UNRAMIFIED COHOMOLOGY OF DEGREE 3
AND NOETHER’S PROBLEM

by
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Abstract. — Let G be a finite group and W be a faithful representation of G
over C. The group G acts on the field of rational functions C(##). The question
whether the field of invariant functions C(J) is purely transcendental over C
goes back to Emmy Noether. Using the unramified cohomology group of degree
2 of this field as an invariant, Saltman gave the first examples for which C(/ &
is not rational over C. Around 1986, Bogomolov gave a formula which expresses
this cohomology group in terms of the cohomology of the group G.

In this paper, we prove a formula for the prime to 2 part of the unramified
cohomology group of degree 3 of C(W )G, Specializing to the case where G is a
central extension of an F,-vector space by another, we get a method to construct
nontrivial elements in this unramified cohomology group. In this way we get an
example of a group G for which the field C(W )G is not rational although its
unramified cohomology group of degree 2 is trivial.
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2 EMMANUEL PEYRE

Résumé. — Soit G un groupe fini et W une représentation linéaire fidele de
G sur C. Le groupe G agit sur le corps de fonctions C(J¥). La question de sa-
voir si le corps des fonctions invariantes C(W )G est rationnel sur C remonte 2
Emmy Noether. En utilisant le groupe de cohomologie non ramifiée de degré 2
comme obstruction, Saltman a donné les premiers exemples de groupes pour les-
quels C(W )G Nest pas une extension rationnelle de C. Vers 1986, Bogomolov
donna une formule qui exprime ce groupe de cohomologie en termes de la coho-
mologie du groupe G.

Dans ce texte, nous démontrons une formule pour la partie premiére 4 2 du
groupe de cohomologie non ramifiée de degré trois de C(WW )G. Dans le cas ot G
est une extension centrale d’un espace vectoriel sur F, par un autre, nous obtenons
une méthode pour construire des éléments non nuls dans ce groupe de cohomo-
logie non ramifiée. Nous utilisons alors cette procédure pour obtenir un exemple
de groupe G pour lequel le corps com)©

de Brauer non ramifié est trivial.

n'est pas rationnel, alors que son groupe
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1. Introduction

For any function field K over C, the unramified cohomology groups
Hflr(K, Q/Z) are subgroups of the Galois cohomology groups H'(K, Q/Z)
which are trivial if K is purely transcendental over C. If K is the function
field of a smooth projective variety X over C, then the group HL.(K, Q/Z) is
isomorphic to Hom(m; (X(C)), Q/Z), which is trivial if X is unirational, and the
group Hr%r(K, Q/Z) is isomorphic to the Grothendieck-Brauer group Br(X). An
avatar of this invariant was used by Artin and Mumford in [ArMul] to construct
examples of unirational varieties over C which are not rational. The higher
unramified cohomology groups were first introduced by Colliot-Thélene and
Ojanguren in [CTO] to produce new examples of such varieties. Other examples
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based on these unramified cohomology groups of higher degree were produced
by the author in [Pel].

Let G be a finite group and /¥ be a faithful linear representation of G over
a field £. The action of G on /¥ induces an action of G on the function field
k(W). A natural question, first raised by Emmy Noether [No, p. 222], is to de-
termine whether the field of invariant functions £() is purely transcendental
over k. By the no-name lemma [BK| lemma 1.3], if /7 and W " are two faith-
ful representations of G over £, then k(W & W /)G is rational over both £(W)¢
and £(W')C. Thus the stable rationality of £(WW )G over £ does not depend on
the choice of W. In 1969 and 1972, Swan and Voskresenskii constructed ex-
amples for which Q(W )G is not rational over Q (see [Sw] and [Vol). However
their method do not work over an algebraically closed field of characteristic 0. In
1984, Saltman gave the first example of a group G such that C(W )G is not sta-
bly rational over C using the unramified cohomology group Hfr(C( W), Q/Z)
as an obstruction. In a subsequent work [Bol] Bogomolov made an in-depth
study of this cohomology group. More precisely he proved that there is a natural
isomorphism

N Ker(H*(GQZ)— H*(B,Q/Z)) —= HL(C(W)®, Q/Z)
BG%G

where %, denotes the set of bicyclic subgroups of G, that is the set of subgroups
of G which are a quotient of 7> Using this isomorphism, he was able to compute
explicitly this cohomology group when G is the central extension of an F,-vector
space by another and thus to produce new examples of finite groups G for which
C(W)Y is not stably rational over C.

The aim of this text is to present similar results for the unramified cohomology
groups of degree 3. Theorem [3.1] gives an isomorphism up to 2-torsion from a
quotient of a subgroup of H3(G, Q/Z) to the group Hr?r(C( W)Y, Q/Z). When
G is a central extension of an F -vector space by another, we use this formula to
get a description of a subgroup of this unramified cohomology group in terms
of linear algebra (see theorem [5.4). Then we use this construction to produce a
group G such that C(W)? is not stably rational over C although the unramified
cohomology group Hfr(C(W )G, Q/Z) is trivial.

The possibility of extending the work of Bogomolov to higher degrees was
first hinted to the author by ].-L. Colliot-Thélene around 1990. The first steps
toward this generalization were made by Saltman in [Sa2] where he proved that
the unramified cohomology group in degree three is contained in the image of
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the inflation map
H3(G,Q/Z) — H3(C(W)°, Q/Z).

In [Bo2], Bogomolov gave a first description of the inverse image of H2.(C(W)%, Q/Z)
in H3(G, Q/Z) in geometrical terms. In the present paper, we define a subgroup
H3 (G, Q/Z) of the group H(G, Q/Z) purely in cohomological terms and show
that it coincides with the inverse image of the unramified cohomology group.

One of the main difficulty which remained was to describe the kernel of the
inflation map. In [Pe3], we proved, extending ideas of Saltman [Sa2], that there
is a natural exact sequence

0 — CH%(C) — H (G Q/Z(2)) — H>(C(W)°, Q/Z(2))

where CHZG(C) denotes the equivariant Chow group of codimension two of a
point. The main step of the proof of theorem [3.1] relates the image of CH%;(C)
with the permutation negligible classes introduced by Saltman in [Sa2].

In section [2] we introduce the notation used in the rest of this paper, sec-
tion 3 is devoted to the formula describing Hr?r(C( W%, Q/z) up to 2-torsion
and section [4] contains its proof. In section [5] we consider the case of a central
extension of an F,-vector space by another one. The last section is devoted to
the construction of an explicit example.

[ am very thankful to the referee who pointed out many weaknesses of a former
version of this paper.

2. Definitions
Let us fix some notation for the rest of this text.
Notation 2.1. — Let k be a field of characteristic 0, £ be an algebraic closure of

k. For any positive integer 7, we denote by p,, the #-th roots of unity in £ and
for j in Z we put

() e, i£i>1,
v = Z/m ifj=0,

Hom(yg_j, Z/nZ) ifj<0.
For i > 0, we consider the Galois cohomology groups

H' (k1) = H (Gal(k/k), p¥)
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as well as their direct limits

H' (kb Q/Z(j)) = lim H' (k7).

n

If V' is a variety over &, we also consider the étale sheaves H;?j and Q/Z(j) on V.

