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VI The general setting ,
the

program of BATYREV
,

MAN IN
,

TSCH IN KEL

Ea describe the general setting ,
9 want to consider

varieties over a number field . For that
,

let me

describe the tools 9 need from number theory :

1) Survival kitin number theory
References

The book 5 peter has a drawback it was written
in tp?%

-

inner
.

The one

Igdbnigue
desnombres

5
. LANG : Algebraic Number theory

J . Neu Kirch : Algebraic Number theory

Definitions & notations

A number field is a finite field extension of Q
'

. Let IK be a number field
6

* = ring of integers of IK

= integral closure of 21 in IK

= { de IK IF unitary P E z[x ]
,

PK ) .

-

o )

( unitary : the coefficient of the highest degree
monomial is one : P = xD t.ES ai Xi

, ai e ZD
• A fractional ideal of IK is a sub 6 ,k-module

of 1k which is finitely generated .

•
Let T C

6.)
be the set of non zero

fractional ideals in IK
.

For or
,

b e 9Com) ( FRAKTVR alphabet)
a b is the sub . 6

, k
. module of IK generated

by products xy with xe a and y e b
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Proposition
9 C Gk ) is a commutative group for the

multiplication of fractional ideals .
Sts neutral

element is 6
, K

and the inverse of a EY ( Gk )
is

a-
'

= { x elk | xoi
'

a 6
, k

}

Notation ( continued )
The map

,k* → T ( 6
W )

x - > x Gk = ( x )
is a moyhism of group . stimage is

denoted by PC 6 , k ) and is called the

subgroup of principal ideals .

The quotient T ( ok ) / PCQK ) is called
the group of ideal classes of IK

,
it is denoted I (6yd .

Remark

spec ( 6k ) as a set is the set of prime ideals

of Gk .
Tt has dimension 1

Gn other

words,

Spec ( 0
µ ) - { ( o ) ) is the set of maximal

ideals of GK . 9 denote it asMG *

Definition
A Dedekind domain is an integral domain

wick is integrally closed
,

noethovan and
any

non zero prime ideal is maximal .
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Examples
- fields

-
G

*
is a Dedekind ring

- if R is a Dedekind ring
and 5 C R is a subset stable by multiplication

so that of S

The localization R[ 5 ' ] is a Dedekind ring

Remark
Set R be a Dedekind suing and lk = Erck )

The set 9 ( R ) of fractional ideals of 1k

with respect to R is also a group for the

multiplication

Theorem 1

Set R be a Dedekind ring and Mr its set

of non zero prime ideals
.

The moyhism
of group

Div ( spec ( R ) ) = +0 Z p → T ( R )

p e Mp

is an isomorphism !
"

thpemrs Imre
" '

+fact it is a

Corollary finite product .

We get a commutative diagram

1 → GET → 1k¥
¥Did Chea CQK ) ) → Picked 6

,,×D→o
ts

with exact
lined9 ( %i

) - a ( 6 * ) → o
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Theorem
2a k ) is a finite group .

Its order

is denoted by h
.

Remark

We get a map
1kt → to 21 p

pen tk

oc 1- §Vp Csc ) P

Put Vp Co ) =  to

the map Vp : 1k → Z Uh to ) is a

discrete valuation on IK and

defines a place of IK
,

which is denoted

p as well

Theorem 3

The map MG
, ,×→ Plak ) defined above

is abjection from MGK to the set

of ultiamdiic faces of it ,
which 9 also

denote by PLAK)
q

.

More notations

Set Eiyabe the set of field moyhisms
from He toe

Remark
. Since �1� is algebraically closed

,
Galois theory tells us that

# E¢µ*= [ IK : Q ] the degree of Kla






123=1a For t e Eiyya F : IK → e E E
, kg

x to oth
this defines an action of 2%2,

= gal Cal IN
a

on Elk 14h
and

T.is a fixed point if and only if oak ) CR

Gf re EFK, ,o,

1 . 1 or : lk → Rxo
is an absolute value on IK

Note that I . I of = I . I or

Theorem 4
The map r to 1.1 or defines a ligation
from the orbits of the action of Zkz on EPK, ,a
to the set of archimedean faces of IK

which 9 denote by Plans

Definition
Let o e ETK

, *
and v be the corresponding place

T defines an isomorphism from Ikv to

- R if a I
,

we say that v is real

- �1�

if 0 to - V is complex
r

,
( resp rz ) denotes the number of real Iraq .

complex)
places

Fact

For
any place W of IK

,
the induced topology

on Q is the topology defined by the restriction

of an absolute value defining wwhih is non

trivial and define a place n of LK
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me denote it no I v

Theorem 5

For
any place v of a

,

as a IK aegftexa?ak 5 Two lkw

Yn particular [ IK : a ] = w% [ lkw : QD
( r

,
+2 rz = [ IK : a ] )

.

Proposition / Definition
Set p e Peak ) p , PEP the induced place on QI

• We have a commutative diagram
1kt XD 21

p Txep
at # z

ep
is called the ramification index

• Gk / p is a finite field extension of ftp.Z//pz
we denote it by Fp , fp = [ Fp : Ep ]

is called the residual degree

Proposition
fkp iQp ] = ep fp

and
therefore

* :* ] .

. Fg e
P to

Proposition
Sf Kla is galoision then

, for any vc Plcal
,

gal C Kla ) ads transitively on { wlv )
and [ 1kW : Qv ] ( resp fpep ) depends only

on v ( resp . p ) .
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NB

Everything since last foot generalizes ,
mutatis

mutandis
,

to an extension of number fields
KIIK .

ctotation
for

any
W G Pl C k )

,
Set N be the

induced place in Pl con

oaanyx 'T'Ff=W* .la#v

¥ Hahoewutesnvoteueomhjhlgtynjnwan
But if no is complex

I z I
w

= 1212 for 2 ← E

does not satisfy Ktylw s lxlwtlylw !
and is not an absolute value

.

Gtouovh this notation is convenient for
the following reasons .

Romani
Kw ,

as an additive group is

a finite dimensional vector zoa on Qv
thus it is locally compact and

admits a Haan measure ( that is a

measure on the Boelian T . algebra
which is stable under translation

,
it is

unique up to constant ) .

Let µ be such a measure
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we have

µ ( a B) = |a|v NB )

for any
borelion Bc Qw .

• We have the formula
txc IK

,
I Npyacx)f= If I xlw

This formula implies

Proposition ( product formula for number fields)
Hx elk

*

, #
c Peak )

1×6=1

@
Gtis not invariant under field extensions

For K ← ap lxlw = 1×15 Kw :# v ]

Now G want to give a more complete
description of the mullilicatiive group of IK

.

Notation
Let lot : lK* →vIpµ,× , .IR Cabin nntrz )

× 1- ( eog lxhhwepeak )
aand I :# R - R

repeats Ghht

%xah¥Pemark

Yf x E GFK , then F p e
Dlakjp

, Np ( x )=o
,

1 Xlp = I

So the product formula gives
TIM

- peak
.

v
= 1 and to lq( GET ={ o } .
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Theorem 6

ken C

log ,
g%

)
is the

group
Nflk

)

of

roots

of unity

in IK which is

finite

and

Gm (

log

,q¥

) is
a lattice A in H .

-

Ken
CI )

( that is

,

it is

generated by
a basis

of

the R vector

god

H )

Covel ( N
.

- Vol (
HK ) is called the

regulator of
Kla

.

To

summarize

The structure

of

lk

't

is
more or

less

gaining
by

two exact

sequences

:

-

1 →

6nF
→ IK

't

→

Divac
(

GK
)

) →

Pidgeon
))

→
0

and

1 →

Haak
)

→

GE

¥
n →

on
lattice

H
dim

.

r

,
the

-1

For the additive

gray
Toe

have

Theorem 7 more

easy

The

injective moyhism of
Q

algebras

IK - IT

lkw
a

1K€
IR

Wto

maps GK
onto

a
lattice

of
IKQ

,aR
.

The covolume
of

this lattice
is

Fdr

where
dik

is the discriminant

of
1k

(

defined

as
det ( Tr

, ,× ,
of

a

iaj

) ) where

@i)n<
;

§
ak ;

ages

a
basis

of
Gk

as a 21
. module

)
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18/5/2016 2)
About models

a)
smooth models

Definition

Let R
be an

integral

domain and IK = FRCR )

Let V be
a

variety
11k

A model

of

V
over

R
is

a scheme V
over Spec LR

)

and
an

isomorphism

Remark

4 :

Of

TV
.

9f
V is a

projective variety ,

it is

easy

to

produce

such a
mode

Assume V tale
pojcdne

V a

Pif
,

defined
by

homogeneous polynomials

fn
,

-

, f-

e
It [

To

,

AN
]

,

But each

f ; may

be Milton as

f
;

=

§

&

if

tom
-

Tjtn
and Li

,j=

di

big

with a

ij ,

bi

,

je

R

,

¥
.

- 1

if
L

;
,j

=
0

.

By replacing f
; by (

I

bi

,

}
fi

me

may

assume

fi E

R [ To

,

-

In
]

Then=

Prig
(

R [
To

,

In
]

/ ( f.
,

.

, f
,

)
)

is a
model

of

V
.

9f
V is reduced

, by increasing

r

,

we

may

assume

If ,
,

.

,
bn

)
:

-

MHM and Vreduced
.

§

But in

general ,

even

if

V
is smooth

V
is not smooth

.

so the

problem

is to

get
a smooth

froze

dive Model
.
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Notation

Let IK be a number

field

Set S be a

finite
subset

of
Pl ( lk

)
p

then

Gs
=

{
y

elk \ F

p

E Rl ( 1k )

g-

S

,
Kf

£13

Remark

is
6

¢

=

Gik .

ii
)

since Pic (
sec

(
Gk ) ) is

finite

and

generated by

[
PJ

for
p

c. Pe (
Kla

There exists
5 cpl (

IK )

p
finite

such that

at

thF¢→4P
is

suzi
dive

.

But
Gs

is
a

Dedekind

ring

as
well

so
Pic (

Spec
( 6

s
) )

=

Los and
Gs

is

principal
.

Proposition

Let V be a nice

variety
on the number

field
IK

Then there exist
5

C

Platt finite
and

a
smooth and

projective
model

of

V
over Gs .

Cold
fashioned proof

As

before

may

assume

that
V

is

defined

by
r

homogeneous polynomials

f.
,

-

, free
QKCTO

,,To
with

Ifo
, yfn

) .

-

FED

and let Vbe the

corresponding
model

of
V

over Glk .

WE
are

going

to

prove

that Here exist

a

finite
set

of

ulhamehic
places 5

so
that

VG

,

is smooth
.

Gm order to

prove

that 9
am

going

to
use

two
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things first
the

fodowin

characterisation

of

smoothness

for

V

'

.

Reminder

For V as above

,

n .

-

dim ( V

}

V
is smooth

if

and

only if

F ( Ko
,

-

,
xn

)eeN±{o}
ffieHnr3fi1xonxnsaf-trkC@xejnlx.nxnD.m.p

oh

^

( Note that N -

n s r ) 0

sjsn

This can be
expressed

in terms

of
determinant

of
minors :

This is

equivalent

to

for

any

( xo

,

-

,

x

w

) e en

+
'

if
for

i
eh

,

-

,

r

} fi
( xo

,

-

,

' '

n

)=°

and

for
any

is
,

> inn , jn ,

.

, jn .

n

such that

1£

is
<

- <

in
.

m

Er
, oej

,

<
- <

jn . ne

N

we have

old
.

( 2&÷

xj

( %
,

> xµ
) )

= o

then C
xo

,

-

,
XN )

=

0

The second tool Gam

going

to use is

Wilbert
Nullstllensaty

Let

g. ,

ygmff

e

E [ ×o

,

- IN
]

such that

{ x e

EN

"

I Hiett . ins
, g.

. (
R

o ) at xeent

'

If
GD .

-

if

then

f

e(g.,=gm)µat
is

7
n

such that

fn
e Cg n ,

-

, gm )
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Remark

Tf

K
/ K is a

field
extension and

Ea IK .

vector

space ,

F
C Ea

subspace

Y : E
 

→

Eonxk

x - X 01

the extension

of
scalar

map ,

then

ya ( I 4 ( F) )
.

. F

Thus

for
an

ideal I

of
IK [ Xo

,

y×n]

Ten IK [ xo

,

-

,

Xn
] = of

End

of
the

proof of

the

proposition

so we

get

that there exists
an

integer

m

ogg

pgognomials

And

Kuen

,

lesion

ye
, j

of ' EN

I'din , yin .

n

)

of÷ ljn , yjnn )

such

that

^ ' in '
-

sina.sn
ofjgs

-

sjnenn

its xin
=

EA

f
ts

Bu
,i,jkttyhg÷)

e.

ni i

iif

vk.KN.in

Now let D beathe

product of
all denominators

of

all

coefficient of
the Au

,

i

and Ben

,

I

, if

and let

S = {
p

I
vp

(D)
31

)

it is a

finite

subset

of
Pl C IK )

f

and

Au

,

n /

Bu

,i,j€
GS

[ ×o

,

-

,
XN

]

and since Gs
injects

in lk

⇐ ) is true in Gs [
Xo

,

-

,

Xn ]

But this
implies

that the

moyhism of
vector

bundles
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TPTqg¥
¥

,

Gpu
( old

hyphen
didegIf;)

is

of
constant

monk
N

-

n
.

Then we still have to check
that

by

increasing
§

we

getlhattfs

is

flat
/

Sfc
(

cos )
.

Using
Prop .#

.

9.7 in HARTSHORNE
's

look

since
Vis reduced

,

it

suffices

to

prove

that

by increasing

S

,

we

may

assume Nine
in

able

This will

follow from
the next lemma D

Remark

Tn

slightly

more
modern terms

,

the end

of

the

proof
could be rewritten

as

follows
:

The

equations

out

Pytt÷hegFINn

which do not meet
defines

a dose subset S

of

V

.

the

generic
fibre

V

The structural
map

V →

Spec
( G

ik

)
is

jrgidire

and
therefore frosted.

Thus 5 =

T (
S

) is a

closed subset which does not contain the

generic point
(

o )
of fk

(GIK )
.

Thus it is a

finite
subset

of
Pl ( lk )

p

and

Vq
is smooth

.

D

But in

fact ,

this is Hilbert
Nullstllensay

in

indigo ;

But
the

argument using

the

Nullstllensaty

generalizes easily

in
a non

-

projective setting
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Lemma

Let tk be
a

number

field,

5
be a

finite
subset

of

Peak

)p
and Va mother on scheme on

Spc
( Os )

if Hk
=

¢

then the

image
of

the

structural

moyhism
V →

Spc

(
Os ) is

fine
.

Proof

Since
N

is moethouon it
ain

be covered

by
a

finite

number

of affine

scheme

and it
is

enough
to

prove

the result when

N =

Spec
C

Gs
[

I
,

In
] / ( fn

, T
On

) )

But then

V

,k=
Spec

( IKCI
,

- In
]/¢,

-

, f.)
) =¢

means that ( You

may

see that as
a

form of

Ltilbar Nulbtlknaoty
)

1
E (

fs ,

-

, for
)

Thus T A
,

,
,

An elk
[

Tr
,

YTD
,

lt §= Aifj

Taking
S

'

as
the set

of p

=D the

pocket

of

the denominators

of

the An

VGS ,

= 01 that the

image of

Vis

in
Spec f Gs

)

.

is
contained in 5

'
-

5
.

D

Proposition
1

Let lk

,

S be as above and
let

V

,

W be

Mathenia
themes

over
Spec

( os )

Let
ch

,

4
,

:
V → W be

moyhism of

schemes

over Gs

,

such that Ynik
=

Yzik :
V

, k

→

WK
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then there exists
a

finite

5

'

< Platt

p

such that

Proof

4

Os
,

=

QQ ,

of

ply
the lemma to the

open

subs chrome

of

V

defined by

4

,

Ix )
+4,44

D

Proposition
2

Set IK be a number

field

and let 5 be a

finite

subset

of

Plan

p

let V

,

W
be noethonan

schemes over

spec
Gs

and let
4 :

VK

-

Wik

be
a

moyhism of

lk voiohos then there

exists a

finite
subset SS S in

Pl ( IK )

p

and

moyhism T
:

Vos
,

-

WGS .

so that
YTK

:
V

,k→w , .

coincides with 4
.

Proof

Let

CD i. ±

(
ran CWD

,

:c
,

) be
a

finite

covering of

V (

rap
W )

such that

FIEI

,

F

je

J

,

4
Him

) a

Wj
*

But

if
Vi = spec

( os
[

Tn
,

-

,
In ] 1

( f , ,
yfr))

and

wj

 

÷

Sfc
(

Gs En
, →

Tn ] /
(

of

,
,

yg
,

)

)

4

IV.
e.

,

*
corresponds

to

h
.

,

-

/

h

ne

K [ T

, ,

- Fm
]

such that t
i

c

{
1

,

-

,

s
>

gi

( h

, ,

-

,

hn )
Elf

.
,

-

th )

il F Ai

,
j

such that

gilhn
, y

hn) =
E

Aij fj
j
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Taking

5

given
by

the

product of
all denominators

of
hn

,
i,

hn

,
Aij ,

we

get

4T
:

Vi

↳

,

→

Wjcs .

es

denoting
4

, v
;

*

.

Now

put

5
"

=

¥⇐
,
Si

and
we

apply proposition
1 to

Ti
,

Tin:

vi

Gs
,

,

n

ties ,
,

→

Wto
,

"

we

get
new

finite

sets 5

's
,

and we

put

5

'

gyn

,5!w
,

so
that

Yi
and

Pi
coincide on

Vngg? tijs ,

and

they define
T :

Vgg ,

→
W

, gas

wanted
.rs

Corollary

Let
V be

a projective
variety

over
the number

field
1k

Set s

,

S

'

be

finite

subset

of

Pla K )

p
,

Let V be
a

projective

model
of

V
over

Os

and v

'

- V
-

65

Set 4 (
non

4

'

)
be the

isomorphism

next

V (
non vinet

then there
exists 5€ Pl CIK

)

p
fimlt

and

containing

S
US

'

and
an

isomorphism

5
:

VG

,

"± t.bg
, ,

whid extends 4

'

'

'

of .

Proof

Apply
proposition

2 to Y

'
' '

o 4 and E .

'

o 4

'

toget
gonk g

'

and
proposition

1 to

go
g

'

and It
j

(
res

op
.

fog
and

Idv
)

.

D

So

up

to

makings bigger
the model is

"

unique

"

.
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b)
Models

of
vector

bundles

We
can

easily
extend the notion

of
model to

subcategories of

the

category
of

schemes

Definition

Let R be an

integral
domain

,

K : FRCR )

Let V be a

variety

over
K

,

V be a model

of

✓
over

R

Let E be a vector bundle
over

V
,

A model

of

E
over

D
is a

motor
bundle E

over R with an

isomorphism of

vector bundles

from
E

,k

to E
.

Gf
course

,

the

question

is
: does it exists ?

Proposition

Let V
be

a

variety
over a number

field
tk

Let E be
vector

bundle
over

V

There csaita

finite
set S a Pl C IK )

f

and

a model V

of

V
over Gs

and a model E

of

E

over
it

.

