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261612015 VII Counter - examples
Sn

my
talk at capital normal university ,

9 described
the counter - example of B ATYREV &TscH 1 NKEL

.

tetmegiue you a variant of it

D Variation on B ATCRFV - Tsai IN KEL example
Let V c Pik xp ,3k be defined by
the

equationoxiyi - o

Again we consider the first projection
it : V - P,kand

, for x e

IPYIK
) ,

Vx = I
-1 ( { K } )

Let Uo : II X ;
 to a Ima U

= it ' ( Uo )
if x euo ca ) ,

V
, ,

is a smooth diagonal guaahic
given by 3

Vx : E xiYe =o
.

i. -

o

But (F) is known for quadrics :

There are 3 cases .

.

1) Vx ( A * ) = 0 no raltonol point
of Vx (Hk) +4 but rk C Pic ( V. , ) ) = 1

Then # Vx ( IK )y< B
~ Cnw .<

) B

3) Vx is split : rk C Pic ( k ) ) = 2

which means that V. .

EIMKXPikHkThen # Y
,AK)

µ , B
~ C µ

W
x ) B lag (B)

When does case 3 occur ? Ytocairs exactly
when Qx contains rational lines or equivalently

The quadratic form E xi Ye may be written

as To
2

- Ty2
+ TETEafter a change of basis






2680

But since we assume that the qualm has
a rational point ,

that is the quadratic form
E x ; XP is isotropic and thus isomorphic to

to
-

TI
t b

,

ItbzT5So it is split if and only if its discriminant

is a square ,
that's

¥ ,
xi is a square

Let us consider

y P3 ( IK ) →

1*11*2
U { 03 This map is

[ xo : - : xD 1- HEpci ] well defined
and *34kP = Y

' '

(1) .

This set is Zoriski dense in IPYQ ) .

ProstHnbe
the height on PYOD given by

H ( Xo
, ,

Xi ) Hy = max I ' lit
Gtis relative to Ga ) oeien

Then t

µ .

PYON
,?, , ,

= 6 ( B
' )

1

For this height
Pka )

+, g B
~ c

+ ,
C Pna ) B4

.

n ^

Proof
Pick up Xo,Xn,Xz,

Wil E B

then let S = sgn ( x
, xzx } ) x IT P

{ P I Vp kph X
} ) odd }
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Then Xgt has to be a square

There are B
3

possibilities for to
,

34
,

he
almost B ' " - X } D

Why is V a counter - example to the formula (F) ?

By Iefsohetytheorem
,

since chin ( 4 Z>
the restriction map

g : Pic (

MKNP}k
) → Pic ( D

is an isomorphism . Therefore
rk ( Pie ( V ) ) = 2

and CF ) for V
gen in V would be

# U ( lk )
H , • p→

+
fit ( ✓) B hey (B)

.

But
,

since the set IP " ( IK )
"

is Zariski dense
,

F x e

pnakp
,

Q
, .

n U ± 0
So # (U n Q *AK)µ< B) ~ C

, ,

CQ
, c) Blog ( B )

B → to

This is known ( remember : (F) is true for quadrics )
Reminder

(F) for all choice of norms on Wj
'

⇒ ( E) ⇒ for any
closed FEY#FNQµ<

B
= o ( # U ( IK )

*,B)
Conclusion

There are many
choices of the norm

for which (F) is not true !
For this particular case

,
we have a very precise idea

of what should be the corned
-

formula
Conjecture ( gen )

#

UCK
'

Hers X→+ .

KHH

t.fm#sHtQxDBlogl

B)
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This formula seems to be out of reach
, for now .

The problem is that we have a bad control of
the error term

.

Gf we consider this example and the example
given by BATYREV & TSCH IN Key They have in

common that there are too
many point in a

subset which is dense for Zoiski topology but

not dense for odelia topology .

Tn fact in both

cases they are thin subsets
.