For any function field over £, that is finitely generated as a field over £, we
denote by Z?(K/k) the set of discrete valuation rings A4 of rank one such that
k C A C K and such that the fraction field Fr(4) of A4 is K. If A belongs to
P (K/k), then let x 4 be its residue field and, for any strictly positive integer i
and any j in Z,

9y H (K u&) — H ™ (1, u21

be the corresponding residue map (see [CTO, p. 142]). They induce residue
maps

9.4+ H' (K, Q2()) —~ H'™ (c QZ(j—1).
We then consider the unramified cohomology groups defined by
: ‘ J - :
HiWKQZ()= () Ker B (KQ/Z() 5 H ™ (0 /Z(~1) ).
A€ P (K/k)

In particular, the unramified Brauer group may be described as

Bro 4 (K) = Hy (K, QZ(1)).

We shall omit £ from the notation when the field £ is clear from the context.

Let us also recall that two function fields K and L are said to be stably isomor-
phic over £ if there exist indeterminates Uy,..., U,,, T},..., T, and an isomor-
phism from K(Uj,..., U,,) to L(T},..., T,) over k. By [CTO, proposition 1.2],
if K and L are stably isomorphic over £, then

In particular, if £ is algebraically closed and K stably rational over £ then

Hflr(l(, ng ) is trivial.

We shall also use the equivariant Chow groups as defined by Totaro [Tol defi-
nition 1.2], Edidin, and Graham [EG, §2.2].

Definition 2.2. — Let G be a finite group and ¥ a faithful linear representation
of G over k. For any strictly positive 7, let U, be the maximal open set in /"
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on which G acts freely. We have that codimy»(W” —U,) > n. If Y is a quasi-

n
projective smooth geometrically integral variety equipped with an action of G

over k, the equivariant Chow group of Y is defined by

CH(Y) = CHY (Y x Uy,,)/G)
where (Y X U, ,1)/G is the geometric quotient of ¥ X U;,; by G. We put
CHY; (k) = CH;(Speck), where the action of G on Speck is trivial, and define
Pic(Y) as CHL(Y).

By [Pe3, definition 3.1.3], if £ is algebraically closed, the étale cycle map in-
duces a natural cycle map
cl, : CH% (k) —» H¥71(G, Q/Z(:))

such that, by [Pe3} example 3.1.1],

cly : Picg(k) = H'(G, Q/Z(1))

is an isomorphism.

As indicated in the introduction, one of the main problem to compute the
unramified cohomology is to determine the kernel of the inflation map

Ker (H(G Q/Z(2)) — H (COW)©, Q/Z(2))).

More generally, let us recall the notion of geometrically negligible classes, due to
Saltman, which is a variant of the notion introduced by Serre in his lectures at

the College de France in 1990-91 [Sel].

Definition 2.3. — If G is a finite group, M a G-module and £ a field, then
a class A in H'(G, M) is said to be totally £-negligible if and only if for any
extension K of £ and any morphism

p:Gal(K'/K)— G

where K is a separable closure of K, the image of X by p* is trivial in H’ (K, M).
The class ) is said to be geometrically negligible if £ = C.

Remark 2.4. — As was proven by Serre (see also [Sa2| proposition 4.5]), the
group of geometrically negligible classes in H’ (G, M) coincides with the kernel
of the map

H (G,M) — H (C(W), M).
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In what follows, we shall be interested by the case where i = 3 and M =
Q/Z(2). We shall also assume that # = C. The map e : Q — C defined by
e(x) = exp(2imx) induces an isomorphism from Q/Z to Q/Z(1). In the rest of
this paper, we shall write explicitly the twist for the cohomology of the fields but
use Q/Z as coeflicients for the cohomology of finite groups, since the definition
of a G-module Q/Z(:) depends on the choice of a morphism from Gal(K*/K)
to G for some field K.

Definition 2.5. — We define the group of permutation negligible classes as

21) HAGQZ)= Y. Coresf (Im (' (2% B, Q/Z))).
HCG

where the cup-product on the right is given by the commutative diagram
H'(GQZ) x H(GQZ) — H*(GZ)x H*(GZ)
(2.2 |u |u
HY(G,Q/2Z) ~ HY2(G,2)

where i > 1and;j > 1.

Remark 2.6. — This group was first introduced by Saltman who defined it
using permutation modules [Sa2, p. 190] and proved that it may be described as

H2(G Q/Z) = Ker(H (G Q/Z) — H(G,C(W)")),

where the map on the right-hand side is induced by the natural injection
Q/Z(1) — C(W)* [Sa2, proposition 4.7]. In [Pe3l pp. 196-197], we prove
that this group coincides with the one defined by the formula 2.1).

Finally we shall also need to pull back the residue maps to the cohomology of
G.

Definition 2.7. — For any subgroup H of G and any element g of the central-
izer Z;(H) of H in G, we define a map

g+ H(G,Q/Z) — H (H Q/Z)

as follows: let I be the subgroup generated by g. The natural morphism 7 :
(h,i)— hi from H X I to G induces a map

m*  H>(G,Q/Z) — H>(H X L, Q/Z).
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But the projection pr, : H X I — I induces a splitting of the restriction map
H3(H x I, Q/Z) — H>(I, Q/Z)
defined by the map i, : I — H X I mapping i on (¢ 7). This yields a morphism

H3(H x LQ/Z) 2L Ker(H (H x [, Q/Z) — H3 (L, Q/Z))
given by sy 7 (£) = §&—pr; 045 (£). Using Hochschild-Serre’s spectral sequence [HS]
EY" = HP (H, H(LQ/2)) = HIY(H x [ Q/Z)
and the fact that H2(I, Q/Z) = 0 we get a map
2.3) H(H x LQ/Z) — H*(H,H' (I, /Z)).
But evaluation at ¢ defines an injection
HY (1, Q/Z) —=> Hom(I, Q/Z)— Q/Z
which yields
9: H>(H x I, Q/Z) — H*(H, Q/Z).
The map dyy ¢ s then defined as the composite d o 72* . We define
H2(GQZ)= () Ker(dy )
HcG
g€Z;(H)

Remark 2.8. — In [Bo2, p. 10, definition], Bogomolov defines the notion of
unramified elements relatively to an element ¢ of G. Our definition of the residue
map may be seen as an algebraic version of his construction.

Remark 2.9. — With similar arguments, one can easily define for any subgroup
H of G and any ¢ in Z;(H) a morphism

dpy - H (G, Q/Z) — H' (H, Q/Z) = Hom(H, Q/Z)

and

H(GQZ)= () Ker(9p,).
HCG
gEZG(H)

Let us show that

Hy(GQZ)= () Ker(H*(GQZ)— H*(B,Q/Z))
BG%G

where Z; denotes the set of bicyclic subgroups of G.
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If v belongs to the right hand side, let A be a subgroup of G, let ¢ belong
to Z(H), and let x € H; the group B = (g, x) is a bicyclic group of G and the
functoriality of the Hochschild-Serre spectral sequence provides a commutative
diagram

0
HY(G,QZ) —% HY(H,QZ)

l Resgl l Resg>

d
H?*(B,Q/Z) e ((x), Q/2).

Since Resg(y) =0, for any x in H we have Res@% (aH,g(y)) =0. But H(H, Q/Z)
is canonically isomorphic to Hom(H, Q/Z) and we get that d;; g(y) =0.
Conversely, if y belongs to Hl%r(G, Q/Z) and B is a bicyclic subgroup of G,
then Resg(y) belongs to Hfr(B, Q/Z). But
H*(B,Q/Z) —> Hom(A’B, Q/Z)

(see [Brol p. 127]). The group A?B is either trivial or cyclic generated by an
element of the form # A v. In the latter case, one has that (9(”)’” is injective and

Resg(y) =0.

