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Abstract. — Let X be a compact complex manifold and let T be a closed positive
current of bidegree (1,1) on X. It is shown that T is the weak limit of a sequence
(Tx) of smooth closed real (1,1)-currents with small negative part. The negative
part of the Ty, ’s can be bounded in terms of the Lelong numbers of T', once a lower
bound for the curvature of the tangent bundle T'X is known. Moreover, Kiselman’s
procedure for killing Lelong numbers of a plurisubharmonic function is extended
to manifolds by an alternative method based on Hérmander’s L? estimates for 0.
These results are then applied to derive various results concerning divisors or
intersection theory in the context of analytic geometry. Especially, we obtain a
relation between effective and numerically effective divisors on arbitrary compact
manifolds, and we show that every manifold X in the Fujiki class C with nef
tangent bundle is Kahler. If D is an eflective divisor in a Kahler manifold, we
also obtain a general self-intersection inequality giving a bound of the degrees of
the constant multiplicity strata of D, in terms of a polynomial in the cohomology
class {D} € H*(X,R).
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1. Introduction and main results

Let X be a compact complex manifold of dimension n. According to [Le 57],
a current T of bidimension (p, p) (that is, of bidegree (n — p,n — p)) over X is
said to be positive if T'Aiay Aoy A ... ap ATy, is a positive measure for all smooth
(1,0)-forms ai,...,a, on X. We say that T is almost positive if there exists
a smooth form v of bidegree (n — p,n — p) such that T+ v > 0. Similarly, a
function ¢ on X is said to be almost psh if ¢ is locally equal to the sum of a
psh (plurisubharmonic) function and of a smooth function; then the (1, 1)-current
i00¢ is almost positive; conversely, if a locally integrable function ¢ is such that
i00¢ is almost positive, then ¢ is equal a.e. to an almost psh function. If T is
closed and almost positive, the Lelong numbers (or density numbers) v(T, x) are
well defined, since the negative part always contributes for zero. For every ¢ > 0,
we introduce the Lelong number upperlevel sets

E(T)={z e X;v(T,z) > c}.

A well-known theorem of Siu [Siu 74] asserts that E.(T) is an analytic subset of X.
Our main result is the following approximation-regularization theorem:

MAIN THEOREM 1.1. — Let T be a closed almost positive (1,1)-current
and let a be a smooth real (1,1)-form in the same 90-cohomology class as T, i.e.
T=a+ %851/) where v is an almost psh function. Let «y be a continuous real
(1,1)-form such that T > ~. Suppose that Orx (1) is equipped with a smooth
hermitian metric such that the Chern curvature form satisfies

C(OTx(l)) +7mxu >0

with mx : P(T*X) — X and with some nonnegative smooth (1,1)-form u on X.
Fix a hermitian metric w on X. Then for every ¢ > 0, there is a sequence of closed
almost positive (1,1)-currents Tp = o + %851/10);@ such that 1. is smooth on
X \E.(T) and decreases to ¢ as k tends to +oo (in particular, the current T ) is
smooth on X \ E.(T) and converges weakly to T on X)), and such that

(i) Tex > v — min{ g, c}u — epw  where:
(ii) Ax(x) is a decreasing sequence of continuous functions on X such that
limg—, 400 Ak (2) = v(T, ) at every point,
(iii) ey is positive decreasing and limy_, o £ = 0,

(iv) v(Tep,x) = (v(T,z) — c)+ at every point x € X.

Here Orx (1) is the tautological line bundle associated to the tangent bundle
TX over the projectivized hyperplane bundle P(T*X). Observe that the theorem
gives in particular approximants T, ; which are smooth everywhere on X if we take
¢ > maxgzex Y(T,x). Such a regularization result was already proved in [De 82]
under somewhat stronger curvature hypotheses (namely, X has a Kahler metric
for which the induced metric on Orx (1) satisfies the above curvature assumption).
Properties (i) and (ii) show that the presence of positive Lelong numbers is
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an obstruction to smoothing when no loss of positivity is admitted; the old
regularization theorem of Richberg [Ri 68] precisely solved the special case when
the potential ¢ is finite and continuous (the Lelong numbers are then always zero).
For a general choice of the constant ¢, the inequalities (iv) tell us that the procedure
kills all Lelong numbers that are < ¢ and shifts all others by —c. Thus we obtain an
analogue over arbitrary manifolds of Kiselman’s procedure [Ki 78] for killing Lelong
numbers (here we assumed X compact only for the sake of simplicity; our method
can be easily extended to noncompact manifolds, but uniform estimates only hold
on relatively compact subsets). Unfortunately, Kiselman’s method, which depends
on the Legendre transformation for psh functions, only works with the stronger
curvature assumption ¢(TX) + v ® Idrx > 0 in the sense of Griffiths. Since
this method is simpler and more natural, we first explain it in Section 2. With
the Orx(1) lower bound assumption (which is much better from the point of
view of algebraic geometry), we have to use more complicated arguments based
on a combination of different types of L? estimates for 9, due chronologically to
Hormander [Ho 66], Skoda [Sk 72b] and Ohsawa-Takegoshi [OT 87, Oh 88]. The
proof occupies Sections 3,4,5. Hormander’s estimates are used in Section 4 to
construct hermitian metrics on high symmetric powers S™T X and S™T* X, when
starting from a metric on Orx (1). The Ohsawa-Takegoshi estimates are needed to
approximate psh functions locally by logarithms of holomorphic functions, while
Skoda’s L? estimates are used in the gluing process, to compare the size of high
order jets of functions produced in different coordinate patches.

The Main Theorem can be applied in many ways to get interesting results
of intersection theory. Since we consider non necessarily algebraic manifolds, it is
better to work with d9-cohomology classes instead of De Rham classes: we define

(1.2) Hg’gq(X) = {d-closed (p, q)-forms}/{99-exact (p,q)-forms}.

By means of the Frolicher spectral sequence, it is easily shown that these coho-
mology groups are finite dimensional and can be computed either with spaces of
smooth forms or with currents. In both cases, the quotient topology of H g’g(X )
induced by the Fréchet topology of smooth forms or by the weak topology of
currents is Hausdorff. Clearly Hég(X ) is a bigraded algebra. This algebra is iso-
morphic to the usual De Rham cohomology algebra H®(X,C) if X is Kéhler or
more generally if X is in the Fujiki class C of manifolds bimeromorphic to Kéhler
manifolds. Our first application concerns the relation between pseudo-effective
and nef cohomology classes (nef = numerically effective).

DEFINITION 1.3. — A cohomology class {a} € H;g (X) is said to be
pseudo-effective if it can be represented by a closed positive (1,1)-current, and
nef if for some fixed hermitian metric w on X and for every € > 0 there is a
smooth form . € {a} such that a. > —ew. We denote respectively by H':' (X)

psef
and Hii(X ) the cones of pseudo-effective and nef cohomology classes.

It is not difficult to see (cf. section 6) that H'>' (X)) and H'{(X) are closed

psef nef
convex cones in H;g(X) and that Hrlle%(X) C H;;if(X). When X is Kébhler,
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H;’C}(X ) coincides with the closure of the Kéhler cone, that is, the convex cone
generated by Kéhler classes. Recall that the real Neron-Severi space NSR(X) is
the real subspace of H L1 (X) generated by integral classes, i.e. by Chern classes
of holomorphic line bundles. The algebraic situation is then described by the
following properties (these properties are often taken as a definition by algebraists;

compare with [De 90a]).

PROPOSITION 1.4. — When X is projective algebraic, H;;if(X)ﬂNSR(X)
is the closed convex cone generated by cohomology classes of effective divisors, and
Hiéllc(X )N NSwr(X) is the closed convex cone generated by ample divisors. This

last cone is characterized by the following property: a class {a} € NSr(X) is nef
if and only if {a} - C' = [, a >0 for every curve C C X.

It is of course always true that {a} € H;’C}(X ) implies fc o > 0 for every
curve, but even for {a} € NSgr(X) the converse is not always true when X
is not projective, because X might not have enough curves; similarly, a Kéhler
manifold X may have closed positive (1, 1)-currents but no divisors; this is why
we felt preferable to choose 1.3 as the general definition of pseudo-effectivity and
nefness. It follows from Prop. 1.4 that the cone Hii(X ) is in general strictly
smaller than H;;if(X ), even on projective manifolds: for example, when X is the
blow-up of a manifold X’ at a point and E ~ P""! is the exceptional divisor,
then {E} = ¢1(O(F)) and O(E) 5 ~ O(=1), so {E} - C = —degC < 0 for every
curve C' C E; therefore {E} € H;éif(X) \H!1(X). The Main Theorem gives the
following interesting relation between pseudo-effective and nef classes.

COROLLARY 1.5. — Suppose that there is a nef cohomology class {u}
in H;g(X) such that ¢ (Orx (1)) 4+ 7% {u} is nef over P(T*X). Then for any
closed positive (1,1)-current T on X and b, = inf{c > 0; codim E.(T) > n},
the cohomology class {T'} + b,{u} is nef. In particular, if TX is nef, we have

1,1 1
anf(X) = Hpscf(X)’

By definition, we say that a vector bundle E is nef if ¢; (Og(1)) is nef over
the projectivized bundle P(E*) of hyperplanes of E. We refer to [DPS 91] for the
basic properties of nef vector bundles over general compact complex manifolds.
The following related result is an easy consequence of the Main Theorem.

COROLLARY 1.6. — Let X be a compact complex manifold with T X nef.
Then X is Kahler if and only if X is in the Fujiki class C, and X is projective if
and only if X is Moishezon.

Finally, it is possible to extend the self-intersection inequality proved in
[De 90b] to an arbitrary closed positive (1,1)-current 7' on a Kéahler manifold X
(in the original version, we had to suppose X projective algebraic and {T} in
H?(X,Z)). To the current T we associate the sequence 0 = by < ... < b, < byig
of “jumping values” b, such that the dimension of E.(7T") drops by one unit when
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c gets larger than by, namely codim E.(T) = p when ¢ € ]b,,by4+1] (by this, we
mean that all components have codimension > p, with equality for at least one of
them). Let (Zp x)k>1 be the collection of p-codimensional components of all sets
E.(T), ¢ € |by,byy1], and let v, = mingez, , v(T,x) € |by,byy1] be the generic
Lelong number of T' along Z, ;. We are interested in the following question:
is it possible to derive a bound for the degrees of the Lelong number strata Z, j
in terms of the cohomology class {T} € H? (X, IR)? The answer is affirmative:

THEOREM 1.7. — Suppose that X is Kéhler and that Orx (1) has a
hermitian metric such that c((’)TX(l)) + m%ku > 0, where u is a smooth closed
nonnegative (1,1)-form. For each p = 1,...,n, the De Rham cohomology class

{T}+b1{u}) - ({T} +b,{u}) can be represented by a closed positive current ©,
of bidegree (p,p) such that

Op > Y (Up = b1) .- (Vpk — bp) [Zp k] + (Tawe + brue) A A (Tape + byu)
E>1

where Tyo,e > 0 is the absolutely continuous part in the Lebesgue decomposition
of the coefficients of T' into absolutely continuous and singular measures. As a
consequence, if w is a Kahler metric on X and if {u} is a nef cohomology class
such that ¢ (Orx (1)) + 7% {u} is nef, the degrees of the components Z,j with
respect to w satisfy the estimate

+oo

Z(VPJC —b1) ... (Vpk — bp)/ (Zp ] ANw™P
k=1 X
< ({1} +b{u}) - ({T} + bp{u}) - {w}" 7P

To give the flavour of inequality 1.7 in a simple case, suppose that X
is a Kahler surface and that T = [C] is the current of integration on an
irreducible curve C' C X. Then b; = 0, b = 1 and b3 is the maximum of the
multiplicities v, > 2 of the singular points of C. For p = 2, the inequality gives
Sup(ve—1) < {C}-({C}+{u}) (in that case, the inequality is well-known and is
related to the genus formula for curves). The general proof follows essentially the
same lines as the algebraic case considered in [De 90b] (this case was an essential
ingredient in our proof of numerical criteria for very ample line bundles). The main
idea is to kill the Lelong numbers of T" up to the level b;; then the singularities
of the resulting current T occur only in codimension j and the wedge product
Ti A ... AT} is well defined by means of Bedford-Taylor’s definition of the Monge-
Ampere operator and suitable integration by parts (see [De 91]).

The above results, especially corollaries 1.5 and 1.6, have been strongly
motivated by our common work with Thomas Peternell and Michael Schneider on
the classification of compact K&hler varieties with nef tangent bundle ([DPS 91],
to appear). The author wishes to thank both of them for very fruitful discussions.