Wolfer

(

vial
V )

, ⇐

be
a

finite covering of
V

by gen

immersions

,
Visa

( Ri )
which

trivializes

E

and

(
Yi :

Ew
,

-

Vi ×
'

Annxtiet

a local

trivialization of

E.

Consider
Uejj

=D
'

Kiwi )

ndj
NJD

gen

in Ui

Uj

,

i

=

Yj Mj

'

:
U

in

x #
In

→

Vj

,

ixlthhx

which is

defined by
.

 →

Gln

,

*
Yj

,

i

: Ui
, j

tVji and

fj
,
;

Vi

, j

we

fix

i

temporarily
.

Write R
i

 

= IK [
Tn

,
YTNJ Kfn

,

-

,
for ) .
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and take
s

so
that

f
,

,

-

An
e

Gs
CT

,

TTNJ

We

get

models

ofthe ni
.

Vi
-

Uij

is closed in Vi
,

it is

defined by

the

vanishing of
some elements

of
IKCI

,

t.TN
]

by increasing

S we

may

assume

they
are

in

Gs
[

Tn
,

.

In
] as

well

we

get Uij

<
U

; open

so that

Uijnj Vip

Then
we

apply propositions

2 and 1

to extend

yj

,

,

to

UijggxTHE

→

Uj
iE#"q

as

moyhisms of

vector bundles which

satisfy
it

gluing
condition

%
, j

°

9j
,

e

=

Th
,

i

on

Ui, j

n

Hi
,

n

E
( rap

V
) is obtained

by gluanz
the

Mix lads( nesp
. Un

)
.

D

N B

similarly
one can

get

models

of algebraic

group

over

Hy
.

.
.

Example

Sf
V is a

smooth

fugitive
model

of

a nice

moiety

V over
Gs

then TO

is a model

of

TV
.

Remark

Again if

we

accept
to add

some

prime

to
5

,

the models
are

unique
.
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3) Adelia norms and metrics

a) wadic norms

Definition
Let lkve a member field
and lot w be a place of IK

.

Set E be a finite dimensional lkw vector space .

A norm on E is a map
11 or H

W
: E  → IR

, ,
o

such that

C i ) 11 xllw = o # x = o

CD t x ← E
,

tdelKwHtxl1w-lHwHxHr@DifwisulhamehtcVx.y
e E

, Hxtykw s sup ( 11×11
w ,

HYHD

Ciii) if w is real

t x
, yet Hxtyltf Hxllwt Hyllw

Cui
"

) if w is complex

tosyce 1H+y4Y £ 11×142 thy 142
.

NB

Tn particular
11 . 11

w
is continuous for

the w topology on E
.

which implies
the following proposition :

Proposition
Let 11 . llw and 11 . Nw be norms on E

.

They are equivalent : F G
,

cz ER > o with G < cz

such that

V. x c. E
,

c
,

11×11
w

E Hxllj < sell xllw .
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Proof
We can define a continuous map

P C Et { snbsyaaes of dim
.

I in E) → R
> o

I Kw x →
" kit

since PCE ) is compact,
this map

" ' ' " '

w

reaches its minimum and its maximum . D

Definition ( continued )
The norm H . Hw will be said to be classical

if ins if w isulhamdnic
In C 11 . 11

W ) c Im ( l . lw )

air
'

) if w is real
,

11.11
w

is euclidean : there
exists a positive definite quadratic form q

one

such that

free
,

11×11
w

:
- ark

Cv
"

) if vis complex
,

there exist a positive

definite hermit.am form h one suchthat
xe E

11×11
w

= hcx )

Remark
Ietw be an ultramdiiajlau

and 11 . 11
w

be a classical norm on a

1kW vector space E
.

Then
= { x e E I Hxwll s 1)

is a sub - Gw module of E

where Gw={ x € Hiv I 1×1 w.tl }
let e

, ,
-

, en be a basis of E over IK
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we define
11 Ehxiettw =

seen lxilw

Set x e E - { o ) be such that

1K¥ is minimal
11×11 'v

and let to lkw be such that " × "um
tu

= Htv

V

yen
1k

y
11 'w= htif " Y "

he
" Y " we '

so xn cn¥
,

Gwen

Sina Gw is a local ring ,
it is principal

and XR ( and thus N ) is a free Gw module

of rank < n .

but fenie { 1
, This if It it will lillwti

'
e

.
e ^

so A is a free Gw module of rank n

( we say
that his Gw lattice in 'T .

( This is in fact true for any
w . adic norm )

But Since 11
. Hw is a classical norm

,

11×11
w

= min { ltlw ,
to K*w ,

tax ← n )

So we get a big dive map

Gw lattices en E  - classical norms on E

231512016 Terminology
A w -

adicallynomcd
space [ of finite dimension ]

is a lkw vector space equipped with a w .  adic

nom All
spaces

9 consider will be of

finite dimension
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Examples
a) Kw with 11×11

w
= lxlw

b) E
,

F with classical norms 11 all
w ,

llilllw
Gm E  & F

" ⇐ .
""w.

- { mkdlI"XYtYY"mjfuwuuaigmenig
11×4 wt Hy Yw if w comfhsc •

Eto F equipped with this norm is called

the dried sum of the w . adic named

Space E and F

Gf both norms are classic so is the norm

on the direct sum
.

More precisely
Gf Hall is defined by a cow -

module E

and " HYW - by -
F

then the norm on Eto F is defined by EOF

c) Same notations asb)Assume the norms are classic

There is a unique norm 11.11 "w on EOF

such that

Hxoyll "w = 11×11
w

0 Hylhv
it corresponds to

go 9
'

if w is real

{ h Oh
'

if w is complex
EXOF if w is ultnamehic

d) If F a E is a sub vector space

the restriction of a no -
adic norm is

a w - adic norm

,
and the restriction

of a classic norm is dobic

( given by E n F for wultiameliic )
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e) quotient
FCE subspace

It 'll
w norm on E

Let it
. t

.

⇒ 1=17 be the canonical frojedion
Set j e El F and

ye
E such that it (g)

-

z
{ x ⇐ El tcx ) = z & Hxllw E HY Hui

is compact

Therefore { 11 xllw
,

x et
' '

( { z } ) }
has a minimal element

We
define

HHWIEIF → 113,0

2
i→ min { lbulw

,
xettkjs ) )

Tdaim this
defines a W .aol.ec norm on EIF .

Ci ) 11 zll 'w = o

#
] x et

"

Kzy )
,

11×4 w=o

⇒ OEI
' ( { z ) )

Cid fort € KE⇐ zoo

E- ' ( { tz ] ) = X It ( { g) )
so Hxzll 'w = I Hw 11211 'w

Cis Let

egg
E EIF y , y

'
€ ⇐

such that

it ly ) .

z ,
11 yhw =

Hdl 'v

Fly
'

)=z
' KYHW Tlsjlllw

"
Zty

'll 'ws 11 y+q|↳{
Npc "Y" us "Y'thhulhamehe
" Y " vt "

Y
'

"w real

( 11 ylhip
- ' Hy

' " Xp complex
Moreover ll . Il

'

is classic if 11
. Hw is

so that






1430

Gfw is ulhametric and HHW defined by
an Gw module E

,
11 . Hiv is defined by

E / EAF

Gf no is real ( resp . complex ) Hindu as

on isomomoyhism of
euclidean ( rest ,

henmitian) spaces
from Ft to El F

( where Ft is the orthogonal of F)

Terminology
t

sequence of w -
adic named zoos

o → N → E → Q → o

is said to be exadifit
is isomorphic

C in the obvious sense ) to a sequence of the

form
o - +  → E  → EIF  → o

Gcamples ( continued )

f) E space
11 . Hw classic w - adic norm on E

we are going to define a wadic norm on the

exterior product .

• Gf no is ulhtamdna
,

It - Hiron
ME is defined

by N E C if ( er , yen ) is a basis

of the Gw module E
,

( en
,

a - nee . ) is a

( 1 fine - sign )basis
of ARE

,

• Tf w is real Crop . complex)
,

At

< .

,
" > be the bilinear ( ray . soguilinea )

form on E
defining

the norm . k
Then there is a unique form on A E such






1440

.

that
.

n . axmy .
a - rya > = detkxi,Yph{y±gP

Gf
,

( en
, yen ) is on othonomal basis of E

the
ei

,

' ein : nein )
, ,

njsqnusdknnomd basis for HE

@
Ak E  

= E*k / In

Ips - < xo x
,

xe E) At
*

But the norm on ARE is not the quotient
of the norm on E

.

←
in EQE

for example , 1st @, oez - ego g) 11 = € < 1

and this
maps to e ,

a ez in ME
.

h) dual space
There oscists a unique w - adic norm on EV

mdfthgateegyee
HyHwHyHw=kY''YI

y
'

(g) Iv
Remark

We
may define the grothendieok ring of classic

w - adically named spaces of finite dimension

generated by isomorphism classes of w . adially
named spaces with relations

- # = [ N ] + [ Q]

if o → N → E→Q→ o is exact
.

- [ E ] x [ F ] = [ E XO F ]

→ Xi C EE ] ) = [ ni E ]

,
involution [E]h[ I ]
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b) Adelia norms and metrics

We are now going to define norms on vector

bundles
Gm this paragraph ,

IK denotes a number field
and V a nice variety over IK .

Definition
Let E be a vector bundle on V.

a W - adic norm on E is a continuous

Mat
H . Hw : E ( IK w ) → Rzo

such that for any x e VCIK
w ) the restriction

of H . Hw to the lkw vector space E ( x )

is a W - adic norm .
It is said to be classic

if It . Hw 1 [ be ,
is classic for any

xe VCIK
w

)

Fundamental example
Assume that w is ulltametric and that

V C resp E ) admits a model V ( res . p E)
dnkufwCKirn .

V )

,
with V projective .

feta be the rank of E
.

Since V is projective
,

the natural map

VCGW ) → VGKW )

is bijechve .

Set x ←V C lkw ) and let I ←V( 6
w ) be

the corresponding point .

ECE ) is a Gw - module
page dive

of rank n
.

Since 6
W

is principal ,

ECK ) is free . Thus it is on Gw lattice
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in E
, klx ) I E ( x ) .

and defines a norm

11.11
w

: Ebc ) → IR go we get a w - aclic norm

" ' llw : ECTKW ) → R
, , o

which is said to be defined by the model E
.

it is classic

Particular case

PN and Gpw ( ^ ) are defined over 21
.

as well as G*HD
Let p be a prime number and xe P

" ( Qp )

x = [ Xo : - :X p]
Gpn C - 1 ) Cx ) corresponds to the Xp module

Xp Qp ( Xo
,

-

, XD A zpn 't

it is generated by Conga.lxilp ) ( to , yxn )
n

Remember that |p
'

hlp = pk
Gn other words on 6

pm
C- 1) we get the norm

11 ( Y . , > Yn ) 11

p
= max 1 xilp

Of i E N

as expected and
, by duality,

on Gpn ( 1 )
11 X ; k ) 11

p
= loci

Maein
lxilp

"

as 9 explained at the end
of

last chapter .

definition
Let E be a vector bundle on V

An adelia norm on Eis a family ( Hill who
c-peak ,

where 11 . Hw is a w . adic norm on E
,

such that there is a finite set sc Plan
p ,

and a model E of E over Gs suh that
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11 . Hw is defined by E for we Peak )
p

- S

An adelia metric on V is an adelia norm on TV

Convention
From now on

,
unless otherwise explicitly stated

all norms will be assumed to be
classical

! /

Remark
Ci ) Tf ( It . llw )

we peg ,⇒
is an adelia norm on E

then for any
model E of E over Gs , for

some finite s c Plclk )
p ,

there exists 5 c Plllktg
finite and containing S such that

for any we Pl ( K ) p
- S •

,
11.11

W
is defined

by E
.

to a consequence if ( Hill
w )

, peak )
and

( H . Nw ) w ← peak ) are addic norms on E
,

H Hw = Hill 'w for
almost all we Dl Gk ) .

( ii ) Tf x E VCIK )

A = { ye
Ecx)

'

It we Plclklp , HYH we D

defines an 6 µ
- submodule of Ecx )

,

which
is a IK - vector space ,

which is locally
free of rank r

.

Choose 5
, finite ,

such that Gs is principal
and let ( e e ,

- , er ) be a basis of the free
Gs . module A 0 Gs I Gs A c E K )

.

Set
y

e Em - {

of
" "

y = §e
. of ;

e i and

for any w e Plants ,
we have HYHwtnmasgigilw

me get that Hyllw = 1 for almost all we Dlak )

by almost all
,

9 mean for any w outside

a finite set of places .
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( iii ) Note that over a
,

a real norm 11 . Ho
cent ✓ ie a continuous riemannian metric on

VCIR )
.

So adelic metric should be thought
of as a generalisation of riemannian metrics

Terminology
9 shall

say
" adelia bundle "

for a vector bundle

equipped with a [

classical
] adelia metric

.

c) Examples
d) Tf V = spec ( lk) ( V is a point)

,
then

an adelia bundle on V is the same as

a IK . vector space E of dim N with :

- An Gik -

submodule E a E which

is frgedute , of rank n

- for any
real w

,
a euclidean norm

on E 8
,k lkw

- for any complex w
,

a positive definite
hermit .

an form on E QlkwIK
Note that the image of E in E 0*112

→#oE&kkw
is a lattice

, in the usual sense
, of the IR .

'

vector

space E On R which is of dimension [ IK ;a ] n
.

and therefore it has a covolume

B) Let as consider the trivial line bundle
Vx a lk . Gm it

,
we define the natural

adelia metric by :
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For
any

w e Plc IK ) and
any x eVclkw )

the fibre is canonically isomorphic to lkw
" yllw = lylw

D Using the constitutions 9 described for
vector bundles and w -

alia metrics
,

We con define direct seem Eat
,

tensor

products E o F
,

exterior power
Ni E

,
dual EV

,
of adelia bundles .

Notations
we denote by #V ) the Grothendieok

ring of adelec bundles on V
, equipped

with the X
. operations ,

Xi CCET) = [ ni E ]
.

and by Pic Cv ) the
group of addic line

bundles on V for the tensor product of addic

line bundles
.

Remark
The neutral element in Pic ( V) is the

trivial line bundle with its natural adelia

metric and the opposite of L is V
.

Referenceou LE & al
.

lectures on Arakdov geometry
Summer School in GRENOBLE in fine 2017

.




 @

5) Let if :X → Y be a moyhism of nice varieties

and let E be an adelia bundle on Y
.

then
, for any we Pl C IK ) and

any
xe Xakw )

the fibre 4*# Cx ) is canonically isomorphic
to E ( 4 be ) ) and the norm 11.11

-
on E ( Ylx ) )

defines a norm on P*CE ) Cx )

We get an adelia norm on 4 't ( E )
and 4*1 E) with this norm is called the

pull - back of E

We get in that way moyhisms
# Y ) → Ao ( x ) and Pfc( x ) → Pica )

so that ho and Fic are contravariant

funotors .

d) first properties

PropositionLet V be a nice variety / It

Let E be a vector bundle on V

Then there exists an adelia metric on E
.

Proof
We choose Sc Plath , finite and a model
E of Forrer Gs . By what 9 explained

about models
,

9 can do that .

This defines w .adia norms 11 . Hw on E

for we Plak ) - S
.




 150

such that the map
{ y e W 1 fieu

, oh , fily ) =D - > W
'

is a diffeomoyhism .

' Y ' ' -

' YN ' ' → ( Yi,
' 7 Yin

.
}

To deal with the finite set of bad places 9 am

going To use a few results from differential geometry ,

( in fact Stir more than 9 need )

Theorem ( Implicit fundion theorem )

Let IK be a field which is complete for an

absolute value I :| and Uc IKN he an gen subset

Set f. ,
-

,

fs
: U → IK

be differentiable fundiions such that

rk ( dybxign )
,sjsaonstant

on U with value
s

1 < je N

Then for any
x e U such that f ;

k ) - o for inn
,

.

,
s )

there exists 1 § in < . .
. < in ~ < N

,
an gen

neighbourhood W of x in U an an open set W
'

a IKN - "

This a generalization to complete valued fields of
a classical result over R .
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This implies that the IK joint of any
smooth varieties

( in the algebraic sense ) form a differential
variety

corollary
Let V be a nice variety over a number field 1k
Let we Pl ( IK ) then there is a finite open

covering ( Ui ); ← , of V C lkw ) such that
each Ui is home omoyhic to open subset

of lkhw .
Moreover

- Tf w is arohime dean
.

the transition maps
are EW

- Gfw is ulkamehic we may
choose the

covering ao that U in Vj  t ¢ if it j .

and that Vi a GI .

Remark
Yn particular ,

it means that if there is a solution

over 1kW
,there are many of them

.

The adelia space is

either empty or

very big .

Also Falling 's theorem
implies that curves of genus >,2 do not satisfy weak

approximation .

Theorem ( Partition of unity )
Let K be a compact topological space ,

in fact
normal space is enough ,

Let (U

Di#be
a finite open

covering of K
,

then there exists a family
of fun di ons ( f ;) no ± from K to [ o

, D such that

C i ) H i ← I
,

t x € K f ; Gc ) > o ⇒ x e U ; ;

C ii ) t x ← K { ±
f ; k ) - 1 .




 @

Now 9 can go
back to my poof :

End of the proof of the proposition
Eake an open covering of V, for Zariski topology
which trivializes E

.

This means that for each i EI
,

9 may
choose r sections

sin it ;Ai , ,
E T ( U ; , E)

such that for any point x of Ui over a field I

( si
,
,
( H

,
-

, si
,
rlx ) ) is a basis of ECX )

For WE Plc la
,

x c- Ui C IK w ) y e E be )

write y= g£=,
xp. so

, j
c ⇒ A

, Iwaki
.

and pit max

" yliw = { Teeth!y1r.ae#amehic
¥ . yjyj if w is complex

Tf w is ardimedean let # ,.*be a partition of 1

for the covering ( Vilkwll .

.←±
we define

g.

" Yllw

=§←ebay.gs#EiDifwisred

E fibd Hylliwifw is complex
fiEIlx←Ui )

If no is mlkametric
, using the corollary, we

choose a refinement ( Was )r←k of Qillkw )) i#
which is a covering by disjoint open sets

and for any k e K
,

choose i ←I such that

Was C Vi C IK w ) and wide
, for x E Wq

, y ← Ebl )
,

" Yhw = " ylliw . D






1540

25/5/2016 Proposition
Let V be a more variety on the number field Ity
and let E

,
F be a deli bundles on V

Set 4 : e  → F be a moyhism of vector

bundles ( peak))
Then there is a family Kw )w€pe(µF

1130
with Cw = 1 for almost all no e peaks such

that

two Peak ) ,Yx←V( lkwhtlyeehd,

114 ( xtlwcwllxllw

Proof
.

We
may

consider the srgedine bundle
associated to E :

PCE ) = Prg ( Sym* ( EV) )
.

* Symmetric Gv graded algebra+
generated by the sections of EV

v
For

any IK . algebra A and
any point x e VCA )

RCEXX ) = It
 '

( x ) may
be identified with

the set of direct factors of Ecx ) ( seen

as a projective A . module ) of rank 1
.

