ON MANIN’S CONJECTURE
FOR A FAMILY OF CHATELET SURFACES

by

Régis de la Breteche, Tim Browning & Emmanuel Peyre

Abstract. — The Manin conjecture is established for Chatelet surfaces over Q
arising as minimal proper smooth models of the surface
Y2+ 2% =f(X)

in A?()l’ where f° € Z[X] is a totally reducible polynomial of degree 3 without

repeated roots. These surfaces do not satisfy weak approximation.

Résumé. — Nous démontrons la conjecture de Manin pour les surfaces de Cha-
telet sur Q obtenues comme modele minimal propre et lisse de la surface affine
d’équation

Y2+ 722 =f(X)
olt /' € Z[X] est un polynéme scindé a racines distinctes. Ces surfaces ne satisfont
pas P'approximation faible.
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1. Introduction

The purpose of this paper is to prove Manins conjecture about points of
bounded height for a family of Chatelet surfaces over Q. These surfaces have
been considered by F. Chételet in [Chl] and [Ch2], by V. A. Iskovskikh [?], by
D. Coray and M. A. Tsfasman [CoTs|, and by J.-L. Colliot-Thélene, J.-J. Sansuc,
and P. Swinnerton-Dyer in [CTSSD1] and [CTSSD2], among others.

The surfaces considered here are smooth proper models of the affine surfaces
given in A%l by an equation of the form

Y2+ 7% = X(a3X + b3)(agX +by),

for suitable a5, b3, a4, b; € Z.

It is important to note that the surfaces we consider do not satisfy weak ap-
proximation, the lack of which is explained by the Brauer-Manin obstruction, as
described in [CTSSD1] and [CTSSD2]. Up to now, the only cases for which
Manin’s principle was proven despite weak approximation not holding were ob-
tained using harmonic analysis and required the action of an algebraic group on
the variety with an open orbit. The method used in this paper is completely
different. Following ideas of . Salberger [Sal], we use versal torsors introduced
by Colliot-Thélene and Sansuc in [CTS1], [CTS2], and [CTS3] to estimate
the number of rational points of bounded height on the surface. Such a com-
bination of descent methods with analytic number theory was used in [HBS]
to prove that the Brauer-Manin obstruction to weak approximation is the only
one for hypersurfaces related to norm forms. Therefore we can reasonably hope
that further developments of these techniques may be successful in proving the
refined conjectures of Manin for other such varieties.

This paper is organised as follows: in section [2] we recall some facts about the
geometry of the surfaces. In section Bl we define the height and state our main
result. Section [4] contains the description of the versal torsors we use. In sec-
tion[5] we describe the lifting of rational points to the versal torsors. This lifting
reduces the initial problem to the estimation of some arithmetic sums denoted
by % (T). The following sections contain the key analytical tools used in the
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proof. In section [/l we give a uniform upper bound for % (7") and in section [§]
an asymptotic formula for it. The last section is devoted to an interpretation of
the leading constant.

Let us fix some notation for the remainder of this text.

Notation and conventions. — If £ is a field, we denote by k an algebraic clo-
sure of k. For any variety X over 4 and any k-algebra A4, we denote by X,
the product X Xgp. (4) Spec(4) and by X(4) the set Homgp,. () (Spec(), X).
We also put X = X7. The cohomological Brauer group of X is defined as

Br(X) = H2(X,G,,), where G,, denotes the multiplicative group. The pro-
jective space of dimension 7 over A is denoted by P and the affine space by A”.
For any (xg,...,x,) € #*1 = {0} we denote by (xq :...:x,) its image in P” (k).

2. A family of Chatelet surfaces
Let us fix 2y, ay, a3, a4, by, by, by, by € Z such that

#0

for any 4,j € {1,2,3,4} with i #;. We then consider the linear forms Z; defined
by L;(U, V) = a;U + b;V for i € {1,2,3,4} and define the hypersurface S of
PzQ X A%l given by the equation

a;

b

z

Zj
j

4
X2+vr=T*[[L;(U 1)
i=1
and the hypersurface S, given by the equation

4
X2y =1 [ L,(LY).
i=1
Let U; be the open subset of S| defined by U # 0 and U, be the open subset
of S, defined by ¥ # 0. The map @ : U; — U, which maps (X : ¥ : T'), U)
onto (X : ¥ : U?T),1/U) is an isomorphism and we define S as the surface
obtained by glueing §; to S, using the isomorphism ®. The surface S is a smooth
projective surface and is a particular case of a Chételet surface. The geometry of
such surfaces has been described by J.-L. Colliot-Thélene, J.-J. Sansuc and P.
Swinnerton-Dyer in [CTSSD2, §7]. For the sake of completeness, let us recall
part of this description which will be useful for the description of versal torsors.
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The maps §; — P%l (resp. S, — P%l) which maps (X : Y : T), U) onto
(U : 1) (resp. (X' :Y":T'),7) onto (1:¥)) glue together to give a conic
fibration 7 : § — P(ll with four degenerate fibres over the points given by P; =
(—b;:a;) € p! (Q) fori € {1,2,3,4}. In fact, the glueing oszQxAéto P2QX ]
through the map

2.1) (X:Y:T),U)—((X:Y:U>T), 1/U)

gives the projective bundle[X] P = P(0? @ O(—2)) over P%l and § may be seen
as a hypersurface in that bundle.

Over Q(i), if § € {—i, i}, the map Aq(;) — S1qi) given by u— ((6:1:0),U)
extends to a section oy of m. The surface Sq(;) contains 10 exceptional curves,
that is irreducible curves with negative self-intersection. Eight of them are given
in Sq(j) by the following equations

D:: Lix(P)=0 and X—£Y=0

for £ € {—i,1} and j € {1, 2,3,4}; the last ones correspond to the section oy and
are given by the equations

E5:  T=0 and X—EY=0.

Here X, Y and T are seen as sections of Op(1). Let us denote by ¢ the Galois
group of Q(i) over Q and by z+— Z the nontrivial element in ¢. Then we have

EE=Ff and D_E:D]g

for £ € {—i,i} and j € {1,2,3,4}. We shall also write DJ'~F (resp. Dj_’ EY, ED)
for DJI: (resp. Dj_j, E!, E71). The intersection multiplicities of these divisors are
given by
E by _ E by £yt _ £ néy —
(ES E°) =—2, (Dj,Dj) =—1, (Dj,Dj y=1, (E ,Dj) =1,

where § € {—1,i}, and j € {1,2,3,4}, all other intersection multiplicities being
equal to 0 (see [CTSSD2, p. 73]). The geometric Picard group of S, that is

1. We define here P(62 @ 0/(—2)) as the projective bundle associated to the sheave of graded
commutative algebras Sym(&’ 2@ 0(2)). In other words the fibre over a point is given by the
lines in the fibre of the vector bundle and not by the hyperplanes.
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Pic(S), is isomorphic to Pic(SQ(l-)) and is generated by these exceptional divisors
with the relations

(2.2) (D 1+[D;] = Dy ]+ [D}]
forj, k€ {1,2,3,4} and
(2.3) [E*]+ (D} 1+ D1 =[E7 1+ D) ] +[D,,]

whenever {j, k£, /,m} = {1,2,3,4}. Using the fact that Pic(§) = (Pic(SQ(j)))g it is
easy to deduce that Pic(S) has rank 2.
It follows from adjunction formula that the class of the anticanonical line
bundle is given by
4 4
wy' =2EY 4+ Df =2+ Dj.
J=1 J=1
Lemma 2.1. — Using the trivialisation described by 2.1), the S-tuple of functions
(LULU*LX,Y)

gives a basis of T(S, wgl).
Proof. — Let C be a generic divisor in |w§1|. Then C is a smooth irreducible

curve; let g be its genus. According to the adjunction formula, we have that
2¢c—2=uwg(wg—wg) =0. Thus g~ = 1. The exact sequence of sheaves

0— Og— g — w5 @O — 0
gives an exact sequence
0— H'(S, O0g) — HO(S, w5 1) — HY(C, w§1|c) —s H(S, 0y).

But S is geometrically rational and H'(S, O) = {0}. We get that

P80l = 1+5°(C, w§1|c).
Let D= w§1|C. We have that deg(D) = 4 and deg(w-—D) = —4 since o = 0.
Applying Riemann—Roch theorem to C, we get that

KO(D) = deg(D) + 2¢- —2 = 4

and 4° (S, wgl) =5. Since the sections 7, UT, U*T, X and Y are linearly inde-
pendent, and extend to a section of Op(1), we get a basis of I'(S, wEl). O
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Lemma 2.2. — The linear system |w§1| has no base point and the basis given in

lemmal2. 1) gives a morphism from S to Pzé, the image of which is the surface s given
by the system of equations

XoX, — X% =0
X3+ X7 = (aXy +bX; +cX,)(d' Xy + 6/ X, +X5)
where
d=4142, bzdlbz +42b1, Czblbz,
4= azag b = azyby+azbs, d = b3y
The induced map -~y : S — S’ is the blowing up of the conjugate singular points of S’
given by Ph= (0:0:0:1:—%) with =—1 and\{/_l (Pg) = E°.

Proof. — This follows from the fact that the map from § to Pa induces the
maps

((x:y:t),u)'—> (t:m‘:uzl‘:x:y)
from §; to Pa and

((« :y/ ) 0)— (WP o X :y/)

from S, to Py. O

Remark 2.3. — The surface § is an Iskovskikh surface [CoTs]; it is a singular
Del Pezzo surface of degree 4 with a singularity of type 24; and ¥ : S — & isa
minimal resolution of singularities for §’.

3. Points of bounded height

Over Q or even Q(i), the only geometrical invariant of S is the cross-ratio

/
/

Indeed the automorphisms of P%l sending the points Py, P,, P3 onto 00 = (0:
1), 0=(1:0)and 1 = (I : 1) lifts to an isomorphism from § to the Chatelet

d:)) ﬂl
by by
a4 4

by by

43 42
by by

a4 4y
by b,

o=
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surface with an equation of the form
X2+ Y2 =pUu(U—1)(U—a)T?

where B € Q. Over Q(i) we may further reduce to the case where p = 1. In
particular, without any loss of generality, we may assume that

(31) a = bz =1 and ay; = bl =0.

Hypothesis 3.1. — From now on we assume the relations (3.1)), that we have
ged(as, b3) = ged(ay, by) = 1, and that azbyasby(azby — asbs) #0.

Notation 3.2. — Let C = \/ §5d 1(|4j| +16;]). We equip the projective space Pa
with the exponential height A} : P4(Q) — R defined by

Hiloy 15333 = ma sl b el P2, 21
if xg, ..., x4 are coprime integers. Using the morphismy : § — S’ we get a height

H = H, o which is associated to the anticanonical line bundle wgl.

We denote by Val(Q) the set of places of Q. For any v € Val(Q), Q,, is the cor-
responding completion of Q. As explained in [Pell, §2], such a height enables us
to define a Tamagawa measure wy; on the adelic space § (AQ) =ILevQ?s (Q,)-
We also consider the constant a(S) defined in [Pell, definition 2.4] which is equal
to 1 in our particular case and, following Batyrev and Tschinkel [BT], we also

put B(S) = ]j(coker(Br(Q) — Br(S))) =4 (see [Sk, prop. 7.1.2]). We then set
C(S) = a(S)B(S)w (S(dg)™)

where § (AQ)Br is the set of points in the adelic space for which the Brauer-Manin
obstruction to weak approximation is trivial.
We are interested in the asymptotic behaviour of the number of points of

bounded height in $(Q), that is by the number
Ny(B) = H{PeS(Q, H(P) < B)
for B€ R with B > 1.
We can now state the main result of this paper.
Theorem 3.3. — For any Chitelet surface as above, we have the asymptotic formula

(F) Ny 1(B) = Cyy(S)Blog(B) + O(Blog(B)*?7?).
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Remarks 3.4. — (i) One may note that, as S(Q) is dense in § (AQ)Br by
[CTSSD1, theorem B], this formula is compatible with the empirical formula
(F) described in [Pe4, formule empirique 5.1] which is a refinement of a
conjecture of Batyrev and Manin [BM].

