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Framework

Let (M, g) be a connected and oriented Riemannian manifold T
of dimension n.

For any real one-form A on M , define
—Ayx = ((d+A)*(id+A), (d+Au=idu+uAd,Vu € C5°(M

The magnetic field is the two-form dA .
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Framework

Let (M, g) be a connected and oriented Riemannian manifold T
of dimension n.

For any real one-form A on M , define
—Ayx = ((d+A)*(id+A), (d+Au=idu+uAd,Vu € C5°(M

The magnetic field is the two-form dA .

To dA Is associated the linear operator B defined on the
tangent space by

dA(X,Y) = g(BX,Y); VX.,Y €eTMxTM .

The magnetic intensity b is given by

b = %tr ((B*B)1/2> . |

16/11/2009 — p. 3



The Poincaré half-plane

f ® Ifdim(M) =2, thendA = bdv,with [b| = b, T
dv the Riemannian measure on M.

® The magnetic field is constant iff b is constant.

o |
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The Poincaré half-plane

If dim(M) = 2,thendA = b dv,with |b| = b,
dv the Riemannian measure on M.

The magnetic field is constant iff b is constant.

Let M = H be the hyperbolic half-plane :
dx? + dy?
y:

s Ay = ¢} (D~ A)? + (D, — A2)?,
with A = Ay (z,y) de + As(x,y) dy , and
Aj(z,y) € C*(H;R),

s b = y? (8,45 — 9,A)

s b = |bl,

o dv = y2dzdy .

H = Rx]0,+00[, g =

|
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Properties

-

® A, is essentially self-adjoint on L?(H) .

® We are interested on its spectrum : sp(—Ay4).
We will use that it is gauge invariant:

sp(—A4) = sp(—Auatay); Ve € CT(H;R).

o |
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The spectrum for constant magnetic field

- N

® The spectrum of —A 41 is essential: sp(—A 4b) = Spes(—A 4p) .

® Its absolutely continuous part is given by
Spac(_AAb) — [b2 _|_ ia _|_OO[ .

o |
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The spectrum for constant magnetic field

-

The spectrum of —A 4» is essential: sp(—A 4b) = sp.(—A4p) .

Its absolutely continuous part is given by
Spac(_AAb) — [b2 _|_ ia —I—OO[ :

The remaining part of its spectrum is empty if 0 <b < 1/2.

Otherwise it is formed by a finite number of eigenvalues of
Infinite multiplicity given by

. . . . 1
spp(—Bup) = U2+ Db —j(i+1)5 7 € N, j<b-5},

1
(if 5<b.)

|
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Magnetic bottle : compact resolvent

|7 Ay = y*(De — A1)? + y*(Dy — Az)? T

Magnetic bottle-type assumptions (MB)

® b(r,y) — +oo0 as d(x,y) — 4oo,d(x,y) :the hyperbolic
distance of (x,y) to (0,1) .

® 1 (Cy > 0 such that, for any vector field X on H ,

[ Xb| < Co(|b] + 1)/g9(X, X) ;

o |
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Magnetic bottle : compact resolvent

|7 Ay = y*(De — A1)? + y*(Dy — Az)? T

Magnetic bottle-type assumptions (MB)

® b(r,y) — +oo0 as d(x,y) — 4oo,d(x,y) :the hyperbolic
distance of (x,y) to (0,1) .

® 1 (Cy > 0 such that, for any vector field X on H ,

[ Xb| < Co(|b] + 1)/g9(X, X) ;

Theorem
Under the assumptions (MB) P(A) = —A4 has a compact
resolvent.

o |
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Magnetic bottle: spectral asymptotics