3. Description of the unramified cohomology group

The first aim of this paper is to prove the following theorem:

Theorem 3.1. — If G is a finite group and if W is faithful representation of G over
C then the inflation map induces a surjective map

H3.(G Q/Z)/H3 (G, Q/Z)— HA(C(W)%, Q/Z),
the kernel of which is killed by a power of 2.

Remarks 3.2. — (i) If G is of odd order, the above map is an isomorphism.
However, in [Sa2, theorem 4.14], Saltman gave an example of a 2-group for
which the kernel of this map is not trivial.

(ii) Using remark [2.9] Bogomolov’s theorem for the unramified Brauer group
[Boll, theorem 3.1] could be stated as

HL(G,Q/Z) = HL(C(W), /Z).
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4. Proof of the main theorem

We shall first recall the result relating the geometrically negligible classes to the
equivariant Chow group of codimension 2.

Notation 4.1. — 1If V' is a variety over a field £ of characteristic 0, @) denotes
the set of points of codimension p in V. For any x in V' ?) lee x(x) be its residue
field. We also denote by e%’gi (y.;?j ) the Zariski sheaf corresponding to the presheaf
mapping U to Hi(U, p;?j ). We define similarly the sheaf 577 (Q/Z(j)) and H;
the Zariski sheaf corresponding to the presheaf mapping U to K;(U), the i-th

group of Quillen K-theory.
We denote by |X| the cardinal of a set X.

The following proposition follows from theorem 2.3.1 in [Pe3], but we shall
now give a direct proof of it which is due to Colliot-Thélene.

Proposition 4.2. — Let G be a finite group, W be a faithful representation of G
over C, and U be an open subset in W on which G acts freely. We assume that
codimy, (W — U) is bigger than 4. Then there is a canonical exact sequence

0 — CHZ%(C) —» H>(G,Q/Z) — HY,, (U/G, %?(Q/Z(z))) —0
Proof. — Let X = U/G. By [CT, (3.10)], the Bloch-Ogus spectral sequence

[BOJ yields an exact sequence
(4.1) 00— Hy, (X, A3 (u$*) = Hy(X, u$?)
— HY, (X, A5 (u2%)) — CH*(X)/n — Hyp(X, 1 2%).
By [CT}, (3.2)], there also is an exact sequence
42) 0> H'(X, J)/n— H' (X, 45 (u2%) — CH*(X), — 0

which follows from an argument of Bloch and Ogus and from the Merkur’ev-
Suslin theorem. Since we assumed that codimy (W — U) > 4, the definition of
the Chow groups gives the equality

CH?(U) = CH*(w) = {0},
the Brown-Gersten-Quillen spectral sequence Q) §7.5] yields that
H\(U, ) = H' (W,06) = {0},
and the Bloch-Ogus spectral sequence implies that
Hy, (U A (%)) = Haoo W A (157) = 0.
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But using a restriction-corestriction argument (see e.g. [Ro, p. 330 and the proof
of theorem 7.1]) for the map 7 : U — U/G, we get that the corresponding groups
for X are killed by |G|. In particular, this implies that

limCH*(X)/z=0 and limH'(X, #)/n=0.
— —
n n
Taking inductive limits, the exact sequence provides en exact sequence
0 — Hy, (X, HHQZ(2))) = HYX, Q/Z(2)) — Hy (X, A3 (Q/Z(2)) — 0
and the exact sequence yields an isomorphism
Hy, (X, 7 (Q/Z(2))) = CH(X),

By definition of the equivariant Chow groups we have that CH?(X) is CHZG(C).
We get an exact sequence

0 — CH%(C) = H2 (X, Q/Z(2)) — HY, (X, 72 (Q/Z(2))) — 0.

By [Pe3, Lemma 3.1.1], the Hochschild-Serre spectral sequence yields an iso-
morphism

H}(X, Q/Z(2) = H (G, Q/Z(2)). O

To get the group of geometrically negligible classes in H>(G, Q/Z), it remains
to compute the image of CH%;(C) in that group.

Proposition 4.3. — If G is a finite group, then the prime to 2 part of the group of
geometrically negligible classes in H 3(G, Q/Z) is contained in the group Hs (G Q/Z)
of permutation negligible classes.

Remark 4.4. — The fact that the group HS (G, Q/Z) is contained in the group
of negligible classes was first noted by Saltman [Sa2) proposition 4.7 (b)]. We

give a new proof of this fact for self-completeness.

Let H be a subgroup of G and W be a faithful linear representation of G.
There is a commutative diagram

H'(H Q/Z)® HX(H, Z) —— H3(H Q/Z) — H>(C(W)H,Q/Z(1))

| |

HY(H,C(W)*)® H*(H,Z) H}(C(H,G,,).
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Let poo be the group of the roots of unity in C. Since the group cw)/ Koo
is a Q-vector space, the vertical map on the right of the previous diagram is an
isomorphism. By Hilbert’s theorem 90 the group H L(H, C(W)*) is trivial. Thus
the image of the cup-product in H>(H, Q/Z) is contained in the subgroup of
negligible classes. Using the commutativity of

H3(HQZ) — H3(C(W),Q/z)
l Cores; l Cores
H3(G,Q/Z) — H>(C(W)’,Q/Z)
we get the inclusion H2(G, Q/Z) C Ker(H> (G, Q/Z) - H*(C(W)®, /Z)).

Proof of proposition[4.3. — Let p be a prime factor of |G| and G, be a p-Sylow
subgroup of G. By the definition of permutation negligible classes (2.1), we have
that

Coresgp (H2(G,, Q/Z)) C H(G,Q/2).

We also have commutative diagrams
H(GQZ) —— H(C(W)%, Q/Z)

G G
Res Res
|, v,

H (G, QZ) — H(C()%, QZ)

and
H(G,QZ) — H*(G,Q/Z) — HX(C(W), Q)
L Coresgp l Coresgp ‘/ Cores

H3(GQ/Z) — H(G,QZ) — H(C(W)°,Q/Z).

If the top sequence is exact, then the fact that Coresgp OResgp is the multipli-

cation by the integer [G : GP] and a simple chase in the diagrams gives that the
p-primary part of the bottom sequence is exact. Hence we are reduced to the case

where G is a p-group for p an odd prime.
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It is well known that the group CH%;(C) is generated by Chern classes of
representations of G (see [EKLV, appendix C], [Tol p. 257], and [Pe3, corollary
3.1.9]).

Till the end of the proof, if i > 1, we identify H* (G, Q/Z) with H*(GZ)
via the coboundary map. For any %,y in H'(G, Q/Z) we denote by xy the cup-
product x Uy defined by the commutative diagram (2.2).

By [CTSS| corollaire 1, p. 772], the map CHZ(C) — H?>(G, Q/Z) which
appears in the exact sequence of proposition 4.2 coincides with the cycle map
cly. Since cl, ocy = ¢, (see e.g. [Fu, proposition 19.1.2]), we get that the group
H>(G, Q/Z) of negligible classes is generated by Chern classes of representations
of G. By the Whitney formula (see e.g. [Ful theorem 3.2 (¢)]), if x and y belong
to Z(G), one has

o(x+y) = (x) + 1 (x)e; () + 6 (7).
By definition (2.I)), we have that ¢;(x)c;(y) € HPS(G, Q/Z). Thus the induced

map
#(6) > H (G Q2/H (G.Q2)

is a morphism of groups. We want to show that this morphism is trivial.