(i) Over R, the image of S(R) on P!(R) is the union of two intervals defined
by the conditions H]-4:1 Lj(U, V) > 0. Therefore we may choose j, # € {1, 2,3, 4}
such that j # £ and the sign ofL]-(U, V)L, (U, V) is not constant on S(R). The
evaluation of the corresponding element (—1, Lj(U, VY/Li(UV)) € Br(S) (see
[Sk, prop. 7.1.2]) is not constant on S(R). Therefore in all the cases we consider,

S(AQ)® #S(dq).

4. Description of versal torsors

Versal torsors were first introduced by J.-L. Colliot-Théléne and J.-J. Sansuc in
[CTS1], [CTS2] and [CTS3] as a tool to prove that the Brauer—Manin obstruc-
tion to the Hasse principle and weak approximation is the only one. In [CTS3,
§2.6], these authors give a description of the versal torsors for Chételet surfaces
up to birational equivalence. To be able to parametrise the points of S(Q) we in
fact need to construct the versal torsors themselves. Our construction is akin to
the one used by Colliot-Thélene and Sansuc but also to the constructions based
upon Cox rings.

We shall first introduce an intermediate versal torsor which corresponds to the
Picard group of S over Q, that is to the maximal split quotient of T'\s.

Definition 4.1. — Let I

spl be the subscheme of A% = Spec(ZIX, , T U V)

defined by the equation

4
2 2 _ g2
(4.1) X +Y*=T HL]-(U, V)
Jj=1
and the conditions

XY T)#0 and (U V)0

The split algebraic torus 7, = G%%Z acts on J;| via the morphism of tori

Qo) = b u b p)

from G%%Z to G}S%)Z and the natural action of G}S%)Z on A%. Let T be the
variety 7] - We have an obvious morphism 7y, from T, to § which may
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be described as follows: for any extension K of Q and any point (x,y, # %, v) of

TSPI(K), if v # 0, then the point ((x:y: 2?), u/v) belongs to §;(K) C S(K). If
u # 0 then the point ((x:y: tu®), v/u) belongs to S,(K) C S(K) and the points
obtained in S(K) coincide if #v # 0. The morphism mepl makes of T| a G-

torsor over S.
We now turn to the construction of the versal torsors.

Notation 4.2. — We denote by A the set of exceptional divisors in Sq(;) and
consider it as a ¢-set. Let Aq be the set of ¥-orbits in A. We put £ = {E*,E~}
and D; = {Df, D5} for j € {1,2,3,4}. Then Aq = {E,D, Dy, D3, Dy}. For
dE AQ, we may also write 6 = {3+, 0~ }. We consider the affine space AA,Z of
dimension 10 over Z

Aprz = Spec(Z[ Xy, Y5, 8 € AQ])
and define A, = (AA,Z>Q' For any ¢ € Aq, we put Zg+ = X5 +iY; and Z_ =
X5 —1Y5. We may then consider the algebraic torus
Tp = Spec ((QI)[Z5 25 1,5 € AN?)
as an open subvariety of Ay. We shall also write Z}, (resp. Z{) for ZD/eC (resp.
Zpe) and use similar conventions for the variables X5 and Y.

We now wish to construct for each isomorphism class of versal torsors over §
with a rational point a representative of this class in A,.

Notation 4.3. — Let n = (ny, ny, n3, n4) belong to (Z—{O})4. We define %, as
the subscheme of A, 7 given by the equations

2 2 2 2 2 2
(42) Aj,knl(Xl + Y[ ) + Ak’lnj()(} + Y} ) + A[,jnk(X/e + Yk ) =0
if 1 <j <k </ <4 Thescheme 7, is the open subset of %, given by the
conditions

(4.3) (25, Z5,) #(0,0),
whenever 3; N3, = &. We denote by T, the variety (.7,)q.

Remark 4.4. — The equations (4.2) define an intersection of two quadrics in

8, upon which we will ultimately need to count integral points of bounded
height. As shown by Cook in [Co], the Hardy—Littlewood circle method can be
adapted to handle intersections of diagonal quadrics in at least 9 variables. Here
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we will need to deal with an intersection of diagonal quadrics in only 8 variables.

For this we will call upon the alternative approach based on the geometry of
numbers in [BB2].

It follows from [CTS2, proposition 2] that the set of isomorphism classes of
versal torsors over S with a rational point is finite. We introduce a finite set which
parametrises this set.

Notation 4.5. — Let 8 be the set of primes p such that p | H1<j<k<4A',k@-
For anyj in {1,2, 3,4}, we put

Sj:{pe&p53mod4 and p|[[A;4}
ki
and
S.
%= {0 T o (yhes) € 0.1 x 011,

Finally, we define X to be the set of m = (mj)1<]<4 € H]-4: 1 Zj such that the
four integers are relatively prime, 72 is positive and H]-4:1 m; is a square. For any
m € 2, we denote by «,, the positive square root of H]{*:l m;.

Let m belong to =. We define a morphism =, : 7, — . In order to do this,
it is enough to define a morphism 7, : T, — TSP] which is done as follows: for

any extension K of Q and any z = (z5)5¢c, in 7,,(K), the conditions (4.2) and
(@.3) ensure that there exists a pair (#,v) € K* = {0} such that

(4.4) Lj(u, v) = m]-z;rzj_

forj€{1,2,3,4}. Let (x5, ) € K> —{0} be given by the conditions
v+ iy =, (232 TTE 27

(4.5) x— iy = (20 )2 TIE 7
t=2z{z,.

Then we have the relation

2. Over Z/2Z, one of the Aj,/e has to be zero, and so 2 € 8.
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and (x,, 4 u, v) belongs to TSPI(K).

It remains to describe the action of the torus 7Tg associated to the ¢-lattice
Pic(S) on T,,. The algebraic torus 7'y corresponds to the ¢-lattice Z2 and T’ A
acts by multiplication of the coordinates on A,. The natural surjective mor-
phism of ¢ -lattices

—pr: Z% — Pic(S)
induces an embedding of the algebraic torus 7Tg on TA.

Proposition 4.6. — Let m belong to 3. The variety T, is invariant under the
action of T\g on Ap and the variety T, equipped with the map «,, : T, — S and
this action of TN #s a versal torsor above S.

Proof. — The description of the kernel of the morphism pr (see (2.2) and (2.3))
give the following equations for 7yg:

+ _ 7+
(4.6) Zi =47
forj, k€ {1,2,3,4} and
(4.7) ZgZ].*Z,j =7y 2 Z,

if {j kL, m} ={1,2,3,4}. The equations (4.2) are invariant under the action of
T\ thanks to (4.Q) as are the inequalities (4.3). Therefore the action of T} NS
on A, induces a natural action of Tg on 7,,. This description of Tyg also
implies that =, is invariant under the action of T\g on 7,,. Indeed let K be
an extension of Q, let # belong to Ts(K) and z to 7,,(K). We put 7=tz It
follows from (@.4) and (4.0) that z and 2z’ define the same point ( : v) € P!(K)
and from @.3), (406) and (@.7) that z and 2’ give the same point (x : y : #?)
(resp. (x:y: %) in P2(K)).

We may note that for any extension K of Q, if R € T,,(K) then 7121 (1,,(R))
coincides with the orbit of R under the action of Tyg. Indeed if R e T,.(K)
satisfies nm(R/) =,,(R), then there exists a unique z € 7’4 (K) such that R’ =zR.
Let us write z = (25)5ca- Using (4.4) and (IEI) and the description of the action

of G,,(K) on fpl, we get that z; z; = z s Sif1<i<j<4and
2 4 2 4
+o—(+ +
202 (zkz/e = (z3) sz = (zg ) H
J=1 J=1

3. There is some question of convention in the definition of versal torsors which leads us to
use the opposite of the projection map.
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for k € {1,2,3,4}. We deduce from these equations that z € Tg(K).

It is enough to prove the result over Q. By choosing square roots o of m; such

that H;*Zl 0 = Oy and using a change of variable of the form Z;/ = och; for
e € {+1,—1} and j € {1,2, 3,4} we may assume that 7 = (1,1,1,1). Note that
for any 8 in A, the variety 7,1 (E,) is the subvariety of T, defined by Zg = 0. If
e € {+1,—1}, we consider the open subset

4
U2=S—E5—U1E]?
j:

of § and forj € {1, 2,3, 4}, we put
+_ +
Uj=S—E"—E — UEfVE)).
k7

The open subsets Uy, Uy, Uz, Uy, U, and U_ form an open covering of §. If
e € {+1,—1}, we may consider that X +¢iY =1 on U, and we define a section
521 (resp. 522) of my over U, NSy (resp. U,NS,) by Z§ =25 =25 =25=2; =1,
Zy ¢ =rand Zj_e = Lj(U, 1) (resp. Z]-_e = Lj(l, V) forj € {1,2,3,4}. Similarly,
for j € {1,2,3,4}, fix kL, m so that {j, & ,m} = {1,2,3,4}. On U}, we may
consider that L;(U, 7)) = 1 and T = 1. We may then define a section i of my
over UjbyZéF =7, =Z§ =2y =Z =Z} =1and

X+1iY 4 7 X—iY
=——— an =

1,42 L | AL

The conditions (4.3) ensures that, for any point P € T (Q), the stabilizer of P
in Ts(Q) is trivial. Using the action of T\g on T we then get an equivariant

m

Zr=L(UV), Z;=L,UV), Z

isomorphism from Ty x U to 711_1 (U) for each open subset U described above.
This proves that T, is a T\g-torsor over §.

It remains to prove that the endomorphism of Pic(S) defined by this torsor is
the identity map. Let us first recall how this endomorphism may be defined. If L
is a line bundle over S, then the class of  defines a morphism of Galois lattices

Z — Pic(S) and therefore a morphism of algebraic tori ¢; : g — G,, and an
action of Tg on G,,. The restricted product T xINS G, is a G, -torsor over
S which defines an element of Pic(S). For any d in A, the function Zg on T,
is invariant under the action of the kernel of the map ¢5: Tyg — G,,, defined

by the class of § in Pic(S). Therefore this function defines an antiequivariant
map from T, X Ins G,, to A! which vanishes with multiplicity one over nrzl (3).
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Thus the endomorphism defined by T, on Pic(S) sends the class of § to itself for
any 0 € A. This proves that T, is a versal torsor over S. O

To conclude these constructions it remains to prove that the set of rational

points S(Q) is the disjoint union of the sets =,,(7,,(Q)) where 7 runs over the
set 2.

Lemma 4.7. — For any P € S(Q), we have

{1 (PN Tt (2)) = 16 (Qpors = 2

Proof. — Let us start with a point P = ((x : ) : £y)> #g) in S} (Q). We then have
the relation

We may write #q = u/v with #,v € Z and ged(#, v) = 1. Then we may find an
element A of Q such that the rational numbers x = Axg, y = Ay and # = lto/vz
are coprime integers and we have

The same construction works for any point of S, (Q) and if P belongs to §;(Q)N
$5(Q) the elements of Z> thus obtained coincide up to multiplication of the first

three or the last two coordinates by —1. O
Remark 4.8. — Note that if we impose conditions like
4
t>0, Ly(x,v)>0 and ]:ng(u, v) >0,
]:

the lifting of P is unique.

Proposition 4.9. — Let P belong to S(Q). Then there exists a unique m in X such
that P belongs to ,,(T,,(Q)).
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Proof. — Let Q = (x, 9, u,v) € ,Zpl(Z) be such that Topl (Q) = P. Without loss
of generality we may assume that Q = (x,),4%,v) € Z> is such that

x2 +y2 =42 sz'}:l Lj(u, v),
(4.8) ged(x,9,2) = 1, ged(n,v) =1,

t>0, Li(,0) >0, and H42L(u, v) > 0.

The fact that ¢ H4 1L (1, v) is the sum of two squares implies that
4

(4.9) HL]-(u, v) >0

J=1

and, if H4 lL ", v 7-/ 0, for any prime p congruent to 3 modulo 4

Up

]

(4.10) (L:(#,v)) =0 mod 2.

7

=1
Let j belong to {1,2, 3, 4}. IfL (#,v) # 0, we denote by e; € {—1,+1} the sign
of L;(#,v) and by %;(Q) the set of prime numbers p Wthh are congruent to 3

modulo 4 and such that v (L]-(u, v)) is odd. We then put

m=gx I p
peZJ(Q)

If Lj(u, v) = 0 we define m; as the only integer in %, such that H/Zi:l my, is a
square. By construction, we have | Lj(u, v) and the quotient Lj(u, v)/mj is the
sum of two squares.

