CHAPTER 7
PRIME ENDS OF PLANAR OPEN SETS

In this chapter, we will find the prime ends of a planar open set of finite connectivity.

1. Some analytical preliminaries.

Lemma 1.1. Let R = [a,b]x[c,d] C R? = C be a compact rectangle and let F :|a,b[x]c,d[— C
be a holomorphic injective map. If 0 € C, the set E of y €|c,d| such that lim,_,, F(z+iy) =6
has zero Lebesque measure.

Proof. Since F' is injective, we can find zy €]a,b| such that 6 ¢ F(xo X]c,d[). Suppose now
that € > 0 is fixed. By compactness of F (930 X [c+e€,d— e]), there exists p > 0 such that for
r < p the ball B(6,r) does not contain any point of F(zo x [c+€,d—¢]). It follows that if
y € ENfcte,d+e€], then for each r < p we have (Ja,b[x{y})NF~*(0B(9,r)NF(Int(R))) # 0.
Hence we obtain, m(EN[c+e,d—e]) <m(F~*(0B(0,7)NF(Int(R)))) < length F~*(0B(0,7)),
where m is the Lebesgue measure on [c,d] and p is the projection of [a,b] X [¢,d] on the
second factor. We can apply 4.2.1 to the map F : F~'(F(Int(R))) — Int(R) to obtain a
sequence of r, — 0 such that the length {(F~!(9B(6,r,) N F(Int(R)))) — 0. This gives that
m(ENc+ed—e€)=0 for each € > 0. ]

Lemma 1.2. Let 29 € 9B2. For each p €]0,2[, let be the intersection of dB(z,r) with B?;

and let v_(r) and 4 (r) be the two endpoints of y(r), with y_(r) before vy (r) when we go along

OB(z0;7) in the counterclockwise direction. Let 0 < a < 3 <2 and let F : Int(B?) N {z]a <

|z — 20| < B} — C be a holomorphic injective map. If 6§ € C, the two sets set E,(0) = {r €
1
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Joo, B| Bmen(r),2—my, () F(2) = 0} and E_(0) = {r €|o, B]| lim.cqy (), 2y ) F(2) = 0} have
zero Lebesgue measure.

Proof. The proof is very similar to the last one, it is left to the reader. [

Theorem 1.3. Let F : Int(B?) — S2 be a conformal representation on a simply connected
subset U, we will suppose that F(0) = co. Let zg € 0B?, we can find a sequence (rply>1
such that:

(i) vn > 1,27+ <p, <27

(i) 1(F(y(rn))) — 0 as n — oo, where v(p) = Int(B?) N {z]|z — 20| = p}.

(ili) Clg2 (F(v(rn))) N Clge (F(y(rn))) =0 for n#n'.
Remark that since l(F(v(ry))) < 400, the restriction F|vy(r,) can be extended by continuity
to {ve(rn),v—(rn)} = {2 € OB?||2 — 20| = 70}, and that Clge (F(y(rn))) is the image of that
extension. We denote by F(vy(r,)) and F(y—(ry,)) the values of ~v4(rn) and vy_(ry) under
that extension.

Proof. Call V,, the set {z € Int(B?)]27 """ < |z — 29| < 2"}. Since F(0) = oo, the union
U,>1 Vi is included in the compact region S?\F (Int(B(0,1/4))) of R?; hence, we have:

AU W) =D AWV,) < +o0.

n>1 n>1

We are going to construct the sequence (r,),>1 by induction. Suppose that we have
already defined rq,...,7,, with [(F(y(r,)))? < 2rA(V,)/log2 + 1/n. Define F, .| as the set
of numbers r € [27 (n+2) ,27(*D] such that one of the two limits lim,ec. (), zHW(T)F( ) or
Bm, eny (), 2y (r) F(2) ex1sts and is equal to one of the F(vyi(r;)) or F(y_(r;)),i=1,.