By Brauer’s theorem (see [Se3, §10.5, theorem 20]), Z(G) is generated as a
group by the representations induced from characters of subgroups. It remains
to show that for any subgroup A of G and any character ¥ of H, one has

& (Indfyy) € H (G, Q/Z).

Let Cores® : H! (G, Q/Z) — H?(G,Q/Z) be the map induced by the inter-

mediate transfer map
Ny HX(GZ) - HYG Z)
defined by Evens in [Ev1, theorem 1]. More generally, in [FMP, p. 2] Fulton and

MacPherson defined transfer maps f*(n) for finite étale coverings which they used
to give an expression without denominators for Chern classes of direct images.
Using one of their result [FMP), corollary 5.3]) we get the formula
G.y_ (2)
¢2(Indzy ) = Cores(cy (%)) + Cores*™ (1 (x))
+c (Ind[(_'} 1). Cores(cq (x)) + cz(Indg 1).
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Since y is a representation of dimension 1, ¢;(y) = 0. By [EMP, p. 4], for any z
in H'(H, Q/Z), one has

Cores(z”) — Cores(z)* + 2 Cores? (z)=0.
Since p 7! 2, we get the relation
1
Cores?) (z) = E(Corcs(z)2 — Cores(zz))

and therefore the relation

ep(Indfj ) = 5 (Coresf (e 00)° — Coresfy ey (0?)
+¢1(Indgj 1). Coresf (e (1)) + e (Indfy 1)
It therefore remains to show that for any subgroup H of G, one has
6,(Indfr 1) € H (G, Q/Z).
We shall proceed by induction on [G : H]. If [G: H] =1, then ¢, (1) = 0 and the

result is proven. Let us assume the result for subgroups of index strictly smaller
than p” for m > 1. Let H be a subgroup of G with [G : H] = p”. There exists
a subgroup H; of G such that A is a normal subgroup of H| of index p [Su,
theorem 1.6, p. 88]. We have

6 (Ind§; 1) = ¢, (Indfj, (Ind;! 1)),
We may choose y € Hom(H;, C*) such that H = Kery. Then the induced
representation Indgl 1 coincides with C[H/H] and its class in Z(H) is given

by
Indil 1= 145+t
Using the Whitney formula, we get
6, (Ind% 1) = cz(Indgl (1) +--+ Indgl (™h)
= cz(Indgl (1) +--+ cz(Indgl (@™")) mod H (G, Q/Z).

By induction, we obtain that cz(Indg 1) belongs to Hp3 (G,Q/Z). O

Let us now describe the inverse image in H>(G, Q/Z) of the unramified coho-
mology group of C( WG,

Proposition 4.5. — The group H> (G, Q/Z) is the inverse image in H> (G, Q/Z)
of the group Hsr(C(W) G Q/Z).
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Proof. — We denote by
p: Gal(C(W)/C(W)°) - G

the natural surjection. Let y in Hr?r(G, Q/Z). We want to prove that its
image p*(y) in H 3(C(W)Y, Q/Z) is unramified. Let A be a ring of the set
P(C(W)C/C), as defined in section Bl Let B be an element of Z(C(W)/C)
above 4. We denote by K the field c(w)b, by L the field C(W), by ZB the
completion of L at B, by K "4 the completion of K in ZB’ by L p an algebraic
closure of ZB, and by K 7' (resp. ng) the maximal unramified extension of
K, (resp. Lp) in Lg. Let D be the decomposition group of B in G and
I be the inertia group. We also put 4, = Gal(Lg/K ), 95 = Gal(Ly/Lpg),
1,=Gal(L B/IA( "), and I = Gal(L B/Z?;r). We have the following diagram of
fields

which yields a commutative diagram of groups

Ja T4
@G

i
0 | —~-D_—"opi——o

On the other hand the residue map

HNC)®, Qz(2) 2 HY (e Q/Z(1))
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is defined as the composite of the maps

(4.4) H (K QZ(2) - H (K Q/Z(2))
= HX(G /Ly H (1 QZ(2)) = H (i QZ(1))
where the second map is induced be the Hochschild-Serre spectral sequence
HY (G /1, H1(1, Q/Z(2))) = HIM(9, /Z(2))

(see [CTO, p. 142]). Indeed I ;, which is isomorphic to Z(1) is of cohomolog-
ical dimension 1, and the group H (s ' » Q/Z(n)) is canonically isomorphic to
Q/Z(n—1). The latter fact also gives the last morphism in (4.4).

We are going to relate the Hochschild-Serre spectral sequence for the exact
sequence

(4.5) 0 1 g,

G/, — 0
to the one for the sequence

0 —= I 2= DxI 2% p—~0,
where 7, (a) = (¢, 4) for any a in I. The extension given by (4.5) is central since the
roots of unity are in C. By [Se2| II, §4, Théoreme 2], the field K 4 1s isomorphic
to the field of formal series x 4((77)), the extension K jr/IA( "4 1s isomorphic to the
extension ¥ 4((7))/x4((T)), and by [Se2} IV, §2, proposition 8] the field K 4
is isomorphic to the direct limit hl)nﬁ A((Tl/ ”)). Such isomorphisms induce a

splitting of the central extension described in (4.5).

Using (4.3), we get that / is central in D and the morphism f;; factorizes
through a morphism ¥ : ¢, — D X I: let » be a retraction of the map j 4, then
the following diagram commutes

gA ¢ gA X IA
lfg lfg Xfr
D DxI

where we denote by ¢ the morphism sending ¢ to (¢7(¢)™,7(¢)) and by  :
D x I — D the morphism sending (4, i) to di. Thus we get a commutative
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diagram
0 g, g, 0
N
(4.6) 0—1 2. pxr X . p 0
H L
0 D" DJ 0

which has exact lines and where 7 is the only map making the diagram commu-
tative. For the cohomology groups we have the diagram

H3GQZ) — 2 - H3(D,Q/Z) H3(D x ,Q/Z)
w | s v
H3 (K, Q/Z(2)) — H(K, QZ(2)) — H>(%, QZ(2))

wich commutes by the definition of y and the diagram

H3(L,Q/Z) P2 (Dx1LQ/Z)

lf’* W

0=, Q/Z) ——~ H3 %, Q2)

which commutes since pr, oy = f; o 7. Thus we get a commutative diagram

(4.8)

D % 1Q/Z) ¥ H3 @, /Z(2))

SD’ 1 ‘ ‘

Y @, )

|

H*(G /1, H(1, Q/Z(2)))

Ker(H3(D x I, Q/Z) — H>(I, Q/Z))

H*(D,H (1, Q/Z))
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where the map SD.I has been introduced in definition 2.7] and the vertical maps
in the bottom square come from the Hochschild-Serre spectral sequence. Using
diagrams (4.7) and (4.8) we may choose a generator ¢ of I so that the diagram

g

H(G,Q/Z) H*(D,Q/Z)

(4.9) l l

HCOV)S, Q/Z(2) ~H H2 (e Q/Z(1))

commutes. Therefore d 4(y) = 0 whenever y belongs to Hr?r( G,Q/Z) and
H3(GQZ) C g~ (Ha (COW)°, /Z(2))).
We now want to prove the reverse inclusion. For any positive integer 7, let

Hém(G, Q/Z) be the inverse image in H* (G, Q/Z) of H' (C(W) G, Q/Z(2)). For

any morphism of groups w: H — G, we have

v (Hy, (G Q/Z)) C Hy, (H Q/Z)

gnr

Indeed let /7 be a faithful representation of G and 7 be a faithful representation
of H. Then W is a representation of H viawand /@I a faithful representation
of H. But we have the following field inclusions

cw)’ ccm ccremw)t,

Therefore, we get a commutative diagram

H3(G.Q/Z) i H(H,Q/Z)

| |

H3(COM)®, QZ(2)) —— B3 (C(V e W), Q/Z(2))

and by [CTO, p. 143] the image by 7 of Hg’r(C(W)G, Q/Z(2)) is contained in
the unramified cohomology group Hr?r(C(V ® W)H,Q/Z(2)). This implies the
claim.

