UNRAMIFIED COHOMOLOGY
AND RATIONALITY PROBLEMS*

by

Emmanuel Peyre

Abstract. — The aim of this paper is to construct unirational function fields
K over an algebraically closed field of characteristic 0 such that the unramified
cohomology group H’ (K, ptl?i) is not trivial for 7 = 2, 3 or 4 and p a prime
number. This implies that the field K is not stably rational. For this purpose, we
give a sufficient condition for an element to be unramified in H' (K, ]‘?Z) This
condition relies on computations in the exterior algebra of a vector space of finite
dimension over the finite field F,.

Résumé. — Lobjectif de ce texte est de construire des corps de fonctions uniratio-
nels K sur un corps algébriquement clos de caractéristique 0 dont la cohomologie

non ramifiée HY (K, }L[?i) est non nulle pour 7 =2, 3 ou 4 et p un nombre pre-
mier. Cela implique que le corps K n'est pas stablement rationnel. Dans ce but,
nous donnons une condition suffisante pour qu'un élément de H* (K, y]? ") ne soit
pas ramifié. Cette condition repose sur un critere utilisant I'algebre extérieure d’un
espace vectoriel de dimension finie sur F,

Among the first examples of smooth projective varieties X over C which are
unirational but not rational was the example constructed by Artin and Mumford
using the torsion part of H>(X, Z). When X is unirational, this group may also
be described as the unramified Brauer group of the function field of X. From
this point of view, Saltman [Sa] and Bogomolov [Bo] gave examples related to
Noether’s problem. Colliot-Thélene and Ojanguren [CTO] were the first to use
the unramified cohomology groups in degree 3 to prove the non-rationality of a
unirational field.
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The plan of this paper is the following: first we recall some basic facts about
unramified cohomology. In the second section, we state the main result, The-
orem [2l which enables one to characterize unramified elements by calculations
in the exterior algebra. This generalizes some of the methods used in [Sa] and
[Bo]. In the next section, we prove Theorem 2l In this proof, we show how one
can lift the residue map in the exterior algebra of a subgroup of H!(K, P'P) of
finite dimension. The fourth section applies the main result to the construction
of several unirational non-rational fields. In this part, to prove the non-triviality
of elements in ng(l(, y]??’ ), we use a recent result by Suslin [Su] and to have a

similar result for Hér(K, y?lk), we apply a theorem of Jacob and Rost [JR]. For

the examples with non-trivial ng(l(, y]§’3 ), we prove also that the unramified
Brauer group is trivial.

1. Unramified cohomology: definition and basic properties

Let us first give a few definitions about fields. These definitions are used
throughout this paper.

Definition . — (i) Afield L is a function field over a field K if it is generated
by a finite number of elements as a field over K.

(i1) A function field L over K is rational over K if there exist indeterminates
Ty,...,T,, and an isomorphism L = K(T7,..., T,,) over K.

(iii) Two function fields L and M over K are stably isomorphic if there exist in-
determinates Uy,..., U, T},..., T,, and an isomorphism L(U,..., U;) =
M(Ty,..., T,,) over K. A function field L is stably rational over K if L is
stably isomorphic to K.

(iv) A function field L over K is unirational over K if there exist indetermi-
nates T,...,T,, and an injection L— K(T,..., T,) over K.

We have the following relations between the various kind of rationalities: L
rational over K implies L stably rational over K and L stably rational over K
implies L unirational over K.

From now on we shall omit “over K” when K is clear from the context.

Notation . — Let k be an algebraically closed field of characteristic 0. If L is a
field, let us denote by L’ a separable closure of Z, and for any Gal(Z’/L)-module
M, H' (L, M) = H (Gal(L*/L), M). In particular, the Brauer group is defined
by Br(L) = H*(L, L**). If L is of characteristic prime to 7, we use u, to denote
the group of #-th roots of unity in L* and, when the characteristic of L is 0, p
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to denote the union of the groups y,,. In this case Br(L) is a torsion group and
the 7-torsion part of the Brauer group is isomorphic to H*(L,u,) Let K be a
function field over £. We denote by Z(K) the set of discrete valuation rings
A of rank one such that £ C 4 C K and the fraction field Fr(A4) of 4 is K. If
A€ P(K) then x; denotes the residue field. For any i e N—{0} andj€Z

0 H'(KuY) = H' (epu? ™)
denotes the residue map. We also denote by d 4 the residue map

3 4:Br(K) — H'(x, Q/Z).

We recall that the residue maps may be defined as follows: let K be the comple-

tion of K for A, K alg AN algebraic closure of K and km the maximal unramified
extension of K in K g Since there exists an isomorphism K = x((T)), we
of i,((7)) in

have an isomorphism from km to the algebraic closure 1 ((77))
«;((T)) and

g

A

K

g = limig (7))

alg’

Therefore we get an isomorphism

Gal(K

alg/f(m") = I}LH W

But the cohomological dimension of Z is one (sce [Se], example 1 on page I-19).

A

Therefore H4(K,,, y;?] ) =0if g > 2 and the Hochschild-Serre spectral sequence

n
w) = HPY(K, u)

A

H? (Gal(K,,/K), H1(K,

nr’

gives rise to morphisms

A

H (K, u®) - HY(Gal(K,,/K), H (K, u®)).

n

But
H'HGal(K, /), H (K i) = HY 1)
and d 4 is the composed map
H' (K w) — H' (K, i) — H'™ (1),
The maps 9 ; on H%(K,vz1) induce then the residue map

Br(K) — H' (xp Q/Z).
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Definition . — The unramified cohomology groups are the groups

: : : Ay a
Hi ()= () Kerlt (6 p2) = H ™ (e w2 7))
Ae Y (K)
Similarly the unramified Brauer group is

K)= [\ Ker(Be(K) 4 H (c, Q/2))
AeZ(K)

Br

nr(

The unramified cohomology groups were denoted by F;"j (K/k) in [CTOI, but,
here, the ground field £ is fixed. Therefore we do not include it in the notation.

Proposition 1 (Colliot-Théléne and Ojanguren [CTOJ)
If the function fields K and L are stably isomorphic over k then

H,,(K,u) = H,, (L u).
In particular, if K is stably rational then H' (K, y.?j )={0}.

