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Framework
Let (M,g) be a connected and oriented Riemannian manifold

of dimension n.

For any real one-form A on M , define

−∆A = (i d+A)⋆(i d+A) , ((i d + A)u = i du + uA , ∀ u ∈ C∞
0 (M)) .

The magnetic field is the two-form dA .
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Framework
Let (M,g) be a connected and oriented Riemannian manifold

of dimension n.

For any real one-form A on M , define

−∆A = (i d+A)⋆(i d+A) , ((i d + A)u = i du + uA , ∀ u ∈ C∞
0 (M)) .

The magnetic field is the two-form dA .

To dA is associated the linear operator B defined on the

tangent space by

dA(X,Y ) = g(B.X, Y ) ; ∀ X , Y ∈ TM × TM .

The magnetic intensity b is given by

b =
1

2
tr
(
(B⋆B)1/2

)
.
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The Poincaré half-plane

If dim(M) = 2, then dA = b̃ dv , with |b̃| = b ,

dv the Riemannian measure on M .

The magnetic field is constant iff b̃ is constant.
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The Poincaré half-plane

If dim(M) = 2, then dA = b̃ dv , with |b̃| = b ,

dv the Riemannian measure on M .

The magnetic field is constant iff b̃ is constant.

Let M = H be the hyperbolic half-plane :

H = R×]0,+∞[ , g =
dx2 + dy2

y2
.

−∆A = y2(Dx − A1)
2 + y2(Dy − A2)

2 ,

with A = A1(x, y) dx + A2(x, y) dy , and

Aj(x, y) ∈ C∞(H; R) ,

b̃ = y2 (∂xA2 − ∂yA1)

b = |b̃| ,

dv = y−2dxdy .
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Properties

−∆A is essentially self-adjoint on L2(H) .

We are interested on its spectrum : sp(−∆A).

We will use that it is gauge invariant:

sp(−∆A) = sp(−∆A+dϕ) ; ∀ ϕ ∈ C∞(H; R) .
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The spectrum for constant magnetic field

The spectrum of −∆Ab is essential: sp(−∆Ab) = spes(−∆Ab) .

Its absolutely continuous part is given by

spac(−∆Ab) = [b2 + 1
4 ,+∞[ .
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The spectrum for constant magnetic field

The spectrum of −∆Ab is essential: sp(−∆Ab) = spes(−∆Ab) .

Its absolutely continuous part is given by

spac(−∆Ab) = [b2 + 1
4 ,+∞[ .

The remaining part of its spectrum is empty if 0 ≤ b ≤ 1/2 .

Otherwise it is formed by a finite number of eigenvalues of

infinite multiplicity given by

spp(−∆Ab) = {(2j + 1)b − j(j + 1) ; j ∈ N , j < b− 1

2
} ,

(if
1

2
< b .)
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Magnetic bottle : compact resolvent

−∆A = y2(Dx − A1)
2 + y2(Dy − A2)

2

Magnetic bottle-type assumptions (MB)

b(x, y) → +∞ as d(x, y) → +∞ , d(x, y) : the hyperbolic

distance of (x, y) to (0, 1) .

∃ C0 > 0 such that, for any vector field X on H ,

|Xb̃| ≤ C0(|b̃| + 1)
√

g(X,X) ;
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Magnetic bottle : compact resolvent

−∆A = y2(Dx − A1)
2 + y2(Dy − A2)

2

Magnetic bottle-type assumptions (MB)

b(x, y) → +∞ as d(x, y) → +∞ , d(x, y) : the hyperbolic

distance of (x, y) to (0, 1) .

∃ C0 > 0 such that, for any vector field X on H ,

|Xb̃| ≤ C0(|b̃| + 1)
√

g(X,X) ;

Theorem

Under the assumptions (MB) P (A) = −∆A has a compact

resolvent.
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Magnetic bottle: spectral asymptotics

For any real λ ≤ inf spes(P ) , we denote by N(λ;P ) the number of

eigenvalues of P , which are in ] −∞, λ[ .

Theorem

Under the assumptions (MB) and for any δ ∈ ]13 , 2
5 [ , there exists a

constant C > 0 such that

1
2π

∫
H

(1 − C
aδ(m))b(m)

∑+∞
k=0[λ(1 − Cλ−3δ+1) − 1

4 − (2k + 1)b(m)]0+ dv

≤ N(λ,−∆A) ≤
1
2π

∫
H

(1 + C
(aδ(m))b(m)

∑+∞
k=0[λ(1 + Cλ−3δ+1) − 1

4 − (2k + 1)b(m)]0+ dv

[ρ]0+ = 1 , if ρ > 0 and 0 otherwise ,

aδ(m) := (b(m) + 1)(2−5δ)/2.