2. Kiselman’s singularity attenuation technique

Let us first recall some basic facts concerning Chern connection and curva-
ture. If F is a hermitian holomorphic vector bundle on a complex n-dimensional
manifold M, we denote by Dg (or simply D when no confusion can occur) the
Chern connection on E. We denote by ¢(E) = ﬁD% the associated Chern cur-
vature tensor, which is a hermitian (1, 1)-form with values in Hom(E, F). With
respect to a local orthonormal frame (ex)i<a<, of E and to local coordinates
(zj)1<j<n on M, such a form can be written

c(E) = izcjkm dzj NdzZ @ e} Qe

with cijuxn = Cjpap for 1 < j,k <nand 1 < A p < r. As usual, we identify ¢(F)
with the hermitian form on TM ® E defined by

(2.1) (e(B)o,s) = 3 e (d2; © ) © (2 @ ),

and we say that ¢(F) is semipositive (resp. positive) in the sense of Griffiths if
¢(E)t®v,t®v) >0 (resp. > 0) for all non zero vectors t € TM, v € E.

Now, let X be a compact n-dimensional complex manifold and let T" be a
closed almost positive current of bidegree (1,1) on X. We select a smooth closed
(1,1)-form « representing the same 90-cohomology class as 7' and an almost psh
function ¥ on X such that T = o + %851/1. Such a decomposition exists even
when X is non-Kéhler, since we can always find an open covering (U;) of X such
that T = %83%— over U;, and construct a global function ¢ = Y 6;1¢; by means
of a partition of unity (6;) subordinate to U; (observe that ¢ — ¢ is smooth
on Uy because all differences 1); — 9, are smooth in the intersections U; N Uy).
By replacing T' with T' — o and v with v — a in the Main Theorem, we can
suppose without loss of generality that {T'} = 0, i.e. that T = 200¢ with an
almost psh function ¥ on X. Thus we have to devise a singularity attenuation
technique for almost psh functions. We first describe Kiselman’s method [Ki 78].
An alternative method working under slightly more general hypotheses will be
explained in section 5.

LocAL PROCEDURE. — To begin with, let ¢ be a psh function on an open
set U C C". Suppose that the trivial vector bundle E = U x C™ is equipped with a
smooth hermitian metric [|¢]|, for & € {z} x C" (later on, the hermitian structure
of U x €" will come from a trivialization of T'X};). For w € C, we set
(2.2) Do (z,w) = ||slup o(z + ev¢).

=<

Clearly @, (z,w) depends only on the real part Rew and is defined on the open
set Q of points (z,w) € U x € such that Rew < logd.(z,0U), where d, denotes
euclidean distance with respect to || ||,. Moreover ®,(z,w) is a convex increasing
function of Re w by the well known properties of plurisubharmonic functions. Next,
for (z,w) € Q, we introduce the Legendre transform

(2.3) D (z,w) = %I<1£ Do (z,w+t)—ct, ¢>0.
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It is easy to see that the family (®.) is increasing in ¢ and that

When ||€]|, is taken to be a constant metric, we know by Kiselman [Ki 78] that
®, and P, are plurisubharmonic functions of the pair (z,w), and that the Lelong
numbers of ®. (s, w) are given by

(2.5) v(®c(s,w), 2) = (v(p, 2) — c)+, V(z,w) € Q.

In general, @, is continuous on  and its right derivative 0® (2, w)/0Rew
is upper semicontinuous; indeed, this partial derivative is the decreasing limit
of (Pos(z,w +1t) — Poo(z,w))/t as t | 0. It follows that ®. is continuous on
Q1 (Ee(p) x €): in fact, we have v(p, z) = limy—,_ oo 0Poo(2,t)/0tL < c on every
compact set K C Q\ (E.(¢) x €C), so by the upper semicontinuity there is a
constant ty such that 0@ (z,w +1)/0t, < ¢ for (z,w) € K and ¢t < t. Therefore

O (z,w) = inf P(z,w+t)—ct onk,
t0<t<0

and this infimum with compact range is continuous. Our first goal is to investigate
the plurisubharmonicity of ®. when [|{]|, is a variable hermitian metric.

PROPOSITION 2.6. — Suppose that the Chern curvature of the hermitian
metric on E = U x C" satisfies ¢(E) +u ® Idg > 0 in the sense of Griffiths, for
some nonnegative (1,1)-form u on X. Then

(i) For all v > 0, we have

D (z,w—v) > P.(z,w) — min {821;;{067(2,10) , c}v;
w-

(i) For (¢,n) € TU x € and ¢ € |0, +o0]|, the Hessian of ®. satisfies

5 0P (2,
%88(@0)(2@)@, n) > — min{m{%;f}) , c} uz(C).

Proof. — (i) For v > 0 and ¢ < 0, we have
0P (z,w + 1)
ORew_

by convexity of ®oo(z,w) in Rew. As 0Poo(z,w)/ORew_ is increasing in Rew,
the infimum of both sides minus ct gives

Do (z,w+t—v) > Poo(z,w+1) —v

0D oo (2, w)
ORew_
On the other hand, the change of variables t = ¢’ + v yields

D.(z,w—v) > P.(2,w) —

D(z,w—wv) > t,i<nf Do (z,w+t") —c(t +v) > Pe(z,w) — cv
and (i) follows. The proof of (ii) requires the following simple lemma.
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LEMMA 2.7. — Let zo € U be fixed and let v be the hermitian quadratic
function with constant Hessian —00v = u,,. Then there is a holomorphic n X n
matrix g(z) near zy such that g(zo) = Id and

—Z zZ—Zz 3
llg(2) - €ll= < [[€]]zpe 70+ Oz,

Proof. — Without loss of generality, we may suppose that zp = 0 and that
[€]z, is given by the unit hermitian matrix (otherwise take any orthonormal basis
(ex) as the new basis of C"). We have a Taylor expansion

1E12=D 1alP+ D (apnz + GuwZ)EHRE, + Oz 1E%)
1<A<n 1<, A,u<sn
at first order. We can get rid of the first order terms by setting
g1(2)-£=E€= > apuzibaen
A

A simple calculation shows indeed that ||g1(z) - £||2 = Y |60 + O(|z[*[€]?). We
then look at the second order terms in the Taylor expansion

llg1 (=) - €I = Z|§/\|2 Z (@jianzi2k + TikpaZiZk)ENE,

Jiks A, p
+ Z bjkmzﬁk@zy+O(|Z|3|§|2)
Jik, A
and kill the coefficients a;z, by setting
9(2) - £ =g1(2) - € — Z WjkanZjZeénepn-
Jrks A, p

The remaining coefficients (b;xx,) cannot be killed and are related to the curvature
tensor ¢(E) by cjpr, = —%bjm#. If we write vj, = 820/8zj82k(0), we have
u(0) = % Y- vjkdzj A dzZy and the curvature assumption ¢(E) +u®Idg > 0 at the
origin implies

Z _b_]k:)\uz_]zkg)\g + Z U]kz_]zk Z |§>\|2 > 0.
Jyks A, p 7.k
Therefore we get

llg(2) - €I = Z|§/\|2 > bikanziEéad, + O(12*[€1%)

Jik, A
< ||§||o(1 +u(2) +0(I2])).
The asserted inequality 2.7 is equivalent to this. [

Proof of 2.6 (ii). — Fix (20,wo) € 2 and an arbitrary quadratic function
v such that 90v > u.,. Then Lemma 2.7 yields an invertible matrix g(z) such
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that ||g(2) - €||. < ||€]]2,e"*720) near zy. A change of variable & — g(z)- € in (2.2)
implies

Poo(z,w) = sup (2 +e€“g(2) - §)
llg(2)-€l]-<1
> sup p(z+evg(2)- &) near (20, wo),

[1€]]2o Semv(z720)
with the inequality being an equality for z = zg. The function

h(z,w) = sup o(z+e“g(2)-€)
€]l <1

is plurisubharmonic and, if A, is its Legendre transform, we obtain successively
Do (z,w) > h(z,w —v(z — 20)),
D (z,w) > hc(z, w—ov(z — zo))

near (zo,wp), with equality for z = zo. For small (¢,n) € TU x €, we combine
this with the mean value inequality to get

27 " " do 27 " 0 do
/ (20 + € wo +en) o= > / he(zo + €7¢, wo + €n—v(¢)) —
> he (Z(), Wo — U(C)) =, (207 Wo — U(C))
This inequality is still valid at points (z, w) near (zg, wo), provided that u, < %851;
and that [¢[* 4 |n|> < 72, is small enough. By 2.6 (i), we get the inequality
2T
. N 0P oo (2, w)
¢c 0 0 > (bc _ : { O\ }
| vl ) > @) —min {2 o)
near (2o, wp). For A > 0P (20, wp)/ORe w4, we still have A > 0P (2, w)/ORe w4
in a neighborhood by the upper semicontinuity, and we conclude that the function
D, (z,w) + min{ A, c}v(z) satisfies the mean value inequality near (zp,wq). Hence
D, (z,w) + min{ A4, c}v(z) is psh near (zg,wp) and (ii) is proved. O

GLUING PROCESS. — The next step is to describe a gluing process for the
construction of global regularizations of almost psh functions. We suppose that
X is equipped with a hermitian metric w such that its Chern curvature satisfies
¢(TX)4+u®Idrx > 0 in the sense of Griffiths, where u is a smooth semipositive
(1,1)-form on X. Let T = %831/) where 1 is an almost psh function on X, and
let v be a real continuous (1, 1)-form such that T > v. We select a finite covering
(W,) of X with open coordinate charts. Given § > 0, we take in each W, a
maximal family of points with (coordinate) distance to the boundary > 3§ and
mutual distance > §. In this way, we get for § > 0 small a finite covering of
X by open balls UJ’- of radius §, such that the concentric ball U; of radius 24 is
relatively compact in the corresponding chart W,,. Let 7; : U; — B(aj, 20) be the
isomorphism given by the coordinates of W,,. Let () be a modulus of continuity
for v on the sets Uj, such that lims_.ge(d) = 0 and v, — 7 < %8(6) w, for all
x,x’ € U;. We denote by v, the (1,1)-form with constant coefficients on B(a;, 20)
such that 777; coincides with v — () w at Tj_l(aj). Then we have

(2.8) 0<vy—77y <2(d)w on Uj
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for § > 0 small. We set ¢p; =1 o 7';1 on B(a;,2d) and let 7; be the homogeneous
quadratic function in z — a; such that %85%— = ~; on B(a;,26). Finally, we set
(2.94a) ©;(z) =v;(2) —7;(z) on B(a;,26).

Then ¢; is plurisubharmonic, since

.
—00(pjomy) =T —1jv; 27 =777 2 0.

Let ||£]|;,- be the metric induced by w at a point z € B(a;, 29) in the trivialization
drj : TXyy, — Bla;,26) x C". We combine (2.2) and (2.3) to define functions

(29b) @, .(z,w) = inf ( sup  p;(z +evTE) — ct), 2 € Blaj,V296),
=0 M gly,- <

(29¢) YU, (z,w) =D, c(z,w) +7;(z) — |z — aj|27 z € B(aj, \/55),

(2.9d) V.(x,w) = sup ¥, (15(x),w), ze€X,
Uiax

where U} = ijl(B(aj,\/ﬁd)). Note that U; cC U; CC Uj by construction
and that there exists wy = logd — Cy < 0 such that z + e“ ¢ € B(a;,26) when
z € B(aj,+/26) and Rew < wy. Then ¥, (z,w) is well defined on X x {Rew < wp}.
We have to check that the sup used in the definition of ¥, does not create
discontinuities when z passes through a boundary U}’. For this, we must compare
Uy e(z,w) and V; o(7jx(2), w) for z € 7 (U} NUY), where 7, = 75 0 m.'. By
(2.9 a,b) there is a uniform estimate

‘1>j,c(z,w):inf( sup 1/fj(z+e””£)—ct)—%(Z)+0(Ie”|),
E<0 Mgl <1

therefore (2.9 ¢) gives
(2.10) U, (7, w) = inf ( sup  ;(z + eV ) — ct) — 3|z — a;]* + O(le"]).
=0 Mjelly - <1

The error terms O(|e*|) come from the variation of the quadratic function 7;(z)
when 2 is replaced by z + e*Tt¢. This variation is bounded by Csle”| with a
constant Cs independent of 9.

