i

(][



54CHAPTER 4. THECASFUNCTIONS ONLY VALID INHOME SCREEN
4.9 Functions of multiple variables

49.1 Therotor: CURL

Heren = 3.
CURLhas two arguments: the valu&{, £2, E3] of a vectorial func-
tion (application fromRk3 in R3) and a vector of?* denoting the variable
names.
CURLreturns the rotor of f'1, E2, E3].
CURL([E1,E2,E3],[S1,82,83]) = [@ OF2 OF1 O3 OF2 @]
e ~ 1982 983’0s3  09S1’9st  0S2
Type:
CURL([S1 * S3, —S22, 2 % S1 * $2], [S1, 52, S3])
You obtain:
[2S1,81 —82%2,0]

4.9.2 The gradient :DERIV

DERIV has two arguments: the value of an applicatiohfrom R" in R
and a vector o™ denoting the variable names.

1I?ERIV returns the gradient af1 ([221, 921, 2E1] if n = 3).
ype:

DERIV(2 * S1% % S2 — S1 % 83°,[S1,52,S3])
After simplification, you obtain:

[4-52-81—83%2 512 —(3-81-83?%)]

4.9.3 The divergence DIV

DIV has two arguments: the valug], £2, E3] of a vectorial function (ap-
plication fromR™ in R™) and a vector o™ denoting the variable names.
DIV returns the divergence of]l, £2, E3].

OE1 OE2 OE3

DIV([E1,E2,E3], [81,82,83]) = 5= + 5= + - (heren = 3)

Typing:
DIV([S1 % S3,—S2% 2% S1 x S2],[S1,$2,83])

gives:
S3 —2 %82
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4.9.4 The hessian HESS

HESShas two arguments: the value of an applicattohfrom R™ in R and
a vector ofR™ denoting the variable names.
HESSreturns a list containing the hessian®i, the gradient of£'1 and
the vector of the variable names.
Typing :

HESS(2 % S12 % S2 — S1 % 83, [S1,S2,83])

gives :

2.2.82 2.2.81 -1
{| 2-2-s1 0 0 , [4-s1-82—83,2-51% —81], [S1,82,83]}
-1 0 0

Now, to obtain the critical points af'1, you must type:

SOLVE([4.S1.82 — 83,2.81% —S1], [S1,52,S3])

4.9.5 The laplacian :LAPL

LAPL has two arguments: the value of an applicatiéhfrom R™ in R and
a vector of R denoting the variable names.

LAPL returns the laplacian of'1 (22% + gﬁ;;“; + ‘gzsgzl if n=3).
Type:

LAPL(2 * S1% % S2 — S1 % 83% | [S1,S2,53])

You obtain:
4 %82 —6%x31 %33

4.10 Equations
4.10.1 Members of an equation EXLR

EXLRhas an equation as argument (you have to type
EXLRreturns a list containing the left and right hand sides ofdtyeation.

Type:
EXLR(XQ(2-S1+ 1 ==23/2))

You obtain:
{2-81+1,3/2}
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4.11 Matrices

4.11.1 Matrixto list: AXL

WhenAXL is given a matrix as argument, it returns the same matrixitewr
ten as a list of lists. Vice versAXL transforms a list of lists into a matrix.

Typing:
AXL(XQ([[1,1/2],[3,4]]))

gives:

{{1,1/2},{3,4}}
Typing:

AXL(XQ({{1,1/2},{3,4}}))
gives:
[[1,1/2],[3,4]]
But typing:
AXL([[1,1/2], [3,4]])

gives:

{{1,0.5},{3,4}}
and typing

AXL({{1,1/2},{3,4}})

gives:

[[1,0.5,(3,4]]

4.11.2 Symbolic matrix to numeric matrix : AXM

If given a symbolic matrix as argumem\XMreturns an equivalent (but
approximate) numeric matrix.

Type:
AXM([[1/2,2], [3,4]])

You obtain:
[[0.5,2],[3,4]]
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4.11.3 Basis vectors BASIS

BASIS has as argument a list of vectors, defining a vectorial sudespa
R".

BASIS returns a list containing the vectors of a basis of the véteub-
space.

For example, type:

BASIS({[l, 2, 3], [17 1, 1], [27 3,4]})
You obtain:

{[1,0,—-1], [0,1,2]}

4.11.4 Cholesky matrix : CHOLESKY

CHOLESKYias as argument a square mabtvppositive by definition.
CHOLESKYeturns an upper triangular matiixso that:
PxP=M
Typing:
CHOLESKY({[[1, 1], [1, 5]])

o 2]

4.11.5 Map an operator to a diagonalizable matrix :DIAGMAP

gives :

DIAGMAPhas two arguments: a diagonalizable matrix and an expressio
defining an holomorphic operator.
DIAGMAPapplies the operator to the matrix, and returns the result.
Typing:
DIAGMAP([[1, 1], [0, 2]], EXP(S1))
gives:
EXP(1) EXP(2) — EXP(1)
0 EXP(2)

4.11.6 Hadamard product : HADAMARD

HADAMARDas two matricesl and B, with the same size, as arguments.
HADAMAREeturns the element-by-element product betwgeand B.
Type:

HADAMARD(XQ([[1/2, 2], [3,4]]), XQ([[5, 6], [7, 8]]))
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or
HADAMARD(XQ({{1/2, 2}, {3,4}}), Xa({{5,6}. {7.8}})
You obtain:

[[5/2,12],[21, 32]]
but
HADAMARD([[l/Q7 2], [3, 4]], [[5, 6], [77 8]])
or
HADAMARD({{1/2,2}, {3,4}}, {{5,6}, {7,8}}
You obtain:

[[2.5,12], [21,32]]

4.11.7 Hilbert matrix : HILBERT

HILBERT has an integen as argument.
HILBERT returns the square Hilbert matrix of ordewhose elements are
given by:

B 1
R A
Type:
HILBERT(4)

You obtain, pressinENTER thenT, and therSHOW

LN L M L]
SN NPT
SIS NI
O | U s | =

4.11.8 Basis of an intersection IBASIS

IBASIS has as arguments two lists of vectors, defining two vectspates.
IBASIS returns a list containing the vectors of a basis of the ietgtiisn
between these two vectorial spaces.
Typing:

IBASIS({[1,2]},{[2,4]})

gives:

{[1,2]}
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4.11.9 basis of the image IMAGE

IMAGE has as argument a matrix representing a linear applicgtiom
terms of the standard basis.
IMAGETreturns a list of vectors; they are a basis of the imagg. of

Typing:
IMAGE([[1,2,3],[2,1,3],[3,1,4]])

gives :
{[1a Oa 71/3]7 [Oa 17 5/3]}

4.11.10 Jordan matrix : JORDAN

JORDANhas a matrix4, of ordern, as argument.

JORDANreturns a list composed by the minimal polynomidlof A, the
characteristic polynomiaP of A, the list of the eigenvectors and charac-
teristic vectors (each vector is preceded by its charatiterialue), and the
vector of then eigenvalues ofi.

Type:
JORDAN([[4,1,-2],[1,2,—1],[2,1,0]])

or
JOR‘DAN({{47 17 _Q}a {1a 27 _1}5 {25 1a 0}})
You obtain pressinENTER thent, and therSHOW

{s1®* ~6-812 +12-51—8,81° —6-512 +12-51 — 8,
{[1’07 o]’ [27 172]7 [1707 1]}’ [27 27 2]}

411.11 Basis of the kernel KER

KERhas as argument a matrix representing a linear applicdtiorterms
of the standard basis.
KERreturns a list of vectors; they are a basis of the kerngl.of
Typing:
KER([[1,2,3],[2,1,3],[3,1,4]])

gives:

{[17 1, _1]}
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4.11.12 Make a matrix : LCXM

LCXMhas as arguments two integensandp, and an expression &1 (a
row number) and 0§62 (a column number) and yielding the value«f;.
LCXMreturns an - p matrix having coefficients; ;. Type:

LCXM(2, 3,51 + S2)
You obtain:
[1+1,1+21+3],[2+1,2+2,2+ 3]
and then after simplification :

[[2,3,4],[3,4,5]]

4.11.13 List of several elements MAD

MAD has a square matrix, of ordern, as argument.
MAD returns a list containing the determinantdfthe inverse of4, a list
containing the matrix coefficients of a polynom@@J and of the character-
istic poloynomialP of A.
We have:

P(z)=(-1)"-det(A—=z-1)

The polynomial with matrix coefficient®(A) — P(x) - I is divisible by
A — x - I (since its value is zero far = A). Let Q(x) be their quotient.
SinceP(A) = 0, we have P(A) — P(z)-I = —P(z)-I = (A—=x-
1) Q(x)

ThereforeQ(x) is also the co-matrix oft — « - I and the following holds:
Q(z) = I-2"~'+..+ By, whereB, is the co-matrix ofd (with the sign
exchanged if: is even!).

Type:
MAD([[1,1/2], [1,3]])
or
MAD({{1,1/2},{1,3}})
You obtain:

{5/2a [[6/57 _1/5]7 [_2/57 2/5]]7 {[[1’ 0]’ [Ov 1]]a [[_37 1/2]7 [17 _1]]}7 812 —4 %81 + 5/2}
or pressingENTER thenT, and therSHOVWgives:

L F 0 [7 2] eroased
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4.11.14 Characteristic polynomial :PCAR

PCARhas a matrix4, of ordern, as argument.
PCARreturns the characteristic polynomialof A (P[z] = (—1)"-det(A—
x - 1)) Type:

PCAR([[4, 1, —2], [17 2, —1], [2, 1, OH)

or
PCAR({{47 17 _Q}a {1a 2a _1}7 {27 17 0}})

You obtain:
S1®3 —6%812+12%S1— 38

4.11.15 Minimal polynomial : PMINI

PMINI has a matrixA as argument.

PMINI returns another matrix, whose first "zero row" is ended byntire
imal polynomial ofA.

For example, type:

PMINI([[t, 0], [0, 1]])

In step-by-step mode, you obtain:
L2=L2-L1
1 00

11
1001 81
100 1 S12
- L3=L3-L1
100 1 1
0 0 S1—1
1 1 s12

Reduction result

(1 0 0 1 1
0 000 S1-1 ]
0 00
The row :
0,0,0,0,S1-1 gives the minimal polynomial ofA. So, the minimal
. 1 0.
polynomial of A: { 0 1 ] is:

S1—-1
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4.11.16 Q*R decomposition qr

gr has a square matrix as argument.
gr factors the matrix as Q*R, where Q is an orthogonal matrix Rrid a
triangular matrix.

Typing:

gives:
(

4.11.17 System to matrix :SYST2MAT

SYST2MAThas two arguments: a vector containing a system of linear
equations¥ or == is not allowed and s&0 is omitted), and a vector whose
elements are the system’s variables.

SYST2MATrewrites the system in matrix notation, and returns theimatr
For example, type:

[SFNSIIN
(GGG
—_
| —
o ot
|
| I
—

SYST2MAT([S1 + S2,S1 — S2 — 2], [S1,S2])

1 1 0
1 -1 -2
4.11.18 Transposed matrix :TRAN

TRANhas a matrix4 as argument.
TRANTreturns the input matri¥ transposed.

You obtain:

Typing :
TRAN(XQ([[1,1/2], [3,4]]))
gives:
[[1,3],[1/2, 4]
Typing :
TRAN(XQ({{1,1/2},{3,4}}))
gives:
{{1,3},{1/2,4}}
But typing :

TRAN([[1,1/2], 3, 4]]))
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gives:
[[1,3],]0.5, 4]]

4.11.19 Vandermonde matrix :VANDERMONDE

VANDERMONDTas as argument a vector whose components are denoted
by x; fori = 0..n — 1.
VANDERMONDEturns the corresponding Vandermonde matrix {tHh
row of the matrix is the vector whose components:iéor i = 0..n — 1
andk = 0..n — 1).
Type:
VANDERMONDE(][1, 2, 3])
You obtain:
[[1,1,1],]1,2,4],[1,3,9]]

Suppose thaE1=6, E2=2*S1+S1*S2 and then type:
VANDERMONDE([E1, E2, E3])

You obtain pressinENTER thent, and therSHOW

1 6 36
1 2.81+81-82 (2-S1+81-82)?
1 E3 E3?

4.12 The permutations

Permutations are defined with the image {i§t(1), P(2)...P(n)}.

For example, definining the permutatiéhas P = {3, 2,1} means that:
P(1)=3, P(2) =2, P(3) =1.

A cycle is denoted with a list containing the images of an @enthrough
the cycle; for example, defining a cydléasC = {3, 2, 1} means that:
cB3)=2,C(2) =1, C(1) =3.

Accordingly, a decomposition into cycles is denoted witfsadf lists.

4.12.1 Cycles to permutation :C2P

C2Phas a list of cycles as argument.
C2P returns the permutation having the input list as decomijoosinto
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cycles (see alsB20C).
Typing:
c2p({{1,3,5},{2,4}})
gives:
{37 47 57 2’ 1}

4.12.2 Composition :CIRC

CIRC has two permutations as arguments.
CIRC returns the permutation obtained by composition?ta(rgumento
9Ndargument).
Typing:
CIRC({3,4,5,2,1},{2,1,4,3,5})
gives :
{4,3,2,5,1}

4.12.3 Decomposition into cycld22C

P2Chas a permutation as argument.
P2Creturns its decomposition into cycles and its signature.
Typing:
P2C({3,4,5,2,1})
gives :

{{{1’37 5}’7 {274}}7 _1}

4.13 The isometries

4.13.1 Isometry’s characteristics elementsISOM

ISOM has as argument a matrix representing a two or three-diowalsi
linear isometry.

ISOMreturns the list of the isometry’s characteristics elermemd either
+1 (for direct isometries) orl (for indirect isometries).

For example, type:

1s0M([[0, 0, 1], [0, 1,0], [1, 0, 0]])

You obtain:
{[15 07 _1}7 _1}
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This result means that the isometry is a simmetry with retSjpeibie plane
rz — z = 0.

If you type:

V2 {1 ~1 ] )

ISOM(==- | |

You obtain:

{acos(v/(1/2),1}

therefore, this isometry is a rotation %f radians.

4.13.2 Isometry’s matrix : MKISOM

In a three-dimensional spacklKISOMhas the list of the characteristics
elements of an isometry, and eithet (denoting a direct isometry) ol
(denoting an indirect isometry) as arguments,

In a two-dimensional spac&KISOMhas the characteristic element of an
isometry (either an angle or a vector) and either(denoting a direct isom-
etry) or-1 (denoting an indirect isometry) as arguments.
MKISOMreturns the matrix representing the given isometry.

For example, type:

MKISOM({[~1,2, —1], 7}, 1)

You simplify the answer typing :
XQ(thenT andCOPYthen) ENTER
this gives the matrix of a rotation with axis 1, 2, —1] and angler :

=2

B

=2 1
3
3

DO

[\ )
‘l ‘l
)

1
3

For example, type:
MKISOM({r}, —1)

You obtain the matrix of a symmetry with respect to the origin
[[-1,0,0],[0,—1,0],]0,0,—1]]

Type:
MKISUM({[la 17 l]a %}? _1)
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You obtain (after simplification) the matrix of a rotationttviaxis|1, 1, 1]
and angle; combined with a symmetry with respect to the planey+z =

0:
0 -1 0
0 0 -1
-1 0 0

e
MKTSOM(Z, 1)

Type:

You obtain the matrix of a rotation df radians in two dimensions:
HO, _1]a [17 0]]

(becaus&€0S(1/2 « w) = 0 andSIN(1/2 % w) = 1)
Type:
MKISOM([1,1],—1)
You obtain the matrix of a symmetry with respectte= = in two dimen-
sions:
Hov _1]7 [_17 OH



Chapter 5

CASReference from the
Equation Editor

When you press 0€ASin theHOMEnenu bar, you open the Equation Ed-
itor in wich you can do symbolic calculus. In this chapter, describe the
computer algebra functions as used from the Equation E@ig® section
3.4and chapte# if you want to useCASfunctions fromHOMIE

5.1 CASmenu bar

The Equation Editor has a menu bar : it is tbASmenu bar.

TOOL ALGB DIFF, REWR] SOLVand TRIG compose the&CAS menu

bar.

Only theTOOLmenu contains commands, the other menus contain the al-
gebraic functions that can be writtenAfpha mode and have on its first
line the sub-menCFGenable you to change your configuration.

5.1.1 Change your configuration :CFG

All the menus, excepT OOLdisplay the state of your configuration and
enable you to change it.
For example, say that you see the following on the first lina ofenu:

CFG: R = XS

67
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This means that :

(1) you are in exact-real mode,

(2) Xis the current variable, and

(3) you are working in Step by step mods) (

If you highlight CFGand pres©K a menu is displayed with this at its head:

CFG: R = STEP | X 13|

This means that :

(1) you are in exact-real mode,

(2) Step by step mode is selected,

(3) polynomials are written with their terms in ascendingesrby expo-
nent,

(4) Xis the current variable,

(5) modular calculations are carried outdfl3Z (p = 13), and

(6) you are working in Rigorous mode (that is, using absolatees).

You can change this configuration by selecting any of thefahg:

Quit cfg (when you're finished making changes)

Complex (orReal )

Approx (or Exact )

Direct (or Step/Step if you want to work in Step by Step mode)
1+ x+x2... (or...x2 + x + 1) how polynomials will appear,

Sloppy (or Rigorous , if you want to work in absolute values)

Num. factor (orSymb factor )

Cmplx vars (or Real vars if you want all symbolic variables to be
treated as reals cR.3.5

English  (or Francais if you want the line-based help to be in French)
Default cfg  (configuratiorR = STEP | X 13||.

PresOKto validate each of your choices.

PressingCANCELtakes you out of th€ FGmenu (as does choosiggit

cfg and confirming it withOK).

The name of the current variable containedViK, as well as the value
of the variableMODUL{can be changed by means of 8EIFT SYMB
(SETUP) keystroke, or by using théARSkey (se€3.3.2and3.3.2.
REMARKS :

- You can also change your configuration with 8teIFT SYMB (SETUP)
(or SHIFT HOME (MODES)keystrokes pressed in the Equation Editor
(see sectio.3.2.

- In CAS angles are always expressediadians .

When you are irHOMEscreen, you can use thMODESnenu (theSHIFT
HOMEeystrokes) to open tHdOME MODES8reen and to changeNGLE
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MEASURIEr open theCAS MODEScreen with th&HIFT F6(CAS on
the menu bar) to change your CAS configuration.

5.1.2 Step/Step Mode

You choose Step by Step modstép/Step , abbreviateds) when you
want to see the details of the calculations.

The details of the calculations are displayed on the screéyau can view

the next step by pressir@K

When the screen is not big enough to display all the informatiarectional
arrowsv and A appear on the edge of the screen. You can then scroll the
screen to see more information by using the arrow keys.

If you do not need to see the details of the calculations, sbbBirect

mode (abbreviateD).

5.1.3 TOOLmenu

The functions contained in thHEOOLmMenu are described in sectiérB.1
Cursor mode

Edit expr.