Lot me explain this

nation :

2) Thin subset

definition ( Reminder )
Let V be a nice variety I IK number field

A subset W a VCK) is said to be thin if there

exists a

moyhism
X : X→V such that

C i ) 4 is generically finite ;

( n : IKCV ) → V generic point ,
chin ( x

y ) :
- o )

( ii ) X has no national sedition ;
C iii ) W a Y C V CIK ) )

Remarks

1) Tf Y had a rational sedton

s : U → ×

: at
then UCIKI a Y ( X C IK ) )

and
,

in our setting ,
we do not want

the rationalpoint of an open subset to be thin
.
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2) € Let E be an elliptic curve ( or an

abelian variety ) . By Mortell - Weil 's

theorem
,

the quotient
'¥ Cha Izaak ) is finite

set Pn ,
-

,
P m

e A [ IK ] be such that -

A [ IK ] 12 ACIK ] = { [ P
,

]
, ,

[ Pm ] }
Then we

mmay
consider the map

T I A  → A

it
a - Pitta

: th component
Then
T

: ply A C K ) → ACIK ) is surge dive

but it has no rational sedition !

so A C IK ) is thin according to the definition
9

gave
so if VCIK ) is not Zoislsi dense in V

VCIK ) is thin
,

because a closed

immersion satisfies the condition of the definition

Examples
^ ) { [ xo : - : x

3 ] EPYQ ) IF i ,j oai lxj is a cube }
is thin

.

Indeed it is the image of the

moyhism
lpga - > ipso

[ xo : - : xp i→ [ xp ; -

.

.
X ?s ]

2) P3

CIK
)

D
is thin in

PKK
) .

The moyhism
is slightly more difficult to describe

.

Consider in 1175 - {05 the equation
W : Xo X

, X~X3 = Y
2
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There is an adion Gm GW given by
Xlxi

, g) = ( ix. , thy )

X = Whom is a singular tonic variety
Y :X

→ P

,3k
it is a map of degree 2

[ ( k
. , Y ) ] t [ xo : - :X } ]

and

PYIHD
= T

CXAK
) )

.

Using it
✓ Xps X - V

we get that xhfpy ,
,V , <

( k ) is also 5hm
.

IK

Theorem [ Cohen - SERRE ]
Settee a thin set in Pit ,

then

with y<s*THE B
= 6 ( B

←" " '
leg (BY )

Method
Gt is an application of sieve method

. using the

following lemma :

Somma
Assume we have a moyhism Y ; X → V

wick satisfies C i ) - (

iii
) with X irreducible

then there exists a finite galois extension I HK

and a constant f e ] o
,

1 [ so that for any
prime ideal p of GK which split completely
in k ( ie p 61 III ,

Bi with #{ p. , y BD =D
and D= [ 4- : KT )

#redp#
< C

# Pnc Ep )
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Remark
D

.
Lou a H RAN announced a more general result

using similar techniques :

Gf ✓ satisfies (E) for an open set U
,

then for any thin sett

# ( UCK )Hµ< 5- o ( # UCK )
+ , B)

General picture
For a variety V it is not enough to consider

subvondies .

We have to consider non trivial

motions
× .

¢ ,

with X
, , yxm ni •

x
,X V so that
X@teICaeBbHFewD3KhX3foneesa.ca

graphic order

This
gives accumulating thin sets .

So now the
best we can hope is that we only have to

consider a finite number of such moyhisms .

Refined heuristic
Does there exist a

thin subset T c

Vak
)

such that

(F) #

CVAK
) t )

µ , B
~ Cn ( V ) B log CBF -1

and
w

(E) S → NB → to@K)#+kBRemark
Gm the positive side

,
no counter - example is known

on the other hand
, for a longtime ,

no example
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was known where there was a dense accumulating
thin subset

,
and C F ) was proven for the

complement.
The 1st example of such a result

is due to C
.

Le Ru D v Ll ER who was a student

of A CHAM Bert - Loir and 9 would like to spend
some time on her results

.

3) Hilbert schemes
Let me start by explaining

a) Northcott theorem

Northcott theorem instead of considering rational

point,consider algebraic points that is points on

some finite extension

Definition
• Let P EP

"
( E ) D :-[xo '

.

