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Introduction and goals

Let X be a complex projective manifold, dim¢ X = n. Our goal is
to study the existence and distribution of entire curves, i.e. non
constant holomorphic curves f : C — X.
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Introduction and goals

Let X be a complex projective manifold, dim¢ X = n. Our goal is
to study the existence and distribution of entire curves, i.e. non
constant holomorphic curves f : C — X.

Conjecture (Green-Griffiths-Lang)

Assume that X is of general type, i.e. x(X) = n = dim X where

log R%(X, K™
k(X) == limsup og (X, Kx )
m—s-+00 log m
Then 3Y C X algebraic containing all entire curves f : C — X.
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denoted Y = Exc(X) = exceptional locus of X.
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Introduction and goals

Let X be a complex projective manifold, dim¢ X = n. Our goal is
to study the existence and distribution of entire curves, i.e. non
constant holomorphic curves f : C — X.

Conjecture (Green-Griffiths-Lang)

Assume that X is of general type, i.e. ©(X) = n = dim X where

log R%(X, K™
k(X) == limsup og (X, Kx )
m—s-+00 log m
Then 3Y C X algebraic containing all entire curves f : C — X.

Definition. The smallest algebraic subvariety above will be
denoted Y = Exc(X) = exceptional locus of X.

Arithmetic counterpart (Lang 1987) — very optimistic ?

For X projective defined over a number field Kq, the exceptional
locus Y = Exc(X) in GGL's conjecture equals Mordell(X) =
smallest Y such that X(K) \ Y is finite, VK number field D Ko.
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Category of directed varieties

More generally, we are interested in entire curves f : C — X such
that f'(C) C V, where V is a (possibly singular) linear subspace
of X, i.e. a closed irreducible analytic subspace such that Vx € X,
Vi =V N Tx, is linear.
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Category of directed varieties

More generally, we are interested in entire curves f : C — X such
that f'(C) C V, where V is a (possibly singular) linear subspace
of X, i.e. a closed irreducible analytic subspace such that Vx € X,
Vi =V N Tx, is linear.

f:(C, Te) = (X, V)

Definition (Category of directed varieties)

— Objects : pairs (X, V), X manifold/C and V C Tx

— Arrows ¢ : (X, V) — (Y, W) holomorphic s.t. di)(V) c W
— “Absolute case” (X, Tx), i.e. V = Tx

— "“Relative case” (X, Tx/s) where X — S

— "“Integrable case” when [O(V),O(V)] C O(V) (foliations)

o
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Canonical sheaf of a directed variety (X,V)

Canonical sheaf of a directed manifold (X, V)

When V is nonsingular, i.e. a subbundle, one simply sets
Ky = det(V*) (as a line bundle).
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Canonical sheaf of a directed manifold (X, V)

When V is nonsingular, i.e. a subbundle, one simply sets
Ky = det(V*) (as a line bundle).

When V is singular, we first introduce the rank 1 sheaf °iC,, of
sections of det V* that are locally bounded with respect to a
smooth ambient metric on Tx.
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Canonical sheaf of a directed variety (X,V)

Canonical sheaf of a directed manifold (X, V)

When V is nonsingular, i.e. a subbundle, one simply sets

Ky = det(V*) (as a line bundle).

When V is singular, we first introduce the rank 1 sheaf °iC,, of
sections of det V* that are locally bounded with respect to a
smooth ambient metric on Tx. One can show that Ky is equal to
the integral closure of the image of the natural morphism

ON'Tx) = O(N'V*) — Ly := invert. sheaf O(A"V*)*™*
that is, if the image is Ly ® Jv, Jv C Ox,
by =Ly ® Jv, Jv = integral closure of 7y .
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Canonical sheaf of a directed variety (X,V)

Canonical sheaf of a directed manifold (X, V)

When V is nonsingular, i.e. a subbundle, one simply sets

Ky = det(V*) (as a line bundle).

When V is singular, we first introduce the rank 1 sheaf °iC,, of
sections of det V* that are locally bounded with respect to a
smooth ambient metric on Tx. One can show that Ky is equal to
the integral closure of the image of the natural morphism

ON'Tx) = O(N'V*) — Ly := invert. sheaf O(A"V*)*™*
that is, if the image is Ly ® Jv, Jv C Ox,
by =Ly ® Jv, Jv = integral closure of 7y .

One may have to first blow up X, otherwise °/Cy need not always
provide the appropriate geometric information.

J.-P. Demailly (Grenoble), Oberwolfach Meeting, May 17, 2021 Entire curves in projective varieties & differential equations 4/25



Canonical sheaf of a directed variety (X,V) [sequell

Blow up process for a directed variety

If 1 : X — Xisa modification, then X is equipped with the
pull-back directed structure V = ji=1(V|x/), where X’ C X is a
Zariski open set over which p is a biholomorphism.
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Canonical sheaf of a directed variety (X,V) [sequell

Blow up process for a directed variety

If 1 : X — Xisa modification, then X is equipped with the
pull-back directed structure V = ji=1(V|x/), where X’ C X is a
Zariski open set over which p is a biholomorphism.

