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0. Introduction and notation

One of the most fundamental facts of algebraic geometry is the possibility of
characterizing ampleness of line bundles by numerical criteria (Nakai-Moishezon,
Kleiman-Seshadri, . ..), or by cohomology vanishing theorems. Over the complex
numbers, ampleness is moreover equivalent to the existence of a metric of positive
curvature (Kodaira).

The case of line bundles with curvature of mixed signature is also of a
considerable importance. Andreotti and Grauert [AG62] have proved the following
result:

Given X a compact complex manifold and L a holomorphic line bundle over
X carrying a hermitian metric h whose curvature form ©,(L) is a (1,1)-form
with at least n — q positive eigenvalues at every point, then for every coherent
sheaf F over X the cohomology groups H’(X,F @ O(mL)) vanish for j > q and
m > mo(F).

The purpose of this paper is to investigate line bundles satisfying partial
positivity properties in a systematic way. For this we introduce the following

DEFINITION. — Let L be a holomorphic line bundle over a projective manifold X .
We let 0, (L) be the smallest integer q with the following property: there exists
an ample divisor A on X and a constant C' > 0 such that H?(X,mL — pA) =0
for all integers j > q and m,p >0, m > C(p+ 1).

One of the reasons of introducing A in the definition is to recover the notion
of ampleness: indeed, L is ample precisely if 04 (L) = 0. On the other hand
04+ (L) =n = dim X if and only if ¢; (L*) is in the closure of the cone of effective
divisors. Moreover o, (L) is an upper semicontinuous function of ¢;(L) in the
Néron-Severi group of X over Q.

The above mentioned vanishing theorem of Andreotti-Grauert takes in this
context a slightly more precise form.

PROPOSITION. — If O (L) has at least n — q positive eigenvalues at every point
for some integer ¢ = 0,1,...,n, then o4 (L) < q.

In view of Kodaira’s characterization of ampleness by positive curvature, it
would be interesting to know the answer to the following problem.

PROBLEM. — Let L be a holomorphic line bundle over a projective algebraic
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manifold X and let ¢ = o4 (L). Is there a smooth hermitian metric h on L such
that ©p (L) has at least n — q positive eigenvalues at each point ?

We prove that the problem has a positive answer in case X = IP(F) and
L = Op(g)(£l), where E* — Y is an ample rank r vector bundle and Y is a
curve, or Y is arbitrary and E* is generated by sections. This makes use of results
of Umemura [Um?73] and Sommese [So78] relating the notions of ampleness and
Griffiths positivity for vector bundles.

A more algebraic approach leads us to introduce the following definition of
a purely numerical nature.

DEFINITION. — Let X be a projective n-dimensional manifold. A sequence
Y, C Y41 C...CY, 1 CY, = X of k-dimensional algebraic subvarieties Y},
of X is called an ample g-flag if for each k = q, ... ,n — 1 there exists an ample

Cartier divisor Zj, in the normalization Yj11, such that Yy = vi411(SuppZy) as a
set, where vj11 : Yig+1 — Yiy1 is the normalization map.

We say that a line bundle L € Pic(X) is g-flag positive if there exists an
ample q-flag Y, C Y41 ... C X such that Ly, is positive.

The reason for considering normalizations in the definition of ample flags
is that we want this notion to be invariant by finite maps. Without taking
normalizations, a push forward of a Cartier divisor would not necessarily be a
Cartier divisor. Our main result in this direction is that the above numerical
criterion implies cohomology vanishing.

THEOREM. — Let L € Pic(X). If L is g-flag positive, then o (L) <n —q.

The example of L = Op(g)(1) over X = IP(E) for E = Qf ® Og(2) over a
general quartic surface in IP3 shows that the converse to the Theorem is not true
when n = 3, ¢ = 2 (see Example 5.6). However, we do not have counterexamples
in the most interesting case ¢ = 1. In this case we have a partial positive result,
using a recent paper of Campana-Flenner [CF91].

PROPOSITION. — Let X = IP(E) - C be a IP,,_;-bundle over a smooth curve
and let L be a line bundle on X with o(L) < n — 1. Then L is 1-flag positive.

Moreover there is a base change F* : X = P(f*FE) — X = IP(E) given by a finite
map f: C — C, such that the pull-back F'*L admits an ample 1-flag

Yic...cY,1CX

of the form Y; = D;N...N D,y with D;, ..., D, _1 very ample and intersecting
transversally.

Our next concern is to study the cone of “ample curves”, in relation with
effective divisors and ample 1-flags. To this effect, we introduce the following
notation, which will be used throughout the paper.
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DEFINITION. — (i) Let X be a nonsingular projective variety, n = dim X. The
Neron-Severi group of X is by definition the quotient group

NS(X) = (Pic(X)/=) ~ H*(X,Z) N H"(X),

where = denotes the numerical equivalence of divisors. We define the real Néron-
Severi group to be NS'(X) = NS(X)®z IR, and we let its dual be NS (X). The
Picard number of X is p(X) = dimg (NS (X)) = rankgz N Sz (X).

(i) We denote by K.g(X) C NS'(X) the cone generated by cohomology classes
of effective divisors in X, by Kamp(X) C NS'(X) the cone generated by classes
of ample divisors, and by Keg(X), Kamp(X) their closures. In a parallel way,
we define Neg(X) C NS1(X) to be the cone generated by homology classes of
effective curves, and we let N amp(X) C NS1(X) be the dual cone of Kog(X), i.e.
£ € Namp(X) if and only if D - £ > 0 for all D € Keg(X). The interior Namp(X)

of Namp(X) will be called the cone of ample curves.

It is well known that K amp(X) is the set of classes of nef divisors, i.e. the
dual cone of Neg(X) (see [Ha70]). By definition Kpamp(X) and Napmp(X) are open
cones. However, K.g(X) and Neg(X) are in general neither closed nor open; the
interior K J;(X) is the cone generated by line bundles of maximum Kodaira-Iitaka
dimension k(L) = dim X. The inclusion Kump(X) C Keg(X) yields by duality
Namp(X) C Neg(X), from which we also deduce Napmp(X) C Neg(X). Moreover,
the equality Namp(X) = Neg(X) occurs if and only if Kamp(X) = Keg(X), ice.,
if and only if every effective divisor of X is nef. Our main results in this direction
are:

THEOREM. — For an irreducible curve C' C X, consider the following properties.

(i) C is the first member Y7 of an irreducible ample 1-flagY; C ... C Y, C X.
(We say that a flag is irreducible if all subvarieties Y; are irreducible.)

(ii) {C'} € Namp(X).
(iii) {C} € Namp(X).

(iv) The normal bundle N¢/x = Homo (Ze /22, Oc) is ample
(i.e., Op(ng, x)(1) is ample).

(v) The normal bundle Ng,x is nef (i.e., Op(ng ) (1) is nef).

(vi) The current of integration [C] is weakly cohomologous to a smooth positive
definite form of bidegree (n—1,n—1), i.e. [C] =u+0R+0R+ S where u is

a smooth positive definite (n —1,n — 1)-form with 0u = 0, R is a current of

type (n—2,n—1), and S is a d-closed (n—1,n—1)-current whose cohomology
class {S} € H" 1"~1(X) is orthogonal to NS1(X) c HY!(X).

(vil) The current of integration [C] is weakly cohomologous to a smooth semiposi-
tive form of bidegree (n — 1,n — 1) (as in (vi), but with u > 0 only).
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(viii) There is a family of generically irreducible curves (Cy) covering X such that
Co = mC' as a cycle.

Then we have the following implications:

(a) (i) = (i) = (iii),

( (i) = (iv), if additionally every Y; is Cartier in Y;1,
(c) (iv) = (v) = (iil), (viil) = (iii)
( (

i) < (vi) = (vii) = (iii)

Let N,(X) (or simply N,) be the convex cones generated by all classes of
curves defined by Property (1), 1 < pu <8, and let N, be their closures. Then we
have:

THEOREM. — There are the following relations between the various cones:
N1CN2:N3:N6:N7, NgCNE,CNg, N4CN5.

In particular, the inclusions N; C N4 and No C N; would imply the equality of

all cones. This is indeed the case if X is a surface.

Finally, we investigate the structure of projective 3-folds with o, (—Kx) = 1.
In fact, it is well-known since a long time that the structure of projective varieties
should be described in terms of the existence of positive, negative or vanishing
“directions” in the canonical bundle Kx. In order to understand the negative
directions we put ¢(X) = 3 — 04 (—Kx). Then the condition ¢(X) > 1 holds
precisely if Kx ¢ Keg(X), which (via deep results of Mori and Miyaoka on the
classification of 3-folds) just means that Kx ¢ Keg(X), i.e. k(X) = —oo. Since
0(X) =dim X if and only if X is a Fano manifold, the invariant o(X) measures
how far X is from being Fano. First we give various examples of 3-folds with
o(X) = 2; the most interesting example we have is X = IP(Q}) where S C IP3 is
a general quartic surface. Then we discuss birational properties of o(X). Among
other results, we show the following

PROPOSITION. — Let X be a smooth projective 3-fold with —K x big and nef
but not ample. Let ¢ : X — Y be the map given by the base point free linear
system | — moK x| with mg > 0. Then o(X) = 2 precisely if all nontrivial fibers
of ¢ are of dimension 1.

An interesting open problem would be to know whether the condition
o(X) > 2 is invariant under birational maps of flipping type for singular X, so
that this condition would be invariant by all operations of the Mori program.

Acknowledgement: Our collaboration has been partially supported by Pro-
cope, Europroj and by the DFG Schwerpunktprogramm “Komplexe Mannig-
faltigkeiten”.



1. Vanishing of top or bottom cohomology groups

Let X be a nonsingular projective variety and let n = dim X. We are
interested in line bundles L over X such that all large multiples mL have zero
cohomology groups in a certain range of degrees. However, the vanishing properties
we want to consider should be stable under small perturbations of L. For this, we
make the following definition.

1.1. DEFINITION. — Let L be a holomorphic line bundle over X.

(i) We let o1 (L) be the smallest integer q with the following property: there ex-
ists an ample divisor A and a constant C' > 0 such that H? (X, mL — pA) = 0
for all integers j > q and m,p >0, m > C(p+1).

(ii) Similarly, we let o_(L) be the largest integer q such that there is an ample
divisor A and a constant C' > 0 for which H? (X, mL + pA) = 0 when j < q
and m,p>0,m>C(p+1).

