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| ntroduction

f #® Let VV be a nonnegative, real and continuous potential on T
R?, and / a small parameter.

#® Study the spectral asymptotics of the operator
Hj, = —h?*A +V on L*(R%) .
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Non degenerate case .

Assume V' (x) — +oo as |x| — +oo . Then H, is
essentially selfadjoint with compact resolvent , and the
following semiclassical asymptotics hold, as h — 0 :
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| ntroduction

#® Let VV be a nonnegative, real and continuous potential on T

RY, and / a small parameter.

Study the spectral asymptotics of the operator
Hj, = —h?*A +V on L*(R%) .

Non degenerate case .

Assume V' (x) — +oo as |x| — +oo . Then H, is
essentially selfadjoint with compact resolvent , and the
following semiclassical asymptotics hold, as h — 0 :

N(X, Hy) ~ hd(QW)dvd/ (A — V(x))i/zdx .

N (X, Hy) : number of eigenvalues less than a fixed
energy A. v, . volume of the unit ball .
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Remarks

o N

N(\, Hy) ~ hd(QW)dvd/ (A — V(z))iﬂdw

The classical asymptotics are also given by the formula ,
provided we let » = 1 and A — <.
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Remarks
N\, Hy) ~ hd(QW)dvd/ (A — V(:z;))i/de .
Rd
In both cases : asymptotic correspondance between :

#® the number of eigenstates with energy less than )\ and

# the volume in phase space of the set
Sx =1{(x,§),0(x,§) < A},
where o(x, &) = &2 + V() is the principal symbol of /.

What about the degenerate case ?

If the potential I/ does not tend to infinity with |x|, the volume
Lin phase space of S, may be infinite.
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Degener ate potentials and Weyl formula
fX:(x,y)ER”me:Rd,dZZ T
V(X) = [(z)9(y), | € C(R;RY), g € C(R™; R,

® (H1)foranyt > 0 g(ty) =t*g(y) (a > 0) and g(y) > 0 for

y # 0.
The spectrum of the operator — A, + ¢(y) in L*(R™) is

discrete and positive. Denote by 1, its eigenvalues.

® (H2) f(x) — 400 as |z| — +oo
so H, = —h’A + V has a compact resolvent.
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Degener ate potentials and Weyl formula

fX:(x,y)ER”me:Rd,dZZ T
V(X) = f(x)g(y), f € CR™RYL), g € C(R™; Ry),

® (H1)foranyt > 0 g(ty) =t*g(y) (a > 0) and g(y) > 0 for

y # 0.
The spectrum of the operator — A, + ¢(y) in L*(R™) is

discrete and positive. Denote by 1, its eigenvalues.

® (H2) f(x) — 400 as |z| — +oo
so H, = —h’A + V has a compact resolvent.

® (H3) (local uniform regularity for f) :
db,c>0s.t ¢t < f(r)and
[ (z) = J(&")] < cf (z)|z — o

bLif |z — 2| < 1.
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L evel curve
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Theorem

et us assume the previous conditions on f and ¢g. Then T
N(A; Hy,) "behaves" like A= (27) " v,np £ (A)

nh,f()\> _ fRn EjeN[)\ B h2a/<2+“)f2/<2+“)(:C),uj]i/zdx .

» If moreover f~™/% ¢ L}(R") and g € C*(R™\{0}), then
the formula (1) holds.

# |If there is some information on the growth of f, then the
asymptotics can be computed in terms of power of h:
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Theorem
et us assume the previous conditions on f and ¢g. Then T
N(A; Hy,) "behaves" like A= (27) " v,np £ (A)
i p(N) = fRn Yen[A — h2a/(2+“)f2/<2+“)(:C)uj]i/zdx .
» If moreover f~™/% ¢ L}(R") and g € C*(R™\{0}), then
the formula (1) holds.

# |If there is some information on the growth of f, then the
asymptotics can be computed in terms of power of h:

% |z)" < f(z) < Clx|* for |z| > 1, then

ifk>a N\ Hy)~h
ifk=a N(\H,)~h s
L ifk<a NAH,~h" % J
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Accurate estimates on eigenvalues

-

Homogeneity
Born-Oppenheimer approximation
Improving Born-Oppenheimer approximation

Reflnement for a > 2
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Accurate estimates on eigenvalues

[ Hy = WD} + W*D} + f(x)g(y) |
with ¢ € C*(R™\ {0}) homogeneous of degree a > 0,
We replace assumptions (H2-H3) by :
f € C*(R"), Va e N", (|f(x)[+1)707f(x) € L=(R")
0 < f(0) = infiern f(x)
f(0) < liminf, ., f(z) = f(o0),0°f(0) > 0

o |
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Accur ate estimates on eigenvalues