-

fFor any real A <infsp_,(P) , we denote by N(\; P) the number of
eigenvalues of P , which are in | — oo, A[ .
Theorem
Under the assumptions (MB) and for any § € |
constant ¢ > 0 such that

o

| , there exists a

Y

W=

5w Ju )b(m) 3= 25 — 2 — (2k + 1)b(m)]% do
< N()‘a _AA) <
5 Ju b(m) 3225 — 1 (2K + 1)b(m)]? dv

p]S = 1,if p>0 and 0 otherwise ,

as(m) = (b(m) 4 1)(2=59)/2

o |
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Corollary

- N

® If moreover w(\) := [.[A — b(m)]4 dv satisfies (*)
4C7 >0st.VA>Cy, VT E]O,l[,

Ww((14+7)A) —wA) <CpTw(N),

then

N —Ay) ~ % /Hb(m) S - i (2 + 1)b(m)]’. do .
keN

o |
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Corollary

- N

® If moreover w(\) := [.[A — b(m)]4 dv satisfies (*)
4C7 >0st.VA>Cy, VT E]O,l[,

Ww((14+7)A) —wA) <CpTw(N),

then

N —Ay) ~ % /Hb(m) S - i (2 + 1)b(m)]’. do .
keN

® (%) is satisfied when w()\) ~ aX¥In? )
with £ >0,ork=0and 5> 0.

o |
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Example

- N

2mo

X

® b(z,y) = ag <§> + afy™ + a3/y™,
with a; > 0and m; e N*, 5 =0,1,2

1

® W) ~iso @A InA

o |
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Example

- N

2mo

X

® b(z,y) = ag <§> + afy™ + a3/y™,
with a; > 0and m; e N*, 5 =0,1,2

1

® W) ~iso @A InA

® N(X\—An) ~yoo MTYE (N a(mo, m1, ms)

® The Weyl formula for a compact hyperbolic hypersurface :
A
N ~ o0 - M .
() ~roe £=|M]

o |

16/11/2009 — p. 10



Proof

-

® Method: Minimax principle on quadratic forms

o |
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Proof

-

® Method: Minimax principle on quadratic forms

® the main steps:

» Change variables = work in R?,
» Choose an appropriate gauge,

» Localize in a "good" rectangle =— replace the initial
problem by a problem with a constant magn. field,

o Write the asymptotics on a rectangle for a constant magn.
field,

o Perform a partition of unity.

o |
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Change of variables

- N

® diffeomorphism: ¢ : R? — H, (z,y)= ¢(z,t) = (z,¢")

® unitary operator U : L2(H;dv) — L2(R?;dzdt)
w(z,t) = (Uu)(z,t) = e /2 u(x,et)  we L2(H).

o |
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Change of variables

- N

® diffeomorphism: ¢ : R? — H, (z,y)= ¢(z,t) = (z,¢")

® unitary operator U : L2(H;dv) — L2(R?;dzdt)
w(z,t) = (Uu)(z,t) = e /2 u(x,et)  we L2(H).

® quadratic form associated to P(A) = —Ay4 :

a(u) = /H 9(Da — Av)ul? + ly(Dy — Az)ul?] d‘”;iy ue I3(H)

o |
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Change of variables

- N

® diffeomorphism: ¢ : R? — H, (z,y)= ¢(z,t) = (z,¢")

® unitary operator U : L2(H;dv) — L2(R?;dzdt)
w(z,t) = (Uu)(z,t) = e /2 u(x,et)  we L2(H).

® quadratic form associated to P(A) = —Ay4 :

a(u) = /H 9(Da — Av)ul? + ly(Dy — Az)ul?] d‘”;iy ue I3(H)

— / [|et(Daj — Al)w|2 + [(Dy — etﬁg)w|2 — 1/4|w|2} dxdt
RQ

we L*R?), Ai(z,t) = Ai(z,e)) ,i= 1,2 .

o |
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Gauge, localization

-

® Choose a magnetic potential s.t. A, = 0.

~

Since b = y* (09,42 — 0,41) , one can take

Al(x,y):—/ly b@s) o s Ayt ;:—/16

2
S
# The quadratic form associated is

)= [ [1e1Ds — Ayul? + 1Dl + 1/t dod.
R2

t ~

b(z, 5)
g2

ds

o |
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Gauge, localization

-

® Choose a magnetic potential s.t. A, = 0.