When we make the substitution z — 7;;(2), the trivialization of the tangent
bundle is submitted to a corresponding transformation £ — drjx(2)-&, in particular

€K,z = [ld7jk (2) - Ellj 7y (2) AS Yk =5 0 )i, we get

(2.11%) sup Yz +e“TE) = sup Yy oTin(z +ev T,
[€llk,=<1 [1€]lk, =<1
to be compared with
(2.115) sup YTk (2) + €T = sup ¥y (mir(z) + eV Tdrn(2) - €).
NEM5,m55 () <1 [1Elk,=<1
However 7, (2 + &) — [Tjk(2) + drjr(2) - €] = O(|€|?), thus if B;(z,r) denotes the
euclidean ball of center z and radius r with respect to || ||, there is a constant

C3 > 0 such that
Bj(tjr(2), 7 — Csr?) C Tik(Br(z,7)) C Bj(mji(2),r + Csr?)
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for all j,k and r < rg. By taking r = |e“ ™|, these inclusions show that
(2.115) = (2.11%)] € U oo (5 (2), log(r + C51?)) — ¥ o (7 (2), log(r — C57%))
< C4(log(r + Csr?) — log(r — CgTQ)) < Csle™ ™,

because OV o (2, w)/Ow4 is uniformly bounded on U; x | — 0o, wo| (the bound is
independent of ). Therefore (2.10) implies

Ujo(Tjn(2), w) = Ure(z,w) = 8(]z — arl* = |7(2) — aj*) + O(le”)).
Now, if x € X, there exists by construction an index k such that x € U}, i.e.
z = mp(z) € Blay,d). If z € Uj tends to a point in the boundary OU}, then
|7k (2) — a;| tends to v/2 6 and
Uje(min(2), w) = Whe(z,w) — 8(]z — akl” — 26%) + O(le"]) < =6% + O(le")).

This implies that formula (2.9d) does not involve values of ¥ . near OU} when

w < wy; = 3logd — Cs. In particular ¥, is continuous on X \ E.(T), since each
function ¥; . has this property. Also, by Kiselman’s result 2.5, we get

(2.12) v(Pe(o,w),z) = v(Pjcls,w),z) = (v(p,x) — c)Jr = (v(¥,x) — C)+
when z € UJ. Clearly W.(z,w) is convex and increasing in w, for each function
®; . has this property. Finally, let x € X with x € U}/, let z = 7(x) and let
v be a positive quadratic function on B(ak,20) with L0dvy > (1, ") u,. As
Tik(z + €9¢) = Tjk(2) + e?drn(2) - ¢ + O(|¢|?), the definition of ®;., ¥, . in
(2.9b,c) and the mean value argument used in the proof of 2.6 imply

2m
| @it + e 0w+ ) 51 = 0y (me)w = ).
0

27 ) ) do
/ U o (mik (2 + €70), w + eip) 7= 2 Lje(min(2),w — k()
0

(2.13)  + 757 (2)) +i097;(drji(2) - ) = O(ICI®) = dlmju(2) — a;* = O(B)[¢[?
for every j such that UJ'-’ S z; here we use the fact that for a suitable quadratic

function v; on B(aj,x) approximating closely (T;l)*um (more accurately than vy,
did), we have

vi (e”drji(2) - ¢+ O(I¢*)) <
for ¢ small. Since £997; o 7; = 755 > 7 — 2¢(0)w by construction, we find
;Bgﬁj(dek(z) Q) > (Ve — 26(6)w1)(d7k_1(z) -¢).
When we take the supremum over j in (2.13) and use definition (2.9d), we get
2 ) ) d9 _
/ \I/C(Tk_l(Z—I—SZHC), w—l—ewn) 5 > U (z, w—vk(C)) +7T(”yz—a(5)wz)(d7'k_1(z)-<)
0

with £(6) = 2¢(§) + O(5). By the arguments already explained in the proof of
2.6 (ii), we infer

(214) 0B (€)= — min { 20 L () () - )0

ORe W4
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when w < wq () = 3logd — Cs. Finally, we obtain the sequence . needed in
the Main Theorem by setting

1
Q/Jc,k(CC) = \IJC(xu wk) + E Wlth 6 = 5/{} = 271C

and with a rapidly decreasing sequence wy — —oo. The covering (U;) changes
with the parameter 6 when 0 tends to 0, so it is not a priori clear that .y is
decreasing; this is the reason why we introduced the additional term 1/k; the
change of covering between . and . x4+1 can only modify our functions by
terms of order of magnitude 67 = 272% (coming from the change of quadratic
functions) and |e"*| (coming from the change of chart in the definition of ®; ).
These terms are negligible with respect to 1/k — 1/(k + 1) if we take for instance
wg < —3k < 4logdg. Property (2.12) shows that v(¢ck, z) = (v(¢,x) — ¢)+ at
every point. Moreover, (2.14) implies

S OV (z, wi)
z > — T ARew.
Waawc,k(x) Z mm{ ORew,

Since W oo (2, w)/ORew,. is upper semi-continuous and converges to v(£90v, z)
for each ¢ fixed, the following claim is easy to show: given any strictly decreasing
sequence of continuous functions Ax > 0 on X such that lim Ay (2) = v(£90v, z),
there is a choice of wy such that OV (x,wg)/ORews < Ag(x) for § = d.
Therefore the currents ¢, = 99, ), satisfy all properties 1.1 (i)-(iv).

, c} Uy + Vo — E(O )wy.-

Our construction only showed a priori that T, , is continuous on X \ E.(T).
In fact Tt j, can be made smooth on X \E.(T") by Richberg’s approximation theorem
[Ri 68]: by Lemma 2.15 below, there are smooth approximants 1/)27,C of 1. on
X \E(T) with [, — te] < 27 and with an arbitrary small loss of positivity
on the continuous lower bound of the Hessian, say a loss < 2=k, Tt is then clear
that ¢, , extends to an almost psh function on X and that T, = o + %831/’2,1@
satisfies essentially the same estimates as T¢ . Theorem 1.1 is thus proved under
the more restrictive condition that ¢(TX)+u®Idrx > 0 in the sense of Griffiths.

LEMMA 2.15 (Richberg [Ri 68], Greene-Wu [GW 75]). —  Let ¢ be a quasi
psh function on a complex manifold M such that id0vy > ~ where v is a continuous
(1,1)-form. For any hermitian metric w and any continuous function é > 0 on M,
there is a smooth function v’ such that ¢ < ¢/ < 1)+ 8 and id0) > v—Jdw on M.

Sketch of proof. — Take a locally finite covering (B;) of M by open balls
and take a convolution 9 * p.; by a regularizing kernel on a neighborhood of
each B;. Let 27 be a local coordinate identifying B, to the ball B(0,7;). The
smoothing process consists in gluing the functions ¢ x p;(2) 4 n;(r7 — [27?) by
taking the maximum with respect to all overlapping balls at the given point z.
A smooth function can be obtained by means of regularized max functions. For
a suitable choice of €; < infp, p,+p 7k, the boundary values of the functions do
not contribute to the maximum. The estimates are then clearly satisfied if the €;’s
and 7n;’s are small enough. O

12



3. Approximation of plurisubharmonic functions by
logarithms of holomorphic functions

Let T be a closed almost positive current of bidegree (1,1) on a compact
complex manifold X. We write T' = a + %851/) with an almost psh function ¥
on X. The first step in the proof of Th. 1.1 consists in showing that ¢ can be
replaced locally by the logarithm of a sum of squares of holomorphic functions,
in such a way that the Lelong numbers and the almost positive lower bound of T'
are preserved. For this, we use basically the same L? technique as in Section 9 of
[De 90b] (namely the Ohsawa-Takegoshi L? extension theorem [OT 87]), but we
work with functions on pseudoconvex open sets rather than with global sections
of ample line bundles. We begin by a description of this local procedure.

PROPOSITION 3.1. — Let ¢ be a plurisubharmonic function on a bounded
pseudoconvex open set Q) C C". For every m > 0, let Hq(me) be the Hilbert
space of holomorphic functions f on Q such that [, |f[*e™?"?d\ < 400 and let
m = 5= log > |o¢|> where (0¢) is an orthonormal basis of Hq(mep). Then there
are constants C1,Cy > 0 independent of m such that

. Ch 1 Co
1) o(2) = — < pm(z) < sup »(() +—log—
() ¢2) = Sl < sup olQ)+ o log

forevery z € Q andr < d(z,09). In particular, @,, converges to ¢ pointwise
and in L{,. topology on Q when m — +oc and

(ii) v(p,z) — L <v(om,2) <vip,z) forevery z € Q.
m

Remark 3.2. — Proposition 3.1 can be used to derive a very simple proof of
Siu’s result [Siu 74] that E.(T) is an analytic set, at least in the case of a bidegree
(1,1)-current T (the case of an arbitrary bidegree can be actually reduced to the
(1,1) case by a standard argument due to P. Lelong). To see this, it is enough to
consider the case of a current T' = %85@ on a pseudoconvex open set 2 C C". The
inequalities in (i) imply that Ec(T) = (,,5m, Feen/m(Tim), where Ty, = L300y,

Now, it is clear that E.(T,,) is the analytic set defined by the equations a@a) (2)=0
for all multi-indices « such that |a| < me. Thus E.(T) is analytic. O

Proof. — Note that >~ |o(2)|? is the square of the norm of the evaluation
linear form f — f(z) on Hq(my). As ¢ is locally bounded above, the L? topology
is actually stronger than the topology of uniform convergence on compact subsets
of Q. Tt follows that the series Y |o¢|? converges uniformly on 2 and that its sum
is real analytic. Moreover we have

1
om(z) = sup —log|f(z)]
feB()m

where B(1) is the unit ball of Hq(mep). Forr < d(z,0), the mean value inequality
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applied to the psh function |f|? implies

2)|? _ Zax
SOF < gz [ IFOPINO)
< o (om o ¢10) [t

If we take the supremum over all f € B(1) we get

1

1
Pm(2) < sup w(()+—10gm

[C—z|<r 2m
and the second inequality in (i) is proved. Conversely, the Ohsawa-Takegoshi
extension theorem [OT 87, Oh 88] (Appendix, A.3) applied to the 0-dimensional
subvariety {z} C 2 shows that for any a € C there is a holomorphic function f on
Q such that f(z) = a and

/ |f|26—2mgad)\ < Cv3|a/|26—27nga(z)7
Q

where C3 only depends on n and diam 2. We fix a such that the right hand side
is 1. This gives the other inequality

log C3

1
m(2) > —logla| =
pm(2) 2 —log la| = () — ——

The above inequality implies v (¢, 2) < (g, z). In the opposite direction, we find

1
sup  @m(z) < sup  o(C) + — log
|lr—z|<r [(—z|<2r m

/r'_n.

Divide by logr and take the limit as r tends to 0. The quotient by logr of the
supremum of a psh function over B(x,r) tends to the Lelong number at . Thus
we obtain

n
V(<Pmax) > V(QD,CC) - E g

GLUING PROCESS. — When T = %831/) is a global current on X, we use a
covering of X by coordinate open balls U; of radius 2 constructed as in section 2,
and we let U] CC U} CC Uj, vj, 7; be defined in the same way. On each open
set U; the function ¢, := 9 — %, o 7; defined in (2.9a) is plurisubharmonic, so
Proposition 3.1 gives functions

1 .
(3.3) Pim =5~ logz oo, (0j6) = basis of Hy, (mep;),
¢
approximating ¢; as m tends to +o0o and satisfying the inequalities

C 1 G
. _ < Vs < .
(3.4) i() = — < @jm(2) < |<i:?<r #;(Q) + —log .

The functions ¢; ,, +7; o 7; on U; are then glued together by a partition of unity
technique developed in the following lemma.
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LEMMA 3.5. — Let U; CC U be locally finite open coverings of a complex
manifold X by relatively compact open sets, and let §; be smooth nonnegative
functions with support in U}, such that 6; < 1 on U}’ and §; = 1 on Uj. Let
Aj >0 be such that

1(9J839J — 893 /\EGJ) > —Ajw on UJH \UJI

Finally, let w; be almost psh functions on U; with the property that i@gwj >
for some real (1,1)-form v on M, and let C; be constants such that

wj(z) < Cj + kijsu[}:zaw wg(x) on U/ \Uj.
'Yk

Then the function w = log (Z 9?-6“’]’) is almost psh and satisfies

100w > v — 2(2 ﬂU;/\U](AjeCj)w
J

Proof. — 1If we set a; = 0;0w;+200;, a straightforward computation shows
that
P 2(6‘]28’11}] + 29],69],)6111]' Zejewjaj
w= 2 ,w; = 2, w;
> 05ews > 05ews
59 Z (aj A aj+9§85wj+29j859j—28@/\5@)6“” Ej,k Qjewﬂ' 0e"r ajNay,
w = _

> 07evs (Zﬁ?—ew:‘f
J<k‘9 ag— Gkaj‘ evieWk +Z 62evi D0w; 2(29j859j—286‘j/\59j)6w1
(32 62ews ) Z f7ewi > 0Zews
by using the Legendre identity. The first term in the last line is nonnegative and
the second one is > . In the third term, if x is in the support of 8,000, —96; A96;,

then z € U \ U] and so w;(z) < Cj + wi(z) for some k # j with Uj, > z and
Or(x) = 1. This gives

Z (29](959] — 2693 A 59j)ewﬂ
z .
> szewﬂ

The expected lower bound follows. O

C;
> =2 Z ]IUJ// e iAw.