Remark 1. — One can also show that the unramified Brauer group depends
only on the stable rationality class of the field. This is the invariant which was
used by Artin and Mumford in []. The unramified cohomology groups may be
considered as generalizations of the unramified Brauer group. Indeed, if i = 2,
the unramified cohomology groups are isomorphic to the #-torsion part of the
unramified Brauer group:

Brnr(K)(n) - Hr%r(l(f n)-

2. Characterization of unramified elements using the exterior algebra

Let p be a prime number and £ an algebraically closed field of characteristic 0.
Throughout this paper, we shall start from data of the following type: a function
field K, an Fp vector space U of finite dimension, whose dual is denoted by U v
and a morphism ¢! : UY — H(K, -

Since y, C &, we can choose a primitive p-th root of unity. Thus, if ¢! is
an injection, the group U may also be considered as a quotient of the absolute
Galois group of K. In the examples we have in mind, the field K will be of the
form LY, where L is a rational extension of £ endowed with an action of U.

Then we take » to be a strictly positive integer. For an integral ring
B whose characteristic does not divide 7, we denote by H ;;t(B, y.,‘?i ) the
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group H ;t(Spec(B), H}?i ). Kummer theory then yields a canonical morphism
B — H élt(B, u,). The image of x € B* under this map will be denoted by

(x). We shall consider the group H(B Z H, ’ (B,uy,"), (mainly when B is

ieN
a field or a local ring). Cup-product makes H(B),, into a ring. We know that

this ring is anticommutative [Mi, Chapter V, §1] but we shall use the following
well-known result:

Lemma 1. — Let B be an integral ring such that n is invertible in B. Then, for
any x € B¥, (x) U (—x) =0.

This lemma implies that, if the characteristic of B does not divide 2% and
B contains the 27-th roots of unity, the subalgebra of H(B), generated by the
symbols (x) for x € B* is strictly anticommutative.

Proof — Let B’ = B[T)/(T” —x). Since z and x belong to B*, the map
7 : SpecB’ — SpecB is étale. Moreover it is finite and of constant degree 7.
Therefore, for any sheaf F of z-torsion on SpecB, one can define the transfer
map #r : T, F — F [SGA4, exposé XVIII, théoreme 2.9] which yields mor-
phisms #: H.,(B/, y.f’i ) — H'(B, y.,?i ) and we have

n((—T)) _ (NB/ /B(—T)) _ (Det< _[2_1 N )) ~ (=)
and we have the formula [Mi, Chapter V; §1]
WU = @ue(-n)
., 7r*<(x)) U(—T))
S (x)U(—T))

= w((1")U (—T)>
0.

O

Thanks to this lemma, we get a morphism of graded Fp—algebras b: A UY —
H(K )P' Thus for a fixed strictly positive integer 7, we have a natural morphism

N(UY) = H' (K u)
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We may identify A’(U") and (A’ U)" by the map:
AUY) - (AU

NU — E,
ANCNf - viN...Nv;, — ZE(G)ﬁ(%u))---ﬁ(”a(z‘))
O'EGZ‘

With this identification, for any basis (#y,...,#,) of U, the dual basis of (ujl A
V
u.

\Y \Y
4 )/1 <y where (#},...,u, ) denotes the

. .V
"'/\“j‘)j1<---<jl‘ is the basis (ujl A A

dual blasis of (uy,...,1,).

Notation . — In this way we get a morphism
& (NU) - H (K ).
Let §' = (Kerd' )L € A’U. We obtain an injection
&' :Hom(S", F,)— H' (K, u").

Let SZE e S? be the subgroup of §* generated by the elements of the form
uAveS withue Uandve AU,

I am thankful to Bruno Kahn who pointed out to me that this construction
also applies to the case p = 2.

Theorem 2. — With notation as above, if f is an element of Hom(S", Fp) such

that f| Sil is zero, then
ec

¥ (f) € HL (K, "),

Since ¢’ is injective, by proposition [} this theorem implies the following re-
sult:

Corollary 3. — IfS' 7 S* then H (K, H}X’i ) #{0} and K is not stably rational.

Remark 2. — 1f the ground field # is not algebraically closed but is of charac-
teristic prime to 2z and contains y,,, it is possible to prove a generalization of

this result. Namely, let §* = (* ! (H’ (, H}X’i )))J‘ and Sﬁiec be the subgroup of S’
generated by the elements of the form # A v with # € U and v € A1 U. Then

we get an injection

(S/Sgee) ¥ — coker(H' (b ") = H,, 4 (K u)
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3. Proof of Theorem 2
Let 4 be an element of &?(K) and v, be the corresponding valuation. v
defines an element of (K*/K*?)V = HY(K, HP)V and therefore an element of

UYV. But there is a natural isomorphism p: U — U"" and we obtain a vector
74 € U. In other words, we have a commutative diagram:
Hl(K k) = KK
' 1 vl
gV A Z/Z

Let us denote by 7, the transpose of: A" 1U  — AU
u — Ty4Nu

Main lemma 2. — For any)\ € (N'U)Y, if ©,(\) = 0 then
3A(¢i (W) =0.

This lemma implies the theorem:

of Theorem . — Let f be an element of Hom(S’, F ) such that f 5, = =0. As

f|Silec = O’ﬁ(TAAAi_lU)ﬂSi =0.Let T} C TA/\Al 117 be such that (TA/\AZ 1un
S T, :TAAAi_lU. Let T, C AU be such that (8’ +TA/\Ai_1U>@ T, =
AU and let T = T7® T,. Then we have S@®T =NU. Leet h € (A'U)Y be
defined by A, ; = f and 7‘|T = 0. Then the following relation holds:

|
O\)|TA/\AZI_1U = 0
So by the lemma 9 ,(¢"(\)) = 0. But, by definition of ¢, since 7\|Si =f, we have
&' (\) = &' (f). Finally we get 9 ,(&*(£)) = 0, as wanted. O

The main lemma will be deduced from a series of lemmata. The basic tool
is the following lemma of Colliot-Théléne and Ojanguren [CTO, proposition
1.3]:

Lemma 3 (Colliot-Théléne and Ojanguren). — Let L be a field over k, B €
P (L) and vy the corresponding valuation. Let a € L¥, [9 €H, = I(B W ) A the
image of a i m H (L, w,) b the image of b in H'— I(L Hﬂ ) ﬂndB the image of b in
H~ I(KB, Wy ) Then the image ofd Ub' € H' (L, y®]+ )

9 4(d' Ub) = vp(a)p.

by d 4 verifies:
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Proof. — The proof we give here for self-completeness is similar to the one given
by J.-P. Serre in his course at the College de France in 1991-92. With a notation
similar to the one used in the definition of d 4, we consider the spectral sequence

described in [HS]
HP(Gal(L,, /L), H(L,,, u®)) = HP*4(L, @)

Let G = Gal(Z /L), N = Gal(L
in the following way. Let 4”(j), also denoted by C m(G, H,(?j ), be the group of

normalized m-cochains for G with coefficients in H,(?j . Let A(j) = Z A™(j).

meN
We now define the filtration on A(j). Let A7’(f) be the subgroup of 4™ (j) of the

cochains y: G — H,(?j such that y(gy,...,g,,) depends only on ¢;,...,¢,,_; and
G152, N if b <m and put AZ(]) =0 if & > m. We then define 4,(j) as

> meNAY () if £ > 0 and as A4(j) otherwise . We denote by qu(]) the groups of
the spectral sequence corresponding to A(j) with the graduation 4”(j) and the
filtration Ay (7). By theorem 2 of [HS] the natural map

ﬂlg/ﬁn,). The spectral sequence may be defined

ARG A() — CHG/N C (N uP)
induces an isomorphism

EYG) = HP(Gal(L,,,/L), H(L,,, u)
Let &’ € 4'(1) be defined by

_ gla
Vg €G OL/(g> = ﬂl/n

_/ . .
for any n-th root 2/ of 4. The cocycle & represents the image @’ of 4 in

HY(G, w,). Let B’ be the image of 4 in H™(G, ygj). We have a commuta-

tive diagram

H (B LY) — Hl‘—l(lL, u)

H  (xgu) = H NG, /L) u) — H (L))
therefore ' may be represented by a cocycle

B e A1) N4 ().
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By definition of the cup-product, the cocycle &' UB’ represents &’ U/, the image
of 4/ UY in H (G, y®]+ ). However

N

(@ VB v 4) = () OB (g0 80
Thus &' U B’ belongs in fact to the intersection A4’ (j + 1)NA4;—;(j+1) and its
image in C’ —L(G/N, CH (N, ygj +1)) is the cocycle

ViZpe oo = (m = & (m) @B (g1, 1))

And, through the maps C! (N PL®]+1) — H\(N, PL®]+1) — y.nj, the image of
m— & (m) @B (g1, o Li 1) is v 4(@)B (¢p,...,g;—1). Therefore the image of
Z UR in H'~ I(KB, Wn /) —')Elz L 1(/+ 1), which is, by definition, 9 4(a’ U&’), is
the product of v 4(a) by p. O

Lemma 4. — With notation as above, there exists a morphism &, which firs into
the commutative diagram:

1
TJJJ — UV i HI(K,PLP)
oy /)

Hy(A4,u,)

et

Proof. — Letx € TJJJ. Then ¢!(x) € H' (K, yp) = K*/K*?. Let y be an element

of K* which represents ¢! (x). By the very definition of t 1> we have v 4(y) = 0(p).
Let 74 be a uniformizing element of K for v ;. We may write y in the form

y= Wi‘lpz forak €Z and a z € 4* Thus ¢! (x) is the image of z € 4*/ A4 by
which is an embedding. We define c]>114(x) as the image of z in H, élt(A, y.P). Then
the commutativity of the diagram

! l

He'lt(AJ va) - Hl (I(, va)
yields the lemma. 0

If T, = 0, the main lemma follows from lemma [I] and lemma 4 since 0 4 is
zero on the image of H,(4, y]?l ). Let us assume that 74 # 0.
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Lemma 5. — With notation as above, there is a map 7y making the following
diagram commutative,

(Ai U)\/ 2 (Az'—l U)\/
2y 7

N7 ()
Here the map \' —1 (Tj) — (NI is the natural injection.

Proof. — Let us choose a basis vy, ..., v, of U with v; = 74. Then 7 is given by
the formula: if j; <... <j; then

() A A0)) = 0iff; #1

-V V V \YA
T/I(”]i/\"'Avji):vjz/\"'/\vji ifj; =1

O

Thanks to lemma[lland lemma[4]we get a morphism of graded F,-algebras

N(cp) > H(4),

i—1
and in particular a morphism A’ (Tj;) LNy 35 ;t_l( : H]?l'—l)

Lemma 6. — With notation as above, the diagram

woY A AT
e L
H (K u?') Hy  (4pd ™)

N9y

—1 —1
H™ ey u? ™)
is commutative.

Proof. — The computation of the preceding proof implies that for any A €
(N U)Y = AN (UY)
A—o) AT,00) € N ().
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Thus ¢’ (7\—11\1//\114(7\)) comes from H ét(A, H]?i ) and its image by d ; is 0. There-
fore, using lemma Bl with 4’ = ¢! (v\l/) and b= ¢Z_1 (M),

24 0) = 944 () Uy (4)))
V4(¢1(UY))¢Z1(T20))
= ¢ Lo,

where ¢Z 1is the composite map

i—1
Az’—lTj th—l( ,H;Z)i—l) _)Hz'—l(KA, H;?i_l)-

O
of the main lemma. — The case 74 = 0 has already been settled. If 7 #0 and
re(NU )V verifies 74(A) = 0 then by lemma[3]7;(}) = 0. LemmalGlthen implies
that d 4(¢'(A)) = 0. O

Remark 3. — In fact, the lemmata of this section also apply to any field over £
and any discrete valuation ring 4 C K such that Fr(4) = K.

4. Construction of non-rational fields

Notation . — Let k be an algebraically closed field of characteristic 0, p a prime
number, i a strictly positive integer, 7 an integer. Let us fix a primitive p-th

root of unity & and let F' = k(T,..., T,), X; = Y}P forj=1,...,nand F =
k(Xy,...,X,) C F'. Let U denote an Fp—vector space of dimension 7 with a
chosen basis (#y,...,#,). This yields an isomorphism U = Gal(F'/F) and an
¢1
injection U ey (E V’P) (which sends u]v to the class of Xj)
This notation will be used throughout section (4l

Lemma 7. — The morphism AN(UY) > H(E y]?i) is an injection.