Let F be a coherent sheaf over X and let A be an ample line bundle. Then
there exist locally free resolutions of the form

(%) oo P O(=dped) == P O(—doyA) = F =0
1<t<my, 1<0<myg

with suitable integers my, dy , > 0. We define the height of F with respect to A
to be the integer

ht 4 (F) = min max dre, n=dimX.
{resolutions () of F} 0<k<n,1<l<my

By taking the tensor product of the resolutions associated with coherent sheaves
F1, Fo, we infer easily htA(j:l Je) .7:2) < htA(fl) + htA(fg).

1.2. PROPOSITION. — With the same constant C' as in 1.1 (i), we have
H'(X,0(mL)® F) =0

for all integers j > o4 (L) and m > C(hta(F) + 1).

Proof. Choose a resolution (x) which achieves the actual value of ht 4 (F). Let Fy

be the image sheaf of the differential of degree k in (x). Then we have short exact
sequences

0— fk+1 — @ O(—dk,gA) - fk i O, 0 S k S n,
1<l<my
and Def. 1.1 (i) yields H? (X, mL —dy ¢A) =0 for j > o, (L) and m > C(dy¢+1).
Since Fy = F, this implies inductively
HI (X, 0(mL)® F) ~ ... HH(X,O(mL) ® F},) ~ HT* (X, O(mL) @ Fry1)

for j > g and m > C(hta(F) + 1). Taking £ = n = dim X, we get the desired
conclusion. 0



Proposition 1.2 implies immediately that the choice of the ample divisor A
in Definition 1.1 is irrelevant: if A’ is another ample divisor, then ht4(—pA’) <
phts(—A’), thus the constant C' in 1.1 (i) need only be replaced by C'ht4(—A").
On the other hand, Serre duality gives:

1.3. DUALITY FORMULA. — o_(L) =n — oy (L*).

Proof. Since H? (X, mL+pA) = H" (X, mL*—pA+Kx) and ht s(—pA+ Kx) <
p + hta(Kx), this group vanishes for m/(p + 1) large and n — j > oy(L),
hence o_(L) > n — o, (L). On the other hand, H'(X,mL — pA + Kx) =
H"= (X, mL*+ pA) vanishes for n — j < o_(L) and m > C(p+1). Resolving Ox
by direct sums of negative line bundles of the form O(—dA+ K x) and arguing as in
the proof of Prop. 1.2, we conclude that H’ (X, mL—pA) vanishes for j > n—o_(L)
and m/(p + 1) large, thus o4 (L) <n —o_(L). O

Note also that our definitions imply o_(L) < o4 (L), because there must be
some degree j € {0,1, ... ,n} such that the groups H’(X, mL — pA) are non zero
for arbitrary large values of m > p > 1 (the leading term (mL — pA)™/n! of the
Euler characteristic is a non zero homogeneous polynomial of degree n in m,p).
Finally, we have o4 (L) = o4 (kL) for every integer £ > 0. Hence, for a @-divisor D,
the integer o, (D) can be defined as o4 (kD) for any common denominator k of
the coefficients of D.

1.4. PROPOSITION. — For D € Divq(X), the integer o4 (D) depends only on
the first Chern class ci1(D). Moreover, the function ¢1(D) — oy(D) is upper
semicontinuous with respect to the vector space topology of the real Néron-Severi
group NSY(X).

Proof. Fix D € Divg(X) and B; € Divg(X), 1 < i < p, such that the Chern
classes c¢1(B;) define a basis of NS'(X). Then for any D’ € Divg(X), the
difference D’ — D is numerically equivalent to a linear combination Y \;B;, A\; € @,
and c¢1(D’) is close to ¢1(D) if and only if > |\;| is small. Let k& be a common
denominator of the A;’s. Then we can write

kD' = kD + ZkAiBi T F

where F is a numerically trivial integral divisor. Since Pic’(X) is compact, there
is a uniform bound M of the height of all numerically trivial divisors with respect
to the given ample divisor A. Thus for m,p > 0 and j > o, (D), we get

HI (X, mkD' — pA) = H <X, mkD + Y mkX\B; + mF — pA> — 0
provided that mk is at least equal to
O(htA(ka:)\iBi +mF —pA) + 1) < C(kaw ht4(B;) + M +p+ 1).

If the A;’s are chosen so small that C' ) |\;|hta(B;) < 1/2, it is then enough to
take mk > 2C(M + p + 1). This implies 04 (D’) > o4(D), whence the upper
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semicontinuity of o4 (D). The fact that o (D) depends solely on ¢ (D) is proved
similarly (and is even easier). O

1.5. GENERAL PROPERTIES. — All varieties X, X' involved below are supposed
to be projective and nonsingular. Let L be a holomorphic line bundle over X.

(i) 0+(L) = 0 if and only if L is positive (i.e., ample), and o_(L) = n if and
only if L is negative.

(i) o_(L) = 0 if and only if ¢1(L) € Keg(X), and 04 (L) = n if and only if
Cl(L*> € Keff(X>.

(iii) If f : X' — X is a finite map, then o (f*L) = o4 (L) and o_(f*L) = o_(L).

(iv) Let Y C X be a nonsingular subvariety and let L be a line bundle over X.
Then 0'_|_(L|y) S 0'_|_(L).

(v) Let L — X and L' — X’ be holomorphic line bundles. Then
0+(LRL) =01 (L) + o4+ (L).

(vi) Let L, L' be holomorphic line bundles over X. Then
o(L+ L) <oy (L) + o (L)

Proof. (i) If o4 (L) = 0, Proposition 1.2 applied to the ideal sheaves F = T(,3 T,
of pairs of points shows that H’(X,O(mL) ® Zy;3Zy,;) = 0 for all m > my,
j>0and x,y € X. Hence O(mL) is very ample for m > mg, and L is positive.
Conversely, if L is positive, there are integers kg, k1 > 0 such that kgL — A > 0
and k1L — Kx > 0. Then

mL —pA— Kx = (m —pko — k1) L+ p(koL — A)+ k1L —Kx >0
for m,p > 0 and m > pko + k1, and the Kodaira vanishing theorem implies
HI(X,mL — pA) = 0 for j > 0. Hence o, (L) = 0. The dual case 0_(L) = n
follows by Proposition 1.3.

(ii) By Definition, we have o_(L) = 0 if and only if H°(X, mL + pA) # 0
for m,p > 0 and m/(p+ 1) arbitrary large. The existence of such sections implies
c1(L) + £¢1(A) € Keg(X), hence ¢1(L) € Keg(X) in the limit. Conversely, the
assumption c;(L) € K.g(X) implies 0_(L) = 0. In fact, for every such L, we
claim that H°(X, mL + pA) # 0 for all m > 0 and p > pg, where pg is chosen so
large that pgA — Kx —nH > 0 for any given very ample line bundle H. To see
this, observe that the ample divisors lie in the interior KS;(X) of the cone. Hence
we have

ci(mL+pA—Kx —(n+e)H) € K&(X)

for all m > 0, p > po and ¢ < ¢g( sufficiently small. This implies that
mL + pA — Kx — (n + ¢)H is linearly equivalent to an effective Q-divisor D
plus a numerically trivial line bundle 7". Hence

O(mL+pA)~O(Kx +(n+e)H+D+T).
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Now, fix a point g ¢ D. The line bundle G = O((n +e)H + D + T) can be
equipped with a hermitian metric h with logarithmic poles at xy and along D,
such that h is nonsingular on X \ (D U {x¢}) and has positive definite curvature
everywhere on X in the sense of currents. In fact the line bundle O(eH + D +T)
possesses a singular metric with curvature form equal to ew + [D], where w is a
Kéhler form in ¢;(H) and [D] is the current of integration over D ; on the other
hand, O(nH) can be equipped with a hermitian metric of semipositive curvature
possessing an isolated pole at xp, namely a metric of the form

O(nH), 3 & — [/ [hi(@)])"

where (h;) is a basis of the space of sections of H vanishing at z¢. Since this
last metric is not integrable at o, Hérmander’s L? existence theorem shows that
mL + pA ~ Kx + G has a global section which does not vanish at z(; see e.g.
[De90] for details. Therefore HO(X, mL + pA) # 0 and o_(L) = 0. The case
04+ (L) = n is dual.

(iii) If f: X’ — X is a finite map and A an ample line bundle over X, then
f*A is ample on X’. The projection formula yields

[Om f*L —p f*A) = O(mL — pA) ® f.Ox:.

All higher direct images are zero because f is finite. The Leray spectral sequence
yields . .
HI(X',m f*L — p f*A) = H (X,0(mL — pA) ® £.Ox).

Since the height of O(—pA) ® f,Ox- is bounded by p+ht 4 (fxOx-), we infer from
Proposition 1.3 that .
HI(X',m f*L—p f*A) = 0

for j > o4(L) and m > C(p + Const). Hence o (f*L) < o4(L). Now, the
vanishing of H’(X',m f*L — p f*A) implies the vanishing of H’(X,mL — pA),
because Ox is a direct summand in f,Ox:. Therefore o (f*L) > o4 (L) and we
have equality. The formula for o_(f*L) follows by duality.

(iv) Let A be an ample divisor on X and let Zy be the ideal sheaf of Y. Then
Ajy is ample and Proposition 1.3 gives

HY(Y,mLyy — pAy) = H(X,0(mL — pA) ® (Ox /Iy)) =0
for j > o (L) and m > C(p+ ht4(Ox/Zy) + 1), whence the desired inequality.

(v) Let A, A’ be ample divisors on X, X’ respectively. Then AR A’ is ample
on X x X’, and the Kiinneth formula yields

H*X x X''mLul —pArA)= @ H(X,mL-A)@ H (X' ,mL' - A').
i+j=k
The conclusion follows immediately from this.

(vi) is a straightforward consequence of (iii) and (iv), because the line bundle
L + L' is just the restriction of L& L’ to the diagonal of X x X. O
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We now consider the effect of blowing-up on line bundles with partially
vanishing cohomology groups.

1.6. PROPOSITION. — Let 7 : X — X bea blow-up with smooth center Y C X,
and let E C X be the exceptional divisor. Then, for every line bundle L over X,
we have the following inequalities.