0
V:zHszg v
g

Observation

One always has
PRy C 1.(°Ky) € Ly = O(det V)™,

and 1. (°K) “increases” with u (taking X — X — X).
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Canonical sheaf of a directed variety (X,V) [sequell

By Noetherianity, one can define a sequence of rank 1 sheaves
YT = lim 1 (PKp)™", wa(PKy)®" € K7 € £

which we call the pluricanonical sheaf sequence of (X, V).
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We do not know if there is a 1 that works for all m.
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Canonical sheaf of a directed variety (X,V) [sequell

By Noetherianity, one can define a sequence of rank 1 sheaves
YT = lim 1 (PKp)™", wa(PKy)®" € K7 € £

which we call the pluricanonical sheaf sequence of (X, V).

The blow-up u for which the limit is attained may depend on m.
We do not know if there is a 1 that works for all m.

This generalizes the concept of reduced singularities of foliations,
(which is known to work in that form only for surfaces).

Definition

We say that (X, V) is of general type if the pluricanonical sheaf
sequence ld;] is big, i.e. HO(X,IC[\;"]) provides a generic embedding
of X for a suitable m > 1.
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Generalized Green-Griffiths-Lang conjecture

Generalized GGL conjecture

If (X, V) is directed manifold of general type, i.e. ICE;] is big, then
there exists an algebraic locus Y C X such that for every
f:(C, T¢) = (X, V), one has f(C) C Y.
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If (X, V) is directed manifold of general type, i.e. ICE;] is big, then
there exists an algebraic locus Y C X such that for every
f:(C, T¢) = (X, V), one has f(C) C Y.

Remark 1. Elementary by Ahlfors-Schwarz if r = rank V = 1.
t +— log ||f'(t)||v s is strictly subharmonic if r = 1 and (V*, h*) big.
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Remark 1. Elementary by Ahlfors-Schwarz if r = rank V = 1.
t +— log ||f'(t)||v s is strictly subharmonic if r = 1 and (V*, h*) big.
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It might be safer to add a suitable (semi)stability condition on V.
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Generalized Green-Griffiths-Lang conjecture

Generalized GGL conjecture

If (X, V) is directed manifold of general type, i.e. ICE;] is big, then
there exists an algebraic locus Y C X such that for every
f:(C, T¢) = (X, V), one has f(C) C Y.

Remark 1. Elementary by Ahlfors-Schwarz if r = rank V = 1.
t +— log ||f'(t)||v s is strictly subharmonic if r = 1 and (V*, h*) big.

Remark 2. The above statement is possibly too optimistic.
It might be safer to add a suitable (semi)stability condition on V.

Basic strategy

Show that the entire curves f : (C, T¢) — (X, V) must satisfy
nontrivial algebraic differential equations P(f; ', f" ... (X)) =0,
and actually, many such equations.
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Definition of algebraic differential operators

Let (C, Tc) — (X, V), tw f(t)=(f(t),...,f,(t)) be a curve,
f(0) = x, and pick local holomorphic coordinates (z, ..., z,)

centered at x on a coordinate openset U~ U' x U" Cc C" x C" "
such that 7’ : U — U’ induces an isomorphism dn’ : V — U x C".
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Definition of algebraic differential operators

Let (C, Tc) — (X, V), tw f(t)=(f(t),...,f,(t)) be a curve,
f(0) = x, and pick local holomorphic coordinates (zi, ..., z,)
centered at x on a coordinate openset U~ U' x U" Cc C" x C" "
such that 7’ : U — U’ induces an isomorphism dn’ : V — U x C".
Then f is determined by the Taylor expansion
1

o f(t) = t& +.. + G+ O(8T), & = SVH(0),

where V is the trivial connection on V ~ U x C".
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Definition of algebraic differential operators

Let (C, Tc) — (X, V), tw f(t)=(f(t),...,f,(t)) be a curve,
f(0) = x, and pick local holomorphic coordinates (zi, ..., z,)
centered at x on a coordinate openset U~ U' x U" Cc C" x C" "
such that 7’ : U — U’ induces an isomorphism dn’ : V — U x C".
Then f is determined by the Taylor expansion
1

o f(t) = t& +.. + G+ O(8T), & = SVH(0),
where V is the trivial connection on V ~ U x C'.
One considers the Green-Griffiths bundle E5V* of polynomials of
weighted degree m, written locally in coordinate charts as

PG &L &) =D mana ()& 605, G EV.

J.-P. Demailly (Grenoble), Oberwolfach Meeting, May 17, 2021 Entire curves in projective varieties & differential equations 8/25



Definition of algebraic differential operators

Let (C, Tc) — (X, V), tw f(t)=(f(t),...,f,(t)) be a curve,
f(0) = x, and pick local holomorphic coordinates (z, ..., z,)
centered at x on a coordinate openset U~ U' x U" Cc C" x C" "
such that 7’ : U — U’ induces an isomorphism dn’ : V — U x C".
Then f is determined by the Taylor expansion

1
o f(t) = t& +.. + G+ O(8T), & = SVH(0),
where V is the trivial connection on V ~ U x C".