Change font

Cut

Copy

Paste

5.1.4 ALGBmenu

COLLECT
DEF
EXPAND
FACTOR
PARTFRAC
QUOTE
STORE

I

SUBST
TEXPAND
UNASSIGN
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5.1.5 DIFF menu

DERIV
DERVX
DIVPC
FOURIER
IBP
INTVX

lim
PREVAL
RISCH
SERIES
TABVAR
TAYLORO
TRUNC

5.1.6 REWRImenu

DISTRIB
EPSXO0
EXPLN
EXP2POW
FDISTRIB
LIN
LNCOLLECT
POWEXPAND
SINCOS
SIMPLIFY
XNUM

XQ

5.1.7 SOLVmenu

DESOLVE
ISOLATE
LDEC
LINSOLVE
SOLVE
SOLVEVX
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5.1.8 TRIG menu

ACOS2S
ASIN2C
ASIN2T
ATAN2S
HALFTAN
SINCOS
TAN2CS2
TAN2SC
TAN2SC2
TCOLLECT
TEXPAND
TLIN
TRIG
TRIGCOS
TRIGSIN
TRIGTAN

5.1.9 The MATHkey

It contains, in addition to the previously described memlgébra |, Diff&Int
Rewrite , Trig. , Solve ) we have :

Complex (i ABS ARG CONJDROITE IM - RE SIG)

Constant (e i com)

Hyperb. (ACOSH ASINH ATANH COSH SINH TANH

Integer (DIVIS EULER FACTOR GCD IDIV2 IEGCD IQUOT IREMAINDER
ISPRIME? LCM MOD NEXTPRIME PREVPRIME

Modular (ADDTMOD DIVMOD EXPANDMOD FACTORMOD GCDMOD INVMOD
MODSTO MULTMOD POWMOD SUBTMOD

Polynom. (EGCD FACTOR GCD HERMITE LCM LEGENDRE PARTFRAC
PROPFRAC PTAYL QUOT REMAINDER TCHEBYCHEFF

Reals (CEILING FLOOR FRAC INT MAX MIN

Tests (ASSUME UNASSUME> < < ==+ AND OR NOT IFTE

Refer to section8.3.1and3.3.2for descriptions of these menus.

5.2 Integers (and Gaussian Integers)

All the functions in this section are found in théATHkey’s Integer
menu, exceptABCUV ICHINREM PA2B2whichisintheSHIFT MATH
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(CMDS) key’s menu.
For certain functions, you can use Gaussian integers (nsnabe¢he form
a + ib, wherea andb are integers) in the place of integers.

5.2.1 Unlimited precision

The calculator can manage integers with unlimited pregjssuch as the
following:

100!

The symbol! is obtained by typinGHIFT x
The decimal value 0f00! is very large, but you can view it by using the
VIEWSkey.

5.2.2 The divisors of a number :DIVIS

DIVIS gives the divisors of a number.
Typing :
DIVIS(12)

gives:
120R60R30R40R20R 1

NOTE: DIVIS(0) =0 OR 1

5.2.3 The Euler index :EULER

EULERreturns the Euler index for a whole number.
EULER(n) is equal to the number of whole numbers less thamd prime
with n.
Typing:
EULER(21)

gives:
12
In other words:

E={2,4,5,7,8,10,11,13,15,16,17,19} is the set of wholenbers less than
21 and prime with 21. There are 12 members of the set, so GdfE)r12.
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5.2.4 Decomposition into prime factors :FACTOR

FACTORJecomposes an integer into its prime factors.
Typing:
FACTOR(90)

gives:
2-32.5

5.2.5 The greatest common divisor GCD

GCDreturns the greatest common divisor of two integers.
Typing:
GCD(18, 15)

gives:

In Step by step mode, typing:
GCD(78, 24)

gives:

78 mod 24 = 6

24 mod 6 = 0

Result 6

PressingENTERthen cause6 to be written to the Equation Editor.

5.2.6 Resolution ofuu + bv = ¢ : IABCUV

IABCUV(A,B,C) returnsU AND \s0 thatAU+BV=C
It is of course necessary thatmust be a multiple o5CD(A,B) to obtain
a solution.

Typing :
IABCUV/(48, 30, 18)

gives :
6 AND — 9
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5.2.7 Chinese remaindersiICHINREM

ICHINREM(A AND P,B AND Q)returnsC AND R
The number& = C + k - R wherek € Z are such that :
X = A mod P andX = B mod Q.
A solutionX always exists wheR andQare mutually prime,GCD(P,Q)=1)
and in this case, all the solutions are congruent moRwoP - Q.
Typing :
ICHINREM(7 AND 10, 12 AND 15)

gives :
—3 AND 30

that is to say that the solutions are such that :
X = —3 mod 30

EXAMPLE :

Gives the solutions of :

X = 3(mod 5)
X = 9 (mod 13)
Typing :
ICHINREM(3 AND 5,9 AND 13)
gives :

—147 AND 65

that is to say that the solutions are such that :
X = —147 mod 65

5.2.8 Quotient and remainder of two integers IDIV2

IDIV2 returns the quotierANDthe remainder of the Euclidean division
between two integers.
Typing:

IDIV2(148,5)

gives:
29 AND 3
In step-by-step mode, the calculator shows the divisiorcgss like it is

taught at school. The division is carried out as if in longthawmsing the
so-called "gallows" algorithm.
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5.2.9 Bézout's Identity : IEGCD

IEGCD(A,B) returns the value of Bézout's Identity for two integers.
In other words,IEGCD(A,B) returnsU AND V = Dwith U, V, D
such that:
AU+BV=DandD=GCD(A,B) .
Typing:

IEGCD(48, 30)
gives

2AND —3=6

In other words2 - 48 + (—3) - 30 = 6 and gcd(48,30)=6
In Step by step mode, we get:

[z,u,v]:z=u*48+v*30

[48,1,0]

[30,0,1]*-1

[18,1,-1]*-1

[12,-1,2]*-1

[6,2,-3]*-2

Result : [6,2,-3]

puisENTERou OK

2AND —3=6
to be written to the Equation Editor.

5.2.10 The integer Euclidean quotient 1QUOT

IQUOT returns the integer quotient of the Euclidean division of iwte-
gers.
Typing:
IQUOT(148,5)
gives:
29

In Step by step mode, the division is carried out as if in lcgh

148 | 5
8 | ———
3] 29

PressOKto execute the division step by step, then pfesS ERto write
the resul29 to the Equation Editor.
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5.2.11 The integer remainder :IREMAINDER

IREMAINDERTreturns the integer remainder from the Euclidean division
of two integers.
IREMAINDERIs found in theMATHkey's Integer menu.
Typing:
IREMAINDER(148,5)

gives:
3

IREMAINDER works with integers or with Gaussian integers, which is
what distinguishes it froftMOD
EXAMPLE

IREMAINDER(2 + 31,1+ i)

returnsi
Try calculating:
IREMAINDER(148!, 5! + 2)

(The symbol is obtained by typingHIFT x).
In Step by step mode, the division is carried out as if in largh using
the so-called "gallows" algorithm (s&e2.10for an example).

5.2.12 Test of pseudo-primality :ISPRIME?

ISPRIME?(N) returnsl. (TRUE) if Nis a pseudo-prime, aril (FALSE)
if Nis not prime.

DEFINITION: For numbers less thar0'4, pseudo-prime and prime mean
the same thing. But for numbers greater than?, a pseudo-prime is a
number with a large probability of being prime (cf. Rabin’ggérithm,

section 7.6).
Typing:

ISPRIME?(13)
gives:

1.

Typing:

ISPRIME?(14)
gives:
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5.2.13 The least common multiple LCM

LCMreturns the least common multiple of two integers.
Typing:
LCM(18, 15)

gives:
90

5.2.14 Remainder of the Euclidean division MOD

MODs an infix function that has two integers as arguments.
MODreturns the remainder of the Euclidean division of the arguits

Typing:
3 MOD 2

produces the result:
1

MOUDaccepts real numbers.p mod 2.1 = 1.2), but not Gaussian inte-
gers (cf sectiorh.5.3.

5.2.15 The smallest pseudo-prime greater thaN: NEXTPRIME

NEXTPRIME(N) returns the smallest pseudo-prime greater than
Typing:
NEXTPRIME(75)

gives:
79

5.2.16 Resolution ofi® + v? = p with integers: PA2B2

PA2B2 decompose a prime integeicongruent to 1 modulo 4, as follows:

p=a®+ b2,
The calculator gives the result ast b - i
Typing :

PA2B2(17)
gives :

441
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thatis, 17 = 42 + 12
Typing :
PA2B2(29)
gives :
5421

that is,29 = 52 4 22

5.2.17 The greatest pseudo-prime less thaw: PREVPRIME

PREVPRIME(N) returns the greatest pseudo-prime less tian
Typing:
PREVPRIME(75)
gives:
73

5.3 Modular Calculations

All the functions in this section are found in tiATHkey’s Modular
menu excepDIV2MOD which is in theSHIFT MATH (CMDS)key's
menu.

You can carry out calculations in modypathat is, inZ/pZ or in Z/pZ[X].
NoTE: For some commandp, must be prime.

ALL THE EXAMPLES IN THIS SECTION USE A VALUE FORp OF 13.

It's assumed that you have already typed:

MODSTO(13)

or that you have used th&HIFT SYMB (SETUP) keystroke to switch
MODULQ@o 13. The representation is the symetric representation (-5 in-
stead of 8 modulo 13).

5.3.1 Additionin Z/pZ orin Z/pZ[X]: ADDTMOD

ADDTMOPperforms an addition itZ /pZ.
Typing:
ADDTMOD(2, 18)
gives:
—6
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ADDTMOPerforms an addition inZ/pZ[X]|.
Typing:
ADDTMOD(11X + 5, 8X + 6)

gives:
6X — 2

5.3.2 Quotient and remainder in Z/pZ[X]: DIV2MOD

The arguments oDIV2MODare two polynomialsA[X] andB[X] . The
result is aANDcontaining both the quotient and the remainder of the eu-
clidean division ofA[X] by B[X] in Z/pZ[X].
Typing:

DI2VMOD(X® + X + 1,2 - X* + 4)

you obtain inZ/137 :
—(6X 4 6) AND — (2X + 1)

sinceX® 4+ X% +1=(2- X2 +4). &H 45X
2% (—6) =1 mod 13 and
4% (—3)=1mod 13

5.3.3 Division in Z/pZ or in Z/pZ[X] : DIVMOD

The arguments are two integetsand B. WhenB has an inverse it /pZ,
the result is% simplified asZ/pZ, else there is an error message.
Typing:

DIVMOD(5, 3)

gives:
6

The arguments are two polynomialg X|] and B[X]. The result is a
rationale fraction% simplified asZ/pZ[X].
Typing:

DIVMOD(2X* + 5,5X° + 2X — 3)

gives:
4X +5
3X+3
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5.3.4 Toexpand and simplify expressionsin Z/pZ orin Z/pZ[X]
: EXPANDMOD

EXPANDMORss as an argument a integer expression.
EXPANDMO&Xxpands this expression #YpZ.

Typing:
EXPANDMOD(2 * 3 4 5 * 4)

gives:
0

EXPANDMORzs as an argument a polynomial expression.
EXPANDMO&xpands this expression By pZ[X].

Typing:
EXPANDMOD((2X* + 12).(5X — 4))

gives:
—(3%® — 5X* + 5X — 4)

5.3.5 To factor polynomials in Z/pZ[X] : FACTORMOD

FACTORMORzs as an argument a polynomial.
FACTORMOfactors this polynomial inZ/pZ[X], providing thatp < 97
andp is prime.
Typing:
FACTORMOD(—(3X® — 5X? + 56X — 4))

gives:
—((3Xx — 5)(x* + 6))

5.3.6 GCD of the two polynomials in Z/pZ[X] : GCDMOD

GCDMOBbas two polynomials as arguments.
GCDMOExalculates the GCD of the two polynomialsipZ[X].

Typing:
GCDMOD(2X? + 5,5X% + 2X — 3)

gives:
—(6Xx —1)
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5.3.7 Inversein Z/pZ :INVMOD

INVMODhas as an argument an integer.
INVMODcalculates the inverse of the integerdripZ.

Typing:
INVMOD(5)

gives (sinces x —5 = —25 =1 (mod 13)) :

-5

5.3.8 To put a value in theMODUL®ariable : MODSTO

You use theMODST@ommand to set the value of tMODUL®ariablep.
THE EXAMPLES IN THIS SECTION ALL USE A VALUE FORp OF 13 that
is, they assume that you have already typed:

MODSTO(13)

5.3.9 Multiplication in Z/pZ or Z/pZ[X]: MULTMOD
MULTMOPerforms a multiplication irZ /pZ.

Typing:
MULTMOD(11, 8)
gives:
-3
MULTMOPerforms a multiplication irZ /pZ[X].
Typing:
MULTMOD(11X + 5,8X + 6)

gives:

—(3%% —2X — 4)

5.3.10 Powerin Z/pZ orin Z/pZ[X]: POWMOD

POWMOD(A,N}alculate to the power oNin Z/pZ[ X ], andPOWMOD(A(X),N)
calculatesA(X) to the power oNin Z/pZ[X].
TheMODUL®ariablep must be a prime number less than 100.
Typing:
POWMOD(11, 195)
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gives ifp = 13:
5

In effect: 11'2 = 1 mod 13s011'% =112 =5 mod 13

Typing:
POWMOD(2X + 1, 5)

gives:
6-X°+2-x*42-x34+x2-3-x+1

since:

10 = —3 (mod 13) 40 = 1 (mod 13) 80 = 2 (mod 13)

32 =6 (mod 13).

5.3.11 Subtraction in Z/pZ or in Z/pZ[X] : SUBTMOD
SUBTMODerforms a subtraction if /pZ.

Typing:
SUBTMOD(29, 8)
gives:
-5
SUBTMODerforms a subtraction if /pZ[X].
Typing:
SUBTMOD(11X + 5,8X + 6)
gives:

3X—-1

5.4 Rational Numbers

Calculate:
123 57
T
After you presENTER you get the result:
363
28

If you now invoke theXNUMunction on theREWRITEmenu, or if you
press theNUMkey, you get the following result:

12.9642857143
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If you mix the two representations, for example:

1-i-05
5 .

the calculator asks to go in@pprox mode to do the calculation. After
responding/es , you get:
1.

You'll then need to go back into exact modé€RG etc... or by typing
SHIFT NUN.

5.4.1 Then-th Bernoulli's number : IBERNOULLI

IBERNOULLI has as an integer as argument.
IBERNOULLI returns then'" Bernoulli's numberB (n).

We have :
—+oo
t B(n) ,
et—1 z;) n! t

Remember that the Bernoulli's polynomidl, are defined as :

Bo=1
Bk/(x) = k:Bk_l(x)

/01 By (x)dx =0

Then, the Bernoulli's numbers are defined as:

B(n) = B,(0)
Typing :
IBERNQULLI(6)
gives :
1
42

5.4.2 Whole-number and fractionnal part : PROPFRAC
PROPFRAG found in theMATHkey’s POLYNOMIALmMenu.
PROPFRAC(%) writes the fractions in the form:

R
Q—I—E avec 0 < R< B
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Typing:
43
PROPFRAC(—)
12
gives:
34—
12

5.4.3 Symbolic summation :)

To calculate symbolic summations of rational fractions ypergeometric
series that allow a discrete primitive, you can use the symbavhich can
be produced by typingSHIFT + (see als@.3.9).

Example:

If you type :

oo

1
ZK-(K+1)

K=1
then select the entire expression and pENSER you obtain:

1

If you type:

5

1
2 CETD

K=1
then select the entire expression and pENSER you obtain:

5

6

5.5 Real Numbers

Calculate:

EXP(7 x v/20)
When you press thENTERKey, the response is:

EXP(2 x v/6 x )

If you then invoke theXNUMunction on theREWRITEmenu or press the
NUMKey, the result is:
1263794.7537

In the MATHkey's Real menu, you'll find theFLOORfunction and in the
MATHkey's Integer menu, you'll find theMODOunction.



5.5. REAL NUMBERS 85
5.5.1 The whole part :FLOOR

FLOORhas as an argument a real number, and returns its whole part.

Typing:
FLOOR(3.53)

gives:

5.5.2 Thel function : GAMMA

GAMM¢eturns the values of the function at the given point.
TheT function is defined as:

—+oo
[(z) = / e Lt
0

We have :
ri)=1
MNz+1)=z- -T'(z)
Typing :
GAMMA(5)
gives :
24
Typing :
Gamma(L)
2
gives :
Nz

5.5.3 Remainder of the Euclidean division MOD

MODs an infix function that has two integers or reals as argusteandb.
MODreturns the remainder of the Euclidean division of the argpuisia
andb or the realr such thatw = b * g 4 r with ¢ integer and) < r < b or
b<r>0.
Typing:

3 MOD 2

produces the result:
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Typing :
3.2 M0OD 2.1

produces the result :
1.1

because we hawkg2 =2.1+1.1and0 < 1.1 < 2.1

Typing:
3.2M0OD — 2.1

produces the result:
—1.
because we havg2 = (—2.1) * (=2) + 1. and—2.1 < —1. <0

Typing :
7.5 M0OD 2.15

produces the result :
1.05

because we have5 = 2.15* 3 + 1.05 and0 < 1.05 < 2.15

5.5.4 The derivatives of the Digamma functionPSI

PSI has a numbed and an integen as arguments .
PSI returns the value of the-th derivative of the Digamma function at
The function Digamma is the derivative bf(T'(z)).

Typing :
PSI(3,1)
gives :
5,1
16 "

5.5.5 The Digamma function :Psi

Psi has as argument a numher
Psi returns the value of the Digamma functioruat
The Digamma function is defined as the derivativéngt'(x)), so we have

PSI(a,0)=Psi(a)
Typing :
Psi(3)

gives (press oNUM:
.922784335098
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5.6 Complex Numbers

NoTE : Complex numbers of the form + b - i, wherea andb are real
numbers, can be notatéd, b) ora + b - i.
The operators-,-,*,/,» can be used for complex numbers.
Type:

(14+2-1)?
Then presENTER
If you are not in complex mode, the calculator asks to changges After
respondingrES you get:

—(3—4-1)
It's worth noting that this expression will not be simplifiedther: in exact
mode, the result is always notated such that the real paheo€omplex
number is positive.
In the MATHkey’s Complex menu you will find the following functions, all
of which have complex nhumbers as parameters:

ABSto determine the modulus of the parameter,
ARGto determine the argument of the parameter,
CONUJto determine the conjugate of the parameter,
DROITEtakes two complex numbets, z, as parameters, and returns the
equation of the line through the Cartesian points, z.
IM to determine the imaginary part of the parameter,
- to determine the opposite of the parameter,
REto determine the real part of the parameter,
SIGN to determine the quotient of the parameter divided by its uhexd

5.6.1 Argument of a complex number :ARG

Typing:
ARG(3+4-1)
produces (given that i€AS you're working inRadians ):
4
ATAN( -
3)
REMARK:
You can do the same calculation HOMEbut you get a numeric result
(0.64250... , if you're working inRadians )

In HOMEtyping:
ARG(XQ(3+4 - 1))
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produces:
atan( )
3

5.6.2 Conjugate of a complex number CONJ

Typing:
CONJ(1+2-1)

produces the result:
1-2-1

NoOTE: If you choseReal vars from the CFGconfiguration menu, then
CONJ(Z2)=Z; if you choseCmplx vars , CONJ(Z) will be different
fromZ as long ag is not in the list that contains the varialt&€ ALASSUME
It is often preferable to write the expression as a quotedesson:
QUOTE(expression) , to avoid having to rewrite it. For example, if you
selectReal vars and then type:

SUBST(QUOTE(CONJ(Z)),Z = 1 + 1)

you get:
CONJ(1+1)
whereas:
SUBST(CONJ(Z),Z = 1 + i)
produces:

1+1i
Of course, if you have select&mplx vars , andZ is not in the list that
contains the variablREALASSUMEhen typing:
SUBST(CONJ(Z),Z =1+ i)

gives:
CONJ(1 + 1)

5.6.3 Equation of the line :DROITE

DROITEtakes two complex numbets, z, as parameters.
DROITEreturns the equation of the line through the Cartesian point zs.
Typing:

DROITE((1,2),(0,1))



5.7. ALGEBRAIC EXPRESSIONS 89

or:
DROITE(1 +2-1i,1i)
returns:
Y=X—-1+4+2
Then,ENTERproduces:
Y=X+1

5.7 Algebraic Expressions

All functions in this section can be found in tA¢.GBmenu on the menu
bar.

5.7.1 Factors over the integers COLLECT

COLLECThas an expression as a parameter.

