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The Irrationality of eX For Nonzero 
Rational x 

Joseph Amal Nathan 

The standard method to prove the irrationality of ex for nonzero rational x is by 
obtaining a rational approximation using the differential and integral properties of 
ex and the differential properties of x'(1 - x)'/n! [1]. Here we give a simple proof 
using the theory of continued fractions. We write a continued fraction as 

____________b__ b1 b2 1nb 
___________2 __ al' a2 ana 

al + a . b2 = [ = ai #0. (1) 
a2 + a ++ b 

an +*. 

The following theorem is in the classical text [2]; we present it with a new, more 
concise proof. 

Theorem. The value of the continued fraction (1) is irrational if there exists a positive 
integer n such that (a) ai, bi are rational and ai # 0 for i = 1,..., n, and (b) ai, bi 
are positive integers with ai > bi for all i ? n + 1. 

Proof: Since 

Ub 
00 

Fb b2 bt b 00i 03 2 [ = [ ,..., where [aa= 
- ai -i=1 al a2 an ai i=n +l 

it is sufficient to show that a is irrational. If a is rational, define 
b 103 

[a SO an+i = +k? for k = 0,1, ... (2) 
an+i i= k +l an+k+l + fk+l 

The hypotheses ensure that 0 <fk < 1, for k = 0, 1,... Since fo = a, and the 
rationality of fk implies fk+ 1 is also rational, we write fk = Pk/qk, where Pk, qk 
are relatively prime positive integers with qk > Pk. From (2) we get 

Pk+1 qkbn+k+l Pkan+k+l 
fk + 1 =a v 

qk+1 Pik 

SO Pk+1 < qk+ < Pk, i.e., PO, Pl, P2' ... is a strictly decreasing infinite sequence of 
positive integers. This is not possible and hence a is irrational. U 

A continued fraction expansion for ex can be obtained from an expansion for 
tan x; we follow Schlomilch [3]. Define yo = cosvx and let y1n denote the nth 
derivative of yo. Then 2vy1 = - sinv and 

Yi Yo 
+ 2Xy2=- , so4xy2 + 2y1 +y0 = . (3) cx 2 C 

Differentiating (3) n times gives 

4Xyn+2 + (4n + 2)Yn+ I + Yn = 0. (4) 
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Denote Ym+il/Ym by u(m+1). Then u(1) = - tanF/(2VA ), and dividing (4) by y1l+i 
yields u(n+) -1/[(4n + 2) + 4xu(n+2)] for n = 0,1,... Replacing Vx by x in 
this recursion relation gives the continued fraction representation 

2x-4X2 -4x2 -4x2 
tan x = 6' (5) 

which converges for all finite complex x except at the poles of the function tan x 
[3]. The identity 

1 
ex= 2 (6) 

1- 1 

i tan( 2) 

is valid for all finite complex x. Replace x by ix/2 in (5) and substitute into (6) to 
get Euler's continued fraction expansion 

1 -2x x2 x2 x2 
ex = - - ~~~~~~~~~~~~(7) 

-1 ' 2 +x' 6 ' 10 4n +2 l 

which converges for all finite complex x. 

Let p and q be integers, q > 0. The value of a continued fraction (1) does not 
change if any triple (bi, ai, bi+1) is multiplied by a nonzero constant, so in (7) we 
multiply (bi, ai, bi+1) by q for i = 2, 3,... to get 

x 1 - 2xq q 2x2 q 2x2 q 2x2 

L 1'(2+x)q 'Xx 10q (4n+2)q'] 

The choice x = p/q gives 

eP/q=lrl ~ 2p p 2 
p2 

-~~~~~~ 1 ' p + 2q ' 6q '10q ' '(4n + 2)q ' ] 

which satisfies the hypotheses of the theorem for all n > (p2 - 2q)/4q except for 
p = 0, where its value is 1. Thus, ex is irrational for all rational x # 0. 
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