(i) oy (m*L) < max{o4(L),04(Ly) +codimY —1} < 04 (L) + codimY — 1.
(ii) o_(7*L) > min{o_(L),0_(Lyy) +1} > 0_(L) — (codimY — 1).
(iii) For k > kg large, o4 (knm*L — E) < o4 (L).
Proof. Let A be an ample divisor on X. Then there is an integer d > 0 such that
A=dn*A— FE is ample on X. We have N
H'(X,mn*L —p(dn*A— E)) = H (X,7*(L — pdA) + pE),
and the projection formula implies

Rj’/T*O(W*(L — pdA) + pE) = O(L — pdA) ® Rim,O(pE).
By a well-known formula, the direct images R'm,O(pE) are given by

v for j =0,
RmO(pE)=140 for j#0,r—1, 7 =codimY,
Fp for j=7r—1,
where F), is a coherent Ox /I}(,p _T+1)+—module with support on Y (thus equal to

0 for p < r), such that
FpOFp1D o Fpo=T8F, D ..y Fpi)Fpr1~det Ny @ SP"* "Ny
for 0 < k < p —r. By the Leray spectral sequence, we infer that the groups
HI ()Z', mn*L — p(d7*A — E)) vanish provided that

HY(X,mL —pdA) =0, resp.

HI=0=D(Y,0(mLjy — pdAjy) ® det Ny @ SP™*""Ny) =0
for k =r,r+1,...,p. When m/(p+ 1) is large enough, these groups actually
vanish for j > o, (L), resp. for j — (r —1) > o4 (L}y); indeed the height of the
sheaf O(—pdA) ®@det Ny ® SP~*~" Ny is bounded by a constant multiple of p. The
first inequality in (i) follows from this; the second one is then a consequence of
1.5 (iv). The inequalities in (ii) are equivalent to those in (i) by duality.

(iii) Quite similarly, we find
H (X, m(k7*L — E) — p(d7*A — E)) = H (X, 7*(mkL — pdA) — (m — p)E)

~ H’ (X, 0(mkL — pdA) ® Iy* T
for m > p (in that case, O(—(m — p)E) has no higher direct images). The height
of O(—pdA) ® Iy " is bounded by pd + (m — p)ht 4(Zy ), so we get vanishing for
j > o04+(L) and mk > C(pd + (m — p)C’" + 1). The last condition is satisfied for
k> CC"+1 and m > C(pd + 1), whence the inequality oy (k7m*L — FE) < 04 (L)
for k> CC" + 1.



2. Cohomology vanishing and signature properties of the curvature

Suppose that the line bundle L over X is equipped with a hermitian metric

L and let O,(L) = %D%’h be the Chern curvature form of h. The Andreotti-
Grauert theorem implies that one can deduce coarse vanishing theorems from a
knowledge of upper and lower bounds on the signature of O (L). Here we obtain

a slightly more precise statement by means of the Bochner-Kodaira formula.

2.1. PROPOSITION. — Suppose that L has a smooth hermitian metric h such
that the curvature form ©y(L) has at least ¢’ negative eigenvalues and at least
n — ¢ positive eigenvalues at each point of X, for some integers 0 < ¢’ < ¢’ < n.
Then ¢’ <o (L) <oy (L) <q".

Proof. This is essentially well-known, but we reproduce briefly the argument for
self-containedness. By duality, it is enough to show the inequality o (L) < ¢”,
i.e., H/(X,mL — pA) = 0 for j > ¢” and m > C(p + 1). For this, we apply the
Bochner-Kodaira formula in the case of a nonnecessarily Kahler metric w on X
(see e.g. [De84]). Let u be a smooth (0, j)-form with values in a hermitian line
bundle G. The Bochner-Kodaira formula implies an a priori estimate

/X (1Bl + 7" ul?)dv > /X (11 + oty — C)lullPdV,

where 7; < ... < 7, are the eigenvalues of the curvature form of G at any point
of X, and C,, is a constant depending only on the torsion and Ricci curvature
of w. In particular, if 41 +...+v; > C, everywhere, then H/(X,G) = 0. We
select the hermitian metric w such that the eigenvalues \; < ... <\, of L satisfy
Ag'41 =...= A, =1 and A\; > —e. (For this it is enough to take w large enough
on the negative eigenspaces of the curvature form ©,(L) and equal to O (L) on
the positive eigenspaces.) Then, if a is a bound for the eigenvalues of ©(A), the
eigenvalues of G = mL — pA satisfy v; > mA; — pa, hence

4.+ >m((—q") - ¢"e) — pjo

If we choose j > ¢" and € < 1/2¢", we get v1 +...+7v; — C, > m/2 — pna — C,,,
hence H’ (X, mL — pA) = 0 for m > 2pna + 2C,,. O

In view of the Kodaira ampleness criterion, it is natural to ask whether the
following “converse” to Proposition 2.1 holds.

2.2. PROBLEM. — Let L be a holomorphic line bundle over a projective algebraic
manifold X and let ¢ = o_(L), ¢" = 04 (L). Is there a smooth hermitian metric h'
(resp. h'") on L such that O/ (L) has at least ¢’ negative eigenvalues and Oy, (L)
has at least n — q" positive eigenvalues at each point ?

We now study the particular case of line bundles such that the nonzero
cohomology groups arise only in one degree, in relation with the signature of the
curvature form.
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2.3. DEFINITION. — A line bundle L has cohomology concentrated in degree q
ifor(L)=0_(L)=q.

2.4. DEFINITION. — A line bundle L has constant signature (p, q) with p+q < n,
if there is a smooth hermitian metric h on L such that ©y (L) has signature (p, q)
at every point.

By Proposition 2.1, if L has signature (n — ¢,q), then L has cohomology
concentrated in degree q. The converse is not true, even though we expect
Problem 2.2 to have a positive answer. The trouble is that the metrics A’ and
h" will in general not coincide even if we assume that ¢/ = ¢”.

2.5. EXAMPLE. — An obvious necessary condition for the existence of a line
bundle of constant signature (n — ¢,q) is that the tangent bundle Tx splits
topologically into a direct sum of complex subbundles of rank (n — ¢) and ¢ (the
positive and negative eigenspaces with respect to any fixed hermitian metric on the
base). Take for instance a surface X which is the blow-up of some other surface X’
at a point, and let L = 7*L’ —kFE where E is the exceptional divisor, L’ is ample on
X’ and k > 0; it is indeed enough to take k such that L- A =n*L"-A—kE-A <0
for some ample divisor A on X. Then neither mL + pA nor —mL + pA have
sections for m > p (take e.g. A = un*L’ — E with p large enough to see this
easily), hence o (L) = o_(L) = 1. However T'x does not split topologically into a
sum of two line bundles if we take for instance X to be the blow-up of IP5 at two
points, hence L cannot have constant signature (1,1). (This simple example has
been communicated to us by A. Beauville and F.A. Bogomolov.) O

By 1.5(i) and the Kodaira ampleness criterion, Problem 2.2 has an affirma-
tive answer in the positive or negative definite cases ¢ = 0, ¢ = n. The nondefinite
case, however, seems to be a very hard problem, and we have very little evidence
for it. The only general indication we have is that the sign of the determinant is
correct in the average, i.e. that (—1)%¢;(L)" = (—=1)7 [, ©,(L)™ > 0. (We can
even obtain this integral to be > 0 when dim X < 3.)

2.6. PROPOSITION. — Suppose that L has cohomology concentrated in degree q.
Let k be the maximal integer with c;(L)* # 0. Then n — k is even and
(=1)9c (L)% - e1(G)"F > 0 for all G € Pic(X), in particular (—1)%c; (L) > 0.
Moreover, we have (—1)%¢1(L)" > 0 if n = dim X < 3.

Proof. For m large, the Riemann-Roch formula gives
0 <hY(X,mL)=(-1)x(X,mL) ~ (—=1)%c;(L)"m" /nl,

thus (—1)%¢y(L)™ > 0. Since o4(L) and o_(L) are left unchanged by small
perturbations of L, we conclude that (—1)%¢1 (L 4+ eG)™ > 0 for any G € Pic(X)
and ¢ € @ small. Expanding the n-th power and letting € tend to 0, we get
(—=1)9¢i (L)% - (£c1(G))"™% > 0 for all G € Pic(X). Since the product is not
always zero when G runs over Pic(X), n — k must be even. Observe that k > 1,
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otherwise L is numerically trivial and o_(L) =0 < o4 (L) =n. If n = dim X < 3,
the only remaining possibility is & = n, whence (—1)%¢;(L)™ > 0. O

2.7. EXAMPLES. —

(i) If L — X is positive, L’ — X' is negative and n = dim X, n’ = dim X', then
Lx L' has constant signature (n,n’).

(ii) Let E be a holomorphic vector bundle of rank r over a n-dimensional
variety Y, and let L be the tautological line bundle L = Opg)(1) over
X =1P(E). Then o4 (L) < n. Moreover, L has cohomology concentrated in
degree n, i.e. o (L*) <r —1, if and only if E* is ample.

(iii) Let E — Y be as in (ii). If F is negative in the sense of Griffiths, then L has
signature (r — 1,n) over X. In particular, Problem 2.2 has a positive answer
for L = Op(g)(1) when E* — Y is an ample vector bundle over a curve.

Proof. (i) is obvious.

(ii) Let 7 : X — Y be the natural projection. There is an ample line bundle
H on Y such that A = Op(g)(1) ® 7*H is ample on X. Then, for m,p > 0 and
¢ = %1, the line bundle

mL +epA = Op(g)(m + ep) ® 7°O(epH)

has direct image m,O(mL + epA) = S™TPE @ O(epH) and zero higher direct
images when m > —ep. The Leray spectral sequence implies, together with Serre
duality,

H’(X,mL + epA) ~ H? (Y, S™**?E @ O(epH))
~ H" (Y, 5" PE* ® O(—epH) ® Ky).

By taking e = —1, it follows immediately that o4 (L) < n. Moreover, if E* is ample
and € = +1, the last group vanishes for j < n and m/(p+1) large, thus o_(L) = n.
Conversely, if o_ (L) = n, we have H’ (Y, S"PE* @ O(-pH)® Ky) =0 for j > 0
and m/(p + 1) large; resolving arbitrary coherent sheaves F by line bundles of
the form O(—pH) ® Ky, we conclude that H’/(Y,S™E* ® F) = 0 for j > 0 and
m > mo(F), hence E* is ample.