COLLECTcombines like terms, and factors the expression over thee int
gers.

Examples :

To factor over the integers:

type:
COLLECT(X® — 4)

which gives in real mode :
(X+2)- (X-2)

To factor over the integers:

22 —2

type:
COLLECT(X? — 2)

which gives:
X* -2
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5.7.2 Distributivity : EXPAND

EXPANDhas an expression as a parameter.
EXPANDexpands and simplifies this expression.

Typing:
EXPAND((X? + V2 - X +1)- (X2 —v/2-X + 1))

gives:
X*+1

5.7.3 Factorization : FACTOR

FACTORhas an expression as a parameter.
FACTORactors this expression.
Example:
To factor :
4+ 1

Key in;

FACTOR(X* + 1)

FACTORcan be found in th&LGBmenu.
In real mode, the result is:

(X24+V2-X+1)- (X2 -V2-X+1)
In complex mode (usin@FQG, the result is:

(2:X+(1+1) V) (2 X—(1+1)V2) (2 X+ (1-1) VD) (2:X—(1-1)-V2)

16

5.7.4 Change the order of variables REORDER

REORDERas two arguments: an expression and the names of variables
separated witiAND

REORDEReorders the input expression following the order of vddab
given by its second argument.

Typing:
REORDER(X*> +2-X- A+ A* 4+ Z® — X - Z, A AND X AND Z)

gives:
A2 +2.X-A+X2—2Z-X+22
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5.7.5 Partial simplifications : SEVAL

SEVALhas an expression as argument.
SEVALsimplifies the expression, operating on all but the topileperator
of the expression.
Typing :
SEVAL(SIN(3-X — X) + SIN(X + X))

gives :
SIN(2-X) + SIN(2-X)

5.7.6 Substitute a value for a variable ;|

| is an infix operator used to substitute a value for a variabkmi expres-
sion (a bit like the following functiorsUBST).
| has two parameters: an expression dependent on a paraareiean
equality (parameter=substitute value).
| substitutes the specified value for the variable in the esgioa.
Typing:

X*—1lx=2

gives:
22 -1

5.7.7 Substitute a value for a variable :SUBST

SUBSThas two parameters: an expression dependent on a paraameter,
an equality (parameter=substitute value).
SUBSTsubstitutes the specified value for the variable in the esgioa.
Typing:

SUBST(A” + 1,A = 2)

gives:
2% +1
5.8 Polynomials

All functions (except DEGREE) in this section can be foundhe MATH
key’s Polynom. menu.
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5.8.1 Resolution o A[X]U[X]+B[X]V[X]=C[X] : ABCUV

This command applies the Bézout identity lik&CDbut, now, the argu-
ments are three polynomials, B, C (Cmustbe a multiple c6CD(A,B) ):
ABCUV/(A[X],B[X],C[X]) returndJ[X] AND VI[X] ,whereU,V sat-
isfy the following:

C[X] = U[X] * A[X] + V[X] = B[X]

Typing:
ABCUV(X® +2-X+1,X* — 1,X + 1)
gives:
1 -1
~ AND —
2 2
Typing:
ABCUV(X®* +2-X+1,X2 — 1,X3 + 1)
gives:
X —-X+1 X2 —-X+1
x4+l p 2-%+1

5.8.2 Chinese remainders CHINREM

CHINREMhas twoANDas arguments : eaddNDhas two polynomials as
components.

CHINREM(A[X] AND R[X],B[X] AND Q[X]) returns arANDwith
two polynomials as componeri®X] andS[X] . This polyonimals[X]
andS[X] satisfying the following relations wheBCD(R[X],Q[X])=1

s[x] = R[] - Q[x],

P[X] = A[X](modR[X]) andP[X] = B[X](modQ[X]).

There is always a solutioR[X] , if R[X] andQ[X] are mutually primes,
and all solutions are congruent mod$la] = R[X] - Q[X].

Find the solutiong’[X] of:

{P[X] X (mod X?+1)
P[X]= X —1(mod X?—1)

Typing:
CHINREM(X AND X* + 1,X — 1 AND X* — 1)

gives:
X2—-2-X4+1 Xt -1

2 2

thatis, P[X] = — X2=2X41 (od — X=1)
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5.8.3 Cyclotomic polynomial :CYCLOTOMIC

CYCLOTOMI®as an integen as argument.

CYCLOTOMIGeturns the cyclotomic polynomial of order. This is a
polynomial having the:-th pritmitive roots of the unity as zeros.

For example, when = 4 the fourth roots of the unity ard:1,, —1, —i};
among them, the primitive roots argi, —i}.

Therefore, the cyclotomic polynomial of ordéris (X — ).(X + 4)
X%+ 1.

Another example, typing:

CYCLOTOMIC(20)

gives :
xS 4xt—x241

5.8.4 degree of a polynomial DEGREE

DEGREHMas as an argument a polynomial in the current variable.
DEGREEeturns the degree of this polynomial.
NoOTE: The degree of a null polynomial i4 .
The DEGREEommand must be entered using tiePHAkeys.
Typing:

DEGREE(X® + X + 1)

returns:

5.8.5 Quotient and remainder :DIV2

The arguments dDIV2 are two polynomialsi[X| and B[ X].
DIV2 returns the quotie’ANDthe remainder of the euclidean division be-
tween the two polynomiald [ X| and B[ X].
Typing:
DIV2(X*+2-X +1,X)

gives:
X+2AND 1

The step-by-step mode can be of interest here, becausplaybshe inter-
mediate steps of the division process.
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5.8.6 Bézout's Identity :EGCD

This function returns Bézout'’s Identity, tli&s COExtended Greatest Com-
mon Divisor). In other worddEEGCD(A(X), B(X)) returnsU(X) AND
V(X) = D(X) ,withD, U, V such that:

D(X) = U(X) - A(X) + V(X) - B(X)

Typing:
EGCD(X* +2- X+ 1,X2 — 1)
gives:
1AND —1 = 2-X+2
Typing:
EGCD(X* + 2 X+ 1,X% + 1)
gives:

—(X—2)AND1 = 3-X+3

5.8.7 Factorize a polynomial :FACTOR

FACTORhas a polynomial as an argument.
FACTORactors this polynomial.

Typing:
FACTOR(X? — 2)
gives:
(X+v2) - (X~ V2)

Typing:

FACTOR(X> +2-X + 1)
gives:

(X +1)?

Typing:

FACTOR(X* — 2 X%+ 1)
gives:

(X—1)%- (x+1)2

Typing:

FACTOR(X® —2-X% + 1)
gives:

(X—1)-(2-X—14++5)-(2-X— (1 +/5))

4
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5.8.8 GCD of two polynomials :GCD

GCDreturns the GCD (Greatest Common Divisor) of two polynosiial
Typing:
GCD(X* +2-X+1,X% — 1)
gives:
X+1

5.8.9 Hermite polynomial : HERMITE

HERMITEhas as an argument a whole numher
HERMITEreturns the Hermite polynomial of degree This is a polyno-
mial of the following type:

H )" 22 dV a2
w@) = ()" e e
That means that :
forn >0 . ,
and forn > 1
H,1(x) —aH,(x) + nH,_1(x) =0
H, () = nH,_1(z)
Typing:

HERMITE(6)

produces the result:

64 -X5 — 480 -X* +720- X% — 120

5.8.10 To evaluate a polynomial HORNER

HORNERas two arguments : a polynomRJX] and a numbea.
HORNER(P[X],a) returns the polynomia@Q[X] (quotient ofP[X] di-
vided byX-a ) ANDthe valueP[a] .
Typing :

HORNER(X® + 1,2)

gives :
X24+2-X+4ANDO
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Typing :
HORNER(X* +2-X* —3-X*+X—2,1)

gives:
X*+3-X24+1AND — 1

5.8.11 LCM of two polynomials : LCM

LCMreturns the LCM (Least Common Multiple) of two polynomials.
Typing:
LCM(X® +2-X+1,X2 — 1)

gives:
(X*+2-X+1) - (X—1)

5.8.12 Legendre polynomial LEGENDRE

LEGENDRIMas as an argument a whole number
LEGENDREeturns the polynomial.,,, a non-null solution of the differen-
tial equation:

(2 =1)-¢y" =22y —nn+1)-y=0
Forn > 0, we have the Rodrigues Formula:

1 dTL

nl2m dxn

Ly(z) = (@ - 1)

and forn > 1, we have:
(n+1)Lyt1(z) = 2n+ D)L, () — nL,—1(x)

Typing:
LEGENDRE(4)

gives:
35-X*—30-X%+3
8
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5.8.13 Partial fraction expansion :PARTFRAC

PARTFRAQas as an argument a rational fraction.
PARTFRAGQeturns the partial fraction decomposition of this ratidnac-
tion.
Example :
To perform a partial fraction decomposition of a rationaidtion, for ex-
ample:
2 —2xa23+1

- 2x 23 4+2x 22 -2xw+1
you use the®PARTFRAGommand.
Type:

X5 —2%%x3+1
4 _2xX342%xX2—2xX+1
In real and direct mode, this produces:

)

PARTFRAC( X

xpo24 % 1
2-X2+2  2-X—2

In complex mode, this produces:

1—34 —1 1434
X492 4 2 4
+ +X+i+X—1+X—i

5.8.14 Whole-number and fractional part : PROPFRAC

PROPFRA®as as an argument a rational fraction.

PROPFRAGewrites this rational fraction so as to bring out its whole-
number part.

PROPFRAC(A(X)! B(X)) writes the rational fractiorg% in the form:

QL] + ﬁgﬂ

whereR[X] = 0, or0 < deg(R[X]) < deg(B[X]).

Typing:
PROPFRAC( (5-X+3) (X= 1))
X+ 2
gives:
21
5. X—124 ——

X+2
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5.8.15 Rewrite in order of the powers of X — a) : PTAYL

PTAYLtakes two parameters: a polynomfalX| and a number a.
PTAYLrewrites the polynomiaP[X] in order of its powers oK — a.
Typing:

PTAYL(X* +2 X+ 1,2)

produces the polynomial Q[X]:
X*+6-X+9

NOTE THAT:
P(X) =Q(X —2)

5.8.16 Euclidean quotient:QUOT

The arguments dUOTare two polynomialsi[X| and B[ X].
QUOTreturns the quotient of the two polynomial$ X] and B[ X divided
in decreasing order by exponent.
Typing:
QUOT(X*+2 X+ 1,X)
gives:
X+2

5.8.17 Euclidean remainder :REMAINDER

The arguments dREMAINDERare two polynomialsA[X] and B[ X].
REMAINDEReturns the remainder from the division of the two polynomi-
als A[X] and B[ X] divided in decreasing order by exponent.
Typing:
REMAINDER(X® — 1,X% — 1)
gives:
X—-1

5.8.18 Number of zeros ina, b[ : STURMAB

STURMABas three arguments: a polynomf{X) and two numbers
andb.

STURMABeturns the number of zeros &fin [a, b[.

For example, typing:

STURMAB(X? - (X +2),—2,0)
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gives:
Typing :

STURMAB(X? - (X3 +2),—2,1)

gives:

5.8.19 First and 2nd-species Tchebycheff polynomials :
TCHEBYCHEFF

TCHEBYCHEFRas as an argument an integer
If n > 0, TCHEBYCHEFFeturns the polynomidl;, such that:

T, [x] = cos(n - arccos(z))
Forn > 0, we have:

[n/2

]
T, (x) = C2k (22 — 1)kgn—2F
k

=0
Forn > 0 we also have:
(1— 2T, () — 2T, (z) + n*Tp(z) = 0
Forn > 1, we have:
Tht1(x) = 22T, (z) — Trq ()
If n <0, TCHEBYCHEFFeturns the 2nd-species Tchebycheff polynomial:

sin(n - arccos(x))

T, lx] =
2] sin(arccos(z))
Typing:

TCHEBYCHEFF (4)
gives:

8-Xx*-8-X*+1
In effect:

cos(4 - x) = Re((cos(x) + i - sin(z))?)
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cos(4 - x) = cos(x)* — 6 - cos(z)? - (1 — cos(z)?) + ((1 — cos(z)?)?
cos(4 - z) = Ty(cos(z)) Typing:

TCHEBYCHEFF(—4)

gives:
8-x®—4-X

In effect:
sin(4 - z) = sin(z) - (8 - cos(z)® — 4 - cos(x)).

5.9 Functions

All the functions in this section can be found in tBéFF menu on the
menu bar, excedEF, which is in theALGBmenu, andFTE , which is in
theMATHkey'’s Tests menu.

5.9.1 Define a function :DEF

DEFhas as argument an equality between (1) the name of a fur(etitn
parentheses containing the variable), and (2) an expreskitining the
function.
DEFdefines this function and returns the equality.
Typing:
DEF(U(N) = 2" + 1)
produces the result:
UN) =2"+1
Typing:
u(3)

then returns:

Another DEFexample

Calculate the first six Fermat numbeFs..F; and say whether they're
prime.
So, you want to calculat& (k) = 22° + 1 for k = 1..6.
Typing the formula :
92" 11
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gives a result of 17. You can then invoke tt®RIME?() command,
which is found in theMIATHkey’s Integer menu.

The response i4. , which meansTRUE Using the history (which you
access by pressing ti8rMBkey), you put the expressioﬁ2 + 1 into the

Equation Editor wittECHQand change it to:

223 + 1
Or better, define a function F(K) by selectiigeF from the ALGBmenu
(on the menu bar), and typing:
DEF(F(K) = 2% +1)

The response i82° + 1, andF is now listed amongst the variables (which
you can verify using the VARS key.)
For K = 5, you then type:

F(5)

which gives:
4294967297

You can factorF'(5) with FACTORwhich you'll find in the ALGBmenu
on the menu bar.

Typing:

FACTOR(F(5))
gives

641 - 6700417
Typing:

F(6)
gives:
18446744073709551617

UsingFACTORGo factor it then yields:
274177 - 67280421310721

NoTE: Pay careful attention to the position of the dot in :

2. 5the approximate representation of =

versus
2-5=10
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Define a function with conditions : IFTE

IFTE has three arguments: a Boolean (note the use of to test for
equality), and two expressionsprl, expr2.

IFTE evaluates the condition, then returgprl if the condition is true,
or expr2 if the condition is false.

Typing:
STORE(2, N)
N+1
IFTE(N == 0,1, %)
produces the result:
3
2

It is easy to define functions usingTE . For example:

SIN(X)

DEF(F(X) = IFTE(X == 0,1, =

)

defines the functiorf such that:

1 siz=0
f(:z:){ sin(x) siz 0

5.9.2 Derivative and partial derivative : DERIV

DERIV has two arguments: an expression (or a function) and a Variab
DERIV returns the derivative of the expression (or the functioith we-

spect to the variable given as the second parameter (usexlfarating
partial derivatives).

Example:
Calculate:
Oz -y*- 22 +x-y)
0z
Typing:
DERIV(X-Y?-Z*+X-Y, Z)
gives:

3-X-Y%.72
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5.9.3 Derivative : DERVX

DERVXhas one argument: an expression.

DERVXcalculates the derivative of the expression with respettieosari-
able stored in/XxX

For example, given:

T z+1
f@) = —— +In(>—)
Calculate the derivative of.
Type:
X X+1
DERVX(——— + LN(——
(e =g TWNG—7))

or, if you have stored the definition ¢fz) in F that is, if you have typed:

X+1
X—1

STORE( X + L(
X2 —1

),F)

2

then type:

DERVX(F)
or, if you have defined”(X) usingDEFthat is, if you have typed:

X X+1
LN
X2—1+ (X—l

DEF(F(X) = )
then type:
DERVX(F(X))

The result is a complicated expression. Pres&NJ ERsimplifies it, giv-
ing:
3-X2-1

5.9.4 Fourier coefficients :FOURIER

FOURIERhas two parameters: an expressjt) and a whole number
N.

FOURIERreturns the Fourier coefficienty of f(z), considered to be a
function defined over intervdD, 7] and with periodI’ (T being equal to
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the contents of the variabRERIOD).
If f(x)is a discrete series, then:

+oo
2iNzw
flz) = Z cye T

N=—c

Example:
Determine the Fourier coefficients of a periodic functjowith period2 - 7
and defined over intervd 2 - «r[ by f(x) = 22,
Typing:
STORE(2 - m , PERIOD)

FOURIER(X? N)

The calculator do not know thatis a whole number, so you have to replace
EXP(2 * i % N x ) with 1 and then simplify the expression. We get:

2:1i-N-m+2
N2
Soif N # 0, then:
2-1-N-m+2
NTTTNT
Typing:
FOURIER(X?, 0)
gives:
4.2
3
soif N = 0, then:
4. 72
Co = 3

5.9.5 Partial integration : IBP

IBP has two parameters: an expression of the foe(m) - v'(z) andv(z).
IBP returns theANDof u(x) - v(x) and of—v(x) - «/(z) that is, the terms
that one must calculate when one performs a partial integrat
It remains then to calculate the integral of the second tdrineAND then
add it to the first term of thANDto obtain a primitive ofu(z) - v'(z).
Typing:

IBP(LN(X), X)
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gives:
X- LN(X) AND —1

One completes the integration by callifgTVX:
INTVX(X - LN(X)AND — 1)
which produces the result:
X-LN(X) — X

REMARK: If the first IBP (or INTVX) parameter is a\NDof two ele-
ments|BP concerns itself only with the second element of D adding
the integrated term to the first element of t&D(so that you can perform
multiple IBP in succession).

5.9.6 Integrals: [

To calculate an integral, you can use the sympathich is found on the
keyboard and it can be produced by typingHIFT d/dX .

You have just to enter the arguments (you can move the curibrtiae
arrow keys> and<i). For more details cf3.3.4

You can puti-co or —oo as limit of the integral.

EXAMPLE

For the following expression, determine the limit when arapphes +(:

/:( T imEth) g

2 -1 r—1

In the Equation Editor, type:

/*“’( X —|—LN(X+1))dX

NOTE: To obtain the symbotoo, type:

(=) (=) oo (SHIFT 0)

This produces:

and, after simplification:



106CHAPTER 5. CASREFERENCE FROM THE EQUATION EDITOR
5.9.7 Primitive and definied integral : INTVX

INTVX has one argument : une expression.
INTVX calculates a primitive of its argument with respect to thealde
stored invVX
Exercise 1
Calculate a primitive ofin(x) x cos(x).
Typing:
INTVX(SIN(X) - COS(X))

gives, in Step by step mode:
COS(X) - SIN(X)
Int[u’ * F(u)] with u = SIN(X)
PressingOKthen sends the result to the Equation Editor:

SIN(X)?
2

Exercise 2

Given:
r+1

r—1

f(@) = —— +1n(

Calculate a primitive off.
Type:

)

X X+1
INTVX(——— + LN(=——
(o7 TING—7))

Or, if you have stored the definition ¢fz) in F, that is, if you have already

typed:
X X+1
DEF(F(X) = 1 + LN(X —

)

then type:
INTVX(F)

Or, if you have use®EFto defineF(X) , that s, if you have already typed:

X X+1

DEF(F(X) = 7 +LN(,—

)

XQ

then type:
INTVX(F(X))
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The result in all cases is equivalent to:

X+1 3 3
X LN(—— —-LN(|X—1 —-LN([X+1
(o) + 5 LN(X = 1) + S - LN(X + 1)

We obtain absolute values only Rigourous mode.
Exercise 3
Calculate:

. S
26+ 2. 24 4 22

2
X6 +2.X4 4 X2

Typing:
INTVX(

)

gives a primitive:
X

X2+1

2
—3 - ATAN(X) — 2 —

REMARK:
You can also type:

X 2
)
/1 X6+ 2. X4+ X2

which gives the primitive which is zero fox = 1:

2 X 3-m+ 10
—3 - ATAN(X) — = —
( ) X X241 + 4
Exercise 4
Calculate:
1
d
/ sin(z) + sin(2 - ) .
Typing:

1
SIN(X) 4 SIN(2 - X)

INTVX(

)

gives the result:

é - LN(|cos(x) — 1) + é -LN(|COS(X) + 1))+

%2 LLN(|2 - COS(X) + 1))

REMARK: If the argument tdNTVX is the ANDof two elements|NTVX
concerns itself only with the second element of AND and adds the result
to the first argument.
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5.9.8 To calculate limits :LIMIT or lim

LIMIT orlim has two arguments: an expression dependent on a variable,
and an equality (a variable = the value to which you want towate the
limit).