- ? xD
,

xo
, The E Yi to

IKCP
) =

Q[Xolxi , , xnlx ;] number field
it does not depend on the choice of i :

IKCP
) is the intersection of the field 1 cat

such that P e inn ( lpn (4) aPnc E) )
d ( p ) = [ IK ( P ) : Oh] is the degree of P / a

( In fat ,
this corresponds to the residue field of a closed point

• Gf It is a number

field
the momolijed height

His
Pn C 4 ) → R > o 1

ilgivonby Elk ]

H
, ,t[xo : - : xn ] ) =#µcµmo9Eeh×ilD

Gf K Ilk is an extension of number fields
and lit , ,k

: P " C lk ) → Pnc 1)

the induced mop
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Titoii ,,µ=Tt ik
So we can defineTt: LPTOT ) → IR

> o

Q&Fff[, :# ] ) = ( # ypl¥K→1
-

} n threat off
nttw

So { PEIPYE ) IHCP ) s B } is not finite

Theorem ( Northcott ) Let B > o
,

d Z 1

{ p E PTE ) IHTP) E B and d CP ) < d)
is a finite set .

Reference
SERRE tedium on Mardell - Weil theorem

sketch of the proof
tefsdpna =(pjDd/8,

a Pna

where Ntn isthe dimension of the vector

space of P E IQ [ Xi ,j ,
^5is d

, osjcn ]%
which are homogeneous of degree 1

in ( Xi
,

o , -

,
X

, ;n
) for ie { 1

,
-

, d)
.

But the rational points of sd IPYA are

54 pn (a) = Sdlp? cat Ttdcaios a Q.pe#PP
={ f : Pncoi ) → IN 1 •q*%⇒HP) =D & Hrefoeceyat

,
for=Dsubsets of d elements

,
with multiplicities ,

> { 11gal Copa ) . x ,
xe Enda I dbd .

- d)
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di1
So { xe Pnc E) I d bi ) =D ) → Sd pm (a)

Now it remains to compare the normalized
height of a point of degree d to the height of
its image in Pna

.

But the puck of G a ) pya
to ¢P,¥

is 64
,

-

,
1)

So the theorem of Northolt follows from
the finiteness of the member of points of

bounded height in BNCQD . D

Example
a

sepia =

pa
( as

[ ( ui : vi ) ] t H( u ; U - Ni V ) ]homogeneous
polynomial of degree d

vanishing at the given d joints .

So it is quite natural to consider the asymptote
behaviour of joint of fixed degree in the

fkgedive space
Pomark

For Pita we get
# { Pep' Cal d CP ) =D & FCP) < B }

£,+ itC
µ

(

pad
) Bde't't

d
and we have eguidishibulion on to ,

d

The number of points inPh coming from @
'

) ( Q )

is a Rd and is negligible if d)
,

2
.

So everything is fine for Pla ,
let us turn

to the case of surfaces
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b) Hilbert schemes and symmetric frodnd for surfaces
Gm higher dimensions the symmetric product is

singular but for surfaces we have a nice way
to get a desingulansjation :

Definition
For a nice variety V over IK

,
and d 31

,

the hilbert scheme

Hilbd
( V ) satisfies

for any extension K of IK
,

Hilbd
(V ) ( k ) = { subthemes of dimension

0 and degree d in Vw
where

, for S C Vy of dimension o S = Spc C A )

we have deg ( S ) = dim
,

( A )
.

'

Example
1

,
Hills V TV

. d=z
,

Hilb W ( Lk ) contains 3 types of points :

a) the pairs { Pn
,

Pz ) with Pn
,

Pz EVCIK )
,

Pat R

b) the closed pants PEV
( o , such that

deg CCK( P ): 1k ] ) = 2

1 residue field at P

c) The pairs ( P
,

D ) with PEVCIK )
DePPPV ) corresponding to subs .

cherries isomorphic to

speak [D/ CTY

There is a natural map
( Hilbert - Samuel map )

o :HilbdV →Sox> lsl support of S

where 151 =

{ yo ,dim*cp,(GsQpr ,
p) P
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Remarks

1) For a curve c
,

Hilbd
C 5

Sdc
,

2) Let U c 5
d

V be the open set

imageof { C Pa
.

-

,

Pd) E V d
I P;

 t Pj for it j 3
then o

, on ( o ,
is an isomorphism

and t is binational

Fa : f V is a surface then
J :

Hilbd
V → sol V

is a desingularyalion of Sd V
.