16/11/2009 – p. 8



Corollary

If moreover ω(λ) :=
∫

H
[λ − b(m)]0+dv satisfies (*) :

∃ C1 > 0 s.t. ∀ λ > C1 , ∀ τ ∈ ]0, 1[ ,

ω ((1 + τ) λ) − ω(λ) ≤ C1 τ ω(λ) ,

then

N(λ;−∆A) ∼ 1

2π

∫

H

b(m)
∑

k∈N

[λ − 1

4
− (2k + 1)b(m)]0+ dv .
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Corollary

If moreover ω(λ) :=
∫

H
[λ − b(m)]0+dv satisfies (*) :

∃ C1 > 0 s.t. ∀ λ > C1 , ∀ τ ∈ ]0, 1[ ,

ω ((1 + τ) λ) − ω(λ) ≤ C1 τ ω(λ) ,

then

N(λ;−∆A) ∼ 1

2π

∫

H

b(m)
∑

k∈N

[λ − 1

4
− (2k + 1)b(m)]0+ dv .

(*) is satisfied when ω(λ) ∼ αλk lnj λ

with k > 0 , or k = 0 and j > 0 .
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Example

b(x, y) = a2
0

(
x

y

)2m0

+ a2
1y

m1 + a2
2/y

m2 ,

with aj > 0 and mj ∈ N
⋆ , j = 0, 1, 2

ω(λ) ∼+∞ αλ
1

2m0 lnλ
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Example

b(x, y) = a2
0

(
x

y

)2m0

+ a2
1y

m1 + a2
2/y

m2 ,

with aj > 0 and mj ∈ N
⋆ , j = 0, 1, 2

ω(λ) ∼+∞ αλ
1

2m0 lnλ

N(λ;−∆A) ∼+∞ λ1+1/(2m0) ln(λ)α(m0,m1,m2)

The Weyl formula for a compact hyperbolic hypersurface :

N(λ) ∼+∞
λ

4π
|M | .
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Proof

Method: Minimax principle on quadratic forms
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Proof

Method: Minimax principle on quadratic forms

the main steps:

Change variables =⇒ work in R2,

Choose an appropriate gauge,

Localize in a "good" rectangle =⇒ replace the initial

problem by a problem with a constant magn. field,

Write the asymptotics on a rectangle for a constant magn.

field,

Perform a partition of unity.
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Change of variables

diffeomorphism : φ : R2 → H , (x, y) = φ(x, t) := (x, et)

unitary operator Û : L2(H; dv) → L2(R2; dxdt)

w(x, t) = (Ûu)(x, t) := e−t/2 u(x, et) u ∈ L2(H).
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Change of variables

diffeomorphism : φ : R2 → H , (x, y) = φ(x, t) := (x, et)

unitary operator Û : L2(H; dv) → L2(R2; dxdt)

w(x, t) = (Ûu)(x, t) := e−t/2 u(x, et) u ∈ L2(H).

quadratic form associated to P (A) = −∆A :

q(u) =

∫

H

[
|y(Dx − A1)u|2 + |y(Dy − A2)u|2

] dxdy

y2
, u ∈ L2(H)
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Change of variables

diffeomorphism : φ : R2 → H , (x, y) = φ(x, t) := (x, et)

unitary operator Û : L2(H; dv) → L2(R2; dxdt)

w(x, t) = (Ûu)(x, t) := e−t/2 u(x, et) u ∈ L2(H).

quadratic form associated to P (A) = −∆A :

q(u) =

∫

H

[
|y(Dx − A1)u|2 + |y(Dy − A2)u|2

] dxdy

y2
, u ∈ L2(H)

=

∫

R2

[
|et(Dx − Ã1)w|2 + |(Dt − etÃ2)w|2 + 1/4|w|2

]
dxdt

w ∈ L2(R2), Ãi(x, t) = Ai(x, et) , i = 1, 2 .
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Gauge, localization

Choose a magnetic potential s.t. A2 = 0.