You can omit the name of the variable and the sigwhen this name is in
VX).

It is often preferable to use a quoted expression:

QUOTE(expression) , to avoid rewriting the expression in normal form
(i.e., not to have a rational simplification of the argumgdising the exe-
cution of theLIMIT command.

Typing, for example:

LIMIT(QUOTE((2X — 1) -EXP(ﬁ)),X = +00)

gives:
+00

To find a right limit you type, for example:

1
LIMIT(ﬁ, QUOTE(1 + 0))

gives (if X is the current variable) :
+00

To find a leftt limit you type, for example:

1
LIMIT(ﬁ, QUOTE(1 — 0))

gives (if X is the current variable) :
—0Q

li is not necessary to quote the second argument, when itifeewmwith =
for example :

LIMIT( ! X=1+40)
X—1"

gives :
+00
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EXERCISES
Forn > 2 in the following expression, find the limit asapproaches O:

n - tan(x) — tan(n - x)

sin(n - x) — n - sin(z)

You can use th&€IMIT command to do this.
Typing:

LIMIT (N - TAN(X) — TAN(N - X) )

SIN(N-X) — N-SIN(X)’

gives:
2

NoOTE To find the limit asr approachea™ (respa ™), the second argument
is written :
X=A+40(respX = A — 0), see als®.9.8

For the following expression, find the limit asapproaches-oco :

r+\/z+Vr—Vz
Typing:

LIMIT(\/ X + \/X + VX — VX, +0)

produces (after a short wait):

NOTE:
The symbokxo is obtained by typinggHIFT 0.
To obtain—oo type:

To obtain+-oco type:

You can also find the symbeb in the MATHey’s Constant menu.
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5.9.9 Plot of an expression PLOT

PLOThas an expression as argument.
PLOT asks you to select afiplet and then stores this expression in an
Aplet variable.
For example, type:
PLOT(X* + X)

You select théAplet Function  , and you choose to save the expression
X2 + X in F2. In the history the answer is :

X2+ X

To obtain the plot of the expression storedd, you have to quit th€AS
(pressHOMEand then open théplet Function , select the function
F2, then press oRLOT

5.9.10 Add the plot of an expressionPLOTADD

PLOTADDhas an expression as argument.
PLOTADDasks you to select afiplet and then stores this expression in
anAplet -variable.
a Typing:

PLOTADD(X? — X)
You select théAplet Function  , and you choose to save the expression
X? — X in F3. In the history the answer is :

) G ¢

To obtain the plot of the expressions storedFa and F3, you have to
quit theCAS(pressHOMI;, to open théAplet Function |, then select the
functionsF2 andF3, and press oRLOT.

5.9.11 Evaluate a primitive : PREVAL

PREVALhIas three parameters: an expresdigdiX) dependent on the
variable contained ivX, and two expressionsandB.
For example ifvXcontainsX, and ifF is a function PREVAL (F(X),A,B)
returnsk(B)-F(A)
PREVALIs used for calculating an integral defined from a primititeval-
uates this primitive between the two limits of the integral.
Typing:

PREVAL(X* + X, 2, 3)
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gives:

5.9.12 Primitive and definied intégral : RISCH

RISCH has two parameters: an expression and the name of a variable.
RISCHreturns a primitive of the first parameter with respect tovdueéable
specified in the second parameter.
Typing:

RISCH((2-X*+ 1) - EXP(X* + 1), X)
gives:

X -EXP(X? + 1)

REMARK: If the RISCH parameter is thé\NDof two elementsRISCH
concerns itself only with the second element of D and adds the result
to the first argument..

5.9.13 Discrete antiderivative :SIGMA

SIGMAhas two arguments: the first argument is a funcifén) of a vari-
ablez given as the second argume8tGMAreturns the discrete antideriva-
tive of the input function, that is, the functiagr that satisfies the relation:
Gx+1)—Gx) = f(z).
For example, typing :

SIGMA(X - X!, X)
gives :

X!

becauséX +1)! — X! =X - X!

5.9.14 Discrete antiderivative :SIGMAVX

SIGMAVXhas as argument a functighof the current variabl& X
SIGMAVXreturns the discrete antiderivative of the input functitbrat is a
function G that satisfies the relatiod#(z + 1) — G(x) = f(z).
For example, type:
SIGMAVX(X?)
You obtain:
2.X3—-3-X2+X
6
becaus@(X +1)* —3(X + 1)+ X +1—2X3+3X? - X =6X?
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5.9.15 Variation table : TABVAR

TABVARhas as a parameter an expression with a rational derivative.
TABVARreturns the variation table for the expression in terms efdir-
rent variable.
Typing:

TABVAR(LN(X) + X)

In Step by step mode, this gives:
F=: (LN(X) +X)

F =: (% +1

— X+1

X
Variation table

-0 7 0 + 40 X
7 7 —o0 | 400 F

5.10 Taylor and asymptotic Expansions

All functions in this section can be found in t#FF menu on the menu
bar.

It is customary to write the expansions in ascending ordezxponent of
the variable; you set this up by choosihg- x + x2... in CFG

5.10.1 Division inincreasing order by exponent DIVPC

DIVPC has three arguments: two polynomiélX) andB(X) (whereB(0) #
0), and a whole numbar.
DIVPC returns the quotien®(X) of the division of A(X) by B(X) , in
increasing order by exponent, and with (@< norQ = 0.
Q[X] ('is then the limitedsth-order expansion og% in the vicinity of X
= 0.
Typing:
DIVPC(1 + X% + X3,1 + X%, 5)

gives:
14+x3—%°

NoTE: When the calculator asks to go into "increasing powers" mogle
spondyes .
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5.10.2 Limitednth-order expansion : SERIES

SERIES has three arguments : an expression dependent on a vagaable,
equality (the variable: = the valuea to which you want to calculate the
expansion) and a whole number (the ordef the limited expansion).

You can omit the name of the variable and the sigwhen this name is in
VX)

SERIES returns the limitedhth-order expansion of the expression in the
vicinity of x = a.

e Expansion in the vicinity ok = a

Example:
Give a limited 4th-order expansion efs(2 x )2 in the vicinity of
T = 3.
For this you use th€ ERIES command.
Typing:
SERIES(COS(2 - X)2, X = %, 4)
gives:
1 83 8 h®
= —V3h+2n? 4+ —"h® - —h* +0(—
(2 Vb 420”4 3 3 +(4)|hzx_1

6

e Expansion in the vicinity ok=+ oo or x=- oo
Example 1:
Give a 5th-order expansion afctan(x) in the vicinity of x=+ oo,
taking as infinitely smalk = 1.

Typing:
SERIES(ATAN(X),X = +00,5)
gives:
Cont ¥ B0
2 3 5 2 Myt
X
Example 2:

Give a 2nd-order expansion (fz — 1)eﬁ in the vicinity ofx=+ oo,
taking as infinitely smalh = 1.
Typing:

1
SERTES((2X — 1) - EXP(;——), X = +00,3)
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gives:

12 + 6h + 12h? + 17h3
+0(2-1h%)| 1

6-h h= -
X

(

Example 3:
Give a 2nd-order expansion (ﬁw—l)eﬁ) in the vicinity ofx=- oo,
taking as infinitely smalh = —1.

Typing:
SERIES((2X — 1) ~EXP(Xf11)7X = —00,3)
gives:
(—12 + 6h —6;2h2 + 1703 N O(_(2h3))|h o

e Unidirectional expansion
You must be inRigourous mode (Pres®IFF, then CFG then
chooseRigourous and themQuit config. ).
To perform an expansion in the vicinity of= a where x > a, use a
positive real (such as 4. or 4.0) for the order; to performxaraasion
in the vicinity of x = a where = < a, use a negative real (such as
-4.0 or -4.) for the order

Example 1:
1
Give a 3nd-order expansion d%jx in the vicinity of X = 0.
Typing:
SERIES(VX? + X3,X = 0, 3.0)
gives:
1 —1 1
— h*+ —-n*+ > -n?+h+00b°) —
TR +5 B +h+ 0% =x
Example 2:
1
Give a 3nd-order expansion 625~ in the vicinity of X = 0~
Typing:
SERIES(VX? +X3,X = 0,—3.0)
gives:

-1 -1 -1
— n*+ — n¥+ — R’ +h+ 00—
(16 + 3 + +h+0(h%)|p = —x
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Example 3:
1
Give a 3nd-order expansion 627> in the vicinity of X = 0.
Typing:
SERIES(VX? +X3,X=0,3)
gives:

SERIIESError : Unabletofindsign

Note:
If you are inSloppy mode the three previous examples give the
same answer than in the vicinity &f = 0+

5.10.3 Limited expansion in the vicinity of 0 : TAYLORO

TAYLOROhas a single argument: the functionwoto expand. It returns
the function’s limited 4th-relative-order expansion i ticinity of z = 0
(if z is the current variable).
Typing:
TAN(P - X) — SIN(P - X)
TAYLORO(

TAN(Q - X) — SIN(Q - X)

)

gives:

P—3+7P5_QQ'P3. 2

QB 4 . QS
NoTE: "th-order" means that the numerator and the denominatoegr
panded to the 4th relative order (here, the 5th absolute éwdéhe numer-
ator, and for the denominator, which is given in the end, the @der (5-

3), seeing that the exponent of the denominator is 3).

5.10.4 Truncate at ordern — 1 : TRUNC

TRUNGenables you to truncate a polynomial at a given order (useérto
form limited expansions).
TRUNGhas two arguments: a polynomial aid'.
TRUNGeturns the polynomial truncated at order 1; that is, the returned
polynomial has no terms with exponentsn.
Typing:
1 3

TRUNC((1 + X + 5 X?) , x4

gives:

9 2 3
143 X4 2 X 44X
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5.11 Conversion Functions

All functions in this section can be found in tiRREWRITEmenu on the
menu bar.

5.11.1 Distributivity of multiplication : DISTRIB

DISTRIB enables you to apply the distributivity of multiplication re-
spect to addition in a single instance.
DISTRIB enables you, when you apply it several times, to carry out the
distributivity step by step.
Typing:

DISTRIB((X +1)- (X+2)- (X +3))

gives:
X-(X+2)-(X+3)+1-(X+2)-(X+3)

5.11.2 Disregard small values EPSX0

EPSXO0has as a parameter an expressioX,iand returns the same expres-
sion with the values less th&PSreplaced by zeroes.
Typing:
EPSX0(0.001 + X)
gives, ifEPS=0.01:
0+X

or, if EPS=0.0001 :
.001 +X

5.11.3 Transform exp(n*In(x)) as a power of X .EEXP2POW

EXP2POWransforms an expression of the forxp(n x In(z)), rewriting
it as a power ofr.
Typing:

EXP2POW(EXP(N - LN(X)))

gives:
XN

Take careful note of the difference between this functicshlaMCOLLECT
as shown in the following examples:
LNCOLLECT(EXP(N - LN(X))) = EXP(N - LN(X))
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LNCOLLECT(EXP(LN(X)/3)) = EXP(LN(X)/3)
EXP2POW(EXP(LN(X)/3)) = V/X

5.11.4 Transform a trigonometric expression into com-
plex exponentials :EXPLN

EXPLNtakes as an argument a trigonometric expression.
EXPLNtransforms the trigonometric function into exponentiaisl éoga-
rithms without linearising it.

EXPLNputs the calculator into complex mode.

Typing:
EXPLN(SIN(X))
gives:
EXP(i-X) — 7”1,(1”)
2.1

5.11.5 Distributivity : FDISTRIB

FDISTRIB has an expression as argument.
FDISTRIB enables you to apply the distributivity of multiplicatiorittv
respect to addition all at once.
Typing:
FDISTRIB((X+ 1) - (X+2) - (X +3))

gives:
X-X-X+3-X-X+X-2-X+3-2-X+X-X-1+3-X-1+X-2-1+3-2-1
after simplification ENTER :

¥+6-X2+11-X+6

5.11.6 Linearise the exponentials LIN

LIN has as an argument an expression containing exponentéblsgono-

metric functions.

LIN converts trigonometric expressions to exponentials aeul lihearises
the complex exponentials (in termsedp(n - x))).

LIN puts the calculator into complex mode when dealing withotmigmet-

ric functions.
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Example 1
Typing:
LIN((EXP(X) + 1)%)
gives:
3-EXP(X) + 1+ 3-EXP(2-X) + EXP(3-X)

Example 2
Typing:

LIN(SIN(X))
gives: . '

—(%V-EXP(i~X))+—% " EXP(—(i - X))

Example 3
Typing:

LIN(COS(X)?)
gives:

1 1 1
— - EXP(—(2-1-X —+ —-EXP(2-1i-X
§EXP(=(201X)) + ~ 4+ 4 “EXP(21-X)

5.11.7 Regroup the logarithms .LNCOLLECT

LNCOLLECThas as an argument an expression containing logarithms.
LNCOLLECTegroups the terms in the logarithms. Itis therefore pedfker
to use an expression that has already been factored (B8IGFOR
Typing:
LNCOLLECT(LN(X 4+ 1) + LN(X — 1))
gives:
LN(X+1)(X—1))

5.11.8 Transform a power :POWEXPAND

POWEXPANRrites a power in the form of a product.
Typing:
POWEXPAND((X + 1)%)
gives:
X+1)-X+1)-(X+1)
This allow you to do the developpement(af+ 1) in step by step, using
DISTRIB several times on the precedent result.
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5.11.9 Simplify : SIMPLIFY

SIMPLIFY simplifies an expression automatically.
As with all automated simplification routines, however, sheuld not ex-
pect miracles.

Typing:
SIMPLIFY(SIN(B - X) + SIN(7 - x))
SIN(5 - X)
gives, after simplification:
4-C08(X)* -2

5.11.10 Evaluation of reals :XNUM

XNUMhas an expression as a parameter.
XNUMputs the calculator into approximate mode and returns tineenia
value of the expression.
Typing:
XNUM(V/2)

gives:
1.41421356237

5.11.11 Rational approximation :XQ

XQhas a real numeric expression as a parameter.
XQputs the calculator into exact mode and gives a rationalarajgproxi-
mation of the expression.

Typing:
XQ(1.41421)

gives:

66441

46981
Typing:

XQ(1.414213562)

gives:

V2
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5.12 Equations

All the functions in this section are found in tiBOLVmenu on the menu
bar.

5.12.1 The zeros of an expressiodSOLATE

ISOLATE returns the values that are the zeros of an expression oan eq
tion.

ISOLATE has two parameters: an expression or equation, and the rfame o
the variable to isolate (ignorinGEALASSUME

Typing:
ISOLATE(X* — 1 = 3,X)

gives in real mode:

(X=V2) 0R (X = —V2)

and in complex mode:

(X=+2-i)0R(X=—V2)0R (X = —(v2-1)) OR (X = V2)

5.12.2 Solve equations SOLVE

SOLVEhas as two parameters:
(1) either an equality between two expressions, or a singleession (in
which case= 0 is implied), and
(2) the name of a variable.
SOLVEsolves the equation iR in real mode and it in complex mode
(ignoringREALASSUME
Typing:
SOLVE(X* — 1 = 3,X)

gives, in real mode:

or, in complex mode:

(X=—-V2)0R(X=V2)0R (X=—1i-v2)0R (X =iV2)
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5.12.3 Solve equations SOLVEVX

SOLVEVXhas as a parameter either
(1) an equality between two expressions in the variableaioat inVX,
or
(2) a single such expression (in which casé is implied).
SOLVEVXsolves the equation.
Example 1
Typing:
SOLVEVX(X* — 1 = 3)

gives, in real mode:
(X =—V2) 0R (X = V2)

or, in complex mode, even if you have choséas real :

(X=—-V2)0R(X=V2)0R (X=—1i-V2)0R (X =iV2)

Example 2
Typing:
SOLVEVX((X — 2) - SIN(X))

gives, in real mode:

(X=-2-7-n;)0R(X=2-7-n;) OR (X = 2)

5.13 Systems

All the functions in this section are found in tLVmenu on the menu
bar.

5.13.1 Solve linear system LINSOLVE

LINSOLVE enables you to solve a system of linear equations.
It's assumed that the various equations are of the farpression = 0.
LINSOLVE has two arguments: the first members of the various equations
separated baAND and the names of the various variables separatéd\Ly
Example 1
Typing:

LINSOLVE(X+ Y+ 3ANDX — Y + 1,X AND Y)
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gives:
(X=—2) AND (Y = —1)

or, in Step by step mod€FGetc...):
L2=L2-L1

1 1 3

1 -1 1

ENTER

L1=2L1+L2

1 1 3

0 -2 =2

ENTER

Reduction Result

2 0 4

0 -2 -2

ENTER

The following is then written to the Equation Editor:

(X = —2) AND (Y = —1)

Example 2
Type:

(2-X+Y+Z=1)AND (X+Y+2-Z=1)AND (X+2-Y+Z=4)

Then, invokeLINSOLVE
and type the unknowns:
X AND Y AND Z

and press thENTERKey.
The following result is produced if you're in Step by step re¢@FCetc...):
L2=2L2-L1

21 1 -1

11 2 -1

1 21 —4
puisok
L3=2L3-L1

-1
—1

_= O N
NG
— W
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...and so on until, finally:
Reduction Result

§ 0 0 4
08 0 -20
00 -8 —4

then pres€ENTERand

1 5 1
(X = —2) AND (Y = Z) AND (Z = —7)

is written to the Equation Editor.

5.13.2 Solve non linear system SOLVE

SOLVEaccepts non-linear equations if they are polynomial.
Otherwise MSLVshould be used irlOMEo get a numerical solution.
It's assumed that the various equations are of the ferpression = 0.
SOLVEhas as arguments, the first members of the various equagpas s
rated byAND and the names of the various variables separateeNLy
Typing:

SOLVE(X? +Y? —3ANDX — Y2 + 1, X AND Y)

gives:
(X=1)AND (Y = —V/2) OR (X = 1) AND (Y = /2)

5.14 Differential Equations

All the functions in this section are found in t®LVmenu on the Equa-
tion Editor menu bar.

5.14.1 Solve of differential equations DESOLVE

DESOLVEenables you to solve differential equations (for lineafedéntial
equations having constant coefficients, it is better tollBEQ.
DESOLVEhas two arguments : the differential equation whgris written
d1Y(X) (or the differential equation and the initial conditiongpaeated
by AND, and the unknowrY (X) .