(iii) Suppose that E carries a hermitian metric h with negative curvature
tensor
@h(E) = Z CjkA,ude NdZp & 6; @ ey,
1<j,k<n
1<\, u<n
in the sense of Griffiths. We suppose here that (e)) is a local holomorphic frame
of E near a point € X, which is orthonormal at x and satisfies Vey(xz) = 0. The
Griffiths negativity assumption means that > ¢, t;jtkvaT, < 0 for all non zero
vectorst =) t;0/0z; € Tx z andv =) vyex € E;. Let (21, ..., 2p, W1, ..., Wy)
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be the normal coordinates on E* given by the dual frame (e}). A standard calcu-
lation shows that the curvature of L = Opgy(1) at [e}] € IP(E) is

@h(L)[e;] = Z Cjk:AAde ANdzZi + Z dwu VAN d@u
1<5,k<n 1<pu<r, u#X
in terms of the coordinates (z1, ..., 2zn, w1, ..., wx=1, ... ,w,) on IP(E). Hence
the Griffiths negativity of F implies that ©, (L) has signature (r — 1, n), with pos-
itive eigenvalues in the fibre directions and negative eigenvalues in the horizontal
directions. Finally, every ample vector bundle over a curve is positive in the sense
of Griffiths (Umemura), so Conjecture 2.5 holds in that case. O

There are only very few known cases of Conjecture 2.5, even in the case
of line bundles L = Op(gy(1) with E* ample. The following results are due to
A. Sommese.

2.8. PROPOSITION (A. Sommese). — Conjecture 2.5 holds for L = Opg(1) if
E* — Y is ample and satisfies one of the following additional properties:

(i) E has a strictly pseudoconvex neighborhood U of the zero section such that
all slices E, N U are linearly strictly convex (U is supposed to be relatively
compact with smooth boundary in E).

(ii) E is seminegative in the sense of Griffiths.
(iii) E* is generated by sections.

Sketch of the proof (see [So78]). First observe that the hypotheses are related
by the implications (iii) = (ii) = (i). The implication (iii) = (ii) is standard,
while (ii) = (i) is checked as follows. Since E* is ample, there is a stricly
plurisubharmonic Finsler metric on E, i.e., a smooth strictly plurisubharmonic
function F on E\{0} such that F(A{) = |\| F(¢). On the other hand, the Griffiths
seminegativity means that there is a weakly plurisubharmonic hermitian norm |[[£]|.
Then, for € > 0 small, the Finsler metric ||£|| + ¢F'(§) is strictly plurisubharmonic
and fibrewise strictly convex; thus U = {{ € E; ||€|| + eF (&) < 1} satisfies (i).

Now, assuming that (i) holds, Sommese [So78] has made an explicit calcula-
tion of the Levi form of the dual neighborhood
Ue={¢eb;zeX, F* ()= sup [£7(§]<1}.
¢EE,NU
It follows that the Finsler metric F*(£*) on E* has a Levi form i00F* of
signature (r,n), where r = rank(F) and n = dimY (in particular, U° is a
(n 4+ 1)-convex neighborhood of the zero section in £*). Then F* can be also seen

as a hermitian metric on L* = Opg)(—1) whose curvature form has signature
(n,r—1) on IP(E). O

It is interesting to observe that Conjecture 2.5 is related to several natural
questions in analytic geometry. In particular, it would yield a considerably simpler
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proof of the regularization theorem for closed positive (1,1)-currents established
in [De92]. More importantly, it would yield a positive answer to the following
conjecture made by M. Schneider [Sch73].

2.9. CONJECTURE (M. Schneider). — Let Y C X be a nonsingular subvariety
with ample normal bundle Ny. Then, denoting k = codimY, the complement
X \Y is k-convex in the sense of Andreotti-Grauert.

2.10. PROPOSITION. — Conjecture 2.9 holds provided that Problem 2.2 has
an affirmative solution in the case of line bundles of the form L = Op(ny)(1).
Especially, X \'Y is k-convex if Ny is ample and generated by sections.

Proof. Let X — X be the blow-up of X with center Y, let E' be the exceptional
divisor and n = dim X. Then X \Y ~ X \FE and O(E) g ~ NE/E(V ~ Opng)(—1)
has a metric of signature (n —k, k— 1) by Conjecture 2.5. Therefore, O(F) can be
equipped with a metric of signature (n—k+1,k—1) in a neighborhood of E. (Take
a smooth extension of the metric to X and multiply if necessary by a factor of the
form exp(—Cd(z, E£)?) in order to produce a positive curvature eigenvalue in the
normal directions to E.) If o is the canonical section of O(E), then —log||o(2)]|
is an exhaustion function on X \ E, and its Levi form has signature (n — k, k — 1)
in a neighborhood of E. It follows that X \ E is k-convex. O

3. Ample flags and partial cohomology vanishing

Proposition 1.4 shows that o (L) is a numerical invariant of L. For instance,
the ampleness of L (i.e., the vanishing of o (L)) is characterized by the well-
known Nakai-Moishezon criterion: L is ample if and only if LP - Y > 0 for every
p-dimensional subvariety ¥ C X. We expect that there is such a nice numerical
criterion characterizing the invariant o (L). First, we introduce the notion of an
ample flag of algebraic subvarieties.

3.1. DEFINITION. — Let X be a projective n-dimensional manifold. A sequence
Y, CYy41 C...CY,_1 CY, =X of k-dimensional algebraic subvarieties of X is
called an ample q-flag if for each k = q, ... ,n — 1 there exists an ample Cartier
divisor Zj, in the normalization Y1, such that Y}, = vi41(SuppZy) as a set, where

Vk+1 : Yipy1 — Yg41 is the normalization map.

3.2. DEFINITION. — We say that L € Pic(X) is g-flag positive (resp. negative) if
there exists an ample q-flag Yy C Y441 ... C X such that Ly, is positive (negative).

The reason for considering normalizations in the definition of ample flags
is that we want this notion to be invariant by finite maps. Without taking
normalizations, a push forward of a Cartier divisor would not necessarily be a
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Cartier divisor. The invariance by finite maps can be stated as follows.

3.3. PROPOSITION. — Let f : X’ — X be a finite map and let L € Pic(X). Then
L is g-flag positive if and only if f*L is g-flag positive. Moreover, if (Y]),<k<n
is an ample g-flag for f*L, then (f(Y}))q<k<n Is an ample g-flag for L, and if
(Yk)g<k<n Is an ample q-flag for L, then there exists an ample q-flag (Y})g<k<n
for f*L such that Yy, = f(Y}) (however Y may be smaller than f~(Y})).

Proof. First suppose that f*L is ¢-flag positive and that (Y}),<k<n, is an ample
g-flag with Ly, ample. Then we set Yy = f (Y/). This gives a commutative
diagram of normalizations

Vi Lo T
(%) Vi1 | (7
YVigr = Yt

Let Z; be a Cartier divisor in ?k’ 1 such that Y}/ = v, (SuppZ},) set theoretically.
We define Zj, to be the push forward Z; = J?*Z,’€ Recall that if U is a small open
set in Yi41 and ¢’ a generator of O(—Z;,) on ?kf—kl ﬂfv_l(U), then g = f,g' defined
by g(x) := Hm,e§k,+1 g'(x') is a generator of O(—Z) on U ; note that g is actually

holomorphic on Yji; because Y1 is a normal space. Hence Zj is a Cartier
divisor, and we have

vir1(Ze) = vk (F(Z4) = (i (Z0)) = F(V)) = Y.
Finally, O(Zy) is ample on Y. Indeed, for m large enough and for all 21 # 2 in
Y41, there are sections ' € H°(Y/,,,O(mZ;,)) which vanish at a given point of
a fibre f_l(le), but do not vanish at the other points nor at the points of f_l(xg).
Hence h = f,h' € H°(Yi11,O(mZy)) vanishes at z1 but does not vanish at x.

This implies that O(Z) is ample on Yj41.

Now, suppose that L is ¢g-flag positive and that (Yj)s<k<n is an ample g-flag
with Ly, ample. Let Zj be a Cartier divisor in 17}.3“ with Yy = vg+1(SuppZy).
We construct an ample flag (Y))q<k<n in X’ such that f(Y)) = Y%, defining Y}
by backward induction on k. We set of course Y,; = X'. If Y}, has already been
constructed, we get a commutative diagram of normalizations (x) as above. We
then define 7}, := F*(Z;,) and Y, = v}, (SuppZ},) as a set. Since the pull-back
of an ample Cartier divisor is an ample Cartier divisor, it is clear that (Y}),<k<n
is an ample ¢-flag. Moreover, ( f*L)‘yq/ is the pull-back of the ample line bundle
Lyy,, hence (f*L)‘yq{ is ample. O

3.4. THEOREM. — Let L € Pic(X). If L is g-flag positive, then o, (L) < n — ¢,
and thus o_(L*) > q.
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Proof. Let (Yy)q<k<n be an ample g-flag such that Ly, is ample, and let Z; be an
ample Cartier divisor in the normalization 37k+1 of Yy with Yy = vgy1(SuppZy).
The inclusions jj ¢ : Y3 — Y, can be lifted as finite maps Fk,ﬁ : 371« —Y,. For each
multi-index a = (ag;, ... ,a,—1) of nonnegative integers, we set

G = Ji g 110(anZi) @ .. @ i nOlan-1Zn-1)-

Since O(Z;)is ample on i}g_'_l, we conclude that G is nef on ?k and ample if o # 0.
Let A be an ample line bundle on X, and let F be an arbitrary coherent sheaf
on Y;. We prove by induction on k = ¢q,q+ 1, ... ,n the following property:

H' (Y, O(mL —pA) g © G @ F) =0
forall i>k—q, a € N % m>C(F)p+1).
Here we write O(mL — pA)\ﬁ = ;,j’nO(mL — pA) for the simplicity of notations.

(Pr)

The desired conclusion is just statement (P,,) in the case G* = F = Ox. Observe
that it is sufficient to prove (Py) in the special case F = Oﬁ’ since we may

otherwise take resolutions of F by locally free sheaves of the form O(—dA)®¥,
and argue by backward induction on ¢ as in the proof of Proposition 1.2.

First step: k = q. — By our assumption, (’)(L)& = jng(L) is ample.
Using a resolution of O(—A)& of the form
. DN . . D N1 . ®No . .
O( dSL)&q — = O dlL)&q — O dOL)&q — O A)|Yq — 0
and raising it to the power p to get a resolution of (’)(—pA)D»; , we are led to prove
the vanishing property
H' (Y, O((m—ds, — -+ — dsp)L)‘;k ®GY) =0, Vi>0, s; <n,
form’=m—ds, —---— ds, > m — pd, > mg independent of a. Hence we merely

have to consider the groups H i(?q, O(mL)®G?*). By the Kodaira-Serre vanishing
theorem and the ampleness of L on 17(1, we know that these groups vanish for
m > mo(«). We have to check that mg(a) can be taken independent of a. (This
would be of course a straightforward consequence of the precise vanishing theorem
if Y, were smooth.) For this, we use the ampleness of O(Z;) to obtain resolutions
of Oy of the form

(9(—571,@2@%%% N o(_al,eze)f?;l»f - 0(—50,525)%%»@ — O =0
with d, ¢ > ... > 610> 00 > 0,foreach ¢ =k, ... ,n—1. If ay > 65, ¢, we take the
tensor product of this resolution with O(mL) ® G*. This reduces the vanishing
of Hi(?q,(’)(mL) ® G%), i > 0, to the vanishing of all analogous groups with
o =(ag, ...,ap—dsy, ... ,an_1) in place of a. Hence we are reduced inductively
to the case where oy < 4y, ¢ for all £, and we may take mo = maxy,, Qe <bn.o} mo ().

