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Abstract. — Let Yy,..., Y, be n Severi-Brauer varieties over a field 4. Let £(Y] x
.-+ % Y,,) be the function field of their product. Using a recent result of Kahn we
show that the quotient of the kernel of the restriction map

H2 (b, Q/Z(2)) — H(k(Y] X -+ X Y,,), Q/Z(2))
by the subgroup generated by the cup-products with the classes of 17,..., 7, in
Br# is isomorphic to CHZ(¥] X -+ X ¥},)yors- We first apply this result to the
product of two conics, using the fact that in this case CHZ(Yl X 13 )cors

Then we construct examples with three conics where this quotient is not trivial.
We also show how, in the case of one conic, the restriction map fits into a longer

is trivial.

€xact sequence.

Résumé. — Soient Y7,..., Y, n variétés de Severi-Brauer sur un corps £, Soit
k(Y] X -+- x Y,,) le corps de fonctions de leur produit. En utilisant un résultat
récent de Bruno Kahn, nous montrons que le quotient du noyau de I'application
de restriction

H (b Q/Z(2) — H (k(Yy X - X Y,)), Q/Z(2))
par le sous-groupe engendré par les cup-produits des classes de 17, ..., ¥, dans Brk
est isomorphe 2 CHZ(YI X -+ X Y,)ors-
de deux coniques en utilisant le fait que dans ce cas CH2(y 1 X 1,)

Nous appliquons ce résultat au produit
tors €st trivial.
Nous construisons ensuite des exemples de produits de trois coniques pour lequel

ce quotient nest pas trivial.

* K -theory and algebraic geometry: connections with quadratic forms and division algebras
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401
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1. Introduction

Let £ be a field of characteristic different from 2 and M be a multiquadratic
extension of k. Then the restriction and corestriction maps for the Galois co-
homology of these fields were studied by Kahn, Merkur’ev, Shapiro, Tignol and
Wadsworth ([Kahl], [STW], [Ti], [MT]) using various complexes which gen-
eralize the canonical long exact sequence associated to a quadratic extension. In
particular in cohomological degree two one has the complex

P ka2 H (k2/22) @ UL HA(h 2/22) 25
uelU
Res 12(0,2/27) 25 D HA (M8, 2/22)

¢€Gal(M/k)—{0}
where U is the kernel of the restriction map
HY(k,2/2Z) — H (M, Z/2Z)
and N is the sum of the maps

k(Ju)* — H'(LZ/2Z)QU
a +—> Nk(ﬁ)/k(“)®”'

Tignol proved that this complex is exact when the degree of the extension is
four but is not exact in general when it is greater than eight. The starting
point of this problem is that M may be seen as the canonical splitting field
for U ¢ H'(k,Z/2Z). Thanks to Amitsur’s theorem (see [Aml), one gets that
the function field of a product of Severi-Brauer varieties plays the same réle for
a finitely generated subgroup of the Brauer group of 4. Indeed for any field
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k, any elements [Y7],...,[Y,,] in Brk corresponding to Severi-Brauer varieties

Y},..., Y, the function field M = 4&(Y] X --- X Y,)) of Y7 X --- X Y, verifies
Ker (H*(k Q/Z(1)) » H*(M, Q/Z(1))) =< [¥,} 1 <i <m >
and if &' /k is a field extension such that
<[¥;},1<i <n>CKer(Brk— Brk)).
then there is a closed point P of ¥ X -+- X ¥,, and an embedding
k(P)— ¥

over 4. By analogy with the case of multiquadratic extensions, we introduce the
following complex:

() DD () X o U~ B QZ(2) — B (M QZ(2)
ucelU ieN

where U is the subgroup of Brk generated by the [Y;] for 1 < i < m, for any

u € U, 4, is a central simple algebra representing # € Br£ and Nrd denotes the

sum of the morphisms

(43)" - KeoU
a — Nrd(2) Qu

If U C Brék(,) and # is prime to the exponent characteristic of £, one may also
consider the complex

\* Nrd U
@) DD UY) —SH (by,)@U—H (b u?) — H (M p2?)
uelUieN
The exactness of this complex at the third term would mean that the kernel
of the restriction map in degree three is simply given by sums of the form
7 1(a;)UY;]. If n =2 and U is generated by the class of a quaternion al-

gebra (%) then Arason [Ar] proved the exactness of 6, at the third term.

Using a result of Merkur’ev and Suslin, Colliot-Thélene (1988, unpublished)
proved the exactness of 4, at the third term when U is generated by the class of

a cyclic central simple algebra of prime index. By Merkur’ev and Suslin [MST}
corollary 12.1], G, is exact at the second term in this case. Therefore G, is exact
when U is generated by the class of a cyclic central simple algebra of prime index.
Knus, Lam, Shapiro and Tignol proved in [KLST] that ) is exact at the second
term if U is generated by the tensor product of two quaternion algebras.
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In section 2} we consider the case of one conic ¥ and, using computations of
Suslin [Sul], construct morphisms

N:H" (M, Z/2Z) — H"(k Z/2Z)

where H! , (M, Z/2Z) denotes the unramified cohomology groups of M over .
This enables us to fit 65 in a longer exact sequence of the form

Res
) —

4N 5 2/07) 25 H3 (kZ/2Z (222) 5
( )

N im(H (b 2/22) 25 H3 (b, 2/22)) —— HA(k, 2/22Z)

where A is the quaternion algebra corresponding to ¥ and « its class in Br#.

In section 3], we compute in the general case the K-theory groups of ¥ X+ - X
Y,, and gather some information on the topological filtration of Ky(¥7 X -+ X
Y,,). These computations play a fundamental réle in the following sections.

In section [4.1] we apply a theorem of Kahn to prove the main tool of this
paper, namely the existence of a canonical isomorphism between the torsion part
of CH?(Y} x --- x ¥,,,) and the homology group of €, at the third term.

In section [4.2] we use this theorem and results of Karpenko to show that if
A is a central simple algebra over £ such that the quotient of the index of A4 by
its exponent is squarefree and if for any p dividing this quotient the p-primary
component of the corresponding division algebra is decomposable then

Ker (H>(k Q/Z(2)) — H(k(Y), Q/Z(2))) = [4] UH" (k, Q/Z(1))

where Y is the corresponding Severi-Brauer variety.

In part[5] we consider the case of two conics and, using the theorem of Knus,
Lam, Shapiro and Tignol, prove the exactness of %, in this case.

In section [@ we construct an example with three conics where € is not exact
at the third term.

I would like to thank Colliot-Théléne and Kahn for several fruitful discus-
sions.

1.1. Notations. — For any field Z, we denote by L’ a separable closure of L
and for any discrete Gal(Z’/L)-module M,

H (L, M) = H (Gal(L’/L), M).