We have to show that for any y in Hgnr(G, Q/Z), for any subgroup H of G,
and for any ¢ in Z;(H) generating a subgroup I of G, we have aH)g(y) = 0.
By the last claim and the definition of d 11 ,» We can restrict ourselves to the case

where G = H X I. In that particular case, let /" be a faithful representation of H
and y be the representation of I defined by the injection /— C* sending g to a
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e(1/|1]) Then W @y is a faithful representation of G. We may consider C(WW @)
as C(W)(T) where T is an indeterminate and define B € Z(C(W @ x)/C) as
the valuation defined by the divisor 77 = 0. Let A be the induced element of

CWwe X)G =CcomH(x |/ |) We now are precisely in the situation described
in the first part of the proof and the commutative diagram from (4.9) may be
written as

H3(G,Q/Z) H*(H,Q/Z)

(4.10) l l

HICW @18 Q/Z) 4 oA (C)H, Q/2).

But it is well known that the group of geometrically negligible classes in
H*(G,Q/Z) is trivial. Indeed, let usy be the group of roots of unity in C, the
group C*/pu, being a Q-vector space, H 2(G,Q/Z) is isomorphic to H*(G, C*)

and there is an exact sequence
0—C*"— C(W) = Div(W)—0

where Div(/) is the free abelian group of the divisors of codimension 1 on /7.
Its natural basis is globally invariant under the action of G. Thus, using Shapiro’s
lemma, we have that H!(G, Div(#)) = 0 and the morphism

H*(G,C*) - H*(G,C(W)")

is injective. The claim then follows from Hilbert’s theorem 90 (see [Se2, X, §4,
proposition 6]). Therefore the vertical map on the right of diagram (4.10) is
injective and, if y belongs to HgSnr(G, Q/Z), then 9y ,(7) = 0. O

5. Central extensions of vector spaces

5.1. The setting. — By a result of Fischer [Fi, p. 78], if G is abelian and W
a faithful linear representation of G over C, then C(WW )G is rational over C.
Therefore the first interesting groups are central extensions of an F,-vector space
by another one. The example considered by Saltman in [Sal] is of this type.
The unramified Brauer group of C(W)¢ was computed for such groups G by
Bogomolov in [Boll, lemma 5.1]. A few preliminary results in degree 3 were
given in [Pe2].
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Notation 5.1. — Let U and V' be two F,-vector spaces for p an odd prime
number and let

0=V —-G-"5U—0

be a central extension of U by ¥ such that exp(G) = p. Without loss of generality,
we may assume that = [G, G] or in other words, that the map y: A?U — V/

defined by
(g1, 82] = 1oy(m(g)) Am(gr))

forany g}, ¢, in G is surjective. By [Brol, SIV.3, exercise 8], this map y determines
this extension up to isomorphism. More precisely, we may choose a set-theoretic
section s : U — G of m such that

(5.1) Vu,u, €U s(uz)s(uluz)_ls(ul) =1 (%y(ul /\uz)) .

Remark 5.2. — If Z(G) # [G, G] then G is isomorphic to a product E X H
where E is the F,-vector space Z(G)/[G, G). Let W (resp. W’') be a faithful

linear representation of H (resp. E) over C. Then W @ W’ is a faithful represen-
tation of G and the field C(W & W) is the compositum of the fields C(// N
and C(W’)E over C. By Fisher’s result, it is rational over C(W). Thus we may
assume that Z(G) = [G, G].

Notation 5.3. — For any F-vector space E we denote by EV its dual. For

any positive integer 7 there is a natural isomorphism (see [Bkil, AIIl, p. 154,
proposition 7])

AN(EY) — (NE)Y
AAAf o (yl A Aoy T, e(o)ﬁ(vg(l))...ﬁ(vo(i))).
From now on, we identify A’(EV) with (A’E)Y and denote it by A’EY. For any
subset F of ANE (resp. A'EY) we denote by F L its orthogonal in A’EY (resp.
N'E).
The surjective linear map y induces an injection
VoY s aAZuY

We also put

K2=y'(rV)cA*UY and K’ =y'(r")AUY c AUV
We put §' = (Ki)J‘ CANUifi=2or3. Let Sgec (resp. Sﬁec) be the subgroup of
$3 (resp 52) generated by the elements of the form # A v for u € AU (resp. U)
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and v € U. We define Krl;lax O K’ as the orthogonal in ANUY ofSéeC fori =2 or
3.

We consider the map
ng: NU' — H (GQ/Z)
defined as the composite map
(5.2 NUY = NH'(UF,) -5 H (UF,) - H (UQ/2Z) 5 H (G.Q/2Z)
where U is the cup-product. It induces a map
(5.3) NUY — H(C(W)°, Q/Z(i — 1))

obtained by composing the maps
ANUY Y 1 (6,Q/Z) — H (C(W)C, Q/Z(i —1)).

5.2. The result. — Let us recall the result of Bogomolov: by [Boll, lemma
5.1], the map defined by (5.3) induces an isomorphism

K2 /K> —=>Br (C(W)®) = HA(C(W)Y, Q/Z(1)).

max

Our aim in this paragraph is to prove the following result:

Theorem 5.4. — With notation as above, the map defined in (5.3) induces an
injection
K2 /K3 — H2 (C(W)¢, Q/Z).

max

Remark 5.5. — In [Pe2, §9.3], we construct an example of a 2-group for which
Ker(A3UY — H3(C(W)©, Q/2)) ¢ K.

This shows that the condition p # 2 is necessary.

5.3. The cohomology of an F -vector space. — Let us first prove a few basic
facts about the cohomology groups of an F,-vector space.

Lemma 5.6. — If p is a prime number and E an ¥ -vector space, then for any
strictly positive integer i, one has

pH' (E,Q/Z) = {0}.
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Proof. — We prove the lemma by induction on the dimension 7 of E. The result
is true if 2 = 0. If » > 1, let £’ be a subgroup of index p in E. We may identify E
with £/ @ F,. Letm, (resp. m;)) be the multiplication by p in H’ (E, Q/Z) (resp.

H’ (E/, Q/Z)). Then my, = Coresf;, o Resg,. But we have

Id i = Resg, ) pri<

(£'.Qz)
where pr is the projection from E to E’. We get

E E E
"y, = CoresE, o ResE, o prT o ResE/

=m, o pri< o Resg/
/ E
= pri< omp o ResE/.

By induction, m;, = 0 and we get that 72, is trivial. O

Notation 5.7. — Let p be a prime number. For any group G and any integer
i >0, let . ‘

S, : H' (G Z/pZ) — H'*\ (G, Z/pZ)
be the Bockstein operator defined as the boundary map associated to the short
exact sequence

0 — Z/pZ —> Z/p*Z—> Z/pZ— 0.