~

Since b = y* (09,42 — 0,41) , one can take

Al(x,y):—/ly b@s) o s Ayt ;:—/16

t ~

b(z, 5)
g2

ds

2
S
# The quadratic form associated is

)= [ [1e1Ds — Ayul? + 1Dl + 1/t dod.
R2

® Assumption (BM) allows to control the magnetic field by a
constant one on the cubes of H

Q(zo0, yo, a,€0) == {(x,y) / |x — xo| < ago vo, |y —yo| < eovo} :

o |
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Gauge, localization

-

® Choose a magnetic potential s.t. A, = 0.

~

Since b = y* (09,42 — 0,41) , one can take

Al(x,y):—/ly b(z,s) ;. — Ay (z,1) ;:—/16

t ~

b(z, 5)
g2

ds

2
S
# The quadratic form associated is

)= [ [1e1Ds — Ayul? + 1Dl + 1/t dod.
R2

® Assumption (BM) allows to control the magnetic field by a
constant one on the cubes of H

Q(zo0, yo, a,€0) == {(x,y) / |x — xo| < ago vo, |y —yo| < eovo} :

301 > 0s.t. ,if b(xg,y0) > 1,
)<b < (C1b W/ 0 .
Lcl b(zo,y0) < b(z,y) L bzo, o) YV (2,y) € Q (20, y0,a,£0) J
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Covering of H with cubes

- N

(o, Yo, a,€0) :={(z,y) / |z —z0| < aco yo, |y — yo| < eovo}
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From H to R?

Q(zco,yo,a,eo) e {(xay) / ‘.CU _ CC()‘ < agg Yo, ‘y — yO‘ < 803/0}
b R H, ot = (o) .

Forany o € Z?,denote by K («) the rectangle

K(a) =] ea2+o‘2 2 +6a2[><] 1+ +1[
) = 5 € "1, € "0 5 5 a9 , (9 5

One gets
s R? = UyK(a) et Ka)NK(B) =0 si a # 3.
s the cubes ¢(K(«)) are the Q(xg, yo, a, <o)

|
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Covering of R? with the rectangles K («)

R? — H, oz, t) = (z,el) . J
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Related result : Euclidean magnetic bottles

f ® |If (M, g) is the euclidean space R?, T
—Ay = Z;?:l(%% — A;)? .Vx € RY, there exists (e;(x)) s.t.

B(z) = Y1) bj(x)dw; A dyj, bi(@)... > by(x) >0
The magnetic intensity is the norm of B(x) := (b;(z));.

o |
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Related result : Euclidean magnetic bottles

f ® |If (M, g) is the euclidean space R?, T
—Ay = Z?:l(%% — A;)? .Vx € RY, there exists (e;(x)) s.t.
B(z) = Y1) bj(x)dw; A dyj, bi(@)... > by(x) >0

The magnetic intensity is the norm of B(x) := (b;(z));.

» (Y. Colin de Verdiere)
Under (EMB) conditions —A 4 has compact resolvent and

Np' A1 —o(1))] < N(A, =Aa) < NE'[A(1+0(1))] (A — +00) .

o NE(A) = JgaVp(a) (A dz
o vy (V) = Crp X7 (A= X0y (20 + 1)bi()) Y Ty bi(2)
® > = Z(nl,...nr)ENr , d=2r+k, Cpr= (27?)—;7%7’
s ~, = volume of the unit ball in R* . o
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f ® (EMB) conditions T

o (B1) limj;| oo | B(z)| = o0

s (By) |lz— /|| <1, |B(2)| < C|B(")]

s (B3) M(z) = o(| B(x)||%) when ||| — oo)
(M () = max|g— (supj,—p<; D A()]))

o |
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|7.9 (EMB) conditions T
o (B1) limj;| oo | B(z)| = o0
s (By) B(z)|| < C||B(z')]
® (B3) M(z) = O(HB( )I|2) when ||z]| — oc)
(M () = maxjg—s (supj,_ o<1 [DA)]))

|z —

® Remark :
o Take d =2in gray Colin de Verdiere’s result. Then

Nas _ 1 fR2 ZkEN[ (2k—|—1)b(£€)}3_d$
(b1 ( ) HB( )| = ( )