In particular the Brauer group of L is given by BrL = H*(L, L**). If the charac-
teristic of L does not d1V1de n then p” denotes the group of n-th roots of unity

in . Ifj < 0, we put yn = Hom(yn ,Z/nZ). If L' is a finite field extension
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of L and ¢ : Spec L’ — Spec L the corresponding map, then the trace map (see
[SGA4, exposé XVII, théoreme 6.2.3])

Tr: 4,47k —
induces a canonical map
o . , ,
CoresIL‘ H (L, y.?]) —H'(L, y,,?])

which coincides with the usual corestriction map when the extension is separable.
If L is a field of exponent characteristic p one defines (see [Kah2])

H'(L,(Q2)()= lim H'(LuY),
(p,n)ZI
H'(L,(Q,/Z,)(0)) = lim H'(L, 2y Z),

H'(L,(Qy/Z,)(1)) = lim H' ™ (L, Ky (L')/p"),

H'(L,(Qy/Z,)(2)) = lim H' (L, Ky (L*)p)

and, ifj=0, 1 or 2,

H' (L, Q/Z()) = H' (L, (Z)'(j) @ H' (L, (Q,/Z,)(j))-
In particular there is a canonical isomorphism
H*(L,Q/Z(1)) = BrL.
These definitions coincide with the usual ones if p = 1. We also define

H(LZ ()= lim H'(LuY),
(mp)=1
H'(L,Z,(1)) = lim '~ (L, K, (¥)/p)

7

and

H(LZ(1)) = H' (L Z (1)) @ H' (L, Z,(1)).
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There is a canonical morphism from L* to H'(Z, Z(1)). Let d, n, m € N be such
that p is prime to 7z and d|» then one has a commutive diagram

Qi ®j ®i+j
E’Lm;®y'd - W

| |

; ®j Qi+j
Weou — w7

Hence we get a morphism
HULZ (i) @ H' (Lu3) — HT7 (Lu5' ).

Moreover for any N such that #7|N and N is prime to p one has a commutative
diagram

® ®i+j

MY ®tn’ —— U

| |

oS @y —— .

Therefore we get a commutative diagram

HI(LZ (i) @ H (L uY) —— HI*(L,uS)

l l

HILZ/ () ® H' (L, i) —— HT7 (L ).

and a morphism

HILZ' ()@ H' (L, QZ'(j)) — HT (L, Q/Z/(i +))).
If j = 0 or 1 similar diagrams for the product

Ky LV @ KLYV = Ky (LY
induces
H'(L, Z,(1) ® HY(L, Qy/Z,(j)) — HT" (L, Q/Z,(j + 1)

and we get a canonical product

H'(L,2(1)) ® H1(L, Q/Z()) » HTY (L, Q/Z(j + 1)).
In particular this induces a product

L*®BrL — H>(L, Q/Z(2)).
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The field L is a function field over K if and only if it is generated by a finite
number of elements as a field over K. Let L be a function field over K. We
denote by Z(L/k) the set of discrete valuation rings A4 of rank one such that
K C A C L and the fraction field Fr(4) of 4 is L. If A € P(L/K) then x,
denotes the residue field. For any i € N—0, j € Z and any » € N not divisible
by the characteristic of Z,

3, H (L y®) — H (i), u®1)
denotes the residue map as defined in [CTO]. For any smooth variety X over a
field £ and any integer p one denotes by X ®) the set of points of codimension p
in X. For any i €N, any integer 7 not divisible by the characteristic of £ and any
j € Z, the sheaf J7 / (ng ) is defined as the sheaf over X, corresponding to the
presheaf
U H Uy i),

For any 4, » as above and any / € N, we put
HIQ A () = HY X H7(457).
Similarly, #; denotes the Zariski sheaf on X associated to the presheaf
U K(H"(U, Oy))

and
H(X, ) = H (X, 1)

1.2. Basic facts on unramified cohomology

Definition 1.1. — If L is a function field over K, and 7 a positive integer prime
to the exponent characteristic of K, the unramified cohomology groups are the
groups

. . . N _
Lok = () Ker(® (L p®) = H ™ (5 u@ )
AeP(L/K)

One defines similarly the unramified Brauer group.

We recall that two function fields L and M over K are stably isomorphic over
K if and only if there exist indeterminates Uy,..., U; and T7,...,T,, and an
isomorphism

LUy...,U) = M(Ty..., T,)
over K. A function field L over K is stably rational over K if it is stably isomor-
phic to K.
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As was pointed out by Gabber, [BO] implies the following proposition:

Proposition 1.1 (Bloch,Ogus). — If X is a smooth projective model of L over K
then

H(X, A (W) 5 H e (L),

Proposition 1.2 (Colliot-Théleéne, Ojanguren [CTOJ)
Let L and M be two function fields over K. If L and M are stably isomorphic
over K then there exists an isomorphism

t (L) S HY e (M),

2. The case of one conic

Let us fix a field £ of characteristic different from 2. In this section the coefh-
cients of the cohomology groups are equal to Z/2Z. We shall omit them in the
notation. The letter X denotes a conic over the field £ given by the homogeneous
equation

X —aX3—bX5 =0.

We denote by (4, b) the corresponding symbol in H? (k) and by M the function
field of X. We shall use results of Suslin [Sul] to fit the restriction maps

H' (k) — H' (M)
into an infinite complex. Let £ be an algebraic closure of # and X = X x ;. Since

Z/27 ifg=0or2

0 otherwise,

Hq()_(ét) = {

the Hochschild-Serre spectral sequence
HP (k, H1(X ) = HP (X))

gives a long exact sequence

7 n n—2 d3 n+1
e H ) H(X,) — B )

and d coincides with the cup-product U(a, 4, —1) (See [Sull lemma 1]). Denote
the generic point by 1 : Speck(X) — X. By [Sul] the Leray spectral sequence

HP (X, R y) = HIM(R(X), 1)
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gives a long exact sequence

o D HTHMP) - HY(X) — HMRE) 2 @ 5 ) -

rex(®) rex()
Since the E, term of the Bloch-Ogus spectral sequence (see [BO, corollary 6.3])
= @ HIP(k(x)=> HM(X,)
xex®)
is given by
E‘;’"’ = HP (X, 1)
one gets short exact sequences
0— H'(X, ") - H"(X,) - H (X, #") —
Lemma 2.1. — The composite map
Hl ()(, %n—l) N Hn(Xét) —>Hn_2(/€)
coincides with the map induced by
B HERP) 22 52,
pex(®)
In the case » = 3 this is lemma 2 of [Sul].
Proof. — It is sufficient to show that for any P € X (1) the composite map
H"2(k(P)) — H' (X, ") — H"(X,) = H" (k)

coincides with the corestriction map. Let # = £(P), X' = X x ;& and ¢ : X' — X
the canonical map. For any sheaf of 2-torsion on X the trace map