One considers the Green-Griffiths bundle E5V* of polynomials of
weighted degree m, written locally in coordinate charts as

PG &L &) =D mana ()& 605, G EV.

These can also be viewed as algebraic differential operators
P(fi) = P(f; f f", ... f¥)
= 3 amana (F(8) £ () £ ()
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Definition of algebraic differential operators [sequel]

Here t — z = f(t) is a curve, fig = (', f", ..., f() its k-jet, and
3,00, (2) are supposed to holomorphic functions on X.
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Here t — z = f(t) is a curve, fig = (', f", ..., f() its k-jet, and
3,00, (2) are supposed to holomorphic functions on X.

The reparametrization action : f — f o p,, pa(t) = At, A € C*
yields (f 0 ¢, ) (t) = A\ F(K)(A\t), whence a C*-action

A (& &an &) = (A&, NG, MG,
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Definition of algebraic differential operators [sequel]

Here t — z = f(t) is a curve, fig = (', f", ..., f() its k-jet, and
3,00, (2) are supposed to holomorphic functions on X.

The reparametrization action : f — f o p,, pa(t) = At, A € C*
yields (f 0 ¢, ) (t) = A\ F(K)(A\t), whence a C*-action

A (& &an &) = (A&, NG, MG,
EGG

xm is precisely the set of polynomials of weighted degree m,
corresponding to coefficients a,,. , with
m = |az| + 2|ag| + ... + k|ay].
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Definition of algebraic differential operators [sequel]

Here t — z = f(t) is a curve, fig = (', f", ..., f() its k-jet, and
3,00, (2) are supposed to holomorphic functions on X.

The reparametrization action : f — f o p,, pa(t) = At, A € C*
yields (f 0 ¢, ) (t) = A\ F(K)(A\t), whence a C*-action

A (& &an &) = (A&, NG, MG,
EGG

xm is precisely the set of polynomials of weighted degree m,
corresponding to coefficients a,,. , with
m = |C¥1| + 2|052| + ...+ k|Oék|.

Direct image formula

If J3°V is the set of non constant k-jets, one defines the
Green-Griffiths bundle to be Xi7“ = Jp°V//C* and Oxac(1) to be
the associated tautological rank 1 sheaf. Then we have

Tk - XkGG — X, E,S’ncj V' = (Wk)*oxlf;(;(m).

T = = — Y
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Main cohomology estimates

As an application of holomorphic Morse inequalities, one can get
the following fundamental estimates.

Theorem (D-, 2010)

Let (X, V) be a directed manifold, A — X an ample Q-line bundle,
(V, h) and (A, ha) hermitian, ©4,, > 0. Define
1 1 1

Lk:(’)xkec(l)®7r;';(9(—E(1+§+...+F>A>,

N = Odet v+ deth* — OAh,-
Then for all g > 0 and all m > k > 1 such that m is sufficiently
divisible, we have upper and lower bounds [g = 0 is most useful!]

q ! ®m m" (log k)" q,,n ¢
hI(XCS, O(LE™) < (ntkr—1)! n!?k!)f (/X (=1)%" + Iogk)

(m,9)

J.-P. Demailly (Grenoble), Oberwolfach Meeting, May 17, 2021 Entire curves in projective varieties & differential equations 10/25



Main cohomology estimates

As an application of holomorphic Morse inequalities, one can get
the following fundamental estimates.

Theorem (D-, 2010)

Let (X, V) be a directed manifold, A — X an ample Q-line bundle,
(V, h) and (A, ha) hermitian, ©4,, > 0. Define
1 1 1

Lk:(’)xkcc(l)®7r,"j(9(—E(1+§+...+E>A>,

N = Odet v+ deth* — OAh,-
Then for all g > 0 and all m > k > 1 such that m is sufficiently
divisible, we have upper and lower bounds [g = 0 is most useful!]

q ! ®m m" (log k)" q,,n ¢
hI(XCS, O(LE™) < (ntkr—1)! n!?k!)f (/X (=1)%" + Iogk)

(m,9)

) n+kr—1 (lOg k)n
h9(XSC, O(LE™)) > / —1)%" — .
(X, 0(L™) 2 (n+kr—1)! n! (k!)r< X(,,ngqﬂ)) T gk
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Holomorphic Morse inequalities: main statement

The g-index set of a real (1,1)-form 6 is defined to be
X(0,q) = {x € X| 0(x) has signature (n — g, q)}

(exactly g negative eigenvalues and n — g positive ones)
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X(0,q) = {x € X| 0(x) has signature (n — g, q)}

(exactly g negative eigenvalues and n — g positive ones)

Set also X(0, < q) = UX@J

0<j<q

X(0,q) and X(0,< q) are open sets.

sign(6") = (—1)7 on X(4, q).
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Holomorphic Morse inequalities: main statement
The g-index set of a real (1,1)-form 6 is defined to be
X(0,q) = {x € X| 0(x) has signature (n — g, q)}

(exactly g negative eigenvalues and n — g positive ones)

Set also X(0, < q) = UX@J

0<j<q

X(0,q) and X(0,< q) are open sets.

sign(6") = (—1)7 on X(4, q).