J

We now apply Lemma 3.5 to the functions

w; (@) = 2mA; () + Vm(6® — |2?) +log Y |oje(x)|?
¢

where 27 = 7;(z) is a local coordinate identifying U; to B(0,2§). The associated
function w is defined by

1og(29 exp 2m*yj(zj)+\/_ —1271?%) Z|O'Jg )
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and we set ¢, = z=w. On U] we have 6; = 1 and [2/| < 6. Hence on every

compact subset of U} there is a small constant ¢(d) > 0 such that
w(z) > 2mA;(27) + 2¢(8)v/m + logz loj.e(2))?,
¢

() 2 35 + @) + S 250 + () = S+ S s ()

for m large, in view of (3.4) and the definition of ¢;. Therefore 1, > 1 for
m > mp(d) large. In the opposite direction, if N(J) is the maximum number of
overlapping balls U;, we have

w(z) <log N () + 62v/m + mex {2m%(zj) + logz |0’j7g($)|2}.
¢

By definition of ¢; we have sup|c_; <, ©;(¢) < supjc_y<, ¥(¢) — 3;(27) + Cyr,
thus by (3.4) again we find

2
() < i (35 (29) + 1m0} + 5= 108 N(9) + =

52 1 CyN ()12
< sup ¥()+Cyr+ —+ —log————.
[C—z|<r ( ) 4 v/ m m rm

By taking r = 1/m for instance, we see that ., converges to 1. On the other
hand (2.8) implies £097;(27) = 7}7; > v — 2¢(6)w, thus for m large

383%- > 2m7iy; — O(vm) > 2m(y — 3(0)w).
T

Lemma 3.6 below will be used to show that w;(z) < Cj + sup; Ul 3e wy ()
for C; = 0 and m large enough. Hence Lemma 3.5 gives an additional bounded
negative term in the Hessian of w and we finally get

200, >y — 4e(S)w
T
for m > mg(9) large.

LEMMA 3.6. — There are constants C; , = C; () independent of m such
that the almost psh functions

@j(x):2m%(zj)—|—log2‘aj,g(:v)’2, xEUJ’»’
I

satisfy
W — W] < (2n +2)logm + Cjx  on U NUY.
Proof. — The proof will be given in a more general context in the next sec-

tion: we apply 4.6 (i) when E is the trivial bundle Ox equipped with the weight
e~¥. In that case we simply have P(E*) = X, p = Idx, Og(1) = Ox and v = 7.
Note that the smoothness of the metric of F is not used in the proof of 4.6 (i). The
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main idea is as follows: for any holomorphic function h on Uj;, a 0 equation can
be solved on Uy, after some truncation, to get a holomorphic function assuming
the same value as h at any prescribed point of U}’ N Uy/; this can be done with a
uniform control on L? norms. O

By Lemma 3.6, we see that w;(z) = w;(x) + /m(6% — |27]?) satisfies
w;(z) < wg(z) for z € (U;-/ \Uj)NU;, and m large enough (note that 62 —[27|* < 0
and 62 — [2¥|2 > 0 at ). Since X is covered by a collection of compact sets
contained in (U}), we see that the assumption of Lemma 3.5 on w; is actually

satisfied with C; = 0 for m > m{(d) large enough. If we take § = ¢, decreasing to
0 very slowly with m, we obtain a sequence 1, satisfying the following properties.

PROPOSITION 3.7. — Let b be an almost psh function on a compact
complex manifold X such that %851/) > ~ for some continuous (1,1)-form ~.
Then there is a sequence of almost psh functions v, such that 1, has the same
singularities as a logarithm of a sum of squares of holomorphic functions and

i |log 7| _
(1) ¥(x) < Ym(z) < |<ill|o<r¢(<) + O( —— +r4m 1/2)

with respect to coordinate open sets covering X . In particular, v, converges
to v pointwise and in L*(X) and

(ii) v(¢,x) — % <v(thm,x) <v(,x) for every x € X ;

(iii) 1851/),,1 >~ —epw with g, > 0 decreasing to 0.
T

4. Construction of hermitian metrics by L? techniques

Let E be a holomorphic vector bundle of rank r over a complex manifold M,
and let Og(1) be the associated canonical line bundle over the projectivized bundle
P(E*) of hyperplanes of E. By definition there is an exact sequence

00— H—7"F— Og(1) — 0

where 7 : P(E*) — M is the projection and H C 7*E the tautological hyperplane
subbundle. Suppose that Og(1) is equipped with a hermitian metric. As the total
space of Og(—1) is the blow-up of the total space of E* along the zero section,
a hermitian metric on Og(—1) corresponds to a Finsler metric on E*, that is,
to an arbitrary positive homogeneous function of degree 1 along the fibers of E*.
Our goal is to construct hermitian metrics on all high symmetric powers S™F
which induce approximations of the given metric on Og(1) with a good control
of the curvature. For this, we use the fact that m,Og(m) ~ S™FE and we apply
Hormander’s L? estimates for 0 to construct holomorphic sections of O (m) locally
over M (of course, no global holomorphic section need exist in general).

THEOREM 4.1. — Suppose that Og(1) is equipped with a smooth her-
mitian metric such that ¢(Og(1)) > m*v for some continuous real (1,1)-form v
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on M. Then, for each positive integer m, there is a smooth hermitian metric on
S™FE such that

(i) the sequence of metrics on Og(1l) induced by the surjective morphisms
7 S™FE — Og(m) converges locally uniformly to the original metric;

(ii) for every relatively compact subset M’ CC M and every ¢ > 0, there exists
an integer mg such that m > mg implies

c(S"E) > m(v —ew) @ Idgmp  over M’

in the sense of Griffiths, where w is a fixed hermitian metric on M.

Proof. — For every M’ CC M and ¢ > 0 fixed, we are going to construct
a sequence of metrics on S™E satisfying (i) and (ii) with this choice of ¢
and M’. This will be enough to prove the result, by taking some suitable diagonal
subsequence with ¢, decreasing to 0 and M), increasing to M. Let (U;) be a locally
finite covering of M by open balls such that each of these balls is relatively compact
in a coordinate open chart. Let 2/ = (z1,...,2,) be coordinates near U; and let
v; be the (1,1)-form with constant coefficients in U; which coincides with v — ew
at the center of U;. Finally, let 0;(27) = 7 2,7¢(9%0/02,07¢(0) — ewre(0))
be the associated quadratic function such that v; = %85@. By choosing the
radius of U; small enough, we can suppose that 0 < v —v; < 2ew on U; for

every j. Now, we consider the Hilbert space H,;(m) of holomorphic sections
feH (=1 (U;), 0g(m)) with the L? norm

1B = [ 1P iay.
7= 1(Uj

where dV is a volume element on P(E*) (fixed once for all) and | f|? is the pointwise

norm on Og(m) induced by the given hermitian metric on Og(1). This means

that we have multiplied the original metric of Og(1) by the weight exp(27;). The

corresponding curvature form is

(12)  e(Op(1) - SO0 () = e(Op(1) ~ vy = 7 (0~ ;) > 0

thanks to the curvature hypothesis. Finally, let U; CC U} CC U; be concentric
balls such that (U}) still cover M and let 6; be smooth functlons w1th support in
U}, such that 0 < 6; <1 on U} and 0; = 1 on U We define a hermitian metric
on SmE* as follows: for all x 6 M and e SmE* we set

(43) gl = 292 @) exp (2m;(27) + Vm(r}? — |7]%) Z|Uyz ;

where 7’ is the radius of U and (0j¢)¢>1 is an orthonormal basis of H,;(m).
Here, we consider o, as a section in H°(U;,S™FE) and we use the obvious
pairing between S™E and S™E* to compute oj.(z) - . It is easy to see that
the sum >, |0j¢(z) - |* does not depend on the choice of the orthonormal basis

and converges locally uniformly above every compact subset of U;: in fact the

18



evaluation linear form f — f(x) - & is continuous on H;(m) and the above sum
is the square of its norm; the local uniform convergence comes from the fact that
the linear form varies continuously with (z,£) when « € U;. The metric on S™E*
defined by (4.3) is thus smooth. It induces by duality a metric on S™F with the
desired properties. To check this, we use similar techniques to those of section 3.
The following elementary lemma is needed.

LEMMA 4.4. — Given a hermitian holomorphic vector bundle F' and a real
(1,1)-form v on M, we have the equivalent properties

o(F) > 7@ Idp &= —c(F*) > v Idp. < i8510g||§||2 > pty, £€F*

where log ||¢[|? is seen as a function on F* and where p : F* — M is the projection.

Proof. — The first equivalence is obvious, for —¢(F*) is the transposition
of ¢(F). The second equivalence follows from the fact that for any local holomor-
phic section ¢ of F*, we have
(c(F™)a,0)

ol

with equality at any point € M where Do(z) =0 and o(x) #0. O

22—71_8510g||0||2 > =

In order to prove the curvature estimate 4.1 (ii), we apply Lemma 3.5 with
w(x,§) = logl[¢][?,,) and
2

45)  wi(w,) =2mu () + Vm(rF - ZP) +1og ) _ |oje(x) - €[,
J4

on the total space X = S™E™* covered by p_l(U]'/). For this, we need to estimate
the differences |w;(§) — wx(€)| over p~' (U NU}!). This is the crucial point where
L? estimates for 0 are needed.

LEMMA 4.6. — There are constants Cj and C} independent of m such
that the almost psh functions

w;(z,&) = 2mv;(27) + logz ‘Uj)g(,f) -5‘2, (z,€) € p_l(UJ’»') Cc S™E*
¢

satisfy
(i) |wj —wg] <(2n+2)logm+Cj) on p_l(UJ'-’ﬂU,’C');
(ii) |@;(z,n™) —2mlog|n|| < (2n+2r —2)logm +Cj for z €U}, ne E},

where |n| denotes the original Finsler metric on E*.

Proof. — As Eg ~ Uj x C" is trivial near Uj, we can define a hermitian
J

metric on Eyg  with positive definite curvature by taking €2 =3 |§)\|2e_\zj\2.
J
The associated curvature form on Og(1) is positive and defines a K&hler metric
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wj on 71 (Uj) ~ U; x P"! equal to the direct sum of the euclidean metric of U
and of the Fubini-Study metric of IP"~*. In particular, the Ricci curvature of W
is nonnegative (it is even positive along each fiber P"~!). Let e~# be the ratio
between the new metric on Og(1)p,, and the original one, which will be kept for
the calculation of the curvature form ¢(Og(1)). By definition of p; we have

(47) C(OE(l)) + %85@ =wj; > 0.

Let 7 be an arbitrary almost psh function on a neighborhood of 7=(U;) and let
1> 0 be a large integer such that

(4.8) %857’ +pw; > w;  on 7w HU;).

For each ¢ = 0,1,...,n, we consider the Hilbert space f?’q(m) of (0,q)-forms f
on 71 (U;) with values in Og(m), equipped with the L? norm

||f||?q = /1( |f|?62(m7'u‘)vj(Zj)72#Pj*2‘rd‘/j7

Uj
where dV; = w;-l”*l/(n + 7 —1)! and where the pointwise norm |f|; is computed
by means of w; and of the original metric on Og(m). Thanks to (4.2), (4.7), (4.8),
the weight involved in the norm || ||;,4 corresponds to a curvature form on Og(m)
given by

A i = 1 =
mc(Ogp(1)) — (m — u);@@vj + u;@@pj + ;867
71—
= ;887’ + pwj + (m — p) (c(Op(1)) —v)) > w;.
Hence, by Hérmander’s L? estimates (Appendix, Theorem A.1), for every (0, q)-

form g € ]—"JQ’q(m) with ¢ > 1 and dg = 0, there is a (0,q — 1)-form f € f?’q_l(m)
such that

(4.9) af =g, Ifllia=1 < a llgllja-
Observe that this estimate is valid for (0, ¢)-forms because Ricci(w;) > 0. More-
over, if 7 is bounded, the norm || ||, is equivalent to the norm [|f||; of H;(m),

up to constants independent of m.