Proof. — Let Fm be the field £((X;))...((X,,)) for m < n. Let us prove by
induction on 7 that

. vV B PN ®

N(Uy) = H(F,,u,”)
where U,, is the subgroup of U generated by #;...#,,. The result is true for 7 =
0. We assume that this is true for 72— 1. Let us consider the valuation associated
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to (X,,). The residue field is isomorphic to F,, ;. Since F,, is complete, the
inertia group is isomorphic to lim,. We get an exact sequence

0— limy, — Gal(ﬁm) — Gal(F

m—1

)—0

which is split. The Hochschild-Serre spectral sequence yields short exact se-
quences

i3 ®j (4 ®j i—1 /4 ®j—1

0— H(E,,_yup") = H (F,pu”) — BN E, oy’ ) —0.

Let 4 = F,,_,[[X,,]] be the valuation ring corresponding to (X,,). Using the
notation of section 3} we have that 74 = #,,. Therefore lemma [0l implies the

commutativity of the following diagram:

0 — H](ﬁ _1,[41()8)]) — I—IJ(FA' ,[}.];@j) — I—Ij_l(ﬁ _l,p]?j_l) — 0

m m m

1

0 — Aj(U;z/_l) — N(Ur\é) Li”) N_I(U,X_l) — 0

where the lines are exact and, by induction hypothesis, the left and right vertical
maps are isomorphisms, the morphism #,, being defined in the same way as
t 4. The exactness of the bottom line comes from the decomposition U,, =
Uy—1 ®F,u,,. Thus the central vertical map is also an isomorphism and the

result for 7 is proved. 0]

If K is a function field over £ which contains F, we define c])}( as the composed
map

U — H'(Ep,) — H' (K )

and by lemma [Tl we get a morphism ¢ZK S(NU)Y = HU(K, y]?i)

Now the problem of finding a unirational field which is not rational reduces to
producing a subspace § C A’ U and an extension K/F of function fields satisfying
the following three conditions:

(i) K is unirational over £

(ii) the kernel of the map ¢§( (AU - H(K, H}X’i ) is st

(i) S# Sy,

We can then apply Corollary 3] to the map

1 vV 1
¢ U —H (KVp)
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Indeed the orthogonal in A’U of the kernel of the induced map (A’U V-
H’ (K, H}X’i ) is S by (ii). Therefore using corollary Bl we see that assumption (iii)
implies that K is not stably rational.

For each of the following examples, the road map is as follows. First we give
conditions on a subspace ¥ of (A’ )" which imply the following two properties:
there exists an extension K/F such that K is unirational and Ker(H’ (E yfﬁ ) —

H (K, y.‘?i )) is exactly the image of 7" by the injection ¢% Then we produce
S C AU such that ST € A’ UY verifies these conditions and such that § #8 Jor-

4.1. Examples with non-trivial H&r(K, p®2). —

Notation . — 1f A is a central simple algebra over an arbitrary field Z, we shall
denote by [4] its class in the Brauer group Br(Z) and Y, the corresponding
Severi-Brauer variety.

Theorem 4 (Amitsur [Aml). — The kernel of the morphism
Br(Z) — Br(Z(Y))
is the finite subgroup of Br(L) generated by [ A].

Let us now consider a field L of characteristic prime to p and [4]],...,[4,,] in
(BrL)(p) = H*(L, HP), then we deduce from the theorem the following lemma:

Lemma 8. —

Ker(H?(L, ) —>H2(L(YA1 X oo X Yy Y =< [dy].. [4,]>.

Proof. — We shall prove the lemma by induction on 7. When 7 =0 the
lemma is trivial. Assume that the result is true for 7 —1. Let us denote by Z,,
the field L(YA1 X oee X YAm) and by L,,_; the field L(YA1 X +ee X YAm—1>'
Let P H?(L, PLP) —>H2(Lj, y.p) for j=m,m—1 and p : Hz(Lm_l, P‘p) —
H 2(Lm, E’Lp) be the canonical maps. Let A be an element of H%(L, E’Lp) such that
p,, ) = 0. Then p(p,,_;(})) = 0 and by theorem [} p,,_;(A) = £[4,,] for some
k€ Z/pL. therefore p,, | (A—4[4,,]) = 0 and by the induction hypothesis

A—kl4,]le<4)....[4,_1]>.
Thushe< [44]),...,[4

m]

>. |
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We shall now apply this lemma to the construction described at the beginning
of section [4]

Let S be a subspace of A2U. Let $1>-++$,, be a family generating st c A2UY,
and §},..., S, be central simple algebras representing the images of 5;,...,s,, in
H?*(E PLP) which our choice of § € K enables us to identify with H%(F, [17;@2 ). Let
K be the function field F(YS1 X +ee X YSm).

Proposition 5. — With notation as above, the function field K is unirational.
However if S #S 5, then

Hy (K w3%) # {0}
and K is not stably rational.

Proof. — By their very definition, the images of si,...,s5,, in the group
H?*(E E,L]?z) come from H?*(Gal(F'/F), yj?z). Therefore they become zero

when lifted to F/. So the Severi-Brauer varieties corresponding to the S; are

split by F” and the composite F'K is rational over F” and thus over . So K is
unirational. We deduce from lemma 8] that the extension K/F satlsﬁes condition

(ii) above and by the principle above, S # S, implies HZ, I( o #{0}). O

Example 1. — For n < 3 any element of A>U may be written as «# A v with
uand v in U. We shall therefore consider the case » = 4. The subspaces § of
A2U such that S e 7( § are described by Bogomolov in [Bo] when p 7! 2. This
description is the following: the elements of the form # A v with #,v € U are, in
this case, the isotropic vectors for the quadratic form

g: XU — AU
u — ulu
and S # S, ifand only if § = Ker(q|5)®7 where T #{0} and q|7 is anisotropic.