We denote by 8 : H*(G, Z/pZ) — H* (G, Z/pZ) the map defined by the maps o;.
Note that § is a derivation of the ring H*(G, Fp) and that 8% = 0 (see [Ev2, p.
28]).

Let p be an odd prime and £ be an F -vector space. We denote by §* (EV) the

symmetric algebra on the F,-vector EV. There is a unique homomorphism of
algebras
o: A" (EV)® S*(EY) — H*(E, F,)

mapping §'(EV) ® N(EY) in H*%(E,F,), so that the map
AYEY)®F,— H'(EF,)

is induced by the natural isomorphism 7: EY —= H!(E, FP) and the map
F,®S'(E')— H*(EF,)

is induced by the composite map 6o 1. By [AM, corollary I1.4.3], the map p is
an isomorphism of algebras. We also denote by § the derivation p~! 080 p of
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the algebra A* (EV)®S*(EV). It follows from the constructions that for any x in
EY,
(5.4) (x®1)=1Q®x and 3(1®x)=0.

The projection 7y 7Z— FP induces a ring homomorphism

"

We also denote by Jp 2L — QL the natural injection.

H"(E,Z)— H*(E,F,).

Proposition 5.8. — With the previous notation, if i > 0, then the map

. .H'(E,Z) — H'(E, F,)

p
is injective and the groups Im(rp ), Ker(8;) and Im(8;_;) coincide in H'(E, Fp).

Proof. — Since the multiplication by p is trivial in A "(E,Q/Z) for i > 0, it is
trivial in H’ (E, Z) as well. The short exact sequence
7.

Xp b4
0—Z—7Z—F —0

P

induces for 7 > 0 short exact sequences

. 7 . .
0— H'(E,Z) 15 H'(EF,) S BB Z)— 0,

therefore 7 is injective.
*

We have a natural commutative diagram

7.
0 y AR S S B 7 A
o |
7

0 — ZHZ — Z/p*Z — Z/pZ — 0

with exact lines which induces a commutative diagram

0 H'(E,Z) Hi(E,Fp) b H*YEZ) ——= 0

59 e ] 7.

i 2 P« i 5; i+1
H'(EZ/p*Z) — H'(EF,) —> H'*'(EF,)

P
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with exact lines. The commutativity of the left hand square yields the inclusion

2
of Im(rp*) in Im(r‘; ,)» the exactness of the lines imply that

Ker() =Im(r, ) C Im(rgz*) = Ker(3,).

)
But the injectivity of 7, and the commutativity of the right hand square imply
that Ker(8;) is contained in Ker($). Thus Im(rp*) = Ker(3;). Using the cor-
responding diagram for 7 — 1 and the surjectivity of B we get that Im(rp*) =
Im(Si_l).
Corollary 5.9. — Ifi > 1, the morphism

Jp, .H'(E, F)— H'(E,Q/Z)
is surjective and induces an isomorphism from Coker(8;_;) to H "(E,Q/Z).

Proof — Since multiplication by p is trivial in H” (E, Q/Z), the exact sequence

Jp xp
0—>FP—>Q/Z—> Q/Z—0

giVCS an exact sequence
/

HYE Q/z)—— H'(EE,) 2 H(E,Q/Z) — 0
which proves that the map Jp, i surjective and that the cokernel of 8_; is iso-

morphic to H'(E,Q/Z). On the other hand, let y : Q — Q/Z be the map

sending x on the class of x/p; we have a commutative diagram

0 Z Q QZ — 0
Jp Xp
0 F, QZ QZ — 0

with exact lines which yields a commutative diagram

H'(E,Z)
7
H™YE Q/Z) »
~

%1 H'(E,F,).
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For any i > 0 the map H*~1(E,Q/Z) — H' (E, Z) is surjective. Thus Im(8;_;) =
Im(rp*) coincide with Im(Bg_ - O

Notation 5.10. — We denote by ¢, the natural map NEY — H'(E,Q/Z) de-
fined as the composite map

NEY Ll (E, F,)— H'(E,Q/Z)
and by v, the map from §*(EV) to H* ! (E, Q/Z) given as the composite map
SHEYY = S'HY(E,Z) - H¥ (E,Z) = H¥*~Y(E,Q/Z)
(this corresponds to the cup-product defined by (2.2)).
Corollary 5.11. — The following maps are isomorphisms

£V 2L 1Y (5 Q/z),
AEY 2 128 Qr2),
and
MY & s2EY) 2 135 Qz).
Proof. — The map ¢y is the composite of the isomorphisms
EY —=» Hom(E, Q/Z) = H'(E, Q/Z).
By corollary[5.9] the map p induces an isomorphism
o : Coker(EY 25A2EY @ EY) — HA(E, Q/Z)
where, by (5.4), one has 8(x) = (0,x) and o, (x, 0) = &, (x).

Similarly, we have an isomorphism
oy : Coker(AzEV oS (EY)— NEVoAEY ®S! (EV)) — H3(E,Q/Z),
where, since 8 is a derivation with 8% = 0, we get from (5.4) that

((uAv,2)=0uQ@v—vQu)

for any #,v € EV and any 7 in S'(EV). Since p # 2, the quotient EVQEY/N’EY
is canonically isomorphic to §?(E) and we get that o3 induces an isomorphism

7 : NEY @ SHEY) — H(E Q/Z).
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We have that the restriction of 75 to A3EY coincide with ¢3. Using the diagram
(5.3), for any u, v € EV, we have

o3 (uw) :jp*(P(” Qv)) :jp*(‘r(u) Ud(t(v)))
= Jip, (t(2) UB(x(2))) = ¥ () U B(x()) = 5 ()

where the three cup-products correspond respectively to the natural product
maps

F,®F,—>F, FP®Z—>FP and QZ7Z—QZ O

5.4. The inverse image of the unramified cohomology group. — We now
turn back to the proof of theorem To begin with, we shall prove the follow-

ing proposition:

Proposition 5.12. — The inverse image in AUV of the group Hr?r(C( W, Q/Z(2))
coincides with K>

max”

Remark 5.13. — When K? is generated by elements of the form « A v with
# € UY and v € UV, this proposition may be deduced from [Pell, theorem 2]
and [Pe2, proposition 9.4 and lemma 9.3]. For the general case, we shall give a
direct proof based upon proposition

Notation 5.14. — Let E be a vector space of finite dimension over F, and let »
be any non zero element of E. The complex

0—F, 25 E205 A28 20, 20 AdinB)E

is exact and induces by duality an exact sequence

. d , d d d
0—s ASmE Y 2 AdmELpY 2 BV S E 0,
If u=0, we putd, =0.
For any subgroup H of G, let Vzy = VN H and Uy =7(G) C U. We have a

commutative diagram with exact rows
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For any i > 0, we denote by X, : A'U Vo A Ul\n/l the map induced by the
injection Ag;.

Remark 5.15. — The complex (A*U",d,) is the Koszul complex for « consid-
ered as an element of UYY (see [Bki2, §9]).

Lemma 5.16. — Let H be a subgroup of G and g be an element of Z;(H). Let
u=m(g). The following diagram

*

d )
377V u 2717V H 277V
AU NUY —H - AUy,

. |

H3(G,Q/Z) il H*(H,Q/Z)

is commutative.

