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Outline

e The hyperbolic context
e The constant magnetic Laplacian

e Magnetic bottles : compacity of the resolvent, spectral
asymptotics

e Related results
e Proof outline

e Developpements : dimension 3, hyperbolic surfaces of infinite
area
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Framework

Let (M, g) be a connected and oriented Riemannian manifold T
of dimension n.

For any real one-form A on M , define
—Ayx = ((d+A)*(id+A), (d+Au=idu+uAd,Vu € C5°(M

The magnetic field is the two-form dA .

|
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Framework

Let (M, g) be a connected and oriented Riemannian manifold T
of dimension n.

For any real one-form A on M , define
—Ayx = ((d+A)*(id+A), (d+Au=idu+uAd,Vu € C5°(M

The magnetic field is the two-form dA .

To dA Is associated the linear operator B defined on the
tangent space by

dA(X,Y) = g(BX,Y); VX.,Y €eTMxTM .

The magnetic intensity b is given by

b = %tr ((B*B)1/2> . |
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The Poincaré half-plane

f ® Ifdim(M)=2,thendA = bdv,with [b| = b, T
dv the Riemannian measure on M.

® The magnetic field is constant iff b is constant.

o |
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The Poincaré half-plane

If dim(M) = 2,thendA = b dv,with |b| = b,
dv the Riemannian measure on M.

The magnetic field is constant iff b is constant.

Let M = H be the hyperbolic half-plane :
dx? + dy?
y:

s —Ay = ¢} (D~ A)? + (D, — A2)?,
with A = Ay (z,y) de + Asz(zx,y) dy , and
Aj(z,y) € C*(H;R),

s b = y? (8,45 — ,A)

s b = |bl,

o dv = y2dzdy .

H = Rx]0,+00[, g =

|
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Properties

-

® A, is essentially self-adjoint on L?(H) .

® We are interested on its spectrum : sp(—Ay4).
We will use that it is gauge invariant:

sp(—A4) = sp(—Auatay); Ve € CT(H;R).

o |
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The spectrum for constant magnetic field

- N

® The spectrum of —A 41 is essential: sp(—A 4b) = Spes(—A 4p) .

® Its absolutely continuous part is given by
Spac(_AAb) — [b2 _|_ ia _|_OO[ :

o |
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The spectrum for constant magnetic field

-

The spectrum of —A 4+ is essential: sp(—A 4b) = sp.s(—A 4b) .

Its absolutely continuous part is given by
Spac(_AAb) — [b2 —I_ ia —I—OO[ :

The remaining part of its spectrum is empty if 0 <b < 1/2.

Otherwise it is formed by a finite number of eigenvalues of
Infinite multiplicity given by

. » . . 1
spp(—Bup) = U2+ Db —j(i+1)57 € N, j<b-5},

1
(if 5<b.)

|
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Magnetic bottle : compact resolvent

|7 A4 = y*(De — A1)? + y*(Dy — Az)? T

Magnetic bottle-type assumptions (MB)

® b(xr,y) — 400 as d(x,y) — —4oo,d(x,y) :the hyperbolic
distance of (x,y) to (0,1) .

® 1 (Cy > 0 such that, for any vector field X on H ,

[ Xb| < Co(|b] + 1)V/9(X, X) ;

o |
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Magnetic bottle : compact resolvent

|7 A4 = y*(De — A1)? + y*(Dy — Az)? T

Magnetic bottle-type assumptions (MB)

® b(xr,y) — 400 as d(x,y) — —4oo,d(x,y) :the hyperbolic
distance of (x,y) to (0,1) .

® 1 (Cy > 0 such that, for any vector field X on H ,

[ Xb| < Co(|b] + 1)V/9(X, X) ;

Theorem
Under the assumptions (MB) P(A) = —A4 has a compact
resolvent.

o |
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Magnetic bottle: spectral asymptotics

- N

For any real A < infsp_,(P) , we denote by N(\; P) the number of
eigenvalues of P , which are in | — oo, \[ .