Tr:¢,0"F > F
[SGA4, exposé XVII, théoréme 6.2.3] yields a morphism
Tr: H" (X}, &*(F)) = H" (X, F)

er

which is defined as the composite map

H(X), 6 (F) <5 B (X0, 6,87 (F)) o H(X,, F)

Using the construction of the above spectral sequences (See [HS, chapter 8]) and
the fact that ¢, preserves injectives and is exact since ¢ is finite, it is straightfor-
ward to show that the maps can and the corresponding morphisms for Spec 4(P)
and Speck(X) are induced by morphisms of spectral sequences. Moreover the
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Leray and Hochschild-Serre spectral sequences are functorial. Thus the mor-
phisms induced by Tt : ¢,¢*F — F are also compatible with the spectral se-
quences. Therefore we get the commutative diagrams

O H' () —— H"(XE)

and

lTr lCores

H"(X,) —— H"2(k).
It is thus enough to prove the result for £ = £(P). For n =2, one has
HY'(X, #7715 PicX/2 > 2/2Z
and the Bloch-Ogus spectral sequence gives an injection
7/27— H*(X,,).

Let £y be the non-zero element in its image. In this case, X is isomorphic to P!

and by proposition

H" (k) — HO(X, 27)
is an isomorphism. Moreover the Hochschild-Serre spectral sequence gives a
short exact sequence

0— H"(k) — H"(X,) — H" (k) = 0
and the composite map
H"(k) — H"(X,,) — H°(X, #") = H" (k)
is, by definition, the identity. Therefore the image of £y by the map
H*(X,) — H(k) = Z/2Z

is non trivial and the result is proved for » = 2. Since both spectral sequences
are compatible with cup-products, the map H” (k) — H” (X;,) coincides with
Uty and the map H”(X,,) — H" (k) sends U Ex on o for any o € H" 2 (k).

O
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Definition 2.1. — We define the morphism N as the morphism from
HY(X, ") to H"(k) which fits into the commutative diagram

0 - H\X27 Y - H'X,) — H'X,#") — 0
N IN

H" (k) b H” (k)

Indeed by lemma 2.1 the composite map H! (X, 77~1) — H" (k) is zero and
N is well defined.

Definition 2.2. — We denote by
v: Ker(H" (k) —» H*(M)) — H' (X, "71)
the unique map fitting into the commutative diagram:

0 — Ker(H"(k) > H"(M)) — H"(k)
= L N

0 — H' (X, ") — H"X,) — H'X, ") — O

ct

Notation . — We consider the complex 5

U(a,b) N U(a,b)

— H" 2 (k) —5 = Im(H" 2 (k) ——
k(P)

U(=1) n+1 n+1 1 7 GBCOWSk n—1

Y, Ker(HP L (k) — H (M)) S H X ) —— k() S

Res

H" (k) — H] (M) H"(k)) —

and denotes by 7,(i) for 1 <i < 6 and » € N the homology group of this
complex at the 67 +i-th term, Wlth the convention that H(k ={0} if /< 0 (for

example JZ,(1) = Ker(U(4, £))/ Im(&® Coresﬁ(l)))).

Proposition 2.2. — These homology groups verify the following properties
(1) H,(i) ={0} if n <3
2) JL” ={0} ifi=450r6
3) A1 ( ) = J,(3).

Remark 2.1. — The fact that .745(2) = {0} is a particular case of Amltsurs the-
orem, 3(2) = {0} is due to Arason (See [Ar, Satz 5.4]) and J%5(1) = {0} is due
to Merkur’ev and Suslin (See [MST}, theorem 12.1]). The definition immediately
implies the triviality of J#)(1), 74(2), (1), 71 (2) and 5% (1). Therefore it

is sufficient to prove assertions 2 and 3 of the proposition.
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Proof: — Let us first prove that JZ,(4) = {0}. This is a direct consequence of
the commutativity of the diagram

Hn(Xét) SN Hn—Z(/e) Hn+l(k)

! ! o)

B Yo mrw)

and of the exactness of its line.
Let o € Kert. Since the diagram

Ker(H” 1 (k) — H"*1(M))

s

Hl(X, %n) — Hn+1(Xét)
commutes, o € Ker(H”+1(k) — H”*! (X;,)) and we get

(a,6,—1)
-5

o € Im(H” 2 (k) H" (k).

Thus Z,(5) = {0}.
The triviality of JZ,(6) follows from a diagram chase in the commutative
diagram

0— Ker(H”+1(k)—>H”+1(M))—>H”+1(/e) & H”+1(M)

L l 1

0—— Hl(x%ﬂ)—)Hn-l-l(X’) —)HO(,XY,%”-FI% 0

\% let

H" 1 (k)

which has exact lines and column.
We now prove (3). The commutative diagram

H"(k) — H'(X,) — H'" (k) — H"()
Nges l L U@d) Q1)

HOW ") S H()
yields a surjective morphism

v Ker(. U (4, 6)) — J£,(3).
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Let @ € KerV. Let B € H”(X,,) represent a.. Then the image of p in H”(M) is
equal to the restriction of B € H” (k). Thus we can assume that
B € Ker(H”(X,,) — H"(M)).

But in this case

pelm(H (X, ") —» H"(X,,))

and a € Im (G} (1) Coresz(l))) . Thus

reXx

Kery C Im @ Coresi(P)
rex()

The other inclusion is straightforward. Therefore ¥ induces an isomorphism
7t,(1) = 2,(3). O

Remark 2.2. — Let us assume that (4,6,—1) = 0. In this case, by [Sul],
Lemma 4 (4, b) € 2Brk. For example, if —1 is a square, —1 = i% then

(d, b) = Z[Az (d, b)]

where A4;(a, b) is the cyclic central algebra generated by two elements I and J
with the relations
F=—1J%=—land IJ =L
Let D € Br(#) be such that 2D = (4, b) then the image D, of D in Br M belongs
to Br(M )(2) = H?(M) and is unramified over . We then get a surjection
.UDjoR
H" 2 (k) 2225 17 (M)/ Ker N

We shall give in remark[6.3]an other description of the morphism NV in degree

2 or 3 when —1 is a square.

3. K-theory of a product of Severi-Brauer varieties

3.1. K-theory groups. — We now go back to the case of 7 Severi-Brauer va-

rieties Y73, ..., ¥, corresponding to elements [Y}],...,[Y,,] in Brk. As above,

we denote by U the subgroup of Brk generated by [Y7],...,[Y,,] and by M the
function field of the product of ¥’ = Y7 X, --- X, Y, . The purpose of this sec-
tion is to describe the K-theory groups of ¥ and gather some information on
their topological filtration. The K-theory of ¥ seems to be among the folklore
and can be seen as a particular case of a much more general result of Panin [Pal.
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The proof we give here for self-completeness follows the proof of Quillen (See
Q) §8.4]) step by step.