» to be compared with
N —Ay) ~ o= [b(m) >, cnA— 3 — (2k+1)b(m)]Y dv .
B [p]‘izllfp>0,[p]3—0lfp§0. |
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Related results : hyperbolic context
f.. Results on the hyperbolic space T
» Maass Laplacian: Elstrod((73), Grosche(88), Comtet(87),
lkeda-Matsumoto (99), Kim-Lee(02)
» Asympt. constant magnetic fields ,Pauli operators :
Inahama-Shirai (03)

o Asymptotic distribution for Schrédinger operators
Inahama-Shirai (04)

#® conformally cusp manifolds :
Asymptotic distribution for Schrédinger operators

Golenia-Moroianu (08)

o |
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Geometrically finite hyperbolic surface of infinite area

- N

® Definition
(M, g) :asmooth connected Riemannian manifold of

J J
dimension two M = U M; U <Lj Fk:) :
j=0

k=1
s M; , F} open sets of M, My compact closure,

® (j #0: M; isometric to Sx]a?,4o0[ , (cuspidal ends)

ds? — y_2( L? do? + dy2)

(a; and L; are strictly positive constants)

s F} isometric to Sx|az, +oo[ , (funnel ends)

ds: = 1icosh’t df® + dt*

o |
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Magnetic bottle assumptions

-

® Forzy fixedin My defined : M — Ry ; d(z) = dy(z,20) ;

de( ., .) :distance w. r. to the metric g.
® (HSMB)
e limg,) oo b(2) = +00.
»
Xb(z)] < Ci(b(z) + 1)e™[X]|;
VX e TMVYze Mj,andVj=1,...J;1.(C; > 0)
»

Xb(z)] < Ca(b(z) + 1)|X]g;
Vz € Fp,,VX € TM andVk=1,...J5.(Cy > 0)
L’ Under (HSMB) assumptions the same asymptotics still hold . J
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Magnetic bottles : Spectral Asymptotics

|7 ® Theorem

Under(HSMB) assumptions, —A 4 has a compact resolvent
and for any § € |3, 2], there exists a constant C > 0 s.t.

3’5
= [ JN (A ) = 1, b(m)) dm
< N\, —Ay) <
= [ JN (A ) = 1,b(m)) dm
s ag(m) = (b(m) + 1)/,
s N(u,b(m)) = b<m>§[u<2k+1>b<m>1i if b(m) > 0,and

N(u,b(m)) = pu/2 if b(m) = 0.

o |
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Magnetic bottles : Spectral Asymptotics

|7 ® Theorem

Under(HSMB) assumptions, —A 4 has a compact resolvent

and for any § € ]3, £[, there exists a constant C > 0 s.t.
i
L, N (A ) — L. b(m)) dm
S N(AJ_AA) S
L, N (A ) — 1. b(m)) dm
® as(m) = (b(m) +1)2=39/2
+o0
® N(u,b(m)) = b(m)» [n—(2k+1)b(m)]S if b(m) > 0,and
k=0

N(u,b(m)) = pu/2 if b(m) = 0.

J2
L.. The Theorem still holds if we replace/ by Z/ . J
M —~ Jp,
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Example

-

® on Mj ,isometric to Sx]a?, 00| , (cuspidal ends)

ds? = y 4 L? do* + dy*)

b(0,y) = y™ .

® on Fj ,isometric to Sx]az, +oo[ , (funnel ends)
dsi = 17 cosh’t df® + dt*

b(#,t) = (1/cosh(t) )™?.

|
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-

o

o

o

Example

on M; , isometric to Sx]a3, +oc[ , (cuspidal ends)

ds? = y 4 L? do* + dy*)

b(0,y) = y™ .

on Fj ,isometric to Sx]a?, +oc[ , (funnel ends)
dsi = 17 cosh’t df® + dt*

b(#,t) = (1/cosh(t) )™?.