Since b̃ = y2 (∂xA2 − ∂yA1) , one can take

A1(x, y) = −
∫ y

1

b̃(x, s)

s2
ds =⇒ Ã1(x, t) := −

∫ et

1

b̃(x, s)

s2
ds

The quadratic form associated is

q̂(w) =

∫

R2

[
|et(Dx − Ã1)w|2 + |Dtw|2 + 1/4|w|2

]
dxdt .
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Gauge, localization

Choose a magnetic potential s.t. A2 = 0.

Since b̃ = y2 (∂xA2 − ∂yA1) , one can take

A1(x, y) = −
∫ y

1

b̃(x, s)

s2
ds =⇒ Ã1(x, t) := −

∫ et

1

b̃(x, s)

s2
ds

The quadratic form associated is

q̂(w) =

∫

R2

[
|et(Dx − Ã1)w|2 + |Dtw|2 + 1/4|w|2

]
dxdt .

Assumption (BM) allows to control the magnetic field by a

constant one on the cubes of H

Ω(x0, y0, a, ε0) := {(x, y) / |x − x0| ≤ aε0 y0, |y − y0| ≤ ε0y0} :
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Gauge, localization

Choose a magnetic potential s.t. A2 = 0.

Since b̃ = y2 (∂xA2 − ∂yA1) , one can take

A1(x, y) = −
∫ y

1

b̃(x, s)

s2
ds =⇒ Ã1(x, t) := −

∫ et

1

b̃(x, s)

s2
ds

The quadratic form associated is

q̂(w) =

∫

R2

[
|et(Dx − Ã1)w|2 + |Dtw|2 + 1/4|w|2

]
dxdt .

Assumption (BM) allows to control the magnetic field by a

constant one on the cubes of H

Ω(x0, y0, a, ε0) := {(x, y) / |x − x0| ≤ aε0 y0, |y − y0| ≤ ε0y0} :

∃C1 > 0 s.t. , if b(x0, y0) > 1 ,
1

C1
b(x0, y0) ≤ b(x, y) ≤ C1 b(x0, y0) ∀ (x, y) ∈ Ω (x0, y0, a, ε0).
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Covering of H with cubes

Ω(x0, y0, a, ε0) := {(x, y) / |x − x0| ≤ aε0 y0, |y − y0| ≤ ε0y0}

4

3

-4

2

0

4

1

20-2
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From H to R
2

Ω(x0, y0, a, ε0) := {(x, y) / |x − x0| ≤ aε0 y0, |y − y0| ≤ ε0y0}
φ : R

2 → H , φ(x, t) = (x, et) .

For any α ∈ Z2 , denote by K(α) the rectangle

K(α) = ] − eα2

2
+ eα2α1 , eα2α1 +

eα2

2
[×] − 1

2
+ α2 , α2 +

1

2
[ .

One gets

R
2 = ∪αK(α) et K(α) ∩ K(β) = ∅ si α 6= β .

the cubes φ(K(α)) are the Ω(x0, y0, a, ε0)
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Covering of R2 with the rectanglesK(α)

-2

0 4

-1

-2

1

2
0

-4

φ : R
2 → H , φ(x, t) = (x, et) .
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Related result : Euclidean magnetic bottles

If (M,g) is the euclidean space Rd,

−∆A =
∑d

j=1(
1
i

∂
∂xj

− Aj)
2 . ∀x ∈ R

d, there exists (ej(x)) s.t.

B(x) =
∑r(x)

j=1 bj(x)dxj ∧ dyj , b1(x)... ≥ br(x) > 0 .

The magnetic intensity is the norm of B(x) := (bj(x))j .
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Related result : Euclidean magnetic bottles

If (M,g) is the euclidean space Rd,

−∆A =
∑d

j=1(
1
i

∂
∂xj

− Aj)
2 . ∀x ∈ R

d, there exists (ej(x)) s.t.

B(x) =
∑r(x)

j=1 bj(x)dxj ∧ dyj , b1(x)... ≥ br(x) > 0 .

The magnetic intensity is the norm of B(x) := (bj(x))j .

(Y. Colin de Verdière)

Under (EMB) conditions −∆A has compact resolvent and

Nas
B [λ(1− o(1))] ≤ N(λ,−∆A) ≤ Nas

B [λ(1+ o(1))] (λ → +∞) .