The following cases are possible:

case | dimS | dim S,
(a) 1 0

(b) 2 0

(¢) 2 1

(d) 3 1

(e) 3 2

Case (a) was studied by Saltman in [Sa]. For an example of (e) we may choose

S=< uy Nug,uy Nugyuy Nug+uy Nuyg >.
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0
0 |.Then
—2

o O O

0
Indeed g|s is represented by the matrix: | 0
0
SJ‘ =< u\3/ /\u}f,u\z//\u\;,u\l//\u;/—u\z/ /\u}f >,
and
K=F(Y 4, 00,4) X Va0, x3) X Y. Ag(Xl,X3)®Ag(X4,X2))’

where Ay(a, b) is the algebra over F' generated by two elements / and J with the
relations

P=a=b1 =YL
4.2. Examples with non-trivial ng(l(, H]()XB )e —

Notation . — If L is a field of characteristic prime to p which contains the p-
th roots of unity, & a primitive p-th root of unity and A4 a cyclic central simple
algebra of the form Ag(ﬂ, b) for a, b € L* then, for any c € L*, We denote by Z A
the norm variety defined by Nrd(x) = c.

For such a variety Suslin has proved the following result (See [Su] theorem

7.7):
Theorem 6 (Suslin). — With this notation, the kernel of the map
H (L, uf?) — H (L(Z 4,),u3?)
is the subgroup generated by [ A] Uvc.
The case p = 2 is due to Arason [Ar].

Let us apply this theorem to our problem.
Let § be a subspace of A>U. We make the following hypotheses:

(H1)  we can choose a basis (s,...,s,,) of SJ‘ such that each S; is of the form
v]-/\wj/\yj for vp wj,yje Uv.
(H2) For each £ € {1,...,m} and each j € {1,..., 7}, at most one of the

elements vy, wy, y;, has a non zero value on u;.

Notation . — Let Z; = Z AV, W)Y, where Viy W, Y are the images of vjp Wy Y
in H'(Ew,). Let K = F(Z; X -+ X Z,,).

(H1) enables us to apply theorem [6] whereas (H2) is used to prove that
Br,, (K) is trivial.

nr
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Proposition 7. — With notation as above, the function field K is unirational and
the group Br,, (K) is trivial. However, if S 7( S Joe> then

H, (K, u$?) #{0}

and K is not stably rational.

Proof. — e Let us first prove the last claim: Using theorem [@ since K is the
function field F(Z,)...(Z,,), we may prove as in section 4.1} Lemma [§] that

Ker(H>(E u$?) — H> (K, %)) =< (V, W, Y, 1 <j<m >
and therefore
Ker(A30)Y — H3 (K, 4$)) = s+,
As above, if S 7! S .. then K is not stably rational.
e The images of vy wpy;in H YE PLP) come from the group H1(Gal(F//F), y.P)
and have therefore trivial images in A L(F, yp). Thus

4V, W) ® F' = M, (F')

and Z Ay v, )))? = SLP Iz This shows that the composite field KF ’is rational

/ ) .
over F' hence also over 4. So K is unirational over 4.

e We shall now prove that Br,,.(K) = {0}. For this purpose, we shall use
the following lemmata:

Lemma 9. — Let X be a non-singular geometrically integral variety over a field M

of characteristic 0. Let M be an algebraic closure of M. Let G = Gal(M/M) and

X =X Xy M. Let M[X] be the ring T (X, O%) and M(X) the function field of X.
IFM(X* = M", then there is an exact sequence

0 — Pic(X) — Pic(X)? — Br(M) —
— Ker (H*(4, M(X)*) > H*(¥, Div(X)) ) = H' (¥, Pic(X).
Proof- — We have the following exact sequence:
0 — HY9, M[X]*) = Pic(X) — (PicX)?Y — H*(4, M[X]*) —
— Ker (H*(,M(X)*) —» H*(, Div(X))) — H'(¥, PicX).

This is the exact sequence (1.5.0) in [CTS]. We then use the fact that M[X]* =
M* and Hilberts theorem 90 to get the lemma. O
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The exact sequence of the lemma can also be obtained using the following
exact sequence of ¢-modules

1> M —M(X)" - Div(X) — Pic(X) — 0

and the similar one for X.

Lemma 10. — Let L be as in theorem /etAjforj = 1,...,m be central simple
algebras over L and let ¢ belong to L* forj=1,...,m, we denote by Z Ay, the norm

wzrzezyforA ana’c amdZ= 1] ZAjc If\€Br, (L(Z)) then
1<i<m

rEIm (Br(L) N Br(L(Z))).

Proof. — We denote by L the algebraic closure of Z, 7 =7x%xL and 4 =
L

Gal(L/L). Let\ € Br,,.(L(Z)). By Hilberts theorem 90 we have an exact se-
quence:

0 — H2(9,T(2)*) — B(L(2)) 5 Bi(T(2)).

But Z = H SL 0L is L-rational and therefore Br,,.(L(Z)) = {0}. As
j=1

p(Brm(L(Z))> C Bt (Z(2))

p(A) =0 and A comes from VeH* @9, L(2)).

Let us prove that )/ € Ker (Hz(g, L(2)*) — H*(¥, Div(Z))) For any x €
Z(l), the set of points of codimension 1 in Z, let us choose ¥ e Z(l) above x.
Then x” defines Be 2 (L(Z )) whereas x corresponds to A =L(Z)NB. Let J,
be the stabilizer of B. Let L( ) (respectlvely L( )) be the completion of L(Z)
(respectively L(Z)) for A (respectively B), L( )r (respectwely L(Z ) ,) the corre-
sponding maximal unramified extensions. Let L(Z) (respectwely L( ).r) be the
in L( ) (respectively ]_J/(E)n,).
Since the ramification index is one, the fields L( ), and L( )

algebraic closure of L(2) (respectively L(Z)

nr)

are actually

nr nr
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equal. Therefore we have the following diagram of fields:

L(2),,
/N
LZ2) 5 LD,
AN
LZ2) ¢ LZ)
N

Let us define v, as the valuation associated to B and i, as the injection JZ,— ¢.
The definition of d ; for the Brauer group and the diagram of fields yields the
following commutative diagram

H*(9,L(Z)") — Bi(L(2))

l (ix’ Vx) * l a/I
H*(A,Z) H(Gal(xz/%,), /Z))
| L
H' (A, QZ) HYGal(L(2),,/L(2)), /Z)
N\ /