Second step. — Suppose that property (Pj) holds for some index k in the
range {q, ... ,n — 1}. Observe that G“ is the restriction to Yj of an invertible
sheaf defined on Yy, namely

Ol Z) @ G®  with a = (ag, 3), = (g1, ... s n_1).
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The exact sequence

0— O(-2,) — O

s — 0z, —0
Yii1 Zk

defines a (possibly non reduced) scheme structure on Zj. Taking the tensor

product with O(axZ;) ® G” and the associated cohomology sequence, we get
the exact sequence

H'"(Zy, O(mL — pA)z, @ O(xZy) |z, @ szk)
(1) — H'(Yi1,O(mL — pA) 5. © O((a, = 1)Z) ® G”)

— H'(Z),,0(mL — pA)|z, ® O(arZy)|z, ® G|ﬁzk)'

CrLAam 3.5. — For every subscheme S C Zy C 17}.3“ and every coherent sheaf F
on S, we have

H'(S,0(mL - pA)js ® O(axZi)|s @ Glg @ F) =0
for alli >k —¢q>0,a € N* % and m > C(F)(p+1).

We apply this to S = Zj, itself and F = Og = Og,. Then (}) implies that
the groups s
H' (Yk—l—b O(mL — pA)‘§k+l ® O(apZy) ® Gﬁ)
are independent of ay, for all i > k+1—¢, 8 € N* %1 and m > Cp+1).
However, these groups vanish for oy large since O(Zy) is ample on Yjy,1. Hence
they vanish for oy, = 0 and for alli >k +1—¢, 3 € N" %1 and m > Cp+1).
Therefore property (Px+1) holds.

Third step: (Py) implies Claim 3.5. — We prove the claim by induction
on dim S, the result being obvious if dim S = 0. In fact, it is sufficient to prove
the claim when S is reduced. Otherwise, let N/ be the sheaf of nilpotent elements
of the structure sheaf Og; then (N7F) defines a finite filtration of F and the
quotients N7 F /N7+LF are coherent sheaves over S;oq. Therefore, if the vanishing
property 3.5 holds on Seq, it also holds on S with C(F) = max; C(NJF/NITLF).
We can also suppose F = Og, otherwise we are reduced to this case by taking

resolutions of F by locally free sheaves of the form O(—dA)%N ).

Now, suppose that S is reduced and F = Og. The map p = vp415: S — Yy
can be lifted to a map g : S — Y. This gives a commutative diagram

§ LI

v| Rz A7

Jk,k+1
S LYkz SURN Yit1
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where the vertical arrows are the normalization maps. Moreover, the diagram
commutes with the diagonal injection S — Yi41.

Since we have vanishing on Vi by hypothesis (P) and since f is a finite map,
the Leray spectral sequence implies

H'(S,0(mL — pA) 5 ® OlarZi) 5 ® Glﬁg)

- ®G?

= H'(Yy, O(mL — pA) 7 ®CG

&k X O(aka) X ,H*O§> =0

fori >k—q, o N % and m > C(p+1). Taking the direct image by v, this
gives

(1) H'(S,0(mL — pA) s @ O(ayZy) s @ Gﬁg ® 1,03) = 0.

Let Z C Og be the sheaf of universal denominators of V*Og, i.e., the largest ideal
Z C Og such that 7 - V*Og C Og. The support of Og/Z coincides with the subva-
riety of non normal points in S. Hence, for d > 0 large enough, O(dA)|s ® T has
a global section u whose set of zeros is a subvariety S’ C S with dim S’ < dim S
at every point. We get an exact sequence

0 — O(—dA)|s ® 1,05 0 — F—0,
where F is supported on S’. By the induction hypothesis on dim S we have
H'(S',0(mL — pA)js: ® O(axZp) s @ Glg, @ F) =0
for i > k —q and m > C(F)(p+ 1), while (f{) implies
H'(S,0(mL — pA);s ® O(axZy)|s @ Gy ® O(—=dA)js ® 1,05) =0

fori > k—qand m > C(p+d+ 1). The above exact sequence shows that the

cohomology groups of the central term also vanish in degrees ¢ > k — ¢, as asserted
by Claim 3.5. O

Theorem 3.4 leads in a natural way to the following problem.

3.6. PROBLEM. — Given a line bundle L € Pic(X) such that o (L) < n — ¢,
under which conditions can one conclude that L is g-flag positive ?

If no further assumptions are made, the answer is in general negative by
Example 5.6 below (in which case we have n = 3 and ¢ = 2). However, we have no
counterexample in the most interesting case ¢ = 1. Since the problem seems very
difficult to attack in full generality, we will content ourselves with rather special
cases.

3.7. LEMMA. — Let X be a projective manifold and let Dy, ... ,D,_1 C X
be irreducible divisors, such that the O(D;) are nef and Y; = D; N ...N D, _1 is
i-dimensional. Let L be a line bundle with L-Y; > 0. Then there is an ample 1-flag
for L of the form Y] = D{N...N D;,_; with all D} being very ample, nonsingular
and intersecting transversally.
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Proof. Fix an ample divisor H on X. Choosing smooth generic members D €
|k(mD; + H)|, k> 0, m > 0, we get the desired 1-ample flag for L. (Note that
L-Y! ~ (km)" 'L-Y; as k,m — +o0.) O

3.8. PROPOSITION. — Let X = IP(E) = C be a IP,,_;-bundle over a smooth
curve and let L be a line bundle on X with o4 (L) < n — 1. Then L is 1-flag

positive. Moreover there is a base change F* : X = IP(f*E) — X = IP(F) given
by a finite map f : C' — C, such that the pull-back F*L admits an ample 1-flag

YiCc...CcY,1CX

of the formY; = D;N...ND,_, with D;, ... ,D,_1 very ample and intersecting
transversally.

Proof. All line bundles over IP(E) are of the form L = Op(g(k) ® 7*G for some
G € Pic(C). If £ = 0, then G must have positive degree and the conclusion
is obtained by taking an arbitrary ample flag such that Y7 is mapped onto C'
by m. Hence suppose k # 0. After taking a finite covering f : C' — C, we may
assume that G = Og¢, replacing E by f*(E ® GY*). By Proposition 3.3, the
conclusion is invariant by finite maps, hence we may replace C' by C and assume

In the case L = Opg)(1), we take Y7 C ... C Y,,_1 to be a flag of linear
subspaces in a fibre Y,,_; = IP(E,). Then D,,_; = P(E,) and Dy, ... ,D,_5 can
be taken to be suitable IP,,_s-subbundles of IP(F) defined by sections of an ample
line bundle Op gy (1) ® 7*H. Note that D, is just nef, but Lemma 3.7 can be
applied to get an ample 1-flag.

The only nontrivial case is L = Op(gy(—1). Our assumption o (L) <n —1
implies that E* is ample (cf. 2.7 (ii)). By a result of Campana and Flenner [CF91],

there is a finite map f : C — C, a very ample line bundle A on C and a surjective
morphism
A®N L f*E* — 0.

Replacing C' by C and E by f*E, we may assume that we have f = Id. Then
E* ® A* is generated by sections and we get bundle-monomorphisms
pj : AP — B,

sending the sum of factors A of indices m € {1, ... ,n}\ {j} in A®Y into E*.
(Otherwise, change A®Y — E by a constant linear transformation acting on A®Y
to achieve this property.) These monomorphisms define exact sequences

(%) 0— K — B 22, (4%)80=D ¢

and divisors
D; =P ((A%)®=D) c IP(E).

These divisors intersect transversally. We set

ij::Djﬂ...ﬂDn_l.
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(a) First, we check that O(D;) is nef in IP(E). Since O(D;) = Opg) (1) @7 (K*),
we have to show that F ® K™ is nef. From (**), we get

0— 0 —E®K — (A*® K*)®0=b 0,

Hence it is enough to show that A* ® K* is nef. However, this is clear because K*
is a quotient of E* and thus of A®Y.

(b) Now, we have to check that L-Y; > 0. First suppose that n = 2, thus Y; = D;.
Then

LDy = c1(Op(r)(-1)) - (Cl (O (1) + W*Cl(K*)>
= —a(E) + a(K) =ca(4) >0

thanks to (»x) and to the relations h? — m*c1(E)h+n*co(E) = 0, moh = 1 satisfied
by h = C1 (OIP(E)(1)>

(c) In the general case n > 2, we have
Vi =IP(A*) C Yo =IP(A*®?) CIP(E), Ljy, = Op(a-ez)(—1),

where the inclusions are defined by the projections E — A* (resp. E — A*®2)
on the n-th factor (resp. on the first and n-th factor). This reduces the problem
to the case of the rank 2 bundle E = (4*)®2. By applying case (b), we thus get
L-Y; > 0, as desired. O

4. The cone of ample curves

In this section, we concentrate ourselves on the study of the cone of “ample
curves”, in relation with effective divisors and ample 1-flags.

4.1. THEOREM. — For an irreducible curve C' C X, consider the following
properties.

(i) C is the first member Y7 of an irreducible ample 1-flagY; C ... C Y1 C X.
(We say that a flag is irreducible if all subvarieties Y; are irreducible.)

(ii) {C} € Namp(X).
(iii) {C} € Nomp(X).

(iv) The normal bundle N¢/x = Homo (Ze /22, Oc) is ample
(i.e., Op(ng, y)(1) is ample).

(v) The normal bundle N¢,x is nef (i.e., Op(n, ) (1) is nef).

(vi) The current of integration [C] is weakly cohomologous to a smooth positive
definite form of bidegree (n —1,n—1), i.e. [C] =u+IdR+ IR+ S where u is
a smooth positive definite (n — 1,n — 1)-form with 90u = 0, R is a current of

type (n—2,n—1), and S is a d-closed (n—1,n—1)-current whose cohomology
class {S} € H" 1"~1(X) is orthogonal to NS1(X) c HY!(X).
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(vil) The current of integration [C] is weakly cohomologous to a smooth semiposi-
tive form of bidegree (n —1,n — 1) (as in (vi), but with u > 0 only).