By lemma 1.2, the set F, 1 C [27 (n+2) 9- (”+1)] has zero Lebesgue measure. Hence, the set
Epp1 =272 2=(+DN\F, | has full Lebesgue measure in [27(*2) 2=(»+1D] By theorem
4.1.1, we have:

27(n+1) 2
[|F
/ PG 1) < orawvi, ).
2—(n+2) 1Y

By what we have obtained,; this implies:

/ M dp <27 A(V41)
Enq1 p N ' |

If we define L1 as inf{l[F(y(p))]|p € En+1}, we have:
d
2rA(Vyg1) > Li+1/ ap Li+ (log 2~ (n+2) _ 1Og2—(n+1))
Eny1 P

In particular, we can find 7,41 € E,+1 with:

27TA(Vn_|_1) + 1

UF(y(ra))]* < log 2 T
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The reader will easily check that (r,),>1 has the required properties. n

2. Prime ends of a simply connected open set of the sphere.
Let us consider U a simply connected open subset of the sphere S2.

Proposition 2.1. If U is S? minus a point p, then U =82, The identification map S* — U
d is defined as the identity on U andf sends p to the chain (Int(B(p, rn))\{p})n>1, where

(rn)n>1 15 any sequence going to zero.

Proof. The above defined map S? — U is clearly continuous. By 6.3.6, it has a dense image.
Since, by 6.3.3, the space U is Hausdorff and since the sphere S? is compact, this map is
in fact a homeomorphism. [

We now consider the case where S?\U has at least two points. By the Riemann mapping
theorem, there exists a biholomorphic map F : Int(B?)=U, we are going to show that F'
extends to a homeomorphism F :B? — U.

Theorem 2.2. Let F : Int(B?)=U be a conformal representation, it extends to a homeo-
morphism F : B2 — U. In fact, the extension F can be thought as the natural extension
F: Int(B?) — 0.

Proof. Without loss of generality, we can assume that F'(0) = co. By proposition 6.3.8, each
point z of B2 can be identified to a point in I@), by sending z to the class of any
chain (Int(B*) NInt(B(z,7,))), -, where 7, — 0.

For each z € 0B2, let us choose a sequence (rn(z))n>1 as given by theorem 3.1. For each
2z € OB? and each n > 1, let us call U,(z) the connected component of Int(B?)\v(r,(z))
which does not contain 0. Of course, the sequence (F (Un(z)))n>1 is a chain in U, since,
for each n > 1, the frontier Fry (F(U,(2))) = F(v(rn(2))) is connected and contained in
F(U,-1(2)). Moreover, by conditions (i) and (ii) of theorem 1.3, each (F(U,(2))) is a

n>1
topological chain.

We define F(z) = (F(Un(z)))n>1. It is clear that F({z € B[ |z—2| < rn(20)} € F(Un(20)),
since, for each z € 9B? such that |z — 29| < rn(20), we have U, (z) C B(z,rn(2)) C
B(zo,mn/(20)) as soon as 7, (z) < rp(20) — |z — 20|- This shows that F' is continuous. If
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z € OB?, we have (),~, Un(z) = 0; since F is bijective, we obtain (,~; F'(Un(z)) = 0. By
6.3.2, this shows that F(z) € U\U. To check that F is injective it now suffices to remark
that for z,2’ € 0B2,z # 2/, we have, for n large, F(Un(z)) ﬂF(Un(z’)) = () because F is
bijective and U, (2) (Un(z') =0 for n large.

Up to now, we have shown that F is continuous and injective. By 6.3.3, it has also
a dense image—it contains U. Moreover, since U is Hausdorff and B? is compact, the
extension F must be a homeomorphism. 0

3. Prime ends of open subsets of finite connectivity.
Our goal is to prove the following theorem:

Theorem 3.1. Let U be an open connected subset of S? with finite connectivity. Let Fy,..
Fy be the connected components of S*\U which are not reduced to points and let {p1,...,
pr} be the remaining part of S?\U. The set of prime points U is homeomorphic to a sphere
with 1-holes. In fact, we have U = (S2\(FL...UF))~ Moreover, if for i =1,...,1, we
choose D; =~ B? such that Int(D;) D F;, and D; N D; =0 for 1 <i < j <l then there exists
a homeomorphism of S%\ Ué:1 Int(D;) on U. We can impose that that homeomorphism is
the identity on any choosen compact subset of SQ\U§:1 D;.

*

We will need several lemmas.