Nas
B (λ) =

∫
Rd νB(x)(λ)dx

νB(x)(λ) = Ck,r

∑∗ (λ −∑r
i=1 ((2ni + 1)bi(x))

k/2
+

∏r
i=1 bi(x)

∑∗ =
∑

(n1,...nr)∈Nr , d = 2r + k, Ck,r = γk

(2π)k+r

γk = volume of the unit ball in Rk .
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(EMB) conditions

(B1) lim‖x‖→∞ ‖B(x)‖ = ∞
(B2) ‖x − x′‖ ≤ 1, ‖B(x)‖ ≤ C‖B(x′)‖
(B3) M(x) = o(‖B(x)‖ 3

2 ) when ‖x‖ → ∞)

(M(x) = max|β|=2

(
sup‖x−x′‖≤1 ‖DβA(x′)‖

)
.)
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(EMB) conditions

(B1) lim‖x‖→∞ ‖B(x)‖ = ∞
(B2) ‖x − x′‖ ≤ 1, ‖B(x)‖ ≤ C‖B(x′)‖
(B3) M(x) = o(‖B(x)‖ 3

2 ) when ‖x‖ → ∞)

(M(x) = max|β|=2

(
sup‖x−x′‖≤1 ‖DβA(x′)‖

)
.)

Remark :

Take d = 2 in gray Colin de Verdière’s result. Then

Nas
B (λ) = 1

2π

∫
R2 b(x)

∑
k∈N

[
λ − (2k + 1)b(x)

]0
+
dx

(b1(x) = ‖B(x)‖ = b(x))

to be compared with

N(λ;−∆A) ∼ 1
2π

∫
H

b(m)
∑

k∈N
[λ− 1

4
− (2k+1)b(m)]0+ dv .

[ρ]0+ = 1 if ρ > 0 , [ρ]0+ = 0 if ρ ≤ 0 .
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Related results : hyperbolic context

Results on the hyperbolic space

Maass Laplacian: Elstrodt(73), Grosche(88), Comtet(87),

Ikeda-Matsumoto (99), Kim-Lee(02)

Asympt. constant magnetic fields ,Pauli operators :

Inahama-Shirai (03)

Asymptotic distribution for Schrödinger operators :

Inahama-Shirai (04)

conformally cusp manifolds :

Asymptotic distribution for Schrödinger operators :

Golénia-Moroianu (08)
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Geometrically finite hyperbolic surface of infinite area

Definition

(M, g) : a smooth connected Riemannian manifold of

dimension two M =




J1⋃

j=0

Mj



⋃
(

J2⋃

k=1

Fk

)
;

Mj , Fk open sets of M , M0 compact closure,

(j 6= 0: Mj isometric to S×]a2
j ,+∞[ , (cuspidal ends)

ds2
j = y−2( L2

j dθ2 + dy2 )

(aj and Lj are strictly positive constants)

Fk isometric to S×]α2
k,+∞[ , (funnel ends)

ds2
k = τ2

k cosh2 t dθ2 + dt2

(αk and τk are strictly positive constants) . 16/11/2009 – p. 20



Magnetic bottle assumptions

For z0 fixed in M0 define d : M → R+ ; d(z) = dg(z, z0) ;

dg( . , . ) : distance w. r. to the metric g.

(HSMB)

limd(z)→∞ b(z) = +∞ .

|Xb̃(z)| ≤ C1(b(z) + 1)ed(z)|X|g ;

∀ X ∈ TzM ∀ z ∈ Mj , and ∀ j = 1, . . . J1 .(C1 > 0)

|Xb̃(z)| ≤ C2(b(z) + 1)|X|g ;

∀ z ∈ Fk , ∀ X ∈ TzM and ∀ k = 1, . . . J2 .(C2 > 0)

Under (HSMB) assumptions the same asymptotics still hold .
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Magnetic bottles : Spectral Asymptotics

Theorem

Under(HSMB) assumptions, −∆A has a compact resolvent

and for any δ ∈ ]13 , 2
5 [ , there exists a constant C > 0 s.t.

1
2π

∫
M (1 − C

aδ(m))N (λ(1 − Cλ−3δ+1) − 1
4 ,b(m)) dm

≤ N(λ,−∆A) ≤
1
2π

∫
M (1 + C

(aδ(m))N (λ(1 − Cλ−3δ+1) − 1
4 ,b(m)) dm

aδ(m) := (b(m) + 1)(2−5δ)/2.

N (µ,b(m)) = b(m)
+∞∑

k=0

[µ− (2k +1)b(m)]0+ if b(m) > 0 , and

N (µ,b(m)) = µ/2 if b(m) = 0 .
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Magnetic bottles : Spectral Asymptotics

Theorem

Under(HSMB) assumptions, −∆A has a compact resolvent

and for any δ ∈ ]13 , 2
5 [ , there exists a constant C > 0 s.t.