Let us now check that m = (my, m,y, m3,my) belongs to .  According

to (4.10), if a prime number belongs to Zj(Q) for some j € {1,2,3,4}, then

there exists # € {1,2,3,4} with # # such that p € 3,(Q). In particular, p divides
both Lj(u, v) and L (u, v) as well as

Aj,k“ = bij(u, v)— bjL/e(u, v)

and Aj,/ev. Since ged(x, v) = 1, we get that p | Aj,k- This proves that m € sz'}:l Z]

But combining (4.9), (4.10) and the definition of m we get that H]-4=1 m; is a

square. If 4 divides all the 7, it divides nglgj <k<4(8j ) which is equal to 1
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since Ay, = 1 under the condition (3.1). Finally 72; > 0 since L;(x,v) > 0 or
H]-4:2 Lj(u, v) > 0. Thus, m belongs to X.

We now wish to prove that Q belongs to #,,(7,,(Q)). By construction of ,
forany;in {1,2,3,4}, the integer Lj(u, v)/mj is the sum of two squares. Moreover
if p is a prime number, congruent to 3 modulo 4, then p generates a prime ideal
of Z[i]. From the relations (4.8), if p | #, then p | (x + iy)(x — iy). In that case we
have p | x and p | y, which contradicts the fact that ged(x,5,£) = 1. As > 0, we
get that # may also be written as the sum of two squares.

If ]_[4 lL v 7!0 we choose for j € {1,2,3} an element z € Z[i] such that

j( , )/m] = zj j and an element 2§ € Z[i] such that ¢ = 2§ ZO Then we get

the relation

Lot o)/ = x+1y x+1y
4 4 ocm(z(“;)z H3’21 zF am(za)z H]“?’Zl zf

and we put 2} = (x + iy)/(« »(28)? H]3 1% z7) € Q[i]. If]_[]4 1L(1,0) = 0, we
choose z7,23,23,2" as above and z4 S Z[ ] such that L4(u, v)/my = z4z4 In

both cases, we put z = z+ forj€{1,2,3,4} and zy = zO

The family so constructed satisfy the relations (4.5) and (4.8), from which it
follows that the corresponding family (z3)s¢ 4 is a solution to the systems
and (4.3). Thus we obtain a point R in 7T,,(Q) such that m,,(R) = P.

Let ' belong to = and assume that the point P belongs to the set
T (Tm/(Q)) as well. Then by (4.8), we have for any prime number p

Up(m]/') - Up(mli) = ”p(Lj(u’ Z’)) -V (L/e(“f U)) = Up(mj) - ”p(mk)
for any j, k in {1,2,3,4} such that Z, (u, v)Ly(u, v 7( 0. Similarly, denoting by

sgn(m2) the sign of an integer 72, we have
sgn(mj{)/ sgn(m//e) = sgn(m;)/ sgn(my,).

These relations between 7 and 7’ remain valid if Lj(u, v)L(u,v) = 0 since the

products sz'}:l m; and sz'}:l mj/ are squares. But, by definition of %, we have

/
>0 and 0
m) a 1r<n]11<1411‘1,( ])

for any prime number p, and similarly for 7. We obtain that 72 = #2’. O
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5. Jumping up

Having constructed the needed versal torsors explicitly, we now wish to lift our
initial counting problem to these torsors. In order to do this, we shall define an
adelic domain &, in the adelic space Tm(AQ) so that for any P € 7,,(T7,,(Q))

the cardinality of 71';11 P)ND,, is BTN (Qors-

5.1. Idelic preliminaries. — We first need to gather a few facts about the
adelic space T\ (AQ).

Notation 5.1. — Let A be a commutative ring. We may identify the 4-points
of A, with the elements of the invariant ring

Ap = (H A®ZZ[1'])%.

d€A
Let & be the set of prime numbers. Letp € . We put Sp = Spec(Qp ®7 Z[i])
which we may identify with the set of places of Q[i] above p. If 2 = (4, >p€8p

and b = (bp)pesp belong to ZSP, we write 4 > b if ay, > b, for p € Sp and

min(a, b) = (min(ap, bp))pesp- The valuations induce a map

~ . S
v,: Q, ®z Z[i] — (ZU {+00})7?.
Thus we get a natural map

(Q, ®2 Z[i])* — (ZU {+00})7 ™.

The action of ¢4 on Sp and A induces an action of ¢ on the set on the right-hand

side so that the above map is ¢ equivariant. Denoting by TP the set of invariants

in (ZU {+OO})SP *A and by I', its intersection with Z5 *A e get a map

logp :AA(QP) — Tp
whose restriction to TA(QP) is a morphism from this group to the group L, and
logp is compatible with the action of TA(QP> on the left and the action of I, on
the right. We denote by EP the set of elements (rp, 5) of I, such that 7p,5 = 0 for
any p € Sp and any 0 € A.

If T is an algebraic torus over Q which splits over Q(i), then X™*(7) denotes
the group of characters of 7" over Q(i) and X, (7") = Hom(X*(7'), Z) its dual,
that is the group of cocharacters of 7. We denote by (-) the natural pairing
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X*(T) x X,(T) = Z. For any place v of Q, we denote by X, (7), the group of
cocharacters of 7" over Q,,, which may be described as X, (T’ )Gal(Qv/ Q). We also
consider the groups X, (T)q = X*(T)g and X*(T)Q = X*(T)?. The group T,
may then be seen as the group X*(TA>p- The restriction of logp from TA(QP> to
T » is then the natural morphism defined in [Onol} §2.1]. For any (r3) sea € Fp,
we put rji = D]:.t forje€{1,2,3,4} and r(? =r+. The group X*(TNS)p is then
the subgroup of I', given by the equations
r;r + rj_ = r;r +r,
for1<j</<4and

7"(J)r+rjr +rzr=r0_+r;+rn_
if {j,,m n}={1,2,3,4}.

Remarks 5.2. — (i) If p =3 mod 4 or p = 2 then there exists a unique element p
in8,. Thus I, is canonically isomorphic to 78 1f p = 1 mod 4, then choosing

an element p €8, we get an isomorphism from 72 1o L.
(ii) We may note that an element Q € Tm(Qp) belongs to @m(Zp) if and only

iflogp(Q) belongs to E,.

Lemma 5.3. — For any prime p the morphism logp induces an isomorphism from
the quotient T\ (QO)/ TNs (Zp) to X*(TNS)p and there is an exact sequence

l— TNS(Q)tors - TNS(Q) - @ X*(TNS)p —0.
peZ

Proof. — By [Dr, p. 449], the kernel of the map logp from TNS(Qp) to

X, (TNs)y coincides with Ty5(Z,) for any prime p. Let us prove that the map
D, logp from Tg(Q) to ®pX*(TNS)p is surjective. We first assume that p # 2.
If p =1 mod 4 we choose an element & € Z[7] such that p = & and identify Sp
with {&,®}. Ifre Fp, we then define

exp,(r) = (5)”@,85’”5,3)&&

If p = 3mod 4, then we put ® = p and for r € Iy, we define exp,(r) to be
(2P )sea- By construction, exp; is a morphism from I to T'(Q) and satisfies
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logp oexp, = Idrp and log, o exp, = 0 for any prime £ # p. Moreover we have

(5.1) ylexp, (r)) = p%7)

for any y € X*(TA)Q and any r € L. Therefore, if » belongs to X, (7T\5s),

then exp, (r) belongs to Tg(Q). It remains to prove a similar result for p = 2,

although there is no morphism which satisfies (3.1). Let » belong to X, (7).
+

Let us write =1 = Vj_ for j in {0,...,4}. Since r belong to X, (7T\g),, we
have r| = r) = r3 = 4. We put zf =(1+ i)rf for j € {0,1,2,3} and z}: =
(—i)0F271(1 + 1)0 and 3 = ij’ for j € {0,...,4}. Then log,(z) = r and 2
satisfies equation (4.6). Moreover if {j, k. L, m} ={1,2,3,4} one has

(1 +1‘>70+27’1

N7g+2ry _
(—iyorz )=

zngzZ/ (zo_zl_z;) =

which proves that z satisfies (4.7).

If z belongs to the kernel of the map @, logp then its coordinates are invertible
elements in Z[i]. Thus z is a torsion element of Tyg(Q). O

5.2. Local domains. — To construct Z,,, for any prime p and any m € X
we shall define a fundamental domain in ‘J'm(Qp) under the action of TNS(Qp)

modulo T\g(Z,). In other words, we want to construct an open domain &, , C

P P
Tm(Qp) such that
(i) The open set .@m,p is stable under the action of T (Zp) ;

(ii) Forany #in TNS(Qp) - TNS(ZP), one has 7. .@m)]) N -@m,p = J;

(iii) For any x in ‘J'm(qv), there exists an element # in 7} NS(QD) such that x
belongs to 2. .@m,p.

Lemma 5.4. — For any prime number p, the domain ZPI(ZP) is a_fundamental
domain in ‘Zpl(qy) under the action of Tspl(qg) modulo T SPI(ZP)‘

Proof. — As in the proof of lemma [4.7] if P belongs to S(QD), there exists a
point Q = (x5, 4 %,v) € zpl(qv) such that '”spl(Q) =P and
min(vp(x), vp(y), vp(t)) = min(vp(u), vp(z))) =0.

The last condition is equivalent to Q € ‘ZPI(ZP)' The lemma then follows from
the facts that the action of T’ Spl(qv) on ‘ZPI(QP) is given by

((‘)\) H)) (x;)’; t) u, U)) — (‘)\x) ‘)\'_y; Hr_z‘)\t; Hu, ELZ))
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and that the TSPI(QP)—orbits are the fibers of the projection Topl * ,ZPI(QP) -8 (Qp>
0]

Lemma 5.5. — Two elements of Tm(Qp) belong to the same orbit under the action
of TNs (Zp) if and only if they have the same image by =,,, and logp.

Proof. — According to proposition [4.6] two elements of Tm(Qp) belong to the
same orbit under the action of TNS(Qp) if and only if their image by =, coincide.
On the other hand, T; NS(Zp) = T, NS(QD) N TA(Zp) is the set of elements of
A, (QD) which are sent to the origin of T b by logp. Therefore if two elements
of Tm(Qp) belong to the same orbit for TNS(Zp) their image in I, coincides.
Conversely, let x and y be elements of Tm(Qp) which have the same image by
,, and Iogp. Then there exists an element ¢ € TNS(Qp) such that y = #x. Since
logp(x) = logp()/), if a coordinate zg of x is different from 0, the corresponding
component of logp(t) is 0. Taking into account the conditions (4.3) and the
equations (4.6) and which define 7T\, this implies that logp(t) is the unit

element and thus # € Ty (Zp). O

Remark 5.6. — The idea behind the construction of Z,, » is first to consider
the intersection

%_1 (ypl(zp)) N @m(zp>)

m S

which is stable under the action of TNS(Zp)- For all primes p for which there is
good reduction, this intersection coincides with gm(ZP). More generally, if p is
good or if p 7‘é 1 mod 4, this intersection satisfies the conditions (i) to (iii) and
yields the wanted domain. On the other hand, if p is a prime dividing one of the
Aig and such that p = 1 mod 4, then for any Q € ZPI(Z‘D) N %m(‘J'm(Qp)) the

intersection
%, (Q)N%,,(Z,)

is the union of a finite number of TNS(ZP)-orbits. We then select a total order
onT, and choose the minimal element in the image of the last intersection by
$,- In that way, we construct the wanted domain.

To better understand the construction, let us first describe the conditions sat-

isfied by logp(R) for a lifting R of a point Q € (‘Tspl(q@)- Let R = (2z5)5en €
T (Qp) and let Q = (x,% % %,0) = 7,,(R). Let us denote by (r5)sca € Tp the

m
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image of R by Iogp. We also put n; = ﬁp(Lj(u, v)/mj) forje{1,2,3,4}, ny = Ep(z‘)

and n* = Ep((x +iy)/a,,). Then we have the relations

52) n=rt
forj€{0,...,4}, and
4
(5.3) wt = Zr(:)t + ' lrji.
]:

Lemma 5.7. — Let p be a prime number and let m belong to 3. Let Q belong

to the intersection ,Zpl(Zp) N ﬂm(‘Tm(Qp)) and let (”j)je{O,...A} andn®, nw be the

corresponding elements of AL defined in remark[5.6
a) Onehﬂsnj >0 forj€{0,..., 4}, nt >0andn= >0.

b) Ifp &8, then min(n;, n;) = 0 if 1 <i<j<4

c) Ifp#£ 1 mod4, then ny = 0.

d) One has min(n,, n,n)=0.

e) There exists a solution in EP to the equations and (5.3).