Let S be a scheme and X -5 be a Severi-Brauer scheme over § of relative
dimension d — 1. Let &7 be the corresponding Azumaya algebra (See [Gr]) and
¥ be the canonical vector bundle on X (see [Q, §8.4]). If ¢ : S — Sisa
faithfully flat map such that the product X’ =X x ¢’ is a projective bundle
P(E) over S’ then the inverse image of J isequal to O X/(—l) ®y E. Let 7
be an O algebra. We denote by Z(S, Z) the category of vector bundles over X
which are left modules for Z.

Proposition 3.1. — If S is quasi-compact then there is a canonical isomorphism
D K26 A @4 7) > K(P(X, D))
0<i<d—1
This isomorphism is given by
-1
(i) 1<i<a—1 = ZE)(/@ ® (@)™ ())il7):
i=

Corollary 3.2. — If' Y,,...,Y,, are Brauer-Severi schemes over a quasi-compact
scheme S of relative dimension d|—1,...,d,,—1, if <), ..., o, are the corresponding
Azumaya algebras and _7; the inverse image of the canonical vector bundle on Y; by
the projection w; : Y1 X -+ X Y, — Y, then

P Ko @a) S K.Y X xgY,,)

k) 1<i<m
0<k; <d;—1

where the isomorphism is given by

di—1  d,—1
®/€ *
(k) o, <d—1 lzzjo /;_:0 (@/; (7 by (-)) (k-

Proof of Proposition[3.1. — One has only to check that the constructions in [Q]
are compatible with the structure of left Z-modules.

First the category Z(X, ) is a full subcategory of the abelian category of left
Z-modules and is closed by extensions. Moreover the forgetful functor f from
P (X, D) to Z(X) is an exact functor.

Let ' — S be a surjective étale morphism which splits X, X' = X x ¢ §’
and g be the induced morphism X' — X. As in [Q] we define R, X, D) as the
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full subcategory of Z(X, Z) whose objects are the vector bundles .# such that
Z(f(F))(n) is regular and 2, (X, Z) as the full subcategory of Z(X, 7) whose
objects are the .% such that, for any ¢ >0 and any / > »

R (¢ ®F)(D) =0
where 7’ : X’ — 8 is the canonical morphism. By lemma 8.1.3 of [Q], one has
Z,(X, D) C P,(X, D) C P (X, D).
As in [Q, §8.2] one gets
Lemma 3.3. — For all n the canonical maps
K (%,(X, D)) = K(Z,(X, 7)) = K,(Z(X, D))
are isomorphisms.
Proof. — For any object .# of (X, Z) the sequence
0= F = F@g, J' == F Qg N 7' =0

is an exact sequence in Z (X, Z) where 7 V denotes the dual bundle of J . But
the functor

ty : Z,XD)—Z, (X D)
which sends . on . F Q A? 7 V' is exact and as in Q. 8.2.2] we get a morphism

S 1Py Ky (2, D)) = K (P (X, D)
p>0

and the canonical morphism

K (2,1 (X D) = K (2,(X, 7))

is an isomorphism. By [Q} 8.1.12.a], Z(X, Z) is the union of the &,(X, Z) and
we get the second isomorphism. The proof of the isomorphisms for Z,,(X, 2) is
similar. O

Lemma 3.4. — There exits a sequence of functors
T,: Roy(X, D) — P(S, 7% @ D) for 0 <i <d—1
such that for any object F of Zy(X, D), one has a canonical exact sequence
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Proof. — As in [Q, 8.4.2] we define by induction

T;(#) = f.(Homy( 7%, 2_\ (%))
Z(F) = Ker( 7®® o T)(F)— Z

71—

1(F))

with 2 |(F) = #. These S-modules T;(.#) have natural left .o/ ®_module

z
and left Z-module structures and they are compatible. The end of the proof is

then the same as in [Q} 8.4.2]. O

End of the proof of proposition[3.1L — As in [Q], one can show that these func-

tors 1 yield the inverse morphism for the canonical map

D K (P @, D) > K(PXNT). O
0<i<d—1

Notation . — From now on we take § = Speck for a field #. The Azumaya
algebras will be denoted by A4,...,4,,. We put ¥ = Y| X---x Y, and denote by

Gkppork, the image in K;(Y") of the canonical generator of K, (A?/el ®-- '®A2km).

In other words, if the tensor product A?/el ®--- ®Afi’/em is isomorphic to M;(D)
for a skew-field D, then

®kq ®k
D' ®y® |,
ks, P g2 JI 8y ®y Im

We get
Corollary 3.5. — With notation as above,

KO(Y) = @ ngl,...,/em
ki) 1<i<m
ngi gdl‘—l

and the canonical map
Ko(Y) = Ko(Y k)
is injective and sends g, 1 to
m

. % ®k,, y 4
ind(AY" @+ @ Ay ) Rt (O (—1)%%)

z i

i=1

where ; : 71 Xz X%Yn — 71~ is the canonical projection.
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k k,,
Proof. — It remains to show the last assertion. Let 4= A® 1® @A™,

D the corresponding skew-field and ¢ = ¢ ok ® - ® /m bn . W put 7 =
ind4 = v/dimD and / =[]/, ﬂlf /r. The pull-back of # over Y =Y ka is
” y o L4,

R (0p (1)) =07 @R Oy, (k).
i=1 i=1

Thus the image of Gkpprk, in Ky(Y) is the class of
* 7\ 7 A
w (M, () &y, ) #) ® @ (0, ()
where 7: ¥ — k is the canonical morphism. But there are isomorphisms
7 L -, / r /
Mr(k) ()k ( (k)®/ek)®M()®M()(k ®/ek)

= (M (B @y, ) ¥ ) &7 (¥ 0y F)
=SE. O

3.2. The topological filtration on K. — Let us first give a complete descrip-
tion of the filtration by codimension of support in the split case. Let

Y = Pa/1 Py x PZ’”_I.
Letm;: ¥V — PZi_l be the canonical projection and .Z; = nf(ﬁpdi_l (—1)). We
k
denote by & the first Chern class of %, in HY (Y, #]) and z; = [.£}] € Ko(Y).

Proposition 3.6. — In the split case one has that
(1) the J -cohomology groups are given by

m

{0} ifi>jori= Y dj—m+1
/=1
H' (Y, jijﬂ = G} il;ll £’ K, (F)  otherwise.
Zkz i
0<k1<d —1

(2) the i-th filtration group for the filtration by codimension of support is the ideal
K (Y)Y =(1—zp...,1—z,) K, (Y).
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The first statement is a direct consequence of the following lemma.