Theorem (D-, 1985)

Let (L, h) be a hermitian line bundle on X, F a coherent sheaf,

0 =0O,4and r =rank F. Then, as m — +o0
q

S (~1)TIH(X, 15" @ F) < r/ (=1)%" + o(m").

=0 X(6,<q)
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1% step: define a Finsler metric on k-jet bundles
Let JiV be the bundle of k-jets of curves f : (C, T¢) — (X, V)
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1% step: define a Finsler metric on k-jet bundles

Let JxV be the bundle of k-jets of curves f : (C, T¢) — (X, V)

Assuming that V is equipped with a hermitian metric h, one
defines a "weighted Finsler metric” on J*V by taking p = k! and

s P
whk(f) = < Z ESHVS ( )||2p/ ) ) l=c1> 6> > e

1<s<k
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1% step: define a Finsler metric on k-jet bundles

Let JxV be the bundle of k-jets of curves f : (C, T¢) — (X, V)
Assuming that V is equipped with a hermitian metric h, one
defines a "weighted Finsler metric” on J*V by taking p = k! and

s P
whk(f) = < Z ESHVS ( )||2p/ ) ) l=c1> 6> > e

1<s<k

Letting & = V°f(0), this can actually be viewed as a metric hy on
Ly := Oxgcc(1), with curvature form (x, &1, ..., &)

[ 1 ‘€S‘2P/s gsafsﬁ —
$) = — - 5 ijoy dz;\Ndz;
Ly, hy wrs,k(§)+ o 1;k52t|§t2p/t Z CjeB Tz 2 €62 Zi/nNazj

where (cj.5) are the coefficients of the curvature tensor ©y- - and
wrg k is the vertical Fubini-Study metric on the fibers of XkGG — X.

i?j7a7ﬁ

J.-P. Demailly (Grenoble), Oberwolfach Meeting, May 17, 2021 Entire curves in projective varieties & differential equations 12/25



1% step: define a Finsler metric on k-jet bundles

Let JxV be the bundle of k-jets of curves f : (C, T¢) — (X, V)
Assuming that V is equipped with a hermitian metric h, one
defines a "weighted Finsler metric” on J*V by taking p = k! and

s P
whk(f) = < Z ESHVS ( )||2p/ ) ) l=c1> 6> > e

1<s<k

Letting & = V°f(0), this can actually be viewed as a metric hy on
Ly := Oxgcc(1), with curvature form (x, &1, ..., &)

[ 1 ‘€S‘2P/s gsafsﬁ —
$) = — - 5 ijoy dz;\Ndz;
Ly, hy wrs,k(§)+ o 1;k52t|§t2p/t Z CjeB Tz 2 €62 Zi/nNazj

where (cj.5) are the coefficients of the curvature tensor ©y- - and
wrg k is the vertical Fubini-Study metric on the fibers of XkGG — X.

i?j7a7ﬁ

The expression gets simpler by using polar coordinates

= &5, us = &/|&]n = VF(0)/|VF(0)].
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2nd

step: probabilistic interpretation of the curvature

In such polar coordinates, one gets the formula

O, .h = wrs,p k(&) + ﬁ Z ixs Z Cijap(2) UsaUsp dz; N dZ;
1<s<k iy,
where wrg «(§) is positive definite in £. The other terms are a
weighted average of the values of the curvature tensor ©y , on
vectors us in the unit sphere bundle SV C V.
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2nd

step: probabilistic interpretation of the curvature

In such polar coordinates, one gets the formula

O, .h = wrs,p k(&) + ﬁ Z ixs Z Cijap(2) UsaUsp dz; N dZ;
1<s<k 0B
where wrg «(§) is positive definite in £. The other terms are a
weighted average of the values of the curvature tensor ©y , on
vectors us in the unit sphere bundle SV C V.
The weighted projective space can be viewed as a circle quotient of
the pseudosphere > |£,|?P/* = 1, so we can take here x; > 0,
>~ xs = 1. This is essentially a sum of the form > 2Q(u;) where
Q(u) = (©y+« p-u, u) and us are random points of the sphere, and
so as k — +oo this can be estimated by a “Monte-Carlo” integral
(1—1—1—1—...4—1) Q(u) du.
. ueSVv

2 k

1 1 1
As Q is quadratic,/ Q(u)du==Tr(Q)==Tr(Oy« p) = ;@det V.

ueSVv r r
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Fundamental vanishing theorem and diff. equations

Passing to a “singular version” of holomorphic Morse inequalities
to accommodate singular metrics ([Bonavero, 1996]), one gets

Corollary: existence of global jet differentials (D-, 2010)

Let (X, V) be of general type, i.e. P big rank 1 sheaf, and let
1 1

. 1
Lee = Oxgo(1) ® mO(=8eh), 8= 1 (1 b Z>’

with A ample. Then there exist many nontrivial global sections
P e HO(XJ LZM) ~ HY(X, EZV* @ O(—mbyeA))
for m> k> 1 and ¢ € Q¢ small.
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Fundamental vanishing theorem and diff. equations

Passing to a “singular version” of holomorphic Morse inequalities
to accommodate singular metrics ([Bonavero, 1996]), one gets

Corollary: existence of global jet differentials (D-, 2010)

Let (X, V) be of general type, i.e. P big rank 1 sheaf, and let

1 1 1
Lie = Oxgo(1) 8 mO(=8keA), Gk = (145 +...+ ),

kr 2 k
with A ample. Then there exist many nontrivial global sections

P e HO(XJ LZM) ~ HY(X, EZV* @ O(—mbyeA))
for m> k> 1 and ¢ € Q¢ small.