£) The number of such solutions is finite.

g) Thzrz exists a unique solution to these equations in Ep ifp ¢ 8 orifp 7‘é
1 mod 4.

Proof. — We write m = (my,...,my) and Q = (x,%, % u,v). As Q belongs to the
set nm(‘Tm(Qp)), one has that p|; if and only if p = 3 mod 4 and ”p(Lz‘ (u,v)) is
odd. If these conditions are verified, vp(am) =1land a,,|L;(% v). Similarly, using
the equation (4.1), we have that a,,|x & iy and this concludes the proof of a).

We now assume that p ¢ 8. Let 4,j be such that 1 <7 <;j < 4. Thusp
does not divide A; J This implies that min(vP(Li (u,0)), ZJP(L]-(u, v))) =0 and so
min(ni, n]) = 0

We now prove assertion c). If p|¢ then by equation (£.1)), it follows that p?|x*+
9. If we assume that p = 2 or p = 3 mod 4 this implies that p|x and ply which

contradicts the fact that min(vp (x), vp()/), v (2)) =0.
Letp € SP' If p divides x + iy, x — iy and ¢, then p divides x, y and #. This
proves assertion d).

Since Q belongs to wm(‘J'(Qp)), the equations (5.2) and (5.3) have a solution
in Fp. If p=3mod 4 or p = 2, then the integers r]i € Z are such that rf = rj_
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forj€{0,...,4}. Therefore the equations (5.2) have a unique solution in I, By
a) the coordinates of this solution are positive. If p = 1 mod 4, then by choosing
an element p € 8, we are reduced to solving the equations

-
nl—rl +Vl

forj€{0,...,4}, and

niZZV(j):+. r]i

J
in ZA, where n; > 0 forj € {0,..., 4}, nt > 0and »— > 0. Since we have

4
=1

the relation 27 + Zf:l n; = n* +n", we may write n* = 24} + Zf:l ﬂj where

0< a;’ <niforje {0,...,4}. Then we put a; = nj—ajf’ forj€{0,...,4} to get
a solution with nonnegative coordinates.

The assertion f) follows from the fact that there is only a finite number of
nonnegative integral solutions to an equation of the form » = k* + £

If p =3 mod 4 or p = 2 we have already seen that the solution to the system of
equations is unique. If p & 8 and p = 1 mod 4, then it follows from the assertions

b) and d) that rji = min(nj, ni), which implies that the solution is unique. [

Lemma 5.8. — If p is a prime number such that p = 1 mod 4 or p ¢ S, then
for m € Z, the set @/m(Zp) N 'Tr,;l (zpl(zp)) satisfies the conditions (i) to (iii) and
defines a fundamental domain in Tm(Qp) under the action of Txg (ZP).

Proof. — To prove the lemma it is sufficient to prove that the intersection of
any nonempty fiber of m,, with .7,,(Z,) is not empty and is an orbit under the
action of T\ (Zp). Let P belong to the set wm(‘Tm(Qp)) By lemma [5.4/ we may
lift P to a point Q which belongs to ‘Zpl(zp)' According to lemma[5.7] e), we

may find an element r € E, which is a solution to the equations (5.2) and (5.3).
Let R be any lifting of P to Tm(Qp) and let ¥/ = Iogp(R). The difference #¥/ —r
belongs to X*(TNS>p- According to lemma[5.3] there exists # € T\ (Qp> such
that logp(t) =r—7". Then the point R =R’ € Tm(Qp) satisfies logp(R) =7 and
R belongs to @/m(Zp) N 'Tr,;l (‘Zpl(zp))'

It remains to prove that if two element R and R’ of ﬂm(Zp) are in the same
fibre for m,, then they belong to the same orbit under the action of Txg(Z,).

?

Their images in ’Zpl(Qp> belong to ’Zpl(zp) and therefore are contained in the
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same orbit for the action of T spl(Zp>’ which means that the equations described

in remark [5.6 for logp(R) and logp(R/) are exactly the same. We then apply
assertion g) of lemmal[5.7]and lemma[5.5] O

Lemma 5.9. — If the prime number p does not belong to 8, then for m € %, we
have

T(Z,) = D Z,) N7, (Tl(Z,).

Proof. — We keep the notation used in the proof of the previous lemma. Using

lemma [5.7] b) and d), and the positivity of the coeflicients in », we get that

min(rgl, rgz) = 0 whenever 8; N9, = &, which means that R belongs to ym(Zp).
0]

Definition 5.10. — Let m belong to . If p € 8, we put Dmp = Im(Zy)- I
pPES andpg_é 1 mod 4, we put

Donp = P Zy) V5 (Tpi(Z,).

It remains to define the domain for the primes p € 8 such that p = 1 mod 4.

Notation 5.11. — We put 8’ = {p €8, p=1mod4}. For any p € 8’ we fix in

the remainder of this text a decomposition p = @,®, for an irreducible element
@, € Z[i]. We may then write 8, = {GJP, GJ_P} The group T}, is isomorphic to
Z2 through the map ¢, which applies a family (”p,é)(p,éi)espx A onto the family
(”G)P,B)BEA' Let j # k be two elements of {1,2,3,4} such that p|Aj~)/€. We then

deﬁnefj)k = (f5)sen € Z2 by

- Lifse{D;, D},
0 otherwise.

_+—1 :
We pute;, =4, (f I ;) and consider the set

(5.4) A, =E,= U ejpt+Ey
{(:k)€{1,2,3,4}|i<k and plA; 4}

Definition 5.12. — Let m belong to . If p € 8 and p = 1 mod 4, then we

define @m)], to be the set of R € 'Tr,;l (ZPI(Z‘D)) such that logp(R) S Ap.

Remark 5.13. — In particular, one has 7, , C @m(Zp) for any prime number
p-
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Lemma 5.14. — Ifp €8 and p = 1 mod 4, then for m € %, the set .@m,p satisfies
the conditions (i) to (i11) and defines a fundamental domain in Tm(Qp) under the
action of T\ (Zp).

Proof. — According to lemma [5.5] and lemma [5.7] ¢), we have only to prove
that for any Q € ‘ZPI(ZP) N 'Trm(‘J'p), there exist a unique solution of the equa-
tions (5.2) and (5.3) which belongs to AP' Among the solutions in EP’ there is
a unique solution such that if s = q)p (r), the quadruple (sf, 55’, 53’, 5;;) is maximal
for the lexicographic order. It remains to prove that the solution satisfies this last
condition if and only if » belongs to A,. Let r be the solution for which the
above quadruple is maximal and 7 be any solution in 2, and s = ¢,(7). If #7,

P

then we consider the smallest j € {1, 2, 3, 4} such that sf > }j+’ With the notation

of remark [5.G this implies that n; 7-{ 0, n" 7! 0 and #— 7-{ 0. Therefore #y = 0

and there exists £ > j such that SZ < ?; . Since Sj_ < ?j_’ we may conclude that
7 € ¢y +E,. Moreover p | Aj g Cotiversely if 7 b‘elongs to ey +‘E , for some
Jrk €{1,2,3,4} such thatj < &, then 7 — ¢, + €, is another solution to system

of equations which gives a bigger quadruple for the lexicographic order. O

5.3. Adelic domains and lifting of the points

Definition 5.15. — Let m € . We define the open subset Z,, of ‘J'm(AQ) as
the product 7T,,(R) x [er .@m,p

Proposition 5.16. — The set 9, is a fundamental domain inT,, (AQ) under the
action of Trg(Q) modulo Tyg(Q)iors 1 0ther words

() The open set D,, is stable under the action of Tyg(Q)orss

(ii) For any t in Tg(Q) = TNs(Q)iors 0728 bas t.9,,N D, = &;

(iii) For any x in Tm(AQ), there exists an element t in Trg(Q) such that x
belongs to t.9,),.

Proof- — The assertion (i) follows from the fact that @m)], is stable under
TNS(Zp) for any prime number p. If # belongs to T\yg(Q) = Tns(Q)ors> then,
by lemma [5.3] there exists a prime number p such that logp(t) # 0. Thus
t.Dp N\ Do,y = D> which proves (ii). Let x belong to Tm(dq). For any prime
number p, there exists an element t, €T NS(Qp) such that LyX € .@m’p. By
lemma[5.3] there exists an element # € Tg(Q) such that logp(z‘) = logp(tp) for
any prime number p and £.x € ,,. O
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Corollary 5.17. — Let P belong ro S(Q) and let m be the unique element of >
such thar P € ,,(7T,,(Q)). Then

4, (P) N D) = $Ts(Qpor = 2°.

Proof- — This corollary follows from the last proposition and the fact that
W;,l (x) is an orbit under the action of Tg(Q). O

Let us now lift the heights to the versal torsors.

Definition 5.18. — As in notation 3.2 we put C = ﬁ/Hj4=1 |4;| + ;| Let w be

a place of Q. We define a function H,, on Q), by

max(%, %, max(|u|,, |0|,)?|7],) if w= oo,

Hw(x,y, L u, v) = {

max(|x|,, [y],,, max(|#|,, |#],,)?|¢],) otherwise,

for any (x, 3, 4%,0) € Q). If m € =, we shall also denote by H,,: 7,,(Q,,) — R
the composite function H,,om,,. We then define A : ‘J'm(AQ) — Rby H =

HwGVal(Q) H,.

Remarks 5.19. — (i) The line bundle wgl defines a character y,, on the torus
Top1 = ng,Q simply given by (), 1) — A and we have the relation

N

(5.5) H,,(t.R) = |, (1) ,H,,(R)

for any r € Tspl(Qw> and any R € T, spl(Qw>- A similar assertion is true on 7T,
formeX.

(ii) Asa point Q = (x:y:¢:u:v)in ,?Spl(R) satisfies the equations (4.1)), we
have that

4
max(f} )* < T (laj| + [5;]) max(|ul, |o])*[¢].
j=1

and it follows that
H oo (Q) = max(|ul, [o])*|¢]-

Proposition 5.20. — Let m € 3. For any R € T,,(Q), one has
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Proof. — We may define a map V : Q> — Q’ by (x, Y bty v) > — (0%t uvt vt
x: ). The restriction of the map ¥ from .7 pl tO A5 — {0} is a lifting of the map

V:8— 8. On S the height H, is given by

max (|5,

H4(x0 Phee :x4) = max (lxoloo’ |x1|oo’ |x2|oo’ >
C C 0<i<4
PEP VYN

for any (x,...,x4) € Q. This formula implies the statement of the lemma. [

Corollary 5.21. — For any real number B, we have

NB) = 3" HRET,(QNT,, HR)<B)
ﬁTNS(Q)tors ,,;z

Proof. — This corollary follows from propositions [4.9] [4.6, and [5.20]and corol-

lary5.17 OJ

Remark 5.22. — For any prime number p and any m € Z, we have 7, , C
ﬁ;l(y pl(Zp))’ Therefore, for any R = (Rw>weVal(Q) belonging to ¥,,, we have

N

H(R> :Hoo(Roo)'

Notation 5.23. — For any real number B, and any m € X, we denote by
Dy, 00(B) the set of R € T, (R) such that the point Q = (x5, %) = 7,,(R)

satisfies the conditions
(5.6) Ho(Q)<B and Hg,(Q) > max(|u| |o])? > 1.
We define Z,,(B) as the product Z,, ,(B) x e 29,

Remark 5.24. — Let F be a fiber of the morphism 7 : § — Pé. Then the

Picard group of S is a free Z-module with a basis given by the pair ([F], [wgl])
According to the formula (5.9), the function H, corresponds to [wgl]. In a
similar way the map applying (x, , 2 #, v) to max(|«, |v|) corresponds to [F]. On
the other hand, the cone of effective divisors in Pic(S) is the cone generated by
[Fland [ET]+[E7 ] = [wgl]—Z[F ]. But, by the preceding remark, the function

Hoo (Q)

max(Ju, |o])>

Q=xytuv)

corresponds to [E™] + [E~]. Thus the lower bounds imposed in the definition
of 9,5, 00 (B) correspond to the condition (3.9) of [Pe3, p. 268].
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These lower bounds are automatically satisfied by any point R in Z,,N7T,,(Q).
Indeed Q = 7,,(R) belongs to 9 1(Z) and writing Q = (x,9,% 1, v) we get that
max(|u|, |[v]) = 1. Since (x,y,¢ 7! 0, by equation (4.1), we also have that # # 0
and therefore |t| 1 which yields the second inequality.