Proof. — 1f g is trivial, then Iy ¢ and d,, are trivial. Otherwise, let I be the
subgroup of G generated by g. The group / is an F,-vector space of dimension 1
and there is a canonical isomorphism

Ny envyely — ANugern)

(5.6) X+y®i — x+yAi

We denote by pr, : A2UY; — AU, ® IV the projection on the second factor
and by ¢¥ the unique element of I such that ¢V (¢) = 1. Let 7 : Uy x I — U be
the morphism sending (, 7) on Ay () +7(7) and let 72" : AUV - A3(U}\§ ®IY)
be the induced map. Then we have commutative diagrams

Hx] —— G

-

Uy xI Z—~ U
and

AUV 4 AUV

= |

NBwyer) B2 c2uyery
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where the vertical map on the right maps x onto A7;(x) ® g". Therefore, by def-
inition of dp; o it remains to prove the commutativity of the following diagram

NBuyer) —22 - A2uY e

s |

H(H x [, YZ) — H*(H,H'(, /Z))
where the map at the bottom was defined in using the Hochschild-Serre

spectral sequence. But this commutativity follows from the fact that for any
element of A3(UY; @ V) written as x + y Ag¥ with x € A>UY and y € A2U),
one has

st erxr @+ Ag) = Mg )
and the compatibility of the Hochschild-Serre spectral sequence with the cup-
product. O

Proof of proposition — In this proof, we denote by A3 UIX the inverse image
of the group Hr?r(C(W)G, Q/Z(2)) in A3UV. Let H be a subgroup of G. The

Hochschild-Serre spectral sequence for the extension
0—s Vyy— H— Upy — 0
gives an exact sequence

H'(Vy, Q/Z) — H*(Uy, Q/Z) — H*(H,Q/Z)

that is
VY — NUY, — H*(H Q/Z).
By [Pe2, p. 135], the map 7y} — A2UY is given by —yT AU, Its image
coincides with Az, (K 2). Since
Ker(\iy : A2UY — A2UY) = (AU,

for any element y of AU V. one has that ng (W57 () is trivial in H 2(H,Q/Z) if
and only if y belongs to K 24 (AU H)L. Let us also remark that the condition
g € Z(H) is equivalent to y(uAUyy) = {0}. Using Lemma[5.16] proposition[4.3]
and the definition of Hr?r(G, Q/Z), we see that an element y of AUY belongs
to A2U. if and only if for any % in U and any subgroup U’ of U such that
y(U’ Au) = {0}, one has that

(5.7) d,(v) € K%+ (A*U)
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For a given # in U, it is enough to check this condition for a maximal U’, that
is for

U'={veU|vAues?}=d &k
But for any subgroup F of U one has (AZF)J‘ = FL AUY. Therefore
(W) =d (kAT
We have proven that the group A3 U may be described as

N & & +d (KHAUY).
uelU

Let ¥ be an element of U" such that #"(x) = 1. One has
K2+ d, (KO)AUY) = (& +d,(KD)AUYY ALY + A3 ()
=K*Au +d”(1(2) AuY Aut +A3(uJ‘).
But du(Kz) AuY + Az(uJ‘) =K+ Az(uJ‘). Therefore

&N K2+ d,(KDAUY = K2AUY + A3 () = K3 + A3 ()

and
Nuy= N (K +23H).
uelU
By definition,
Kg’laxz ({u/\zzGS3 |ue U,UEAZU})J‘
= N WY Ant = ) &7 (d, )
uelU uelU
= N (&3 +A3H)
uelU
which concludes the proof of the proposition. O

5.5. Weights on the cohomology. — To prove theorem it remains to
prove that

K3 =Ker(A2UY — H3(C(W)C, Q/Z))

or, using theorem 3.1}, that K 3 is the inverse image of Hs (GQ/Z)in AUVY. As
a first step we introduce a notion of weights on the cohomology of subgroups of

G.
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Proposition 5.17. — There exists an action (\,g) — g of F; on the group G
which verifies

(5.8) V¢e G YLeF, n(hg) =n(g).
Moreover, for any such action, one has

Voe KVAEE, (o) = (X2g).

Remark 5.18. — This action is not unique. But since (V) = [G, G], any
automorphism of G induces an automorphism of U and we get a morphism
Aut(G) — Aut(U). Any element in its kernel is an automorphism of the form
2+ (f (n(¢)))g for an element / of Hom(U, V). In other words we have an exact
sequence
0— Hom(U, V) — Aut(G) — Aut(U).

The group F; acts on Hom(U, V) by multiplication and the actions on G wich
satisfy the condition of the proposition form an affine space under the vector
space of cocycles Z! (F;, Hom(U, V)). But these cocycles are of the form % —
(A—1)f for f in Hom(U, V).

Proof- — To prove the proposition we use the fact that, by (5.1)), G is isomorphic
to ¥ x U equipped with the group law given by

1
(), )= (v+ + zy(u A ), u+d)
forany u, #/ in U and any v, v/ in V. We define an action of F; on V' x U by
Yie F;, Yve KVue U "o, ) = 020, ).

This action is compatible with the group law above. Indeed
Mo )W) =\ (v+o + %y(u Ad)ut )
=020 +2%0 + %zy(u A ), u+d)
and
Mo k(i) = 020 ) 02 0d)
= 02422 + %yO\u A ) s+l

for any A in F;;, any v, v in V, and any #, 4 inU.
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The last assertion of the proposition follows from the fact that (V") = [G, G]
and the relation [g,¢’] = 1o y(n(¢) A(g’)) for any ¢, ¢’ in G. O

Definition 5.19. — We now fix an action as in proposition IfH isa
subgroup of G, such that (V) C H, then H is the kernel of the natural surjection
G — U/Up; and, thanks to (5.8), is invariant under the action of F; This action

induces an action of F; on the cohomology groups H' (H, Q/Z).
There is an isomorphism of monoids y : (Z/(p —1)Z, X) — (Mor(F;, F;), o)

which sends the class of £ to the morphism % — Wk
Let 7 > 0 be an integer. Let H*(H, Q/Z)[p] be the p-torsion part of the coho-
mology group H' (H, Q/Z). For any k in Z/(p — 1)Z we define

H' (H,Q/2)[p) gy = {x € H' (H, QZ)[p] | Y\ € Fj, hx =¥ox ).
Lemma 5.20. — The sum Y g p—1)zH "(H,Q/Z)[p] (k) 54 direct sum.

Proof. — 1f § is a generator for F; then H*(H, Q/Z) [p](/e) is the eigenspace for
the eigenvalue gk with respect to the operator defined by &. O
Most of the rest of this section is devoted to the proof of the fact that
Hg(G, Q/Z) is contained in H>(GQ/Z)[p)—y) + H(GQZ)[p)(—s and
therefore does not meet the image of AUV, contained in H(G, Q/Z) [p](_3).

5.6. Triviality of the corestriction. — By definition, HS’ (G, Q/Z) is generated

by elements of the form Coresg(u Uv) for H a subgroup of G and #, v in

H'(H, Q/Z). We first want to prove that we only have to consider subgroups H
which contain (V).

Lemma 5.21. — With notation as above, if H is a subgroup of G such that Z(G) ¢
H and if u, v belong to H'(H, Q/Z), then

Coresl(’_} (uUv)=0.

Proof. — Let H' be the subgroup of G generated by H and Z(G). Then

/

Coresg (uUv) = Cores?, 0 Coresg (uUw).