Lemma 3.7. — Let S be ascheme, E, ..., E,, be m vector bundles over S of relative
dimension dy,...,d,,. LetY; =P(E;) andY =Y Xg---XgY, . Letm;: Y — Y
be the canonical projection, L; be the line bundle «; (O Y, (—1)) and&; be the Chern

class c; (L;) EHI(K%/I). Then the bigraded ring H* (Y, ) is a free H* (S, X, )-

module with a basis given by
k.
II &
1<i<n *ki1<i<n

lgkl‘ gdl‘—l

Proof. — This lemma is given by a straightforward induction from theorem 8.2
in [Su2| or theorem 3.1 in [Sh]. O

Proof of the second assertion of proposition[3.6. — As in [Su2, proposition 9.1],
one can show that all differentials 4, in the Brown-Gersten-Quillen spectral se-
quence

HY(LAL) = K, (1)
are zero if 7 > 2. Indeed, for any (kz)lgzgn’ with 1 <k, <d;—1for1<i<m
and S22,k =,

[1 & eH/(x,)

1<i<m
is in the kernel of d,.. Since d, is K (F)-linear, d, = 0. On the other hand,
Z k;
[@ w0 Z (—k; )]

i=1

m
H (1—%;) (—

. . . . . —1
where Z; is a linear subspace of codimension £, in Pil . Thus

m

[1(1—2)" e Ko(v)
i=1
where p = Y272, k;. Moreover its class in KO(Y)(P/Z’H) =I(0(Y)P/K0(Y)P+l is
the image of
m
[157 € HP(1.2,) = Ko(1) 07+
i=1
Therefore an induction on ;i shows that

K. (Y)Y c(l—zp...,1—z,) K (Y). O

*
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In the non-split case, we have the following partial results:

Proposition 3.8. — Let Yy,...,Y,, be m Severi-Brauer varieties corresponding to
Azumaya algebras Ay,..., A, overk. Let Y =Y; x--- XY, ,d; =dimY; and ¥
be a finite field extension of k which splits Y1,...,Y,,. As in section 31} Gkypok,
denote the canonical generators of Ky(Y'). Then

(1) Ifwe identify Ko(Y) with its image in KO(Y/e/) we get

[ k1Ko (Y)Y (" Ko(Y) CKo(Y) C Ko(Y) (Ko (D):
(2) The kernel of the canonical surjection CH' (Y) — Ky(Y )(i/ 1) s Rilled by
(& - k] and (i — D).
(3) The first step of the filtration is given by

Ko = KyM'NKy(Y)
i m Qk; 7
(0, -ina (54 )2

k)1<i<m
0<k; <d;—1

(4) Ko(Y)? = Ko(Y)*NK(Y).
(5) One has

CH?*(Y)
and it is a finite group.

= Ker(CH*(Y) = CH2(Y}))

tors

Proof. — (1). Since the morphism 7 : ¥, — Y is flat, n* preserves the topo-
logical filtration. Thus K, (Y Y c Ky (Y k/)i . This morphism is also finite and

hence m, preserves the topological filtration. The map 7, o™ coincides with the
multiplication by [£’ : £]. Thus the composite map

Ty *

coincides with the multiplication by [£' : £] on the image of Ky(Y). But Ky (Y, k/)
is a free Z-module in which 7*(K{;(¥")) has finite index. Thus 7* o, is also the
multiplication by [£ : k). Therefore

[ RIKo(Yy) =" m, (Ko(Y)) C Ko(Y).

(2). The first assertion of (2) is a consequence of the proof of proposition 3.0
(2). Indeed CH*(Y) verifies

CH'(Y) = H' (1, ;) — Ko(¥) )
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and the morphisms 4, are killed by [£ : £]. The second one is a consequence of
[Su2| proposition 9.3], which asserts that the composite map

CH' (X) — Ko(X) D) 2 cHi (1)

coincides with the multiplication by (—1) (i — 1)!.
(3). We have

Ko(1)! = Ker(Ky(¥) ~5 7

= Ky(¥) " Ker(Ky(T) 25 2)
= Ky(N) N Ko(1)".
The second equality only uses the fact that, by corollary[3.5]
o) i
i=1 i=1
(4). Since Y is smooth and proper and Y is integral, one has an injection
Pic Y— PicY.
Hence the map Ky(Y)V2) — K (7)) is an injection and
Ko(Y)* = Ky (V) Ko(7)~
(5). If & is a finite field extension of £ then
Ker(CH*(Y) — CH*(Y)))
is killed by [£” : £]. Thus
Ker(CH?(Y) — CH?(Y}s)) € CHA(Y),..

The other inclusion follows from proposition[3.6which implies that CH?(Y k/)

tors

is trivial. Since Ky(Y )? is finitely generated,
CH (1) ry = Ko(1) G

is finite. O

tors

As a corollary we give a result proved by Gabber in a letter to Colliot-Thélene
using a slightly different method. Here 4,(Y") denotes the kernel of the degree
map CHy(Y) - Z
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Corollary 3.9. — Let Y| and Y, be two conics. Then

Proof. — Here dim(Y) = 2 and CHy(Y) = CH?2(Y). By proposition 3.6} the
group CH?(Y) = Z. Hence

AO(Y) = CHO(Y>t0rs = CHZ(Y)tors‘
But in this case Ko(Y)? = {O} Thus
Ko(Y)? =Ko(Y)[Ko(Y)” = {0}
and Ker(CH?(Y) — CH3(Y {0} which yields the second equality. O

4. The complex ¢, and the second Chow group

4.1. The main tool. — We shall now prove the following theorem which is
the main tool in the rest of this text.

Theorem 4.1. — Let Y1,...,Y,, be m-Severi-Brauer varieties. Let [Y1],...,[Y,,]

m

be their classes in Brk and U C Brk the subgroup generated by these classes. Let
Y =Y, XX, Y, and M be its function field. Then CH*(Y)
isomorphic to the homology group of the complex

K QU — H (b QZ(2) - H (M, QZ(2)).
In particular this homology is finite.
Remark 4.1. — 1If U C Br(k)(n

then there is a commutative diagram

FU —— H(bQZQ2) — H>(M Q/Z(2))

l T |

H'by)0U — H(ku®?) —— H(M3?)

wors 15 canonically

) and the characteristic of £ does not divide »

By the main theorem of Merkur’ev and Suslin [MS1], if m and n are prime to
the exponent characteristic of &, the map H?(, H®2> — H? (b, @ 2 is surjective
and hence H>(k, PL®2) — H3(k, Q/Z(2)) is injective. A diagram chase which uses
this injectivity and the surjectivity #* ® U — H (k) ® U gives a canonical
injection from the homology of the second line to that of the first. We shall give
in section an example where this injection is not surjective.