1
2π

∫
M (1 − C

aδ(m))N (λ(1 − Cλ−3δ+1) − 1
4 ,b(m)) dm

≤ N(λ,−∆A) ≤
1
2π

∫
M (1 + C

(aδ(m))N (λ(1 − Cλ−3δ+1) − 1
4 ,b(m)) dm

aδ(m) := (b(m) + 1)(2−5δ)/2.

N (µ,b(m)) = b(m)
+∞∑

k=0

[µ− (2k +1)b(m)]0+ if b(m) > 0 , and

N (µ,b(m)) = µ/2 if b(m) = 0 .

The Theorem still holds if we replace
∫

M
by

J2∑

k=1

∫

Fk

.
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Example

on Mj , isometric to S×]a2
j ,+∞[ , (cuspidal ends)

ds2
j = y−2( L2

j dθ2 + dy2 )

b(θ, y) = ym1 .

on Fk , isometric to S×]α2
k,+∞[ , (funnel ends)

ds2
k = τ2

k cosh2 t dθ2 + dt2

b(θ, t) = ( 1/ cosh(t) )m2 .
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Example

on Mj , isometric to S×]a2
j ,+∞[ , (cuspidal ends)

ds2
j = y−2( L2

j dθ2 + dy2 )

b(θ, y) = ym1 .

on Fk , isometric to S×]α2
k,+∞[ , (funnel ends)

ds2
k = τ2

k cosh2 t dθ2 + dt2

b(θ, t) = ( 1/ cosh(t) )m2 .

Theorem

N(λ;−∆A) ∼ α(m2)λ
1+1/m2 ,

α > 0 depends only on the funnels .

16/11/2009 – p. 23



The spectrum of constant magnetic Laplacians

M =




J1⋃

j=0

Mj



⋃
(

J2⋃

k=1

Fk

)
;

It is not always possible to have a constant magnetic field on

M ,
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The spectrum of constant magnetic Laplacians

M =




J1⋃

j=0

Mj



⋃
(

J2⋃

k=1

Fk

)
;

It is not always possible to have a constant magnetic field on

M ,

but :

∀(b, β) ∈ R
J1 × R

J2 , ∃ A , s. t. dA satisfies

dA = b̃(z)dm





b̃(z) = bj ∀ z ∈ Mj

b̃(z) = βk ∀ z ∈ Fk
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The spectrum of constant magnetic Laplacians

Theorem 1

If J1 = 0 and J2 > 0 , spess(−∆A) = [
1

4
+ inf

k
β2

k , +∞[ .

If J1 > 0 , there exists a unique closed curve through z , Cj,z

in (Mj , g) , not contractible and with zero g−curvature.

[A]Mj
= lim

d(z)→+∞

∫

Cj,z

A .
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The spectrum of constant magnetic Laplacians

Theorem 1

If J1 = 0 and J2 > 0 , spess(−∆A) = [
1

4
+ inf

k
β2

k , +∞[ .

If J1 > 0 , there exists a unique closed curve through z , Cj,z

in (Mj , g) , not contractible and with zero g−curvature.

[A]Mj
= lim

d(z)→+∞

∫

Cj,z

A .

Define : JA
1 = {j ∈ N , 1 ≤ j ≤ J1 s.t. [A]Mj

∈ 2πZ } , then

spess(−∆A) = [
1

4
+ min{ inf

j∈JA
1

b2
j , inf

1≤k≤J2

β2
k } , +∞[ .

If J2 = 0 and JA
1 = ∅ , then spess(−∆A) = ∅ :

−∆A has purely discrete spectrum , (its resolvent is

compact). 16/11/2009 – p. 25



The case of finite area, with a non-integer class 1-formA

Theorem 2

Consider a geometrically finite hyperbolic surface (M, g) of

finite area, (J2 = 0) , and assume that JA
1 = ∅ .

Then

N(λ,−∆A) = λ
|M|
4π

+ O(
λ

ln λ
) .
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The case of finite area, with a non-integer class 1-formA

Theorem 2

Consider a geometrically finite hyperbolic surface (M, g) of

finite area, (J2 = 0) , and assume that JA
1 = ∅ .

Then

N(λ,−∆A) = λ
|M|
4π

+ O(
λ

ln λ
) .

Consider M = S×]α2, +∞[ equipped with the metric
ds2 = L2e−2tdθ2 + dt2 for some α > 0 and L > 0 .