Corollary 5.25. — For any real number B, we have

JjTNS(Q)tors ngjj Q)m@ ( ))

Proof. — This follows from the last remark and the preceding corollary. O

N(B) =

5.4. Moebius inversion formula and change of variables. — As is usual with
these type of problems, we now wish to use a Moebius inversion formula to
replace the coprimality conditions by divisibility conditions.

5.4.1. First inversion. — The first inversion corresponds to the conditions im-

posed at the places p € 8 with p =1 mod 4.

Notation 5.26. — Let N(a) = #(Z[i]/a) denote the norm of an ideal a of the
ring of Gaussian integers Z[i]. We define
D ={bcZ[i], N(b) €D},

where
(5.7) D={deZ,y p|d=p=1mod4}.

Let 4 be a commutative ring. Let b = (bg)5c be a family of ideals of AQ7Z[i]
such that by = by for any 8 € A. Then (I5cp bg)g is an ideal of 4, and for any
ne Z4, we define

Y, (6) = 7 (A) N (H bg)g.

oA
We define .4 (A4) as the set of such families of ideals. For any p, the map logp

induces a map from &4 (Z) to TP' If log, (a) = 0, then we define
M@= [ s, llog, (@)

reP-{2}
For any a € .7, (Z), we also put N(a) = (N(Cljr))lgjgzl € Z4>0.
IfX = (A5)sca belongs to T4 (Q) NZ,, then we put NQA) = (7\f7\]-_)1<j<4 €
Z%, and define a morphism my,: INOm — Y, using the action of the torus T
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on A,. For any commutative ring 4, we may define an element A4, € F5(A)
by taking the family of ideals (A\gd)scp. If @ € FL(Z) satisfies log,(a) = 0,
then a =A(a)Z,. For any a € #,(Z), we similarly define ad, as (agd)scp €
FA).

Let m € ¥ and let a (aj)1< <4 € D% We may see @ as an element of

J£(Z) by putting a =q and a = for] €{1,2,3,4} and af = ay = Z[i].
Let n =mN(a) = ( N(a]))1<]<4 Recall that a,, is the positive square root of

H]-4=1 m;. We put

4
a = Uy X 1_[7»(a)Jr
j=1

Note that H4 ] =N(a,, q)- We then defineamap «,, 4 : %, — A% as follows:
thanks to equations @D and the fact that, by (3.1), the family ( b. ) 1<j<4

generates Z2, the system of equations
(5.8) LU V) =n; (Xf+};.2)

in the variables U and 7 has a unique solution in the ring of functions on %,,.
We also define T = X3 + ¥¢ and define X and Y by the relation

4
X +iY =0, o (X +iY)* [](X;
j=1
The morphism Tpa 1S then defined by the family of functions (X, Y, T, U, V).
Since these functions satisfy the relation

4
2 2 _ g2
X +Y*=T Hle(l],V),
]:

the image of 7, ; i

is contained in the Zariski closure % ol of 7, ol in AZ

Let m € = and a € D% For any prime number p we define .@,L ap 2

% (ZP) N ﬁ_l (’ZPI(ZP» where # = mN(a). For any real number B, we also

define .@m a,00(B) as the set of R € #,(R) such that 7,, 4(R) satisﬁes the con-
ditions (5.6). We then put @;L,u( ) = @,1, a,00(B) X Hpe@ mup When

a; = Z[i] forj € {1,2, 3,4}, we shall forget a in the notation.
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Let 8’ be the set of p € 8 such that p =1 mod 4. Forany p € 8/, we consider
the set @@p of subsets I of A={E*, E~} such that

(1) if Bf € [ then there exists £ < j such that Sk_ el;
(i1) if S/e_ € I then there exists j > £ such that 3; el;

(iii) if 57 €7 and 8 € 7 withj#k then p| A
For any I € &, we define f7 = (f§)s5ea € 72 by
1 ifoel,
i

0 otherwise.

Using notation we then consider e; = gop_lv ;) and Z;) = {CXPG)P(eI)’ Ie
éjp }. We define >/ as the subset of .7 A(Z) defined by

/ /
3 = { (H 1P>ZA, N)yes € 11 ZP}
pes’ pes’

An element a € ¥/ is determined by the quadruple (ajr)lgjg 4 and we shall also
consider 3/ as a subset of D*. For p € 8’ we define a map Wy : &, — Z by the

conditions
E*p(@) =1 and > V'p(D =0if/ £ 2.
Jcl
The map p.: 3/ — Z is defined by u(a) = HpeS/ yp(lp(a)).

We shall denote by A/, the ring R X [[,c 5 Z,.

Remarks 5.27. — (i) Let h = (A5)sep € TA(Q)NZ,. Let A be a commutative
ring. Then 7 _is a bijection from the set @/N(l)n(A) to the set %,(Ady ).

(ii) With the same notation, for the ring 4 = Z,, the set %,(9) is the inverse
image by logp of the set logp )+ Ey.

Lemma 5.28. — Letp € 8. For any subset K of Fp, we denote by 1y its charac-
teristic function. Then

15, = ) kp(1ep 4z,

Iegp
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Proof. — For any j, k in {1,2,3,4} such thatj < & and p | Aj,k’ we put Ij,k =
{Bj_, 87}. Let K be a subset of {(j, %) € {1,2,3, 4}2, j < kandp | Aj,/e}' Let
1 = U(/)k)eK]j)k. Then w¢e haVC
N ("j,k + EP) =e/+E,
(k)EK
On the other hand, a subset I of A belongs to é}) if and only if it is the union of

subsets 1] p withj<kandp | Aj) 4- The lemma then follows from equation (5.4)

which defines AP and the fact that the map I — ¢; + Ep reverses the inclusions.
[l

Lemma 5.29. — Leta €3 and let B be a positive real number. The multiplica-
tion by Ma) € Ty (Q) maps @}n)a(B) onto @,ln(B) N, (a(droo)a)-

Proof- — By remark (i), the map () is a bijection from the set
Q/N(a)m(AﬁOO) onto the set %, (a(dro)p)- Let us now compare the maps
T, 01 (q) and T, q. The map 7, , is given by the relations
2 2 .
L(GV)= N(ajf)mi(Xj +¥7) forj € {1,2,3,4},
T=X}+7¢
X+i¥ =ua, (X0+1Y0) H]— (X] +1'}§-),
whereas 7, 0 ) is given by
_ + — 2 2 .
Lj(U, V) —k(a)j k(a)j ml(Xj +Y; ) forje{1,2,3,4},
T=X3+7¢,

X+i¥=a <H]41M ) )(XO+1Y0) H] 1(X]+1'}§-).

Therefore 7,, 0 7 ) coincides with 7,, . This proves that for any prime num-

ber p, the map 72y maps ﬂmla(ZP) onto ﬁ;,l (Zp). Moreover 72 (g sends the

set .@maoo( ) onto .@,L)Oo( ). O
Proposition 5.30. — For any real number B, we have
N(B NgL (B)).
( ) uTNS(Q)torS Z Z H’ (a)m(Q) m,a( ))

meZ g5/

Proof. — This follows from lemma [5.28] the definition of %,,(B) and
lemma[5.29] O
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5.4.2. Second inversion. — The inversion we shall now perform corresponds to
the condition ged(x, 3, 2) = 1.

Notation 5.31. — The map u: ® — Z is the multiplicative function such that

1 if£=0,
u@f) =4 —1 ifk=1,
0 otherwise.

for any prime ideal p in D and any integer £ > 0.

LeemeZand aes c D% Letb = (bj)je{l,2,3,4} e D% We put z =
N(ab)m and wb) = H]-4:1 y(bj). Let B be a real number. Let p be a prime

number. If R belongs to %,(Z ) we denote by X, ¥, 7, U and V" the functions on

%, which define 7,, 5. The local domain .@ o, 0,B,p

— Ifp =3 mod 4 or p =2, then .@72”)“, by is the set of R € %(Zp) such that
T(R) e Z>l< and min(v p(U(R)), v, (V(R))) = 0;

P
—pr—lmod4then.@ a,bplsthesetofR (z )BGAEW(Z)suChthat

z; belongs to mj:l bj, such that mm(vP(T( ), vy (H]{*:l N(a]))) =0and
such that min(vP(U(R)), UP(V(R))) =0.

is then defined as follows:

Wealsoput@ aboo( )= @,lnuoo( ) and
2 2
‘@m,a,b(B>:‘@m,a,b,oo H abp
peZ
Proposition 5 32. — For any real number B, we have the relation
N(B) = w(a QN T, 0 6(B)).
ﬂTNS(Q>tors Z Z Z ob

meX qes/ ped4

Proof — Letm € 2, let a € X and let p be a prime number.
Let us first assume that p ;7é 1 mod 4. By lemma [5.7] ¢), we have vp(t) =

for any (x5, 46u4,0) € ‘Zpl(Zp)' Conversely, let R belong to g/mN(a) (Zp). If
(T(R)) =0, then min(vp(X(R)), vP(Y(R)), vP(T(R))) =0.

We now assume that p = 1 mod 4. For any R = (z3)5¢cp € @mN(a)(Qp) we
have the relations

Y

4
T(R)=z4z; and X(R)+iY(R)= 2H *
j=1
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Note that if ap|°‘m,a for any prime p = 1 mod 4, then pla,, 4. Therefore we
have the relation ged(X(R), Y'(R), T(R)) = 1 in ZP if and only if R satisfies the
following two conditions:

(i) One has min(v,(7(R)), UP(N(njil a,))) = 0;

(i) Thereisnoj€{1,2,3,4} and nod € Sp such that zf €®and z(J)r )
We denote by b the unique element of .# (Z) such that Ejf’ =b;forje {1,2,3,4}

and 60_ = ﬂfz 1 bj. A classical Moebius inversion yields that the characteristic
function of the set of the elements R in %,(q)(Z,) which satisfy condition (ii)

?
is equal to
> o)1 o
Py (@) (0Z)a)
By remark (i), the multiplication map 72 ) maps %,,N(q) (B(Zp) A)

onto the set of (z3)5cp in g’ymN(ab)(Zp) such that z;; belongs to ﬂj{*: 1 bj. The
rest of the proof is similar to the proof of lemma[5.29

5.4.3. Third inversion. — The last inversion corresponds to the condition
ged(#, v) = 1, in which it will prove nonetheless useful to retain the fact that #, v
cannot both be even.

Notation 5.33. — Lecm €S and a €%, Let b = (b)g(1 53,4y € D*. We pur

n = N(a)N(b)m. Let £ be an odd integer. Let p be a prime number. The local

: 3
domain Dbt "

— Ifp=2, then ‘@;,a,b,é,p is the set of R € %(Zp) such that T'(R) € Z; and
mino, (U (R), 0,1 (R0)) = 0

— If p =3 mod 4, then ‘@;,a,b,&p is the set of R € %(Zp) such that T(R) €
Z; and ¢ divides U(R) and V' (R).

— If p = 1 mod 4 then ‘@;,a,b,é,p is the set of R = (25)5ea € %(Zp) such
(T(R)), v, (T N(a;)) ) =0

is then defined as follows:

that z; belongs to ﬂ;’;l bj, such that min (vp
and ¢ divides U(R) and V' (R).
We define 27 (B) = 27

m,a,0,4,00 m,a,b,00

3 _ )3 3
'@m,a,b,é(B) - ‘@m,a,b,&oo(B) X H ‘@m,a,b,é,p‘
PEZ

(B) and
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Proposition 5.34. — For any positive real number B, we have thar N (B) is equal
to

jjTNS((z)tors Z Z Z ZH (TN( (Q)m‘@mabﬂ( ))

mex /v N4 f=1
aex’ be® 210

6. Formulation of the counting problem

We are now ready to begin the analytic part of the proof of theorem Let
us recall that the linear forms that we are working with take the shape

LUV)=U Ly (UV)=V LyUV)=asUthsV, Ly(UV)=a,U+hyl;
with integers a3, b3, a4, b4 such that ged(a3, b3) = ged(ay, b4) = 1 and

It is clear that the forms involved are all pairwise non-proportional. In this sec-
tion we will further translate our counting problem in terms of the familiar mul-
tiplicative arithmetic function

) =t{(xy) €27 & +y* =n} =4)_1(d)
dln

where y is the real non-principal character modulo 4. It is to this expression that
we will be able to direct the full force of analytic number theory.