H

Let us choose a decomposition

Z(G)=(Z(G)NH)®E
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we get an isomorphism A x E — H’. Then
/ / /
Coresg = Coresg ORCSZ opr] = |E|pr]
But p divides |E| and px U v = 0. Therefore Coresg(u Uv)=0. O

When (V) C H, then the cohomology groups of H and G are equipped with
an action of F; as described in definition The corestriction is compatible

with these actions, since the action on H is the restriction of the action on G.
Lemma 5.22. — One has
5.9  H'(HQZ)=H'(HQD}p)—n®H (HQUZ)p)y

and the natural maps H' (Uy, Q/Z) — HY(H,Q/Z) and H'(H,Q/Z) —
H\(V, 11 Q/Z) induce isomorphisms

Uy — H' (HQ/Z)[p) )
and
(Via/TH, H))Y = HY (H QD)) o)

Proof.: — The group H'(H, Q/Z) is isomorphic to Hom(H, Q/Z) = (H/[H, H Y.
There is a natural exact sequence

0— Vy/[HH— H/[HH]— Uy —0

which induces the upper line of the following commutative diagram

Uy (H/[H, H])Y vy

| | |

H' Uy, Z) — H'(HQZ) — H'(Vy, QZ)

in which vertical maps are isomorphisms. Let § be a generator of F; By construc-

tion (see proposition [5.17), & acts on U}, by multiplication by €1 and on 7
by multiplication by £72. Let /fz be the operator defined by § on H Y(H,Q2Z).

Since ép 2 1d, the endomorphism f; is semi-simple and it follows from the
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above diagram that the eigenvalues of its action on H Y(HQ/Z) ®Fp FP are £

and £72. We get the decomposition

H'(HQ/Z)=H' (HQ2p)y) ®H (HQD)p)_y

and the requested isomorphisms. O
Lemma 5.23. — With the preceding notation,
CoresH( Y(H, Q/Z)[p] 1 UH(H, Q/Z)[p ={0}.

Proof. — Letx belong to HY(H,Q/Z) [p] (—1) and y belong to H1 (H,Q/Z)[p] (—2)-
By lemma x comes from an element z of H'(G,Q/Z). By the transfer
formula [Bro, (3.8) p.112],

Coresl(’_} (xUy) = Coresg(Resg (z)Uy)=zU CoresIG_} (7).

But Coresg(y) isin HY(G,Q/Z) = H' (G, Q/Z) [p](_l) since this group is iso-
morphic to U V and in the group H G Q/z) [p](_z). Therefore it is trivial. [

5.7. Proof of theorem — We now complete the proof of theorem [5.4]
Let H be a subgroup of G such that (V) C H. First note that if x belongs to
H'(H, Q/Z)p) ) and y to H' (H, Q/Z)[p) ;) then

CoresH(x Uy) € H3(G, Q/Z) [p](/e+1).
Using lemma and lemma we get that for any x, y in H'(H, Q/Z) we

have

Coresf (xUy) € H (G Z)[p)( ) + H (G D) [p)( )
Using lemma[5.21] and the definition of the Hs (G, Q/Z), we get that

HX(G,Q/Z) C H (G QZ)pl(y) + H (G QUD)p) (4

But the image of AUV in H3(G,Q/Z) is contained in H>(G, Q/Z) (7] (—3) and
does not meet HS (G, Q/Z). Using proposition [4.3| we get that the kernel of the

map
AUV S HCEw)C,Q/z)

coincide with the kernel of the map A>UY — H?(G, Q/Z), which is K> by [Pe2,
lemma 9.3]. We then apply proposition[5.12] to conclude the proof.
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6. A special case

If the dimension of U is less than S then any X\ in A3U may be written as
A =uAvwith # in U and v in A2U (see [Re, §1.4]). Therefore K> = Kl?mx
whenever dim U < 5. Let us give an example with dim U = 6.

Theorem 6.1. — Let U and V' be two ¥ ,-vector spaces of dimension 6 for p an odd
prime. We denote by (u;) < ;< @ basis of U and (v;)1 < ;<¢ 4 basis of V.. We denote
by (“z\‘/)lgigé the dual basis of U . Lety be the element of N>U ® V' defined by
Y=v; ®(u\1//\u¥—u>:/\u¥) +02®(u¥/\u§/—u¥/\ug)
+v3®u\1//\u>k/+v4®u¥/\u\5/+05®u§//\ug+v6®u>f/\ug.
This defines a mapy: N>U — V. Let
0=-V—->G->U—0

be the corresponding central extension (see notation[5.1), then for any faithful repre-
sentation W of G one has

Br,, (C(W)7) = {0}
bur
H2(C(W)%, Q/Z) #{0}.

In particular, C(W )G is not a rational extension of C.
Proof. — By [Boll, lemma 5.1], one has
Br (C(W)) —= K% /K>

nr max

But
2 4V V vV vV Vv V vV V
K —(ul/\uz—u4/\u5,u2/\u3 — Us /\ué,
”\1/ A u}f, ”\2/ A ”\5/’ ug/ A u%/, uZ/ A ug)
and
sl
K :(ul/\u2+u4/\u5,u2/\u3+u5/\u6,
u3/\u4,u6/\u1,u1/\u3,u2/\u4,u3/\us,us/\ul,%/\uz).
Since

uy Ny +uy Nus = (uy +ug) N(uy +us) +uy Nug +ug Ay
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and
Uy Nus+ug Nug = (uz+u5)/\(u3+u6)+u6/\u2+u3/\u5,
we have
2L 2l 2_ 2
K. =K and K“=K_
This proves the first assertion. We now compute K2 and K3
K3 = (u\l//\u}f/\u\s/,u\l//\u;//\u\;—u\l//\u\s//\ug,u\l//\u;//\u\s/,
”1 /\u3 /\u6,u1 /\u4 /\u6,

u2 /\u4 /\us,uz /\u5 /\ué,ul /\u2 /\u4,u2 /\u3 /\ué,uz /\u4 /\u6,

”1 /\uz /\u3 —u3 /\u4 /\”5’”3 /\u5 /\ué,ul /\u3 /\u4,
uz /\u3 /\us,u3 /\u4 /\ué,
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”1 /\uz /\u4,u2 /\u3 /\u4 —u}f/\u\s//\ug,u}//\u}(/\u;/,ug//\u}f/\ug,

”1 /\uz /\u5,u2 /\u3 /\us,ul /\u4 /\”5’”3 /\“5 /\ué,u4 /\“5 /\u6,

”1 /\u2 /\u6—u4 /\”5 /\u6,u2 /\u3 /\ué,ul /\u4 /\u6,u2 /\”5 /\u6)

:(u\l//\u\z//\u;/—u\l//\u;//\u\6/,u\1//\u\2//\u\3/—u\3//\u>}//\u\5/,
”1 /\u2 /\u4,u1 /\u2 /\us,ul /\u2 /\u6,u1 /\u3 /\u4,
”1 /\u3 /\u6,u1 /\u4 /\us,ul /\u4 /\u6,u2 /\u3 /\u4,
uz /\u3 /\”5:“2 /\u3 /\ué,uz /\u4 /\uS,uz /\u4 /\ué,
uz /\”S /\u6,u3 /\u4 /\ué,u3 /\”S /\u6,u4 /\“5 /\ué).
Therefore
1
K3
By [Pell p. 264, example 2],
3
Siec = (11 Nz Nus).

Therefore I(r%lax/l( 3 =~ Fp and by theorem [5.4] we get that

H(CW), QZ)£{0}. O

:(ul/\uz/\u3+u3/\u4/\u5+u5/\u6/\u1,ul/\u3/\u5).
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