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rombingtlon of Al,Az,...,An.

Combining these results we obtain:

A determinant vanishes if and only if the column vectors
(or the-row vectors) are linearly dependent.

Another way of expressing this result is:

The set of n linear homogeneous equations

B11%) * BypFp * vt tayx, =0

in n unknowns has a non-trivial sclubtlon 1f a2nd only ILf the

(t =1,2,...,n)

determinant of the coelfficlents is zero.

Another result that can be deduced is:

Ir Al,Az,...,An are glven, then their linear combinations
can répreaent any other vector B 1f and only if '
ﬁ(Al,Az, veesh ) # O

or:

The set of llnear equations

+ + eses + =
(19) &%) + a,.%) Bn®n = Py

(1 =1,2,...,n)
has a solution for arbitrary values.of the by 1f and only if
the determinant of a4y is # 0. In that case the solution 1s
unlque.

We finally express the solutlon of (19) by means of
determinants iIf the determinant D of the &1y is # 0.

We multiply for a given K the 1-th equatlon with A4y and
add the eguationa. (15) gives

{20) Demy = Ayyby + Apybg + eee + A LD (k = 1,2,...,n)

and this gives x,,. The right side in (12) may also be writt-~.
k

as the determinant obtained from D by replacing the k-th
column by bl’b2""'bn' The rule thus obtained is known as

Cramerts rule.
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II FIEID THEORY

A. Extension Fields.

If E 1s a fleld and F a subset of E which, under the
operatlions of addlitlion and mmltiplication in E, itaelf forms =a
fleld, that 1s, If F is a subfleld of E, then we shall call E
an extension of F. The relation of being an extension of F
wlll be briefly deslgnated by P € E. If a,B,7,... are
elements of E, then by F(a,B,7,...) we shall mean the set of
elements 1n E which can be ekpressed a3 guotlenta of poly-
nomlals in a,B,y,... with coefficients in F. It is clear )
that F{a,B,¥7,...} 18 & fleld and 1s the smallest extenslon of
F which containslthe elgments L,B,Yssee « We shall eall
Fla,BsYsses) the‘field obtained after the adjunction of the
elemsnts a,B,7,... to F, or the fleld generated out of F by
the elements a,B,¥,+.. - In the sequel all fields will be
assumed commutative,

If F,c E, then ignoring the operation of multiplication

.defined between the elemenis of E, we may consider E as &

vector space over F. By the degree of E over F, written
{E/F), we shall mean the dimension of the vector apace E
over F. If (E/F) is finite, E will be called a finite
extension.

THEOREM 6. If F, B, E are three fields such that

F CBcE, then .
(E/F) = (B/F)(E/B).
Let Al,AE,'...,Ar be elementa of E which are linearly

independent with respect to B and let 01,02,...,03 be elementa