• Then
, for we DLAK)

,
we have a map

IPCE ) ( IK
w ) → R

lkwy - Ehrfor ye EHHD
n

" Y " v

E ( x )

But BCE ) ( IK w ) is compact so this function
admits a maximal value Cw

• Stroman to prove that To =L for almostollw
.
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There is a finite set of places S C Pl CIK

It
so that V ( rosy E

,
F) has a model

Vlresp
E

,F)
on Gs and there is a moyhism

F . E → F

so that Fx = y
Moreover we may assume that the norms are

defined by E and F outside S

Let w ← Pl CIK ) p
- S

.

For any x e V ( IK
w )

corresponding
to IEVCED

we have a commutative diagram
E (E) Is

Fca v

Ecx ) 4- FC x )

so for y c- Eax )
,

11 yllw -< a ⇒ 114 (y ) Huf I

which implies that
t

y e Ecx ) 114 ( y ) 11 we HYH we

Th other words Cw E I . D

Tf Cw £  1
,

9may take Cw = 1 instead .

Corollary
Let E be a rotor bundle on V

and let ( 11 . Hw )
we peak )

and µ . Nw )
we peak )be adelia metrics one then there

exist constant @w) w c- peak )
and ( C

'

W )w[ Deck
such that

( i ) Cw = Cir = 1 for almost all w

Cii ) fw e Plan
, Fyeeakw )

,
CWHYHWHIYHVK'wHyHw

Proof
Aplyprof .

to Ide ttvioe
. D
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4)a Lteighh , height zeta function
) Gteightpairing
Again IK denotes a number field

and V a nice variety 11k

Definition
Let E be an adelia bundle on V

Let x e VCIK) .
Let ye

Ek ) - { o ]

{ we Peak ) I Hyllw ¥  1 } is finite
and tie ik*t 11×yHwIIuh'alw)IepefuHwxoeaan

= Iepeam "Y "

Therefore this product depends only on x
.

We define the exponential height
.

of xrelative to E

as the product

tklx) =wEpean ,
" YET

The corresponding logarithmic height is he logo HE
We get a map

Pick) x VAK ) → R
> °

( E
,

x ) - Helx )
which

is called the height pairing
For any given oc the map which sends
E onto he Gc ) is a moyhism of group ,

so we

may see this pairing as a map
VCK ) → Homgf PITCH

,

Ryo
)

Remarks
C i ) Let us say that E and E

'

are equivalent
if there exists an isomorphism of vector bundles

4 : E  F E
'

and (×w)w€ peak ,
← R

Snock
' )
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with tv = 1 for almost all w

such that

Cbhv¥Fel¥'PLEEFFyeeakw ) 114 ( g) Hw=kw"Mw
Equivalent line bundles define the same height
If we

deferskW ) = fecal ) 1¥ this equivalence
We get a

mvagk , - mortem
,

Rx
)

C ii ) There is a natural action of IR> .
on It ( V )

Let XER*
.

choose any

woe
Peak ) a

and map the doss of E equipped with ( Hillwlw ,*µ )
to E with ( til

'

w ) wc . peck )
with

It'll'w .

- { H ' Hw it w

two
X H . Hwo for w two

We get
Van → Honk

,gdestlb,
R

>D=HWY
> 0

, group
with Rtadion

Reminder
The funotor which map an adelic bundle to

the corresponding vector bundle define moyhisms
o : #o ( V ) → Ko ( v ) and o .

RTCV ) → Pica )

Proposition
Set E

,
E ' be adelic line bundles on V

such that o (F) = oc E
' ) then there exists

G ,
(

z
E R > o such that

Yx ← VGK ) c
, <

H⇒
tens "
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So ,Gf we change the adelia norm
,

the change to the height is bounded and
the line bundle determines the height up

to

a bounded fun dton !

Proof
Apply last corollary . D

Corollary
alone generally if there exists n } 1 such that

o ( E* " ) =/o ( E
' * n ) then He , / HE is

bounded
.

9 am going to admit the following
Theorem

Pic C V ) is a finitely generated group .

Tdea
There is an exact sequence

0 → Pico C V ) ( IK ) → Pic ( D → NSCV ) → 0

=lion variety finitely generated
-

finitely generated
Definition ~

A system of height is a section Lt L
of

a : pin CV) → Pic ( V ) → Pic ( V) / Pic (Dead
Tt defines a map

Vak ) - Mor ( Pic ( D
,

IR * ) -5 MorganCVHR)
# Gh 4 1- log o 4 7 I

Mongered40150 ← Mon
←of Pica ) 02,6, e) £ Monglpicw)

,
a

expo Y -14
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In other words
,

IH 1xD ( Los ) - Hifxf= exp (shek ))
Ka give you an example which uses the

flexibility of the notion of heights we are

using ,
Let me give one example

D Particular heights
We shall consider the following golialar case :

We assume that there exists a moyhism
4 : V → ✓

d)
,

2 and a line bundle L on ✓ with an

isomorphism Y

Example
LO d I y*CL ,

take a < Q Ci )

Y :Pia
a)

→Place
,

[ × : Y ] -> [ × 2
+ Y2c .

.
y

2 ]

4% ( i ) ) = 6 C 2)
.

Let µ.Hw)w← peak ,
be an adelia metric on L

then there are constant air )w < peak ) and

( CI )
a c. peak )

almost all equal to 1 such

that for any w E Pe ( IK )

tyeeakw
) air"gMi*HgEyutx4"Hi

Nn)

Taking logarithms we have
1 of log ( 11 Ylyod ) Hw ) - log 11 ykr | sly a

where C = max ¢leg kill , fogCow ) l) .

let us consider the sequence ( at log (Mhc gotta
0
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we

hmfotfonkigyxcgxdsllw
- taeog IHYBDTLH

£¥KEn#£u#
,

which pores that the
sequence converges iniformly

and we may define

k → + .

" 4%10%11%1

k

11

y
11'w= loin

w

a 4% ) )
we get an adelia normal. "

'

whoqq.TL
@ not necessarily classical

such that

f we Peak ) Fgc Eakw ) 1141 gotH'w=HMD"
This implies that the corresponding height
solution µ1(ycx ) ) = H 'CN&

.

Particular case

Take an abelian moiety A / K C say a projective
algebraic group over 1k ) and L an

ample symmetric line bundle on A

( that is [ - D* L = L where Cn ] : ApIsnap
)

Then one can show that [2]* L y C 4

we get a logarithmic height
h : A ( It ) → R

so that F x e Auk ) ,
hczx ) = 4 hlx )

.






@

Theorem ( Niro N - LAN o )
h defines a positive definite quadratic form

on A ( IK ) 02,112 .

This defines the Veron
-

Tate pairing on A ( IK )

Corollary
h defines a euclidean studio on A ( IK ) QZR
and ACIK )1#µ , too

embeds as a lattice in ACIKIZIR
Then

# C AND rod loy(D¥#A4K)µ%B B~→+
a

cool ( AHAIAAK ) rod
where r = rk ( ACIKD

Remark
It is one of the

very few cases where
wl have a behaviour with lag ( B ) at the

power half an integer

Proof of the corollary
Use MASSE R & ✓ a AL ER

.

D

$The
height zeta function

Definition
esf you remember to get equidisbvibution

on the variety one has to consider open subsets
More generally ,

Let V be a nice variety with a

system of heights
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For W a V ( IK ) and se Pie CV ) % ¢

we

defers
w

( s ) =] wink , if this

series converges . If X a V is a subtheme
,

( closed on gen ) we write 3× for 3× ( * )

Remark
We are going to relate the properties of
this function to the asymptotic behaviour of

#Wµ§B= #{ PEWHHCPKL ) E B}

Notation ← any set
, any map

For H : W → R
>o

Assume F Be R
> o Wµ£B={ PEW

,
HCPKD is finite

Define
.

aw at ) - Blight+§ogC#Wµ<B) Hog B) Eta

Remark

9f # W
+, , •

~ C B
"

log (B)
bit

B → to

then a
µ

C W ) = a so it is the power of B

in the asymptotic behaviour

Proposition With the preceding notations

Assume a ,+CW) ( + a .
the series

F- with .

C i ) converges absolutely if Re ( s ) > a ,+CW)
C ii ) diverges if se R

,
s < a

µ
C w )




 1630

Proof
Remember the 2nd lecture :

Sam using STIELTJES integrals
let

g Ct ) = # Wµ±← and f ( t ) = ¥Then
, by definition B

EWTKBHTPTS
=↳ fat dg (A)

B B

=[fA→gCtDo
- so fiat gas dt

^( this is in fact a form of Abel summation

formula
= angst + s FYI it ca

( i ) Let
p > o g

( B ) ⇐ BahCWHZKn

so if Recs ) > a ,,
( w ) tr C* ) converges

li if se R
,

s < awat ) ntawcths ) K

t A e R , o F Be R
,

B > A and g ( B )D B
' 't

Thatin 8,81 = to and the series diverges
B → to

Notation
For se Pic CVKOZR,

we define
as ( W ) = Bhrjnp log ( # Wµc

. , , s ) ) / log (B)
and

EW = { se Piccv ) Qzk 1

as ( W ) < 1 }
Remark

EW c { sepia CV )Qk|3wtD converges 3
a { s epic CV ) QZRI a

,
CW ) 51 3
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d)
Properties

Definition
A line bundle L is said to be effective if
it has a non -

zero section : r ( V
, ↳ +403

The effective come C off ( V ) a Pic ( V ) Oz R is

cqf ( V) = VTR>,o[L]OT
L effective

Gt isthe smallest closed cone in Pick ) 02,112
which contains the classes of effective divisors

.

Proposition [ BATYREV - MAN IN ]

Ci ) The map s l→ as ( W ) and therefore E
W

does not depend on the choice of the height
system on

@) For
any

line bundle L such that [ he Ceffw)

there exists an gen set Ucv such that

a
✓

( L ) < to and R [ L]@ 1 meets Eu
( iii) For

any line bundle L
,

a W
( CN ) = f- a w

( L )
Sn particular for any X x. XE

u
C Eu

( w ) 2
u

is convex
•

way:
;ie;a*"%¥fumpitchou⇐>
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Remarks
a) If Wcw ' then Ew ,

c EW
D aw can be computed from EW
For s e Pic ( ✓) 02,112

C i ) awls ) < to # R
, o

s A Ew +0
Cii ) in that case

, awls ) .

- min { x > 9 is c- Ew } .

Proof
Take adelia line bundles L and M such
that L&P ⇒ MO 9
Then there exists constants C

,
> q so

such

thanc
,
<
tlm ( P)=p < Cz

for Pew
Hu C P )

But we get
# Wang ps

= # { PEW 1 Hm ( Be B }

£ # { PEW 1 C
,
H

.
(PJKE B )

= # Wµy(B⇒9p
So we have

aw
( M ) = lent (log ( # WH me B) 1 log ( B ) )

{ him ( log C#W,* p ) Hoy ( P ) )
× Bling

+ ,
log ( BE ) 91 p toy ( B )

÷
p

so ± a
w
( M ) { pt a W

( L )

By symmetry we have = and we get li ) and tin)
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271512016 To prove
the second assertion

,

let me start with a

Lemma
Let L be an adelic line bundle
which is effective as a line bundle .

Then there exists an gen set U CV such that
f x E UCIK )

, HEx ) > C
.

Proof
Fake ser ( V

,
L ) - { o } possible since

L is effective
and put U = { xe V l sac ) to }

d in terms of pants
For we Plllk ) the continuous map

VCIK
w

) → R >, o

x -> H Roc ) 11

w

reaches its maximal value C w

Moreover s extends to

¥0
→ L

for some modelsV
,

L over some Os
So for w E Dl C lk) . s we may take C

w
= 1

For x e UCIK )
" in=wIuaa" " " E Insist 's

Proof of assertion ( ii )

Since V is projective ,

V has ample line bundles
Let M be an angle line bundle on V

Since [ L ] E CT ) there exists N so

such that

[ L ] 01 + [ M ] QNI E Ceff ( V )
So F p . q > o and that my CP @

M*9 ) #{ o )




 @

This implies that there exist an open set V and

a constant C so that

H xe UCIK ) Hdx )
'

/Hm1x)9 7 C

But then
,

/
'

# Koh
µe ,

s #H0→x*IB%
.

But M induces an embedding
Y : V a > PYK

with M =Y*C6A ) )
For PYK ,

9 will give you
the proof of

Theorem ( SCHANVEL ) [ To be proven ]

# PNCK)
Ho

, ,§B
~ C C Rk ) BN +1

which we have already seen for Q
.

So we get
a

L
( U ) < IN+ n ) .

Tt remains to prove the last statement of the theorem

Proof of lnii )

Take s
, , sz E Eu

and let s = a s
, + p oz with a + p = 1

.

Tanoue that o c- Eu
,

we may assume xp to
We

may
take n > o such that

aw ( si ) < 1 - n

Then a w( ( th ) s ; ) > 1

Put s
'

i
 

= It - n ) oi and s
'

. In - he ) s

the series E I
converge

Pew

IHCXP
'i

Put p .

- Ia , 9 .

- at
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By Flour 's inequality
Ewin#=Ewe÷E

.

'' the

choker 's

enegEuE£w#¥i)%×(§w↳tTnP9
Enalxiyil a- (E.

.

but 'YlEi
.

KIM )
Therefore the seem courage ;and therefore

a Cfr ) s ) 51
So al s ) < 1 and s e E

u
as wanted

.
D

e)Examples
Lei us go again over the examples G

gave at

the beginning of these leases
.

d) Product of projective spaces
Set me first describe the geometry of this example
Set nn ,

-

, nr so and V = III Plan

Geometrical facts
a.) the mioyhnms of group

zr - Per ( V )

carte.ES?Iai@FC6pnHD
-

qmignisomorphism of group .

"Weputtei
Ceff ( V ) = §

,

Rzoei 01 c Pic CDQZIR .




 @

Cai ) @j9= El
,

Cn
;

 ⇒ ei

Stints) HA Rtstl or N E 's book Eco # . 12 .
6

in ) Exercise

Wii ) TCXXY ) IT XXTY

and we have seen the result for Pna .

Reminder

9f L = #
,

Pritt Cai ) )
then

Hfx. , , sat II (
Hama,KiD9i

and

# HAD
+, ,< • •~→ +5

Bdl log (bbl 't

wherem¥dnI÷) ,

be # { eisn
, ,r)| Niff = ai and do

.

Thus

Ev = { can.h⇒ERI.
It in , >r > niatnta)

°
= [ wj

' ] + cyf C V ) .

The second example T esglained is

B) The plane blown up in a point






@

V

E
pjs x Psg definedby y a = xv

[ x : y :D [ u ;v ]

it : m : V → Pta Po = [ o : 0=1 ]
E  = it

- '
C Po ) t Pte U = V - E

.

P^z

geometrical facts
Ci ) The moyhism of group

C : Pic C Max Pla) → Pic ( V )

is an isomorphism of group
Let e

;
 = P ( yes ( G Cn ) ) )

C ii ) Ceq ( V ) = Rzoez + Rzo ( e
,

- ez )

Gi) WT = 2 e
,

+ ez

Proof
Ci ) & Gui ) HARTSHORNE 's book exercise II 8

.

5

Gi ) Iu = In defines a section of e
,

- ez
( since the intersection of Thegen sets

uto
,

V to is empty )

see e.
- ez e Ceff Nl

on the other hand
,

R > o e
,

+ R > o ezc ample come (
am

(V)
which is the open one generated

by
ample line bundles

Gm a surface there is on
intersection

product
• : Pic ( V ) × Pica ) → 21

( See HARTSHORNE 's I
.

1 )

on the basis ( en . a ) it is given by the matrix

an:)




 #

and car " 'Efy€mpfd%q,kHx< Canal, y .x3B
So a e

, tfsezecefflv )

implies 23 o and at Bzo
Thus CQCV) a Rgo ez+ 113,0 en - ez .

< eff ( V )

¥61"
.

ttme now remind
you of the result we hotseen :

Reminder
For [ L ] = ae

, + bez
# Eat

, , < B
= cap 's B÷ for b{ to if bgo >°

# UCODµ , B
= C Bal Cog( B)

bit

au -

- mac ( ask , } ) bu={1 if a?T±E
2 otherwise

.

Thus

Er = { de
, tbez I b 32

,
a 32 }

Eu ={ ae
, tbez / a +bZ3 and a 22 }

= Wj '
+ Cgf ( v ) .

#K#E #U>>#E

a "

:#.tl#IiaIII.






170

D fkgpaswfaos of large dimension

N
ft V be a smooth hyperspace in Pa defined by

an equation F ( xo
, >

X ) = o

With Fe ZCXO
, yxn ]hfmogeneous of degreed ),2 .

Assume
is vciao

.

) ±¢
( ii ) N +1 > zdcd . a )

Geometrical Fads 6k ^ )

Ci ) Pica ) =X[QpNA)w# ] ;

C ii ) ceff ( D= R >,o Gv th ;

Ciii ) Wj 1
 =  6 ✓

CN +1 - d) .

theorem [ Birch them ]

# VCQ )

Proof Hoa ,£•
~ C B

Nttd

Let D. - ¥I[ ai ,
bit

Put MCB) = #{ P e B D nznt'
. {DIE

Cxo
, yxn ) =o )

Birch has proven that
MCB) - CBN .tt#(pnH-oHy

#Kot= 1 E M ( Ff )
2

de B

Gf we take 11 Xicx ) Ho =
Itt

and 8 = [-1 DN
't TEYEN Mgt

8

The end of the proof is as for PYA
.

D

So for Legal , qcv ) = Ntadn and E✓= Wjtcqfh .
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5) Predictions [ MAN IN - B AT 7 Re V - Tsan NKED
In the middle a boiling cauldron

.
Thunder

Enter 3 witches
[ ... ]Double

,
double

,
toil and trouble

Fire burn and cauldron bubble
.

For Serre
, conjectures are something you are totally

sure is true but you
do not know how to prove it

.

Not everybody agrees
with this definition .

For me
,

the worth of a conge
dire can be measured by the

"
amount

"

of mathematics it generates .
From

this joint of view the conjectures of Manin and
his collaborators are

very good conjectures ,
even

though there are counter examples to some of them
.

a) First level the jowen of B

its usual V is a nice variety / number field K
.

Conjecture [ MAN IN ]
Let U a V an gen subset

Tf there is
an angle

line bundle L

such that a
[

( U) > o then there

is a morphine
. Pix → ✓

So that In ( 4 ) A U # ¢

9 do not know
any counterexample

to that conjecture

*

tinoihaasaigfn
,

ages FIEExteeefxmstiwitntcqis
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Conjecture A [ BATXREV & MAN IN ] -0
For any E > o and any s e Ceq ( V )

there exists a non - empty open set U CV such thatas( U ) E ag ( o ) te

Remark 1

Tf wv is of general type,
that

is wv E # ) then a

g
( s ) < o for any s

it implies that as ( U ) < o for a small

enough U which means that U ( lk ) =¢
so it implies

LANO 's conjecture
Gm a vanity of general life ,

the rational

joints are not Zaneski dense

Remark 2

9 amnot aware of a counter - example for
conjecture A

Definition
A me variety is Fano if wj

'
is ample .

Conjecture B [ BATYREV - MANN ]
Let ✓ be a nice Fame variety .

then there exists a non - empty subset V

and an extension 1k
o of IK such that

for any
number field I Hko

, any non empty
open set W C Vo

µ , any s e Cq°fT) as ( W ) =

agla) .