You have to be in real mode.
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Example 1
Solve:
y" +y = cos(x)
y(0) =co ¥'(0) =1

Typing:

DESOLVE(d1d1Y(X) + Y(X) = C0S(X), Y(X))
gives:

Y(X) = cCO - COS(X) + # - SIN(X)

cCO0 andcCL1 are integration constantg(0) = cC0 y/(0) = cC1).
You can then assign values to the constants usin§t@STcommand.
To produce the solutions for(0) = 1, type:

X+2-cCl

SUBST(Y(X) = cCO - COS(X) + — SIN(X),cCO =1)
which gives:
¥(x) 2-COS(X) 4+ (X +2-cC1) - SIN(X)
2
Example 2:
Solve:

y" +y = cos(x)
y(0)=1 y'(0) =1

It is possible to solve for the constants from the outset.
Typing

DESOLVE((d1d1Y(X) 4 Y(X) = COS(X))AND(Y(0) = 1)AND(d1Y(0) = 1), Y(X))

Gives : £ 1o
Y(X) = COS(K) + = - STN(X)

5.14.2 Laplace transform and inverse Laplace transform:
LAP and ILAP

LAP is the Laplace transform of the expression given as argum@fe
consider this expression as the value of a function of thiabbr stored in
VX
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ILAP is the inverse Laplace transform of the expression givemgasaent.
We consider this expression as the value of a function of énable stored
in VX
Laplace tranforml(AP) and inverse Laplace transfortb AP ) are useful to
solve linear differential equations with constant coedfints, for example:

y' +p-y +ay = f(2)

y(0)=a y'(0)=b

The following relations hold:

LAP(Y)(X) = / o e *Ty(T)dT

ILAP(F)(X) = %ﬂ / e?*F(z2)dz

whereCis a closed contour enclosing the poled-of
The following property is used:

LAP(Y')(X) = —Y(0) + X - LAP(Y)(X)

The solutionY of
Y'+P-Y4+Q-Y = F(x), Y(0) =4, Y(0)=Bisthen:

LAP(FX))+ (X+P)-A+B

ILAP
( X24+P-X+Q )
Example:
Solve:
y”—6~y’+9~y _ x_e3~7;
y(0) =a
y'(0)=b
Typing:
LAP(X - EXP(3 - X)) ENTER
gives:
-
X2—-6-X+9
Typing:
ILAP(m‘F(X*G) -A+B
X2 —-6-X+9
gives the solution :
X3

(G —(3-A—B)-X+4)-EXP(3-X)
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5.14.3 Linear differential equations having constant coef-
ficients : LDEC

LDECenables you to directly solve linear differential equagibaving con-
stant coefficients.

The parameters are the second member and the charactegissiton.
Solve:

ynm—6-y+9-y = x-e¥”

Typing:
LDEC(X - EXP(3-X),X*> —6-X +9)

gives:

((18'X—6)~cCO—(6~X«cCl+X3)
6

cCO0 andcC1 are integration constantg(0) = cC0 and y7(0) = cC1).

-EXP(3- X))

5.15 Trigonometric Expressions

All the functions in this section are found in tA&RIG menu on theCAS
menu bar.

5.15.1 Transform the arccos into arcsin :AC0OS2S

ACOS2Sas as an argument a trigonometric expression.
ACOS2Sransforms the expression by replacing :
arccos(x) with g — arcsin(x).

Typing:
AC0S2S(ACOS(X) + ASIN(X))

gives, when simplified :
v
2
5.15.2 Transform the arcsin into arccos :ASIN2C

ASIN2C has as an argument a trigonometric expression.
ASIN2C transforms the expression by replacing :

arcsin(z) with g — arccos(x).

Typing:
ASIN2C(ACOS(X) + ASIN(X))
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gives, when simplified: -

2
5.15.3 Transform the arcsin into arctan : ASIN2T

ASIN2T has as an argument a trigopnometric expression.
ASIN2T transforms the expression by replacing :

arcsin(x) with arctan( - )
resin(x I n\——————) .
_ V1—a?
Typing:
ASIN2T(ASIN(X))
gives:
ATAN(———)
V1 —X2

5.15.4 Transform the arctan into arcsin : ATAN2S

ATANZ2Shas as an argument a trigonometric expression.
ATANZ2S transforms the expression by replacinngtan(x) with arcsin(

Typing:

it

ATAN2S(ATAN(X))
gives:
ASIN(

X
VX2 + 1)

5.15.5 Transform exponential into hyperbolic functions :
EXP2HYP

EXP2HYPhas an expression enclosing exponantials as argument.
EXP2HYPtransforms this expression with the relation :
exp(a) = sinh(a) + cosh(a).

Typing :
EXP2HYP(EXP(A))
gives :
SINH(A) + COSH(A)
Typing :
EXP2HYP(EXP(—A) + EXP(A))
gives :

2 - COSH(A)
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5.15.6 Transform in terms of tan(x/2) : HALFTAN

HALFTANhas as an argument a trigpnometric expression.
HALFTANtransformssin(z), cos(z) andtan(x) in the expression, rewrit-

ing them in terms Ofan(g).

Typing:
SIN(2 - X)
HALFTAN(———————)
1+ C0S(2-X)
gives, after simplification:
TAN(X)

Typing:
HALFTAN(SIN(X)? + C0S(X)?)

gives 6Q(X) = X?):

2-TaN(%) \? /1 —sa(Tan(®))\?
<SQ(TAN(§)) + 1) + <SQ(TAN(’2‘)) + 1>

or, after simplification:

5.15.7 Transform the complex exponentials into sin and
cos :SINCOS

SINCOStakes as an argument an expression containing complex expon
tials.
SINCOSthen rewrites this expression in termssof(z) andcos(z).
Typing:
SINCOS(EXP(i - X))

gives after turning on complex mode, if necessary :

COS(X) + i - SIN(X)

5.15.8 Transform tan(x) with sin(2x) and cos(2x) TAN2CS2

TAN2CS2takes as an argument a trigonometric expression.
. . , 1= 2-
TAN2CS2transforms this expression by replactag («) with W
S1n X
Typing:
TAN2CS2(TAN(X))
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gives:
1 —C0S(2-X)
SIN(2-X)

5.15.9 Replace tan(x) with sin(x)/cos(x) TAN2SC

TAN2SChas as an argument a trigonometric expression.
sin(z)

cos(z)’

TAN2SCtransforms this expression by replacirg(z) with

Typing:
TAN2SC(TAN(X))

gives:
SIN(X)
COS(X)

5.15.10 Transform tan(x) with sin(2x) and cos(2x) TAN2SC2

TAN2SC2has as an argument a trigonometric expression.
. . . ) n(2 -
TAN2SC2transforms this expression by replacing (z) with M
1+4cos(2-x)
Typing:
TAN2SC2(TAN(X))

gives
SIN(2-X)
1+ C0S(2-X)

5.15.11 Reconstruct the sine and the cosine of the same
angle : TCOLLECT

TCOLLECThas as an argument a trigopnometric expression.
TCOLLECTinearises this expression in termssoi(n - ) andcos(n - ),
then (inReal mode ) reconstructs the sine and cosine of the same angle.
Typing:

TCOLLECT(SIN(X) + COS(X))

gives:

V2-cos(x— )
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5.15.12 Develop transcendental expression§ EXPAND

TEXPANDhas as argument a transcendental expression (that is agsexpr
sion with trigonometric or exponantial or logarithmic fuions.
TEXPANDdevelops this expression in termssofi(x), cos(z), exp(z) or

In(z).

Example 1
Typing:

gives:

Example 2
Typing:

gives:

Example 3
Typing:

gives:

Example 4
Typing:

gives:

Example 5
Typing:

TEXPAND(EXP(X +Y))

EXP(X) - EXP(Y)

TEXPAND(LN(X * Y))

LN(Y) - LN(X)

TEXPAND(COS(X + Y))

COS(Y) - COS(X) — SIN(Y) - SIN(X)

TEXPAND(COS(3 - X))

4-cos(x)® — 3-COS(X)

SIN(3 - X) + SIN(7 - X)
SIN(5 - X)

TEXPAND(

)

gives, after pressinBNTERto simplify:

4.008(x)* -2
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5.15.13 Linearise une trigonometric expression TLIN

TLIN has as an argument a trigopnometric expression.
TLIN linearises this expression in termsstfi(n - ) andcos(n - z).
Example 1

Typing:
TLIN(COS(X) - COS(Y))
gives:
1 1
5 COS(X —Y) + 5 COS(X +Y)
Example 2
Typing:
TLIN(COS(X)®)
gives:
= COS(3-X) + s - COS(X)
4 4
Example 3
Typing:
TLIN(4 - COS(X)* — 2)
gives:

2-C0S(2-X)

5.15.14 Simplify usingsin(x)? + cos(z)?> = 1: TRIG

TRIG has as an argument a trigopnometric expression.
TRIG simplifies this expression using the identityi(x)? + cos(x)? = 1.
Typing:
TRIG(SIN(X)® + COS(X)* + 1)
gives:

5.15.15 Simplify using the cosines TRIGCOS

TRIGCOShas as an argument a trigopnometric expression.
TRIGCOSsimplifies this expression, using the identity(z)?+cos(z)? =
1 to rewrite it in terms of cosines.
Typing:
TRIGCOS(SIN(X)* + COS(X)* + 1)
gives:
COS(X)* — coS(X)? + 2
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5.15.16 Simplify using the sines TRIGSIN

TRIGSIN has as an argument a trigonometric expression.
TRIGSIN simplifies this expression, using the identity(z)?+cos(z)? =
1 to rewrite it in terms of sines.
Typing:
TRIGSIN(SIN(X)* 4+ COS(X)* + 1)

gives:
SIN(X)* — SIN(X)? + 2

5.15.17 Simplify using the tangents TRIGTAN

TRIGTANhas as an argument a trigonometric expression.
TRIGTANsimplifies this expression, using the identity(z)?+cos(z)? =
1 to rewrite it in terms of tangents.
Typing:

TRIGTAN(SIN(X)* + COS(X)* + 1)

gives:
2 - TAN(X)* 4+ 3 - TAN(X)? + 2
TAN(X)* + 2 - TAN(X)2 + 1

5.15.18 Simplification with complex exponentials TSIMP

TSIMP has an expression as argument.

TSIMP simplifies the expression rewriting it in function of comyplexpo-

nentials, and then reducing the number of variables (emglobmplex

mode in the process).

UseTSIMP only as a last resort.

Typing:

SIN(3-X) + SIN(7 - X)
SIN(5 - X)

TSIMP(

)

You obtain after simplification (that is, after copying tlesult 2 times):

EXP(i-X)*+1
EXP(i - X)2
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5.16 Version number of your CAS :VER

VERreturns the version number of yoGAS
Typing:
VER
gives:
4.20050219

This result means that you have a versidBAS dated 19 February 2005.
Instead VERSIONTreturns the version number of the calculat&®®Mas a
whole.

Type inHOMEScreen:

VERSION

You obtain:

Version HP39 — E Copyright HP 19932004
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Chapter 6

Worked Exercises with the
HP40

6.1 Introduction

Begin by selectingCAS

to do this, pres§6 for CASon the menu bar.

The various commands used in this chapter are found:

- in the Equation Editor menus:

ALGB (CFG DEF FACTOR SUBST TEXPAND)

DIFF (DERIVX DERIV INTVX LIMIT TABVAR)

REWRITE (DISTRIB LIN POWEXPAND XNUM)

SOLV (LINSOLV)

and in theMATHkey’s menu:

Complex (DROITE RE IM)

Integer (IEGCD ISPRIME? PROPFRAC)

Next, put the calculator into exact real algebraic mode:

to do this, pres®\LGBon the menu bar and highligltFG then pres©K
on the menu bar.

It suffices then to choosBefault cfg , thenOKon the menu bar, but
you can also choodeirect mode or Step by step mod8tep/step ),
then quit the configuration menu wiANCELon the menu bar.

Do not forget that you must preENTERafter each command!

In the remainder of this chapter, you will find portions of 299 mathe-
matical proof of Brevet d’Amiens, and the 1999 mathematicabf (series

135
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S) of Bac.

The examples illustrate as many features oftiiRl0GSas possible...

It is worth noting, though, that it is still up to the studenttake care to
check the calculations and to know what course to follow wbamying
out calculations.

6.2 Exercises on Brevet

6.2.1 Exercise 1

Given A:
31
2
3+1
calculate the result of in the form of an irreducible fraction, showing each
step of the calculation.
In the Equation Editor, enter the value 4fby typing:
3+-2> —-1p>> +1+2D> +1
> selects the denominator.
ENTERsimplifies the denominator, giving:

-1

Nw

Nw

Then, select the numerator usiag
ENTERsimplifies the numerator, giving:

[NICYINIT

A selects the entire fraction, afidNTERsimplifies the fraction, giving:

[

6.2.2 Exercise 2
Given the numbef":

C = 2V45 + 3v12 — /20 — 63

write C'in the formd+/5, whered is a whole number.
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In the Equation Editor, we enter the value@by typing:
2\/45>l>+3\[12>>—\/20l>>—6\/3
> > > selects-6+1/3 and
< selects— /20
vV selects— /20
Invoke theFACTORcommand, which is found in th&LGBmenu.
PressingENTERthen causes 20 to be factored ifo- 5.
A selectsy/22 - 5 andENTERreturns2y/5
> selects—2+v/5
SHIFT< exchanges+/12 with —2/5
< selects2v/45
vV > V selectsts.
Invoke theFACTORcommand, which is found in the&LGBmenu.
PressingENTERthen causes 45 to be factored info- 5.
A\ selectsy/32 - 5 andENTERreplaces/32 - 5 with 3+/5,
A select2 - 31/5,
SHIFT> selects2 - 3\/56 and—2+/5, and therENTERcompletes the oper-
ation and gives:

4./5.

It remains to transforn3+/12 and to see that this term is combined with
—6+/3.

The result is:

C =45

6.2.3 Exercise 3

Given the expressioP = (3z — 1)? — 81.
1.Expand and reduck.

2.FactorD.

3.Solve the equation(3xz — 10)(3z + 8) = 0.
4.EvaluateD for z = 5.

1. First, write D into the Equation Editor.
typing:
3X —1pp>xy¥2p> —81
Select(3X — 1)2 (> <), then presENTERto expand the expression.
This gives:
9X? —6X+1-—81
To do the expansion step by step, plgESMORY (SHIFT ) to recall the
previous expression, then invoROWEXPANDr (3.X — 1)2, then execute
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DISTRIB a couple of times on the result to obtain:
9X%2 —6X + 1
A selects the entire expression, then pres&NJ ERreduces it to:
9X% — 6X — 80
2. Search forD in the history §YMBKkey), then highlightD and press
ENTERto confirm your choice.
Invoke FACTORo obtain:
(3X +8)(3%x — 10)
You can also retrieve the original expression, sedcto factor it into3* ,
and work out the difference between the two squares...
3. Invoke theSOLVEXcommand, then pre€&&NTERto obtain:
8 10

(x=—3)0R (X =)
4. Search forD in the history §YMBkey), then highlightD and press
ENTERto confirm your choice.
Invoke SUBST then complete the second argument:
X=-5
Then press> > > andENTERto obtain :
(3-(—5)—1)2—-81
PressingENTERonce more yields the result:
175
therefore,D = 175 whenX = —5.

6.2.4 Exercise 4

A baker produces two different assortments of biscuits aadaroons.

A packet of the first assortment contains 17 biscuits and 2tancans.

A packet of the second assortment contains 10 biscuits antb2aroons.
Both packets cogi0 c.

Calculate the price of one biscuit, and the price of one nuaar

Let x be the price in cents of one biscuit, apdhe price of one maca-
roon.
The problem is then to solve:

172 +20y =90
10z 4+ 25y =90

In the Equation Editor, type:
LINSOLVE(17 -X+20-Y—90AND 10-X+25-Y —90, X AND Y)
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If you are working in Step by step mode, this produces:

Ly =17L, — 10L4
17 20 —90
| 10 25 —90

~ Ll = 45L1 - 4L2
1720 -90
0 225 -630

~ Reduction Result
765 0 =90

0 225 —630

PressingENTERthen produces the result:

14

=)

(X =2) AND (Y =

14 .
If you selectg, and press thBlUMey (or invokeXNUN] you get:
(X =2) AND (Y = 2.8)

In other words, the price of one biscuitdg, and the price of one macaroon
is2.8 c.

NoTE: If the calculator has gone intApprox mode, put it back into
Exact mode usingCFG

6.2.5 Exercise 5

Say thatA and B are points having the coordinates:
A(-1; 3) andB(-3; -1), where the unit of measure is the centimetre.
1/ Find exact length ofi B in centimetres.
2/ Determine the equation of the lineB.
First Method
Type:
STORE((-1,3),A)
accept the change @omplex mode, if necessary.
STORE((-3,-1),B)
The vectorAB has coordinateB — A.
1/ Typing:
ABS(B — A)
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gives:
2v/5
2/ Apply theDROITEcommand, on th&#1ATHkey’s Complex menu:
DROITE(A, B)

gives:
Y=2-X+5

PressingENTERthen produces the result:

Y=2-X+4+5
Or second Method
1/ Typing:
(_35 _1) - (_17 3)
gives:

—2—-4-1
Apply the ABScommand to get:

ABS(—2 — 4i)
gives:
2v/5
2/ Typing:
DROITE((—1,3),(—3,—-1))
gives:

Y=2-(X—-1)+3
PressingENTERthen produces the result:

Y=2-X+5

6.3 Exercises on Bac

6.3.1 Exercise 1
Terms of exercise 1

Let m be a point on the circl€' of centerO and radius 1. Consider the
imageM of m defined on their affixes by the transformatih : z— >
%22 — z. Whenm moves on the circl€’, M will move on a curvd’. The
object of this exercice is to study and plat
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1. Lett € [—m, 7] andm the point onC of affix = = e**. Find the
coordinates of\/ in terms oft.
2. Comparer(—t) with z(t) andy(—t) with y(¢). Show thatl’ has a
symmetry center.
3. Computer/(t) and find the variations of over|[0, 7|.
4. Same question fay.
5. Show the variations af andy in the same table.
6. Put the points of' corresponding té = 0,7/3,27/3,n and draw
the tangent td" at these points. Draw the part Bfcorresponding to
t € [0, 7]. DrawT".
Correction

The object of this exercise is to trace the cuiveéescribed byl/ and given

by 3

- 22 — z, whenm, given byz describes a circl€ with centerO and

having a radius of 1. Letbe a real number if-m, 7], and letm be the
point of C given byz = e**.

1.

Calculating the coordinates o1 :

First, makea theVXvariable (SHIFT SYMB (SETUP) keys and then
Indep var : t )

Then, enter the expressidn 2* — z into the Equation Editor.

In the Equation Editor, type:

ALPHAZxY 2 > -2 > —ALPHAZ > >
72 :
The expressmrg — Zis selected.

Sincez = e, invoke SUBSTand complete the second argument by
typing:

22
SUBST(7 — 2.2 = EXP(i x t))

which gives:
EXP(i - t)?
ﬁ —EXP(i-t)

Then, you linearise the expression with the command:

LIN

The result (after accepting the switch to Complex mode) is:

1
5 (EXP(2:1-t)+ —1-EXP(i-t)
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e Now store the result with th 8 TOREcommand by typing:

1
ST(JR]—:(5 “EXP(2-i-t)+ —1-EXP(i-t),M)

then pressinENTER
To calculate the real part of this expression, enter the cantin

RE

which returns:

COS(t - 2) — 2- COS(t)
2

We suppose thatXcontaing (SHIFT HOME (MODEShhen
Indep var : t ).

Then, define the function(t) by invokingDEF

NOTE: You will need to type= X(t) , then exchang&(t)
with the expressiof2(:2-2905C) 1o do this, highligh(t)

with > and typeSHIFT<. Highlight the entire expression and
select thdDEFcommand:

_ COS(t-2) —2-COS(t)

DEF (X(t) 5

)

Then presENTER

To calculate the imaginary part of this expression, typetim-
mand:

IM(M)

which returns:

SIN(t - 2) — 2 - SIN(t)
2

Then, define the function(t) (in the same way as you defined
(t)):
_ SIN(t-2)—2-SIN(t)

DEF(Y(t) 5

Then presENTER

2. To find an axis of symmetry foF, calculatex(—t) andy(—t) by

typing:

X(—t) ENTER
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which produces:
Cos(t-2) —2-C0s(t)
2

In other words:z(—t) = x(t)
Then type:
Y(—t) ENTER

which produces:

—SIN(t-2) +2-SIN(t)
2

In other wordsxy(—t) = —y(t)

If My(x(t),y(t)) is part of ', thenMy (z(—t), y(—t)) is also part of
T.

SinceM; and M, are symmetrical with respect to theaxis , we can
deduce that the-axis is an axis of symmetry fdr.