(i) Fix a point » € U/ N U} and € € S™E}. There exists h € Hy(m) with
[|h]|x = 1 such that

h(z) - €7 = lone(e) - €
L

in fact, h satisfies this relation if and only if h is orthogonal to the hyperplane
of sections o € Hy(m) such that o(x) - & = 0. Let x be a cut-off function with
support in the ball B(x,1/m), equal to 1 on B(z,1/2m) and with [0x| < Cym.
For m > my large enough (independent of x) we have B(z,1/m) C U; N Uy, and
(4.9) allows us to solve the equation

Of =hd(xom) on « ' (U;), |flljo <Ihd(x o)1
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We then obtain a holomorphic section
W = h(xom) - f € H(x~(U;), Ox(m)).

We want h' to coincide with h along the fiber 771(x), so we take 7(2) =
nlog|z? — 29(x)| depending only on the base variables with a logarithmic pole
at x: the L? condition on f then implies that f vanishes identically along 7~ (z).
As 7 is psh, we can take in fact g = 1 here. By the bound on |9/, we have

3 2, 2(m—1)v;(27)—2p;
1h3(x o w1 < Com? [h[2e20m =177 ~20

=1 (B(x,1/m)\B(z,1/2m)) |20 — 23 (z) " !

< 03m2n+2/ |h|262m;j(zj)d‘/j
©—1B(z,1/m)

< Cymn 22 (B0 @) =T @)

with constants Cs, C3, Cy independent of m and z. In the last inequality, we used
the fact that the oscillation of v; and vy, on B(x,1/m) is O(1/m). Hence we get
the estimate

I1F11Z < CslIf1130 < C4C5m2"+262m(Uj(zj(m))_vk(zk(w))) IRl
where ||h||r = 1 (the constant C5 exists because 7 is bounded above). The norm
[|h(x o m)||; satisfies a similar estimate. This implies

]2 < Com?r2em (52 @) 4 )

)

S Jogel@) -€* = Cglm—<2n+2>ef2m(’5j<zﬂ'<x>>f?k<zk<z>>) W (z) - €2
l

)

> gl Crt2) g 2m (5 @) =0 (@) S Joe(a) - €]
4

since by construction h/'(z) = h(z) and |h(z) - &> = 3 |ok,e(2) -5‘2. By taking
logarithms and reversing the roles of j and k, we obtain the desired inequality (i).

(ii) The proof is similar, except that we take h to be a local holomorphic
section of Og(m) near [n] € P(EX) such that |h([n])] = 1; for this, we select a
vector a € E* such that (a,n) = |n| and Y |ar|> < C7, and we take h to be the
image of the constant section a™ € H(U;, S™E) in Og(m). Denote by B([n],r)
the geodesic ball of center [n] and radius r in P(E*), and let x be a cut-off function
with support in B([n],1/m) equal to 1 on B([n],1/2m). If x € U} and m is large,
then B([n],1/m) C 7#=*(U;). By (4.9), we solve the equation

f =hdx on 7 (U;),  fllzo < [Ihxllj1,

and we choose a weight 7 with an isolated logarithmic pole of order n +r — 1 =
dim P(E*) at [n]; the associated constant p can be chosen independent of z, [n]
and m. Then the L? condition gives f([n]) = 0, thus

W =hx— feH(x ' (U;),0p(m))
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satisfies h/([n]) = h([n]). Moreover we have
||h3X||3,1 < CSmQ(nJrrfl)#»?/ |h|262m:;j(zj)d‘/j < C«QT),L2€2171:;]'(zj(ac))7
B([n],1/m)
W2 < Crom?e2m @),
This implies
Z ‘ijg(év) . nm|2 > Cl—olm—2e—2m;j(zj(m))|h/(x) .nm|2
‘

(4.10) - cﬁlm—2e—2m%<zj<w>>|n|zm
because |h'(x)-n™| = |h([n])-n™| = |n|™ by construction. Conversely, if h € H,;(m)
is a section of norm [|h||; = 1 such that
m 2 m m
> ose@) g™ = k() g™ = [h(m) - 0™,
¢
the mean value inequality on the ball B([n],1/m) C P(E*) shows that

\h([n])\Q < 011m2(n+rfl)672”j(zj(z))/ |h|262mvj(zj)dvj
B([n],1/m)
< Cyym2ntr=1) g=20;(= ()

)

because the oscillation of the weight of Og(m) is bounded by a constant on a ball
of radius 1/m. Hence

m 2 n+r— — /1\11 zj x m
(4.11) S Jogela) - 0™ [* < CLm? e 2 @)y 2
£

and inequality (ii) follows from the combination of (4.10) and (4.11). O

End of proof of Theorem 4.1. — Thanks to Lemma 4.6 (i), the functions
w;(z,§) defined in (4.5) satisfy w;(z,§) < wi(z,§) for any = € (U;—I VUG N U
and m large enough (note that #? — |27|> < 0 and 7> — |z¥]*> > 0 at z). By an
obvious compactness argument, we see that the assumption of Lemma 3.5 on w;
is satisfied with C; = 0 for m > m(, large enough:

wi(z,§) < sup  wi(x,§)  for xe U/ \Uj.
k#3j,U; 2z

Moreover, as v; > v — 2ew and \/m < me for m large, we have
iaéwj > mp*u; — \/Ei83|zj|2 >mp*(v—3ew)
2 27

for m > m(. Lemma 3.5 then shows that w(x,£) = log ||§||%m) satisfies

i Ya) *
%Baw >mp*(v—3ew) —p*(2z llUjl_/\U]{Ajw) >mp*(v—4dew)
J

for m > m{’ large. By Lemma 4.4 applied to F' = S™FE, we infer
c¢(S"E)>m(v—4ew)®@Idgmp  for m > mg = max(mg, mg,mgy’),
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hence 4.1 (ii) is proved with 4e instead of e. Now, Lemma 4.6 (ii) shows that

Lw;(z,n™) converges uniformly to log|n| on E},,. Therefore the global weight
j

Lw(z,nm) ==L 10g||nm||%m) converges locally uniformly to log |n| on E*, i.e., the
inclusions Og(—m) C 7*S™E* induce metrics on Og(—1) which converge to the
original metric. This statement is equivalent to 4.1 (i) by duality. O

5. An alternative singularity attenuation technique

As already remarked in section 2, it is sufficient to prove the Main Theorem
when T = £98 has zero cohomology class. Let Uj cC U} cC Uj be concentric
balls of respective radius d, v/28, 26 such that the family (U]') covers X, and let
v, 7; be as in sections 2,3. We set ¢; := ¢ —7; o 7; on U;. By (3.3), (3.4) and
Lemma 3.5 we obtain local approximations ¢; , satisfying the following properties:

1 . .
(5.1) pjm = % logz lojel?  with (0j,0)e>0 = basis of Hy, (me;),
¢

(5:2) (v, 2) - %)+ < U(jm,7) < v(h,z)  on Uj,

logm + C(9)
m

(5:3) [(wjm +7j 0 75) = (Phm + Ak 0 7k)| < (n+1) n U/nUy.

The inequalities (5.2) show that ¢, ., roughly has the same singularities as 1. We
want to “attenuate” these singularities, i.e. to shift the Lelong numbers by —c for
some positive number c. For this, the idea is to replace the functions o;, in ¢;m
by their derivatives of order ¢ < [mc|. Since we must do this in such a way that
the resulting functions defined on various sets U; can be patched together, it is
preferable to deal with jet sections J%;, € H°(U;, JOx). Here J%Ox denotes
the global vector bundle of g-jets of holomorphic functions on X.

LEMMA 5.4. — Suppose that Orx (1) is equipped with a smooth hermitian
metric such that ¢(Orx (1)) +m%u > 0 for some nonnegative smooth (1,1)-form u
on X. Let w be a fixed hermitian metric on X. Then there are smooth hermitian
metrics on J10x for all ¢ > 0, such that

c(J10x) < qlu+eqw) ®Idjep, with lim g, =0.

q——+o0

Proof. — By Theorem 4.1 applied to £ = TX and v = —u, there are
hermitian metrics on S?7T X such that

c(SITX) > —q(u+ dw) @ Idgarx  with  lim ¢, =0.

q—+o0

We argue by induction on g and use the canonical exact sequence
0— SIT*X 2o J10x o J9'Ox — 0.

When ¢ = 0, we equip J70x = Ox with the trivial flat metric. Assume that ¢ > 1
and that a metric has already been constructed on J971Ox. Fix a C*°-splitting
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g J10x — S9T*X and the corresponding right inverse 7/ : J71Ox — Ji0x
onto the kernel of j'. For every 1 > 0, we define a hermitian metric on J7Ox by
€5 = n?l"EP + mE?, Ve e JI0x.

With respect to the given metrics on S97*X, J9'Ox and to | |, on J?Ox, the
adjoints jy and 7 of j, 7 are given by jr = nj’ and 7; = «'. It follows that the
second fundamental form with values in Hom(S9T*X, J9~1Ox) is equal to n3 for
some fixed matrix valued (1,0)-form 3 (apply the standard formula 3* = —j*97*).
In the orthogonal decomposition (jy,7) : J9O0x — SITIT*X @ J9710x, the

curvature of J?Ox is then given by
q _ (e(SITX) =P A —2=n95* )
C(J OX)n - < #7786 C(Jq—lox) _772%6/\6*

It follows that
) (AJ) (9 IdSqT*X 0
J(]O < q(u + q
(J10x)y < ( 0 (¢—D)(u+eqm1w) @Idje-10,
< q(u+ew) @ Idjeoy
where ¢4 is given by the induction formula
1
£4 = Max {(5q, (1 — —)5q_1} + O(n).
q

We take n = n, so small that O(n) < 279. Since [[(1 —1/¢) = 0, it is then easy
to check that lime, = 0.

) + 0 w®Idoy

Remark 5.5. — This construction can be reformulated as follows: take a
C*>°-splitting J10x = EBogkgq SFT* X, and rescale the metric on each summand
SET*X by a positive factor 7. In general, the sequence (1) will have to decay
very quickly to 0 (in a way that we do not try to control). In order to emphasize

this dependence on the sequence (7)), we denote by | |, the resulting metric
on JqOX. a

Now, we would like to compare the jet norms )", |Jqu)g|%n) for various
open sets U;. Inequality (5.3) does this for ¢ = 0. Unfortunately, it seems very
difficult to derive precise estimates for g-jets from estimates on the functions (the
Cauchy inequalities are not precise enough because they involve high powers of
the radius). We shall therefore modify our functions ¢;, in such a way that
the jets can be estimated more easily. Our method relies heavily on Skoda’s L?
estimates for ideals of holomorphic functions [Sk 72b]. We set 0; = (0j¢)e>0
and |oj]? = 3>°,|0j.¢|>. For all integers m,p > 1, we consider the Hilbert space
Hur (mpp; m) of holomorphic functions f € HO(UJ’-'7 Ox) equipped with the L2-
norm

By = [ 11 mmermar= [ 17,20
J J

and we introduce the functions

1
B = o 08 Il on U7,
4
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where (UM) is an orthonormal basis of HUJ/_/ (mpw;m). By 3.1 (ii) applied to
¢ = logloj| = m ;. and m replaced by p, we get

(5.6) (Pjm ) — mip <P %) < V(@jm x)  on U

Thus, for p large, the Lelong numbers have not been substantially modified. Our
goal is to compare the norms ), |Jq03(g|%n) for different indices j. By (2.8) the
Hessian of 7, o 7; — 7k o 73, is bounded by 4e(§)w on U; NUy. Since 7; is quadratic,
all its translates differ by a real affine function. Hence

(75 (75(2)) = 75 (7 () = 0;)] = [Fe(re(@)) = Fu(mu(@) — bi)]
is a pluriharmonic function, equal to the real part of a holomorphic function A
on U; NUg. We choose b; and by, such that the critical points of ¥;(7;(x) — b;) and
i (16 (z) — by) coincide at some point of U; N Uy. Then
(5.7) WjOTj—f"?kOTk—Rehjﬂ = Wj(Tj—bj)—ik(Tk—bk” < 016(5)52 on U;NUy,

because the Hessian of this function is O(e(d)) and diam(U; N Ux) = O(5). The
required estimates for jets will be obtained by the following lemmas when p > m.