Theorem

Under the assumptions (MB) and for any 6 € ]%, %[ , there exists a
constant ¢' > 0 such that

5= Ju(l a5(m) )b(m) Y251 — CA3H) — & — (2k + 1)b(m)]% dv
< N()‘a _AA) <
5r Ju(L+ ) P(m) X251 + CAT3FY) — 4 — (2% + 1)b(m)]} dv

[p]. = 1,if p>0 and 0 otherwise ,

as(m) := (b(m) +1)25)/2
| -
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Corollary

-

® If moreover w(\) := [.[XA — b(m)]4 dv satisfies (*) :
4C7 >0st.VA>C1, VT E]O,l[,

w((14+7)A) —wA) <CiTw(N),

then

N\ —Ay) ~ —/ )\———(2/c+ 1)b(m)]} dv .
keN

o |
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Corollary

- N

® If moreover w(\) := [.[XA — b(m)]4 dv satisfies (*) :
4C7 >0st.VA>C1, VT E]O,l[,

w((14+7)A) —wA) <CiTw(N),

then

N —Ay) ~ % /Hb(m) S - i (2 + 1)b(m)]’. do .
keN

® (%) is satisfied when w()\) ~ aX¥In? \
with £ >0,ork=0and 5> 0.

o |
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Example

- N

X

s bzy) = (5) 4 p) + (1)),

with 7 € N* | pi(s), p2(s) polynomial functions of order > 1 for
large s .

® w(\) ~ a\%In\ when \ — oo,

o |
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Example

- N

X

s bzy) = (5) 4 p) + (1)),

with 7 € N* | pi(s), p2(s) polynomial functions of order > 1 for
large s .

® w(\) ~ a\%In\ when \ — oo,

& N\ —Ay ~ 2£A1+1/2j In A when A — 400 .

s

o |
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Related results :Euclidean magnetic bottles

f ® |If (M, g) is the euclidean space R?, T
—Ay = Z?:l(%% — A;)? . Vx € RY there exists (e;(x)) s.t.
B(z) = Y1) bj(x)dw; Adyj, bi(@)... > by(x) >0

The magnetic intensity is the norm of B(x) := (b;(z));.

o |
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Related results :Euclidean magnetic bottles

f ® |If (M, g) is the euclidean space R?, T
—Ay = Z?ﬂ(%% — A;)? . Vx € RY there exists (e;(x)) s.t.
B(z) = Y1) bj(x)dw; Adyj, bi(@)... > by(x) >0

The magnetic intensity is the norm of B(x) := (b;(z));.

® (Y. Colin de Verdiere)
Under (EMB) conditions —A 4 has compact resolvent and

Np' A1 —o(1))] < N(A, —Aa) < NE'[A(1+0o(1))] (A — +00) .

s NE(N) = fRd VB(QC)()\)d;U
s Vg (N = Crp ° (A= X0 ((2ni + D)y T, bie)
® > =2mmyen s d=2r+k, Crr = gl
s 4 = volume of the unit ball in R* . o
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Related results : EMB(2)

f ® (EMB) conditions T

o (B1) limj;| oo | B(z)| = o0

s (By) |lz— || <1, |B(2)| < C|B(")]

s (B3) M(z) = o(|| B(x)||%) when ||| — oo)
(M () = max|g (supj,—<i D7 A()]]))

o |
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Related results : EMB(2)

|7.9 (EMB) conditions T
o (B1) limj;| oo | B(z)| = o0
s (By) B(z)|| < C||B(z')]
® (B3) M(z) = O(HB( )I|2) when ||z|| — oc)
(M () = maxjg—s (supj,_ o<1 D A)]))

|z —

® Remark:
o Take d = 21in Colin de Verdiere’s result. Then
0

Nas _ 1 fR2 ZkEN[ (2k—|—1)b(£€)}+d$
(b1 ( ) HB( ) = ( )

» to be compared with
N —Ay) ~ 5= [ b(m) >, cnA— 1 — (2k+1)b(m)]Y dv .
B [p]‘izllfp>0,[p]3—0lfp§0. |
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Related results : hyperbolic context
f.o Results on the hyperbolic space T
» Maass Laplacian: Elstrodt(73), Grosche(88), Comtet(87),
Ikeda-Matsumoto (99), Kim-Lee(02)
o Asympt. constant magnetic fields ,Pauli operators :
Inahama-Shirai (03)

o Asymptotic distribution for Schrédinger operators
Inahama-Shirai (04)

® conformally cusp manifolds :
Asymptotic distribution for Schrédinger operators

Golénia-Moroianu (08)

o |
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Proof outline

-

® Minimax technigue on quadratic forms

o |
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Proof outline

-

® Minimax technigue on quadratic forms

® Main ideas

» Get a problem in R?,
» find a good gauge,

» localize in a "good" rectangle = replace the initial problem
by a problem with a constant magnetic field,