3. Calculate x'(t):
Typing:
DERVX(X(t))
returns:
2. (—2-8IN(t-2) — 2 (—SIN(t)))
4
or, after simplification (ENTER), the reponse is :

—SIN(t) - (2-COS(t) — 1)

You can now define the functiarf(¢) by invokingDEF

Note: You will need to type= X1(t) , then exchang&1(t) with
the expressionr-SIN(t) - (2 - COS(t) — 1). To do this, highlighX1(t)
(>) and typeSHIFT <. This returns:

DEF( X1(t) = —SIN(t) - (2-COS(t) — 1))

Then pres&ENTER

4. Calculate y'(t):

Typing:
DERVX(Y(t))
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returns:
2-(2-C0S(t-2) —2-C0S(t))
4
and, after simplificationENTER, the response is :

2-C0S(t)* — Cos(t) — 1
Invoke FACTOR to factor the expression:
FACTOR(2 - COS(t)? — COS(t) — 1)
then press ENTER, the response is:
(Cos(t) — 1) - (2-COS(t) + 1)

You can now define the functiogf (¢) (in the same way as you de-
finedz’(t)):

DEF( Y1(t) = (COS(t) —1)-(2-COS(t) + 1))

. Variations ofz(¢) andy(t)

For this, you trace:(¢) andy(t) on the same graph.

We suppose that is contained iWX (SHIFT SYMB (SETUP))
TypeX(t) inthe Equation Editor and preENTER

Then press theLOT key.

SelectFunction  using the dialog box, and sele€l as the desti-
nation.

Then, do the same thing witfi(t) , makingF2 the destination.

To graph the functions: qu€AS(using theON (CANCEL)button),
choose the Function aplet, and chéek andF2. You will have to
set the window’s parameterSKIFT PLOT), then pres$?LOT to
see the graphs.

Back in the Equation Editor (press th#EOMEkey, thenCASon the
menu bar), we can get exact outputs from the ciirve

e Values ofz(t) andy(t)
Find the values ok(t) andy(t) fort = 0, %, 2‘7”, 7 by typing
in successionENTERis pressed twice in most cases for further
simplification):

X(0) ENTER
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Responses!

s
X(;;) ENTER ENTER

Response=2
X(2 x g)ENTERENTER

Responsej
X(m) ENTER ENTER
3
Responses;
Y(0) ENTER
Responsed

™
¥( §) ENTER ENTER
Response=Y2

s
¥(2 x ) ENTER ENTER

—3/3
Response—;~>
Y(r) ENTER ENTER

Responsed

e Slope of the tangentsi{ = 38)

Find the values oféi% fort =0,% Z‘T“,w by typing in suc-

53

cession:
Y1(t)
LIMIT( ,t = 0) ENTER
X1(t)
Responsed
Y1(t)
LIMIT(——,t = m + 3) ENTER
X1(t)

Response (answ¥ESwhen askeddNSIGNED INF. SOLVE?Y:
oo

LIMIT(

,t =2 x 7+ 3) ENTER
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Responsed

Y1(t)

LIMIT
(Xi(t)’

t = 7) ENTER
Response (answ¥ESwhen askeddNSIGNED INF. SOLVE?Y:
(

Here, then, are the variations eft) andy(t):

&
3

t 0 % = T
)0 — 0 + V3 + 0
s |5 L\ F 1 3 1 3
y(t) [ 0 | -3 | =S g
Yyl o — -1 — 0 + 2
m 0 00 0 o)
e The curvel :

Now graph the parametric curve.

In the Equation Editor, typ®(t) + i x Y(t), then presENTER
Then press:

PLOT, and selecParametric  using the dialog box, specify-
ing X1,Y1 as the destination.

To make the graph of the cunie: quit CAS(using theHOME
button), then choose tHearametric  aplet. Check1(T),
Y1(T) , and choose default valuesfL.OT SETUP

6.3.2 Exercise 2 (specialty)
Terms of exercise 2

Forn a strictly positive integer, we define
an=4%x10" =1, b, =2x10"—1, ¢, =2x10"+1

1. a/ Computezl, bl, c1,0as9, bg, C2,0a3, b3 ande;;.
b/ Find how many digits the decimal representatiormgfand ¢,
have. Show that,, andc,, are divisible by 3.
¢/ Using a list of prime smaller than 100, show thais prime.
d/ Show that for every integer > 0, b,, x ¢, = as2,. Deduce the
prime factor decomposition aifs.
e/ Show that GCDOY,, ¢,,)=GCD(c,,, 2). Deduce thab,, and¢,, are
prime together.
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2. Consider the equation:
(1) bz +czy =1

where the integers andy are the unknown.
a/ Show that (1) has at least one solution
b/ Apply Euclide’s algorithm ta; andbs and find a solution to (1).
¢/ Find all solutions of (1)
Correction

Define the following for a natural whole number:
an=4x10" =1, b, =2x 10" —1andc, =2 x 10" + 1

Begin by typing:
DEF(A(N) = 4 - 10" — 1)
DEF(B(N) =2 - 10" — 1)
DEF(C(N) = 2- 10" 4+ 1)

1. Now do the following:
Calculate

e a) Simply type (in succession):

A(1)
Result: 39

B(1)
Result: 19

c(1)
Result: 21

A(2)
Result: 399

B(2)
Result: 199

c(2)
Result: 201
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Result: 3999

B(3)
Result: 1999
C@3)

C(3)
Result: 2001

b) Number of digits, and divisibility
In this, the calculator is used only to try out different \edwof

Show that the whole numbekssuch that:

10" < k < 107 +!

have(n + 1) digits in decimal notation.
We have:

10" < 3-10" < a, < 4-10" < 10!

10" < b, < 2-10" < 10"+
10" < 210" < ¢, < 3-10" < 10"}
sOay, by, ¢, have(n + 1) digits in decimal notation.
Moreover,d,, = 10" — 1 is divisible by 9, since its decimal
notation can only end in 9.

We also have:
ap, =3-10" + d,

and
c, =3-10" — d,

soa, andc, are both divisible by 3.

C) bs is a prime number

Typing:
ISPRIME?(B(3))

gives:

which means true.
To prove that; = 1999 is a prime number, it is necessary to
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show that 1999 is not divisible by any of the prime numbers
less than or equal t¢'1999.

As 1999 < 2025 = 452, that means testing the divisibility of
1999 byn = 2,3,5,7,11,13,17,19,23,29, 31, 37, 41.

1999 is not divisible by any of these numbers, so we can con-
clude that 1999 is prime.

e d)as, =0, X ¢,
Typing:
B(N) - C(N)
produces:

4. (10" -1
after applying the EXP2POW command. This is the valpie
Decomposition ofig into its prime factors:
Typing:

FACTOR(A(6))
yields:

3:23-29-1999

e e)b, andc, are relatively prime.
In this part, the calculator is useful only for trying outfdifent
values ofn...
To show that,, andb,, are relatively prime, it is enough to re-
mark that

Cp =by, +2

That means that the common divisors-gfandb,, are the com-
mon divisors ofb,, and 2, as well as the common divisors of
¢, and 2.b,, and 2 are relatively prime becausgis a prime
number different from 2. So:

PGCD(cy, by) = PGCD(cy,, 2) = PGCD(b,, 2) =1

2. Given the equation:
b3 -x+c3-y=1

e a) It has at least one solution, as itis actually a form of B€go
Identity.
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In effect, Bézout’s Theorem says:
If @ andb are relatively prime, there existandy such that:

a-x+b-y=1
Therefore, the equation:
bs - x+c3-y=1
has at least one solution.
b) Typing:

IEGCD(B(3),C(3))

returns:
1000 AND — 999 =1

In other words:
b3 x 1000 + ¢35 x (—999) =1

so we have a particular solution:

x = 1000, y = —999.

The rest can be done on paper:

c3 = by + 2andby = 999 x 2 + 1
S0,b3 = 999 x (c3 — b3) + 1,0r:

b3 X 1000+63 X (—999) =1

c) In this part, the calculator is not used for finding the gahe
solution.
We have:

bs-x+c3-y =1

and
b3 X 1000+03 X (—999) =1

S0, by subtraction:
bs - (x —1000) + ¢35 - (y +999) = 0

or:
bs - (z — 1000) = —cs - (y + 999)
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According to Gauss’s Theorem is prime withbs, Socs is a
divisor of (z — 1000).
So, there exists € Z such that:

(z — 1000) = k X c

and
—(y+999) = k x b3

Solving for x and y, we get:
z = 1000 4+ k X c3

and
y = —999 — kx b3

for k € Z
This gives us:

bs - x4+ c3 -y = Dbz x 1000 + c3 x (—999) =1
The general solution for alt € Z is therefore:
z = 1000 + k x c3

y = —999 — k x by

6.3.3 Exercise 3 (non-specialty)
Terms of exercise 2

Forn an integer, define:

1. a/ Defineg over|0, 2] by g(x) = 2x:23.
€T

Find the variations of; over [0,2]. Show that for every reat in

0,25 <9l < 7.

b) Show that for every real in [0, 2]:
c) After integration, show that :

3
in(e% -1 <u, <
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h _
d) Using lim L 1.
h—0 .
show that ifu,, has a limitL asn — oo, then3 < L < 5
. 2 1
2. a) Show that for every in [0, 2]: v+3 =2- .
T+ 2 T+ 2
Find the value of = 02 2243 d.
b) Show that for every: in [0,2]: 1 < en < en.
Deduce that < u,, < enl.
¢) Show that<.,) is convergent and find it's limiL.
Correction

Before you begin, check that the calculator is in exact rezdenwithX as
the current variable; if not, selebefault cfg  in CFG
Given:

1. Do the following:

2.

e Variation ofg(x) = 2252 for z € [0, 2]

Typing:
2X + 3
DEF(G(X) = X1 )
then:
TABVAR(G(X))
yields:

-0 + -2 4+ 4 X
2 1 o0 1 2 F

The first line gives the sign aj’(x) according tax, and the
second line the variations gf (x) . Note that foTABVARhe
function is always calleé.
We can deduce, then, thgix) increases oveb, 2.
If you were in Step by step mode (for this, cho&ep/step
and therOKon theCFGmenu bar), you would obtain (although
the function is labelledF):

2-X+3
X+2
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PresEENTER

2-(X+2)—(2-X+3)

F =
SQ(X+2)

Using the down-arrow?, scroll down the screen:

. 1
(X +2)2

Then pres&€ENTERto obtain the table of variations.
If you are not in Step by step mode, you can also request the
calculation of the derivative by typing:

DERVX(G(X))

which produces the preceding calculation.
To calculatey(0) andg(2), type:

G(0)
Response3
G(2)
Response?
whence the inequality:
3 7
3 S9@) < 7 forzefo.2]

e b) The calculator is not needed here... simply stating that :

>0 pourz € [0, 2]

is sufficient to show that, fat € [0, 2], we have:

|

en < g(x)en < en

| W
e | =

e C) To integrate the preceding inequality, type:

2
X
/ eV dX
0
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which produces:

N-ef —N
We can then deduce that:

3 -

§(ne% —n) <u, <
To justify the preceding calculation, it is necessary tauess
thatn - ex is a primitive ofex .
If you are not sure, you can type:

(ne% —n)

el =1

INTVX(EXP(%))

X
N

The simplified resultisN - e
e d) To find the limit of(ne®s — n) whenn — +oc:

2
LIMIT(N - EXP(_) =N, N = +00)

The result is:

NOTE:

The variable/Xis set equal td\; use theSHIFT SYMB (SETUP)
keys to reseVXto X.

To check the result, we can say that:

Coet—1
lim =
x—0 xX

1

and that therefore:

2
. en — 1
lim
n—-+o0o

or, simplifying:

li P_1)n=2
TR m 1)

If the limit L of u,, exists as: tends to+oo in the inequalities
in 1b), we get:

2<L< -2

N W
el =1
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3.

e a) Do the following:

g(z) = 2 — 5 and the calculation of = f02 g(z)dx
Typing:

PROPFRAC(G(X))
returns:
1
2 -
X+2

To calculate the integrdl, type:

/O i G(X)dx

—(LN(2) — 4)

This produces:

Working by hand2z + 3 = 2(z +2) — 1, s0:

1
T+ 2

g(x) =2
Then, integrating term by term between 0 and 2 produces:
2
| ota)de = o~ n(o + 2223
0
thatis, sincén4 = 21In2:

2
/ g(x)dr =4 —1n2
0

b) The calculator is not needed here... simply stating fiat
increases for: € [0, 2] is sufficient to yield the inequality:

3o

1 <en <e

Then, through multiplicationg(x) being positive over0, 2],
we get:
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e c) Convergence af,,
Find the limit ofe= whenn — +oc:

2
LIMIT(EXP(ﬁ) , N=+400)

This returns:
1

In effect,% tends to 0 as tends to+oo, Soex tends toe® = 1
asn tends to+oo.

As n tends to+oo, u,, is the portion between and a quantity
that tends td (cf. inequalities 2b)).

So thenu,, converges, and its limit ig.

We have therefore shown that:

L=I=4—1In2

6.4 Conclusion

You can see that, by that making good use oftR10GScalculator , you
can use it for a large proportion of the calculations...

It is necessary to note, however, that arithmetic does reaquore reason-
ing. Here, the calculator enables you to check your work...
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Programming

7.1 Implementation

7.1.1 How to edit and save a program

>From theHOMEscreen, to get access to the catalogue of programs, press
theSHIFT 1 (PROGRAM)keys.

A screen then appears containing the list of available prmogrand a menu

bar EDIT NEW SEND RECV RUN)

To create a new program, présg (NEW).

You are asked for the name of the program.

NoOTE: If you are not inAlpha mode, pres&4 (A..Z) togointoit!

Type its name, then pre§$ (OK) .

You enter your program, and your work is automatically sawbén you
leave the editor by pressitgOMEr SHIFT 1 (PROGRAM)

7.1.2 How to correct a program

If the syntax is invalid, the calculator displays:

Invalid Syntax Edit program? Respond by pressirfes (YES) .
The calculator automatically positions the cursor wheeedbmpiler has
detected the error. All you need do then is correct it!

157
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7.1.3 How to run a program

To run a program, open the catalogue of programs by preSHigT 1
(PROGRAM)

A screen is then displayed containing the list of availalteypams and the
menu balEDIT NEW SEND RECV RUN

Highlight the name of the program and pr&&s (RUN).

7.1.4 How to modify a program

To modify a program (and overwrite the old one), open thelogte of
programs by pressingHIFT 1 (PROGRAM) A screen is then displayed
containing the list of available programs and the menu B2aiT NEW
SEND RECV RUN

Highlight the name of the program and préds (EDIT) .

If you want to save and edit the old program under a new narae; th

- Open the catalogue of progran&®H{IFT 1 (PROGRAM)

- Pres€2 (NEW) and type the new name, then pré&ss (OK) . The Ed-
itor opens.

- PressVARS then the letteP to highlightProgram .

- Using the arrows, highlight the name of the old programntheessF4
(VALUE) (to selectvALUEon the menu bar), thelf6 (OK) .

This copies the text of the old program into the editor.

7.2 Comments

It is important to comment your programs.

In writing algorithms, a comment commonly starts with and ends at the
end of the line.

In the HP40GS a comment starts wit@and ends at the end of the line or
at the nexi@ whichever comes first.

NOTE:

Do not forget to put a space after ti@

The character @ is obtained by typi8§lIFT VAR (CHARS), then high-
lighting the character and choosifCHOon the menu bar (cECHO1
ECHO1 OKo have two charactei®.
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7.2.1 SHIFT 1 (PROGRAM)Keys

This key combination, if pressed HIOMEdisplays the screen :
PROGRAM CATALOG

It shows:

- a list of the programs that you've written, and

- a menu bar containing the commands:

EDIT NEW RUN SEND RECV

EDIT enables you to edit the highlighted program,

NEWenables you to create a new program,

RUNenables you to run the highlighted program7cf),
SENDandRECVare functions that enable your calculator to talk to your
computer or another calculator.

For example:

If you pressSENDon the menu bar, it asks:

HP39/40 (Wire) orDisk Drive

You highlightHP39/40 (Wire) to send a program to anothdP40GS
or you highlightDisk Drive to send a program to a computer.

Then pres©Kon the menu bar.

For example, here is how you connect a Linux computer tocHR40GS
so as to use the program C-Kermit version 7 (which you can firttiea
URL www.columbia.edu/kermit , or which you can download via
anonymous ftp from the siteermit.columbia.edu ):

Connect the calculator to a data transfer cable.

On the computer, type:

kermit

set line /dev/ttySO (orS1... depending on the number of your
serial port)

set speed 9600

set carrier-watch off

serv

On theHP40GS

Highlight the program callelAMEthen presSENDon the menu bar and
highlightDisk drive . Then pres©Kon the menu bar, and the program
calledNAMEon theHP40GSis copied into your computer.

OR:

PressRECVon the menu bar and highligbBtisk drive . Then pres©K
on the menu bar, and the calculator displays a list oF{R40GSprograms
on your computer. (Naturally, you have to have already eckatdirectory
on your computer where tHéP40GSprograms are stored).



160 CHAPTER 7. PROGRAMMING

You then highlightGCD and the program calle@CDon your computer is
copied into theHP40GS

For Windows users, the connectivity program is found on tRe.U
http://www.hp.com/calculators/france

To find out more about the use of Kermit with HP calculatorsjtvihe
URL: http://www.columbia.edu/kermit/hp48.html

7.3 Variables

7.3.1 Their names

These are the containers in which you can store values, msmgres-
sions, and other objects.

With the HP40GS only the 26 letters of the alphabet, and the Greek letter
0 are available for storing real numbers.

7.3.2 The concept of local variables

Local variables are used to protect user variables from fications after
a program call. This concept does not exist natively orHRéd0GS(only
global variables are supported).

For advanced users, it is however possible to mimic the loadhbles
mechanism using theéAShistory andPUSHandPOR Say for example that
our program use the variabléds B, C . At the beginning we caRPUSH
AthenPUSH BthenPUSH CThis will save the values o4, B andCin
the CAShistory. At the end of the program we restore the valud,& and
CusingPOPand store the value i@, B andA, it must be donén reverse
order since theCAShistory is a stack container (LIFO=Last In First Out).

7.3.3 The concept of parameters

It is not possible for programs written on thlP40GSto natively pass pa-
rameters. Hence you cannot use Hie40GSprogramming language to
write functions having parameters.

For advanced users, it is possible to mimic parameters tkaGAShis-
tory. The calleiPUSHa list of parameters in th€AShistory, then runs the
program, that will have as first instructionPDPinstruction. This mech-
anism does not work in conjonction with the local variablesnaround
above. If you want to combine both concepts, you can choost eali-
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able for parameter transmission and return value, and gaévariables as
described above.

7.4 User entry

7.4.1 Algorithmic syntax

So that the user is able to enter a value for the varildaring the course
of the program’s execution, one writes in algorithms:

input A

And for entering values intd andB, one writes:

input A,B

7.4.2 HP40GSsyntax

INPUT A;"TITRE";"A=";;0:

If it annoys you to have to type all the punctuation in IR®UT command,
you might prefer to use thPROMPTor PROMPTST@ommand instead
(thanks to Jean Yves!).

PROMPTSTO(Apr PROMPT Apens a window that asks you to enter the
value of A.

In the remainder of this guide, programs that were writtefofgethe exis-
tence of PROMPT use the subroutiid, which enables you to enter two
values intoA andB.

7.5 Output

7.5.1 Algorithmic syntax

In algorithms one writes:
display "A=",A

7.5.2 HP40GSsyntax

DISP 3;"A="A: 3represents the number of the line whevell be dis-
played

Or:

MSGBOX "A="A:



162 CHAPTER 7. PROGRAMMING
7.6 The sequence of statements, or "action"

An action is a sequence of one or more statements.

7.6.1 Algorithmic syntax

In algorithmic language, you use the space or the lineb@tminate the
statement.