LEMMA 5.8. — For every f € HU]/_/(mpgojm) with p > n and every
L=(,....0p—n_1) € INP~"~1 there are holomorphic functions gy, on UJ'-’ nuy
such that

—mph; L L._
f=eTmPhk E groy, 0y = H Ok tys

LeNr—n—1 1<s<p—n—1
satisfying the L? estimates

/ S (g2 Plox| 2V dx < C(6,m, p) / |fPe2mpeimay,
AUy o vy

J

C(5,m,p) = (p — n) exp (2mp(018(5)52 + Cs(8) 1"i m) ) .

Proof. — By definition of ¢y, ,, we have
/ |f€mphjk|2|0—k|72pd)\:/ | f|2e2mPRe hik=¢rm) g\
urnuy urnuy

On the other hand, inequalities (5.7) and (5.3) imply

Re hji, — Prm < (50 T) — Jk © Tk) — Ph,m + C16(8)8°

1
< —@jm + Cre(0)82 + Co() =" on UV N U}
Therefore
1
/ |femphjk|2|0_k|*2pd)\ < —C(5,m,p)/ |f|2672mp¢j’md)\
UJI.II'TU;C/ p—n U]{/
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and the desired functions g7, follow from Skoda’s L? existence theorem [Sk 72b]
(see Appendix, corollary A.5). O

COROLLARY 5.9. — Let U'” be a ball such that U, cc U cc U
For every f € HU]// (mpp;m) with p > n, there are holomorphic functions by on
UP nUP such that

f = e mPhik Z beoy, on U;g) N U,gg),
teN
sup [ < Cmp) [ e mrendy
tew U U ujl
with
logm

C'(8,m,p) = (p — 1) exp (2mp (015(5)52 + Cy(6) ) + C5(6, m)).

Proof. — By Nadel’s coherence theorem [Na 89] (see also [De 90b], Lemma
4.4), the sheaf of germs of holomorphic functions h such that |h|?|oy| 21 € L2
is coherent on Uy. Let vq,...,vNy be generators of this sheaf on a neighborhood
of UZ, chosen in such a way that fU{J [vs|?|o]|2("tDdX < 1 (note that the

covering depends on § and that o depends on m, so N = N (4, m) is independent
of p). Since the functions g, constructed in Lemma 5.8 are sections of this sheaf
on U} NU)/, Cartan’s theorem A shows that there are holomorphic functions
w1, ..., wp, N with g, = > vswr s on Ujf’ﬂU,’c’, such that the family (wr s)1<s<n
depends continuously on ¢z, in the topology of uniform convergence on compact
subsets. In particular, there is a constant Cy4(d,m) independent of p such that

S s wnal < Ca6m) / g2 Plow| "2V d,
142N UPnU® vy

From Lemma 5.8, we infer

fze_mphjk E ’US’U}L7SU£ where
L,s

Z / |vsalg‘2|ak|72pd/\:/ |20 | 72V < 1.
uy uy

|L|=p—n—1

Therefore, there are scalars ar ¢ € C with ), , lar s.e|®> <1, such that

L "
VsOp = E AL,s,0k ¢

4

in terms of the basis (07 ,). On U;B) N U,g?’), we finally get

—mph; " —mph; "
f=emmrh E aL,sWL,s0) =€ " E beoy e
Lys,t ¢
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where by = ZL <L s 0w, s satisfies the estimate

Z sup  |be? < Z lar,sel? Z sup |wg, |

eIN U(3)ﬂU(3) L,s,0 L,s U@ﬂUS)

< N Cy(6,m Z/ lg)?|ok| 72D ax
//mU

< NC4(5, m)C(é,m,p)/ |f|26*2m209”j,md)\'
U
J
The last inequality is a consequence of Lemma 5.8. Corollary 5.9 follows. O

COROLLARY 5.10. — Let U'Y be balls such that U} cc UV cc U,
For every 6, m, p, q there is a sequence n = (ny,) such that for all j, k

p2mpYjoT Z |J90 |(n < C"(6,m,p,q)e 2mpyoT Z |/ é|(n) on UJ@) N U,54),
¢
with
C"(6,m,p,q) =2(p—n) <q j; n> exp (2mp(201€(5)52+02(5)

logm

)+Ca(6,m)).

Proof. — Let f € HUJ/_/ (mpp;m). We compute the g-jet J9f in local
coordinates by means of the identity obtained in Corollary 5.9. Leibnitz’ rule
implies

JOUf = e~ mPhik Z ngqu .+ Z Z %aa —mphjkbé) AO‘(Jqu ’)
teN LeN 0<|a|<q
where A% : J90x — J90x denotes the (local) bundle morphism which maps a
jet z = > ag(z —1)% to z — Y ag(z — )P mod O(]z — x|971). In the natural
decreasing filtration F'J90x = ker(J1O0x — J'"1Ox) whose graded module is
@ S'T*X, we have A*(F'J10x) C F'*leljiOx. Tt follows from this and the
definition of | |, that the operators A* have a very small | [(,)-norm when
the quotients n.41/n: are taken small enough. Moreover, for every holomorphic
function b on U; ’n U(B) the Cauchy inequalities yield constants Cs(d, o, m, p, q)
such that
sup [0 (be” Pk < C5(8,a,m,p,q)  sup |b.
v®au® v nu®

Hence by taking the quotients 7:41/7¢ small enough, we get at each point of
UJ@) N U,54) the estimate

T2,y < 2672 (ST sup (b)Y 02,

teNn U U relN
< 2e2MPRE G (5, )| £13 o D 1T U0l
LeN
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thanks to corollary 5.9. We take the supremum over all elements f in the unit ball
of Hy (mpcpj m) and combine with (5.7) to obtain

T sup | J9f[2) < 20T O 5 m, ) Y g 2
feB(1) LeIN
Now, for every point & € X, the quadratic form f +— |J2f (3:)|%n) has rank equal
to the rank (q:") of the bundle J7Ox. By the elementary Lemma 5.11 below, we

thus get
qg+n
S ey < (15 s s,

teN feB(1)
and corollary 5.10 follows. O

LEMMA 5.11. — Let Q be a semi-positive quadratic form of finite rank r
on a Hilbert space H. Then, for any orthonormal basis (e;) of H we have

ZZ:Q(ee) < ngg%)Q(x)-

Proof. — 1If Q = |f|? is the square of a linear form (r = 1), both sides
coincide with the square of the norm of f. If Q@ =37, |f;|? has rank r, then

ZQ(@@) < Z sup |fj(z)> <r sup Q(w). O
7 1552, wEB(1) z€B(1)
LEMMA 5.12. — Suppose that the concentric balls U,55) CC Uy, of radius

d/2 still cover X. Fix a nonnegative real number ¢ and take ¢ = [mpc]| equal to
the smallest integer > mpc. Then there are constants Cg,C; > 0 such that the
functions

1 4
w;(x) = 2mp(% 7i(x))+~/e( ( —|7j(z )—l—ﬁ) —I—logz |an;.’7£|%n) on UJ( )
¢

enjoy the following properties for p > m > 1/6 and ney1/n: < 1/p:
(i) iaéwj > 2mp(y — Cov/e(6) w) — 2q(u + gqw) on UJ(4)7
T

1 1
() (z) < g, owi(e) < sup 1/1(2')—!—07(% +T—|—m_1/2—|—52) on U,
|z—x|<r

(iil) w;(z) < supy;, Ul 5a wg(z) on UJ@) \Uj,

() (v(,2)—c—

2n—|—1)

1 (4)
- +§—V(wj,:1c)§ (V(’Q/J,I)—C)Jr onU;".

2mp
Proof. — (i) We have £99(7; o 7;) > v — 2¢(6)w by (2.8). On the other

hand, Lemma 5.4 implies

< (J10x) Jqu X JqU;'/,e>

—8810g|Jq | |JqU”
J,¢

> —q(u+egqw).
(m)
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These inequalities imply (i).

(ii) By definition of | |(,), we have |[J907 [, > |07 ,|. Proposition 3.1 (i)
applied first to ¢; = ¢ —7%; o 7; and then to log|o;| = me; » implies the existence
of Cg,Cy > 0 such that

Cs 1 1 Cy

T Sl e @nlE) s
C 1 1

log|oj(z)| — — < ~log|o” ()] < sup loglo;(2)| + - log
p p |z—z|<r p

IN

pi()
Cy

rn’

IN

Thus on U J’ we have

wj > 2mp7; o 7; + 2log o
~ 1 C C
Z2mp(%'07j+%+———8——9

vym m  mp

for p > m > 1. In the opposite direction, we find

)22mp1/1

1 | log r|
—loglo?(z)] < sup ¢;(2)+ Cro—r
RIS s gy (2)+ ol
and therefore

1 1 2 |logr| +1
for small n (the left hand side decreases to mip log |0/ (z)| when all 7, decrease to 0,
and we can apply Dini’s lemma since the right hand side is continuous). The right
hand inequality in (ii) follows by adding 7; o 7; + \/2(0)6? +m~'/2 to this.

(i) As (7I") < (¢ + 1)" < (mpc+ 2)", corollary (5.10) gives

~ 1 "2 ~ 1 "2
’(%‘ oTj + %bg; |Jq0j,e|(n)) - (% o7+ %bgzé: |Jq0k,2|(n)>‘

logm

S 2015(5)52 + 02(5)

1 n
+ % (03(5, m) + log 2p(mpc + 2) )

When we take p > m > 1/4, this upper bound is less than 3C1£(6)6%. On the
other hand, the additional terms /e(8)(6% — |7;(z)|?) create a discrepancy at least
equal to 3,/2(5)02 when z € (U;4) VU N U,55). This is sufficient to compensate
3C1£(6)? and (iii) follows.

(iv) A combination of inequalities (5.2) and (5.6) gives

2
v(t),2) = = < V(@smp,w) S V(i) on UY,
where 2mpp; ., = log -, |07 ,[*. The Lelong numbers of log -, |‘]q0;/-,l|%n) are
shifted down by 2¢g with mpc < ¢ < mpc + 1. Hence we get

+1 2 1
V(2) = = = S (g, w) < (W) — o),
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and (iv) is proved. O

Proof of Theorem 1.1. — We use Lemma 3.5 to glue the functions w; of
Lemma 5.12 into a single function w = log } 0?—6”]‘, by means of cut-off functions

0; such that 6; =1 on U]f and Suppf; C UJ(4). We then have a loss of positivity

—C41(0)w in the Hessian of w with respect to 5.12 (i). Since the differences |w; —wy|

are bounded, we get v(w,z) = v(wj, ) on UJ(4). Also, the obvious inequalities

wj(x) < w(x) < sup wi(z) +1logN(§) on Uj
U,i4)3ac

(with N(§) = maximal number of overlapping sets U,g4)) show that 5.12 (ii) is
essentially preserved for p > log N(§). Therefore U, g5 p := 21pr satisfies on X
the global estimates

(5.131)  —00Tegmp > — cu—2061/2(0) w,
o

(5.131i)  Y(x) < Vesmp(r) < sup ¢(z) +Cr

|z—z|<r

)+ < V(\I/c,é,m,pyx) < (V(T/Jaf) - C)+

(“O—ﬂiﬂ—i—r—ké)a

2n+1
m

(5.13 iv) (uw, ) —c—

when p > m > 1/6. Moreover ¥, 5, , has the same singularities as the logarithm
of a sum of squares of holomorphic functions, thus ¥, 5 p is smooth on X \ E.(%).