In what follows we will allow the implied constant in any estimate to depend
arbitrarily upon the coefficients of the linear forms involved. Furthermore, we
will reserve j for an arbitrary index from the set {1,2,3,4}. Finally, many of
our estimates will involve a small parameter ¢ > 0 and it will ease notation if we
also permit the implied constants to depend on the choice of e. We will follow
common practice and allow ¢ to take different values at different parts of the
argument.

Recall the definitions of =, % from section [ and section [3] respectively. In
particular we have mN (ajf) = O(1) whenever me€ S and a e s’.

Proposition 6.1. — For B > 1, we have

ﬁTNs(Q)torsZ“ Z” 2, Mo 2 V(N((t]b)>%<§

me =1 D4 iKY
acs’ 24 beDd ged(,N(a))=1

N(B) =
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where
% (T) ) 141 (7% )
= V4 ¥ )
(w2, =1 "N 8)
€|u,z/
ZJ(gcd u,v)

mN a b |L )
and
62) %,= {(u,v) €R% 0<ul|v| <1, mL (w,v) >0 forj€{1,2,3, 4}}

Proof — We apply proposition[5.34] Letm € S, a € ¥ and b € Z*. We
wish to express ﬂ(TN(a)N(b)m(Q) N .@32 b, ¢(B)) in terms of the function 7. But

given (4u,v) € Z3, the number of elements R in that intersection such that
(T(R), UR), V(R)) = (t,w,v) is 0 if (#, 4, v) does not satisfy the conditions

ged(5N(a)) =1, N( bj)|t, lu,v, 2trged(u,v) and ij(a;r bj) | Lj(u, v)

t 4 L](“) U)
4 (N(ﬂ @))g 4 (ij(afbj))

and is equal to

j)
where [a’], ?] is the least common multiple of a'j, ¢. Then a'j, Dj are odd positive

otherwise. O
Let us set
[d,¢], ifj=1or2,
6. d.=mN(aN(,), D.={ 7
( 3) i m] (Cl] ) (]) g {d lf_]:?) or 4,

integers such that dj | D;. We may write

Li(,0)
6.4) v1)= Y Hr( fd )
(u,v)GFDﬂﬁ%m] 1 J
2tged(%,0)
where
(6.5) Ip = {(sv) €Z% D;|Li(w0)}.

Before passing to a detailed analysis of the sum % (7’) and its effect on the
behaviour of the counting function N(B), we will first corral together some of
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the technical tools that will prove useful to us. It is clear that I'p defines a
sublattice of Z?* of rank 2, since it is closed under addition and contains the
vector D1 D, D3 D 4(u, v) for any (u,v) € Z7. Let us write

(6.6) p(D) = detT'p,

for the determinant. It follows from the Chinese remainder theorem that there
is a multiplicativity property p(g; /1> ..., 2454) = p(gp> - - -»24)p(h 1> - -» h4), when-
ever g1-+-g4 and b --- by are coprime. Recall the definition (6.1) of A. Then
[HB, Eqn. (3.12)] shows that

(6.7) p(p°1, ..., p4) :pmaxi<j{€i+€j})

for any prime pt A. Likewise, when p | A one has

(6.8) p(P°L,..., p%4) xpmaxi<f{€i+€f},

whence

(6.9) o(D) < [D,D,, D, D3, D\ Dy, D, D3, D2Dy, D3Dy),

where the symbol < means that the two quantities involved have the same order
of magnitude.

7. Estimating % (7T'): an upper bound

Our goal in this section is to provide an upper bound for % (T'), which is
uniform in the various parameters. This will allow us to reduce the range of
summation for the various parameters appearing in our expression for N(B).
Our main tool will be previous work of the first two authors [BB1]], which is
concerned with the average order of arithmetic functions ranging over the values
taken by binary forms.

Throughout this section we continue to adhere to the convention that all of
our implied constants are allowed to depend upon the coefficients of the forms

Lj. Recall the expression for % (T) given in (6.4), with dj, D]- given by (6.3). We

then have the following result.

Lemma 7.1. — Lete >0, let T > 1 and writed = d1d2d3d4. Then we have

T T1/2+e)

w (1)< (‘M)s([plpz,...,D3D4] T
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Proof. — Since we are only concerned with providing an upper bound for
% (T), we may drop any of the conditions in the summation over (», v) that we
care to choose. Thus it follows that

w(T) < 3 Hr( s
7

(u,v)el'pN(0, ﬁ]zj:l

where I'py is the lattice defined in (6.5).
Let e}, e; be a minimal basis for I'p. This is constructed by taking e; € I'py to
be any non-zero vector for which |e;| is least, and then choosing e, € I'p to be

any vector not proportional to e}, for which |e,| is least. The successive minima
of I'p are the numbers s; = |e;|, for i = 1,2. We claim that s; > min{D, D,} >
¢. For this we recall the definition (6.3) of Dy, D, and note that I'p C A =
{(u,v) € 72, Dy | u, D, | v}, where A C 7% is a sublattice of rank 2, with
smallest successive minimum min{D,D,}. The desired inequalities are now
obvious and we conclude that

(7.1) C<s; <5y, 515 L p(D) <sp59,

where p is defined in (6.0).

Write ]\4](X, Y) for the linear form obtained from dj_le(U, V') via the change
of variables (U, 7)) — Xe; + Ye,. Each M; has integer coefficients of size
O(p(D)). Furthermore, it follows from work of Davenport [Da, lemma 5] that
x < max{|u|, |v|}/s; and y K max{|u|, ||} /s, whenever one writes (#, v) € I'p as
(,v) = xe| +yey, withx,y € Z. Let Ty = sl_lﬁ and T, = 52_1 VT, so that in
particular 7'} > T, > 0. Then we may deduce that

4
7)< Y 1Mt
LT,y T j=1
Suppose that ]\JJ(X, Y)= 1 X +apY, with integer coeflicients aj; = O(p(D)).

We proceed to introduce a multiplicative function 7 (%), via

(") = L+x(p), v=1 andpJ(Gu’fHaﬁ,
1 (1 +v)4, otherwise,

where d = dydydyd,. Then r(ny)r(ny)r(ns)r(ng) < 2871 (nynynyny), and one
checks that 7| belongs to the class of non-negative arithmetic functions consid-
ered previously by the first two authors [BB1]]. An application of [BB1), corollary
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1] now reveals that

T1/2+E
@y(7)<<(a7)(7375-F14+5)<<(auv€(——— ),
5152 51
for any ¢ > 0. Combining (Z.1I) with (6.9) we therefore conclude the proof of the
lemma. O

The main purpose of lemma [7.1] is to reduce the range of summation of the
various parameters appearing in proposition Let us write Ey(B) for the
overall contribution to the summation from values of bj, ¢ such that

(7.2) maxN(bj) > Iog(B)D or ¢> log(B)L,

for parameters D, L > 0 to be selected in due course. We will denote by Ny (B)
the remaining contribution, so that

(7.3) N(B) = Ny(B) + Ey(B).

Henceforth, the implied constants in our estimates will be allowed to depend on
D and L, in addition to ¢ and the coefficients of the linear forms Lj. We have the

following result.
Lemma 7.2. — We have Ey(B) K Blog(B)l_min{DM’L/z}ﬂ, for any e > 0.

Proof. — We begin observing that % (B/¢) = 0 in Ey(B), unless D; < v B/t in
the notation of (6.3). But then it follows that we must have

B _BygedNG®y), >gcd<N<b ), 0)

NEUS NS

say, in the summation over #. Here we have used the fact that m;N (af) =0(1)

r<

=B,

whenever m € X and a € ¥/, Tt will be convenient to set K = N(b;)---N(by).
We now apply lemma[7.T] to bound % (B/t), giving

B ) )€ Z <Y ( )( B +Bl/2+e)
mes T bty 1<By  NN0)/\tDIDy, ., D3D4] A
GEZ/ (ﬂ b] |
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for any ¢ > 0, where the summations over ¢ and bj are subject to (Z.2). In view
of the elementary estimates

r(n) log(ZX) it o Z 1,
(7.4) > 5 < {xl—e ifo<h<1,

n<x 7

we easily conclude that

K* Blog(B) Bl/2+epl/2—

GEDIPINIDY ( + )
m€€§ !l by, b4 N(ﬂ bj) [DIDZJ""DSDZ}] ¢

a

The second term in the inner bracket is

5. 8d(N(b,), 0 ged(N(b,), )

< gS/ 2—epr 1/4—¢

Similarly rapid consultation with (6.3) reveals that the first term in the inner
bracket is

Blog(B)

ged(N(b)), )14 ged(N(b,), £)/4
(D1D2)3/4(D3D4) '

g3/2K1/4

< 1/4<<Blog(B)-

Bringing these estimates together we may now conclude that

1 ged(N(b;), £)*ged(N(by), &)/
B) < Blog(B Z Z )' P32~ gr1/4—e ’

where the sums are over £ €Z_ and by,..., b4, C D such that (Z2) holds.
For fixed £ € Z,y and ¢ > 0 we proceed to estimate the sum

4 4
S,(T) = Z ged(N(by), f)l/ gcd(N(b,), g)l/ |

by, b4CZ[1] N(NB)K e
max N(b =T
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This is readily achieved via Rankin’s trick and the observation that N(a) | N(anb)
for any a, b C Z[7]. Thus it follows that N(Nb ) [N(by),.. ([14)] Whence

cd(N(b,), )4 ged(N(b )5)1/4

SUD< 5 2 : : 1= o 1/4—e
Ty, opczr) IN(by)..,N(bg)]' K

< 1 io: gcd(bl,€)1/4gcd(bz,€)l/4

) 1—3871/4— 1/4—
Tbl 1741[51: s bg] 0b; e"'bz} )

<<8 gé T_B)
provided that § < 1/4, as is obvious from the corresponding Euler product.
Armed with this we see that the overall contribution to the above estimate for
Ey(B) arising from 4, by,..., by for which ¢ > log(B)L
<<Blog(B) Z 5_3/2+2S€(1) <<Blog(B)1—L/2+sJ
>log(B)F

which is satisfactory. In a similar fashion the overall contribution arising from

4,by,..., by for which maxN(b ) > log(B)P

< Blog(B)Y_ ¢ 2+£Sg(log(B)D) & Blog(B)! /4,
¢

which is also satisfactory. The statement of lemma([/.2]is now obvious. O

8. Estimating %/ (7'): an asymptotic formula

In view of our work in the previous section it remains to estimate N;(B),
which we have defined as the contribution to N (B) from values of b]-, ¢ for which

(7.2) fails. Thus

4
t
Ny(B)= Suw ¥ w0 ¥ M) ¥ oA
ﬁTNS(Q)tors mEE €<1Og(B)L bl,...,b4€33j=1 jtde(gﬂ([l,)?] N(ﬂ bj)
aezy’ cd(£N(a))=1
2%t N(bj)glog(B)D § N(N bj)|t

Here we have inserted the condition # < B in the summation over ¢, since the
innermost summand is visibly zero otherwise. Whereas the previous section was
primarily concerned with a uniform upper bound for the sum % (7’) defined in
(6.4), our work in the present section will revolve around a uniform asymptotic
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formula for %/ (T'). The error term that arises in our analysis will involve the real
number

1 1 +log(log(2))
- log(2)
which has numerical value 0.086071....