Fundamental vanishing theorem =- differential equations

[Green-Griffiths 1979], [Demailly 1995], [Siu-Yeung 1996]
For all global differential operators P € H°(X, EZV* @ O(—qA)),
g€ N* andall f: (C, T¢) — (X, V), one has P(fy) = 0.

= =
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The base locus problem

Geometrically, this can interpreted by stating that the image
fir)(C) of the k-jet curve lies in the base locus

z=) N ') c X<
meN"  oe HO(X GG, LPM)

—T | ™~

| —1 7
Jw:C—x8¢ Vz g

T

f:C—-X X
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The base locus problem

Geometrically, this can interpreted by stating that the image
fir)(C) of the k-jet curve lies in the base locus

z=) N ') c X<
meN"  oe HO(X GG, LPM)

—T | ™~

| —1 7
Jw:C—x8¢ Vz g

T

f:C—-X X

To prove the GGL conjecture, we would need to get 7, (Z) C X.
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General problem concerning base loci

Let (L, h) be a hermitian line bundle over X. If we assume that
6 = O, satisfies fX(9,<1) 0" > 0, then we know that L is big, i.e.

that h°(X, L®™) > cm", for m > mg and ¢ > 0,
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General problem concerning base loci

Let (L, h) be a hermitian line bundle over X. If we assume that

6 = O, satisfies fX(e,g) 0" > 0, then we know that L is big, i.e.
that h°(X, L®™) > cm", for m > mg and ¢ > 0, but this does not
tell us anything about the base locus Bs(L) = (), o(x 1om) o~ 10).
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General problem concerning base loci

Let (L, h) be a hermitian line bundle over X. If we assume that

6 = O, satisfies fX(e,g) 0" > 0, then we know that L is big, i.e.
that h°(X, L®™) > cm", for m > mg and ¢ > 0, but this does not
tell us anything about the base locus Bs(L) = (), o(x 1om) o~ 10).

Definition

The “iterated base locus” IBs(L) is obtained by picking inductively
Zo = X and Z, = zero divisor of a section oy of L®™ over the
normalization of Z,_;, and taking mk,ml,...,

Mmy,01,....0x <k
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General problem concerning base loci

Let (L, h) be a hermitian line bundle over X. If we assume that
6 = O, satisfies fX(9,<1) 0" > 0, then we know that L is big, i.e.

that h°(X, L®™) > cm", for m > mg and ¢ > 0, but this does not
tell us anything about the base locus Bs(L) = (), o(x 1om) o~ 10).

Definition

The “iterated base locus” IBs(L) is obtained by picking inductively
Zo = X and Z, = zero divisor of a section oy of L®™ over the
normalization of Z,_;, and taking mk,ml,...,

Mmy,01,....0x <k

Unsolved problem

Find a condition, e.g. in the form of Morse integrals (or analogs)
for @ = ©y 5, ensuring for instance that codim IBs(L) > p.
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General problem concerning base loci

Let (L, h) be a hermitian line bundle over X. If we assume that
6 = O, satisfies fX(9,<1) 0" > 0, then we know that L is big, i.e.

that h°(X, L®™) > cm", for m > mg and ¢ > 0, but this does not
tell us anything about the base locus Bs(L) = (), o(x 1om) o~ 10).

Definition

The “iterated base locus” IBs(L) is obtained by picking inductively
Zo = X and Z, = zero divisor of a section oy of L®™ over the
normalization of Z,_1, and taking mk,ml,..., Z.

Mi,015...,0k

Unsolved problem

Find a condition, e.g. in the form of Morse integrals (or analogs)
for @ = ©y 5, ensuring for instance that codim IBs(L) > p.

We would need for instance to be able to check the positivity of

Morse integrals f2(9‘z,<1) 0"=P for Z irreducible, codim Z = p.
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A new result on the base locus of jet differentials

Theorem (D-, 2021)

Let (X, V) be a directed variety of general type. Then there exists
ko € N and ¢ > 0 with the following properties.
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A new result on the base locus of jet differentials

Theorem (D-, 2021)

Let (X, V) be a directed variety of general type. Then there exists
ko € N and ¢ > 0 with the following properties.

Let Z C XFC be an irreducible algebraic subvariety that is a
component of a complete intersection of irreducible hypersurfaces

M {kejets fig € X7%: Pi(F) =0}, P KX, ES0 V' ®G)

1<j<t

with k > ko, ord(Pj) =5, 1<s1 <--- <5<k, > Sl < dlog k,
1<j<e

and G; € Pic(X).
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A new result on the base locus of jet differentials

Theorem (D-, 2021)

Let (X, V) be a directed variety of general type. Then there exists
ko € N and ¢ > 0 with the following properties.