In order to complete the proof of Theorem 1.1, we still have to organize
the functions ¥, 5., , into a decreasing sequence (. )k>1 converging to ¢ and
satisfying properties 1.1 (i,ii) (which are stronger than inequality (5.13 i)). The
arguments are almost purely formal. We first note that for given §, m, p there
is a choice of () which works for all ¢ € [0,¢] and ¢ = [mpc’] < ¢. Then
by construction, we see that w;, w and ¥o 5., , are increasing in ¢’. Fix a
strictly decreasing sequence of continuous functions A\; > 0 on X such that
limg—, 400 Ak (2) = v(1h, ) at every point. We select inductively a sequence d; | 0
and strictly increasing sequences (my), (p¢) such that the above estimates (5.13)
are satisfied and such that for all k =1,...,¢

1 1
(5.14) WA _p/(e4+1))esd01mesripess T i s Y-k/0csemepe 5 OB At

where Ay, := A;'([0,(1 — k/€)c]). This is actually possible by Dini’s lemma,
because Ay is a compact set contained in X \ By _j/s)c(¢): thus, the right hand
side of (5.14) is smooth and > 1)+ 1/¢ on Ay, whereas the left hand side converges
to the smaller limit ¢ +1/(¢+1) as §p41 — 0 and myy1, per1 — +oo. For a reason
that will be apparent later, we also take m; > (2n + 1)¢/c. We claim that the
(upper semi-continuous) regularized upper envelope

1\*
Yok = (21215‘11(1—1@/@)@&,771[@[ + g)
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has all required properties. In fact, it is clear that the sequence (¢ )k>1 is
decreasing and (5.13 ii) shows that it converges to 1. Now, we have by definition
Yek 2 Y(1_k/0)e,50,me,p, and therefore

V(¢c.,ka I) S V(\Ij(l—k/é)c,th,mg,ppx) S (V(d}a I) - (1 - k/é)c)+
for all ¢ > k. This implies v(¢ex,z) < (v(¢,x) — ¢)+ when ¢ tends to +co. On

the other hand, all terms in the supremum have Lelong numbers at least equal to

v, ) — (I—E)c— ntl >v(,x) —c

4
thanks to our choice (2n+1)/my < ¢/{. By standard arguments, we get therefore
the converse inequality v(t¢ k, ) > v(¢, x) — c. The monotonicity condition (5.14)
implies

my

1
Ye, = SUP \If(l—k/e)c,(s[,mg,p,z+z on Apgs
k<(<s

(note that Ay, is increasing in ¢ and that |J, Ay = X \ Eq(¢)). Therefore
the Hessian of 1. satisfies the weakest bound valid for each term in this finite
envelope, namely

L0 > — (1 —k/s)eu—2Cey/e(@r)w  on {As < (1—k/s)c} C AS.

. :
thanks to (5.13 1). If © € X with Agx(x) < c is given, we select the smallest s > k
such that As(z) < (1 —k/s)c. Then (1 —k/(s —1))c < As_1(x) and we see that

(1—k/s)e < As—1(x) + ke/s(s — 1) < Mg(x) + c/k.
We infer from this

%851&07;@ >y = (M +c/k)u—2Csv/e(dk)w  on {Ag < c}.

However, all terms in . x have a Hessian bounded below by v —cu—2Cs+/2(d)w,
so we get in all cases

%351/)6_,;@ > v —min{A, cyu — (2C6+/e(6k) + O(1/k))w  on X.

Finally, as 9. is a finite supremum on each set Ay, in X \ E.(¢) = |, Ak.e,
we conclude that . is continuous on X \ E.(¢). Richberg’s theorem 2.15 can
be applied to make 1), ; smooth on X \ E.(¢)). Theorem 1.1 is thus completely
proved. O

Remark 5.15. — By a further application of Proposition 3.7 to each func-
tion .k, one could achieve that 1. has the same singularities along E.() as
a logarithm of a sum of squares of holomorphic functions, divided by some large
integer 2m. Of course, the Lelong numbers are then rational numbers with denom-
inator m, so one cannot expect in that case that condition 1.1 (iv) holds exactly.
Only a weaker condition of the type

(v, ) —c—1/k), <v(er, o) < (v(¥,2) —c),
will be obtained.
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6. Application to numerically effective divisors

We first prove the list of easy facts mentioned in the introduction about
pseudoeffective and nef cohomology classes.

PROPOSITION 6.1. — Let X be a compact complex manifold. Then
HY! (X) and H:L(X) are closed convex cones in H;’gl (X).

psef nef

HYL(X) c HYL(X).

nef psef

nef

For any {a} € H1(X) and any curve C, then {a} - C = Joa>0.

nef

)
)
(i) If X is Kéhler, then H:1(X) is the closure of the Kikler cone.
)
)

If X is projective and if {a} € NSR(X) is such that {a} - C > 0 for every
curve C, then {a} € HL(X).

nef

(vi) If X is projective, H;éif (X)NNSR(X) is the closure of the cone of effective

divisors in NS (X).
(viil) If X is projective, H't(X) N NSR(X) is the closure of the cone of ample

nef

divisors in NS (X).

Proof. — Unless otherwise specified, we take w to be a special hermitian
metric such that 99(w™ 1) = 0 (where n = dim X). Such a metric always exists
by Gauduchon [Ga 77]. Note the following useful fact: if T is a closed positive
(1,1)-current, the total mass | A w" ! only depends on the 99-cohomology
class of T

(i) Let T}, be closed positive currents such that the classes {T} } converge to a
limit {©}. Then fX T Aw™ ™! converges to fX OAw™ . In particular the sequence
T} is bounded in mass, and therefore weakly compact. If T, — T is a weakly
convergent subsequence, the limit 7" is a closed positive current, so {T'} = {©} is
pseudoeffective. Therefore H;;if(X ) is closed. Similarly, if {ay} converges to {a},
we can select smooth representatives 3 € {a} — {ay} converging to 0 in the C*
topology. Fix ¢ > 0. If {«y} is nef, there is a smooth representative ay . such that
ape > —ew. For k large, we have i, > —ew, thus {a} = {ax} + {0} contains
ke + Br > —2ew. Hence {a} is nef and H' 1 (X) is closed.

nef
(ii) Let o € {a} be a smooth form such that o > —ew. Then ae +ew >0
and the mass [ (ae +ew) Aw™ ! = [ aAw™ ! +¢ [, w" is bounded. Therefore
the family o, +cw admits a weakly convergent subsequence in the sense of currents.
If T is the limit, then T is closed positive and {«} = {T'}, so {a} is pseudoeffective.

(iii) Obviously, the Kéhler cone is contained in H;é} (X). Conversely, if w is
a Kéhler metric and if a. € {a} is a smooth representative with o > —cw, then
ae + 2ew is a Kéhler form whose cohomology class converges to {a}.

(iv) We have [,a = [,ac > —¢ [, w for every e > 0.
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(v) If X is projective, there is a basis of NS (X) whose members are ample
divisor classes 1, . .., (r = Picard number of X). Then for any {a} € NSr(X),
there are arbitrary small numbers €; > 0 such that o+ > ¢;+; is a rational class.
Let p be an integer such that p(a+ )" €;7;) is integral. Then p(a+ > ¢;7;) is the
first Chern class of a line bundle L. Suppose that {a} - C > 0 for every curve C.
We have

ci(L)-C > pZaj{'yj} -C > const / w

C

and Kleiman’s criterion shows that L is ample. Hence L is positive and there
is a representative o’ € {a} such that p(¢/ + > ejv;) > 0. In particular
o > —>"ejv; > —ew for e, small enough, and we see that {a} is nef.

(vii) The proof of (v) actually shows that every nef class {a} € NSr(X)
can be approximated by ample rational classes {¢' + ) &;7v;}.

(vi) By definition H;éif(X ) N NSR(X) contains all classes of effective
divisors. Conversely, if T is a closed positive current such that {T'} € NSr(X),
the arguments of (v) show that there are arbitrary small numbers ¢, an integer p
and a line bundle L such that ¢;(L) = p{T + Y ¢;v;}. This means that we can
equip L with a singular metric (locally of the form e~%¥ for some psh function ),

such that the Chern curvature form of L is precisely

o(L) = p(T +> Eﬂj),

in particular ¢(L) > ew for some Kéhler metric w. We can then apply Hérmander’s
estimates (cf. corollary A.5) to construct sections of Kx ® L™ for m > myq large.
Hence ¢1(Kx ® L™) contains the class {D} of an effective divisor. We infer

1 1 1
{Th=cel) = 3 eitnit = oo (D} = ea(Bx)) = 3 et

By taking m large and ¢; small, we see that {T'} — %{D} can be made arbitrarily
small. O

We now use our Main Theorem to give a proof of corollaries 1.5 and 1.6.
The following elementary lemmas are needed.

LEMMA 6.2. — Let {u} be a nef cohomology class on X such that
c1(Orx (1)) + n5{u} is nef over P(I'*X). Let w be a hermitian metric on X.
Then for every € > 0 there exists a smooth form u. € {u} with u. > —ew and a
smooth hermitian metric on Orx (1) such that

c(Orx (1)) + mk (us +ew) > 0.

Proof. — Let hy, be the metric on Orx (1) associated to the metric of TX
defined by w, and let ¢(Orx(1)), be the curvature of h. Since ¢(Orx (1)), is
positive along the fibers of mx : P(T*X) — X, there is a constant C' > 1 such
that

B:=c(0Orx(1)), +7x(u+Cw)>0 on P(T*X).
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Now (1+¢)u. —eu € {u}. Thus, by definition of nefness, there is for each ¢ > 0 a
hermitian metric h. on Orx (1) such that the associated curvature form satisfies

c(Orx (1)) + 75 ((1 + e)ue —eu) > —ef.
Hence we get
¢(Orx(1)), +ec(Orx(1)), + 7% ((1 4 €)u: +eCw) > 0.

This implies that the curvature of the barycenter metric (hohg)'/ (1) satisfies
eC
Orx(1 (ue + =—w) 2 0.
C( Tx( ))+7TX Ue + 1+aw >
The lemma follows by replacing e with ¢/C. O

LEMMA 6.3. — Let T be a closed positive (1,1)-current which is smooth
on X \'¥ for some finite subset ¥ C X. Then {T'} is nef.

Proof. — For all z; € 3, fix disjoint small coordinate neighborhoods V;
of z; and write T = £90¢p; with psh functions ¢; € C>(V; \ {z;}). Let 6; be
a cut-off function equal to 1 near x; with support in V;. Then 0;(z)log|z — z;]|
has a Hessian which is bounded below by —Cw for some positive constant C. We
denote by max. = max xp. a regularized max function and set

©5(2) = max. (p;j(2) + €0;(z)log|z — 5] , —A) on Vj,

with a large constant A > 0. Then ¢/ is smooth on V;, coincides with ¢; near 9V}
and satisfies %85@; > —(Cew. Therefore the current 7" equal to T on X \JV}
and to £90¢ on Vj is smooth. We have 77 € {T'} and T’ > —Cew, thus {T'} is
nef. O

Proof of corollary 1.5. — Let T be a closed positive (1,1)-current and let
b, = inf{c > 0; codim E.(T) > n}. Fix u. as in Lemma 6.2 and ¢ > b,,. Then
Theorem 1.1 applied with v = 0 and v = u. + ew shows that there is T, € {T'}
such that T, ;, is smooth on X \ E.(T) and

Ter > —c(ue + ew) — ew,

thus T, + cue > —(¢ + 1)ew. Now, E.(T) is a finite set. The arguments given
in Lemma 6.3 show that {T,x + cu.} = {T'} + c{u} is nef. Since this is true for
all ¢ > by, we conclude that {T'} + b,{u} is nef and corollary 1.5 is proved. When
b, = 0 we get in particular the following much stronger version of Lemma 6.3 (the
existence of a nef class {u} is not needed in that statement). O

COROLLARY 6.4. — Let T be a closed positive current which has zero
Lelong numbers except perhaps on a countable subset of X. Then {T'} is nef.

Proof of corollary 1.6. — Let X be a manifold in the Fujiki class C such that
TX is nef. We know by Fujiki [Fu 78] that X has a smooth K&hler modification
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% X — X. Let a be a Kihler metric on X and let 7 = pxc be the direct image
current. If w is a hermitian metric on X, we have a > § p*w on X for some small
constant § > 0, thus by taking the direct image we get T' = py,a > dw on X. Now
Lemma 6.2 shows the existence of smooth hermitian metrics on Orx (1) such that
c¢(Orx (1)) + 7% (ew) > 0. Fix ¢ > maxx v(T,z). The Main Theorem produces
a smooth approximation T¢ j of T such that T > dw — cew — exw. Therefore
Ter > %w if € is small enough and k large. Thus T, is a Kahler metric and
X is Kahler. In particular, if X is Moishezon with T'X nef, we can take o to
be the curvature form of an ample line bundle O(D) over X. Then T and Tt
are cohomologous to p.([D]) = [D’] where D' = p(D) is the image of D in X.
This implies that O(D’) is ample and therefore X is projective algebraic (we
could also have applied the well-known result of Moishezon [Mo 67] that every
Kéhler Moishezon manifold is projective algebraic). The converse implications in
corollary 1.6 are trivial. O

7. Application to self-intersection inequalities

An interesting application of our regularization technique is the estimation
of a global intersection number [\ {T1} A ... A{T,} of closed positive currents of
type (1, 1), when the pointwise product Th A. .. AT, is not well defined as a current.
In fact, explicit examples show that T3 A... AT, cannot be defined in a reasonable
way without additional hypotheses (see e.g. [Ki 84] and [De 91]); in the case of
a self-intersection with 77 = ... = T, equal to the current of integration over an
exceptional divisor E, it may even happen that [ {E}" <0. In order to overcome
this difficulty, the idea is to replace the currents T; by smooth approximations and
to compute the limit. Such a method has been already used in [De 90a] to get
asymptotic bounds for the dimensions of cohomology groups with values in line
bundles O(kD), when D is an effective divisor.