Notation
We now assume that V is a smooth Del Pgyo
surface

it :

'

V
£

→ Sd ✓

r : Hilbd v → sdv
Let E  = Hilb

"
w ) - U

For alis a line bundle / ✓

*
,

Pr j* ( L ) → V d line bundle
o o

of
*

of d

and therefore there exist a line bundle T
on Sd V such that it * ( L ) = Qin

,
Pritt ↳

We get a moyhism
s : Pic C V ) - Pia C Hilbdv )

L 1-7 E * (E)
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Proposition
( i ) Pic Cvd) IPiccvldcri ) Pic ( V ) +021 E  s Pic C Hillel V )

L - s ( L)
Coin

wfwbda,
= s cwi ' )

This means that if H is a height on V

relative to art ,
on

Hillin
the height

which satisfies on U

H K Pf,
-

, Pd) ] ) = IT
.

H ( Pi )
is a height relative to a Feed ( ✓ )

.

c) Counter example to (F) on open subsets

Gf the formula is true for S
,

since it is

compatible with products , me would get that

# [ E
- 1 ( I (

Vd
Can ) ) n U C OH ]µ<→

~ CCVY( t - D ! "AT×@#. Blog ( Byt - a

For
any gen U CHilbdV - E

,
where F- nk ( Pica ) )

and the esge dad formula for Hillin V is ttn -1

(F) Ucla )
+, as

~ C Cttilbdcv ) ) B log CBN

Conclusion
Take d 32

( i ) Tf t 32 on d 73 contradiction with (F)
( ii ) Yf t  = 1 not negligible contradicts(E)

T= E- '
CT ( vd (4) ) is an accumulating thin
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subset
.

d) (F) on complement of thin subsets

Theorem [ C
. LE R UDULIFR ]

If V = Ra or Pot Pna
,

then there exists

anon empty open subset V c tilli ✓
such that

(F) # ( UCQD - Hµ<→~c( Hilb V ) Blog ( BT
where it  

= rk ( kid 4) = rk ( Pic ( Hilliv ) ) - 1

To :A uses results of W
.

SCHMIDT on points
of bounded height and degree .

29/6/2016 Remark

1)fad V =P 'd only the constant is wrong ,
a

,

the power of B and b
,

the power of log ( B )

are correct

2) .
For B A TYRE ✓ AT

- SCH in KEL

dim ( v ) = 5

Here olein ( Hilli V ) =4

. For surfaces ,
the formula is esgeoted

to work on an gen subset

What of dimension 3

4 Fano volumes ( varieties of dimension 3)
These varieties have been classified by

Mori A M u KAI There are 105 deformation types
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This classification has been investigated by
LEHMANN

,
TANIMOTO

,
TSCH INKEL to find

examples similar to the example of BATYREV &

TSCH IN KEL .

The point is that we are reduced to a geometric
problem :

Definition
o

Set V be nice over a field IK with wj
'

extra . big
Let L e Pica ) n EgfTV )

• Let Y a × be an irreducible proper subvoriety
and F ' Y a desingulamgdhon of Y (given by

Hironaka 's theorem )

We get Ey I - X ; age
,

( L ) = at ( Ey*CL))
b ?×

( L ) = b9 ( e } C L ) ) .

o L is balanced for Y [ LEHMANN - TANIMOTO

tsatyanfeitjtbsu

, ) < cannibal ;

for lexicographic order

o L is weakly balanced for Y

if
.

( a ?
,

c L )
,

bat
,

(4) f Catch
,

lira ) ) .

/
o Y is [geometrically ] Strongly accumulating foil

if AQ
,

( L ) > as ( L )

o Y is (geometrically ] accumulating for L

if @?
,

( L )
,

b?f (4) > ( a 9cL )
,

hid (4)
o Y is [ geometrically ] weakly accumulating for L

if ( age,
( L )

, bay C v ) ) Z C a 84 ,bHb )
This covers more or less all cases

.

o L is said to be balanced ( respectively weakly
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balance d)if there exists a non empty gen subset

UCV such that for any
YCV such that

Yn U ±0
,

L is balanced ( respectively
weakly balanced for Y )

.

9 shall say that
Lis unbalanced ( rest . weakly unbalanced )

if L is not weakly balanced ( rest .

not

balanced ) .
9 want that unbalanced implies

weakly unbalanced

Remark
L is unbalanced ( rest . weakly unbalanced )

if and only if the accumulating ( rap . weakly
accumulating subvarielies ) are Zariski dense

.

Question
For which ✓ is wj

' unbalanced or weakly
unbalanced ?