HNGal(ZL(2),,/L(Z), Q/Z).
Here the isomorphisms
H*(A,,2) > H' (A, QZ)
and - -
H(Gal(%7/%), Q/Z)) = H(Gal(L(2),,/L(2)), U/Z)
are the inverses of the natural maps. Besides the map
H (A, 2)— H'Ga(L(2),,/L(2), Y/Z)

is injective. But Div(Z) = @ Z[9/#,] as a 4-module and by Shapiro’s
xEZ(l)
lemma

Hz(g, DiV(Z)) ) HZ(,%ﬂ, Z).
x
xGZ(l)

By the diagram, for any x € ZW we have (i vx)*O\/) =0 and
¥ €Ker (HX(9,L(2)") —» H*(4, Div(Z))).
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Let us show that Z[Z]* = L and that Plc( ) = 0. These facts may be proved
in the following elementary way: let U = A: L —{0}and P=Z x U” Then P =
(GL 7)" Letm: P — Z be the natural projection and j : Z — P the immersion

correspondmg to (1,. . If f € L[Z]* then n*(f) is an inversible element in
the ring of function of ( oL i) Wthh has the following form:

1<k m]|.

LIX;jp 1<k <m 1 <i,j <p)

3

Det ()(l]/e) 1<4,/<p

Therefore n*(f') can be written in the form ¢ [T}~ | (Dety,)"* where ¢ € L m,€Z
and Dety, = Det (le k) 1<ij<p
the relation j*(Det ) = 1. Therefore

f=7 ") el
Moreover we have an injection Pic(Z) — Pic(P). And P is an open set in
(Mn 7). We hence have a surjection Pic((Mn Z)m> —> Pic(P). But the Pi-
card group of (M 7)” is trivial. Therefore Pic(Z) = {0}. Since L[X]* = L", by

lemma[9] we have an exact sequence

for 1 < 4 < m. But, by definition of j, we have

0 — Pic(Z) — Pic(Z)?Y — Br(L) —
— Ker (HX(9,L(2)*) —» H*(, Div(Z))) — H'(¥, Pic(Z)).

We get an isomorphism
Br(L) = Ker (H*(9,L(2)") > HX(¥, Div(Z))).
Therefore A comes from Br(L). O

Lemma 11. — With notation as in proposition [} if A is an element of P (F)
corresponding to a point of codimension one of AJ, then there exists B € P (K) such
that we have BN\ F = A, the map

H'(c, Q/Z)— H' (x3 Q/Z)

is injective and the ramification index eg,; = vg(n4) = 1 (for vg the valuation
corresponding to B, and  ; an uniformizing element of A).

The proof of lemma [TT], which uses (H2) is based on the following lemma
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Lemma 12. — Let L be a field over k, we denote by § a primitive p-th root of unity.
La VW, Xel* A ZAE(V,W) and 7 = Zyx Let BE P (L) such that V, W, X
belong to B and at most one of the V, W, X belongs to Mg, the maximal ideal of B.
Then there exists B' € P (L(Z)) above B such that the morphism H 1 (xp Q/Z)—
H'(x g Z) is injective and such that the ramification index of B over B is 1.

Proof. — The algebra A is generated by two generators 7 and J with the relations
I? =V JP =W and IJ] = ¥JI and has therefore the basis (Ik]k) ogj<p—1 - If

0<k<p—1
Vg (L), let L' = L[T)/(T? — V), otherwise let L' = L and T be a p-th
root of V. The field L' is a splitting field for 4. We define an isomorphism
AL = MP(L/) by sending I to the diagonal matrix D(Z£7;..., %~ T) and J
to

0 ........ o w
1 0 ........ 0
0O 1 O 0
0 0O 1 O
Therefore, if y € A® L()/j’ ) 0<j<p—1 1s given by y = Z Y /eljjk , the image
0<k<p—1 0<<p—1
0<k<p—1
of y in the ring Mp(Ll(yj’/e) 0<j<p—1 ) 1s M, = (mj,k> 0<j<p—1 Wwhere
0<k<p—1 0<k<p—1

i i(p—1 —1 .
ik = W(J’O,p+j—k e +J’p—1,p+j_k2](l)_l)Tp_l) otherwise

Det(M),) is then a polynomial defined over Z, which, by definition, gives the
reduced norm on 4. Therefore the equation of Z is given by Det(My) —X=0
and

L(Y)=Fr (Lb’j,/e] 0<j<p—1 /(Det(M},) —X)) .
0<k<p—1
Let

By = B[y, 4] o<j<p—1 /(Det(M,) — X).

0<k<p—1 !
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This is well defined: the coefficients of the polynomial Det(M,) — X are in B,
since J; W, X € B. Let mg be a uniformizing element for B. We have

By/(np) = xp k) 0gi<p—1 /(W)-
0<k<p—1

The polynomial Det(M},) is given by the same computation over the residue field
k. And by hypothesis the only possible cases are the following ones:
(a) None of ;WX is in .}, then (Det(M},) —X) is the equation of the
norm variety corresponding to the central simple algebra 4¢(¥, W) and to
X where V, W, X are the images of ;W X in xp

(b) It W € .4 but neither of // X is in .4 then Det(M},) becomes equal to

the determinant of a lower triangular matrix over an extension of xg which
splits the polynomial 77 — 7" and we get the following equality in x5 ;i )

p—1
Det(M,)—X = [] (0,0 +y1,08T +-- +J’p—1,0’3j(P_1)Tp_l> —X.
7=0
We obtain the equation of ¥ X A‘Zg)_l) where Y is geometrically integral.
Y is, in fact, birationally isomorphic to the Severi-Brauer variety corre-
sponding to 4¢(V, X)
(c) We assume that V" € .#p but neither of W] X is in .#. We may exchange
V and W in the definition of Z and this case reduces to the preceding one.
(d) If X € A4 but neither of /] W is in A g, we have

Det(M},) —X= Det(My).