Theorem

N\ —Ay) ~ a(m2))\1+1/m2 ’
a > 0 depends only on the funnels .

|
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The spectrum of constant magnetic Laplacians

- N
» M = (JQ%)U(@&) ;

k=1

® It is not always possible to have a constant magnetic field on
M.,

o |
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The spectrum of constant magnetic Laplacians

-

» M = (QJ\@)U(@&

k=1

-

)

® It is not always possible to have a constant magnetic field on

M,

® but:

V(b,3) € R" xR”2 JA,s. t. dA

~

dA = b(z)dm

\

satisfies
(
b(Z) — bj\V/Z - Mj
B(Z) = . Vz € Fp

|
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The spectrum of constant magnetic Laplacians

fTheorem 1 T

1
3
® If J; > 0, there exists a unique closed curve through z, C;,

in (M;, g), not contractible and with zero g—curvature.

! d(z)—+o0 Jc

3,2

® IfJ; =0 andJo > 0,8p.(—A4) = +iréfﬁ,§, +00] .

o |
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The spectrum of constant magnetic Laplacians

fTheorem 1 T

1
3
® If J; > 0, there exists a unique closed curve through z, C;,

in (M;, g), not contractible and with zero g—curvature.

® IfJ; =0 andJo > 0,8p.(—A4) = +iréfﬁ,§, +00] .

b de)—to Je,

® Define: Ji* = {jeN, 1<j<Jist [Alm, €27Z }, then

1 . . 2 . 2
$ Spess(_AA) — [Z + mln{jlenjflA b] 3 1§11£1§fj2 61{ } ) _|_OO[ '
s IfJy=0and J = 0, then sp, (—A4) = 0 :
L —A 4 has purely discrete spectrum , (its resolvent is J

compact). 16/11/2009 — p. 25



The case of finite area, with a non-integer class 1-form

f ® Theorem 2 T

Consider a geometrically finite hyperbolic surface (M, g) of
finite area, (J; = 0) , and assume that J* = (.

Then
WML o

N, —Aa) = A7 — + O( )

o |
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The case of finite area, with a non-integer class 1-form

f ® Theorem 2 T

Consider a geometrically finite hyperbolic surface (M, g) of
finite area, (J; = 0) , and assume that J* = (.

Then
M| A
A A * O(ln)\) '

N\ —Ay) =
® o Consider M = Sx]a?,+oo| equipped with the metric
ds®* = L?e ?'df? + dt*> forsomea >0and L > 0.

» Denote by —A! the Dirichlet operator on M , associated to

—Ay .
» Proposition
| M A

o |
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Proof of Theorem 1

- . . -
> Spess(_AA) — (U Spess(Af\A{j)> U (U Spess(_AZk)> ;

j=1 k=1

o |

16/11/2009 — p. 27



Proof of Theorem 1

J1 J2
Spess<_AA) — (U Spess(Ai{j)> U (U Spess(_AZk)> 3

Lemma 1

1
Sp€88(_A§k) — [Z _|_/8l% ) _|_OO[ :

Lemma 2
f1<j<J, andj ¢ J{,then

M.
Spess(_AAJ) — @

Ifj € Ji* then

> S

SPess (_ A

16/11/2009 — p. 27



Proof of Lemma 1

- N

® [, ~Sx]ai,4ool, (funnels) dsi = 17 cosh? t do? + dt?

» — — AZ’“ =
7, 2cosh™?¢(Dy — A1)? + cosh™ t(Dy — Ag) [cosh t(Dy — Az)] .

o |
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Proof of Lemma 1

- N

® [, ~Sx]ai,4ool, (funnels) dsi = 17 cosh? t do? + dt?
» — —AlF =

7, 2cosh™?¢(Dy — A1)? + cosh™ t(Dy — Ag) [cosh t(Dy — Az)] .

— (3. = 7 T cosh !t t(9pAs — 0 A1) , =T S.t.

~

A—A = dpif A= (£— Bmsinht)dd , (for some constant &) .

~

— assumethat A = A .

o |
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Proof of Lemma 1

-

F), ~ Sx]az,+oo[, (funnels) dsi = 17 cosh? t do? + dt?

Fr.
_AA —

7, 2cosh™?¢(Dy — A1)? + cosh™ t(Dy — Ag) [cosh t(Dy — Az)] .

— (3. = 7 T cosh !t t(9pAs — 0 A1) , =T S.t.