Theorem is a consequence of the following theorem
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Theorem 4.2 (Kahn, [Kah2, corollaire 3.2]). — Lez X be a geometrically integral
variety over a field E. We denote by G the absolute Galois group of E. Then there is

a canonical isomorphism
H' (9, K (E(X))/K,(E*)) = Ker (H(E, Q/Z(2)) — H(E(X), Q/Z(2))).

Proof of theorem 4.1l — Let ¢4 be the absolute Galois group of 4. According to
[CTR, proposition 3.6], one has an exact sequence
H' (Y, )7 — H' (%, Ky (K (V)/H (Y, ) ) —
— Ker(CH?(Y) — CH%(Y))) —» HY(Y, H (Y}, /5)).
By proposition[3.6, HO(ka, H5) = K, (k) and H! (Y, H5) = k" Therefore
H! (Y, %)% = k*” and by Hilbert’s theorem 90 H!(¥, H1 (Yys, H#5)) =0. By
proposition[3.8| (5),

CH?(Y),, = Ker(CH*(Y) — CH*(Y},))

tors

Thus we get an exact sequence
k7 — HY (9, K, (K (Y))/K, k) — CH(Y) . — 0.

tors

It remains to prove the following lemma
Lemma 4.3. — The composite map

F7 — HY (9, Ky (K (Y))/Ko k) — H (k, Q/Z(2))
fits into a diagram of the form

k*m \
! /H 3k, Q/Z(2))
FeU'Y

where the map F7” S B QU is surjective.

Proof. — Let us first recall the construction of the composite map

£ L (v )7 1Y (@, Ko (DK ) Do H (b Q/Z(2)).
The map £ is induced by the composite map

Y SN (@ gl.z) K, () = H (Y5, H)QH (Y, ;) = H (Y5, H5).
i=1



PRODUCTS OF SEVERI-BRAUER VARIETIES 23

The map g is the coboundary map for the short exact sequence of ¢-modules
0 — Kk (Y)/H (Y, H5) = & — H (Y}, H5) — 0

where 2 is the kernel of the canonical map

P kx)"— P Z

xEY/g) xEY/é;z)

Similarly there is a canonical map ¢ : Z” — H L@ K (& (Y))/K,#°) defined
as the composite map

77 = H\ (Y5, 07 — H\@, K, (6 (Y))/K\F)

where the second map is the coboundary map for the short exact sequence of

% -modules
0— £ (Y)"/k™ — DivYs — Pic Ys — 0.

Since H!(¥, Div Y)s) = {0} the map o is surjective.

For the map /» we need to recall some facts about Lichtenbaum complexes
I'(;) =T(; L) for i <2 and a fixed field L (See [Lill, [Li2], [Li3] and [Kah2]).
The complex I'(0) is Z in degree 0 and I'(1) is L°* in degree 1. The complex I'(2)
is acyclic outside [1,2]. As in [Kah2| §3], if i < 2, we consider C*(Z,T(i)) the
total complex for the bicomplex

P F(Gal(L/L),T(;, L)),
7lEN

and for any extension of fields F/E such that E is algebraically closed in F, the
cokernel C(F/E,T'(i)) of the morphism

C(ET@E)1] — C(ETE)[1].

The homology of this complex is denoted by W (F/E,T(i)) and is called the
relative hypercohomology of F/E with value in I'(Z). One has a canonical long
exact sequence

> H(ET() - H(ET() - W (F/E () - W (ET(3)) -
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which yields isomorphisms

(4.1) W (F/E,T(;))=0ifj<1landi=1or2,
(4.2)  HX(F/ET(1) = F*/EY,

(43)  H’(F/ET(1)) = Ker(Br(E) — Br(F)),
(4.4)  H2(F/ET(Q2)) = K3y(F)yna/K3(E)ina
4.5  H(F/ET(Q2) = K, (F)/Ky(E)

and
(4.6)  H(E/ET(2) = Ker (H(E, Q/Z(2)) » H (EQ/Z(2))).

If £ is a Galois extension of E and F’ = E'F then there is a Hochschild-Serre
spectral sequence

HP (GHI(F/E,T()) = HP(F/E, T(3))
where G = Gal(E'/E). By this spectral sequence for 7 = 1 yields a morphism
H' (9, H> (¥ (1)K, T(1))) — H ((Y )/, T(1))

which is an isomorphism, as Br(£°) = 0. By (4.4), since K3(k’(Y));,q/K3 (K )ing is
uniquely divisible (See [MS2]), this spectral sequence also yields a morphism

H' (9,0 (Y)/k,1(2)) - H (k(Y)/A T(2))
which by (4.5) and (4.6) gives the map

HY G, Kk (Y))/Ky (k) — Ker (H? (b, Q/Z(2) —» H> (k(Y), Q/Z(2))).
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For any 4 € £*, we have a commutative diagram

a

Z k*
1% | l
H' (Y, 4,)7 - H (v, 5)7

| !

i)/H (Y, 7)) — HN (G, Ky (K (Y))/H (Vs 5))
Ua

!
H' (9, 02K (Y )k, T(1))) ————H' (4, B3k (Y )/, T(2)))
[

H (k (11//e I'(1)) HA (k(Y

HY (G, Ky (k(

«—

~—

/k, T'(2))

=

Ker (H2(kQ(1)) — H2(k(Y)Q(1))) = Ker (H3 (kQ(2)) > H (V) %(2)))

where 4 is respectively seen as an element of £, HO(Y/es, ] )%, HY%9,H (#,T(1))),
H! (£ T(1)) and H' (% Z(1)). But the column on the right side yields a surjective

morphism

2" — Ker (H*(k, Q/Z(1)) > H*(k(Y), Q/Z(1)) = U. [

4.2. First applications. — The following result was proved by Arason for a
quaternion algebra and by Colliot-Théléne using a result of Merkur’ev and Suslin
for a cyclic central simple algebra of prime index.

Proposition 4.4. — Let A be a central simple algebra over k such that the quotient
of the index of A by its exponent is squarefree and for any prime p dividing this quo-
tient the p-primary component of the corresponding division algebra is decomposable.
Denote by [A] its class in Brk and by Y the corresponding Severi-Brauer variety then

Ker (H(k Q/Z(2)) —» H (k(Y), Q'Z(2))) = [4]UH" (b, Q/Z(1)).

Proof. — According to [Kar], Ky(Y )(2/ 3) = Z and therefore CH?(Y) has no
torsion. This result is then a direct consequence of theorem O
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Corollary 4.5. — If A is the product of two quaternion algebras over a field of
characteristic different from two, then the complex

(%)) P 4N 5 ey @ UL HIR) — H (M)
uelU
15 exact.