» write spectral asymptotics in the constant case for a
rectangle

# use a partition of unity.

o |
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Change of variables

- N

® diffeomorphism: ¢ : R? — H, (z,y)= ¢(z,t) = (z,¢")

® unitary operator: U : L2(H;dv) — L2(R2;dxdt)
(Uu)(z,t) == et/ 2u(z,et) (for any u € L2(H).)

o |
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Change of variables

-

difftfomorphism: ¢ : R? — H, (z,y) = ¢(x,t) := (z,¢€!)

unitary operator: U : L2(H;dv) — L2(R?;dxdt)
(Uu)(z,t) == et/ 2u(z,et) (for any u € L2(H).)

quadratic form related to P(A) = —A 4 :

dxdy
2

a(u) = /H y(Ds — Al + ly(D, — Ao)ul?] X (4 € 12(m))

|
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Change of variables

- N

® diffeomorphism: ¢ : R? — H, (z,y)= ¢(z,t) = (z,¢")

® unitary operator: U : L2(H;dv) — L2(R2;dxdt)
(Uu)(z,t) == et/ 2u(z,et) (for any u € L2(H).)

® quadratic form related to P(A) = —A4 :

dxdy

. (u € L7(H))

a(u) = /H 9(Da — A)ul? + |y(Dy — Az)ul?]

:/ e(Dy — Anywl? + |(Dy — ¢ Aol + 1/4jwl?] dudt
R2

with

- o N
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Gauge

- N

® Work with a gauge such that A, = 0.
Since b = Ta (0zA2 — 0,A1) , take

~

Ay () = _/1y b(:UQ, S)dS

S

— A1<ZC,7§) = —/
1

o |
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Gauge

- N

® Work with a gauge such that A, = 0.
Since b = Ta (0zA2 — 0,A1) , take

~

Ay () = _/1?/ b(a:Q, s) s

S

:>A1<£C,t) = —/
1
® The associated quadratic form is
7 (w) :/ [|et<Dx — A w|? + |Dywl]? + 1/4|w|2] drdt
R2

with A(z,t) = (A1,0).

o |
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Partition of R of suitable rectangles

Forany a € Z?,we denote the rectangle

and K(ao)NK(B) = 0if a # (.

o |
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Covering of R? with the rectangles K («)

- N

o |
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Covering of H with the cubes¢(K (a))

- N
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A partition adapted to b

L

et ap and 9y such that

1 2
1 < ap and d E]g,g[

Each K («) can be parted, (if necessary), into M («) rectangles:

- M
K(a) = UL Rq
€ ‘eta’J € eta’j € €
Kaj =|- &,]2 Foayj s Loyt (”2 [X]_%—F I a’]+%[’
with
! < < 20 (1)
.
ao(1 + B0 (za s ctad)) = 0 = 11 b0 (wg,elod) )
Land suchthat K, NK,; = 0 if k#7. J
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.

| ocalization

Let Xy = (z9,t9) € R? such that T
b(zg) > 1; (20 = (z0,€") ) ; | Xo| can be very large.

Let ag > 1 andeg €]0,1] be given.

Take a € |1/ag,ap| and define K := Xy + Ko , with

t t
Ky Z]—&‘oa%, 50a%[x]_€707 2 |

|
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.

| ocalization

Let Xy = (z9,t9) € R? such that T
b(zg) > 1; (20 = (z0,€") ) ; | Xo| can be very large.

Let ag > 1 andeg €]0,1] be given.

Take a € |1/ag,ap| and define K := Xy + Ko , with

t t
Ky Z]—&‘oa%, 50a%[x]_€?07 2 |

Compare .

G (w) = / [let(Dm — ADw|? + |Dywl|* + 1/4\10\2] dzdt
K

with the "frozen” form  ( w € W (K)) :

o

T (w) = / e (D — AD)w]? + [Dyw]? + 1/4wl*] dzdt .
. |
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First step

- . N

® Az,t)=(AY,0), AY):=—(t—tg) e b(zg,e).

® Ai(z,t) =—[5 b(;” %) ds  ( gauge invariance .)
®» Key Lemma
[Aq(z,t) — A%z, t)| < C e e b(xg,e?).