7.6.2 HP40GSsyntax

. indicates the end of the statement.

7.7 The assignment statement

A value or an expression is stored in a variable by means ofsigrament.

7.7.1 Algorithmic syntax

In algorithms, one writes (for example):
2*A->B
to store2*A in B.

7.7.2 HP40GSsyntax

The arrow is obtained by means of t8®0> key on the menu bar.
One types (for example):

2*A-> B that mean:

press2*A then pressSTO> on the menu bar then preBs

7.8 Conditional statements

7.8.1 Algorithmic syntax

Conditional statements have two syntax :
If condition then

action

endif

and also :
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If condition then
actionl else

action2

endif

Example:

If A =10 ou A < B then
B-A->B else

A-B->A

endif

7.8.2 HP40GSsyntax

IF condition THEN
action :

END:

and also :

IF condition THEN
actionl : ELSE
action2:

END:

NOTE au== to denote the condition of equality.
Example :

IF A==10 OR A<B THEN
B-A->B : ELSE

A-B-> A

END:

7.9 FOR statement

7.9.1 Algorithmic syntax

For | = A to B do action endfor
and also :
For | = A to B (step P) do action endfor

7.9.2 HP40GSsyntax

FOR | = A TO B STEP 1 ; action : END:

and also :

FOR | = A TO B STEP P ;action : END:
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7.10 WHILE statement

7.10.1 Algorithmic syntax

While condition do action endwhile

7.10.2 HP40GSsyntax

WHILE condi ti on REPEATaction : END:

7.11 Boolean Expressions

A condition is a function that has a Boolean as a value, that is either
TRUEor FALSE

7.11.1 Algorithmic syntax

To express a condition, simply use the operators:
=>>< > #

7.11.2 HP40GSsyntax
NoTE: for theHP40GScalculator, equality is denoted by:

Otherwise, the operators are the same.

7.12 Logical Operators

7.12.1 Algorithmic syntax

To express complex conditions, use the logical operators:
or and not

7.12.2 HP40GSsyntax
Or, and, not are represented on th#P40GSasOR, AND, NOT
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7.13 Lists

7.13.1 Algorithmic syntax

In algorithms, you usé } to define a list.

For example{} designates a void list, and {1, 2, 3} is a list with three
elements.

The+ is used to concatenate two lists, or a list and an element, @lement
and a list:

{1, 2, 3} -> TAB

TAB + 4 -> TAB (TABnow designate§l, 2, 3, 4}

TAB[2] indicates the second elementTohB, here2.

7.13.2 HP40GSsyntax

The list variables have the following namé®, L1, L2,.. L9

You use{ } to delimit alist.

For example{l, 2, 3} is a list with three elements.

But{} does not designate a void list; to clear a list you must useahe
mandCLRVARe.g.:

CLRVAR LO

will initialise the listLO as void. You can also use the comm&idBwhich
extract a sub-list (iL1={1,2,3,4} thenSUB L2;L1;2;3 make the
listL2={2,3} )andsoSUB L1;L1;2;1 toinitialise thelistL1 as void.
Following are some useful commands:

MAKELIST(I*I, I, 1, 10, 2) designates a list of the squares of
the first five odd whole numbers (2 indicates the step)of

L1(l) designates the Ith element of the list.

CONCAT (L1, {5}) designates a list having the eleménin addition
to the elements of the lit1.

You can also use:

AUGMENT(L1,5), which designates a list having the elemBrih addi-
tion to the elements of the lifl.

SUB L2; L1; 2; 4 isacommand that copies int@ the elements of
L1 having indices from 2 to 4.

NOTE the difference between functions and commands:

Functions return a value, and they have parentheses emnglthair argu-
ments (which are separated by commas), whereas

Commands do not return values, and their arguments areewiditectly
after the name of the command (and are separated by semmisgolo
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7.14 Example: The Sieve of Eratosthenes

7.14.1 Description
To find the prime numbers less than or equaMo
1. Write the numbers from 1 t& in a list.

2. Cross out 1, and let 2 be the first valuelrtof
If P+ P < N, then taking the numbers fromto N.

3. Cross out all the multiples @? from P « P onward.

4. AugmentP by 1, If P x P is less than or equal &y, then taking the
non-excluded numbers from to V.

5. ChangeP to the smallest non-excluded number betwé&eand V.

6. Repeat steps 3, 4 and 5 urftik P exceedsV.

7.14.2 Algorithmic syntax

Function sieve(N)
local TAB PRIMES | P
/ITAB and PRIMES are lists
{} ->TAB
{} ->PRIMES
/ldo steps 1 and 2
for | = 2 to N do
TAB+l -> TAB
endfor
0 + TAB -> TAB
2-> P
/ITAB is the list 0 2 3 4 ..N
/1 has been excluded by replacing it with O

while P*P < N do

/lexclude all multiples of P from P*P onward
for | = P to FLOOR(N/P) do
IIFLOOR(N/P) designates the integer part of N/P
0 -> TAB[I*P]
endfor
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P+1-> P
/IFind the smallest non-excluded number
/Ibetween P and N

while (P*P < N) and (TAB[P]=0) do

P+1 > P

endwhile
endwhile
/lwrite the result to the list PRIMES
for 1 = 2 to N do

If TAB[l]  # O then

PRIMES + | -> PRIMES
endif
endfor
Result: PRIMES

7.14.3 HP40GSsyntax

Following is the progranSIEVE:
The user must input a value for N.
At the end, the list.2 contains the prime numbers less than or equél.to

INPUT N;"CRIBLE";"N=";;10:
ERASE:
MAKELIST(I,1,1,N,1) -> L1:
0 -> L1(1):

2->P:

WHILE P*P < N REPEAT

FOR | = P TO INT(N/P) STEP 1,
0->L1(I*P):

END:

DISP 3;™L1:

P+1->P:

WHILE P*P < N AND L1(P) == 0 REPEAT

P+1->P:
END:
END:
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{2}->L2:
@ on sait que 2 est premier
FOR 1=3 TO N STEP 1,

IF L1() # O THEN

CONCAT(L2,{l}) ->L2:
END:
END:
DISP 3 ;"PREM" L2:
FREEZE:

CHAPTER 7. PROGRAMMING
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Arithmetic Programs

8.1 GCD and Euclid’s Algorithm

Given the two whole positive numbersand B, find theirGC D (Greatest
Common Divisor).
Euclid’s Algorithm is based on the recursive definitionte' D:

GCD(A,0) A
GCD(A,B) = GCD(B,Amod B)ifB#0

whereA mod B designate the remainder of the Euclidean divisiomiof
by B.

Here is the description of this algorithm:

Perform the successive Euclidean divisions:

A= BxQ@Qi+R 0<Ri<B
B = R1XQ2+R2 0< Ry < R;
R1: RQXQ3+R3 0§R3<R2

After a finite number of steps, there exists a whole numberah shat:
R, =0.

One then has:

GCD(A,B)=GCD(B,Ry) = ... =

GCD(R,-1,R,) = GCD(R,,_1,0) = R, _1.
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8.1.1 Algorithmic syntax

- Iterative version

If B # 0, calculateR = A mod B. Then, maked equal toB, andB equal
to R, and repeat the calculation unitl = 0. The GC'D is thenA.

Function GCD(A,B)
Local R

While B # 0 do

A mod B ->R

B ->A

R ->B
endwhile
Result: A
endfunction

- Recursive version
One simply writes the recursive definition given earlier.

Function GCD(A,B)
If B # 0 then

Result: GCD(B,A mod B)
Else

Result: A
endif
endfunction

8.1.2 HP40GSsyntax

- lterative version for two whole numbers

First, type the subroutintN , which enables the user to enter two numbers

AandB:

INPUT A;"A";;;1:

INPUT B;"B";;;1:
ERASE:

Then type the5CDprogram:
RUN IN:

DISP 3;"PGCD "{A,B}.
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WHILE B # 0 REPEAT

A MOD B ->R:

B ->A:

R ->B:

END:

DISP 4;"PGCD "A:
FREEZE:

- Recursive version for two whole numbekandB
You cannot create recursive functions on He40GS.. but you can create
the progranGCDR

DISP 3;"PGCD "{A,B}:
FREEZE:

IF B # 0 THEN

A MOD B ->R:

B ->A:

R ->B:

PGCDR:

ELSE

DISP 3;"PGCD "A:
FREEZE:

END:

First, the values oA andB are stored.

The progranGCDRlisplays the GCD that itis in the process of calculating.
The recursive calGCDReturns you to th&CDRprogram, which you must
execute by pressingUNon the menu bar.

The GCDRorogram then displays the intermediate GCD calculations.
You can also replac&CDRn the preceding program witRUN GCDR
avoid having to presRUNon the menu bar, and to suppress the display of
the intermediate values, so that you can use this progranmargar pro-
gram that caters for input and output:

>From the recursive progra@CDRwe can derive the recursive program
PR:

IF B # 0 THEN

A MOD B ->R:
B ->A:
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R ->B:
RUN PR:
END:

The programPR can be inserted into a larger program catering for input
and output:

PROMPT A:
PROMPT B:
RUN PR:
ERASE:
MSGBOX A:

- Iterative version for two complex numbers.

If you use the symbolic calculation functidREMAINDERIn place ofMOD
in the preceding program&CD(or PR) can then have Gaussian whole
numbers as parameters on condition that you replace thesairttee vari-
ablesA, B andR with Z1, Z2 and Z3, and that you change the test for
completion. When creating the new version start by recatlirgcontents
of the earlier version, as described in 6.1.4. Here is thatites version:

PROMPT Z1:

PROMPT Z2:

ERASE:

DISP 3;"PGCD "{Z1,Z2}:

WHILE ABS(Z2) # 0 REPEAT

XNUM(IREMAINDER(XQ(Z1),XQ(Z2)) ->Z3:
Z2 ->71:

73 ->72:

END:

DISP 4;"PGCD "Z1:

FREEZE:

- Iterative version for two polynomials.

The variablesEl, E2,... enable you to store expressions, which is
what you must do if you deal with polynomials! If you use thengplic
calculation functionREMAINDERnN place ofMODin the preceding pro-
grams,GCD(or PR) can then have polynomials as parameters on condition
that you replace the names of the varial#eB andRwith E1, E2, E3 ,

and that you change the test for completion. T&Smust be inExact
andDirect modes for this program.
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PROMPT EL1:
PROMPT E2:
ERASE:

WHILE DEGREE(E2) # -1 REPEAT

REMAINDER(E1,E2) ->E3:
E2 ->E1:

E3 ->E2:

END:

DISP 4;"PGCD "E1:
FREEZE:

You enter (for example):
E1 =S12 — 1andE2 = S12 — 2 % S1 + 1 tofind the GCD equal t8*S1-2 .

8.2 Beézout's Identity

Bézout's function (A,B) returns the listU, V, PGCD(A, B)} (whereU
andV are such that:
AxU+ BxV =PGCD(A, B).

8.2.1 lterative version without lists

Euclid’'s Algorithm enables us to find a pdirandV such that:

Ax U+ BxV =PGCD(A, B)

In effect, if we callAy and B, the values thed and B at the start, then we
have:

A =AyxU+ByxV avecU=1andV =0
B =AgxW+BygxX avecW =0and X =1
You then derived, B, U, V, W, X in such a way that the two relations
above are always satisfied.
If:
A=BxQ+R 0<R<B (R=AmodBandQ = E(A/B))
then:

R=A-BxQ=AxU-WxQ)+Byx(V-XxQ)=
Agx S+ ByxT avecS=U-WxQ andT =V — X xQ
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It remains then to repeat the process with:
Bintherole ofA (B->A W->U X->V), and
Rintherole ofB (R->B S->W T->X)
whence the algorithm:

Function Bezout (A,B)
local UV,W, X, S, T, Q, R
1->U 0->V 0->W 1->X

While B # 0 do

A mod B->R
FLOOR(A/B)->Q
IIR=A-B*Q
U-w*Q ->S
V-X*Q ->T
B->A

W->U

X->V

R->B

S->W

T->X

endwhile

Result: {U, V, A}
endfunction

8.2.2 lterative version with lists

You can simplify the algorithmic syntax below by using fewariables:
for this, use the listtA, LB, LR to store the triplet§U, V, A} ,{W,

X, B} and{S, T, R} . Thisis quite easy, as the calculator knows how
to add lists of the same length (by adding elements with theesadex),

as well as how to multiply a list by a number (by multiplyingceeof the
list's elements by the number).

Function Bezout (A,B)
local LA LB LR

{1, 0, A}->LA

{0, 1, B}->LB

While LB[3] # 0 do
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LA-LB*E(LA[3]/LB[3])->LR
LB->LA

LR->LB

endwhile

Result : LA

endfunction

8.2.3 Recursive version with lists

Bézout's Function can be recursively defined by:

Bezout(A,0) = {1, 0, A}

If B # 0, is it necessary to definBezout(A, B) as a function of
Bezout(B, R) when

R=A-BxQ@ and Q = FLOOR((A/B).

We have:

Bezout(B,R) = LT = {W, X,pgcd(B, R)}
avec W x B+ X x R = pged(B, R)

with

WxB+Xx(A-—BxQ) = gcd(B,R) or
XxA+(W-XxQ)xB = gcd(A, B).

whence, ifB # 0 and if Bezout(B, R) = LT, we have:
Bezout(A, B) = {LT[2], LT[1] — LT[2] x Q, LT[3]}.

function Bezout (A,B)
local LT Q R

If B # 0 then

FLOOR(A/B) ->Q

A-B*Q->R

Bezout(B,R)->LT Result: {LT[2], LT[1]-LT[2]*Q, LT[3]}
else Result: {1, 0, A}
endif
endfunction
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8.2.4 Recursive version without lists

If you use global variables foA, B, D, U, V, T ,you can view the
function Bezour as usingA, B to calculate the values fdd, V, D
(AU+BV=D) by means of a local variabl@

One can then write:

program Bezour
local Q

If B # 0 then

FLOOR(A/B) ->Q
A-B*Q->T
B->A
T->B
Bezour
U-v*Q->T
V->U
T->V

else
1->U
0->V
A->D

endif

8.2.5 HP40GSsyntax

- Iterative version with lists
Here, you also use the progrdi, which enables the user to enter two
numbersA andB:

INPUT A;"A";;;1:

INPUT B;"B";;;1:

ERASE:

Now type theBEZOUTprogram:
RUN IN:

DISP 3;"BEZOUT "{A,B}:
{1,0,A} ->L1:

{0,1,B} ->L2:

WHILE L2(3) # 0 REPEAT
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L1-L2*FLOOR(L1(3)/L2(3)) ->L3:
L2 ->L1:

L3 ->L2:

END:

DISP 4;"U V PGCD "L1:
FREEZE:

- Recursive version without lists

Type the progranBEZOURusing the commands (thanks to Bernard!!!):
PUSH(the commandUSH(A) stores the contents éfon theCASstack),
and

POP(the POPcommand retrieves values stored on @&Sstack)
PUSHandPOPcan simulate the local variabt@ We have replaced in the
translation (cB.2.4) the variable®k andWby the temporary variabl€.
PROGRAM BEZOUR

IF B # 0 THEN

PUSH (FLOOR(A/B)):
A MOD B->T:
B->A:

T->B:

RUN BEZOUR:
U-V*POP->T:
V->U:

T->V:

ELSE

1->U:

0->V:

A->D:

END:

PUSH (FLOOR(A/B)) has the effect of putting the different values
of FLOOR(A/B) onto a stack, anBOPrecovers them.
T is an auxiliary variable.
BEZOURakes, as user input, the values of the global variaBlesdB,
and assigns values to the global variallendV such that:
A-U+B-V=GCD(A,B). We can then write the final prograBEZOURT
which caters for the input of A and B and the outpu{df V, D}
PROGRAM BEZOURT

PROMPT A:
PROMPT B:



178 CHAPTER 8. ARITHMETIC PROGRAMS

RUN BEZOUR:
ERASE:
MSGBOX {U,V,D}:

REMARKS (cf. iterative version for two comple®.1.2):

If you use the symbolic calculation functiolREMAINDERandIQUOT(XQ(Z1),XQ(Z2))
in place ofMOmNdFLOOR(A/B) inthe preceding programs, thBEZOUT
andBEZOURcan take Gaussian integers as parameters, on condition that
you replace the names of the variables B, R... with 71, 72,

Z3... .

If you use the symbolic calculation functiGREMAINDERnN place ofMOD

in the preceding programs, thBEZOUTandBEZOUR:an take polynomi-

als as parameters, on condition that you replace the nantbe gériables

A, B, R... with E1, E2, E3... and that you change the test for
completion.

8.3 Decomposition into prime factors

8.3.1 Algorithmic syntax

- Initial algorithm

Let N be a whole number.

For all numbers from 2 to N, test the divisibility of N by D.

If D is a divisor of N, then find the divisors ofV/D, and so on... with
N/D taking the role ofN. The process stops whé¥i = 1.

As divisors are found, they are stored in the R&CT.

function facprimes(N)
local D FACT

2->D

{} > FACT

While N # 1 do

If N mod D = 0 then
FACT + D -> FACT
N/D -> N
Else
D+1 -> D
endif
endwhile
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Result: FACT
endfunction

- First improvement

One only tests the divisors D that are between 2 AROR(v/N).

In effect, if N = D1 x D2, then we can say:

Let D1 < FLOOR(v/N), and letD2 < FLOOR(v/N); otherwise, we
would have:

D1% D2 > (FLOOR(VN) + 1) > N.

function facprimes(N)
local D FACT

2-> D

{} > FACT

While D*D < N do

If N mod D = 0 then
FACT + D -> FACT
N/D -> N
Else
D+1-> D
endif
endwhile
FACT + N -> FACT
Result: FACT
endfunction

- Second improvement

One looks to see whether 2 is a divisor/8f then one tests only the odd
divisors D that are between 3 andLOOR(\/N).

In the listFACT, each divisor is written followed by its exponent:
decomp(12)={2,2,3,1}.

function facprimes(N)
local K D FACT
{}>FACT
0> K
While N mod 2 = 0 do
K+1 -> K
N/2 -> N
endwhile
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If K # 0 then

FACT + {2 K} -> FACT
endif
3> D

While DD < N do

0 > K

While N mod D = 0 do
K+1 -> K
N/D -> N

endwhile

If K # 0 then

FACT + (D K( -> FACT

endif

D+2 -> D
endwhile
{tt If N $\neq 1$ 1 then}
\begin{verbatim} FACT + {N 1} -> FACT
endif
Result: FACT
endfunction

8.3.2 HP40GSsyntax

This is a translation of the last algorithm.

The HP40GScalculator does not understand {}, so to initialis& as an
empty list you must type:

CLRVAR L1

orSUB L1;L1;2;1

Here is the progralfACTPRIMES

INPUT N;"N";;;1:

ERASE:

0 ->K:

CLRVAR L1:

WHILE N MOD 2 == 0 REPEAT
1+K -> K:

N/2 -> N:

END:
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IF K # 0 THEN

{2,K} ->L1:
END:
3 ->D:

WHILE D*D < N REPEAT

0 > K:

WHILE N MOD D == 0 REPEAT
K+1 -> K:

N/D -> N:

END:

IF K # 0 THEN

CONCAT (L14{D,K}) -> LI1:
END:

2+D -> D:

END:

IF N # 1 THEN

CONCAT (L1, {N,1}) -> L1:
END:

DISP 3; "FACT" L1:
FREEZE:

8.4 Calculating A” mod N
8.4.1 Algorithmic syntax

- First algorithm
This algorithm uses two local variabld3DWERNdI .
Write an iterative program such that at each st®§@\WERepresenta® (mod N).

function powermod (A, P, N)
local POWER, |
1 -> POWER
forl =1to P do
A*POWER mod N -> POWER
endfor
Result: POWER
endfunction\
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- Second algorithm

This algorithm uses a single local varialf#©\Vlvbut it variesP such that at
each stage of the iteration we have:

result = POW x A” (bmodN)

function powermod (A, P, N)

local POW

1 -> POW

While P>0 do
A*POW mod N -> POW
P-1 >P

endwhile

Result: POW

endfunction

- Third algorithm

One can easily modify this program by taking into account:tha
A% = (A% A)P.