We get a variety which becomes isomorphic over ¥z, an algebraic closure
of kg, to the subvariety of M, (xg) defined by Det(M) = 0. This subvariety
is integral.
Therefore in each case 86/ (mp) is the ring of functions of a geometrically integral
variety over xg. Thus B6/ (mp) is integral and (wp) is a prime ideal of B6. Let
B = B6(7TB). B is a local ring and, since ./ o = (mp) B is a discrete valuation
ring of rank one. Moreover B'N\L = B, Fr(B') = L(Z)

algebraically closed in x 5 the residue field of B’ therefore

» e p = 1 and xp is

H' (x5 QZ)— H' (x, Q2).
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of lemmallll — Since A corresponds to a point of codimension 1 of A7, at most
one of Xj,..., X, is in .# . Since (H2) is satisfied, we see that, by removing if
necessary terms of the form s , we can reduce to the case where, for each j, at
most one of the V]-, VV]», }§ is in .# ;. We shall prove by induction on £ < 7 that

there exists B, € Z(F(Z;)...(Z})) such that B, F = 4, eg,/q =1 and the map

H' 1y QZ)— H' (x5, Q/Z)

is an injection. For £ = 0, A verifies the conditions. If it is true for k£ < m,
we may use the construction of the preceding lemma to obtain By, |, because
Vit Wii1» Yir1 €4 =B, N F and at most one of them belong to ///B/e.

The ring B = B,, satisfies the conditions we wanted. O

Completion of the proof of proposition[] — Let X € Br,,.(K). By lemma we
know that X € Im(Br(F) — Br(K)). Let ) be an element of Br(F) whose image
ish. Let 4 € Z(F) corresponding to an irreducible divisor of A}, By lemma [IT]
there exists B € Py above A such thateg,;, = 1 and

H'(c, Q/Z)— H' (k3 Q/Z)
is injective. Therefore we have a commutative diagram:

Br(F) — Br(K)

ldy 195
H' (¢, Z) — H'(xp QZ)

where the bottom line is injective. Since dg(A) = 0, we get that d AO\/> =0. Thus

)\/ (& ﬂ KCI' aA
e

But, as in [CT], using an induction on 7 one can check that, since £ is alge-
braically closed of characteristic 0,

ﬂ Ker aA = {0}
e

Therefore Br,,.(K) = {0}. O
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Example 2. — To get an example with § 7( S Joe» We need to take 2 > 6. If n =6,
S=<uy Nuy Nug+uyNusANug > verifies S #Sdec and we have

1<j<l<m<6

GLm) 1(123),(45.6),

u\l//\u\z//\u;/—uz//\u;//\ug >

1<j<l<m<6

GLm) 1(123), (456,
(”\1/ —uZ/) A (ug + ”\5/) A (u\3/ + ug) >

Therefore (H1) and (H2) are satisfied.

SJ‘ = <uj\~//\u}//\u; for {

<uj\~//\u}//\u2 for {

Example 3. — We shall now give other examples with 7z = 6.
Let gy =uy Nug Nug+us NugNug+ug NugNug
D=y NusNug+ug NugNug+ug Nuy Auy
hy =1y Ny Nug.

Let us prove that, if s = {¢1}, {g. 2}, {g1,#1} or {g, 1> by}, the subspace S
generated by s verifies (H1), (H2) and § 7( S e

o We first prove that S verifies (H1) and (H2). If 55 = {g1, b1, b5} and S
is the subspace generated by s then

1<j<l<m<6
= <uj\~//\u}//\u;for (L, m) ¢{ (1,2,3),(3,4,5),(1,5,6),
(1,3,5),(24,6)},

So

ul/\uz/\u3 u3/\u4/\u€/
u3/\u4/\u5—u5/\u6/\u1
1<j</<m<6
<u}//\u}/AuX¢for (]/m ¢{ (1,2,3),(3,4,5),(1,5,6),
(1,3,5),(2,4,6)},

u\3/ A (”\1/ + u;/) A (ug + u}f),
”\5/ A (u\l/ + u},/) A (uZ/ + ”\6/) >

Therefore S verifies (H1) and (H2). This implies (H1) and (H2) in the cases
s={g;} and s={g}, b, }. Indeed, for s = {g; }, we have

SL =<S ,141 /\143 /\145,142 /\144 /\I/t6 >
and for s = {gl,hl},we get

St =< Sg,ud Au Auf >
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For s = {¢1, 4>}, we have:

1 j<[<m<6
SJ‘ = <u]\-//\u>//\u7\7/zfor (G, bm ¢{ (1,2,3),(3,4,5),(1,5,6),
(2,3,4), (4 5,6),(1,2,6)},
u\l//\u}//\u3 u3/\u4/\u%
u3/\u4/\u5 us/\ué/\ul,
uz/\u3/\u4—u4/\u§//\u6,
u4/\u5/\u6—u6/\ul/\u2
1<]<Z<m 6

= <u]\//\u}//\u)/nfor Ghm)g{ (1,23),(3,45).(156),
(2,3,4),(45,6),(1,2,6)},
u},/ A (“\1/ + ug/) A (u}/ + uz),
u% A (u\l/ + u\3/) A (u}f + u%/),
uj /\(u}/+u\6/)/\(u§/+u¥),
ug/\(ug+u>}/)/\(u\1/+u;/)>.

o We shall now prove that § # S,,,. First we remark that an element ¢ €
AU may be written in the form ¢ = # Av with # € U and v € AU if
and only if there exists # € U — {0} such that ¢ A = 0. Let ¢,0,7,8 € F,
g =og) +Bg +vhy +0hy, ay,ay, a3, a4 a5,a5 € Fp and # = Z a;u; We are

1<k<6
interested in the equation:
0 uNg=0.
Let us compute #, Ag for 1 <A< 6
uyNg = aug NugNugNus+Puy Nuy Nug ANuy
HPuy NugNus Nug+3uy Nuy Nug Nug
uyNg = auy NugNugNug—oauy Auy Nus Nug
+Puy Nug Nus Nug—yuy Nuy Ausy Aus

usNg = —ouy Nug Nug Nug+Buy Nuy Nug Nug
+Puy Ny Nug Nug—duy Nug Ny Nug
ugNg = —auy Nuy Nug Nug—ouy NugNus Nug
+Buy Ny Nug Nug+yuy Nug Nug Nus
usNg = —ouy Nuy Nug Nus—Puy Nug Ny Nus
+Puy Nuy Nus Nug+3uy Nugy Nus Nug
ugNg = —ouy Nuy Nug Nug—oaus NugyNus Nug

—Buy Nugy Nugy Nug—yuy Nug Nug Aug.
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Therefore () is equivalent to the following system of equations:

alp—aze = 0 ajo+agy 0
—ayy—aso. = 0 —azo—agy = 0

azB—agn = 0 —a30—agB = 0

ad+asp = 0 aB+asd = 0
—ayn+asp = 0.