Proof. — In this case, ind(4)/ exp(A4) < 2 and A is decomposable. Therefore
proposition gives the exactness at the second term of the complex. The
exactness at the first is due to Knus, Lam, Shapiro and Tignol [KLST]. O

5. The case of two conics

5.1. The result. — From now on £ is a field of characteristic different from 2.
As before, we shall omit the coefficients in the cohomology groups when they are
equal to Z/2Z. The purpose of this section is to show the following result

Theorem 5.1. — Let k be a field of characteristic different from 2 and ay, by, a5, by
belong to k™. We denote by Y; the conic defined by the homogeneous equations
XP—a,X3—bX3=0

fori=1or2, Y =Y, xXY,, M the function field of Y and U the subgroup osz(k)
generated by (ay, by) and (ay, by). For any u € U, let A, be a simple central algebra
which represents u. Then the complex

(%) P 4N 1w @ U S HA (k) — H (M)
uelU
is exact.

5.2. Exactness of the first part of the complex. — If 4y,...,4, belong to 4
then the corresponding Pfister form is defined by

<<dl,...,dn>>=< 1,—41 >SR---Q < L_dn >,

Lemma 5.2. — Let k be a field of characteristic different from 2 and let
Apseeerdy_1, bys..s b,y belong to k*. Assume that for any Clpever Gl sd, in
k* the equality

(cppercy)=(dp-..nd,)
in H" (k) implies that the Pfister forms Lcy,...,¢,>> and Ldy,...,d,>> are iso-
morphic. Then for any x,y € k* such that

(apeeoray_1%) = (byy s by y,9)
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in H” (k) there exists u € k™ such that
(ﬂl,..., ﬂ”_l,x) = (dl,..., ﬂ”_l, I/l) = (bl” bﬂ—l’ I/l) = (bl” bﬂ—l’y>

Remark 5.1. — By [AE], theorem 1] or [JR, page 554], the assumption is
verified for any field if 7 < 4. This was proved by Merkur’ev for 7 = 3 and by
Arason, Elman and Jacob for » = 4.

Proof- — By assumption we have that
<<dl, ey 15 X>> = <<b1’ cees bn—l’y>>

as quadratic forms. Let ¢, be the pure subform of €4y,...,4, > Itis charac-
terized by the isomorphism

<1>®q =<Lay,...,a, 1>
Let ¢, be the pure subform of the Pfister form <by,..., 6, > and g the pure
subform of the form <4y,...,4,_1,x>>. Then one has the isomorphisms
—q4 = —q ®x<Lay, -, >
¥ =g ®y<Lby,.. s by >

Let X; be coordinates corresponding to the first decomposition and Y; coor-

dinates corresponding to the second one. Let 7 be the subspace given by the
equations

X1:--l: 2n_1_1=Y1=-l-= 2;1_1_1:0

then dim V" > 2" —1 —2(2”_1 —1)=1. Ifq|V is isotropic then Ky, ..., 4, >
is isotropic and €ay,..., 4, > =0in W (k). By [Ar, Satz 1.6], (a},...,4,_) =
0 and # = y verifies the conclusion of the lemma. Otherwise let v € V' — {0}
and # = —¢(v). Then Kay,...,a, ;> represents ux™ | and <by,..., b, >
represents #y . By [Laml, chapter 10, corollary 1.6], we get that

La,. o, 1 ux > Lby,.. b, uy_1>>

>0
in /W (k) and therefore
(ﬂl, .. .,ﬂn_l,X) = (ﬂl, .. .,ﬂn_l, l/t) = (bl’ ooy bn—l’ l/t) = (bl’ ooy bn—l’y)' |:|

Proof of the exactness of the first part of the complex. — Let

o € Ker <H1 W)U H3 (/e)) .
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Then o may be written as
a=x® (ay,01) +y® (ay b))
with x, y € H' (k) such that
(% apby) = (a9, b).
By lemma[5.2] there exists # € £ such that
(% a1, b1) = (a1, b1) = (1 ap, by) = (1 ap, by)-

By the theorem of Knus, Lam, Shapiro and Tignol [KLST], one has an exact
sequence

<<ﬂl:kbl> ® <42}€b2>>*N—rd)Hl(k) U((ay,61)+(ap,67)) HS(/e)

cona (%) (52)) )

By Merkur’ev and Suslin’s result [MS1] corollary 12.1]

b )" by \”
x/u € Nrd (ﬂl—l> and y/u € Nrd <d2—2>

Therefore

k k
and we get
o€ Im (@AZN—rd»Hl(k)@U)
uelU
as wanted. O
5.3. Exactness of the second part of the complex. — This is a direct corollary

of corollary and theorem However using the Lichtenbaum complex in
this case is like shooting sparrows with cannons. Therefore we shall now give a

direct proof ofl4.1]in this particular case.
Lemma 5.3. — With the notation of theorem the sequence
H' (k)@ U — H?(k) - H>(M)

1s exact.
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Proof. — We denote by M the field £(Y7). Let a € Ker(H> (k) — H>(M)).
By Arason’s theorem [Ar, Satz 5.4], the image oL, of @ may be written as

o= (ay by,y) with y € Mj. But apy € H? ,(M;). And by [CTO, proposi-
tion 13], for any P € ¥V,
Ip(@) =vp()(az b2)4(p)-
Therefore vp(y) is even for all P € ¥{") such that (a3, by)(p) #0. We have
CH,(Y,) = Pic(Y,) =Z

thus Ker(m;, : CHo(Y; X ¥5) — CHg(Y;)) coincides with 4y(¥7 x ¥,) and by
corollary [3.9] is trivial. We may then apply propositions 2.1 and 4.2 of [CTS]

and we get that
b *k
K Nid | 2272
yerm (Ml

Thus there exists z € £* such that o M, = (ay, b5, 2) M- Therefore
o— (a, by, 2) € Ker(H> (k) — H> (M)

and applying Arason’s theorem once more, we get the result. O

6. The case of three conics

6.1. Generalities

Proposition 6.1. — Let k be a field of characteristic different from 2 and let ay,
by, ay, by, az and by belong to E*. As above Y; denotes the conic defined by the form
<L—a,—b; > Y=Y xY, X Y3, M the function field of Y and U the subgroup
of H 2(k) generated by the symbols (a;,b;), 1 <i < 3. Let D; = (ﬂi’kbi ) be the
corresponding algebra for 1 <i < 3. Then the homology of the complex

FeU—H(kQ/Z2)— H>(MQ/Z(2))

has order 1 or 2. It is equal to {0} if and only if the three algebras (ﬂi}ebi
1 <7 < 3 are split by a field extension of degree dym where

b= lom [ind (@D
= cm m :
0 i€{0,1)3 =1 7

and m is an odd number.