Let me describe a few invariant of Fono 3 - folds :

Notation
Let V be a smooth fano 3 - fold 11k .

- g ( V ) = rk ( pic CVD

- rah =
the largest r 31 such that

[ WJD = r [ is for some [ L ] epic ( V )
-  okv ) =@j)3 = WT . WT .weintersection product
Yt is the degree of V

V is called primitive if it is not the blowing
up of another Forno 3 -fold along a smooth
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irreducible awe .
( Tt is automatic if g ( V ) = 1)

Theorem [ LEHMANN
,

TANIMOTO & TSCH IN K EL ]
Let V be a primitive fano 3 . fold withga ) =2j

- Tf d ( -1314/3948,5456/62 , WT
'

is balanced
- Sf

d%=24 then wj ' is weakly balanced
and unbalanced

- bf dat = 6 then Wj
'

is unbalanced
.

Gf g ( V ) = 1
,

we have the table

rcv ) d ( V) balanced weak unbalanced

4,3 * ✓

2  315 ✓

I310 ✓

| 8,6 ✓

4 ✓ if wihoy
ample

So this shows that even in dimension 3 there
are many examples with thin accumulating
subsets

.
But the situation is even worse that

that :

⇒
Even if wj

'
is balanced

,
there might

exist dense accumulating thin subset :

For example ,
C

. LE Ru Duller jnoved that

For
any

Y c Hillicpa)
# &n U Cat )µ§,

= o ( UCOD
µ , B) .
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Problem
stone can you characterize the accumulating

thin subsets ?

Gf course
,

as 9 esglained , given a moyhism
from X to V

, you
have a Fest using geometric

invariants to say
whether it

may give an

accumulating subset
.

And
, if you

can prove
eguidisliibulion on the complement of a thin

subset
,

You know that
you

have found all

accumulating thin subsets .

But it is not satisfying in the sense that it

does not give you a dear procedure to find
the moyhisms . Tf 9 give you a joint in a

variety how do
you

know if you
have

to remove it
.

This problem was the topic of my
talk at cogito Normal university and in the lost

chapter 9 want to esglain why 9 think the

concept of slopes may help .
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V# New perspectives , slopes
1) Quickreminder

Again ,
Visa nice variety HK number field

which satisfies SH
.

n =  dim CV )

Definition
We equip ✓ with an adelia metric

,
that

is a classical atelic norm Cll . llw)
w c- peak )

on TV

• This defines an adelia norm on

.

WT = detw ) and therefore a heightHon ✓
.

For
any x e VCIK ) we get an 6

µ -
lattice

in Tx : x={ get ,cV 1 Fp ← Platt p , Hylton }
and a euclidean structure on

IVQ
a

R

Info TXVQKKW
given by 11 ( yw )w,

-11 =f#yNfkd
For F IK

- subspace of IV

deaf (F) =
- log ( Vol ( FIMF ) )

A for the induced

euclidean structure

PCTXV ) = EonvexStill of { ( rka⇒
, deg C FD

,
FOTXV }

. "
DIEMEN

's

....
m

,
hcx ) )

h
.

- logo H

-
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For te [ 0
,

n ]

Mtv( t ) = sup { y / li
, y ) c- PCTXVD

Slopes of x

µiCx ) = my
, ,

v
li ) - M

,
, ,

vli . d for iesl
,

. in )

Remake
x ) y - 3 µm ( x ) §

,

µ , lx ) = hcx )
and the slope of I ,

V

ra .
✓ ) = geometry

,
- It hcx '

which also is the mean of the slopes

An easy example
For V = P£xPla +

ted M xp '
= Tp P

'
+0 Ta P

'

np na
Take F of dimension 1 in Tcp

,
a ) IP

'
xp

'

:ii:a*H¥÷t÷Covol ( Acp
, a ,

At ) = min { Hxlsx € Acp
, off - to ) )

But by Pythagoras

theofemmin

( ep ,
e a )

So cdg( F ) E max ( - log,

Clp )
,

- log 1 la) )
"

he ( P ) Hca )
So

, inthat case Newton 's polygon is
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march CBAND of
HCPJTHCQ )

co
,

⇐
µ ,

( D
, Q) = max ( h ( P )

,
h ( Q) )

µz( BQ ) = min ( h ( P ) ,
h ( Q ) )

and their sum is HCPITHCQ) = h( BQ ) .