~

A—A = dpif A= (£— Bmsinht)dd , (for some constant &) .

~

— assumethat A = A .

Define U f = (73, cosh t)'/2 f
—P=-UA}U* =
_ 1 _
7. % cosh 2t(Dg—141)2%—Dt2+Z(l%—cosh 1) . J

(A = (£ — G172 sinh(t)) 16/11/2009 — p. 28



B -
® sp(—ALY) =sp(P) = Jsp(P),
(el

1
Py = Tk_Q COSh_Q(t)(g—Fﬁka sinh(t) _€)2+D?+Z(1 +Cosh_2(t)) ,

for the Dirichlet condition on L*(I;dt) ; I =]as , +oo] .

o |
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o
sp(—ALF) = sp(P) = | Jsp(Py) .
LeZ

1
Py = 7% cosh™2(t)({+ By 7k sinh(t) — €)*+ D7 + 7 (1 +cosh™2(t)) ,
for the Dirichlet condition on L*(I;dt) ; I =]as , +oo] .

Write

t—-¢
P, —
¢ (Tk cosh(?)

2
+ B tanh(t)) + 3(1 + cosh™2(t)) + D?

Get the result

|
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Proof of Lemma 2

-

® M; isometric to Sx]a?, +oc[ , (cuspidal ends)

ds? = y_2(L? do* + dy*) (a; >0and L; >0)

® Use the coordinate t = Iny Instead of y , so
s M; = Sx]oz?,—koo[ and ds? = L?e_%dﬁ2 + dt?;

(o =€%).

o |

16/11/2009 — p. 30



Proof of Lemma 2

-

® M; isometric to Sx]a?, +oc[ , (cuspidal ends)

ds? = y_2(L? do* + dy*) (a; >0and L; >0)

® Use the coordinate t = Iny Instead of y , so
s M; = Sx]oz?,—koo[ and ds? = L?e_%dﬁ2 + dt?;
(o =€%).
® o AV = L72(Dy— Ay)? + e (Dy — Ag)(e7H(Dy — A))
s b= bj = Lj_let(@gAg — 0; A1) and dm = Lje 'dfdt .

o |
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Proof of Lemma 2

® M; isometric to Sx]a?, +oc[ , (cuspidal ends)

ds? = y_Q(L? do* + dy*) (a; >0and L; >0)

® Use the coordinate t = Iny Instead of y , so
s M; = Sx]oz?,—koo[ and ds? = L?e_%dﬁ2 + dt?;

(o =€%).

M; _ _
® o N, = L7?e"(Dy— A1)’ + €' (Dy — Az) (e (Dy — Ag))
s b= bj = Lj_let(@gAg — 0; A1) and dm = Lje 'dfdt .
® we have
A—A = dpif A= (£+ Libje ")df , (for some constant ) .

L ® — we canassume that A = A . J
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Proof continued

-

® DefineUf =+/Lje”/f

| 1
® —P=-UAJU*"=L;2*(Dy— A;)* + D} + R

o |
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Proof continued

Define Uf = \/Lje”"/2f

| 1
—P =-UN,"U* = L;%*(Dg — A1)* + D} + R

—sp(—AY7) =sp(P) = | Jsp(Pr)
e,

1 [t ?
J

for the Dirichlet condition on L*(I;dt) ; I =]a7, +oo] .

|
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Proof continued

Define Uf = \/Lje”"/2f

| 1
—P =-UN,"U* = L;%*(Dg — A1)* + D} + R

—=sp(—A47) =sp(P) = | sp(P)
Lez
1 (£+€) ’
Pr=Di+ g+ (et L, +bj> |
for the Dirichlet condition on L*(I;dt) ; I =]a7, +oo] .

When 7 + ¢ = 0, the spectrum of F; is discrete.

. 1
More precisely : sp(P,) = sp(P¥) PT =D?+ 7t (e’ + b;)?
for the Dirichlet condition on

l+
L2(1;.dt) ; 1.0 =)o + (£ + €]/L;), +00] , and & =
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Proof continued

f’ = f{ +&§ A0Vl € Z,limy_ infsp(Fy) = o0, —‘

® — the spectrum of —A’" is discrete.

o |
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Proof continued

= if L+ {# 0V € Z, limy o infsp(Fy) = +o0, —‘

— the spectrum of —A'\" is discrete.