Therefore when P is even, we have the relation:

PUT % AP = PUT * (A % A)?/2 (mod N)

and when P is odd, we have the relation:

PUI % A® = PUT * A x A"~! (mod N).

We are left with a very fast algorithm fa (mod N).

function powermod (A, P, N)
local POW
1->POW
While P<0 do
If P mod 2=0 then
P/2->P
A*A mod N->A
Else
A*POW mod N ->POW
P-1->P
endif
endwhile
Result: POW
endfunction

It goes without saying that P is odd, therP-1 is even.
One can then write:
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function powermod (A, P, N)
local POW
1->POW
While P<0 do
If P mod 2=1 then A*POW mod N->POW
P-1->P
endif
P/2-(>P
A*A mod N->A
endwhile
Result: POW
endfunction

8.4.2 HP40GSsyntax

The calculation ofA? mod N is treated in the program on the probability
method of Mr Rabin. Please refer to thi€e40GSversion of that program
(cf 8.6).

8.5 The function "isprime"

8.5.1 Algorithmic syntax

- Initial algorithm

Write a Boolean function oN that is equal tofRUEwhenN is prime
andFALSEwhen it is non-prime.
For this, find whetheN has a divisor£ 1 and< FLOOR(y/N) (the whole
part of the square root ®).
The case wherBl=1 is treated separately!
Here, the Boolean variabRRIME s used, which i§ RUEby default, and
which is set td~ALSEIf a divisor of Nis found.

Function isprime(N)
local PRIME, I, J

FLOOR((v/N)— > J

If N = 1 then
FALSE->PRIME

else
TRUE->PRIME
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endif
2->|

While PRIME and I < J do

If N mod [=0 then
FALSE->PRIME
else
1+1->|
endif
endwhile
Result: PRIME
endfunction

- First improvement
Of course, we can test to seeNis even, then look only for odd divisors of
N.

function isprime(N)
Local PRIME, I, J

FLOOR(VN)— > J
If (N =1) or (N mod 2 = 0) and (N #2) then

FALSE->PRIME
else

TRUE->PRIME
endif
3->]

While PRIME and | <(J do

If N mod | = 0 then
False -> PRIME}
else
[+2->|
endif
endwhile
Result: PRIME
endfunction

- Second improvement
We can test to see Mis divisible by 2 or 3, then look only for divisors of
Nthat are of the fornt x £ — 1006 x k + 1.



8.5. THE FUNCTION "ISPRIME™ 185

function isprime(N)
local PRIME, I, J

FLOOR(v/N)— > J

If (N =1) or (N mod 2 = 0) or (N mod 3 = 0) then
FALSE-(PRIME

else
TRUE->PRIME

endif

If N=2 or N=3 then
TRUE->PRIME

endif

5->|

While PRIME and | < J do

If (N mod | = 0) or (N mod (I + 2) = 0) then
FALSE->PRIME
else
I + 6 -> 1

endif
endwhile
Result: PRIME
endfunction
end{verbatim}
\subsection{{\tt HP40GS} syntax}
\begin{verbatim}
INPUT N;"N";;;1:
IF N MOD 2== 0 OR N MOD 3==0 OR N==1 THEN
0 ->P:
ELSE
1->P:
END:
IF N==2 OR N==3 THEN
1->P:
END:
5->[:

FLOOR(VN)— > J :
WHILE | < J AND P REPEAT
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IF N MOD I==0 OR N MOD (I+2)==0 THEN
0 ->P:

ELSE

+6 ->I:

END:

END:

ERASE:

DISP 5;P:

FREEZE:

8.6 Mr Rabin’s probability method

If N is prime, then all number&’ less thanV are prime withV, so ac-
cording to Fermat’s Little Theorem we have:

KN=1 =1 (mod N)

If N is not prime, the integer&” such that:

KN=1 =1 (mod N)

are very few indeed.

A numberN such thatk V=1 = 1 (mod N) for 20 random tries ofs is
called a pseudo-prime number. The probability method ofifiRabnsists
of choosing a random numbéf (1 < K < N) and calculating:

KN=! (mod N)

If KN-1 = 1 (mod N)), another random number is tried, whereas if
KN=1 £ 1 (mod N), itis certain thatV is not prime.

If KN-1 =1 (mod N) is obtained for 20 tries of<, one can conclude
that NV is prime with a very small probability of error.

Naturally, this method is used to test whether large numéoerpseudo-
primes, but the comman&PRIME? use the Miller-Rabin method. This
method use also Fermat’s Little Theorem and is also a prbsiatmiethod.

It conclude thatV is prime with a very small probability of error (less than
(0.25)2Y if you make 20 random tries df or on the order of0~12).

8.6.1 Algorithmic syntax

Let us suppose that:

Random(N) returns a random whole number between 0 ahe- 1.
Calculation of:

KN mod N

is carried out using the very fast algorithm developed eg(tif pagel81
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NOTE the statement:
powermod(K, P, N) , the function that calculaté€ mod N.

Function isprime(N)

local K, I, P

1->1

1->>P

While P = 1 and | < 20 do
Random(N-2)+2->K
powermod(K, N-1, N)->P
I+1->1

endwhile

If P =1 then
Result: TRUE

else
Result: FALSE

endif

endfunction

8.6.2 HP40GSsyntax

PROMPT N:
RANDSEED TIME:
1->I:
1->P:
WHILE | < 20 AND P==1 REPEAT
FLOOR( RANDOM * (N-2))+2->K:
N-1->M:
@ Calcul de K puissance M mod N dans P.
1->P:
WHILE 0 < M REPEAT
IF M MOD 2 == 0 THEN
M/ 2->M:
(K * K) MOD N ->K :
ELSE
K*P MOD N -> P:
M-1->M:
END:
END:
@ P contient K puissance M mod N et M=N-1.
I+1 ->[:
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END:
ERASE:
IF P==1 THEN

DISP 3;"PREMIER " N:
ELSE

DISP 3;"NON PREMIER " N:
END:
FREEZE:

REMARK: You can also use the computer algebra funcB@WMQBub-
stituting:

MODSTO(N):

POWMOD(K,N-1) -> P:

for the statements between the comments ( @ ). This results in

PROMPT N:

RANDSEED TIME:

1->I:

1->P:

WHILE | < 20 AND P==1 REPEAT
FLOOR( RANDOM * (N-2))+2->K:
MODSTO(N):

POWMOD(K,N-1)-> P:
I+1 ->I

END:

ERASE:

IF P==1 THEN
DISP 3;"PREMIER " N:

ELSE
DISP 3;"NON PREMIER " N:

END:

FREEZE:
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GNU Free Documentation
License

Version 1.1, March 2000

Copyright (C) 2000 Free Software Foundation, Inc. 59 TerRéee, Suite 330, Boston, MA 02111-1307 USA Everyone is pézchio copy
and distribute verbatim copies of this license documerttchanging it is not allowed.

0. PREAMBLE

The purpose of this License is to make a manual, textbookth@ravritten document “free” in the sense of freedom: to @ssueryone
the effective freedom to copy and redistribute it, with otheiut modifying it, either commercially or noncommercjaliSecondarily, this License
preserves for the author and publisher a way to get credihfsr work, while not being considered responsible for rfiodtions made by others.

This License is a kind of "copyleft", which means that defiive works of the document must themselves be free in the samse. It
complements the GNU General Public License, which is a efplitense designed for free software.

We have designed this License in order to use it for manualsde software, because free software needs free docutioenta free program
should come with manuals providing the same freedoms teatdftware does. But this License is not limited to softwaemuals; it can be used for
any textual work, regardless of subject matter or whethisrpublished as a printed book. We recommend this Licenseipally for works whose
purpose is instruction or reference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work that costainotice placed by the copyright holder saying it can beikiiged under the
terms of this License. The "Document”, below, refers to arshsmanual or work. Any member of the public is a licensee,iaaddressed as "you".

A "Modified Version" of the Document means any work contairting Document or a portion of it, either copied verbatim, athwnodifica-
tions and/or translated into another language.

A "Secondary Section" is a named appendix or a front-mattetian of the Document that deals exclusively with the retethip of the
publishers or authors of the Document to the Document'sadiveubject (or to related matters) and contains nothing¢bald fall directly within
that overall subject. (For example, if the Document is int gatextbook of mathematics, a Secondary Section may noxphy mathematics.)
The relationship could be a matter of historical connectidth the subject or with related matters, or of legal, comeiar philosophical, ethical or
political position regarding them.

The "Invariant Sections" are certain Secondary Sectioruselitles are designated, as being those of Invariantdeciin the notice that says
that the Document is released under this License.

The "Cover Texts" are certain short passages of text thdiséee, as Front-Cover Texts or Back-Cover Texts, in théceghat says that the
Document is released under this License.

A "Transparent” copy of the Document means a machine-réadaby, represented in a format whose specification isaiviailto the general
public, whose contents can be viewed and edited directlystmaijhtforwardly with generic text editors or (for imagesmposed of pixels) generic
paint programs or (for drawings) some widely available draveditor, and that is suitable for input to text formattergor automatic translation to
a variety of formats suitable for input to text formatters.cépy made in an otherwise Transparent file format whose rpaias been designed to
thwart or discourage subsequent modification by readerstiSransparent. A copy that is not "Transparent” is callegdque".

Examples of suitable formats for Transparent copies irehldin ASCII without markup, Texinfo input format, LaTeXaat format, SGML or
XML using a publicly available DTD, and standard-conformsimple HTML designed for human modification. Opaque formatiide PostScript,
PDF, proprietary formats that can be read and edited onlydyyrietary word processors, SGML or XML for which the DTD andsoocessing tools
are not generally available, and the machine-generated Hjdtluced by some word processors for output purposes only.

The "Title Page" means, for a printed book, the title pageffitplus such following pages as are needed to hold, legibly material this
License requires to appear in the title page. For works imé&ds which do not have any title page as such, "Title Pagehmthe text near the most
prominent appearance of the work’s title, preceding therimigg of the body of the text.

2. VERBATIM COPYING

You may copy and distribute the Document in any medium, eitbenmercially or noncommercially, provided that this Lrise, the copyright
notices, and the license notice saying this License apiolitee Document are reproduced in all copies, and that yomadther conditions whatsoever
to those of this License. You may not use technical measareisstruct or control the reading or further copying of thpies you make or distribute.
However, you may accept compensation in exchange for colpigsu distribute a large enough number of copies you must fllow the conditions
in section 3.

You may also lend copies, under the same conditions stataabnd you may publicly display copies.
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3. COPYING IN QUANTITY

If you publish printed copies of the Document numbering ntben 100, and the Document's license notice requires CasetsTyou must
enclose the copies in covers that carry, clearly and legitllyhese Cover Texts: Front-Cover Texts on the front coaed Back-Cover Texts on the
back cover. Both covers must also clearly and legibly idgntu as the publisher of these copies. The front cover muestemt the full title with all
words of the title equally prominent and visible. You may adaer material on the covers in addition. Copying with clesigmited to the covers, as
long as they preserve the title of the Document and satigfyetitonditions, can be treated as verbatim copying in otispects.

If the required texts for either cover are too voluminous tdefyibly, you should put the first ones listed (as many as &isomably) on the
actual cover, and continue the rest onto adjacent pages.

If you publish or distribute Opaque copies of the Documemnbering more than 100, you must either include a machindatele Transparent
copy along with each Opaque copy, or state in or with each @paqgpy a publicly-accessible computer-network locationtaining a complete
Transparent copy of the Document, free of added materidtivthe general network-using public has access to dowrdaadymously at no charge
using public-standard network protocols. If you use theetatption, you must take reasonably prudent steps, wheibggin distribution of Opaque
copies in quantity, to ensure that this Transparent coplyresnhain thus accessible at the stated location until at le@s year after the last time you
distribute an Opaque copy (directly or through your agentetailers) of that edition to the public.

It is requested, but not required, that you contact the astbbthe Document well before redistributing any large nemtf copies, to give
them a chance to provide you with an updated version of theiDeat.

4. MODIFICATIONS

You may copy and distribute a Modified Version of the Documenter the conditions of sections 2 and 3 above, provided thatglease the
Modified Version under precisely this License, with the Modifiéersion filling the role of the Document, thus licensingidisition and modification
of the Modified Version to whoever possesses a copy of it. Iiitiatid you must do these things in the Modified Version:

* A. Use in the Title Page (and on the covers, if any) a titletidit from that of the Document, and from those of previoussiems (which
should, if there were any, be listed in the History sectiothefDocument). You may use the same title as a previous veifsioe original publisher
of that version gives permission. * B. List on the Title Pag®authors, one or more persons or entities responsibletioomhip of the modifications
in the Modified Version, together with at least five of the pijrat authors of the Document (all of its principal authofst has less than five). * C.
State on the Title page the name of the publisher of the Modifégdion, as the publisher. * D. Preserve all the copyrightces of the Document.
* E. Add an appropriate copyright notice for your modificatscadjacent to the other copyright notices. * F. Include, eédiately after the copyright
notices, a license notice giving the public permission ®the Modified Version under the terms of this License, in tlienfshown in the Addendum
below. * G. Preserve in that license notice the full lists mfdriant Sections and required Cover Texts given in the Bwnt's license notice. *
H. Include an unaltered copy of this License. * |. Preseneedéction entitled "History”, and its title, and add to it éeni stating at least the title,
year, new authors, and publisher of the Modified Version asrgon the Title Page. If there is no section entitled "Histamthe Document, create
one stating the title, year, authors, and publisher of theubwent as given on its Title Page, then add an item descrtbimd/iodified Version as
stated in the previous sentence. * J. Preserve the netwoskidm, if any, given in the Document for public access to an$parent copy of the
Document, and likewise the network locations given in theoent for previous versions it was based on. These may bedla the "History"
section. You may omit a network location for a work that wabljsined at least four years before the Document itself, tivdforiginal publisher of
the version it refers to gives permission. * K. In any secgotitled "Acknowledgements" or "Dedications”, preseive section’s title, and preserve
in the section all the substance and tone of each of the batdriacknowledgements and/or dedications given thetdinPreserve all the Invariant
Sections of the Document, unaltered in their text and inrtfiéés. Section numbers or the equivalent are not consitipart of the section titles. *
M. Delete any section entitled "Endorsements”. Such a seatiay not be included in the Modified Version. * N. Do not retiley existing section
as "Endorsements" or to conflict in title with any Invariarc8on.

If the Modified Version includes new front-matter sectionsappendices that qualify as Secondary Sections and cortainaterial copied
from the Document, you may at your option designate somel af #hese sections as invariant. To do this, add their titethe list of Invariant
Sections in the Modified Version’s license notice. Thesedithust be distinct from any other section titles.

You may add a section entitled "Endorsements”, providegritains nothing but endorsements of your Modified Versiondrnjous parties—for
example, statements of peer review or that the text has hgeowed by an organization as the authoritative definitibm standard.

You may add a passage of up to five words as a Front-Cover Tekg passage of up to 25 words as a Back-Cover Text, to the ¢h list of
Cover Texts in the Modified Version. Only one passage of F&mter Text and one of Back-Cover Text may be added by (or giv@urangements
made by) any one entity. If the Document already includesvarctext for the same cover, previously added by you or byngeeent made by the
same entity you are acting on behalf of, you may not add andthieyou may replace the old one, on explicit permissiomftbe previous publisher
that added the old one.

The author(s) and publisher(s) of the Document do not byLlsisnse give permission to use their names for publicityofcio assert or imply
endorsement of any Modified Version.

5. COMBINING DOCUMENTS

You may combine the Document with other documents releasddrithis License, under the terms defined in section 4 atmveddified
versions, provided that you include in the combination &the Invariant Sections of all of the original documentsmaniified, and list them all as
Invariant Sections of your combined work in its license ceti

The combined work need only contain one copy of this Liceasd,multiple identical Invariant Sections may be replacét wsingle copy.
If there are multiple Invariant Sections with the same nanteliiferent contents, make the title of each such sectigguenby adding at the end of it,
in parentheses, the name of the original author or publishévat section if known, or else a unique number. Make the szdjiestment to the section
titles in the list of Invariant Sections in the license netaf the combined work.

In the combination, you must combine any sections entittdidtory” in the various original documents, forming onetastentitled "His-
tory"; likewise combine any sections entitled "Acknowledgents"”, and any sections entitled "Dedications”. You rdestte all sections entitled
"Endorsements."

6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document andradbeuments released under this License, and replace thedinal copies
of this License in the various documents with a single co@y ihincluded in the collection, provided that you follovettules of this License for
verbatim copying of each of the documents in all other retspec

You may extract a single document from such a collection,disiibute it individually under this License, providedwmsert a copy of this
License into the extracted document, and follow this Lieeinsall other respects regarding verbatim copying of thaudeent.

7. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with otheparate and independent documents or works, in or on a vatfiraetorage
or distribution medium, does not as a whole count as a Modifiedivn of the Document, provided no compilation copyrightlaimed for the
compilation. Such a compilation is called an "aggregatet] this this License does not apply to the other self-coethimorks thus compiled with
the Document, on account of their being thus compiled, if e not themselves derivative works of the Document. IfGbeer Text requirement
of section 3 is applicable to these copies of the Documeet ththe Document is less than one quarter of the entire ggt¢eethe Document’s
Cover Texts may be placed on covers that surround only theient within the aggregate. Otherwise they must appeareersaround the whole
aggregate.

8. TRANSLATION

Translation is considered a kind of modification, so you miajrithute translations of the Document under the terms cfice 4. Replacing
Invariant Sections with translations requires specialnigsion from their copyright holders, but you may includenslations of some or all Invariant
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Sections in addition to the original versions of these liargrSections. You may include a translation of this Liceps®ided that you also include
the original English version of this License. In case of agieement between the translation and the original Engéission of this License, the
original English version will prevail.

9. TERMINATION

You may not copy, modify, sublicense, or distribute the Droent except as expressly provided for under this Licensg. oiner attempt to
copy, modify, sublicense or distribute the Document is yaidd will automatically terminate your rights under thisénse. However, parties who
have received copies, or rights, from you under this Licemifienot have their licenses terminated so long as suchgarémain in full compliance.

10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised aessof the GNU Free Documentation License from time to timachSnew
versions will be similar in spirit to the present versiont may differ in detail to address new problems or concerne.Hp://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing versiomber. If the Document specifies that a particular nuntbeegsion of this
License "or any later version" applies to it, you have théapof following the terms and conditions either of that sfied version or of any later
version that has been published (not as a draft) by the Frise&8e Foundation. If the Document does not specify a versiomber of this License,
you may choose any version ever published (not as a draft)éfftee Software Foundation.

How to use this License for your documents

To use this License in a document you have written, includepy of the License in the document and put the following cighyrand license
notices just after the title page:

Copyright (c) YEAR YOUR NAME. Permission is granted to copigtdbute and/or modify this document under the terms ofGiNU Free
Documentation License, Version 1.1 or any later versiorlipned by the Free Software Foundation; with the Invariaett®ns being LIST THEIR
TITLES, with the Front-Cover Texts being LIST, and with thadg-Cover Texts being LIST. A copy of the license is incluéethe section entitled
"GNU Free Documentation License".

If you have no Invariant Sections, write "with no InvariargcBons" instead of saying which ones are invariant. If yauehno Front-Cover
Texts, write "no Front-Cover Texts" instead of "Front-CoVexts being LIST"; likewise for Back-Cover Texts.

If your document contains nontrivial examples of programe;ave recommend releasing these examples in parallel yndechoice of free

software license, such as the GNU General Public Licenggerwit their use in free software.
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