(viii) There is a family of generically irreducible curves (C}) covering X such that
Co = mC as a cycle.

Then we have the following implications:
(a)
(b)
(c)
(d)

D) = (i) = (iii),

i) = (iv), if additionally every Y; is Cartier in Y; 41,
iv) = (v) = (iii), (viii) = (iii)

i) & (vi) = (vii) = (iii)

o~~~ o~

Proof. The implications (ii) = (iii), (iv) = (v) and (vi) = (vii) are obvious.

(a) We only have to show (i) = (ii). Let C' =Y} be the first member of the ample
irreducible flag
YicY,C...CY,.1 CX.

Let D € Kog(X). We first check D -C > 0, so as to conclude that C' € Ny (X).
Otherwise L = O(—D) satisfies L - C' > 0, i.e. L|¢ is ample. By Theorem 3.4 we
conclude that o, (L) < n — 1, hence D ¢ Keg(X) by 1.5 (ii), contradiction. This
shows that the cone N; generated by all curves C' = Y7 is contained in Namp (X).

Now, we check that C' cannot be a boundary point of Napy,(X). Let
H be a very ample line bundle on X and let (Zj)i<g<n—1 be Cartier divisors
in Yy41 such that Yy = vky1(SuppZi) (see Def. 3.1). There is an integer

mi1 > 0 such that m12; — ngz is very ample on Y. Select an irreducible

divisor Z] € |m1Z; — Hl%\. Since the 1-cycle (v2)4(Z1) is a multiple p1Y7, we
conclude that Y| = (12),(Z]) = mip1Y1 — (H - Y3) € Ny. Quite similarly, we have

irreducible very ample divisors Z; ~ mpZ, — H T and k-dimensional cycles
Y! = (Vpt1)«(Z},) = mgprYr — H - Yie1. Moreover
HV Y = mpppe H - Y, — HY - Yy € Ny
because H is very ample and Y/ is a member of a k-flag. By multiplying the above
line by mg41Pk+1 - - - Mn—1Pn—1 and adding everything together for k = 1,...,n—1,
we find -
mip1 .. .mn_lpn_lYl — Hn_l e N, C Namp(X)~

However H"~! is in the open cone Nump(X). Therefore {Y1} € Namp(X) and
Ny C Namp(X).

(b) Next we prove (i) = (iv) in case every Y; is Cartier in Y; ;. This is done easily
by induction using the exact sequences of vector bundles

0— ,Nrc/yz — Ncr/y“_l — NYi/Yi+1|C' — 0.

(c) The implication (v) = (iii) is more complicated. Let C' C X be an irreducible
curve such that Ng/x is nef. Let D C X be an irreducible hypersurface. It is
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sufficient to prove D -C >0 if C C D. Let Z be the ideal defining C' in X, J the
ideal defining C' in D. Then there is an exact sequence

Ox(=D)ic = Npxjc — I/T* — J/T* — 0.
If C' ¢ Sing(D), the map a: Np, ) — T/Z? is non-zero, hence injective. Thus
a@*: Noyx — Np/x|c

is generically surjective. Since Ima* is again nef (observe that IP(Ima*) C
IP((I/IQ>*) and OIP(Ima*)(l) = OIP((I/I2)*)(1)\IP(Ima*)>a it follows Clearly that
deg (Np,x|c) = D-C > 0. If however a = 0 we have slightly to modify the above
arguments. We want to ”generalize” the diagram

T/1°
o,/ N\
Y
B/X|c - Q‘1X|C

where v was given just by taking the linear part of the power series expansion
along D of a local equation f for D. Suppose now that C' C Sing(D), so that
a = 0. Let m be the vanishing order of f along C'. By taking the homogeneous
part of degree m in f, we obtain a map

3 :Npxje — S™(Qx0)-
As before 7 factors over

a:Np xie — S™(Z/T%).

Since S™((Z/Z1?)

*) = S™(Z/I?)* is again nef, we conclude in the same way as
before that D - C' > 0.

The implication (viii) = (iii) is again easy. Let (C;) be a family of curves covering
X such that Cy = mC' as cycles. It is sufficient to prove that for every effective
divisor D we have D - C' > 0. But this is obvious: we choose t general, such that

Cy ¢ Supp(D).

(d) Finally, the implications (vi) = (ii) and (vii) = (iii) follow from the following
fact: if D € Keg(X) and [C] ~ u weakly, u > 0, then

D-C:/uzo,
D

with strict inequality if D # 0 and u > 0. We now prove the converse implication
(ii) = (vi) as a consequence of the Hahn-Banach theorem.

Let D’Ll be the space of currents of bidegree (1,1) equipped with the weak
topology. In Dj ; we consider the closed convex cone of positive currents Dil. Let
w be a Kahler metric on X. It is well-known that the intersection of Dil with the

hyperplane of currents T such that [ T Aw™ ! =1 is weakly compact, so Dfl has
a compact base. On the other hand, we pick a class {C'} € Namp(X) and consider

22



the vector space Ec of d-closed currents 7' such that the cohomology class {T'}
belongs to NS!(X) and satisfies {T'} - {C} = 0. We claim that D} N Ec = {0}
In fact the set of classes in NS!(X) represented by positive currents is precisely
Ke(X) (see e.g. [De92], Prop. 6.1 (vi)), hence a class Dil N Ec is the set of

classes {T} € Kqz(X) such that {T} - {C} = 0, but this set reduces to {0} by
our assumption {C'} € Namp(X). The Hahn-Banach theorem implies that there
is a linear form u on Dj; such that u is positive on DY \ {0} and vanishes
on £. From the positivity property, we conclude that w is a positive definite
smooth (n — 1,7 — 1)-form on X. On the other hand, since £¢ contains 851)(’)’0,

we have 00u = 0. In fact c is the set of d-closed (1,1)-currents whose classes
are orthogonal to IR{C} & NS (X)+ < H" 1"~1(X). Hence there is a class
MC} +{S} with a constant A € R and {S} € NS!(X)+ such that {u—\[C] — S}
vanishes on all d-closed (1,1)-currents. But this means precisely that there is
a (n — 2,n — 1)-current R such that u — A[C] — S = OR + OR. Now A\ must
be positive, otherwise u > 0 would have nonpositive intersection product with
effective divisors. Hence we get the desired conclusion (vi) by multiplying u, S, R
with A™%. O

4.2. REMARK. — In general neither (vi) nor (ii) implies (v). For example take
a Fano 3-fold X with by = 1 and index 1. Then {C} € Namp(X) (resp. [C] is
cohomologous to a smooth positive definite form of bidegree (2,2) for every curve
C C X, however Ng,x might not be nef. Take e.g. a line in X, this is a smooth
rational curve C' with No,x = O @ O(—1) or O(1) @ O(-2).

However we may hope that (vi) or (ii) imply (v) on the level of cones, e.g., given
@ € Namp(X) which is represented by curves, then one can find C' with o = A{C'}
with A € QT such that Ng¢x is nef (or even ample). An implication (viii) = (v)
is true generically as we show in Theorem 4.3, however there seems to be no hope
to prove (iv) = (viii) or (v) = (viii) despite a concrete counterexample seems still
not to exist, at least to our knowledge.

Let N, (X) (or simply INV,) be the convex cones generated by all classes of curves
in 4.1(p), 1 < p <8, and let N, be their closures. Then we have:

é& T_HEOREM. — T heze are _the foﬂowiné re]ati_ons be_tween the various cones:
N1CN2:N3:N6:N7, N8CN5CN3, N4CN5.

Broof._The eq@lities_ Ny = N3 and Ng = N7 are obvious. Moreover Ny = N,
N1 C Ny and N5 C N3 follow from 4.1.

The only remaining case is Ng C N5. Let (C;) be a covering family of irreducible
curves. We show that for general ¢, N¢, /x is nef. Consider the graph of the family

7z P x

ql

T
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We may assume dim 7T = n — 1, hence p is generically finite. Let Z be the ideal of
C; in X, J the ideal of C; in Z. As C; is a fiber of ¢, (J/J?)* is nef; it is even
trivial for generic t. Now the canonical map

p*(Q})qc,&) - QlZ|Ct

is generically surjective. Thus for generic ¢, N¢, ;7 embeds into p*(N¢,,x) and
consequently —both sheaves being of same rank— N¢,, x is nef. O

In this context, the special case ¢ = 1 of Problem 3.6 can be restated in a
slightly stronger form:

4.4. PROPOSITION. — The following three statements are equivalent:

(i) A line bundle L € Pic(X) satisfies 04 (L) < n — 1 if and only if there is an
irreducible ample 1-flag Y1 C ... C Y,y C X such that Ly, is ample.

(i) N1(X) :Nz(X);
(iii) N1 (X) = N2(X).

Proof. Thanks to 1.5 (i), Statement 4.4(i) can be restated: {L*} ¢ Kg(X) if and
only if there is an irreducible ample 1-flag Y1 C ... C Y;,_1 C X with L}y, ample.
Changing L into L* and taking the negation, this becomes: {L} € K.g(X) if and
only if for every irreducible ample 1-flag¥; C ... CY,,_1 C X, then L-Y; > 0. By
duality, this means precisely that the dual cone N apmp(X) of Keg(X) is the closure
N1(X) of the convex cone generated by all curves Y;. This is actually equivalent
t0 Namp(X) = N1(X), because we have shown in the Proof of 4.1(a) that N;(X)
does not contain boundary points of N apmp(X). O

4.5. PROPOSITION. — Let X be a projective surface. Then all cones N,
coincide, in particular Statements 4.4 (i,ii,iii) hold on X.

Proof. By definition, we have Kqg(X) = Neg(X) in dimension 2. Thus by duality,
Namp(X) = Kamp(X). This means that Nymp(X) is generated by the irreducible
curves Y7 which are ample divisors in X, i.e. Ny = Ny. Now, an irreducible ample
curve has an ample normal bundle O(C),¢, hence Ny C Ny. By Theorem 4.3, this

implies the equality of all cones Nu- O

4.6. REMARKS AND OPEN PROBLEMS. —

(1) Observe that the inclusions No C N; C N4 and N; C Ng would imply the
equality of all cones N,. The first inclusion seems to be the most difficult
step.

(2) The comparison between N1 and N is not quite clear, however the (a priori)
slightly smaller cone Nll consisting of classes of those C' which are the first
members of an ample irreducible flag

YiCc...CcY,1CX
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such that every Y; is Cartier in Y;, is contained in N .
Problem: Is N; = le ?Is at least Ny C N4 ?
(3) Is always Ny = N5 ?