Let Z C XFC be an irreducible algebraic subvariety that is a
component of a complete intersection of irreducible hypersurfaces

M {kejets fig € X7%: Pi(F) =0}, P KX, ES0 V' ®G)

1<j<e
with k > ko, ord(Pj) =5, 1<s1 <--- <5<k, > Sl < dlog k,
1<j<e _
and G; € Pic(X). Then the Morse integrals / @‘Li'kmz of
Z(Lie<1)
. 1 1 1
Lk75 = OXEG(]') ®7Tk0)(< = E(l aF 5 + .-+ ;)6/\)

are positive for € >0 small, hence H°(Z, L") > ¢ m*™# for m>> 1.

v
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A new result on the base locus of jet differentials

Theorem (D-, 2021)

Let (X, V) be a directed variety of general type. Then there exists
ko € N and ¢ > 0 with the following properties.

Let Z C XFC be an irreducible algebraic subvariety that is a
component of a complete intersection of irreducible hypersurfaces

M {kejets fig € X7%: Pi(F) =0}, P KX, ES0 V' ®G)

1<j<e
with k > ko, ord(Pj) =5, 1<s1 <--- <5<k, > Sl < dlog k,
1<j<e _
and G; € Pic(X). Then the Morse integrals / @‘Li'kmz of
Z(Lie<1)
. 1 1 1
Lk75 = OXEG(]') ®7Tk0)(< = E(l aF 5 + .-+ ;)6/\)

are positive for € >0 small, hence H°(Z, L") > ¢ m*™# for m>> 1.

v

Unfortunately, this seems insufficient to prove the GGL conjecture.
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Further geometric structures: Semple jet bundles

o Functor “l-jet” : (X, V) (X, V) where :
X = P(V) = bundle of projective spaces of lines in V
7: X=P(V)=X, (x][v])—x, veV
Vi) = {6 € Ty (s € € Cv C T}
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Further geometric structures: Semple jet bundles

o Functor “l-jet” : (X, V) (X, V) where :
X = P(V) = bundle of projective spaces of lines in V
7: X=P(V)=X, (x][v])—x, veV
Vi) = {6 € Ty (s € € Cv C T}

@ For every entire curve f : (C, T¢) — (X, V) tangent to V

s s { B0) = U000 < PV € X
fay : (C, Te) = (X, V) (projectivized 1%-jet)
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Further geometric structures: Semple jet bundles

o Functor “l-jet” : (X, V) (X, V) where :
X = P(V) = bundle of projective spaces of lines in V
7: X=P(V)=X, (x][v])—x, veV
Vi) = {6 € Ty (s € € Cv C T}

@ For every entire curve f : (C, T¢) — (X, V) tangent to V
— ! %
s { 0= (O T < PLYo) 5

fay : (C, Te) = (X, V) (projectivized 1%-jet)
e Definition. Semple jet bundles :

— (Xk, Vi) = k-th iteration of functor (X, V) — (X, V)
— fig : (C, Te) — (X, Vi) is the projectivized k-jet of f.
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Further geometric structures: Semple jet bundles

o Functor “l-jet” : (X, V) (X, V) where :
X = P(V) = bundle of projective spaces of lines in V
7: X=P(V)=X, (x][v])—x, veV
Vi) = {6 € Ty (s € € Cv C T}

@ For every entire curve f : (C, T¢) — (X, V) tangent to V
— ! %
s { 0= (O T < PLYo) 5

fay : (C, Te) = (X, V) (projectivized 1%-jet)
o Definition. Semple jet bundles :
— (Xk, Vi) = k-th iteration of functor (X, V) — (X, V)
— fig : (C, Te) — (X, Vi) is the projectivized k-jet of f.
e Basic exact sequences. On X, = P(Vj_1), one has
dmy

0= Txy/x,s & Vi — Ox(—1) =0 =rankV,=r
0— OXk — 77; Vie1 ® Oxk(].) — TXk/Xk—l —0 (Euler)
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Direct image formula for Semple bundles

For n = dim X and r = rank V, one gets a tower of P"~!-bundles
Tho Xk 2 Xeeg — = Xg B X=X

with dim X, = n+ k(r — 1), rank Vj, = r,
and tautological line bundles Ox, (1) on Xy = P(Vi_1).
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Direct image formula for Semple bundles

For n = dim X and r = rank V, one gets a tower of P"~!-bundles
Tho Xk 2 Xeeg — = Xg B X=X

with dim X, = n+ k(r — 1), rank Vj, = r,
and tautological line bundles Ox, (1) on Xy = P(Vi_1).

X, is a smooth compactification of X " /G, = JI "8 /G,
where Gy is the group of k-jets of germs of biholomorphisms of
(C,0), acting on the right by reparametrization: (f, ) — f o ¢,
and J, %8 is the space of k-jets of regular curves.
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Direct image formula for Semple bundles

For n = dim X and r = rank V, one gets a tower of P"~!-bundles
Tho Xk 2 Xeeg — = Xg B X=X

with dim X, = n+ k(r — 1), rank Vj = r,
and tautological line bundles Ox, (1) on Xy = P(Vi_1).