Let us first consider the case s = {g, /1, h»} and S =<s>. If S = S .. then there
exist o, 7,0 € F, with @ # 0 and # € U — {0} such that

We may assume ¢ = 1. Then, solving the system of equations with # = 0 and
o =1, we find # = 0 and get a contradiction. Thus § # .. From this we also
deduce that dim(S/S,.) = 1 if s = {g|, b1} or s = {g}. For the case s = {g, 5o},
we resolve the system with y = 8 = 0 and find that (ag; + Bg,) Az = 0 implies
agy + Bgy = 0 or # = 0. Therefore Sy, = {0}. To sum up, we have found the
following examples:

s dim § | dim S,
g1 1 0
a1 P 2 1
a1 hp by 3 2
&8 2 0

Moreover one can show that
S=<uy Nuy Nuz+us NugNus+us NugAuy >

is not in the same orbit under the action of GLG(Fp) as the subgroup used in

example 1. See [Re] for details.

4.3. Examples with non-trivial Hér(K, y?4). — In this case we assume p =2
and use the following result of Jacob and Rost on the quadratic forms [JR, page
555]. We recall that the z-fold Pfister form << 4y,...,4, >> is the quadratic
form

<lL,—a;>®---®<1l,—a,>.

Theorem 8 (Jacob and Rost). — Let L be a field of characteristic prime to 2, let

O be a 4-fold Pfister form << ay, ay, az, ay >> and let L(D) be the function field of
the quadric associated to ©. Then we have

Ker(H*(L, Z/2Z) — H*(L(®), Z/2Z)) = {0, (a;) U (25) U (a3) U (a4)}.
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As in section [4.2 we assume the following:
(H1) We may choose a basis sy,...,s,, of §L such that each s may be written
as ul)j/\uz,j/\uij/\uéjwithu/e,je UYfor1<k<4and]l <j<m.

We then let U, j represent the image of #;, jinF */F*2. Set

q)j':<< Ul,]’ Uz’j, U3)], U4’j >>

and let K = F(P)(D,)...(D,,), the function field of a product of quadrics.

Proposition 9. — K is unirational over k, but if S 7( S Joc then H 27(1(, H?Zf) 7! {o}
and K is not stably rational.

The proof is similar to those of the other cases. Under an hypothesis similar
to (H2), it is possible to prove that in this case Br,,,.(K) = {0}. However we have
not been able to prove that the field K verifies H> (K, u®?) = {0}.

Example 4. — We may take » = 8 and
S=<uy Nuy Nuzg Nugy+us NugNuy Nug >.

I would like to thank Colliot-Thélene who supervised this work. I seize also the
opportunity to thank the Ecole Normale Supérieure and Harvard University for their
support during the elaboration of this paper.

References

[Am]  S. A. Amitsur, Generic splitting fields of central simple algebras, Ann. of Math. 62
(1955), 8-43.

[Ar] J. K. Arason, Cohomologische Invarianten quadratischer Formen, ]. Algebra 36
(1975), 448—491.

[SGA4] M. Artin, A. Grothendieck, et J.-L. Verdier, Théorie des topos et cohomologie
étale des schémas (1963-64), Lectures Notes in Math., vol. 305, Springer-Verlag,
Berlin, Heidelberg and New York, 1973.

[Bo] E A. Bogomolov, The Brauer group of quotient spaces by linear group actions,
Izv. Akad. Nauk SSSR Ser. Mat. 51 (1987), n°® 3, 485-516; English transl. in
Math. USSR Izv. 30 (1988), 455-485.

[CT]  ]J.-L. Colliot-Thélene, Formes quadratiques multiplicatives et variétés algébriques :
deux compléments, Bull. Soc. Math. Fr. 108 (1980), 213-227.

[CTO] ]J.-L. Colliot-Thélene and M. Ojanguren, Variétés unirationnelles non ra-
tionnelles: au-deli de l'exemple d’Artin et Mumford, Invent. math. 97 (1989),
141-158.



[CTS]

UNRAMIFIED COHOMOLOGY AND RATIONALITY PROBLEMS 27

J.-L. Colliot-Théleéne and J.-J. Sansuc, La descente sur les variétés rationnelles, 11,

Duke Math. J. 54 (1987), n° 2, 375-492.

G. Hochschild and ].-P. Serre, Cohomology of group extensions, Trans. Amer.
Math. Soc. 74 (1953), 110-134.

B. Jacob and M. Rost, Degree four cohomological invariants for quadratic forms,
Invent. Math. 96 (1989), 551-570.

J. S. Milne, Etale cohomology, Princeton Math. Series, vol. 33, Princeton Uni-
versity Press, 1980.

P. Revoy, Trivecteurs de rang 6, Bull. Soc. Math. Fr. 59 (1979), 141-155.

D. ]. Saltman, Noethers problem over an algebraically closed field, Invent. Math.
77 (1984), 71-84.

J.-P. Serre, Cohomologie galoisienne, Lecture notes in Math., vol. 5, 1973.

A. A. Suslin, K-theory and . -cohomology of certain group varieties, Algebraic
K-theory, Adv. in Soviet Math., vol. 4, AMS, Providence, 1991, pp. 53-74.

1993

EmmanueL Pevrg, Institut Fourier, UFR de Mathématiques, UMR 5582, Université de
Grenoble I et CNRS, BP 74, 38402 Saint-Martin d’'Heres CEDEX, France
Url:http://wwwu-fourier.ujf-grenoble.fr/ “peyre

e E-mail : Emmanuel .Peyre@ujf-grenoble. fr






	Unramified cohomology and rationality problems
	1. Unramified cohomology: definition and basic properties
	2. Characterization of unramified elements using the exterior algebra
	3. Proof of Theorem 2
	4. Construction of non-rational fields
	References