Denote by −∆M
A the Dirichlet operator on M , associated to

−∆A .
Proposition

N(λ,−∆M
A ) = λ

|M |
4π

+ O(
λ

lnλ
) .
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Proof of Theorem 1

spess(−∆A) =




J1⋃

j=1

spess(−∆
Mj

A )



⋃
(

J2⋃

k=1

spess(−∆Fk

A )

)
;
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Proof of Theorem 1

spess(−∆A) =




J1⋃

j=1

spess(−∆
Mj

A )



⋃
(

J2⋃

k=1

spess(−∆Fk

A )

)
;

Lemma 1

spess(−∆Fk

A ) = [
1

4
+ β2

k , +∞[ .

Lemma 2

If 1 ≤ j ≤ J1 and j /∈ JA
1 , then

spess(−∆
Mj

A ) = ∅ .

If j ∈ JA
1 , then

spess(−∆
Mj

A ) = [
1

4
+ b2

j , +∞[ .
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Proof of Lemma 1

Fk ∼ S×]α2
k,+∞[ , (funnels ) ds2

k = τ2
k cosh2 t dθ2 + dt2

=⇒− ∆Fk

A =

τ−2
k cosh−2 t(Dθ − A1)

2 + cosh−1 t(Dt − A2) [cosh t(Dt − A2)] .
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Proof of Lemma 1

Fk ∼ S×]α2
k,+∞[ , (funnels ) ds2

k = τ2
k cosh2 t dθ2 + dt2

=⇒− ∆Fk

A =

τ−2
k cosh−2 t(Dθ − A1)

2 + cosh−1 t(Dt − A2) [cosh t(Dt − A2)] .

b̃ = βk = τ−1
k cosh−1 t(∂θA2 − ∂tA1) , =⇒∃ϕ s.t.

A − Ã = dϕ if Ã = (ξ − βkτk sinh t)dθ , (for some constant ξ) .

=⇒ assume that A = Ã .
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Proof of Lemma 1

Fk ∼ S×]α2
k,+∞[ , (funnels ) ds2

k = τ2
k cosh2 t dθ2 + dt2

=⇒− ∆Fk

A =

τ−2
k cosh−2 t(Dθ − A1)

2 + cosh−1 t(Dt − A2) [cosh t(Dt − A2)] .

b̃ = βk = τ−1
k cosh−1 t(∂θA2 − ∂tA1) , =⇒∃ϕ s.t.

A − Ã = dϕ if Ã = (ξ − βkτk sinh t)dθ , (for some constant ξ) .

=⇒ assume that A = Ã .

Define Uf = (τk cosh t)1/2f

=⇒P = −U∆Fk

A U⋆ =

τ−2
k cosh−2 t(Dθ − A1)

2 + D2
t +

1

4
(1 + cosh−2 t) .

(A1 = (ξ − βkτk sinh(t)) 16/11/2009 – p. 28



sp(−∆Fk

A ) = sp(P ) =
⋃

ℓ∈Z

sp(Pℓ) ,

Pℓ = τ−2
k cosh−2(t)(ℓ+βkτk sinh(t)−ξ)2+D2

t +
1

4
(1+cosh−2(t)) ,

for the Dirichlet condition on L2(I; dt) ; I =]α2
k , +∞[ .
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sp(−∆Fk

A ) = sp(P ) =
⋃

ℓ∈Z

sp(Pℓ) ,

Pℓ = τ−2
k cosh−2(t)(ℓ+βkτk sinh(t)−ξ)2+D2

t +
1

4
(1+cosh−2(t)) ,

for the Dirichlet condition on L2(I; dt) ; I =]α2
k , +∞[ .

Write

Pℓ =

(
ℓ − ξ

τk cosh(t)
+ βk tanh(t)

)2

+
1

4
(1 + cosh−2(t)) + D2

t

Get the result
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Proof of Lemma 2

Mj isometric to S×]a2
j ,+∞[ , (cuspidal ends)

ds2
j = y−2( L2

j dθ2 + dy2 ) (aj > 0 and Lj > 0 )

Use the coordinate t = ln y instead of y , so

Mj = S×]α2
j ,+∞[ and ds2

j = L2
je

−2tdθ2 + dt2 ;

(αj = eaj ) .
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Proof of Lemma 2

Mj isometric to S×]a2
j ,+∞[ , (cuspidal ends)

ds2
j = y−2( L2

j dθ2 + dy2 ) (aj > 0 and Lj > 0 )

Use the coordinate t = ln y instead of y , so

Mj = S×]α2
j ,+∞[ and ds2

j = L2
je

−2tdθ2 + dt2 ;

(αj = eaj ) .