X is a smooth compactification of XkGG’reg/Gk = JSG’reg/Gk,
where Gy is the group of k-jets of germs of biholomorphisms of
(C,0), acting on the right by reparametrization: (f, ) — f o ¢,
and J, %8 is the space of k-jets of regular curves.

Direct image formula for invariant differential operators

ExmV* = (mk0)+Ox,(m) = sheaf of algebraic differential
operators f — P(fyq) acting on germs of curves
f:(C, Tc) = (X, V) such that P((f o ¢)ug) = ¢"™P(fig) o .
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Induced directed structure on a subvariety

Let Z be an irreducible algebraic subset of some Semple k-jet
bundle X, over X (k arbitrary).
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Induced directed structure on a subvariety

Let Z be an irreducible algebraic subset of some Semple k-jet
bundle X, over X (k arbitrary).

We define an induced directed structure (Z, W) < (Xx, Vi) by
taking the linear subspace W C Tz C Tx, |z to be the closure of
Tz N Vi taken on a suitable Zariski open set Z' C Z., where the
intersection has constant rank and is a subbundle of 7.
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Induced directed structure on a subvariety

Let Z be an irreducible algebraic subset of some Semple k-jet
bundle X, over X (k arbitrary).

We define an induced directed structure (Z, W) < (Xx, Vi) by
taking the linear subspace W C Tz C Tx, |z to be the closure of
Tz N Vi taken on a suitable Zariski open set Z' C Z., where the
intersection has constant rank and is a subbundle of 7.

Alternatively, one could also take W to be the closure of Tz N Vj
in the k-th stage (X2, V?) of the “absolute Semple tower"
associated with (X, V5) = (X, Tx)

(so as to deal only with nonsingular ambient Semple bundles).
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Induced directed structure on a subvariety

Let Z be an irreducible algebraic subset of some Semple k-jet
bundle X, over X (k arbitrary).
We define an induced directed structure (Z, W) < (Xx, Vi) by
taking the linear subspace W C Tz C Tx, |z to be the closure of
Tz N Vi taken on a suitable Zariski open set Z' C Z., where the
intersection has constant rank and is a subbundle of 7.
Alternatively, one could also take W to be the closure of Tz N Vj
in the k-th stage (X2, V?) of the “absolute Semple tower"
associated with (X, V5) = (X, Tx)
(so as to deal only with nonsingular ambient Semple bundles).
This produces an induced directed subvariety

(Z, W) - (Xk, Vk)

It is easy to show that
Tk k-1(Z) = Xk—1 = rank W < rank V), = rank V.
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Some tautological morphisms

Denote Ox, (a) = 7 10x,(a1) ® - @ g 1 O0x,_, (ak-1) ® Ox, (ax)
for every k-tuple a = (ay,...,ax) € Z*, and let 1 = (1,...,1) € Z*,
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Some tautological morphisms

Denote Ox, (a) = 7 10x,(a1) ® - @ g 1 O0x,_, (ak-1) ® Ox, (ax)
for every k-tuple a = (a1, ..., ax) € Z*, and let 1 = (1,...,1) € Z.

Absolute and induced tautological morphisms
@ Forall p=1,....n, there is a tautological morphism
O Mo\ T = AP(VE)" @ Oxp((p — 1))
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Some tautological morphisms

Denote Ox, (a) = 7 10x,(a1) ® - @ g 1 O0x,_, (ak-1) ® Ox, (ax)
for every k-tuple a = (a1, ..., ax) € Z*, and let 1 = (1,...,1) € Z.

Absolute and induced tautological morphisms
@ Forall p=1,....n, there is a tautological morphism
&t TN Ty = N(VE)" @ Ox((p — 1)1)
@ Let Zbe an irreducible subvariety of Xj such that 7 o(Z) = X.

Consider the induced directed structure (Z, W) C (Xx, Vi)
and set r' = rank W.
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Some tautological morphisms

Denote Ox, (a) = 7 ,0x,(a1) ® - @ 7}, 10x,_,(ak-1) @ Ox, (ax)
for every k-tuple a = (ay,...,ax) € Z*, and let 1 = (1,...,1) € Z*,
Absolute and induced tautological morphisms
@ Forall p=1,....n, there is a tautological morphism
O Mo\ T = AP(VE)" @ Oxp((p — 1))
@ Let Zbe an irreducible subvariety of Xj such that 7 o(Z) = X.
Consider the induced directed structure (Z, W) C (Xx, Vi)
and set r' = rank W. Then there is over Z a subsheaf
Wo C mj oV of rank rp > r’, and there exist nonzero

tautological morphisms derived from ®5 |, of the form

OTW L PAP WG — PRy @ Ox,(2) 2
where °/Cy, C (A7 W*)**, AW is a quotient of the sheaf
7 o"A°V* of bounded ro-forms on V, and a € N¥.
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Geometric use of the tautological morphisms

Theorem (D-, 2021)

Let (X, V) be a directed variety. Assume that AP V/* is strongly
big for some p < r = rank V/, in the sense that for A € Pic(X)
ample, the symmetric powers S™(°APV*) @ O(—A) are generated
by their sections over a Zariski open set of X, for m > 1.