[ Hy = I*D} + W’D. + f(x)g(y) |
with ¢ € C*°(R™\ {0}) homogeneous of degree a > 0,
We replace assumptions (H2-H3) by :
f e C*R"), Va e N, (|f(z)|+1)7'07 f(x) € L>(R")
0 < f(O) — infxeRn f(.il?)
Homogeneity :
Define : h = p*/ 3+,
Change y in yh and get :

AN

Sp (ﬁh) = h" Sp (Hh) )

~ with H" = m*D? + D? + f(x)g(y) . o
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Homogeneity

- N

H"= wD?> + Q(z,y,D,)

Q(z.y,Dy) = Dy + f(x)g(y) .

|
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Homogeneity

- N

H"= m’D? + Q(x,y,D,)

Q(r,y,Dy) = Dy + f(x)g(y) -
Denote the eigenvalues of D) + g(y) by (1;);-0 -

By homogeneity the eigenvalues of (). (y, D, ), for a fixed z,
are given by the (\;(z));-0, Where : \;(z) = p; f2/3F)(2) .
So we get

o |
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Homogeneity

- N

H"= m’D? + Q(x,y,D,)

Q(r,y,Dy) = Dy + f(x)g(y) -
Denote the eigenvalues of D) + g(y) by (1;);-0 -

By homogeneity the eigenvalues of (). (y, D, ), for a fixed z,
are given by the (\;(z));-0, Where : \;(z) = p; f2/3F)(2) .
So we get

ih > [ﬁQDi 4 ,u1f2/(2+a)($” .
inf spess(H") > 11 f2/9) (0) .

o |
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Born-Oppenhemer approximation

f » "Effective " potential : \(z) = u; f2/2T9)(z) . T

# Assumptions on f = existence of a unique and non
degenerate well U = {0} , with minimal value : 1, .

#® Hence we can apply a theorem of A. Martinez and get :

o |
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Born-Oppenhemer approximation

f.o "Effective " potential : \;(z) = i f/H9 () . T

# Assumptions on f = existence of a unique and non
degenerate well U = {0} , with minimal value : 1, .

#® Hence we can apply a theorem of A. Martinez and get :

Theorem

Forany C' > 0, d hg > 0 s. t.

forany 0 <~ < hq , the operator (ﬁﬁ) admits a finite number
of eigenvalues E,(h) in [u1, 1 + Ch],

o |
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Born-Oppenhemer approximation

f » "Effective " potential : \(z) = u; f2/2T9)(z) . T

# Assumptions on f = existence of a unique and non
degenerate well U = {0} , with minimal value : 1, .

#® Hence we can apply a theorem of A. Martinez and get :

Theorem

Forany C' > 0, d hg > 0 s. t.
forany 0 <~ < hq , the operator (ﬁﬁ) admits a finite number
of eigenvalues E,(h) in [u1, 1 + Ch],
Ey(h) = Mg (R2D2 4 g 21249 (1)) + O(R?) .
More precisely
En(h) = p1 + B (D2 + £ < 9°f(0) 2 >) + O(RY?) .

o |
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| mproving Born-Oppenhaeimer approximation

f.p Change of variables : (v, y) — (z, [/t (2)y) . T

® Change of test functions : « — f~™/U29(1)q |
—> get a unitary transformation.

o |
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| mproving Born-Oppenhaeimer approximation

f.p Change of variables : (v, y) — (z, [/t (2)y) .

® Change of test functions : « — f~™/U29) 1)y
—> get a unitary transformation.

)

Thus we obtain : R N
sp (H") = sp (H")

H' = 2D? + fY@9(z) (D? + g(y))
527 (VA (@)D.) (D,

i gt (V@) = f(@)Af(0) [(yD,)

..+ h?

L o B e V@) Pl(yDy)? + 7]

-

— iy
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Eigenfunctionsfor [/

HP = B2D2 + f¥@)(z) (D2 +g(y)) .
» I :the eigenvalues of 72D? + yu; f%/+) (),

» o the associated normalized eigenfunctions .

o |
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Eigenfunctions for H?

HP = W2D2 + f¥®9)(z) (D2+g(y)) .
» I :the eigenvalues of 72D? + yu; f%/+) (),
o w;'jk . the associated normalized eigenfunctions .