−∆
Mj

A = L−2
j e2t(Dθ − A1)

2 + et(Dt − A2)(e
−t(Dt − A2)) ,

b̃ = bj = L−1
j et(∂θA2 − ∂tA1) and dm = Lje

−tdθdt .
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Proof of Lemma 2

Mj isometric to S×]a2
j ,+∞[ , (cuspidal ends)

ds2
j = y−2( L2

j dθ2 + dy2 ) (aj > 0 and Lj > 0 )

Use the coordinate t = ln y instead of y , so

Mj = S×]α2
j ,+∞[ and ds2

j = L2
je

−2tdθ2 + dt2 ;

(αj = eaj ) .

−∆
Mj

A = L−2
j e2t(Dθ − A1)

2 + et(Dt − A2)(e
−t(Dt − A2)) ,

b̃ = bj = L−1
j et(∂θA2 − ∂tA1) and dm = Lje

−tdθdt .

we have

A − Ã = dϕ if Ã = (ξ + Ljbje
−t)dθ , (for some constant ξ) .

=⇒ we can assume that A = Ã .
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Proof continued

Define Uf =
√

Lje
−t/2f ,

=⇒P = −U∆
Mj

A U⋆ = L−2
j e2t(Dθ − A1)

2 + D2
t +

1

4
.
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Proof continued

Define Uf =
√

Lje
−t/2f ,

=⇒P = −U∆
Mj

A U⋆ = L−2
j e2t(Dθ − A1)

2 + D2
t +

1

4
.

=⇒sp(−∆
Mj

A ) = sp(P ) =
⋃

ℓ∈Z

sp(Pℓ)

Pℓ = D2
t +

1

4
+

(
et (ℓ + ξ)

Lj
+ bj

)2

,

for the Dirichlet condition on L2(I; dt) ; I =]α2
j , +∞[ .
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Proof continued

Define Uf =
√

Lje
−t/2f ,

=⇒P = −U∆
Mj

A U⋆ = L−2
j e2t(Dθ − A1)

2 + D2
t +

1

4
.

=⇒sp(−∆
Mj

A ) = sp(P ) =
⋃

ℓ∈Z

sp(Pℓ)

Pℓ = D2
t +

1

4
+

(
et (ℓ + ξ)

Lj
+ bj

)2

,

for the Dirichlet condition on L2(I; dt) ; I =]α2
j , +∞[ .

When ℓ + ξ 6= 0 , the spectrum of Pℓ is discrete.

More precisely : sp(Pℓ) = sp(P±) P± = D2
t +

1

4
+ (±et + bj)

2

for the Dirichlet condition on

L2(Ij,ℓ; dt) ; Ij,ℓ =]α2
j + ln(|ℓ + ξ|/Lj), +∞[ , and ± =

ℓ + ξ

|ℓ + ξ| .
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Proof continued

=⇒ if ℓ + ξ 6= 0 ∀ℓ ∈ Z, lim|ℓ|→∞ inf sp(Pℓ) = +∞ ,

=⇒ the spectrum of −∆
Mj

A is discrete.
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Proof continued

=⇒ if ℓ + ξ 6= 0 ∀ℓ ∈ Z, lim|ℓ|→∞ inf sp(Pℓ) = +∞ ,

=⇒ the spectrum of −∆
Mj

A is discrete.

What means this condition ? Recall

A = (ξ + Ljbje
−t)dθ ,

[A]Mj
= lim

d(z)→+∞

∫

Cj,z

A

=⇒[A]Mj
= lim

t→+∞

∫ 2π

0

(ξ + Ljbje
−t)dθ = 2πξ, so

ℓ + ξ 6= 0 ∀ℓ ∈ Z ⇐⇒ [A]Mj
/∈ 2πZ ⇐⇒ JA

1 = ∅ .
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Proof continued

=⇒ if ℓ + ξ 6= 0 ∀ℓ ∈ Z, lim|ℓ|→∞ inf sp(Pℓ) = +∞ ,

=⇒ the spectrum of −∆
Mj

A is discrete.

What means this condition ? Recall

A = (ξ + Ljbje
−t)dθ ,

[A]Mj
= lim

d(z)→+∞

∫

Cj,z

A

=⇒[A]Mj
= lim

t→+∞

∫ 2π

0

(ξ + Ljbje
−t)dθ = 2πξ, so

ℓ + ξ 6= 0 ∀ℓ ∈ Z ⇐⇒ [A]Mj
/∈ 2πZ ⇐⇒ JA

1 = ∅ .