J.-P. Demailly (Grenoble), Oberwolfach Meeting, May 17, 2021 | Entire curves in projective varieties & differential equations 22/25



Geometric use of the tautological morphisms

Theorem (D-, 2021)

Let (X, V) be a directed variety. Assume that AP V/* is strongly
big for some p < r = rank V/, in the sense that for A € Pic(X)
ample, the symmetric powers S™(°APV*) @ O(—A) are generated
by their sections over a Zariski open set of X, for m > 1.

e If p=1, (X, V) satisfies the generalized GGL conjecture.
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Geometric use of the tautological morphisms

Theorem (D-, 2021)

Let (X, V) be a directed variety. Assume that AP V/* is strongly
big for some p < r = rank V/, in the sense that for A € Pic(X)
ample, the symmetric powers S™(°APV*) @ O(—A) are generated
by their sections over a Zariski open set of X, for m > 1.

e If p=1, (X, V) satisfies the generalized GGL conjecture.

e If p > 2, there exists a subvariety Y C X and finitely many
induced directed subvarieties (Z,, W,) C (Xk, Vi) with
rank W, < p — 1, such that all curves f : (C, T¢) — (X, V)
satisfy either f(C) C Y or fiq : (C, Te) = U(Za, Wa).
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Geometric use of the tautological morphisms

Theorem (D-, 2021)

Let (X, V) be a directed variety. Assume that AP V/* is strongly
big for some p < r = rank V/, in the sense that for A € Pic(X)
ample, the symmetric powers S™(°APV*) @ O(—A) are generated
by their sections over a Zariski open set of X, for m > 1.

e If p=1, (X, V) satisfies the generalized GGL conjecture.

e If p > 2, there exists a subvariety Y C X and finitely many
induced directed subvarieties (Z,, W,) C (Xk, Vi) with
rank W, < p — 1, such that all curves f : (C, T¢) — (X, V)
satisfy either f(C) C Y or fiq : (C, Te) = U(Za, Wa).

o In particular, if p =2, all entire curves f : (C, T¢) — (X, V)
are either contained in Y C X, or they are tangent to a
rank 1 foliation on a subvariety Z C Xi. This implies that the
latter curves are parametrized by a finite dimensional space.
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Logarithmic version

More generally, if A = )" A, is a reduced normal crossing divisor
in X, we want to study entire curves f : C — X ~. A drawn in the
complement of A.

f X

(C/
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Logarithmic version

More generally, if A = )" A, is a reduced normal crossing divisor
in X, we want to study entire curves f : C — X ~. A drawn in the
complement of A.

f X

(C/

At a point where A = {z; ...z, = 0} one defines the cotangent

logarithmic sheaf T to be generated by dzl, dzpiq, ..., dz,.

727
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Logarithmic version

More generally, if A = )" A, is a reduced normal crossing divisor
in X, we want to study entire curves f : C — X ~. A drawn in the
complement of A.

f X

(C/

At a point where A = {z; ...z, = 0} one defines the cotangent

logarithmic sheaf T to be generated by dzl, dzpiq, ..., dz,.

727

Theorem (D-, 2021)

If A2 T)"}<A> is strongly big on X, there exists a subvariety Y C X
and a rank 1 foliation F on some k-jet bundle Xy, such that all
entire curves f : C — X ~. A are contained in Y or tangent to F.

= = =
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Logarithmic/orbifold directed versions

(Work in progress with F. Campana, L. Darondeau & E. Rousseau)
There are also more general versions dealing with entire curves
f:(C, Tc) — (X, V) and avoiding a normal crossing divisor A
transverse to V (“logarithmic case”), or meeting A = > (1 — 5)AJ-

J
with multiplicities > p; along A; (“orbifold case™).
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Logarithmic/orbifold directed versions

(Work in progress with F. Campana, L. Darondeau & E. Rousseau)
There are also more general versions dealing with entire curves
f:(C, Tc) — (X, V) and avoiding a normal crossing divisor A
transverse to V (“logarithmic case”), or meeting A = > (1 — 5)AJ-

J
with multiplicities > p; along A; (“orbifold case™).

At this step, positivity is to be expressed for
a sequence of orbifold cotangent bundles

VH(A®), AL =3 (1-2) A,
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Logarithmic/orbifold directed versions

(Work in progress with F. Campana, L. Darondeau & E. Rousseau)
There are also more general versions dealing with entire curves
f:(C, Tc) — (X, V) and avoiding a normal crossing divisor A
transverse to V (“logarithmic case”), or meeting A = > (1 — 5)AJ-

J
with multiplicities > p; along A; (“orbifold case™).

At this step, positivity is to be expressed for
a sequence of orbifold cotangent bundles

VH(A®), AL =3 (1-2) A,

In all cases, proving the GGL conjecture with optimal positivity
conditions (i.e. only assuming bigness of the logarithmic/orbifold
canonical sheaf) seems to require a better use of stability properties.
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Thank you for your attention!

>
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