(4) What is the relation between Ng and N;? Given a covering family (Cy) of
irreducible curves in X, it is at least true that we obtain a flag of irreducible
varieties

YiCc...CcY,1CX

such that the deformations of Y; fill up Y;4; .

4.7. REMARK. — Exceptional curves are far from being ample. This is made
precise by the following statement. Let X be a projective manifold, f : X — Y
be a modification such that Y carries a big line bundle (e.g. Y is smooth or
normal projective). Let C' C X be an irreducible curve with dim f(C) = 0. Then

{C} & Namp(X).

At this point, one should note that Namp(X) is in general not generated by
complete intersection curves of the type H; -...- H, 1 with divisors H; that are
ample. This is shown by the following example:

4.8. EXAMPLE. — Let X =1IP(F) over IPq, with £ = O & O(—1) & O(-2). Let
p be the projection. Assume that Napyp(X) is generated by curves H; - Hy with
H; ample on X. Let L = Op(g)(1) @ p*(O()N)) with A € Q. Then for every A <0,
we have {L} ¢ K.g(X). We will show that for A\ > —1 there cannot exist Hy, Ho
ample such that L - Hy - Hy < 0.

Write H; = Opg)(1) ® p*(O(a;)) as Q-divisors, after possibly rescaling H;
by a positive factor. Since H; = Op(ggo(a,)) (1), H; is ample if and only if a; > 2.
Denoting h = ¢1(Op(g)(1)), we have ¢y (E) = —3, thus h3 +3h% = 0 and p,h* = 1.
This implies

L-Hy-Hy = (h+A)(h+a1)(h+as) = pe(RP+(a14+a2+A)h?) = aj+as+A—3 > A+1.

Hence we must have L - Hy - Hy > 0 for A > —1, although {L} ¢ K.g(X) for
A < 0. This example also shows that f cannot be taken to be the identity map in
the conclusion of Theorem 3.8. O

We now discuss Problem 3.6 in the case 04 (L) < n — 1 for 3-folds and only
for the most important line bundle, namely the anti-canonical bundle —Kx. The
condition o4 (—Kx) < 2 is equivalent to Kx ¢ Neg(X) which in turn just means
K(X) = —o0, i.e. X is uniruled ([Mo88]). Instead of X being smooth, we deal even
with normal projective varieties having at most terminal singularities ([KMMS87]).

4.9. PROPOSITION. — Let X be a normal projective Q)-Gorenstein 3-fold,
¢ : X — Y a surjective holomorphic map to a normal projective variety Y of
dimension at most 2, such that —Kx|,-1(,) Is ample for general y € Y. Then
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there exists H ample on X with Kx - H?> < 0. In particular there exists an
irreducible ample 1-flag Y1 C Y2 C X such that —Kxy, is ample.

Proof. If dimY = 0, then — K x is ample and there is nothing to prove. So assume
dimY > 0 and fix an ample divisor Hy on X. If Kx - Hg < 0, we are done. Thus
we assume Ky - H2 > 0. Choose L € Pic(Y) ample and define

H=Hy+ ¢*(mL)
with m > 0 to be specified in a moment. Clearly H is ample. We have
Kx -H?>=Kx-Hj +2Kx - Hy-¢*(mL) + Kx - (¢*(mL))>.

(a) If dimY = 2, then Ky - ¢*(L)? < 0, since L - L is cohomologous to a multiple
of a generic fibre and —Kx|,-1(,) is ample on such fibres. Hence for m > 0,
Kx - H? <0.

(b) If dimY = 1, we obtain ¢*(mL)? = 0. But now
Kx - Ho-¢"(mL) <0,

hence again Kx - H? < 0 for m > 0. This finishes the proof of 4.9, the existence
of the ample 1-flag being an obvious consequence of the main statement.

4.10. COROLLARY. — Let X be a normal projective Q-Gorenstein 3-fold with
at most terminal singularities. Assume k(X) = —oo. If one of the following
conditions is satisfied, there exists an ample divisor H on X with Kx - H?> < 0:

(a) The dimension of the image of the Albanese map « of X is 2 (or, more
generally, there exists a surjective map of X to an irreducible reduced surface
whose desingularisation has Kodaira dimension at least 0).

(b) There exists a modification ¢ : X — X' onto a normal projective Q-
Gorenstein 3-fold X' such that X' admits a map onto Y as in 4.9.

(c) K(—Kx) > 0.

Proof. (a) The general fiber of a is IPy, by litaka’s conjecture C59 or the
uniruledness of X, hence we can apply 4.9.

(b) By 4.9 there exists H’ ample on X’ such that Kx: - H?. We conclude
Kx - ¢*(H'")? < 0, hence, approximating the nef and big divisor ¢*(H’) by ample
@Q-divisors, we obtain our claim.

c¢) Take Z € | — mK x| and any ample divisor H. Then clearly Z - H? > 0, hence
our claim follows.

4.11. REMARK. — By the minimal model theory [Mo88] every smooth projective
3-fold X with x(X) = —oo is birational to a normal projective variety X’ having
at most terminal singularities which admits a map ¢ : X’ — Y with —K being
p-ample. Hence there exists H' ample on X' such that K% - H> < 0. However
we cannot easily conclude the same for X. The difficulty is the following: X’
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arises from X by a sequence of contractions of prime divisors and by flips. For
contractions of prime divisors everything is settled by 4.10 (b). What is totally
unclear and maybe even false is the following:

4.12. PROBLEM. — Assume X and X' are normal projective varieties having
at most terminal singularities. Let ¢ : X — X’ be a birational rational map
of flipping type (in particular isomorphic in codimension 1). Assume that there
exists H' ample on X’ such that Kx. - H?> < 0. Does there exist an ample divisor
H on X with the analogous property ? Slightly more modest would be to ask for
an ample 1-flag for — K x if there is one for — K.

5. Threefolds with o_(Kx) =2

Our goal here is to study 3-folds which have a noneffective canonical divisor
Kx. To this end, we introduce the following definition.

5.1. DEFINITION. — Let X be a normal projective variety, assume X to be
@Q-Gorenstein. Choose m € IN such that mK x is Cartier. Then we define:
o(X)=0_(mKx).

Note that o(X) does not depend on the choice of m (we could also take the
minimal m such that mKx is Cartier). We have 0 < o(X) < n = dim X ; and
o(X) > 1is equivalent to saying that Kx ¢ Neg(X). Moreover o(X) = n iff —Kx
is ample, i.e. X is Q-Fano. Thus o(X) measures how far X is from being Fano.
We now concentrate on 3-folds. Then for X smooth, o(X) > 1 iff K(X) = —oc0
(see [Mi87], [Mo88]), thus it is interesting to investigate 3-folds with o(X) = 2.

5.2. EXAMPLE. — Let X be a smooth projective 3-fold, p : X — Y a surjective

holomorphic map onto a compact Riemann surface Y such that —Kx is p-ample.
Then o(X) > 2 (in particular, if g(Y') > 1, then o(X) = 2).

Proof. Fix A ample on X. Since —K y is p-ample, we have Rip,(—mK x —pA) = 0,
for i > 1 and m > C(p+ 1). Hence

H*(X,-mKx — pA) = HX(Y, o, (—mKx — pA)) =0
for those m, p, i.e. 04 (—Kx) < 1. (Of course here we do not need dim X = 3.) O

Examples of maps ¢ arising in Example 5.2 are contractions of extremal rays;
note also that the proof still works if X is only normal and Q-Gorenstein.

Now we turn to fibrations over surfaces. Since this seems to be rather
complicated in general, we restrict ourselves to the case of IP;-bundles. Recall
that for a IP,,,-bundle X = IP(E) —— Y over a projective manifold Y we have the
formula

KX = W*(KY + det E) ® OIP(E)(—m — 1)

5.3. PROBLEM. — Let X = IP(E) - S be a IP;-bundle over a smooth
projective surface S. Under which conditions is o(X) =27
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This question will be considered in (5.5), (5.6). Note that in the Fano case
o(X) = 3, the situation is not so difficult to understand: S has automatically to
be a del Pezzo surface and the condition on E can be expressed in the following
way: E® (det E ® Kg)~'/? has to be ample. At least for S = IP5 all those E are
classified (see [SW90]).

5.4. EXAMPLES. —

(1) Let X =1P; x S with a projective surface S. Then o(X) = o(5) + 1, hence
o(X) > 2iff K(S) = —oo, with equality iff S is not Fano.

(2) Now assume X = C' xS with g(C) > 1. Then o(X) = o(5), hence o(X) = 2
iff S is Fano. In fact, let A = A; ® Ay with A; ample on C, A; ample on S.
Then

HIY(X,mKx +pA) = H'(X,0(mKc + pA;) RO(mKg + pAs))
= H%(X,0(mKc + pA1)) @ HI(S,O(mKsg + pAz))
by Kiinneth, hence o_(Kx) = 0_(Kg).
(3) Let X =IP(Op,(1) ® Op,(n)), n € IN. Then

o(X)=3 iff n=1or2,
o(X)=2 iff n=3.

(See 5.5 below for more general calculations).

5.5. REMARKS. — Let X = IP(E) — S be a IP;-bundle over a projective

surface S. We may assume F to be ample. In order to compute o(X) we have to
consider H'(X, mKx + pA) for some ample A. We choose A = Op(g)(1). Then

HY(X,mKx +pA) ~ H*(S,S*" P 2(F*) @ (det E)" ' @ K2").
Thus ¢(X) = 2 implies (and, if X is not Fano, is in fact equivalent to)
(%) HY(S,8*" P 2(E*) @ (det E)" '@ K&') =0, m>C(p+1).
Consider the Q-vector bundle Ey = E ® (det E)~/2, so that Ef ~ Ey and
c1(Ey) = 0. Then (x) is equivalent to
() HY(S,8?m P 2E, @ (det EyW?2 @ KI) =0, m>C(p+1).

This should be considered as a kind of stability property of E. For instance, if
#(S) > 0, then (det F)P/? ® K has sections for all p > pg and m > 0, so (%*)
immediately implies that

HY(S,S*Ey) =0, VEk>O0.

(Note that Fy is not necessarily a “real” vector bundle if det F is not divisible by
2 in Pic(S) ; in that case we only consider the case of even integers k so that S E,
is actually a vector bundle.)