» Consider the test functions : u”, (z,y) = ¥, (2)¢;(y) .

(Dy 4+ 9(y) )ei(y) = nivi(y)) -

We have immediately :

o |
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Theorem

- Forany fixed integer N > 0, there exists hg(N) > 0 o
verifying : for any h €0, ho(N)|, for any £ < N and any
7 < N suchthat p; < u f>®9(c0) ,

one can find an eigenvalue \;. € spy (H™) such that

’)\jk . )\k (ﬁ2D33+/Ljf2/<2+a)(x)) ‘ < ﬁ20

o |
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Theorem

- For any fixed integer N > 0, there exists h(N) > 0
verifying : for any h €0, ho(N)|, for any £ < N and any
7 < N suchthat p; < u f>®9(c0) ,

one can find an eigenvalue \;. € spy (H™) such that

’)\jk . )\k (ﬁ2D33+/Ljf2/<2+a)(x)) ‘ < ﬁ20 .
Consequently, when £ =1 , we have

1/2 tr((an(O))l/Q)
(2+a)l2

A — [uj + Au,)

| < RC.

|
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Outline of the proof

rProve that : T

|(H" — HY (Wl (2,9) || = [(H" = V8l (zy)] = O(K?) .

Lemma :
For any integer N . there exists a positive constant

C' = C(N) such that, for any k£ < N , the eigenfunction w;?k
satisfi es the following inequalities :
forany a € N? | |ao| < 2,

|71l 1 Dg w1 < ©

Vi) o
| (L) vl |l < ke

with 71; = iy, /%

o |
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Accurate estimates on eigenvalues

-

Homogeneity
Born-Oppenheimer approximation
Improving Born-Oppenheimer approximation

Middle energies

|
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Middle energies

ﬁssume ra>2and f(oco) =00,and g € C*(R™). T
Goal : get sharp localization near the 1;'s for much higher
values of j’s.

o |
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Middle energies

ﬁssume ra>2and f(oco) =00,and g € C*(R™). T
Goal : get sharp localization near the 1;'s for much higher
values of j’s.

Theorem
If j issuchthat ;; < A2,
then for any integer N , there exists C'= C(N) such that, for
any k < N | there exists an eigenvalue )\;. € sp, (f[h)
verifying :

| Nji = A (RPD3 + 21249 (2)) | < Cul? .
Consequently, when £ =1 , we have

(62 1/2
|)\j1 — [:uj + ﬁ(/uj)l/zt (<(2_|;f;)01)/)2 )} ‘ < O:ujﬁ2°

o |

2006 — p. 18




An application

fWe consider a Schrodinger operator on L*(R¢) with d > 2, T

P" = —h*A + V(z)

® V e C°MR*; [0,400]) ,liminf, 0o V(2) > 0

® I'=V"Y0) is aregular and connected hypersurface .

o |
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An application

fWe consider a Schrodinger operator on L*(R¢) with d > 2, T

P" = —h*A + V(z)

® V e C°MR*; [0,400]) ,liminf, 0o V(2) > 0

® I'=V"Y0) is aregular and connected hypersurface .
® (H1) dm € N* and C, > 0 s.t.

Cild® (2, T) < V(z) < Cyd*™(z, T)

\_ Vz,dzT) < Cjl. J
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M ore assumptions:

fChoose an orientation on I' and then a unit normal vector T
N(s) oneach s € T'.

Defi ne the functionon T' :f(s) = ﬁ (N(s)%)m V(s)

o |
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M ore assumptions:

fChoose an orientation on I' and then a unit normal vector T
N(s) oneach s € T'.

Defi ne the functionon T' :f(s) = ﬁ (N(s)%)m V(s)

#® (H2) f achieves its minimum on I'" on a fi nite number
of points:

_ZO — f_l({n0}> — {317"'7 Sfo}v
If ng = minger f(s) .

® (H3) The hessian of f ateach s; € ¥ Ishon
degenerate.

o |
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M ore assumptions:

fChoose an orientation on I' and then a unit normal vector T
N(s) oneach s € T'.

Defi ne the functionon T' :f(s) = ﬁ (N(s)%)m V(s)

#® (H2) f achieves its minimum on I'" on a fi nite number
of points:

_ZO — f_l({n0}> — {317"'7 Sfo}v
If ng = minger f(s) .

® (H3) The hessian of f ateach s; € ¥ Ishon
degenerate.