Definition
The freeness of x is

lcx )={
° if Mnbdeo

µnlx)/µw,
otherwise e [ 0,1 ]

Run : ( x ) =
0 ⇐ pen ( Neo

l th ) = 1 € µnbD=µz ( x ) ÷ .
. .

 = penb , )
= µ ( x )

⇐ IV is semi - stable
this defines the notion

Examples
• Z

"
c Rn is semi - stable

but it is not the only one

• the hexagonal lattice

i..

"

,

. ?.in . ; .
n= ztozeizttscc

is semi stable
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Remark
alone generally if E is an adelia motor bundle
on V one can consider the slopes

µ ;
C Ex ) for ne is rk C E)

2) Slopes and successive minima

There is another notion which is natural

for lattices in euclidean spaces , namely successive

minima which generalizes to number fields :

Definition
9f E is K vector space equipped with

classical norms (1 a Hw) we peak ) such that
there exist a basis ( en , , en ) of E

so th
: §

,
xi eillw = max Willer for

almost all w
,

then kier

X ; ( E) = try ( 0 ER
>o

I ] a linearly independent
family ( a

, , ,
a ;) e Ei such than

tgea,
-

, is it
were ( ik )

" Uj HE 0 }
.

Proposition ( E
.

6 A brow using MIN Kowski them )

of log Hit ) ) t Mile ) < Ck

Remark
There is also a duality formula

fei ( E ) = - µµ, . i
( EY

Combining this with the proposition ,
we get

1 ma - log (
nxfnevnoswt

" Y "
w ) KGK
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Gm other words
,

1 mdes - min (h
, Hey))|< gk

So for on situation

1µm Gc) - min ( h
,
GPCTYDHKK

But this is very
hard to compile in general !

3) Slopes and change of metrics

Proposition

9f we denote by µ ;
and mli the slops

corresponding to two addic metrics on ✓

there exist C > 0 such that

Hi( x ) - ki lx ) \ < C

for any
x⇐ VGK ) . Therefore

H( x ) - e
'

k ) I  =  6 ( ftp.,
)

Proof
This reduces to

o < c. anixies
and H ' Ww =

11
. Hw for almost all w

. D

4D Freeness and moyhisms

Definition
Let 4 : P ⇐V be a non constant moyhism

Write 4* CTV ) as ¥ ,

Gca ; ) with a
, 3 . .

.  Dan

and define
l (4) = { 0 if an so

n an / Ing,ai
otherwise
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Remark

FE
,

an - degw
,

,
(e)

Proposition
c) ) = l ( 4) - 0 ( ka ) for x EMCK )

4

Proposition 2

Let C be a rigid national curve

on a surface S
,

then

{ xe Ccm I l ( x ) > o } is finite

Proof
from the decomposition

4*4 v ) 5 IQGC oil
me get that 1%( Cpc ) ) - ai h ,(x)| < Cy .

,Forproposition 2
,

we use the fact that an co .

Proposition 3

Set 4 : X → Y be a moyhism of nice varieties
Then there exist C > o so that for any

x ex ( IK ) in which Tc 4 : Tx X → Tyne ,Y
is surjection,

we have

Mmin ( " ) £ Mmin ( 4k ) ) tc

Gm particular , if y e Yak ) is not a critical

Nobre of4¥
-

o (nlg,
) on the fibre Xy ( IK)

.

Proof
Under the hypothesis TYYV->T× XV
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and thus min th ( PCTXVD { min th ( IP (TYVDTCD

Remark
for the counter - examples like the one of
BATYRFV & Tse HINKEL which are given by
a morfhism the fibres of which are accumulating
we get also that

l ( x ) → o

in each of these accumulating sub variety .

This gives some support for the slogan

Slogan
"

Bad joint have a small freeness .

"

Like in politics slogan do not need to be true
.

Moreover for the freeness to be useful we

also need it to be big for good points

5) The case of the projective space

Proposition
Let P E Rn C

lk
)

l ( P ) = It + men ( -ndegCF÷
win (F) hcp )

)
where F goes over the subs paces of E

such that P E P CF ) and Ft E
.