In other words E
W

= wjt + cqfw,}
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Remark
C i ) No counter example is known
( ii ) The condition V Fano is

,
in fact, probably

too strong ,
but wj '

e ¥1 not strong enough
A good condition may be :

A multiple of wj '

may be written as

the sum of an ample divisor and an

effective divisor with normal crossings .

Let us call this " extra - big
"

Later 9 am going to restrict myself to that

selling ,
that is wj

' big so before 9 do that
Set me stress that for conjecture A there may
be an infinite filtration of V by open subsets

.

b) An example : K3 surfaces

definition
A K 3 surface is a nice surface S such

that
( i ) was = 0

C ii ) HYS
, Gs ) is trivial

Remarks
li ) Surfaces with ws =o are

- K3 surfaces and

- abelian surf a

Cri) Gm a surface strict subvaridis

are joint on curves . For a curve C

which has went many joints there are

2 possibilities , for L ample
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(i ) bf gcc ) =L F 4 : E→c
,

binational
with E an elliptic curve a

[
( c ) = o

Gi ) Sf gcd = o F 4 : P '
→ a

,
binational

and ( c . L ) = deg 4*4 so

a Lcc ) = = > o
CC

. L )

ConjectureA in this case predicts
Let S be a K3 surface . For any

E > o

and
any se

Cgi
) there escish a finite

sett
of rational curves on V such that

as ( S - U C ) < E
.

CET
Let me now give you one example of a K 3. surface
with an infinite number of national curves

and therefore on infinite filtration by gen set

1 16120^6 Example ( Gam not going to prove the details )
In Pla x Pla xp 'd os

fc: in [ 2 : D [ U : V ]
5 defined by

P=E
a

5.
xi ' yizztittzvkvkto

in tiz :
- 2tfkj, tjstz

k
,

+ kz= 2

Gn other words Yf we route

6 Can
,

az . as ) = #
,

Mi*( Gp ,
( a :))

The above polynomial P defines a seat on s

of 6132,2 ) and S is given by s = o

For a generic P
,

S is smooth and

ws 1
 =  6 (2-2,2-2,2-2) , ,

= Gs
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and S is a K3 - surface .

For i e 42,3 ) the projection map

Pra : s → P '
× P

'

on a

obtained by taking the components other than i

is dominant
, of degree 2

Picture over R €#.
¢

So for any point x of MXP '
over an

extension 11 of 0 - pre
' k ) = 5 × sea C k )

is the septum of an K . algebra
. ' xp

'

of dim 2
.

that is IL [ ×]/@Cx) ) is Ll [ ] / (
2

- a)

and it has an involution

"

on
¥

→ - 5

Gf we apply
this to the

generic point we

get

t : S . .
→ s binational

and tea Ids ,
of °

my =p in

But it is defined everywhere
and

therefore

fi e Ants )

Facts [ t I . BILLARD ]

C i ) bf
we put ei

 
= Pritt (Gpl

l ) )
,

( er
,

ez
,

e
}

)

is a basis
of

Pic ( s ) .

Cni ) Ji
*

acts on Pics ) as follows
oft ( g.)

=

ej
 

it
it ti

e { i
,j ,k}={ 143 }It ( e

i ) =  - Ci  +2
lj

 +2

k if
CMD on

,
I if induce an isomorphism

2%2 ,

*

zxzz * 21122

# generators relations

free product < Ink ,k
,

92 - riot >
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Tt is a

very big non commutative
group

Tt remains to produce
national curves on

5

The filers of pi
: 5 →

Pz are

effective
divisors in P 1 XP

2
associated to 612

, 2)

a
Tf

it smooth then it is curve

ofgenus
1

$
9f

it singular
and irreducible

,

it is a rational curve ( parametrized

by
divisors

of 6111 )
passing through

a singular joint )!
a finite extension of

IKIGf
it is reducible it is the union

of
2 rational curves / a finite

extension

of lk

Note

D Does not occur in the
generic case

So
after

a

finite field extension

We

get
c a 5 rational curve

Ant ( S ) .

C is Zaniski dense in 5

Not The
conjecture

is stile
open for

these examples

( in ) Wide
gen

( and hard ! )

Gs SC IK ) - U C (a) finite
?

C rational curve

My guess
would be that it is

infinite .

But it

is a rather wild
guess

.
The joint is that

5 is a fibralion en curves of genus
1

,

which

may produce many joint as
well

.






#

c) The second level

%
the

power of log (B)
.

Definition
Assume that there exists effective divisors

E
, ,

-

, Er such that

cqfw ) =
£ Rzoei

then for any Lecigfivs,

bg ( L ) = codim ( minimal face of Ceffw) containing
a

GWL
- WT)

A conjecture stays a

conjecture

only
as long

as there is no counter - example .

So 9
am

going
to describe the expected value as

Definition
Assume that wj

'
is extra - big and VHK ) I ¢

We
say

that V satisfies the Baty rev . Man in

principle if There exists a non - empty set

U in V such that for any
s eCqigtv

There exists a constant C so so that

# V " NH
.

, B •~→{g
Basis

'

hg ( Bgbo
's ' ' 1

Remarks

Tn all the examples 9 know for
which on

estimate has been computed ,

# van
µ

.
, pv

c Bd
" "

lay (BPN
'

with as ( U ) = a

GU
) and be ( u ) 3 boy (s )

Gm jovial on in all counter - examples known
,

there are too
many joints not too few .
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£55 rd level :

preliminary remarks about the constant

d) Back to the examples
We have seen for the product of projective

spaces or the
plane blown

up in a joint
that sometimes there is a fibration where

each fibre makes a non negligible
contribution

to the total number of points ,
sometimes there

isn't

blowing up
V = P2 blown

up
in I joint�1�

:
fibrotic

⇐
at on

:¥¥¥¥⇐t±¥÷i

→

Ez

Let me be more precise about this finale on

it is the same for
all line bundles in

the
orange

area it corresponds to
jnz

For L = a e
,

+ be
-

with
¥ < Ia

that is a < 2 b

we have

:
- pigs

CMZYQDBTE

- -

S
#J ( 04

He B #
y E # Mid C Q)

He B

QEP
'

(a)

and
ez = n* (6*{11 ) .
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Gm the other side

M ( V
,

e

y
- ez ) = Q so

where so is the section defined by Iu = Iv
So the

only map defined by
e

,
-

ez

is

U - e  → P°Ca) : { pt ]
.

that is a constant map .

fnodnotof projective spaces
v = IT

,
PE L = §

,
aiei , ei=nFC6%±G)

I ={ ilniatit anger matt }

I
'

= { 1
, yr } - I

×

agk )

The
face ofkeqCV )containing age ) L - Witt

is
given by a

g
( l ) L - win = Ea .

(
agaai-nijjer.EE#Roe:

But
if you

take M generic
in this face ,

the

filnalion defined by
r CV

,

M ) fadorizes through

prtc
: II Pnoi →⇒±

.RO?i=V#But Using the same proof as the one 9
gave for

the product of 2 spaces it is possible to move

that

# Kotter
~

p€± , .at#eppBa8Hog,•µ#
. 1

"
°

my

2 jr I CP ) = E
#V±(Q)Bagc÷

' Veto"

KMf£!÷pfgo¥p

,

,IwiEHnH
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where pre EM- wjed=

agcl
) L - wjt

Main remark

Ag
( ↳ L

|pICPF Wpn¥( p )

B)
Reduction idea [ BATKREV & Tsai INKED

We assume ✓ nice
, wj

'
extra -

bigand
ceqcv) generated by

a finite number

of effective divisors

Def
Let F be the face of

2
Ceff ( V ) which

contains
age 4L - Wjt .

For M e F n Pic CV ) effective
We consider the corresponding rational map

4µ : V . . → P CPCV
,

MY)

C given by YERCYMY belongs to Ymcx )

if Y
,

C s ) =o # s ( x ) =o in Elx ) )

Tt is defined on

Uµ = V - A s =o

set N
,

M )

We pick M so that Um and dim ( Imam ))
is maximal . This defines a fibrahon

Definition

✓ ° ¥¥ ×F Y
't

is this image

F is said to be rigid if Yf is a single
joint ( and 4

.
is constant

.
)






@
Zoriski closure

bngeneral, for p EY
,=

CQD let Vp = YIIPT

Fairy land

i ) For a

generic
P e Yf CO

- )
,

Up has mild

singularities
ii ) ay

( l ) L
, up

-

wjpt belongs to a rigidfacetsof Cqfwp )

id # (Vpnu) C on
, ,y cap ) Bakkag c

BTMCFH

wj The main term for V is obtained

by seeming
the main terms for Vp .

§ dim CFP )
depends on P !

and as 9 am

going
to explain this lead

B AT 7 Re V & T SCH in Kel to the first
counter examples of B ATLREV & MAMN principle .

Do . eventually ,
we will have to leave Fairy

land
. Butin mathematics

, you
can learn a lot

by thinking of
the question

"

what is the best 9 can

hope ? " So let us stay a little
longer

in that

land
.

Whatcom we
say

in

4The rigid case

Let us look once more atthe plane blown up

in one joint .

Particular case

Take L = a ez
then H

,
= @, , , op ,

)d
so in fact we are

counting points on P
2

End not in V )
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and
fry :

V → PQ is the blowing Kooy

of
E which is the

unique effective divisor

corresponding to e

,
-

ez which is rigid .

Gn general, if
F is rigid

F  
= ¥

,

Ryo
( Ei ] where Ei is an effective

divisor on v

Then

for M - E ai [ Ei ]
,

aic W

Take s ←

RCYM

) - { 03 Stis
unique up

to multiplication by a constant .

s vanishes with multiplicity ai along Ei

relative interior

Fairy land
on

( n ) for some L such than
ag

( L ) L - WTEF

then the national map

V.
. . → PC MV

,
END ) ND o

corresponds to the
blowing down of En ,Tea .

Lot Y be the
image of

V

Y V ..→Yis binational

¥ Vw

C ii ) We reduce to count on W

# { x e WCIK ) 1 Hw. ,
Gc )Efcx ) BY

"

)
where on W t.tw .

,
( X )

×

fk ) =
=

He CY "

swags

li
= T IT

HSCYKDHW

i=r wePlakj
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where

si
is a nonzero section

of Li  t Ei

and
ag

NL

- YKCW ;
'

) = Pepi [ Lit

NB

C i )
By

the product formula ,
since s

;
is unique

up to mubificalion by a constant
,

f
does not depend on the choice of si

( ii) Sf you
take different norms

on Wj
'

counting for the second

norm amounts to estimate

# { x e UCIK ) 1 Hw ;
K ) < f ( x ) B) ( * )

where

bbl ) =

Ipe * ,
f~(x ) is continuous on VLIA *)

and therefore bounded
.

So we

may
see the

rigid case as a more

general change of height

we are considering
fm ) =

vtpeakivl
' ' )

where fv may
have poles ( or

↳
but we control hour

"

big
"

it can be

in
a sense which 9 am soon

going
to make clear

§ Y
may

be singular
est is not a too serious

problem but it complicates a
little bit

the technical details
.

To simplify matters

9 am

going
to restrict myself to the smooth

case .

So we have reached the final step :

What con be the constant when we estimate (A)
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6/6/2016

$
Constant and distribution

So
, if we consider the question of

interpreting the constant for different heights
we are lead to the following question :

Question

Fix a norm on

WJY

lettt be the corresponding height
,

Assume than V satisfies BATNREVAMANW principle

for U
open in V and IK

Set f : VCIA
,k

) → Ky .

D•#{ xeuak ) 1
Hk ) < fk ) B) ?

C (f)- →

# UHK )µ< B

B - to

and what is c (f)

Remarks

÷
of f = Nw for W bordian subset of VCIA ,k)
we are looking at

#(wnUaK))m.÷
= S ( W )

# UCIK )
µ{ B

uaks

Again ,
it is the

question of
ihe

HEB

distribution of points in the adelic
space

C ii ) Conversely ,
Assume also that we know

that the measures

converge> w .

U ( lk )

WEB
B → + o

and take I finite
,

f = §←±xiHwivith Wiayohtion of VAA,k)

( VCNTK) = ¥e Wi ) with tie,wAWi)=o
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Then
pfjgna

9 assume BATYREV & MAN www.najk
xe UCIK ) 1 Hcx ) s ftk ) B }

=

{
±

# { x e UCIK ) I Hk ) < X
; 11W

;

B }

Fix Feecwji
( V ) wcwi ) ( ti B)

"

so we get 4i4#f⇒w) B

cq ) =f fur7k )

Gm particular the constant for qt H is expressed

as an integral {,#µ,f Cwjncv
) w

C iii ) Gm that
setting

we
may

consider

the set F of functions subh tat

#{x<U(lK)lHk)<fk)B}_
→ f fw

# UCK )
µ←B

B→+%Aµ
)

and
. again we have

a sandwich principle

Gf g
: VCIAK ) → R

,
is such that there exist

sequences ( fm )
new

and ( h
n )n←µ of

elements of F with

Vice VCLAK ) fnlx ) = gcx ) I hnlx )

and

) (hn - fn ) w → 0 whioh is only all

VCLA
, k

)
n→ to

condition !

Then get*
Hhrfnll

, ,F→?+:
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My last remark is due to SWNNERTON - DYER

C iv ) [ S WINNE Ri ON - DY E R ]

Assume that V does not
satisfy

weak

approximation that is the closure of rational

points is not iheadelic space

vcik §
V ( Hk )

C ( f) depends only on f
|va#

So if
C

+,
( V ) is exposed as a volume it is

the volume of VTK) not of VCM
,k )

.

The conclusion is that

To describe the constant
for

all possible heights
we need to describe VCIKT C VCHF 

*
)

So now the plan for
the next lecture is

Plan

1) Describe the expected VAKT
;

2) Define the expected constant :

,

3) What are the results ;

4) Describe Counter . examples .

5) Upgrade the conjectureto over all cases
.

6) BRAUER :MAN in obstruction
,

Universal and venal torsos

Hypothesis ( H )

V is a

very
nice variety 11k number field

IT = algebraic closure of IK
,

J= V
*

( i ) wjt is extra - big
Cii ) Hicyq) = 403 if i e { 123
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Ciii ) Pic CJ ) is a free , finitely generated
21 - module ( Tt has no torsion )

Cnd Ceff
CJ) is generated by a finite

number of effective divisors

a) ( Unitrosal Forson

D Motivation

For the Projective Apace or an hyprsmface

of large enough dimension
,the first step is

to lift national solutions to integral ones

using
the isomorphism

pn←
#ntt{o} 16

m

U te
W / 61

m

Gf course
, for any projective variety we can

jick a

very ample line bundle and embed the

variety into a projective space
and

by taking the

inverse
image in the affine space we can write

any variety as a quotient by Gm .

But

- Firstlyif
the rank of the Picard

group
is > is 1

which ample line bundle should we choose ?

- Secondly we

Wish for W

→ The height we use can be expressed in simple
terms in W

;

→ The number
of equations defining

W in the

affine space is as small as possible .

Let us look at one example .

.
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Example
the smallest embedding isFor Pnol XPQT

-pnmztnntnzPnolxpont o ,

which
gives nine equations !

But pinging 5 DTI - {03×47*+1 { 03 / Gmx Gm
so the idea is to consider the quotientby bigger group

.B)
topological background

Reminder

bn topology , for a topological pointed space
X

,

x

a universal coveringof X at x is a

covering
I : I → X with a point KEE

,
it (E) = x

such that
for any covering 4 : Y → X

and
y

e Y such that 4 (
y

) = x

,
there

is a unique moyhism
Y : I → y

such that

q I, y

¥44 commuter and T (E) =

y

Gf it exists it is unique up
to a unique

isomorphism .

0g
The unicity requires working in the

category

of pointed sets
.

Remark

het Autxcx ) be the
group of automatism of

I

above
.

The definition implies that

The
map 4 to PK ) is a bye

lion from
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And ,fI ) to the fibre Xx =
it

' ' ( x )

mother words Ant
×

(F) acts simply

transitively on that fibre .

And X equipped with it

,
I and Any CI ) GI

is also universal
for pointed Galoiscoverings

.

8)
Torsos

Definition
Let X be a variety over a field 11

and 6 be an algebraic group
over K

A 6 - torsos over X is a variety E

over k equipped with

- a moyhism I : E  → ×

- an action m : Gx E- E

so that

Ci ) it is faithfully flat ( technical condition )

( i ) Gx E - E commutes

to Ah } & Pret

×

( iii ) The map
GXE  →

E×× E in an

isomorphism ,

(
8 '

e ' - cge ,
e)

NB in terms of joint

Gf A is commutative It
algebra

and sc e X (a) we get a byedion
G ( A ) × E ( x ) → E (x ) x ECX )

÷ rcx )
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So
,

if E fx ) t ¢ G ( A ) acts simply
and

transitively on E ( x )
.

Tn particular if we have a

covering of X
, for

some grothendieoktopology E ( fi : Vi  → × )
net

by affine schemes see that
/

Tv
;

: E xxvi
 

→ Ui

has a section
,

then E x×U ;
 I G × Ui

we
say

that the
covering splits E

since E is faithfully flat we know that

at least E splits on a

faithfully flat covering

.

( Well that'sprecisely
E x×E

 5 6 × E) .

Remark

The
glueing

data
gives a 1 -

Gayle in Yeah

cohomology H¥ ×
,

G) and thus in Hk ( × ,G)
Coven when 6 is not commutative ) and ttelx ,

6)

classifies 6 torsos which split in E
coverings up

up to isomorphism
.

Example
Take G = Em = Spec [ 21 [ TT

 - '

] )
Then for any

line bundle we
may

consider

E = L -

zero
section

Then the scalar multiplication induces

Gmx E → E

( X
,

e ) l→ x e

and 4 is a Gm
- tons on over V

Gm fact any
Gm Forson split in Zaiski

topology
and one can

prove
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Proposition
The funder L N K defines an equivalence of

category from the
category of line bundles over V

to the
category of Gm - torsos over V

.
9n particular

,

Pic Cv ) I Hand ,
Gm ) I Htulv ,

Gm )

An inverse fund or can be defined by
E  → Ex R

, / Gm
xce

,
µ ) = ( be

,
51 µ )

Remarks
Gt is an extension of Hilbert's theorem 90

,
which

says
that

H^ ( k
,

Gm ) = Ht(spec ( k )
.
Gm ) ={ o }

.

In fact Sllilbert to theorem 90 reduces to

Let KHK be a Galois cyclic extension

Let 5 generate gal ( k / IK ) and let x < HE

Gf N it ,
,k

1×1=1 then F ye
Hit

,
x =6CYYy

Reference
I- P

.
SERRE Corp locausc

.

HERMAN N
.

to T said we want to consider a more general
close of group .

Tt turns out that there is a deep

of group
which are easy

to deal with because

they are classified by simple objed

D Groups of multiplicative life

definition
Let It be a field .

II on algebraic closure of ll

an algebraic group
6 is said to be

a) of multiplicative type if 5=6
,I is isomorphic

to a subgroup of one
,# for some nzo ;
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b) an algebraic torus if E is isomorphic to

Gmn
,

,I for some nzo

§ Tn the litterateur "
ton

. "

may be used with

two different meanings
- In complex algebraic geometry

QYN where R is a lattice in En

is a ton ( for n = 1 it looks like @
Here This type of algebraic group is called

abelian vorieti

- Algebraic ton
.

as defined above

Camindogy
Tf V is a

reaniely
or an algebraic group on a

whatever 11L
,

a form of V over k is a variety
on algebraic group

or a whatever V
'

11L such that

V IT as whatever

Example of groups of multiplicative type
li ) Tf n , 1

,
n ± 0 in I ( that the characteristic of K

does not divide k )

Nn
,+

= spec ( ICT ] / CT n
- 1) )

:
Gm

,

k = Spc C IL [ IT
. ] )

.

