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My lecture is based on the joint works [GhGHOPV1, GhGHOPV2] and [GO1, GO2]
with Ghezzi, Hong, Ozeki, Phuong, and Vasconcelos.

Let A be a Noetherian local ring with maximal ideal m and d = dim A > 0. Then,
for each m-primary ideal I in A, we have the Hilbert coefficients {ei

I(A)}0≤i≤d of I, so
that the Hilbert function of I is given by the polynomial

lengthA(A/In+1) = e0
I(A)

(
n + d

d

)
− e1

I(A)

(
n + d − 1

d − 1

)
+ · · · + (−1)ded

I(A)

for n ≫ 0. In my lecture we are mainly interested in the case where I = Q is a parameter
ideal in A and with this notation Wolmer V. Vasconcelos posed the following vanishing
conjecture.

Conjecture 1 (2008, [V]). Assume that A is unmixed. Then A is a Cohen-Macaulay
local ring, once e1

Q(A) = 0 for some parameter ideal Q of A.

Recall that A is said to be unmixed, if dim Â/p = d for every p ∈ Ass Â, where Â

denotes the m-adic completion.
First of all, we shall settle this conjecture affirmatively and then give a characteriza-

tion for rings A to have e1
Q(A) = 0 for some (and hence every) parameter ideal Q in A.

As an application we will show that A is a generalized Cohen-Macaulay ring, once the
set

Λ1(A) = {e1
Q(A) | Q is a parameter ideal in A}

is finte, provided A is unmixed. This result naturally leads us to the study of the
problem of when the sets

Λi(A) = {e1
Q(A) | Q is a parameter ideal in A}

are finite for all 1 ≤ i ≤ d, that is the question of when the number of possible Hilbert
polynomials lengthA(A/Qn+1) is finite except the leading terms e0

Q(A)
(

n+d
d

)
. We will

also discuss the constancy of the value e1
Q(A) of parameter ideals Q possessing the

same integral closure Q, in connection with homological degrees hdegQ(A). Some open
problems will be given.
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