Proof
Remember that if P corresponds to a vector

subspace L a lkhttE of dimension 1
,






2@TpPnTHomC.L
,

EIL ) a LVQEIEXOL
So each subspace F

'
c Tp IP

"

is isomorphic
to to F / Vol for some subspace F such that

L a F EE
and

def (F
') = deg (F) + dim CF ) deg

(d)Smoked we have the general formula
dfg ( E IF ) = ddg ( e ) - deg (F)

and deaf ( L Q E ) = deny(E) + dim (e) dfg ( l )

on the other handHCP) = Cntr)
dfgll

)
So we get
pe (

Tp
An / F

' ) =

c0dime(F)dgN)-dey#
wdim

.
( F )

= - deny a )
-

Mega
the smallest shop is wdimdf )

and
Nmin ( 'T PY

= - dig 14 +min (Iterated)
lcp ) = teen

'

Corollary

tnthdengat

For each Pe Ph ( 1k ) ,
one has

l ( p ) zn=
-

foot
deja = - key ( come C 0¥

'
nFD

and come ( Gmt'
n F) Z 1

. D

Remarks
n fact,

we have something somewhat more striking
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l ( p ) → 1hxn→+s#¥ANµeB p%pnaky*
,

B → 't

6 it new formula ?

Let E :] 1
,

to [ → R > o be a decreasing
function such that

( i ) E ( h ÷> to

C ii ) log (i. Pear ) - to if d > o

t → + is

so a slowly decreasing fundion
Let VCIK ) Igh ={ Perak ) I Hcp ) < B & llp ) Zeus ) }

C Fe ) VCHA ,{Ey ~ cµ ( HB log C Bst . '

Cee ) 8
e - e

→ N
VCHA

Proposition
HEB

Cfe ) and Ee ) are compatible with the product
of varieties

.

§ Because l ( P ) is hard to compile
9 can not yet claim that this

works better than removing a

thin subset .

There is still much to be done

G- works for quadrics but
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Gjen question
For a smooth hypbuface of degree d 7,3
men > 201 (d - 1) is C Fe ) correct ?
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221412015

Curve statistics

TEE cts
you probably know

,
to determine if a

variety is rational ( that is binational to P " ) is

extremely hand
.

Gn the other hand
,

we know that

Fane varieties are rationally connected .
So it is

guilt natural to see how we can strengthen
the notion of rational connectivity ,

Prof
Let Vle be a smooth

,projective , geometrically
integral variety which is Rationally Connected

then for any subs dome S a P
?

of dim 0

and
any Y : S → V

,
there exists Y : P

'
→ V

such that 4
, ,

= Y .

Gf course
,

such a4 may
be of very high

degree .

it slightly less well known fact .

but
which has been noticed several times is the

occurrence of stabilisation phenomena as the

degree goes
too

.

Gt was probably first noted

by 6
. Saeyae .

Let me csofain it on

1) Sand box example :

V : p
"

S need to introduce the ring ole :

As a group
- generated by [ V] V variety ik

.
relations

.
[ V ] - [ V

' ] if v IV
'

. [ V ] - [ D - [ F ]

if F C V closed subtariety u = V - F

- ring thudnre given by [D[ v
' ] = [ VXV ' ]

Then we consider
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Mol :[Mota ( P '

,
PY ] e Mps .

k=[ the ]
Gm the other hand

,
there is a very elementary

description of this space
Nord ( P

'

, P
" ) ← { ( Po

,
-

,
Pn )

eECT5YgcdCPiH1max@p.D =D Hm
But if we define -

we get a map (d

30
) Nd

oµ±eo,
Wd . k × Aek → #*' ' s dtk#m÷unitary polynomials fnti ) . wfes of Jolyn .

of degree k of max
. deg d

In

Me
C [ TD

,
we get

(Enkhtdxfffwedth ) = In" - n)qi¥⇒tTd
beak;hehge+IdB:( Int'd . I It '*→

) if DH
and [ Wd ] IIHT " D=( knt '

- i ) ( A - II "
) if d 31

thus

µ
. , ,[nHk= beef a- En ) for DH

Note that intersection cohomology factors through
the ring d¢ sosnoha formula desires A cohomology

The generality of this phenomena is still unknown
but let me explain the framework for this

generalisation : First of all in general we do not

sulk a simple stable formula but only a limit

in a topological ring constructed using motives
.