1µm
, ,

is of mullijlicalive life
but not on algebraic

tom

ii ) $lR= Spc ( IR [ ×
,

'D 1*2+-12- n ) )

With m : Sdp x $ Tr → $* defined by
x i→ xxox +4 Ox Think of complex
Y to XDY ty Ox multiplication .
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Let me prove
that it is an algebraic tours that is

ECX ,Y]/(×r+yz - , )
← Ct[ IT

- T
'

× + i
 Y a-

Note
× - it - T

- a

TED C R ) @

§ Gm IR the set of joints is compact,
but

the variety is not
pogue

and it is not an

abelian group .

Definition
For an algebraic group

6
,

the
grown of

of characters of G is the
group

X*C G) =

tlomag , g.
( 6

,
Gm

,
it

)

111

Theorem
Let It be a separable closure of k

a) For
any group of mullijhiaatrve life 6

there exists an embedding
65=6

its
-> Gnp±s for some n >

,
o

b) The contra variant funder
6 →

X*C6s
) -

Homaeqg , ,,§63 Gm
,

K)

defines an equivalence of category between the

opposite of the
category of multiplicative life

and the category of finitely generated 2 - modules

equipped with an action of the galas group
F , +

.

-

Gal Cbs at )




 @

ten inverse funotor may
be defined as

A - > Sped 15 [ NG it )
where the action of g it

is given by

Reference

( Fend xD =

En
- can act )

.

A
.

Borel
,

linear algebraic groups ,

§ 8

Graduate test in Math
, Springer - Verlag .

Ej
- Universal torsos [ Collide  Thdlene & SAN su a)

as in topology this makes sense in the
category

of jointed schemes

Reminder

* A pointed scheme1A is a scheme X with a chosen

point •
×

e X CA ) ( also noted • )
a moyhism of pointed scheme is a moyhism

Y ; x → Y such that Y ( .

× ) = .

y

. A jointed G - torso over a pointed scheme .

X is a

tonsotwitha selected joint or

+
in the

fibre of •

x

Definition
Let X be a nice jointed variety over IL

, ~

A universal torso on × is a pointed G. torso X

over X
,

with T a group of multiplicative type
do that for any jointed G torso E over ×

with G a group of multiplicative type
There exists a unique moyhism Y : T → G

and a unique moyhism of pointed
varieties Y : I → E above × such that
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Tt 't
# Fox

commutest 14,41
G X E

#
E

⇐
,

T ) is unique my
to a unique isomorphism

Remark
est is the base point which makes it possible
to have unity .

Theorem 9fXis a nice variety 11L
,

chan
HH=g such that

Pic CI) is finitely generated
then

, for any
choice of a base joint in XAD

a universal torso exists
.

Moreover

X * Ct ) is canonically isomorphic to Pic ( IT)

8/6/2016 To prove the existence of universal torsos

9 am

going
to prove a statement which

classifies the jointed torsos under a multiplicative

grove field of characteristic 0 ,I algebraic closure

X nice variety 1 k suoh that

Dic CI ) is finitely generated ,
x. -

ox
← X ( IL )

We consider two categoriesEmxpc: the
category of pointed torsos under

multiplicative group over X :

objects : Avariety E equipped with an algebraic

group G of multiplicative type
and the structure

of jointed 6
. torso over X

.
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moyhisms : moyhisms of varieties 4 : E→E
'

over X such that There exists Y* .

.

G → G
'

so that

4 ( g e ) = %. (g) . He )

NB G → Elx ) is bjedue
g to g •

e ⇐ > G
'

tr

determines y* .

EGD Item)

Go : category
objects : finitely generated 27 - modules N

with on action of by [ gal ( Its 11L ) and

a moyhism of Z[ g,P . module 4 : N → Pidt )
.

Let us define a fund or T ? , ,

→ Mpic
-

Take E inky
,

,e

with
group

G
,

jut
^ = XHG )

for X e R
,

X is a moyhism from 6 to Gm ,I

Somma

a) With notation as above
,

let Y be a quasi
- projective variety and m : 6×4 - Yan action of 6 oil

of variety
.ttgn the contacted product

6
Y = Ex 416 g ( e

, y ) .

- of e ,g
'

y
)

is well defined AG ao

b) for anymoyhnm 4 : Y→Y ' compatible with the action

we get Ye : E x6Y → E ×6 Y
'

.
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c) Gt is compatible with products : for Y

,
Y

'

define
GG YXY

' EXGCYXY ' ) I (Ex6Y)X×(Ex6YD

d) Moreover if ( Yi : U
;

→ X ) is a

splitting covering
for E

,
then U

; xfEx6Y) I Ui×Yfor ict
.

Gdea (gTy ) to gy

d) Vi ×*E I Vix G and 6×6 Y I Y

a) The E x6 Y is

obtained

by gluing
the varieties described in the moreover

statement - ( but we need an Etoile

guaing for whrd we use that Y is

quasi jrgedwe ) . ts

so from X :

G-
→ Gm ,I let F  

=

E×6Gmit is a Gm Fors ofand we denote by

felt
)

its class in Pic ( X )
.

We get the moyhism

se
:

X*CT
) → Pidx )

This construction is funotovioe

Theorem
The funder El→fEdefines an equivalence
of category fromex;Dto Mk

em particular ,
a tons or corresponding to

#
pica )

is universal
.

Sketch of the proof
• First let us show that

Tf 4,4
'

: E  → E
'

satisfy
s

,
=p

,
,: X*fE' )→x*CE )then 4=4

'

setup.eu#e
.
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By the equivalence of categories for group
4.- 4£ : G→d

Then
there

exist a moyhism Y : X → G
'

so

that
ye E

,
4

'

(g)TY( t.ly) ) if
'

C g)
But on I 6 € Gm #
so i o Y : X → ehm

,
,I

which has

to be constant since X is poje dive

but 4 ( •

e
) = 4

'

( .

e
) =  

oe / ( here we use •

⇐ )
so YK ) = to , for all x

and 4 - 4
'

.

• for [

De
Pic C I ) E is a Gm Forson /I

corresponding to

z → pic ( I ]

n to n[ L ]

Gf
n[L]=o

in Pick ) then C "

IGEand

µnN={
ye Ll y*n = 1 J defines a

Nn torso corresponding to

211N a
- Pidx )

T l→ [ LT
.

• Let E be on object of Mmx ,
6 the

corresponding group ; for a commutative

diagram

zY→xxto
)

:bp*¥fe[ DBydefinition of se ,
4 defines a moyhism

Te
→ E

If n P A ) .

- o in Xt (E)then n [ D= o
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this induces a moyhism E  →

Man
( L )

More generally , if X ME ) ← F=
,

21 en  o¥=phqzbi
if choose Ei

,
Fi so that

4

# ] .

- Se (pled)and [ Fi ]=f⇐ (Nf;) )
we get anmoyhism

e*
E → (

¥n*ET××fI×
,
mail.tl

which is

unique

! and

#
this behaves well

with composition
Sf Y is an

isomorphism
so is y

* which proves
that

any object is isomorphic to one of that

form / I .

Tf Y is invariant under foe ( IIHM)
theny*is defined 1 M

• Set us construct a universal Forson

since we assumed that Pic CXJ is finitely
generated ,

we may write

Pic CI ) =¥jx[#o¥I, 2%
.z[ ti ])

LetIEEE, x 4) ×× ( Ix HaitiD 1 'T

it is a torso under TN s
15

. XTTTN s
) = Pia CI )

The action of fall III it ) on Pic CI ) factors
through a finite quotient gal C M I b) =

H

So

Eecomes
from Km defined over M

.
Moreover

Nseng the last joint ,
we get an action

H a

Em
so that for any

a in H

the following diagram commutes




 @

*

I÷
✓ Idvxo

'

't
Vxspec CM ) → Vx Spec C M )

heck d) Stec ( 1)

Since I is quasi projective / k
,

I = XTH is defined as a variety / k

and by the above diagram
we get

I → X
; similarly we m :TNsxI→I

and I is atns torso and
, by construction

,
or

§
is invariant under the action of 6

so it is defined over k .
We get a

jointed Tns tobon I
.

• An inverse to E to Se is given

by g
to g*CX~) .

The difficulty
is to prove that there is an isomorphism
from E to g ,[ *CK) but this follows

from the above construction of moyhisms

Remarks
C i ) The main point of the proof is solving
the descent -

problem
i

- Yf M / k is a Galas extension

and X is defined over K
,

then

you have an action of H = gall M / K ) onXm
over Spc 11 : Tdx T

- 1

X × spec ( M ) → X x spec C M )
Sheik ) Sfk TK )rtLoam → Sekim )

TeaC It )
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So given E defined over M

to find a form of E over 1
,

the
first thing is to construct an action

of H one so that

E t E

t 4 1

stack ) Eked , )

commutes then a form
is given by E / H

.

Tt is the base points which ensure that

we really have on action t ( TC e) ) =€D( e)
.

lip over Tt
,

I → X is swjedrve
so for any

x
'

ex we
may

house KEI Gc
')

and get a universal tour above X
,

od

By unicity of the universal torsos we

get
that

All universal torsos
,

whatever the basepoints as

Tns - tabors are a form of
I

.

Definition
A nasal tour is a Tns - torso over K

which is a form of
I

.

( we forget about the base - point )

Remark

Total is a

terminology of GROTHEN DIFCK

it is universal without unicity •

Theorem ( Coul OTTHELENE & in Nsu c)

V / number field which satisfies H
,
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then there is a finite number of isomorphism
classes of venal torsos having a rational

joint over IK
•

NB

Let ( Fdicbe those torsos In:& → Vthapgidions

By
the above proof

411k ) = I IICVTCIK )
IEI

and
~

VCK ) a

⇐U±

ti ( Vi C Aik ) ) a VCMTK)

Gweslion

When do we have
~

VIK =

i←U±Hilviaair
Remark vc It

* )
'T

This more on less is the same as

saying
that smooth omyadifi cations of the VT

satisfy
weak approximation .

Examples N
• If a P smooth hyprsurfaa ofdimension33

,

the universal torsos is given

by the one
Ntn

W= I
'

 ^

( V ) c II - { o }

or If T → V and F →V
'

are universal

torsos ( with V
,

V
'

satisfying th )

then TXT
'

- Vxv
'

is the universal

torso ( over ( .

× , .×
. ) )

.
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3) Connexion to the Cox
ring

In some sense the Cox
ring

is the
ring of

all sections of all possible line bundles on the

variety
Definition

d. pointed line bundle over a pointed variety
is a line bundle L with a chose joint

.

L
e L ( •

×
) - to }

and a moyhism of pointed line bundles

is a mayhism of
line bundles which

map
the base point to the base point

Remark-

given jointed line bundles L
,

L
'

/ a nice X

which are isompu i as line bundles

Let X : L t L
'

be an isomorphism
Then F X e 1kt such that X ( .

L
) = X .

,

and li '
Y is the unique isomorphism

of pointed line bundles from
L io L

'

so Pic C X ) is also the group of isomorphism

dons of pointed line bundles on × C with

•

Lou
= .

L
0 →

,
) and for any

element

in Pic C × ) there is a

unique jointed line

bundle representing up
to unique isomorphism

Moreover ¢] +[ D is represented by Lol '

This enables us to define

Definition
he Cox ring for the the pointed nice variety X is

C×= +0 M ( x
,

L ) with the product
[ DePick )

a
pointed !





@

s e r ( V
,

L )
,

s
'

e r ( V
,

i )

for
k such that [ L

"

] =[ is He ]

Take the unique isomorphism Y : Lol
' T L

"

s s
'

= Yo 410 D
' )

.

Connexion with the universal torsos

Assume ( jx )
.

li ) For
any

L jointed line bundle and sic TCV
,

L )

s defines a moyhnm

list
Hit

and there aids a

unique moyhmm

Yet
→ (Lyx

in

EF
.

✓
.

sro
Yu e

FCJ
,

Oy
)

we
get

a moyhrsm
C → p (

of algebras
X :

✓
V

,

by
)

lii ) for any
L

,
a ] defines a character

Xc :TNs→Em and Tws aoton

MCV
,

L )violet
is compatible with the actions of TNS

on both sides

.

Theorem [ HASSETT ,TScH in KED

Assume Hk ) and that

Cv
is

finitely generated
then this

gives an
open

equivalent

embedding
of

I in spec (E) the image of which

it the
open

set on which Tns act freely .

Game
?# pongcox H=k[×i

,jntoszjsrni
and T = # ttnittcs

.

i=t
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b)
Brauer Manin obstruction

This obstruction is of whomdogical nature :

Definition
The cokomologicae BRAUER

group of a variety
✓ is

pm ( v ) = HE ( ✓
,

em )
tons

this is a contra variant funotor in ✓

Reference
MILNE Etoile cohomology

GROTHENDIECK Disc esgosel sun la

cohomologie des schemas
.

For a field
,

Bn C It ) = Br ( Spec ( k ) )

classifies show algebras of finite dimension

over It whioh are skew fields with content
.

Gne of the deepest theorem in algebraic
number theory during

the 20
th

century
is the following one

Theorem ( Global
doss field theory )

Let IK be a

number
field

for
any place we Pl C K ) there osoists

a canonical injective motion
quaternion

invw : Brakw ) as OYZ algebra

with image {
£ "

it w is complex µ

[0,1/2] - real the IH )

Otz if no is ultra metric

so that the
sequence Ewennrw

o → Br C IK) → +0 Brclkw ) →

oyz→o
WE Pl ( IK)
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is exact
.

Definition
We geta pairing

V ( A
k

) x Br C V ) → Qlz

( ( * Thepeak ,
/

A ' - w§pjmEikECAD

and for any
x←V( Had a moyhism

nx
←

Homey ( Brah
,

Q/z )

NB

Tf x comes from VGK )
,

then
by the

freoious
exact

sequence , z
, .

= o

Definition
n

, c

is called the BRAVER - MAN IN obstruction

to weak approximation

vcttk ) Be
= { x ← VCIAK) I

n
, .

= o )
.

Thoeny
# cv ( ftp.Pcvc#testucV4A* )

and if Brah = to } then

VCIA
µ

)
M

= VLMTKMV .

There are examples

with

§
at each level

.

example from
the

beginning
#he

V ; Y
2

+22T ( 3 Vz- V2 ) ( ✓
2

- 20 2)The W / ¢m2

W = 473 - { 03  ×  472 - to )

( x
, µ ) ( y,

st ,
u ,v ) = ( k pity ,

X µ4z ,
t t

, mu
,

µv )
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✓
is a comic fibralion over P

1

on IKCV ) fundion field of V

we consider the quaternion algebra
A is generated by Ix Fx

with relations

Ix Jx = -

JxIx@IIIz1uz.v 2

This
defines an element in Br C

#
) ) - to }

which comes from BNCV ) as Br C k ( v ) ) .

and ✓ ( Iap )
th

= ¢
^

injedne ! *

7) Metrics and measures

a) Definition of local measures

Definition
For

any place w of IK

Remember that the completion is locally
compact and thus Kw admits a Haar

measure which is unique my
to multiplication

by a real number

9 normalize the measure by
) dxw = 1 if we is iilhamehic

{ %fdxw=1 if w is real

\ dxw = 2 dx dy if w is complex

theorem
peak ,d×w defines a measure on Aik

,






@

IK is discreteen MTK talk 11k is compact

and

Vol ( la
,k/µ ) = M¥1

'

for the induced measure

when d
*

is the discriminant of IK / Qi

( if ,µ = Vol ( IK Oak / GK ) )

Pugosition ( Change of variable )

Let W
,

W
'

be
open

subsets in lknw
and

leeiyfn ) : W→w
,

betacwpfeomoyhism .
Then for any

integrate function g
: W

'

→ R

we have

too

dynjdynwfp°ffw(5tx÷h÷÷jftff×nw

The proof ,
as en the real case reduces

'

to the formula
dxv ( a B) =

I al
,

dxv ( B )

for a bonbon Bc lkw .

131612016 Reminder

Let V be a nice variety 11kW ,
n .

. dim ( V )

then
for any joint x a VCIKW )

there exists an open

neighbourhood
W of x in VCIK

w
) andrationalfunctions

n / T n
on V

, defined at x

Tothat¥€T, , In) defines an home omophsm





§

from W to an gen subset of lkhw
and for yew the differential

dy4
:

Ty
W → lkwn

is an isomorphism of lkw vector spaced

NB

Tsf we take V c PYKW
we

may
use Ti  

= ×

ji/ xk

for some { k
, j , ,

-

, jn }
c { o

,
-

/
N 3

Terminology
Cts

,
-

,
Tn ) is called a system of coordinates

at x

are
÷* -÷*

is the basis of Ty
V obtained by taking

the inverse
image of the usual basis of lkwn

by dy 4

Proposition ltefinilion
Let V be a nice variety 11k

equipped with an addic norm on Wjt
then there exists a unique bareli an

measure Ww on VCIK
w ) such for any

x EV ( IK w ) any system of
coordinates

IT
,

,

. In ) defined on an openneighborhoodW of x and
any

continuous

f : VCIKW ) → R

swtww = hbwittks.nu#97tntnDllwdtnidtnw
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This proposition follows from the formula
for the change of variables

.

Remark

ism differential geometry it is well known

that a non vanishing sedton of w✓ defines
a volume form on the variety

The norm 11 . Hy defines such a section up
to

sign
and the

proposition is a generalization of that

fact .

But me worn a measure on the adelia
space

so w want to consider the product of
this measures

Problem

Ynfa d-
,

IT

wepeupguw
( Vckw ) )

does not
converge

1.

To understand that
,

we need to know

more about this measure

b) G the descriptions of the measure

Example / Escorcia

For V = Pna and H . Ho the norm on Wii

defined by a norm 11 . Ho on lRn
"

then f eudideon volume

wv ( B ) =
V. ol ( BC 0,1 ) NITCW ) )

a
for " ' No

= Vol ( { yeRnh111 ghost & It HAD
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Proposition
There exists a finite set of places 5 7 PLCIK )

.

and a projective model V of V over Gs sdthat

for any
w € S ww is the

unique
measure

on Vakw ) whroh satisfies
Ww ( timing ( X ) ) =

#¥Fwjkn
where

rmnw
:V Akw ) → V ( Gwlmhw )

is the reduction
map

and X is

any
subset

of Vcowtmwk )

Corollary
For almost all places we Plc K)

Ww ( Vclkw ) ) =

#VC#w)#
Ewn

so the problem reduces to understand this

number
of points of

V on the finite field Er

Sketch of the proof of the proposition
We choose an embedding

N

V es Pik f. , -

, for generating ICV ) .

there is a finite set of places Seplllklv

so that fs ,
.