Before revealing our result for % (T), we must first introduce some notation
for certain local densities that emerge in the asymptotic formula. In fact estimat-

(8.1)

>

ing % (T) boils down to counting integer points on the affine variety
— 2 2 .
(8.2) L(GV)=d(Si+T;), (1<j<4),

in A&) , with U, V restricted to lie in a lattice depending on D. Thus the expected

leading constant admits an interpretation as a product of local densities. Given a

prime p >2 and d, D as in (6.3), let

z " Li(#,0) = d(s? +7) mod p”
Nygplp )=ﬂ{(u,v,s,t)e(Z/p 7)1, 1)]-|L-(u Z))j VR p }
) 14

The p-adic density on (8.2) is defined to be

(8.3) wd,D(F) _ nl_i{gop—Gn—Kl—...—)\4Nd)D(Pn>)
when p > 2, where
(8.4) 2= (o) vy(dg)), w=(2,(D)).0,(Dy)).
When d, D are as in (6.3) and p > 2, we will set
(8.5) O’p(d, D)= wd,D(P)'
Turning to the case p = 2, we define
IR
(8.6) o,(d, D) = nl—l>néo 277" Ny p(2”)
where

=d.(s
v e, He

Finally, we let w %, (o0) denote the usual archimedean density of solutions to the

system of equations (8.2), with (»,1,s,t) € Z,, X RS and X, defined in (6.2).

We are now ready to record our main estimate for % (7).
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Lemma 8.1. — Let d, D be as in (6.3). Then for anye >0 and T > 2 we have

(d1d2d3d4€)eT
(1) a7+ 0 DB
( ) Cd,D,%m + log(T>y]—g
where
(8.7) Cd)D”@m=w%m(OO) H O'P(d,D).
peZ

Proof. — Our primary tool in estimating % (7") asymptotically is the subject of
allied work of the first two authors [BB2]. We begin by bringing our expression
for % (T') into a form that can be tackled by the main results there. Accord-
ing to (G.I) we may assume that the binary linear forms L; are pairwise non-

proportional and primitive. Furthermore, it is clear that the region %,, C R?
defined in (6.2) is open, bounded and convex, with a piecewise continuously
differentiable boundary such that mij(u, v) > 0 for each (»,v) € Z%,,.

A key step in applying the work of [BB2] consists in checking that the “nor-

malisation hypothesis” NH, (d) is satisfied in the present context. In fact it is easy
to see that L, X, will satisfy NH, (d) provided that

Li(UV)=dU (mod4), L,(UV)=V (mod4).

The second congruence is automatic since L,(U, 7)) = V. Recalling that
L (U V) = U, we therefore conclude that NH,(d) holds if 4; = 1 mod 4.
Alternatively, if 4; = 3 mod 4, we make the unimodular change of variables
(V) — (U V) to place ourselves in the setting of NH,(d). We leave the
reader to check that this ultimately leads to an identical estimate in the ensuing
argument. Thus, for the purposes of our exposition here, we may freely assume

that Lj, R, satisfy NH, (d) in % (T').
We proceed by writing

(8.8) U (T) = Uy(T) + Uy(T) + Us(T),

where U(T') denotes the contribution to % (7') from (u,v) such that 2 { uv,
U,(T) denotes the contribution from (%, v) such that 2{ % and 2 | v, and finally
Us(T) is the contribution from (# v) such that 2 | # and 2{ ». Foreach 1 <7 <3
we will establish an estimate of the form

(8.9) UAT)=¢,T+ 0(

z

(dO)*T )
log(T)™* /)
WhCI'C d = d1d2d3d4
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Beginning with the case 7 = 1, we observe that U;(T) = §; (ﬁ, d,I'p), in the
notation of [BB2, eq. (1.9)]. An application of [BB2, theorems 3 and 4] with
(j, k) = (1,2) therefore reveals that holds with

= wgm(OO)de(Z) ]___[ wg p (@)
p>2
Here wq p(p) is given by (8.3) for p > 2 and w%m(w) is defined prior to the
statement of the lemma. Finally for i € {0, 1} the corresponding 2-adic density
is given by
i _ Li(u,v) = d(s? + t7) mod 2”

4@ = lim 272 4 ns 0 € (222)"%, 7 7t b
@d(2)= lim, 20 (o O L) odd, v =1 mod 2
Note that the notation introduced in [BB2] involves an additional subscript in
w; 4(2) whose presence indicates which of the various normalisation hypotheses
the Lj, X, are assumed to satisfy. Since we have placed ourselves in the context
of NH, (d) in each case, we have found it reasonable to suppress mentioning this
here. Let us now shift to a consideration of the sum U,(7') in (8.8), for which
one finds that U, (T) = So(ﬁ ,d,I'p). Applying [BB2, theorems 3 and 4] with
(7, k) = (0,2) therefore yields (8.9) with 7 =2 and

6= wgm(OO)wO)d(Z) ]___[ wg p (@)
p>2
Finally we turn to the sum U;(7) in (8.8). Making the unimodular change of
variables (U, V) — (F; U), one now sees that U3(T") = So(v/T;d, I'p), where the
underlying region is Z,, = {(»,v) € R%, (vu) € R,,} and T is defined as for
I'p, but with the linear forms Z,(U, V) replaced by L;(J; U). Thus an application
of [BB2, theorems 3 and 4] with (j, £) = (0, 2) produces with 7 =3 and

3 =wg (00)wg4(2) [[ogp@)=wz, (00)wq(2) []wqp@)-
p>2 p>2

Here the superscripts indicate that the local densities are taken with respect to
the linear forms Lj( yu).
We are now ready to bring together our various estimates for U;(T), U, (T')

and U3(T') in (8.8). This leads to the asymptotic formula in the statement of the
lemma, with leading constant

cap.a, =9, (00)(w,4(2) + 00 4(2) +w4(2)) 1‘[2%1)(;;).
p>
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The statement of the lemma easily follows with recourse to the definitions (8.3)),
(8.6) of the local densities o*P(d, D). O

We will need to consider the effect of the error term in lemma [8.1] on the
quantity IV (B) that was described at the start of the section. Accordingly, let us
write

(8.10) N{(B) = Ny(B) +E(B),

where N, (B) denotes the overall contribution from the main term in lemma[8.1]
and £/ (B) denotes the contribution from the error term.

Lemma 8.2. — We have E|(B) K Blog(B)HL_Y]ﬂ, for any € > 0.

Proof. — Inserting the error term in lemma [8.1]into our expression for V| (B),
we obtain

3 d !
E1(B)< Blog(B)* ) > X ”(N(mb.))'ﬂog(ZB/:)ﬂ
t<log(BY by,..,b,€D N(ﬁfﬂf J
N(b;)<log(B)” J
1 7(2)
Ny 55, log(28,/)"

<L Blog(B)L+€ Z
by b4€D
N(b)<log(B)”

where we have written By = B/N( bj), for ease of notation. Combining the
familiar (7.4) with partial summation, we therefore conclude that

1
E|(B)< Blog(B)' ™7 37— < Blog(B) T,
_ N(OB)
bl,...,b4€©
N(b,)<log(B)”
This concludes the proof of the lemma. 0

Let ¢ € {—1,+1} and |z| < 1. To proceed further we will need to calculate
expressions for the geometric series

(8.11) S)= Y Mty tnztng m(n)
nEZéO



MANIN’S CONJECTURE FOR CHATELET SURFACES 43

where 72(n) = maxi#j{ni + nj}. We claim that

(1—z)% 5*1(2) 1+ 2z + 622 +22° + 2

S S 2) =

(1+2)2(1+2%) (1—2)%(1 +2)?

A similar calculation can be found in [HB, §8] and so we shall be brief. The key
idea is to observe that

8.12) S l(z)=

§%(z) = 85 (2) + 285 (2) + 225%(2),

where for any ¢ € {—1,+1}, S§(z) (resp. Sj(z)) denotes the contribution
from n such that min{7,7,} = min{n3, 74} = 0 (resp. min{z},7,} > 1 and
min{z3, 74} = 0). The calculation of Sj(z) and Sj(2) is straightforward and
readily confirms the expressions for §%(z) in (8.12).

We now have the tools in place with which to produce a uniform upper bound
for the constant (8.7) appearing in lemma[8.1l This is achieved in the following

result.
Lemma 8.3. — Let e >0. Then we have
(D1D,D3D4)*
C << >
D% "> [DD,,..., D3Dy]
where d, D are given by (6.3).

Proof. — Now it follows from [BB2, theorem 4] that » %m(w) =gt Vol(Z,,) <

1. Similarly, it is easy to see that o, (d, D) < 24, since for any A4 € Z there are at

most 2”71 solutions of the congruence £+ 12 = Amod 2" by [BB2, eq. (2.5)].
Thus we have

a2, < 1 lo,(d D)),
p>2

where Gp(d, D) is given by (8.3). For p > 2 a further application of [BB2), theo-
rem 4] yields

4 [oe) vitvytvytvy
5,(d D) = (1 _ @> ) ,
(Pmax{yl,kl +v1 }, B _,Pmax{y4,7\4+1)4})

V1seesV4=0 P
where p is the determinant given in (6.6) and A, p are given by (8.4). Using the

multiplicativity of p we may clearly write

H |Gp(d) D>| =

p>2

H |0']/)(d, D)|,

1
P(D) p>2
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where now

o/(d D)= (1 _MY 00 X(p>v1+v2+V3+V4P(pP‘1)'_')PM)
P\ (Pmax{yl,7\1+vl},_“,Pmax{y4,)\4+v4}).

P Vl,...,V4=0 P

In view of (6.9), it will suffice to show that

(8.13) I1 |0'1/7(d, D)| < (DyD,D3D,)5,
p>2

in order to complete the proof of the lemma.
Recall the definition (6.I) of A and write D = D1D,D3D,. For anyn € Zéo
let m(n) = maxi#{ni + nj}. Then for pt AD it follows from (6.7) that

a]/)(d,D):<1_M>4 i 1)

V1+V2+V3+V4

P Vl,...,V4=0 Pm(V)
In the notation (8.11) we deduce from (8.12) that
1\4 1+2/p+6/p% + 2/ + 1/p%
"zé(d’D):O__) S*(1/p) = +2/p+6/p" + gp +1/p
P (1+1/p)
if p=1mod 4, and
/ 14 1 (1_1/]72)2
40y (11510 - 912
@)= (142) s ) =

if p = 3 mod 4. Thus cr]/)(d, D)=1+ O(l/pz) for pt AD.
Suppose now that p | AD. Then (6.8) implies that

, oo
Up(daD)<< Z m<<1

Veer¥4=0P

where n = (max{p;,A; +v1},..., max{py A4 +v4}). Putting this together with our
treatment of the factors corresponding to p  AD, we are easily led to the desired

upper bound in (8.13). This therefore concludes the proof of the lemma. O

9. The dénouement

Let ¢ > 0. Take D = 4 and L = 21/3 in lemmas [/.2] and lemma We
therefore deduce that

N(B) = N(B) + O(Blog(B)'~73*)
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via (Z.3) and (8.10), where N, (B) is equal to

5 ‘ A/N(N,)
£ The(Q) Z w(a) Z u(¢) Z HV(bj>Cd,D,<@m Z P .
ac 2f¢ N(b;)<log(B)" 8 I\(Izﬂ (bj))ﬁ_

Here cgp g7 s given by 8.7, with d, D being given by (6.3) and %, given by
(6.2). The following simple result is classical and allows us to carry out the inner
summation over #. The proof follows from a routine analysis of the correspond-
ing Dirichlet series and will not be presented here.

Lemma 9.1. — Letm € L,y and let T > 1. Then for any € > 0 we have

Z L;) =C,,log(T) + O(m®),

1€DN[1,T]
ged(s,m)=1
where
1 1\2
C,=2L(Ly) ]I <1——2> 1T <1——).
p=3mod 4 P plm ?

p=1mod 4
Making the obvious change of variables it now follows from lemma [9.1] that
r(t/N(N bj)) _ ab log(B) N

1€DN[1,B g N(b;)
ged(sN(a))=1
N(N [’j)|f

o(1),

where
cap = {CN(u) if ged(N(N b)), N(a)) = 1,
ab ™

0 otherwise.

In particular it s clear that ¢, p = O(1). Applying lemma[8.3]it is easy to conclude
that the overall contribution to N,(B) from the error term in this estimate is

¢ (N(by)---N(by))?
< B Z Y Z
e<logB3 N(b,)<log(B)* [N(b;)N(b,),..., N(b3)N(by)]

<<Blog(B)2n/3+2 H S+1(1/p),
p<log(B)*
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in the notation of (811). This is therefore seen to be O(B log(B)zn/ 3+¢) via
B.12).