2J General Framework

aj Topological Ko of moieties

• We can define a filtration by dimensions

on Mk [ 45 ' I

Fk(M¢[
KT ) = ( II t.lv ]

,
i - dimcbsk >

Suhyp
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M^€= balm M£45
'

] A- & de City
which is a topological ring where something

goes to 0 if its dimension goes to - a

Note M
¢

→ To is noting dwi which means a

- ,

^ loss of informationnotingdive
Md it' )

Gt turns out that this sing is still not

flexible enough . Let me introduce a variant

8 .tk
.

( Mock) gnothendieok group
for the category of Chow mottos /e
We get a mop
T : deck ' '

] → Ko ( M !h) [ 15
'

)
MY = lend Y ( da [ biY ) / XCFHM ¢[ K 'T)

She we loose even more information

b) ctnltiokgee
deg : Moran

,
V ) → Pic Wr = Homcpiccb

,
R)

y ns ( L i→ day ( Y*CLD)
cqf ( VD = { v epicure I FD effective < u

,
D) 3$

dcqf ( D
✓

it boundary

Space :

£[oyt[ftp.Y.tv) = space of very free monism

from P ' to V of multickgve d-
( very free : 4

* C Tu) ¥#
,

6 Cdi ) a
, 3. . } an > D
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Following ideas of V
. BATYREYJIUEN Berg D

.

Book Qu
Question
When is [ Mot ±

C Psv ) ] II
H

' Wii >
→ [ ( ✓)

de cop H -

in ate ? dish E
. scenes) →

-91ha
't

S will give later turn back to the

meaning of CCV )

3) Evidence
- True for PN
- compatible with results of kapanov

on motivic Eisenstein series for split
V =G/pG seductive linear olg group

P maximal parabolic subgroup e

- Torie for spit

tonic
variety ( D . B our QUI )

using descent met

hdecsimila
to the

case of Pn
- some evidence for

egwvananrconyadificalion

of affine spaces ( Ct. lambert . Loir
,

Loeser )

using a molinic Poisson formula

Gjen but might be doable

hyersurfaa in Pn n D deg
via a motion a circle method

C using Poisson formula ) .

4) About the constant CCV )

a) Eqwidistri button principle
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This is related to the proposition 9 stated
at the

very beginning of the talk

Equidishileulion question
TakeS c P± subs dome of dim 0

.

and a Mot C S
,

V ) dosedMorphyPsv
,

F) extra condition :41
,

e W

" Morad ( P ?v
,

f) "

#t'±¥÷sn
←Mom,!lPsyFD[ rials,vD - [ MoetCplvDEDlI4ldTb

9t more a less says that the
germs condition

at different points are totally independent . . .

b) Back to ccv )

What we would like to do
- dimkcp,

ccv ) = something simple xf.I.pe?,VecpDk
but it can't work like that

Problems
^ ) Product over uncountable set

Use formal formula
I f ( P) =exp (Sp

,
log ( f ( P ) ) )

Pete '

Tung through moiivic

integration
2) This cannot converge with f ( p ) =[V¢cpDlI°↳h%$
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even for lpn 1

, f ( p) . -

n+
pjdeglpl .

.
.  + ,[ hdegcp )

Easy computation

2#[¥*
,

( a - 'EOYHBI ftp.e#a,lId
( like ¥11- P

'SDINE at ) H

= san [ pd ] Idd

= E
kd "

-# tt
"

werajhtemitt
' '

=

, ,±.
C÷e+r÷I

=

^=
1-kDa .lt#y

we get CCPY =

(#µ
2 ( n+1 )

- t

= Fun xlpt 4 - hem) f ( P )
.

1 er ,

Tn general , for a variety ✓ with

tin ( V
, Gv ) = trcv

,
¥) =o

,
Pidv ) torsion free

( automatic if V Fama ) .

There exists a venal torso I → V underxgqINst Spec Ce C Pica ) ] ) I Gmt

cos = ceteris ,Melchor) )

Remark chan 0 .

a) Extensionsto K ± E
,

C tat
, Ty:[ s

Cu ) Question : loose less information ? Coty
,

instead ftp.
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�3� of enough ? an → to ?
�4� Fama too strict

of '= ample + dnc ?
( more than big )

.