The self-intersection inequality 1.7 presented here is another direct applica-
tion which uses the full force of Theorem 1.1 (see also [De 90b] for an independent
proof in the special case where X is projective algebraic and T € H?(X,Z)). In
fact, inequality 1.7 can be somewhat improved if the cohomology class {T'} is sup-
posed to be nef. In that case, it becomes possible to kill the singularities “locally”
on the manifold. More precisely, suppose we are given an arbitrary subset = C X.
We define the sequence of jumping values of T" with respect to = by

(7.1) by = bp(T,E) = inf {¢ > 0; codim (E,(T),z) > p, Yz € Z},

with the convention that a germ has codimension > n if and only if it is empty.
Then 0 = by < by < ... <b, < bpy1 with b1 = maxze=v(T,x) < +00, and for
¢ € |bp, bpt1], the set E.(T) has codimension > p at every point of Z and has at
least one component of codimension p exactly intersecting =.

THEOREM 7.2. — If {T} is nef, the inequalities of Theorem 1.7 hold with
by, = b,(T,E) and Z, j associated to an arbitrary subset = of X.
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Before entering into the proof, let us recall a few basic facts of current theory
(see [Siu 74] and [De 91] for details).

LEMMA 7.3 (Siu’s decomposition formula [Siu 74]). — Let © be a closed
positive current of bidimension (p,p) and let Z, be the collection of all p-
dimensional components appearing in the upperlevel sets E.(T). Then

©=> MZ]+R

where \;, = inf,cz, (0O, z) is the generic Lelong number of © along Zj, and R is
a closed positive current such that dim E.(R) < p for every ¢ > 0.

We also need a few results about intersection theory of closed positive
currents. Let 11, ..., T, be closed positive currents of bidegree (1,1) on a complex
manifold M. We can write T; = %85%- locally on every contractible Stein open
subset U C M, for some plurisubharmonic function ;. If ¢ is psh or almost psh,
we define the unbounded locus L(yp) to be the set of points = such that ¢ is not
bounded below near z.

LEMMA 7.4 ([De 91]). — Let © be a closed positive current of bidimension
(p,p). The wedge product T1 A ... NTy A © is well defined as soon as

L(Sojl) n...Nn L(spjnl) N Supp@

has zero Hausdorfl measure Hap_om+1 for every choice of indices j1 < ... < jm
in {1,...,¢}. In particular, this is the case if L(p;,) N...N L(y;,,) Is contained
in an analytic subset of dimension < p — m. Moreover, the product is weakly
continuous with respect to monotone decreasing sequences of plurisubharmonic
functions cpf — ; when k tends to +oo.

The proof of this result is obtained essentially by using Bedford and Taylor’s
definition of Monge-Ampere operators (see [De 91]): we set i00p A © := i0J(pO)
when © is a closed positive current and ¢ is a locally bounded psh function.
Suitable integration by parts then give inequalities of Chern-Levine-Nirenberg type
and show that the product i0dp; A ... A iddp, A © can be extended through the
singularities of the potentials ;. Finally, when the product i00p A © is well
defined, we have at every point x

(7.5) v(i0dp A ©,x) > v(iddyp, r) v(O, x).

Proof of Theorem 1.7. — We argue by induction on p. For p = 1, Siu’s
decomposition formula shows that

T = Z .k Z1k] + R,

where R is a closed positive current such that codim E.(R) > 2 for every ¢ > 0.
We have R > T, since the other part has singular measures as coefficients. The
result is thus true with © = T..
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Now, suppose that ©,_; has been constructed. For ¢ > by, the current
T.r=a+ %851/10);@ produced by the Main Theorem is such that T¢,  +cu+epw > 0
for some sequence e > 0 converging to 0, thanks to (1.11,1i). Since L(t¢x) C
E.(T) and codim E.(T") > p, Lemma 7.4 shows that

@p,c,k = ®p—1 AN (Tc,k +cu+ €kw)

is a well defined closed positive current. As {T.,} = {T'}, the cohomology class
{Op.c,k} converges to {O,_1}-({T}+c{u}). In particular, the mass [ Op . rAw™ P
remains uniformly bounded and the family (©p.ck)ecelp, b, +1),k>1 is relatively
compact in the weak topology (observe that the Kéhler assumption has been used
here). We define

61) - c—];iblsl-i-O ]CETOO Gp,c,ku

possibly after extracting some weakly convergent subsequence. Then {©,} =
{Op-1} - {T}+bp{u}), and so {Op} = {T} +b1{u}) - ({T}+bp{u}). Moreover,
we have

v(Op,z) > limsup limsup V(@p,l A (Tep + cu+ epw), x)
c—bp+0 k—+o0

> v(0p_1,2) x limsup limsup v(T,k,x)
c—bp+0 k—+o0

> v(Op-1,2) (V(T,x) —bp) ,

by application of (1.1iv) and (7.5) (and by the fact that the Lelong number of
a weak limit is always at least equal to the limsup of the Lelong numbers). By
induction we thus get

v(0p,x) > (v(T,z) — bl)Jr L (v(Tx) — bp)Jr,

in particular, the generic Lelong number of ©, along 7, is at least equal to
(Vpe —b1) ... (Upk — bp). Siu’s decomposition formula implies

Oy > Z(Vp,k —b1) ... (Vpk — bp) [Zp k]
k>1
Since the right hand side is Lebesgue singular, the desired inequality will be proved
if we show in addition that

Op.abe > (Tape + b1u) A ... A (Tape + bpu),

or inductively, that O, abe > Op—1,abc A (Tabe + bpu). In order to do this, we
simply have to make sure that limy ;o0 Tt kabe = Tabe almost everywhere and
to use induction again. But our arguments are not affected if we replace 1. by
Ve = max{t),Yer — A} with Ay converging quickly to +oo. It is then easy
to show that a suitable choice of Ay gives lim(i00Y, } )abe = (100%)abe almost
everywhere (see Lemma 10.12 in [De 90b]). O '

Proof of Theorem 7.2. — We apply a similar induction on p. When = # X
and ¢ > b, = by(T,Z), the current T,; may have singularities along some
components of E.(T") of codimension < p which do not intersect =. In view of
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Lemma 7.3, this might create trouble in the definition of © .. When {T'} is
supposed to be nef, we can modify the inductive construction of ©, as follows.
Let oy € {Ti be a smooth representative such that ap > —epw. Then we have
ag = a+ ~00py for some smooth function . We set

Vek,a = max{Pek, ok — A}

with a large constant A > 0, and replace T¢ x, Op c r by
i
Tepa=a+ —00cka,  Opepa=OpiA(Tepa+cutew).

We have %831/@;6 > —a—cu—epw by (1.11,ii) and %83@6 = — Q> —a—EpWw.
Therefore %851&07;@7 A satisfies the same lower bound as ., and we get the
inequality T; x4 + cu + exw > 0 as before. Since the potential 1.\ 4 is bounded
everywhere, the product ©, ;4 is well defined on X. We then define ©, . by
extracting a weak limit

Gp,c,k = ALiIJrrloo Gp,c,k,A on X.
By definition of b, = by(T,Z), there is a neighborhood V of Z such that

E.(T) NV only contains components of codimension > p when ¢ > b,. As
lim 4400 Ye,k,4 = Pk, the continuity result of Lemma 7.4 implies

Opek =0p 1N (Terp+cutepw) onV.
The rest of the proof is identical to that of Th. 1.7. O
In the case b, = 0, we get the following interesting complement to Corol-

lary 6.4 by applying inequality 1.7 with p = n.

COROLLARY 7.6. — Let T be a closed positive (1,1)-current which has
zero Lelong numbers except perhaps on a countable subset of X. Then we have

JRGEED WY

reX

A. Appendix: basic results on L? estimates

We state here the basic L? existence theorems used in the above sections,
concerning 0 equations or holomorphic functions. The first of these is the intrinsic
manifold version of Hérmander’s L? estimates [H6 65,66], based on the Bochner-
Kodaira-Nakano technique (see also Andreotti-Vesentini [AV 65]).

THEOREM A.1. — Let L be a holomorphic line bundle on a weakly pseu-
doconvex n-dimensional manifold X equipped with a Kédhler metric w. Suppose
that L has a smooth hermitian metric whose curvature form satisfies

2mc(L) +i00p > Aw
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where ¢ is an almost psh function and A a positive continuous function on X.
Then for every form v of type (n,q), ¢ > 1, with values in L, such that v = 0 and

1
—|v|?e~?dV,, < +oo,
fa

there exists a form u of type (n,q — 1) with values in L such that Ju = v and
1 1
/ lu|?e~?dV, < = / —|vfe=%dV,,.
X q/x A

A weakly pseudoconvex manifold is by definition a complex manifold
possessing a smooth weakly pseudoconvex exhaustion function (examples: Stein
manifolds, compact manifolds, the total space of a Griffiths weakly negative vector
bundle, ...). Suppose that ¢ has Lelong number v(p,2) = 0 at a given point z.
Then for every m the weight e™™% is integrable in a small neighborhood V' of x
(see [Sk 72a]). Let 0 be a cut-off function equal to 1 near x, with support in V.
Let z be coordinates and let e be a local frame of L on V. For ¢ small enough,
the curvature form

2mc(L) 400 (p(2) + 226(2) log |z — z|)

is still positive definite. We apply A.1 to the bundle L™ equipped with the
corresponding weight m(p(2) + 2¢6(2) log|z — x|), and solve the equation du = v
for the (n,1)-form v = A(0(2)P(z)dz1 A ... A dz, ® e™) associated to an arbitrary
polynomial P. The L? estimate shows that the solution v has to vanish at order
> q+ 1 at x where ¢ = [me] — n, hence

0(2)P(z)dz1 A ... Ndzp @ e™ — u(z)

is a holomorphic section of Kx ® L™ with prescribed jet of order g at x.

COROLLARY A.2. — Suppose that 27 c¢(L) + i00yp > 6w for some § > 0.
Let x € X be such that v(p,x) = 0. Then there exists € > 0 such that the sections
in HY(X, Kx ® L™) generate all jets of order < me at x for m large. O

The Ohsawa-Takegoshi estimates were needed in section 3 in the following
very special case ([Oh 88], Cor. 2 p. 266).

PRropPoOSITION A.3. — Let Y be a pure dimensional closed complex sub-
manifold of C", let 2 be a bounded pseudoconvex open set and let ¢ be a plurisub-
harmonic function on Q. Then for any holomorphic function f on 'Y N with

/ |f|?e”?dVy < +oo,
YNQ
there exists a holomorphic extension F' to Q) such that
/ |F|2e=¢dV < A/ |f|?e”?dVy < +o0.
Q Yo
Here A depends only on Y and on the diameter of €.
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Finally, a crucial application of Skoda’s L? estimates [Sk 72b] for ideals of
holomorphic functions was made in section 5:

THEOREM A.4. — Let ¢ be a plurisubharmonic function on a pseudo-
convex open set ! C C" and let o1,...,0n5 be holomorphic functions on € (the
sequence o; can be infinite). Set ¢ = min{N —1,n} and |o|* =" |o;|>. Then, for
every holomorphic function f on 2 such that

/ F 2o 20 40624V < oo, a >0,
Q

there exist holomorphic functions ¢1,...,gn on Q such that f = Zl<j<N g;0;
and o

1
Pl emea < ST [ fPlol e ey < o
Q & Q

COROLLARY A.5. — With the same notations, suppose that
/ |f? || 2 atmte)e=2qV < 400
Q

for some o > 0 and some integer m > 1. Then there exist holomorphic functions
g forall L = ({1,...,4y) € {1,...,N}™ such that

f= g gLaL with o = 00,00, -..00,,,
L

/Z|gL|2|O,|72(11+0z)eﬂpdvS a—|—m/ |f|2|o_|72(q+m+a)€7<pdv<+OO.
Q7 « Q

Proof. — Use induction on m: if the result is true for (m — 1, + 1) then
f=>nu gao™ with A of length m — 1, and each function gn can be written
gn =Dy, 9Loe,, With L = (A, 4,,) and

1
/ Z|9L|2|U|72(Q+a)e*<ﬂdv < a+ / |GA|2|0|72(q+1+a)e—gpdV < 400,
Q o Q

(0%

/Z|9A|2|0|_2(q+1+a)6_¢dV§ Oé+m/ |f|2|0,|—2(q+m+a)e—gadv<+OO- 0
Q A Oé+1 [¢)
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