Thus f(s) > 0, Vs e I',and Hess(f)s, has d—1
positive eigenvalues pi(s;) < ... < p3_ (s1),

L( pi(s1) > 0). |
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Theorem

fFor any N € N~ thereexist hy €]0,1] and Cy > 0 Ss.t. T

—4m

If 1 << heEnmD forany 0 < h < hy
andif « € N1 and |o|] < N,

then Vs, € 3 ,3)\?&1 c spg(P") st

1 4m—+3

‘)‘jﬁa o hmTl [nénﬂluj + hm—HM;/Q(AE)] | < h2,ujWCO-

o A, = [204 p(sp) + T?“+[H€SS(f(Sg))H

® ap(sg) = aipi(se) +...aqg-1 pa-1(se) -

o |
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Theorem

fFor any N € N~ thereexist hy €]0,1] and Cy > 0 Ss.t. T

—4m

if p; << heE==miD forany 0 < h < hg
andif « € N1 and || < N,

then Vs, € > ,3)\?&1 c spg(P") s.t.

1 4m—+3

‘A]ea — he [né”“uj + hm_“u;p(«%)] | < i Co .

® Ay =Cp 20 p(sg) + Trt[Hess(f(sr))]]
® ap(s)) = a1 pi(se) +...ag-1 pa-1(se) -
® (u15);>1 :the increasing sequence of the eigenvalues

d2
L of the operator — proii tm on L*(R) . J
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Proof (1) :
® Oy ¢ RY :open neighbourhood of s; € ¥, s.t.

f o =T N0y = {2€0; ¢(z2) =0}, T
|V¢(Z)‘ =1, Vz e O.

o |
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Proof (1) :
® Oy ¢ RY :open neighbourhood of s; € ¥, s.t.

f o =T N0y = {2€0; ¢(z2) =0}, T
|V¢(Z)‘ =1, Vz e O.

e find7T € C®(0p; R s. t.
V71i(2).Vo(z) = 0, Vj=1...,d-1
rank{V7(z),...,V1q_1(2)} = d—1.

o |
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Proof (1) :
® Oy ¢ RY :open neighbourhood of s; € ¥, s.t.

f o =T N0y = {2€0; ¢(z2) =0}, T
’V¢(Z)‘ =1, Vz e O.

e find7T € C®(0p; R s. t.
V71i(2).Vo(z) = 0, Vj=1...,d-1
rank{V7(z),...,V1q_1(2)} = d—1.

® Then (z,y) = (r1,...,74-1,¢) are local coordinates in
Oy S. t.
A=Y o (9250, + 190, (19120,
1<i,j<d—1

Vo= y?"f(z,y) with f € C®Wy)
L V, is an open neighbourhood of zero in RY . J
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Proof (2) :

-

g (z,y) =g (x,y) € C°W; R),[g|™" = det (g (2,9)) > 0.
r = (r1,...,x4_1) are local coordinates on I’y
and the metric g = (g;;) on I'g is given by

-

(gij(x))1§i,j§d_1 = G(z), with (G(x))_l = (’g"ij(xjo))lgi’jgd_
If w € C5(Op) then

Phy = Phy  with
u = |g|"*w and

(1)
forsome V5 € C*0V; R).

o |
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Proof (3)
o Write ;

Viz,y) = v*"f(z) + " fi(z) + v*" 2 fa(z,y)

f(z) = f(x,0) and fo € C®(Vp).

-

|
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.

Proof (3)

o Write :

-

Viz,y) = v*"f(z) + " fi(z) + v*" 2 fa(z,y)

f(z) = f(x,0) and fo € C®(Vp).

# perform the change of variable and the related unitary

transformation :

(z,y) — (2.t) = (2, f/2FD(2)y)
U — v — f—1/4(m+1)($)u’

® getthat: Phu = Q" , where

Q" = Q) + " fd(x) + h2Ry + +h%*Ry + t2H2 )

Qb = —h* Y Ou (6M0n) + F@)VD (<h207 4 27

1<k (<d—1
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Proof (4)

f(uj)jzl . the increasing sequence of the eigenvalues of the T
d2
operator — — + ¢ on L%(R).
1/2

Let us define i; = KM/t /.

o |
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Proof (4)

f(uj)jzl . the increasing sequence of the eigenvalues of the T
d2
operator — — + t*m on L3*(R) .
1/2

Let us define i; = KM/t /.

Now work with the Dirichlet operator
hj m
Y = —h? Z 0, (g’%@m) + U mAD) ()
1<k,(<d—1

Instead of the preceding

Q = —h* Y Ou (6M0n) + S/ (@) (<R30} + £2m)

1<k ¢<d—1
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