Lemma 3.2. Let C1,...,C,, be the connected components of S?\V, where V is an open subset
of finite connectivity in S%. Let W1,...,W,, be open disjoint neighborhood of respectively
Cr,...,Com.  If [Qilien is a topological chain defining a prime end of V, then there
exists j € {1,...,m} such that Q; C W; for i large enough. Hence, we obtain that V =
ngl(SQ\U;nzl WJ) U(UTzl(Wj\Cj)j, where, here (Wj\Cj)A: {[Qz] eV | di € N,Q,; C W]}

Proof. Since [Q;];en defines a prime end of V', we have I = [,y Clg2(£;) C Ui, Ci. But I
is connected, because it is the decreasing intersection of the compact connected sets Clsz(Qi).
This implies that I C C; for some j. By compactness, we must have CISQ (Q;) c W; for ¢
big enough. [
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Lemma 3.3. Under the hypothesis of 3.2, if we call U; the simply connected set S*\C;, we
have:

{[QZ] S ﬁjlﬂz eN,Q; C W]} = {[QZ] c V|E|Z eN,Q; C WJ}

Proof of theorem 3.1. Consider the open connected set U. Using 3.3 and 1.1, we can
replace U by U|J{p1,...,m}, and then suppose that each connected component of S2\U
has at least two points; of course, we call Fi,...,F,, these components. Let Dq,...,D,,
be topological disks such that Int(D;) D F; and D;(\D; = 0,7 # j, the existence of such
disks follows from ??. Call U; the open subset S?\F;. It is easy to obtain from 1.2 that
{[%%] € U;j|3i € N,Q; € D;} is homeomorphic to an annulus with one component of the
boundary equal to Frgs (D;) and the other one equal to the set of prime ends of U;. It is
easy to finish the proof. 0

4. Impression, set of principal points and accessible prime end.

We establish some results on impression, set of principal points and accessible prime end
for planar open subsets of finite connectivity.

Theorem 4.1. Let U be a simply connected open subset of S? with S?\U having at least two
points. Let F : Int(B2)=U be a biholmorphic homeomorphism. Call F: B2=U its continuous
extension. We have:

P(E(e™)) = {x|3r; — 1,z = F(r;e'™)}
I(F(e)) = {z|3z; — ", F(z) — x}.

We will need the following lemma:

Lemma 4.2. Fiz 0y € R. Define:

C? = {pe? + et | onii <p< on and pe’ + €% ¢ B2},
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We have:

Va< g eR,
/ Z:: g < A((F(Int(BQ)\%BZ)).

Proof. Since we have:
2—n

(FED) = [ 1P e+ ™)l dp

By the Cauchy-Schwarz inequality, we obtain:

—n

1 1 2 ‘ ‘
Z( (00)) |:2n 2n+1:| /2n1 ’F/(p619+6290)|2 dp

—n—1

1 > % 7
— gt [ P e R

2 n
. : 1
§/2 |F'(pew+ew°)|zpdp because p > il

—n—1

This gives:

N[

SSURE) = [T 1F (e + ) Podp.
n=1 0

From which it follows:

/ C“9 d9<// "(pe? + e pdp

= A((F(n(B2)\ 1 BY)).

Corollary 4.3. Under the hypothesis of 4.2, we have:
lim l(F(Cz)) =0, for almost all 6.

n—oo

Corollary 4.4. Given 0 < a < < m, we can find rg > 0 and a sequence of closed simple
curves C; C Int(B?) such that:

(i) I(C)NI(Cx) =0 for k #1;
(ii) diam(C;) — 0; _ .
(iii) UenI(CHUCH] D {pe + €0 < p < 1,0 < 0 < 3}

Proof. Put together 4.3 and 1.3. 0
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Definition 4.5. Stoltz domain. A domain of the form {pe®® +e¥% |0 < p < 19,0 <0 < 3}
with 0 < o < 3 < 7 is called a Stoltz domain with vertex e?.

Corollary 4.6. Let U be a simply connected open subset of S? with S?\U containing at least
two points. Let F :Int(B2)=U be a biholomorphic automorphism. Given % ¢ 0B2, the set
of accumulation points of F along a Stoltz domain with vertex at €90 is independent of the
Stoltz domain. It is also the set of accumulation points of F along any arc ending at €%
and contained in a Stoltz domain. It is also equal to P(F(ewo)).