, fn defines in Pts
A mold V / spec Gs which is smooth

and for vets
,

11 . Hv is defined by WTT
The statement is local

,
it suffices to

move that if IeVC Gwlmwk ) k 31

Ww
(

ring
KID

) =
=

M
# #nkW





2140

fix xe VCIKW ) so that
mmpdx ) =I

FEE9cg;IYYI , eat
'

,
max lyilwt .

oe is N

By a
linear change of

coordinates

using a matrix in 6 LNCG w
)

the first column of which is ( Yo , , Y n
)

We
may assume that x = [ 1 : O : - : o ]

Ko
say

that v is smooth means
that

;÷cwl←t¥i

" '

Aseng

¥353
where c. - codim N ) = N - n

.

Seine the line supported by 11
, g-,

o )
<

is contained in the
zero locus

,

3dg
C 10

, yo ) = o for
all i

.

So
up to permutation of the variables and fj ,

we

may
assume than

dei ( ¥4,0
,

.

,
o )) EGEdyy
kick

- je
C

.

since fi e Gw [ X.
,

.

,
Xn ]

for any
( go , yyn ) e H

, g- ,
o ) tmunit

out

Beg cyo ,
.

, yn ) ) ± do (stg In
,

o
. ,oD e 65

So we get a diffeomoyhism
y

W={
x EV akw ) 1 x=x

'

[Mw] } → Mahr

[ go : - : Y µ
] - ( Yyyo ,

-

, bntyo)
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moreover fork 31,1¥ VCIKUD

x  = x
' [mwh ) # ( x

' EW & Ylx ' )=Y/x ) [Mkw ] )
so

rang
CE ) cw and

Xlraigl
't D=

Huhn
ideal 5 set

also if we

taketp
××t ,

-

,¥¥
.

as localcoordinates
on W

,
we have

"T.no#xHw=t

which implies than on W

ff ww =

fmnwfoY.tdohwitYn.wsowvCraiwHh4@wypdYnwtdYnirIpaoetgknMnaininypvean.t?u!0w1m

:p

= # Eih
"

,

wow to estimate #V ( Fw ) as

no change ?

for this 9 need one of the most important
theorem in algebraic geometry

in the 20
th

century
:

c) Weil 's conjecture
This were one of the most looked

for conjecture
in the GO is and a large part of GROTH ' EN Dl Eck 's

work was motivated
by

them
.

Gm the end
, they

more
proven by

DE 4 GNE
,

a former
student of

GROTHEN DI Eck . Historically the idea comes from

topology
and
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Theorem [ LE Fsctietz formulas)
Let X be a triangulated compact space X

and f : X → X
a continuous map such

that Xt #xeX If lx ) =D is finite ,
then

o[,y
ixlb ) =

EgfDk Tr ( f*tHµ ,
a) )

iindex off at x

singular homology
NB in dim ?

-

ix (f) &b
×@? ixl f) =

- 2
x

( if f is differentiable and det (do
, f) > o

then is ,
( f ) = 1)

Analogy
Sf Fis a finite field of cardinal

q

Gal LE IF ) = #rp Frg :
if →

F÷
) (

9

in particular
, for a variety X / IF

XCF
) = X C tjfnq

Theorem ( Grot IENDIECK  
- LEFSCTHETZ formula )

Sf X is a nice
iiely

/ IF n .

- olein ( × )

# X C F ) = .§oEH Tr C
Frg lttgfx,

a e) )

where l is prime t chan ( IF )

Hieelxae ) = ClaimHiatt,4enz))0qQ
This only gives on estimate if we know how

big these traces are which reduces to

rj know something about the dimension of
then

go
cos
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2) know something about the eigenvolwes of
the action of the Frolenius on these

spaces .

Theorem [ DFLIGNE ]

For a nice

variety
X over IF

,

the eigenvolues

of Frq acting on HitCI, a
e ) are algebraic

integers 3 such that

Remark

131 = qits

Yn particular ,

Trcfrql Hiatt
,

he ) ) E qtzdimafttiale
,

One ))

d) Estimates for WWCV ( lkw ) )

Assume V satisfies Hk )

V is a smooth & projectivemodel of V / Gs

Fact

For almost all prime p e Plc lkp )
,

dim (

HijfT
, Qe ) ) = dim ( HighVep ,

a e) )

Combining this with Weil 's
conjecture

me get an estimate of the number of points on

the residue field .
But we need some esdia

information on the
groups of the highestdegree

we can twist the cohomology group
in

the following way
:

Wen (E) - l
"

root of 1 in E

I
z - 39

For

q
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q#*i= {
i ' th tensor mock d- of the

X. module Neace) if i 30

Hon ( Nidal

.

,
211 ekz ) if i < o

I additive notations
, Fnq act via in qil

on Nea ( I )
& i

Hieict
,

a .in - ( kidHiatt
, Nene

"⇒* 'D
oeeae

Of
Gm Hla ( T

,
Ole (j ) ) we use the K geometric > >

Eolcnius
coming from its adion on V / IF

So it is a contrarian out action

as a

group
Hit CJ

, he Cj ) ) is isomorphic
to HIT ,

Qe )
,

but the action is given

by g-
F the adion of Frq

on Hilu ,
a) .

POINCARE 's duality theorem

( i ) H
- n

GX �1�. e
( n ) ) I One and

cni ) u¥g.CE
,

a- ecihotiticxaecn -

j ) ) - Hah
.

( Iadn ))

defines an isomorphismHEIT
,

lady ) ) FITE
i

CIQDNJD

Then we consider the following sequence
1 → Wen

→ �1�

m

±>
Gm → 1-

Using HTTCI
,

Gm ) =
#

't

HETCIGm ) = PicCI ) and H2*( I Gm ) = Br ( El
tons

we get
→H^←( I

,
Wen ) → Pick ) [ ln ]

and

o → Pick )/en → HE (Eymen ) → BRCI ) Cento
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But for almost all p ,

Pic ( Ops ) 3 Pic C J )
{ Br (

VoIp
) t Br ( v ) which is finite under IN )

Thus by taking the projective
limit

,

for almost all p

H

'←Cv#p, Qe ) = o = HE
'

(
Ypg , One )

and

Pic ( J ) a Hit Hoa , Q.eu ) ) →
HE (

Yep,
Qczn -D

Combining
all this

,
we get

for almost all
P

# yafp )
Wp ( V ( lkp ) ) =

=#Fpjn
= 1

t.IN#trcErslPiIVEQt0CtEyD

But if 4 f End ( e )

Pisa 'a

Det ( 1 - Ty 1 E) = 1 - T Tr ( 4 ) + T
2 QH )

-158
,

( V ( Fp ) ) =D et ( 1 - # Fri
'

Frplpic
%)

At Often

y The constantDefimkoepe
peaks rs ^

( s
,

Pick ) ) = -

Det
4

- # Est Ep I Picasa )

↳ ( s
,

Pic C VT ) =

#
¢s

hp G Rica )

Theorem [
consequence of a theorem of ART IN ]

Ls Cs
,

Pic (A)
converges for Re ( d) > 1

and has a pole of order t.sk ( Pic ( v )) at s = 1
.
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Remark

From the fact that

Bye 65
'

=

pipe ,,µy1
- # Eis ) converges

for Re G ) > 1 ( which might be seen

as a particular cos of A Rtl N 's theorem as

well )
,

Its
( 1 - 6 ( #Fs→ "

) ) converges

Definition
Let Xw = {

1
if we S

LWG,
Pic LJD

't

if ar et S

We
define a measure W on V ( #

*
) by

w
=

tan slicks
. ntys,Pico It www.

We Peak )

and the induced probability measure

on VAF
, k )

M
:

N ( W ) = w(WnV(Hh?÷
( V ( lake ) )

9t turns our it almost gives
the constant - but not quite

,

an =a÷*Sangi
⇒ "

dot Eden
.ua )

where

Ceff ( v )
✓

= { y
e (Pic ( U),pT I txeceffwl ,

( x
, y ) 30 }

B C D= # Br C V ) finite
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The
empirical constant for V is

ccvtcfv
) .

- acv ) p ( v ) W ( VHA ,kM)

Remark

W does not depend on the choice of s

and therefore C ( v ) depends only on the

choice of the adelic norm on Wjt .

We then consider rank of the Picard
group

The empirical formula
(F) # U ( IK )

µ , B

~ CCV ) B log( B¥"

The empirical distribution

( E)

SEuk )
+ , ,< B

B → to
N u

15/6/2016 f) Eonnedion between (E) and (F)

Theorem

The following three statements are equivalent
C i ) ( F ) is true

for any
choice of the addic

Norm on Wj
'

;

C ii ) ( E) and (F) are true for at least one

choice of
the mom on Wj

'

,
( ud C e ) and (F) are true for any

choice of the adelic norm on WT .

Sketch of
the proof
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We have to
prove

C ii ) ⇒ ( i ) ⇒ ( E ) for any
mom

Fix a mom ( it . Hw )w←pea%
,

Wi
'

assume ( E ) 1- ( F)

Let (Hill in )w
, peak ,

be
any

adelec norm

we have

fcx ) H
'

( xt H ( x )

where f : VCIAK ) → R
> o is continuous

.

fete 20

Using
the fact

that the measure W is

locally given by
the Haan measure times a

continuous density we
may

construct

( Ui )
.e€± fimttjatrlion of Vaaik )

with Vi borehan for IEI
,

wcd Ui ) to

and ( t
; )i←±eRFoso that

F x ← U ( Aik ) If (7) -

{ ±

't .

My! " )l< e

By assuming
E small enough

, -

we
may

assume ti > E for ieI
. g

Using ( ii ) and the
argument given one week

ago
# { xe UCIK ) 1 Hlx ) ggcx ) ± e }

~ f gte µ

van "×,m

9fV )

Bligh
Let us now prove

that → 5 fm 9
,

( D
E→o

✓( # ,=
)

Bn

( a ) → ( E ) for H -

Probability theory tells us that "

For a Bordon W
,

WCZW ) = o
CH

'CV )

if
and only if

there exist contends

fundions f , g
: V CMTK ) → Ryo such that

f < "
w£g

and

baas,⇐jf
w < e
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Using the heights ¥ H and

get H

we get
that

#@nUak ))µ±By→+µw( Vattkthnw ) Blog
CBI

"

so S ( w ) -

µ
( W )

. D
U (

Hµ{B

So the formula can not be true if
me do not have cguidistnbution !

g) A few consequences of distribution

Lee .

me finish with
a few remark about

eguidiseubulion :

d) Let F ¢ V closed sub variety .

W ( FCA
, k

) ) = o

So

ifCE)isualid#(
Fn
UCIK ) ) = a ( # UCIK )µ⇒ )

and
HFB

F U
'

a V not empty
# U

'dKk¥*
VCK )k<

B

and the formula TF) is alsovalid for any
non empty open

set in U (
"

small enough
"

1

p ) For almost all W

,
Ww is characterized

by ww( rainy C×)1=#÷
= Funk

So if V satisfies E and × a V C Gwbnhr )
. wets

then

# { KEUUK ) \ Hbc ) EB
, rmuyk ) ex ) # X

- → -

# UHK )
+, , B

B → to #V(6w/m9r)






2240

h ) Expressionof the constant in terms of venal torsos

G assume ( Lk ) + Br CT ) =L 03 .

LJ Geometric properties of royal torsos

The main idea is that venal torsos are

geometrically
and arithmetically more single .

Proposition

Let E be a nasal torso above V

Then

p ( E
,

an ) = HI
*

%pic ( E ) = { o )

§Br ( Y ) = { o } for any
smooth

comyadifi cation Y of F ( E
open

in Y smooth and

In fact this statement is all about the

Gnicohomoeagy in low degree .

This follows from
a more

general
Theorem [ SAN su a ]

Let k be a perfectfield
,

G a smooth connected

linear algebraic group
on k

,
X a smooth

variety 11 and E a G - torsos over X
,

I .

.

e → X

then there exists a natural exact
sequence

0 →k[x3*¥k[⇒*→X*CG)*F Pic ( X )¥5
Pic C E ) → Pic (G) → Br ( E) → Brcx )

Proof of
Theorem ⇒ Proposition

Gn our case
,

we have

× projedine ,
so

IKTIJ
*

=Tk*x* CFNS ) I Pic C I )
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Pic ( Ins ) = Pic ( Qy# ) = f OY

The Brauer
gray

is a stably binational

invariant for
smooth fugitive

varieties

which means that X
,

Y are nice varieties

and
F m

,
n

so that Xx Pm • . ?→ Yxpn binational

then Bn ( X )
pan

,

Br CXXPM ) 5 BNCYNP
"
) I MCY )

.

But over I E splits for Zoriski topology and

is stably binational to T so Br ( E ) = { o } .
D

Corollary of
the proposition

Up to multiplication by
a constant

,

there exists a unique section s
of Wet

such s cx ) to for any
closed point x of e

.

Somma

X nice / k
,

chan 11=0
,

Pic ( × ) as Pic (*µ"#
and it is an isomorphism if X ( k ) +0

Proof
We have two exact

sequences
o → I 't

→ I CTF - TKTFHI *→ o

an

:
→ ICJYTI

←
→ Dive J ) → Pic at ) → °

yf me define the Galois cohomology as the right
derived

funder of the left exact funder from
the Category of 21 - modules with an

action
of

GDTELIH
to the

category of Z - modules

by
M ns M 8

then Hick
,

M ) = Hietcspc ( 1)
,

M )
-

group for this cohomology






we have two exact
sequences for

X nice l it

1 → I
't

→ ICH
't

→ IICIYIII←
→ 1

and 1 → ICIMTI *→ Div CI ) → Pick ) → o

Taking the corresponding long exaotseguena
in

cohomology we get
~

1

,¥g¥
' Hxses C ICA 'TE*F→H' at,E*)

9 of Piccard ))= tfetcsyeckk) , Gm )

Gm fact by HEBERT 's theorem 90

If£9,3 -

gives directly
→ Hick

,

ICIFHHYK
,

ICISYTETBRIHHHYIIKT 'T

Gsa

Et
µ

4457 It if xexat ) Brcx ) as Br C IKX ))
and IS Div Ct )

n→§CI5t1EtT%→ Divcxter → @cC⇒§
→ Hick

,
IIHF II 'T → that,rival )

From the definition of Picard @ > group ,

1 s h* → KCXP → Div CX ) → Pic ( × ) → o is exact

and 0 → Pic C × ) → Pick )G→ Br ( K ) is . exact
.

Proof of Corollary
T

° if × at ) + ¢ n

since Pic (

E)
= { 0 }

,
WE

'
I GE

and such an isomorphism gives a non

vanishing section s

Grf

we
have two sections we have two

isomorphism #
GE

WTSTE %
E

But Y corresponds to section of Gm an therefore
is the multiplication by a constant . D
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Construction

Let s e r CE
, we

'

) be a section as above

For we
Pl ( It )

,
on WE

' thereis
a unique norm Htlw

such that 11 scx ) Hw = 1

for any
xe V C lkw ) .

Yt
defines

a measure aw
on E ( IK

w
)

Q E is not projective

Proposition
for almost all we Peak )

Ww ( e Cow ) ) = Lpa,

Pick Dtx WwwHKWD

chain ideasof
the

proof
The torso spit locally for w

. adic
topology

and this
gives , for the places where the metric

is given by a smooth projective
model V

and where E has a model / V

Ww
( E Cow ) ) = Vol CTNS ( Gw ) ) x WWCVAKWD

.

for
some Haan measure

given by a model
of Tns

And for almost all places

Vol Hns Cow ) ) = L wa ,

Pich 5£

[ ON 0
,

1961 ] 11

it# Tns ( Fw )
Assume that

-

Pic CT ) split over # Fwt

a finite anramified extension of lkw

Remark The
formula on the right is

easy
to check

if
Peach has

a basis globally

invariant

under the action of
the Galois group

: D
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Reminder

eclair ) =
U ( Is Eakw ) ) x#←gE(0wD

S c Sc Pl C K )
0

Corollary

finite

W =

ftp.T#wcIpecwYw
defines a measure on E ( Rk)

Remark

By
the productformula,

since the

section s of WEI is

unique upto multiplication

by
a constant

,
the measure a on E C Aik )

does not defend on the choice of s

Eondusion

Tf
( Al ) and Be ( VT .

.

o

,

the adelia

space ECIAIK )
, for

Evers al torso over
V

is
equipped

with a canonical measure

Remark

This measure is compatible with the action

of Tns in the
following sense

Gf
t = 1 tw )

we peak ,

ETNSCMTK )

HHI =

wetpeax
,

1

wittwslw
* KE

( Remember @jDe Pic C v )
= xtctns ) )

W ( t B ) =
11 TH W ( B )

if
t e T C IK ) 11 th = 1 and W ( + B ) = w ( B)
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Descent method [ P
.

SALBERG ER +
. . :]

Let C Ee
.

)⇐±
be

represent ants
of

the isomorphism
classes

of
verbal torsos having a rational

point of IK
.

For each i EI and each B e R
>

,
I

there exists a domain SoilB)C EC It
)k

)

( i ) For
any

x e V ( IK )
,

let i be

the
unique

element
of

I such that

Ei ( x ) # ¢ /
then

o if H ( x ) > B

#@i
'

K ' ^ Dim ) =

{##saK)µ
) if HHKB

*E± Wi( Di ( B ) ) ~ C
µ

( V ) B log (BY
-1

Conclusion

So the
formula

( F ) reduces to

# ( E
;

( IK ) n D; (B) ) ~
W ( D

;
(B) ) ?

which
gives

a

strong
theoretical evidence

for
the value

of
the constant

Next week

9 shall explain this method
for

Pink it is

exactly
the method used

by
SCHANUEL

.
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VI Examples
First

,

T would like to stress that the
formula

C F ) has been
proven for many

examples of many
kind

.

So even

if
it is not always true it

is has
a large domain

of validity .

1) of list
of

results ( without
proofs

)

d) Flag
varieties [ L AN 6 Lands

,

FRAN KIM ANI N

,

P
.

]

For Ptf
,

5
ch A Nu El 's theorem implies (F)

for
a particular height . Zllis theorem

generalizes as follows

Definition
A linear

algebraic group
/ 11 is a subgroup

of Gln
,

K
,

6 Ln = Spec ( zctey ,
1 si ,j a- n][p.at#D )

st is said to be
affine if

the scheme is affine
9

am

going
to need some notions about

algebraic group

Reference

A
.

Borel
,

linear
algebraic group ,

Graduate

Text in Math
, Springer

So 9 am

going
to

give
the

definition in

parallel with examples

ons Example

G

aqdiulthihanoegdnaif
= am

,¥speatf×i,P[
HEID

grown
1 k =I

Derived
group

D°G = 6
,
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Dnt 'G=[ DNG
,

Dn G ] D
'

Gln
*

,

it

= Sluts
,k

they are closed and

thus
algebraic subgroup = Gec ( It [

Xij ]/§ut×;D - D)

6 is solvable if
F N / Dm G = { e }

Egg:{Tag.fi#nEFteoT
.

A parabolic subgroup
P =(¥ET

of 6 is a subgroup
P such that G / P GIP =

Gr ( m
,

n +1 )

is a compact variety points are subsyaes of

dimension m

Borel subgroups exist since an

increasing

sequence of
closed irreducible varieties is

finite

Fa :
All Borel

subgroup of G
one conjugate

b) Un closed
subgroup

P is parabolic if

and
only if it contains a

Borel
subgroup .

When It is not algebraically closed
,

we use

the same

terminology
( P parabolic ) if

the
group

obtained
by

extension of scalars RI

satisfies
the condition

.