)
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Proof. — By theorem [4.1] the homology of the complex is isomorphic to the
group CHZ(Y)mrS, which by proposition[3.8|(5) is equal to Ker(CH?(Y) — CH?(Y))
and hence by proposition [3.8](2) and (4) to

Ker(Ko(1)¥?) = Ky(T)¥) = Ko(7)° (Ko (Y )/Ky (¥
But here, with the notation of section[3.2] KO(Y ) is generated by
(1 —z1>(1 —z2>(1 —z3)
®: i

and by corollary [3.5] the image ofgl Jinsis in Ky(Y) is 1nd(®3 Zj) H]3 1 jj
Therefore, d, bemg defined by the formula of the proposition, one has

V)Ko(T) = do(1—21)(1—2,)(1 —23)Z
»
_ Z (_1)] dO 7

3 @i\
i€{0,1}% ind ® D; lf)
2

Let D=D; ® D, ® D5. Let d = ind(D) and %' be an extension of £ of degree 4
which splits D. Then over # we have

(@1, 61) + (g, by) = (a3, b3).

By [Lam)| chapter 11, lemma 4.11], there exist £,x,y € £ such that (a1, 67) =
Et,)x) and (4, b,) = (7). Then K (4/7) splits Dy, D, and D5. By proposition[3.§]
1),
2d(1—21)(1—2,)(1—23) € Ky(Y)?
thus the order of the homology group divides 24/dy < 2.
It remains to show that the last assertion of the proposition is equivalent to

W
d
8 > ek
i€{0,1} ind ®D )

Let us first show that the last assertion of the proposition implies @). Let £ be a
finite field extension which splits D}, D, and D5. Then by proposition 3.8 (1)

(K k) (1—2;)(1—2,)(1—23) € Ky(Y)>.
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Since A( VA A2 \/@) splits Dy, D, and D5, we have
8(1—21)(1—2,)(1—23) € Ko(¥)>.
and the last assertion of the proposition implies
dym(1—21)(1—2,)(1 —23) € Ko(¥)?
Since 7 is odd, this implies &).

We now show the converse. Assume that &) is true. Since the composite map
CH3(Y) - Ko(1)¥4) = k()2

is surjective, we may take o in the inverse image of {dy(1—z;)(1—2,)(1 —z3)}.
The degree of « is then 4. Thus there exists a closed point P in ¥ such that
[(P) : k] = dym for an odd number 7. Let P; be the projection of P on Y; for
i = 1,2 or 3. The field £(P;) is a subfield of #(P) and splits D,. Thus £(P) splits
the algebras D}, D, and Ds. O

Corollary 6.2. — Ifind(D ® D, ® D3) = 8 or if ay = ay = ay then the complex
FeU— H(kQ/Z2)) — H> (M Q/Z(2))
is exact.

The cases ind(D; ® D, ®D;) = 8 and 4] = 2, = a3 may be seen as the extremal
ones.

Proof. — In the first case djy = 8 and k(,/ay, /4y, ,/a3) splits Dy, D, and Dj.
In the second case, namely 2; = 4, = a3, either the three conics are split and the
result is trivial or dy =2 and 4(,/a7) splits Dy, D, and Ds. O

6.2. A counterexample for ¢,. —

Proposition 6.3. — Let k be a field of characteristic different from 2 and containing
a fourth root of the unity. Let a, b, ¢ belong to k* and assume that the symbol (a, b, ¢)
in H3(k) is not trivial. We use the notation of section 6. 1| with

ay=by=a,ay=by=banday=0b,=c
then the homology group of the complex
FeU— H(kQ/Z2)) — H>(MQ/Z(2))
is isomorphic to Z/2ZL and generated by the class of an element of order 4 in
H(k, Q/Z(2)).
Remark 6.1. — This also gives an example where CH*(Y), # {0}.
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Proof. — Let M| = k(Y|). The conic Y is defined by the homogeneous equa-
tion

X —aX3—bX5 =0.
Let X = %, Y= % and & = (4, ) + (4, X). The only points where & may have
non trivial residues are
Py :X;=0,Py: X, =0and Py: X3 =0.
But
99, (&) = p, (V@) +p, (O(B) = (ab)
and £(P)) =k ( — %) = k(+/ab) since there is a fourth root of unity i in 4.
9p, (@) = vp, (O(8) = ()

k(Vb). Similarly 8p3 (a) = (a) = 0. Therefore o GHr%r//e(k(Yl)). Let

and k(P,) =
(f) then

We have the following formula
Coresj[\(/[(a) = Cores?(/[((a, Y))
= (&, —Y?)

Since 7 € k, we get

2
My ta 1, a(X
CoresK(a)—( b b [9+b<X1>)'

By [Lam) chapter 10, proposition 1.3]
Cores?(/[(oc) = (— 7 Z) =(a,b) #0.
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Thus & does not belong to the image of H? (k). By remark 22}, if we denote by
(a)4 the image of 2 in H(k, uy) and by (4, 6)4 the cup-product (2)4U (b)4 in
H? (k, y?z), which is isomorphic to H 2 (4, 1) by the choice of 7, we get that

a—Res((a, b)) € Im(H? (k) — H*(M))
Therefore o is the image of an element & of order four in A 2(k, Q/Z(1)) and
such that @ — (4, £)4 belongs to H*(k). Let p=aU ()4 in H3(#, H.?2>.

Bag, =20 (0 = (@ L)+ (5 X,0)

Therefore BMI € Ker(H? (M) — H3(M)) and

B € Ker (H*(k Q/Z(2) —» H> (M, Q/Z(2))).

However p— (4, b, ¢)4 is of order at most two. Since (2) U (b) U (c) is not trivial,
B is of order four and does not belong to

Im (U ok (4, Q/Z(z))> .

Hence the order of the homology group is bigger than two and by corollary[6.1]
is equal to two. O

Remark 6.2. — This proof gives also that the homology is generated by an
element o in H3(k, PL?Z) such that

a—(a,b,c)s € H> (k).

Remark 6.3. — The image by the corestriction map of an element in /[ , (M)
isin H] ,(K) and by proposition [L.2] comes from a unique element in /" (k).
Let N’ be the induced morphism from Hpy (M) to H”(k). We put y =
Res(a, b) 4. By the preceding proof we see that N'(y) = (4,6) and N’ is trivial
on the image of H 2(k). therefore N’ coincides with N in degree two if —1 is a
square. In degree 3, V ’is trivial on ImRes = Ker N and coincides with NV on
yURes H! (k) since both maps are compatible with cup-products by elements of

H(k). By remark 2.2
yUResH' () — Hsr/k(Ml)/KerN

is surjective. Hence these maps coincide also in degree three if £ contains a fourth
root of unity.
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