(V(z,t) € K, C > 0depends only on ag.)

o |
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First step

-

® A%z,t) = (A%,0), A%:=—(t—ty) et b(zp,el0) .

® Ai(z,t) =—[5 b(: %) ds  ( gauge invariance .)
®» Key Lemma
[Aq(z,t) — A%z, t)| < C e e b(xg,e?).

(V(z,t) € K, C > 0depends only on ag.)

® This comes from the assumption : For any vector field X on H ,

|
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Second step

f.o Want to compare _ T

o 720w) = [ [ Dy — Av)wl? + |Dywf? +1/4w?| dadt ,

. a;;“%w) = [ [l (Dy — ADw|? + | Daw|? + 1/4|w|?] dadt

» Write
el (D, — Aj)w = e (D, — AD)w — e (4] — ADw

® and use the first step to get :

Forany r €]0,1];

(1=7) G Ow) + (1~ —) C e b(z0) ] < T2 (w)

S A+ W) + (4 ) C e Do)l .
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Third step

- N

t remains to compare

® Glw) = [, [ ~ ADwl? + |Dw]® + 1/4\w\2} dzdt , and

P a;ﬁ(w) = [y [|et0(Dx ~ ADwl? + |Dawl? + 1/4|w|2} dzdt .

o |
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Third step

N

t remains to compare

» G fK[ —Al)wl2+\th\2+1/4\w\2} dzdt , and
. q[; = . [|eto (Dy — Ay)w|? + | Dywl? + 1/4|w|2} dzdt .
Proposition

(1-£0C) G’ (w) < G (w) < (1+£C)Gi" (w) .

o |
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Spectral asymptotics for a rectangle : upper bound

® Proposition For any real )\,

K |b(wo,e') $~;y 1 {010
oo ;[A—Z—(2k+1)b(:co,eo)]+.

N(A Pg(A") <

o |
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Spectral asymptotics for a rectangle : upper bound

® Proposition For any real )\,

K |b(z0, ") <=

N\, PR(A) < (A7 — @+ 1), )}

2melo —~
® (Colin de Verdi ére):
o b > 0 constant.
e Qp=] =G, FIxI- % B R= (R Ry) € (RL)?,

s HJR : Dir. pb. associated to
X
Ho = (D, — b%)2 +(Dy +b3)’

b|Q
N\ HpR) < ‘R‘Z (2k + 1)b]%

o |
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Spectral asymptotics for a rectangle : lower bound

- N

o |
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Spectral asymptotics for a rectangle : lower bound

- N

The same kind of result applies.

o |
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Developpements

-

#® Role of curvature :
- Asymptotics In the 2-dimensional euclidian space

as 0
NEN) = 57 g2 b(2) Ypen [A = 2k +1)b(x)], do
r Asymptotlcs In the 2-dimensional hyperbolic space

N —Ay) ~ o= [b(m) >, cnA— 3 — (2k+1)b(m)]Y dv .
#® 3-dimensional case
» The magnetic field can be identified with a vector field.
» Hypothesis on the direction should be done.(cf condition
(B3) in the euclidean case)

® Application to geometrically finite hyperbolic surface of infinite
area

o |
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Geometrically finite hyperbolic surface of infinite area

- N

® Definition
(M, g) : asmooth connected Riemannian manifold of

J J
dimension two M = U M; U <Lj Fk) :
j=0

k=1
s M; , F} open sets of M, My compact closure,

s (j #0: M; isometric to Sx]a?, +o00[ , (cuspidal ends)

ds? — y_2( L? do® + dy2)

(a; and L; are strictly positive constants)

s F} isometric to Sx|az, +oo[ , (funnel ends)

ds: = 1icosh’t df® + dt*

o |
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The result

-

® Forzy fixedin My defined : M — Ry ; d(z) = dy(z,20) ;

de( ., .) :distance w. r. to the metric g.
® (HSMB)
e limg,) oo b(2) = +00.
»
Xb(z)] < Ci(b(z) + 1)e™[X]|,;
VX e TMVYz e Mj,andVj=1,...J;.(C; > 0)
»

Xb(z)] < Ca(b(2) + 1)|X]g;
Vz € Fp,,VX € TM andVk=1,...J5.(Cy > 0)
L’ Under (HSMB) assumptions the same asymptotics still hold . J
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