What means this condition ? Recall
o A= (f -+ ijje_t)dﬁ ,

d(z)—+o0 Cjz
27
:>[A]MJ = , 115_11 (f + ijje_t)dﬁ = 27’(’6, SO

(+EA£0VEL < [Alm, €212 <+~ J{ =10.

|
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Proof continued

= if L+ {# 0V € Z, limy o infsp(Fy) = +o0, —‘

— the spectrum of —A'\" is discrete.

What means this condition ? Recall
o A= (f -+ ijje_t)dﬁ ,

d(z)—+o0 Cjz
27
:>[A]MJ = , 115_11 (f + ijje_t)dﬁ = 27’(’6, SO

(+EA£0VEL < [Alm, €212 <+~ J{ =10.

If ¢ + & =0, the spectrum of P, is absolutely continuous :

1
SP(P—¢) = SPess(P—e) = 8pyo(Pog) = [Z +07, +oo[ ;

|
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— if [Ala;, € 20Z, $peys(—AY7) = [2 462, +oof.



Proof of Proposition

f.. M = Sx]a?,+o0[ acusp T

ds* = L*e 2'dh? + dt* the metricon M (o > 0and L > 0).
® A= (£+ Lbe ")df , (for some constant &) .
® N -AY) =) N P)

. 1 / ?
WItth:DZ—FZ—F(et( 25) ib) :

for the Dirichlet condition on L3(I;dt) ; I =]a?, +o0] .

o |
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|

Proof of Proposition

M = Sx]a?,+oo| acusp T
ds* = L*e 2'dh? + dt* the metricon M (o > 0and L > 0).

= (£ + Lbe ")df , (for some constant &) .
N =AY = Y NP

Lez
. 1 / ?
with P, :Df+1+ (et( 25) ib) :
for the Dirichlet condition on L3(I;dt) ; I =]a?, +o0] .
: 1 14 2
Define Q, = D7 + 7+ ( 225) e**  forthe D. C. on L2(I;dt) .

Then Q, — C\/Q; < Py < Qi +C\/ Q.

|
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o

|

Proof of Proposition

M = Sx]a?,+o0| acusp

ds* = L*e 2'dh? + dt* the metricon M (o > 0and L > 0).

= (£ + Lbe ")df , (for some constant &) .
N =AY = Y NP

Lez
. 1 / ?
with P, :Df+1+ (et( 25) ib) :
for the Dirichlet condition on L3(I;dt) ; I =]a?, +o0] .
: 1 14 2
Define Q, = D7 + 7+ ( 225) e**  forthe D. C. on L2(I;dt) .

Then Q, — C\/Q; < Py < Qi +C\/ Q.

—> Jaconstant C'(b) ,s. t. forany A >> 1,

NO-VACH). Q) < NALP) < NO+VACH).Q0): |
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Proof continued

|7 ® Weyl formula — T

3Cy > 1 st.forany A >>1 andany /€ Z ,

we(A — CovVA) < NN\ Pr) < we(X + CoVA)

o |
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Proof continued

|7 ® Weyl formula — T

3Cy > 1 st.forany A >>1 andany /€ Z ,
we(A — CoVA) < TN(A Pr) < we(A+ CoVA)

1/2

& with w(p) — /;OO [M_(Hg)?e%] dt

2

o |
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Proof continued

|7 ® Weyl formula — T

3Cy > 1 st.forany A >>1 andany /€ Z ,
we(A — CoVA) < TN(A Pr) < we(A+ CoVA)

1/2

& with w(p) — /;OO [M_(ug)?e%] dt

2

#» We want to compute » ., we(u) .

e — It IS enough to compute

e (x+8)° o 12
— dxdt
/a? A[M L? ) ]+ e

o and this is equivalent to yLe™® / 11— xQ]iﬂ dax
R

L s use |M|=2rLe " to conclude. J
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