(
ey

to parabolic )
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definition
A generalized flag variety is a

variety
V

equipped
with an action of a linear

algebraic group
G

,

which is a form

of
6 / p ( equipped

with the natural action

of G)

Remark

V ( it ) t ¢ 5 V E G / p
over k

C choose x c. V ( k )
,

let P be the
stabilizer of x

Glp
~→ v

5
t

g
x )

Since we are

looking
at varieties with rational

joints ,

in our

setting
V = 6 1 P

Theorem [ LANGLANDS
,

MAN IN
,

FRANKE
,

. . .

]

Set V =
6 1 P be a

generalized flag variety
with a national point / lk number field
then

✓
satisfies

CF ) and (E) with U =V

Examples

C i ) This implies the result
of

Sch ANVEL for Pink .

C ii ) Grass
monnians Gr ( m

,
nu )

C iii Conylte flag variety
V = Gln / B

Gln IB = { ( Fo
,

-

, Fn )
,

{ 03 =

Foe Fn 4
"

qtu = kin }

Fi subspace of lkn

C iv ) Any quaohic f
matrix

of q

Q = 0 (
q ) / P 0 (g) .

-

{ M It MQM =I}
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Method : We shall see that there are essentially
two

lifes of methods
.

Were it

goes
is the doss of

Adelia harmonic analysis :
the height

.

zeta

functions are particular
Eisenstein series and

satisfy
some

fun
dionol

equation .

B) Complete intersections
of large dimension

Theorem [ ⇐ Birch ]

Let V a Pna be defined by f ,

= . . .  =f< =o

where C = N -

n is the codimension of V

with D=
deg ( f;) =

.
 #6g A

.
)

Assume
V smooth

C ii ) VCFQ ) t ¢ and

C iii ) N > It '

@. a m ( men )

then

V satisfies
CFJ and (E) for U = V

.

Method

Descent method

( here E  

= W C AN ±{o >
defined by f

.

=
.

. a

feo )very easy
! (

, aide method
.

Dhand ( ano

201612016

8)
Tonic varieties

Definition
Lett be an algebraic torus HK

d- tonic
variety over IK is an algebraic
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variety V equipped with an action
of

T

So that there exists an

gen
orbit U

on

which tads faithfully

Remark

Gm other words U is a

principal homogeneous

space
under Tor U is at torso over Spec ( IK )

Sf
x c- U ( IK ) T → U is an isomorphism

t to tx

But Uak )

may
be

empty

Theorem [ BATTRE ✓ - TSCH IN KED

Let V be a nice tonic

variety
11k with Ullkltd

Them V
satisfies (F) for U

= open
orbit

for
at leastonechoice

of
the norm on wj

1

Method

Addie
harmonic

analysis using
the action oft

Tt should be possible to
prove (E) with there

methods
,

but it was never published . I

Examples

C i ) Again
the

projective pace
is a particular case

En a Pink via

( A
, ,

-

,
tn ) . [ to : - : xD = [ xo : t

, xn
: -

'

. tnxn ]

Gi) Tf V is a tonic
variety

and F a V

an
irreducible

subvariely
such that

T
.

F  a F
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( ie the closure
of on orbit )

Then BlpV is still a tonic
variety

Gn particular ,

the

blowing of Pta in one

point is a
tonic

variety .

Ci ) The product of two tonic varieties

is a tonic variety
So this result covers all the

elementary

examples
9

gave
at the

very beginning

8) Comyadificalion of affine space

Set Ga= Spec ( IKCTD be the additive
group

�1�an G Itnk it is the additive action

by
translation

An
eguivariantcomyadifi

cation of
A ink is

a variety
V with an action of Qi such

that there is an

open
orbit isomorphic to Itn

Theorem [ CH AMBERT - Lol R - TSCHIN KE L ]

Set V be a smooth equivoriantcomyadificohon

of the affine space / member field
IK

.

Them V
satisfies (F) for U

= open
orbit

for
at least one choice

of
the norm on wj

±

Method

Adelia
harmonic

analysis using
the action oft

Examples

Again
the projective space

is a particular case
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Qi xpik → pix

( un
, yhi ,

[ Xo : -

: XD - [ Xo :X
.

+ Un Xo : - : Xntunx . ]

Note that the action is trivial on the

hyyeylane
at x trivial action on His

:X
0=0

This Gf Y C H
y

Bly Pink is
again

an

egvivariont

aomyadificohon of the offense space

(
eg

the
blowing up of Ph

,

in N
aligned

joint )

E)
Smooth Del Pozzo Surfaces

it lot
of

work has been invested in the case

of surfaces .
The

point
is that (F)and (E) are

expected
to be valid

for gen
subset on

surfaces
. First

of
all

,

there is a classification

of surfaces
ninth an anticononical line bundle

which is ample

definition
A Del

Pergo surface is a surface
5 with ws temple

References. MAN IN
.

Cubic Forms
,

North Holland

.

BROWNING
: Quantitative arithmetic of projective

varieties

Classification
Greene or E

,

a smooth Del
Pago surface

is isomorphic to one of the
following surfaces

C i ) # xp
'

or
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C ii ) P2 blown
up

in k
points in

general

position
,

os kE8

Remarks
D General position means the

following
C i )

they
are distinct

( ii ) 3

of
these points are not on

a same line

CMD There exists a

unique
comic

going through

5
points

in
general position,

6
of

these

Joint
are not on a comic

2) Gm at 4 points in
general position

Can be sent to

[ 1 : 0 ! o ]
,

[ 0 : 1 : O ]
,

[ 0 : 0 : 1 ]
,

[ 1 : 7 : l ]

So
for

k s 4 the
isomorphism doss

is determined
by

k
. For k3 5 this is

not the
anymore ,

the moduli
space

is not

trivial

auadric surfaces le are isomorphic to Ptex Pta3)
cubic surfaces / OF are isomorphic to

the plane blown
up

in 6 points .

4) for k£3 on PikxPik the surfaces are

tonic varieties so the formula (F) follows

from
B ATYREV & TSCHINKEL

. Although the

result was in fact known before them

in particular cases .

Theorem [ R
.

DE LA BRETECHE ]

Let V be the split Del
Pezyo surface / QI

and U = V - to exceptional lines
, (F) is valid for b)
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Gglanalions
• split means it is isomorphic

to the

blowing up of 4 rational points
10 -

( Gm
general

it is
only

so over a finite
extension

of
Q - )

•
The

exceptional
lines are rational owes

C C 5 such that the intersection frsdnct
C C

. c) < o

More explicitly ,
in this particular case

, they
are

gain by
- the inverse

image of the 4 points
blown

up ,

The strict

lifting of
the 6 lines through 2

of
these

founts ( ie F' CTAB)-£FB3 ) )

The intersection graph is the PETERSEN Grath

⇐p¥¥f
- notices : exceptional

line

y y

- edge between E & F
'

if
E n F

'

* ¢

Any family of 4 joint not connected by

edges correspond to a moyhism to P2 which

is the
blowing up of

4 point .

olethod of proof
-

Descent method actually
the venal torso overs

has a

very
mice description let

me explain it

9n
my

mole
,

9 described the Cox
ring

here

the Cox
ring

has 10
generators corresponding

to the
unique ( up

to nullification ) sections

of the line bundles corresponding to the

exceptional armies
.
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pn=[n
: o.O ]

,

Pz=[ oil :O ]
,

P
,

= [ o :O :S ]

,

P4=[ nil :D

Xi
,j

corresponds to the strict lifting Eij

of the line
through (

PhPe
) ;

{ i
, j ,k,e}={ 174 ]

Xg
,

; corresponds
to the inverse

image Egi of
Pi

NB Ei
,j

A
eye =¢ # { in n{ Be ) t¢

The
lifting of

national joint to the toss

is done as follows
Start withK:

y:DEPYOD - U ( Pi Pm

( ×
, of ,4 primitive in 2/3 itj

Kn
,

S
=

gcd 1%2 ) X

1y=
× lfx2,5

' '

3/5 )

x

2,5
= ycd ( Xie )Xz.y=/ Xn

,

5
×

is

x},s= gcdkiy ) ' c3,4=4l€y§jsY5},s
)

xgs
=

god Cx -

y,
y

-

2)
×

y }
-

(y
-2 )

X

3,1

These
integers satisfy

''mEYIFYNEYIYES's ,

(1)
xij Xke +

Xikkejtxil×jk=
o

for # fgj,
k

,

e ) = 4 where
xij

 = •

Xj
,

;

for example for 133,4 ,

we get

( x .

y
) 2

- ( x
- z )

y
t x (

y

-21=0
and

for 33,45

(
y

-

2)
-

y
+2=0

and

(2) god (
xij , xp

,

et 1
if { ejj }n{ k

,
ltd

which is

equivalent to Eij n Ere =4
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(1) are the Plinker
equations for

the
grassmannian of planes

in a

space of
dimension 5 : E  

= as

{ @,
Meex E

,

u

,
v notation ] → IP

2

( tit E )

@
,

v ) 1- unv

gives
en

embedding
Gn ( 2,5 ) -> P ( ME )

the
image of

which is
given by

the equation
a a b = o

which in the basis @; nejh .

g.

are given by a )

So bet W a pie - co } be the crone above

the
Grass

monnian

Gm5 =T= ( EH ) G E

and Let UCW be the
gen

subset

defined by
(

×iµ ,

X
i

,
k

) to for
# fij ,

k ) -3

Then U is stable under the action oft

and

U / �1�ms I V

Moreover
21 ) = { ( xyjh

,... jtsz
"

I A) AN )

we get
a

map

it
:

U ( z ) →V (a)

see that FPE VCOH # it
.

'

( p ) = 25

So the
problem reduces to count point which

satisfy a ) k )

- Generalization of
the Mollins enables one

to change (2) in a condition
did .

I

ocij
- eleven analytic number theory ( hard

part
)

.

So that settles the case k = 4 .
Let us him

to k= 5
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Theorem [ D
.

La B Retest le

,

T
.

BROWNING ]

There exists a
Del

Pezo surface 5 with k=5

which
satisfies (F) for a choice

of
the height

and the complement of
the 16

exceptional
curves .

Remark

16 exceptional curves :

- Lnvase

image of
the

points
blown up (5)

- strict
lifting of

lines
through r joint ( no )

- " "

of
the conic through the 5points (1)

Method of
the

proof :

-

fitnahon
method :

V is given as the smooth complete intersection

of two quadrics in P ↳
. They

take

{
Xoxn

-

KX ,

= o

Xottxitxi - xi - 2×4=0
There are two moyhisms

fi
: V → Rnai eh

,

2)

braced detest553 ) =
o on

V

so
f

,

( [ xo : xn : xix } ] ) = Vet ( Kk)
,

Koh ))
qd

-

) =

Veatch;) (
YqpThe

fibers of f ,

and
f ,

are comics :

( we speak of
comic bundles )

Ca
,

b
! C a2 - k ) X2 + ( a2+b2 )

y
2=222

But now
,

as

babylonians ,
we can paramehize

the comics : There is an obvious solution ( 1
,

1
,

a )

and we use
the lines through this joint :






#

€4
, gtga.fi/idEca,b

But on P
1

we can estimate the number of

joints for any
choice of

the height!

# Ca
,

b
µ , ,

- 849k¥ B +6g battle)

Max la
1

,

Ibp

where
g

is an

arithmetic
multiplicative

function
Moreover there is a

finite group acting on V

which
exchanges fn

and fz

Enough
to take the sum over [ a :b ] EPYQF

, ppThe
problem is to

prove
that the seem

of
the error terms is really negligible . D

Still
gen

xk = G lie smooth cubic
surfaces )

(
they contain 27 lines ) (

convincing
numerical

tests have been Made on computers
tl ( P) < 106 )

k = 7,8
As usual in mathematics

,

when
you

are stuck

on a problem , you try
another one

m ) Singular
Del

Pezzo surfaces

Remark

Up to now 9 have
only

considered smooth

varieties
.

But Gt was noticed
by

B AT > REV &

TSCH IN KEL that in fact yon
con also consider

the problem on

singular prop
dive

variety
and

that it reduces to the smooth case
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Smoked Let V be a

singular projective variety
and H : v →

Ryo be a heightdefined by
a line bundle L / ✓

Then HIRONAKA 's theorem tells us that

V
admitsa desingularizohon ,

that's

a

mofhismpfrom
a smooth projective variety

T

f : → V

which is binational Gm
fact

the method

consists in
using

a stratification of
the

singular locus
Fn 3 Fz > . .

. ) Fee

with E
-

Fi
+ ,

smooth and
blowing

Up Fk and then Fi as

many
times as

needed

The
problem is to show that the

process stop .

Then Let U a V be the
gen subset on which

g
is an isomorphism

, Hog
is a height

relative to st H and

# Uk )

+1*3
= # 9

"

Wllkhtos < B

'

22/6/2016 Remarks

For normal
surfaces ,

the
singularities

are points and there is a minimal

desmgularizohof
→ s

.

where the inverse
image of

the
singular points

is a union of rational curves
.

For each point

we can make the intersection graph of
these

curves
.

For singular Del
Pezye

the
only

possibilities are
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multiple copies
when there is more than

one singular joint .

.

An !i.in
.

In § n curves

for 1 < n < 8

D
, ÷k±.

.

 in # for
Genes

and

En .#¥÷s .

T § for Gen E 8

\

Moreover this resolution is aeyant
:

WE
'

= It ( Wst )

Thus the
expected behaviour is

# VUK '

Heb

~

Cµ
C T ) B by ( Bpk

( pic CJD-1

Degree 3

There are 20 possible life of singular
Del

Pozzo

surface of degree 3 / IT

A
,

,

2A
n

,
Az ,3 An

,
Ant Az

,
As

,
4 An ,2AntAz

A ,tA ,

,

2 Az
,

A
↳ , Dy ,

2A
,

+ A
} ,

An t2 Az
,

AT t Ag
,

As
,

Ds
,

3 Az
,

An + A
g ,

Es

&oMh×2z

+ yzz + +3
= o is

of type EG .

Note
on curves

, singular pants
lower the

genus
and the corresponding curves are arithmetically
more simple . Similarly ,

in some sense
, singular

surfaces are more

easy
to deal with

.

so it is

possible to
prove

the
formula for singular

cubic

surface
but

, up
to now

,

not
for

smooth ones
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Results

[ B ATYREV & TSCH IN K El

,
. . . ]

3 A
z

Xy 2++3=0 is tonic ( F ) for U

gen
[ JOYCE

,

De LA BRETECHE

,

B Row NING
,

D ERFNTHAD

Eg XZZ+ -122 + T
3

= o ( F )

[ B Row Nl NG

,
DERENTH Al ]

D XZ tX2T +422 = o C F )
5

[ HEATH -
BROWN ] Cagley cubic

surface

4 An XYZT YZ Tt ZTX t TXY =o

Blog Cht
" '

< < #
Ucott , ,< Bk Blog (BY

. '

right order of growth

Singular Del
Pgzo surfaces of degree 4

Complete intersection of 2 quadrics in P4

15
possible type of singularities

[ BATY REV
,

TSCHINKEL
,

DFL A BRFTEC .tt E
,

BROWNING
,

DERENTH A L
,

(F) has been obtained for 4 An
,

2A
, tAz

,
Anta }

,

Ay
, Da ,

ZA ntttz
, D5 /

. . .

The
type

2A
,

is

of particular
interest because

it is the
only

one in which

SCIAA )MtS(#u )

This are the Chat
surfaces we have

already
met

( * ) W : X2tY2= PCU
,

V ) T
-

in 1173-{03×11740}

where P EXCU
,

V ] is

homogeneous of degree 4

with distinct roots 110T

Gniaw C x

,µ)¢x,y,Hfu ,v )) =ftp.x/kr.y,xt)fmu
,µ§
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A WIG me is a minimal
desinguloujahon

of the
corresponding singular

Del Pepo surface .

Theorem [ R
.

DE LA BRET Eiche
,

T
.

BROWNING
,

-

,

6
.

TENENBAUM
,

K
.

DES TAGN ol ] Various families of
Ehatelet surfaces of

the
form

C * )
satisfy

(F)

with U

=S~

- exceptional divisors

Method
of the proof

- The rank
of

the Picard
grown depends on the

degrees of the polynomials in the decomposition

of
P in irreducible factors .

Were Y am

going
to

explain one case :

Assume P is the
product of 4 linear

forms .

P C v.v ) = IT
,

Li C yv )

-

Geometry
& Reduction

We have a moyhism it

:S
→ Plo

induced by the
projection

( x
, y ,

t
,

u

,
v ) → ( a

,

v ) which is

compatible with the adions

£y-%
The fiber over C U : v ] is the circle

X
2

+y2 = p ( u
,

o ) T
'

which is a degenerate ( ic non irreducible / E )

fibre whenever Li 1 u
,

v ) = o

Write Li 1 u

,

V ) = ai
U + bill

,

The degenerate fibres correspond to the 4 points

Pi
 

= [
- b

;
: a ;]

Cover Q Ci) these Chat
surfaces

are classified
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by
the cross -

ratio

a=kikVKk9

Kqannll EID

and we reduce to the case

P
,

= [ 0 :D
,

I =[t :O ]
,

B - A :D and P↳=[ 1 ! 2 ]

and we are reduced to an equation of
the

form
at Y

2

= U V ( U
-

V ) ( a U tbV)T
2

We assume

pg
cd Ca

,

b ) -1

- The esglionol divisors
,

the Picard
group

a We have two sedtons of it / �1�
.

li )

Corresponding to [ x : Y
: H = [ 1 ; i : o ]

and [ × : y it ] = [ n
'

.

- I:O ]

• The degenerate fibers are 2
conjugate

lanes

- Et
Di DE Bt PE

gaeaalilla ) I

Hi#Hai-

⇐
.

( 10 escc lines as for the
corresponding

smooth

Del
Pezzo surface ) class of a fiber ~

relations [ DIHCDI ] = [ DT ]t[ Dj ] = CF ]

and
, using

It i'D If Li lu ,V ) LJCU,

V ) )
,

[ET+lDI+@yt]=E
-

] + [DL t[Di ]

Per CU ) = Picart21[F]HZ[wsb, fflfol ( Ali )&)

WE
'

=
2 [ et ] t.IS [ Dit ] = 2 [ E

'

] + field;]

Again
this case is based

upon
-

the descent method

So let us describe the versa torsos the

interestingjoint is that
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There might be several
isomorphism

closes

of
nasal torsos

having a national point .

Set
me esglain

the
spirit :

Reminder u←{ . 1,1 ]

n = uyIppteh
'

e z can be written

as the sum of
2 D if

and
only if

%Ef'

[ a ] ⇒ vpcn ) even
.

1 solution of
the

equation

(1)
x2+y2 =⇐T

,

L
;

( u
,

v ) ) E-

implies that

(2)
THI

,

L
; C a ,u ) = D +0

But
,

since gad
( a ,v)=1

gal
( Li Cu

,

r )
, Ljcu ,

→ ) 1

Big
.

 =/
"

big abtjl

So if p

=3
[ 4 ] and

p f I. Big
( Hlere Dip.