In conclusion, we may write
N(B) = N3(B) + O(Blog(B)' 3¢,

where now

o Ca bt 4
AT R N D ST B SRy | (YO

T ~ N(Nb,)
ﬂ NS(Q)tors mEEZ/ Zglog(B)Z”B by....b,€D (ﬂ ]) j=1
ac 24¢ N(bj)gog(a)‘*

Here we have used (8.I) to observe that 1 —»/3 > 2%/3. Finally, through a
further application of lemma it is now a trivial matter to re-apply the proof
of lemma [7.2] to show that the summations over £ and bj can be extended to

infinity with error O(B log(B)l_n/ 3+¢). This therefore leads to the final outcome
that
N(B) = cBlog(B) + O(Blog(B)! ~3*¢),

for any ¢ > 0, where if dD,%,, is given by (87) and d, D are given by (6.3), then

o

¢a,bdD,Z,,
O - ﬁTNS(Q)tors Z H Z Z (ﬂb H

mex =1
an/ He b ,...,b4€©

10. Jumping down

We shall now relate the constant ¢ defined by equation (9.I) with the one
expected, as required to complete the proof of theorem

10.1. Expression in terms of volumes. — Let us first recall that the adelic
set T, (AQ) comes with a canonical measure which is defined as follows. The
canonical line bundle on g is trivial [Pe3) lemme 3.1.12] and the invertible

functions on T, are constant. Therefore up to multiplication by a constant there
exists a unique section &g of wg which does not vanish. By [We, §2], this
n n

form defines a measure wg , on 7,(Q,) for any place v of Q. According to
[Pe3, lemme 3.1.14], the product [], wy , converges and defines a measure on
T, (AQ). By the product formula, this measure does not depend on the choice of
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the section @ . Let us now describe explicitly how to construct such a section
n

i .

n

Notation 10.1. — Let Z,, be the subscheme of A% = Spcc(Z[X]-, Y, 1</ < 4])

defined by the equations £.2). Then %, is the product 2, x A7. We denote
by %no the complement of the origin in Z,. For three distinct elements j, &, / of
{1,2,3,4}, let us denote by P] Iy the quadratic form

N (X + Y7) 4 Dy i X7+ Y7) + Bym (X + 7).

Then we have the relations
djpk,l,m +dkpl,m,j +41Pm,j,/e +dej~)/€)1 =0
bjpk,l,m + b/epl,m,j + blpm,j,/e + bmpj,/e,l =0

whenever {j, £, m} = {1,2,3,4}. Since App,=1, the scheme %no is the complete

intersection in AS = {0} of the quadrics defined by Py, 3 and Py ; 4. Therefore
the corresponding Leray form is a nonzero section of the canonical line bundle

Doy On A%, we may take the natural form 9;)9(0 A %. The exterior product

of these forms gives a form on an open subset of %/, and by restriction a form
@ on T, which does not vanish. We denote by w,, , the corresponding measure

on %,(Q,) for v € Val(Q).

Lemma 10.2. — Letm €S and a €3/, Let b = (bj)je{l,2,3,4} belong to D*.
Let € be an odd integer. Let d; and D; be defined by formula (6.3). Then for any

prime number p we have

wn,p(gfn,a,b,&p) = Bp]’_yp (N (mj bj)) lim P_énNd,D(Pn )

where

fp=2
—iz ifp=3mod4

a
ifp | T N(a}") and p | TI;N(b)),

otherwise.

1
2
1
B, = (1—1—7> ifp | TN(}) andp = 1 mod 4,
0
1
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Proof. — In the product %N(ab)m X A%, the domain .@fn a,6,0p

a product. The projection on the eight coordinates X, Y}-, where j € {1,2, 3,4},

decomposes as

gives an isomorphism from the complete intersection in Alzo — {0} given by the
equations

_ 2 2
LU V) = njXF + 77)

for j € {1,2,3,4} to the scheme Z,’. Moreover this isomorphism map
is compatible with the respective Leray forms. Since the measure defined
by the Leray measure coincides with the counting measure (see, for exam-
ple, [Lac, proposition 1.14]), the volume of the first component is equal to

lim, o p_énNd)D(p” ). The measure on A% is the standard Haar measure.
On the other hand, the image of the domain in Z]% may be described as follows:
— Teis Z[] = (1 + DZ[i] 1 ifp = 2
— Ttis Z]%—pZ]% if p=3 mod 4;
— It is the set of (x,y) € Z]% such that p does not divide N(x + iy) if p |
I N(af), the prime p does not divide N((; b;) and p = 1 mod 4;
— Itisempty if p | HjN(ajf’) and p | [1;N(b;);
— Itis (ﬂj bj)Zp [i] otherwise.

Therefore Bpp_yp (N <ﬂj b )) is the volume of this component. O

Lemma 10.3. — Letm €S and a €X', Ler b = (bj>je{l,2,3,4} belong to o4,
We put n = N(ab)m. Let € be an odd integer. For any real number B, we have
41(1, X>7T4
4
=1
log(B) 4
where f(B) = [y ue” du = Blog(B) — B + 1.

@y, 00(Zi 0 b,000(B)) = Vol(%,,,)f (B),

Proof. — The functions U and ¥ on %, = 2, x A? are induced by functions
on Z,, which we shall also denote by U and V. Let Hg o, : 2,,(R) — R and

Hp oo R? — R be defined by
Hpoo(R) =max(UR) [V (R)])  and  Hg oo (xo.50) = 5§ + 75

Then the domain .@fn bl oo (B) is the set of (R, (x(,7¢)) € Z,,(R) x R? such
that

Hpoo(R) 2 1, Hp oo(xp30) 2 1, and HEoo(R)zHE,oo(xO’yO) <B
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Let us denot by v,, 1 (#) (resp. v,(#)) the volume of the set of R € Z,(R) (resp.
(xp20) € R?) such that Hpoo(R) < 2 (resp. Hp oo (x0,59) < 2). Then the
functions v,, | and v, are monomials of respective degrees 2 and 1. Therefore the

volume of the domain 23 (B) is given by

m,a,b,{,00
1 (1D02(1) fis 1 2 diedr = 0, (D (1 (B).
tzugB
To compute the value of v,, ; (1), we may use the change of variables xj/ = |nj|xj

and y]{ =, /|nj [yj. Since the Leray form may be locally described as

P53 P3| 4
N, X, 1

oPyys P2yl dX3dX H dY; = (443 4X,X,) ™ dX; dXy H d;
axX, X, J= J=1

) H]-4=1 nj_l, where
that v, (1) = (HJZ*: 1 nj)_ ot Vol(Z#,,). We conclude the proof Wlth the equali-
ties v5(1) = =4L(1,y). O

we get that v, (1) = v, (1 g = sgn(n ) = sgn(m ) It follows
1

Proposition 10.4. — Leem € X and a €3/, Ler b = (bj)je{1,2,3,4} belong to
D4 Let £ be an odd integer. Then

‘a,bdD,Z
Wf( )= V01(9m abeB)

where f'(B) = Blog(B) —B + 1.

Proof. — This follows from lemmata [10.2] and indeed, by [BB2, (2.8)],
we have w%m(w) =7 Vol(#,,) and

[ o@dD)=—— I  lim p~*Ngp(")
PEZ 1_[j=1 ”jpee@k_wroo
where n = N(ab)m. O

10.2. Moebius reversion
Proposition 10.5. — Let B be a real number and m belong to 3. Then
Vol(Z,,B)) = > > 3 w(a)u(6)u() Vol(Z,, o o(B)).

GEE/ b€©4 fodd



50 REGIS DE LA BRETECHE, TIM BROWNING & EMMANUEL PEYRE

Proof. — Forany A€ Th(Q)NZ,, and any n € Z*, the multiplication by X de-
fines an isomorphism from #y3),, to &,. Therefore it sends the canonical form
on the adelic set @N(‘)»)n(AQ) onto the canonical form on %(AQ). Therefore

the volume of @ b, (B) coincides with the volume of its image in Q/m(AQ).
The formula then follows from lemma[5.28 and the proofs of propositions
and O
10.3. The constant
Proposition 10.6. — We have
Cy(S)Blog(B) = Vol(2 O(B).
uTNS(Q)tors 7,%2

Proof. — The following proof is based upon the ideas of Per Salberger [Sal] as
described in [Pe3, §5.3].
We may identify wgl with &/(1) (see lemma[2.2). This enables us to define

an adelic metric on wgl by

. Y J ¥ y y L
Ibll, = mm(Xo(x>’X1<x>’Xz<x>’c‘xa<x)’c‘x4(x>‘) ifv=co

ming<; <4 ‘ X—i}Ex) otherwise.

forx € S/(Qv) and y in the corresponding fiber & S/(l) « ®Q,, with the constant
C defined in notation[3.2] This adelic metric defines the height used throughout
the text. Let v be a place of Q. We denote by wy, the measure on S(Q,)
corresponding to the adelic metric on wg (see [Pell, §2]). Let us recall that on
a split torus GJ,, the form /\” 12‘%12 where (Ej)lgjgn is a basis of X*(G2),
up to sign does not depend on the ch01ce of the basis. Therefore there is a
canonical Haar measure on T3g(Q,) which we shall denote by D g0r Let m
be an element of Z. The functions H,, defined in definition may been seen
as the composite of the metrics on o)gl with the natural morphism from the

universal torsor T, to the line bundle wgl. Let U # & be an open subset of
T,,(T,,(Q,)). According to [Pe3, lemme 3.1.14] and [Pe2, §4.4], if s : U —

m(m

T,»(Q,) is a continuous section of m,,, then the measure ,), , is characterised by

the relation
(10.1) / L 00mal0) = /U /TNS ) DAL (o, (9

for any continuous function f on 7} (U) with compact support.
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By lemmata and for any prime number p, Z,

mp is a fundamental
domain in Tm(Qp) under the action of T\ (Qp> modulo TNS(Zp)' Moreover,
by definition, we have that @m)]) is contained in 'Tr,;l ( ‘ZPI(ZP)) and thus H, is
equal to 1 on .@m)]). Using (10.1), we get that

wm,‘p(ﬁzl (U> n @m,‘p> = wTNS’P(TNS (Zp))w[—[,y(U>

for any open subset U of Wm(@m,p).
The maps logoH and logoH; define a map log : T,,(R) — Pic(S)V ®zR

and using log . X, we get a homeomorphism

T ,(R) = Pic(S)Y @7 R x 7,,(7,,(R)).
Let
Ts(R) = {# € Tyys(R), Yy € Pic(S), [x(r)] = 1}.

Then for any real number B and any open subset U of w,,(Z,), oo (B), we get

Wy,00 (T (U)N D, 0(B))

5 ) dy x g (Ths(R) wp700(U)

/{)’ECefF(S)V) () <log(B)}
= a(S)w7y g 00 (TR (R)) 0y 00 (U (B),

where CGH(S)V is the dual to the closed cone in Pic(S) ®7 R generated by the
effective divisors.
Taking the product over all places of Q, we get the formula

4]

log(B)
T (B) = )01 0 (T R0 i T (R) [

(10.2) % (/)ggfp(l’ PiC(S))wTNS,p(TNS(Zp)))

x (fH L1, Pic<s>>—1wgp<wm<irm<qu>>>).
ey

By lemma [5.3 the map from T\g(Q) to eape@X*(TNS)p is surjective. It
follows that

Ts(dq) = (Tns(®) x T Tns(Z)-Tns(Q
peZ
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and we get an exact Sequence
1— Tns(Qrors— Ts®) x [ Ts(Z,) — Tiis () Ts(Q — 1.
pEZ

Combining this with formula (10.2) and the definitions of the adelic measures,
we get the formula

log(B) "
gm(B» = uTNS(Q)torsa'(S>T(TNS) wH(ﬂm(‘Im(AQ»)/O ue du’

where 1(7Tyg) denotes the Tamagawa number of Tyg. By Ono’s main theo-
rem [Ono2, §5], t(Ts) is equal to tH(Q, Pic(S)/£111 1(Q, T\s) and using
Salberger’s argument [Sal, proof of lemma 6.17] and prop. any point in
S (AQ)Br belongs to exactly {111 LQ, Tys) sets of the form wm(‘Tm(AQ)). This

,,,(

concludes the proof of the proposition. O
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