(a) Assume that c1(E)? > 4c3(E), S minimal and x(S) > 0. Then o(X) = 1.
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Proof. If 0(X) = 2, then by (x%) with m = (k + p + 2)/2 and p chosen such that
(det E)P? @ K (Sp +2)/2 has sections, we conclude (at least for even k) that
(+) HO(S, 5*(Ey ® K§'*)) = 0,Vk > 0.
By Riemann-Roch, x(S*(Ey ® K;/z)) ~ (¢} — c2)k?/6 where ¢; = ¢;(Eq ® K;/Q).
By assumption ¢}(E) > 4 cy(E) and K2 > 0, hence

3 1

3
C% — Cy = ZK% — CQ(E()) = ZK% + ch(E)z - CQ(E) > 0.

Thus Riemann-Roch implies
H2(S,S*(By 0 K§*)) #0
for k large. By duality we obtain
HO(S, 5" (Ey® Kg'/%) @ Kg) #0.
This contradicts (+).

(b) We observe also that o(X) = 2 implies k(Kg + det E*) = —o0o, and even
that Kg + det E* ¢ Neg(S). Furthermore the proof of a) yields 2K% < c(Ep)
if 0(X) = 2. Our conclusion is that the condition “o(X) = 2” becomes more
and more difficult to achieve when K¢ becomes more positive. Hence the question

arises whether there exists any IP;-bundle X over a surface S with (.S) > 0 having
o(X)=2.

5.6. EXAMPLE. — Let S C IP3 be a general quartic surface. Then S is a K3
surface and has Picard number p(S) = 1. Let X = P(2}) — S. We are going to
show that o(X) = 2.

By (5.5) it is sufficient to prove that
(%) HO(S, 82" P72(Qg) ® AP) =0, m=C(p+1)

where A is a sufficiently ample line bundle (so that £ = Q% @ A in the context
of 5.5; note that det QL = Og, hence Ey = QF). We may take for instance
A = 05(2) = Op,(2)s- Now (*) is easily verified by considering the standard
exact sequences

0 — Og(—4) — 911133|s —s 0 — 0,

0 — Os — 0g(1)®* — Tp, s — 0 (Euler sequence),

0— Q%P3|S — Og(—1)®* — 05 — 0 (dual sequence),
and their k-th symmetric powers

0— Os(—4) © S* 'O, |g — S*Qp, s — "0 — 0,

0— SkQ%P3|S — @OS(—k) — @Os(l —k)—0.
In fact we find for every k € IN a constant (' such that

HO(S, STk ® Ox(k)) =0, m>Cy.
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Note that property (%) for an arbitrary 2-bundle E with ¢;(F) = 0 on a K3
surface with p(S) = 1 is just slightly stronger than the condition that all S™FE
are stable. Namely, (x) can be rephrased by saying that Op (g (1) ¢ Neg(IP(E)),
while stability of S E means that Opg)(m) is never effective. So it seems that
5.6 should work for most Hermite-Einstein bundles for which S™ FE never splits off
a direct summand.

Now we use this example to show that Problem 3.6 has not always a positive
answer. In fact we prove

(%x) If Y C X is ample, then K% - Y <0,
whereas 04 (Kx) = 1. We can write
Ox(Y) = Opay)(a) @ T Os(8),

with a, 3 € Z. Then certainly a > 0, and also 8 > 0 since 2} is not ample.
Replacing Y by some multiple, we may assume the existence of a smooth curve

C € |0g(p)|. Since
—Kx = Opq1)(2),

we have (abbreviating Op(q1)(2) by Op(2)):
K%Y =46 (0p(1))* (acr(Op(1)) + 77C)
=4acy (O]}D(l))g +4cq (O]P(Ql (1))2.

S\C)
Since
1 (0p (1)) = 1 (Q5)2 — e2(Q}) = —a(S) = —24
and )
c1 (OIP(Q}S‘C)(D) = Cl(Q}gw) =0,

our claim (xx) follows.
Now we discuss birational properties of o(X).
5.7. PROPOSITION. — Let X and Y be normal projective varieties of dimension

3 with at most terminal singularities. Let ¢ : X — Y be a birational map with
exceptional set E such that —K x is g-ample. Then:

(a) o(V)=2 = o(X)=2 ifdimp(E)=0;
(b) o(X)=2 = o(Y)>2.
Proof. Fix an ample divisor A on Y. Let E; be the (automatically 1-codimensional)

components of F. For simplicity of notations we may assume X and Y Gorenstein
(otherwise substitute K by mK). Write

Kx = ¢*(Ky)+ Y _M\E;.
Because Y has terminal singularities, all A; are > 0. Since —K x is p-ample, so is
— > N E;. Hence we find pg such that

B = ¢*(poA) = Y NEi
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is ample on X. Substituting A by pgA, we may assume py = 1.
Let us first prove (b). So assume o(X) = 2. Then
HYX,—-mKx —pB)=0, m>C(p+1), ¢>2.

Since

—mKx —pB = —p*(mKy + pA) — Z(m —p)A\E; and
Rip, ((9( Z(p — m))\iEi)) =0

forp <mand g > 0 (= > A\ E; being p-ample), we conclude via the Leray spectral
sequence that

HY(Y,-mKy —pA) =0, m>C(p+1), ¢>2,
hence o(Y) > 2. For (a) assume o(Y) = 2, so
HYY,-mKy — pA) = H* 9(Y,(m + 1)Ky + pA) =0, m>C(p+1), q>2.
We observe that
pu(~mEx —pB) = O(-mKy ~pA) @ ¢, (O( (b = m)A ) ).
Since p < m, we see that o, (O(> (p — m)\E;)) is an ideal sheaf Z with
Supp(O/Z) = ¢(FE), hence with finite support. Thus
HY(Y, p.(~mKx — pB)) = HI(Y, -mKy — pA), q>2.
By the Leray spectral sequence, we conclude as before that
HY(X,—-mKx —pB) = H(Y,—mKy —pA) =0, m>C'(p+1), ¢>2.
Hence o(X) > 2. If finally o(X) = 3, we have
H' (Y, p.(—mKx — pB)) =0,
hence H!(Y,—mKy — pA) = 0 and consequently o(Y) = 3. O
5.8. REMARK. — If in particular X is a projective 3-fold with at most terminal

singularities and ¢ : X — Y is a birational contraction of an extremal ray whose
exceptional set is not of codimension > 2, then Proposition 5.7 applies.

5.9. PROBLEM. — Let X, Y be projective 3-folds with only terminal singularities
and let ¢ : X --— Y be a birational morphism of flipping type. Is o(X) > 2 iff
o(Y)>27

If this is true, then by Mori [Mo88] we conclude the following: if X and Y
are smooth projective 3-folds (or Q-factorial with at most terminal singularities)
and if f: X — Y is a birational morphism, then o(X) = 2 implies o(Y) > 2.

5.10. ExaMpPLE. — We will show that in Prop. 5.7 (a) the conclusion o(X) = 2
no longer holds if dimp(FE) = 1. Let Y = IP3, let D be a smooth complete
intersection curve of type (a,a) with a > 7. Let ¢ : X — Y be the blow-up of Y
along D.
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CramM. — We have o(X) = 1.

Proof. Let A and B as in the proof of Prop. 5.7, s0 A = Op,(pg) and B = ¢*A—FE
for some integer py (In this situation, the exceptional divisor F has just one
component with A = 1.) We will show that

H*(X,-mKx) #0
for m > 0. In fact we have an exact sequence
0—7Ip5 ® O(—-mKy) — O(-mKy) — O(—=mKy)|p,, — 0,
||
u(—mKx)

where D,, is the (m — 1)-th infinitesimal neighborhood of D defined by Z7}. Since
HYY,—mKy) =0 for ¢ > 0 and all m > 0, it is sufficient to prove

HY(D,,,—mKy) #0, m> 0.
Since
X(Di, O(4m)) = Y x(D,S"Ng © Op(4m))

0<v<m-—1

it is sufficient to prove that this last sum is negative for m > 0. By Riemann-Roch
we have

Z X(D,SYNE ® OD(4m)) =

0<v<m-—1
= Z (1—g)(v+1)+ (v + 1)a*(4m — va))
0<v<m—1
= (1 —g+4ma®)m(m +1)/2 — a®*m(m? —1)/3.
The leading term of this cubic polynomial in m is
a*(2 — a/3)m?

which is negative by our assumption a > 7. O

5.11. PROPOSITION. — Let X be a smooth projective 3-fold. Assume —Kx to
be big and nef but not ample. Let p : X — Y be the map given by the base point
free linear system | — moK x| with mg > 0. Then:

o(X) =2 iff all nontrivial fibers of ¢ are 1-dimensional.

Proof. By the base point free theorem, some multiple —mg K x is globally generated
and since —K x is big, the associated map ¢ : X — Y is a modification onto a
normal projective variety Y.

(1) Assume that ¢ has at least one 2-dimensional fiber F'.

In this case, we will show that H?(X, —mKyx — pA) # 0, p > 0, where A is
an arbitrary fixed ample divisor on X. For this we use the Leray spectral sequence

EY? = HP(Y, Rip,O(—mKx — pA)).
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First consider ES? = H° (Y, R?p, O(—mK x — pA)). Since o_(mKx) = o_(Kx)
we may assume mg = 1 in our considerations, hence Kx = ¢*(Ky). So

Ey? = HO(Y, R?p,0(—pA) ® O(-mKy)).

We show that R2p,O(—pA) # 0 in order to conclude E3? # 0. Let {z} = @(F).
Then rk(R*0,O(—pA);) > h*(F,—pAr). Here we equip F with the reduced
structure. Since F' is Cohen-Macaulay, we have

H2<F7 _pA\F) = HO(F7 Kr ®pA\F)7

which is nonzero for all p > 0. Hence Eg -2 # (0 for p > 0 and all m. Next consider
E>' = H? (Y, R 0, O(—pA) ® O(—=mKy)). Since dimSuppR'p,O(—pA) = 0,
Eg’l = 0. Hence Eg,z ~ Eg,z ~ E%2 and thus

H*(X,—mKx —pA) #0, p>0.

(2) Now assume that all fibers of ¢ have dimension 1.

Then take a general smooth ample (hyper)surface H C X. It will meet every
fiber in a finite set. Hence —Kx -C' > 0 for every curve C' C H, otherwise C would
be contracted to a point by . Furthermore K% - H > 0 since —K x is big and nef
on the general member of the linear system [mH|, m > 0. Hence —K x|y is ample
by Nakai-Moishezon. Theorem 3.4 implies 0_(Kx) > 2, and a strict inequality
cannot occur because —K x is not ample. O

5.12. REMARK. — The proof of 5.11 can be easily modified to make it work
for all @Q-Gorenstein normal projective varieties X. In that case F' might not
be Cohen-Macaulay, so we possibly have to pass to the normalization which is
Cohen-Macaulay.
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