If ℓ + ξ = 0 , the spectrum of Pℓ is absolutely continuous :

sp(P−ξ) = spess(P−ξ) = spac(P−ξ) = [
1

4
+ b2

j , +∞[ ;

=⇒ if [A]Mj
∈ 2πZ , spess(−∆

Mj

A ) = [ 14 + b2
j , +∞[ .
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Proof of Proposition

M = S×]α2, +∞[ a cusp
ds2 = L2e−2tdθ2 + dt2 the metric on M ( α > 0 and L > 0).

A = (ξ + Lbe−t)dθ , (for some constant ξ) .

N(λ,−∆M
A ) =

∑

ℓ∈Z

N(λ, Pℓ)

with Pℓ = D2
t +

1

4
+

(
et (ℓ + ξ)

L
± b

)2

,

for the Dirichlet condition on L2(I; dt) ; I =]α2, +∞[ .
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Proof of Proposition

M = S×]α2, +∞[ a cusp
ds2 = L2e−2tdθ2 + dt2 the metric on M ( α > 0 and L > 0).

A = (ξ + Lbe−t)dθ , (for some constant ξ) .

N(λ,−∆M
A ) =

∑

ℓ∈Z

N(λ, Pℓ)

with Pℓ = D2
t +

1

4
+

(
et (ℓ + ξ)

L
± b

)2

,

for the Dirichlet condition on L2(I; dt) ; I =]α2, +∞[ .

Define Qℓ = D2
t +

1

4
+

(ℓ + ξ)2

L2
e2t , for the D. C. on L2(I; dt) .

Then Qℓ − C
√

Qℓ ≤ Pℓ ≤ Qℓ + C
√

Qℓ .

16/11/2009 – p. 33



Proof of Proposition

M = S×]α2, +∞[ a cusp
ds2 = L2e−2tdθ2 + dt2 the metric on M ( α > 0 and L > 0).

A = (ξ + Lbe−t)dθ , (for some constant ξ) .

N(λ,−∆M
A ) =

∑

ℓ∈Z

N(λ, Pℓ)

with Pℓ = D2
t +

1

4
+

(
et (ℓ + ξ)

L
± b

)2

,

for the Dirichlet condition on L2(I; dt) ; I =]α2, +∞[ .

Define Qℓ = D2
t +

1

4
+

(ℓ + ξ)2

L2
e2t , for the D. C. on L2(I; dt) .

Then Qℓ − C
√

Qℓ ≤ Pℓ ≤ Qℓ + C
√

Qℓ .

=⇒ ∃ a constant C(b) , s. t. for any λ >> 1 ,

N(λ −
√

λC(b), Qℓ) ≤ N(λ, Pℓ) ≤ N(λ +
√

λC(b), Qℓ) ;
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Proof continued

Weyl formula =⇒
∃C0 > 1 s.t. for any λ >> 1 and any ℓ ∈ Z ,

wℓ(λ − C0

√
λ) ≤ πN(λ, Pℓ) ≤ wℓ(λ + C0

√
λ) ,
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Proof continued

Weyl formula =⇒
∃C0 > 1 s.t. for any λ >> 1 and any ℓ ∈ Z ,

wℓ(λ − C0

√
λ) ≤ πN(λ, Pℓ) ≤ wℓ(λ + C0

√
λ) ,

with wℓ(µ) =

∫ +∞

α2

[
µ − (ℓ + ξ)2

L2
e2t

]1/2

+

dt
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Proof continued

Weyl formula =⇒
∃C0 > 1 s.t. for any λ >> 1 and any ℓ ∈ Z ,

wℓ(λ − C0

√
λ) ≤ πN(λ, Pℓ) ≤ wℓ(λ + C0

√
λ) ,

with wℓ(µ) =

∫ +∞

α2

[
µ − (ℓ + ξ)2

L2
e2t

]1/2

+

dt

We want to compute
∑

ℓ∈Z
wℓ(µ) .

=⇒ it is enough to compute
∫ +∞

α2

∫

R

[
µ − (x + ξ)2

L2
e2t

]1/2

+

dxdt ,

and this is equivalent to µLe−α2

∫

R

[
1 − x2

]1/2

+
dx

use |M | = 2πLe−α2

to conclude.
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