 = 1 escort for An
,↳=

a

, B3b=b Bzea
-b)

Then(2)⇒ ti
Vp

( Lil u ,v ) ) even

Also if p

=-3
[ 4 ] and p It then

p Ix and
ply absurd !

so I El = D t D

Thus let D= IT
p

P

litfjbij
p=3( 4)

for
any

solution of (1) there exists

Me = (Mi )n±i*
,

E 214 such that

CD
Mn > o

C ii) mi
I A

2GIDIII mi
 

=D= Sm squareGv
) mil( a

,v
) = D + D
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Tin a
spec (On [ ×

; ,
Yi

,

o = is 4 ] )

You
may

note that
, again

the number
of

variables is the number
of exceptional

divisors
.

Gt 's not a coincidence
.

Equations of Era

(3) Di
,

jnnkntya ) + Bqanilxitihyt Beyene
(Xirtypifo

for neia
j

a k < 4
.

and ( xi
, Yi , xj , yg

) to if 1 s i < j < 4
.

It : E
±

→ 5 a
gives god condition

. .

7 ! @
,

v )
,

Li ( a
,

v ) = mi ( hit 't ?) for
Ki E

4

and '

¥
.

y
=

sm.kot.ME#itixe
)

} gives
x

, g ,t .

to + yon

So the
problem is reduced to

counting
solutions

of
13)

- Use koebius invasion to remove

gcd
condition

-

Analytic
number

theory :

Define t Cn ) = ta{ # ( x

,y
) di |x2ty2=n}

4 = # µCQ ( N

Then it is multiplicative and

T ( pk ) = {
° if P

±3kD
,

k add

A - k
oven

kt1 if p = 1 (4)

We
get sums of the form

f.
II t

(

¥2
)

that one has to

e
:

estimate
using

methods
of analytic number theory D

This concludes the list
of explicit examples 9

wanted to describe
.

There are two more positive
results 9 want lo mention

, nhih gives
still

more examples .
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2) Compatibilities
a) The product of

varieties

Proposition [ FRANKE ,MAMN
,

TSCHINKED

Wn
,

We sets with
maps Hi : W

;
 → R

>o

so that

C i ) ( WD
. as

= { Pewi IHICP) EB ) is
finite

for any
B

CD #@i)µ±b
= Cib loge

BY .tt 6 (Bhqassti

'

2)

for
i

e { 123

on W - W
, xwz define

H ( P
,

Q) = th ( P) Hda)
Then

#W
He B

= egjhkftztjtftnqcz Bhegcphitti
'

%ka
of

the proof

+6 ( B hey (Bytlttz
-2

)

Same as the one 9
gave for

P
'

xp
'

CQ )

# WH
x ,

= E #µD
there. ,

PE@nhte.B

=pFw
. ,µ§;
ftp.GCF.int#6C!.aeotfhaH

the error term has
a form similar to the main term

so it is enough to compile the
sum for

the main term
.

We
put fat =

c< Be log ( IDTgirl=#Cwdµ
,

, +

We

g#At dgct , = [ pg ] ? + / f
'

At gat
dt

←B lag ( Bgkttrz )
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Since gut = C
, theyat

't 't 6C they ask '

2)
we get , up to 6 ( B

loyCBjtnttz-yc.qBeogcBMteotsis@oegYoTFttntoEgATnfTyhEED-CnCzBlogCBYntt51fdutr1a.us

'T 1
du

.

.

÷t)!Hz=
Lemma Enttz ^ ) !

tfv ,
and V< satisfy hl

,
then

a) Plc ( V
, ) xpiccvz ) → Pid V)

( [ 4 ]
,

[ Li ) → PRFCCLD )tpzH[ LID
is an isomorphism x

b) TQ,xvd ITV
, xtrz 4*4

gives whine wji ⇒ wit

and we can eguin Wvixir
,

with the tensor

frodudof the pull backs of the norms

c) The corresponding height is given by
HCP

,
Q ) = H

,
( Plt KQ )

and the measure on V ( Aik ) .

- YHAIKINDH,,<)

W = w ,
X Wz

d) acv , xvu ) =Hyf!dt¥fY÷ LCY ) Kris

BCMXVZ ) =p ( v
, ) p ( Vz )

Conclusion
(F) a (E) with an error term I

compatible withproducthq~af<IDB )
is
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B) Compatibility with Weil 's restriction

Definition
Let A be a commutative ring

B - A algebra
X be a scheme / B

The Weil restriction of X to A ( if it exists )
is a scheme RB , ,

X over A which represents
the fund

'

or which sends a commutative A-algebra C

to X ( Boac ) = Hom§BxO•C,
X ) .

More generally
Horn

,
( Y

,
RB,aX ) = Horn BCYB ,

X )
.

( RB
, a

is a "nigh adyunot
"

to - xgescmsedB))

Theorem
Gf KHK is a finite separable field extension

and X is a quasi projective variety / IL
Then R ± , k

X exist

9 dea of the proof
Tf o : I → # embedding / IK

define X 6
= X ×

speak , speaks) for t.sk#-SpdlD
Then if E ( Hk ) is the set of embedding of Kin #

# EAH IK) =[ It : K ]s = at 1 K )IX- has an action of foe C IHIK )
and it descends to a variety R

it , ,µV
on Spec ( IK ) which is the one we were looking

for D
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Remark
dim ( R

µ , ,kX ) = [ K : ⇒ dim ( x)

Example
×

= Spec ( I

[Xo
, TX

A
Kf. , , bn ) )

xo
= Spe ( TKCxo,YXDKa

,
THAN gdtkak)

Rd ,µX=Spc # Xip ,
oeicn

,
re El 'HIKDKoepp

2,0 Gal CHIH ) at on the coefficient
and the variables

.

Example ( exercise ) f
Riemann sphere

Races.
Mac

. ,
I $2 coma

X2+ Y 2+22 = TZ

Theorem [ D
.

Lou 6h RAN ]

111 lk extension of number fields
V / It satisfy H

.

(F) (or C E )) are hire for a non empty
open set U c

✓ / k

if and only if they are true for
Rw

, ,<

u a Rit
, ,+Y

So
,

in some sense
,

it is enough to consider
the problem over d- .

To finish this drafter on positive results
,

9
would like to fulfill a promise b made

about projective spaces
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3) SCHANUEL 's proof for PYK

Gm fact it illustrates some of the tedmigues for
descent over number fields
Notation

h = # d ( Gk )

In = # real places
Gz = # complex faces h=h+n -

-1

R =regulator of IK

covolume of in ( GFK → H = ten ( R
"

't÷ IRD
x - Coglsdwtwtoeakhs# = cowl ( Gik ) in 1KQalR

w = # µ
.

C Lk )

1
Qk ( s ) = E # Ma ) = # Gk / or

a e How )
Theorem [ San Anu ED n +1

For H = I peak , mofnisftilw)
# Pnc 'kh+=B~b→+

.

C B

a team,

ltnnthpctinimtrw

Proposition
, g. ( amx )

Proof of the theorem
There are two difficulties when one hits to

generalize the elementary proof which works la
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Problems

y cant'
- { oy ) ( Gk ) = { primitive elements in 69¥)

ftp.nay,

is not suyidive

2) for x in its image
I

- ' ( x ) is an 6¥ orbit

and is not finite ( if a > o ) .

And these problems also occur in general for
the descent method

For 1) We con be more precise

Define Y : Pn ( IK ) → El ( 6 , k )

[ xo : - : oh ] [ ( xo
,

-

, Xn ) ]
We are going ta estimate class of the ideal

for c c- UCG ( K ) generated by ( Xo
, y )1n )

.

#{ x EPYIK ) IHGDEB and 464 =
a )

and we are going ta show that asymptotically
it does not depend on the class C .

Fic c e El ( Gik ) choose or such that @ ] = a

Gf 4 ( [ xo : - : xn ] ) =  a then F §o, y Yu ) e lkn

such that [ Xo ; - : Xn ] =[ Yo : - : Yn ]

and ( Yo ,
.

, gn ) = or

Moreover if a = pit pts C a )

then for any prime idea p

o?s9Ef 1 Yilp ) = Ncpjtpcd )

so Hkyo : - :ynD '

' ftp.Fmoagfhyils )

Now let us deal with problem 2)
Let leg : lkn Oak →I,§RuEXµdefined by






wYTFihoD-wt.p2@niKnq.lRswoflKwn1-nyIfRut.D

( Yw)w
, g-

( log " Yw " shns
and for t e GEE we have

Lay( x y ) = high they (g)

Choose a basis ( e
, , ;e ,

) for No H

and put F  

= { Feat; ei , tie [ 0,1 [ }

and let for : Fk - H be the orthogonal projection

( "

when 'T kw 'T,
Murthy

D= log"
( for

- ' C F ) ) out ,okhwtdis
a fundamental

domain for 64¥ modulo Hoak ) :

Gil wit
.

kn - to ' = Yeo ¥' 'D

an ) xD n D= { ¢ if to Nsak )
D if X e Ny ( Ik )

So we get :

# { P e lphak ) 1 HCP ) .< B & 41 P) =c ) ×
kind of
him obey

= 1- # { &o , ygn ) c- anti /
( Y ° /

-

/ Yn ' = a condition

|
( Yo , y %) ED th

Define N : Turn → a
,oYF4u9gEµ!iIeebHF¥

ftp.MP1- ft pe ( pmp )
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and rip 't ={ litigate
otherwise

The cardinal we are interested in is gain by
b{ a

Mcbla ) # ( bn

"n Bigonyon )

where D
,

=D A { yl rlloytly ) ) so }
We apply Masser and Vaalu to

yet
that this is equivalent to

( §aµ( 4 a ) Cnsbnytyt
' ) BVDCD

, )

• But Dn is the union of Cmt 1)
"

' +72
domains

given by mnascC Igilt = I Yiwl
and using a change of variables

,
z

Volvo
. ) = 24say "Voelotmtiitytndn=

. Escambia ) ( Nth
,
)

" "

una

= ft ( 1 - A( pjnti
) = 3k In til

- 1

summing over the clones in the ideal doss

group ,
we are done

. D

The main iooe to prove it proposition
is the following theorem of number theory

Theorem

shin
,

( Sabado ) = h 2yp¥dkr=
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Proof of the proposition
,

• Lpa ,
Picco ) ) = ( 1 - ftp. )

and L ( s
,

Picco ) )
=3

, ,<
Is )

fmg
,

( s .i ) Lb
,

Picltl )
.

- gin ,Cs-115,4 ) )

= h 27 Kah

. Lp4PicCisT1wp(

PYKP
,) ¥ ±

=4- ffp ,
) #PY#I

# Ep
"

= ( 1- *( pmts )

So

pTLpC1PiclJD.WpClP4lKpD-kklntH.wwCVClKwH-fCnth2mifwreoelntn1KDnifwredwCPnattirH-h.Ennl2EHYnYntnF@Rwc-ntwClPnChAikDdCPikI-ntt.D
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171612016 The upgraded version of Batyrev & MAMN program
At ¥

Before T
go to the upgraded version let me explain the

I Spirit of the BATYREV - MAN in principle
1) A formula

For simplicity let us assume

V is a smooth projective , geometrically integral varietyha
such that WJ

'

is very angle
Let Y : V -

PQbe a corresponding embedding
with 4 * C Gpnf h ) = wj

'

Gm Pna define H ( [ yo : - : Yi ) = H ( yo ,
. ,yn ) 11

.

where ( yo ,
.

, Yn ) e KNY gad ( go , yyw )
11.11

•
: LRN th

- IR go is a norm

Then one wants to study
VC On )

, ,§B
= { P e V ( at IHCP) < B)

Naive formula
Assume that VC a) is Zoriski dense

Hu)

#V
cot

µ , • X,µC+# Blog 1 BY 't

where t.sk ( pig ✓ , )
esglia 't

9f it is true for any
choice of the height this

implies an eguidishiaulion principle
Naive eguidrshibuti on

Z No F N god ( N
,

No )
V has good reclusionat N and for Po←VkyNµ)

#hpe VCOAI red MID '

' Po )
HEB → o⇒ = COD

µ , B B → to
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#F( Xlnz )
for F€V closed -

→ o

so CED implies
# VKNMU ) note

# FCOD µ±b= - ¥ ✓ ( OH He B .

2) Gcanybs
Theorem C ⇐ Birch )

V smooth hpaswfaa of degree d in BE
such that VCR ) t¢ and V(z/mz)t¢ for

any
M > o then

( Fy ) and ( Fr ) .

Theorem
✓ = GIP G linear connected algebraic group
P parabolic subgroup

e Fr) and Ctv )
Sn particular ,

it is true for any guadnic .

# Counter examples
1) The plane blown up in a joint

V a PQXMa : xv = y u

If fsigz ) ( a :o) ← no

E - I
"

( 0 : o : s )PL U = V - e it
, u

: U →I ( U) isomorphism
blowing of Po

WF = Gpz (2) 06ps (1)
It ( BQ ) = H ( PP HCQ )

Gm E H ( so
,

Q ) [ HCQ )

Get # C E (a) )
µ < •

= CCP ' )B2
So ( tv ) and ( Eu ) can not be true ?



@

But # U C a)
µ ← ,

~

qfv
) B log&)

and VCOH
µ { B satisfies eguidiski button !

Tt was Balzer and Manin who suggested to

remove a closed subsle :

BATYR . tv & MAN IN principle ( refined
7 U see that (Fu ) and thus ( Eu )

.4AccumulatingKhin subset

BATY REV & TSCHINKEL

V a P 30
.

× PQ #
.

YiXP- o

Hfx
, y ) =H§DtH§P since WT = 64,3 ) iv

TIYMIZVGFS
MEfor of

← Pta
, Vy

= it icy )

smooth abk surface if ¥0 of it 0
.

Ear the fiber
# Vy (a) µ<→~ CH ( Vx ) B log ( BF " 't

where t
, , = rk ( Pic ( Vx ) ) .

For cubic surface ,
the Picard group is generated

by the lines contained in the surface
Were we have diagonal cubic surfaces and it

is possible to move that

15 ta s 4 and tx = 4

if and only if xilxj is a cube for all i
, j .

But we can apply Lefs - half theorem and

therefore the restriction gives an isomorphism
from the Picard

group of Max Pisa to the Picard

group of V thus rk ( Pic C vl ) = z and the

esqeoted formula for V is for Ut 4
,

small enough
# U (a)

Hip p~→ +5 H ( 4 B log CB )
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But the problem is that the points in IPCQ )

which satisfy the condition that the quotients
of the coordinates are 157 are Zanis ki dense

so for any non - empty open
U in V

F [ to : - its ] with ?Ixi # o and Xilxy ,

cube

such that U n ✓
× I 4

So there is a contradiction between the

conjecture for the fibers and the expected
formula for V

Gm fact ,
B a TY RE V

,
TS c it 1 N K EL & ST Y M 10 S

have proven that there are too many
points on V

Gm the other hand
,

one can say that most

of the points in P3 ( a) do not satisfy the cube

condition
.

More precisely :

# { Eco : - xD E P3 (a) IFi
,
is Xi/ ×j is a cube}HsB=O (B)

# IP
3

( Q)t#B
90 there is a natural question : What happens
on the complement ? First it is not enough
to remove the fibers with tx -4 one has to

to remove all fibers with tx > I

put t=xY*⇐VxU th Yue
,
.sk

T.is a thin subset in the following sense

Definition
A thin subset T of VCQD is a subset such
that There exists amoyhisnil:X

→ V which

satisfies
(e) 4 is generically finite ;
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lei ) Y has no rational section '

C iii ) Tc 4 ( xca ) ) .

'

So
,

in our case
,

9
may state the question as

Question

Do we have the expected behaviour
on V Cod- T ?

Theorem [ C
.

LE Ru Duller ] proved that for
V = Hilb 2 C P ' xp 1) there exists a thin subset
such that

C i ) to tv a V # ( Unt )µ< BDBlog ( BY
WD # was A

+, as
~ cµCv ) B log ( BY - 1

Challenge
Which point should we remove ?

# Freeness of a point
1) Geometric analog

This notion comes from the analogy with

rational curves

Take
Y : P

'
→ V a moyhism

y* CTV ) IIQ G Cai ) with qz . . . > an

*a bundle on P
'

Deformations of 9 cover V if an >
,

0

You can even prescribe extra conditions

like 4 ( ti ) =P i if an is big enough .

degw
,

4 = §u 9 ;  a logo H

The arithmetic analog is provided bythe notion
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of slopes introduced by J.' B
.

Bost
.

2) Slopes of oithmetic modules

definition

Lett
vector space la of dim n equipped with

Ci ) H . Hu euclidean on ER = to ,aR
( ii ) A c E lattice

then dreg E  
= - log ( Vol ( nl E) )

correspondingto the euclidean structure

Any vector subspace F can be equipped with

Nf = N n F and 11 n Ilo
, ,=

and we can consider it degree
The Newton polygon associated to E is

PCE ) = convex hull ( { C dim (F)
, odglf ) } )

This domain is bounded from above . it looks

as follows : ← slope = µ }
1 E)

.

¥¥IxhsPxen⇒€o#
m

⇐
: [ o

,
dim (E) ] → IR the maximum

me It) - max { y e R I ( t
, y ) EPCE ) }

By construction this function is piecewise
affine .

And the successive slopes of its graph
are mice ) = Me ( i ) - me C i - D

for i ← { 1
,

-

,
dim Ct ) } .

By definition we have
,

with n =  dim (E)

{ µ , (E) > Mz ( E) . .
. zrln (E) .£Mi C E) = m

.

/

i  
= 1



@

3 Slops of a rational point
To do this we need some esdta  data

Let E be a vector bundle N Pe (a) = { is Yu {prime
( It ' "

w )
we

pecapdelicmom on E :

C i ) for any no c- Plc a)
11

. Hw : EC air ) - Rzo
is continuous

ai it were (a)
,

txekow }
" ' "

w lead isaw . adic norm
,euclidean if w - a

← vector space

Cui) For almost all w ltllw is defined by
a model E of E

Remark

This is Arokdov 's geometry joint of view^ )
to define heights : take a line bundle L

north on a telic norm CH . Hur )
w ← pecan

H C x ) = T

wepeca ,
" Y " ii

where
ye

L ( x ) - { oy . By the product
formula ,

it is independent of the choice of y .

2) Gf met have a norm on E
,

we con

define one on delta = AM #
E

Definition
. A telic metric on ✓ is an adelic norm on TV

. Gt defines a norm on wT= DDTTV ) and

therefore a height H .
h= log o H

.
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. For x EVCQ ) defineon
TXV

Ax = { y←T*Vl f p ,
11 yllpt 13

-

lattice in TXV
- Hilo euchde an norm onTxV*=V%lR

. me ( x ) = Mictxv ) slopes of x

Remark
one has { Milk ) 7 .

-
. 3 Mncxl and

IE µiGd= ddgctxu ) = hlx )
So h(x)/n is the mean of the slopes

D:( x )= Murie'
if Mmnlx) > ,

o

/
0 otherwise

had In

Remark

Hope
los ' ' ← cqb

get equidistant on for
VCothers = [ pevca ) 1 Hcp ) -< B

,
l ( p ) Ze }

OK for very simple examples , product
and seems to remove the And point in the

.

pervious esconylh .

Particular case

P ' xp '

,
l ( x

, g) =

Min (hcxyhcg ) )

hcx ) = eogckac ) ) Facp
Mx IP

'

if;D .

Gm lP7×P
'

l( xbe removes a 70 proportion ofpoints
Take lcx ) > E ( B ) with E (B) → o instead ?


