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ABSTRACT. We propose a general framework for studying pseudo-Anosov homeomorphisms
on translation surfaces. This new approach, among other consequences, allows us to com-
pute the systole of the Teichmiiller geodesic flow restricted to the hyperelliptic connected
components of the strata of Abelian differentials, settling a question of [Far06|; This is the
first description of the systole in any component of any stratum outside of genus two and
three. We stress that all proofs and computations can be performed without the help of a
computer. As a byproduct, our methods give a way to describe the bottom of the lengths
spectrum of the hyperelliptic components and we provide a picture of that for small genera.

1. INTRODUCTION

Every affine pseudo-Anosov map ¢ on a half-translation surface S has an expansion factor
A(¢) € R recording the exponential growth rate of the lengths of the curves under iteration
of ¢. The set of the logarithms of all expansion factors (when fixing the genus g of the
surfaces) is a discrete subset of R: this is the lengths spectrum of the moduli space M, (for
the Teichmiiller metric).

There are other lengths spectra spec(H) or spec(C) C spec(Mody) for various subgroups
H < Mod(g) of the mapping class group, or for various connected components C of the strata
of the moduli spaces of quadratic differentials.

Describing spec(C) is a difficult problem and determining a precise value of the least element
(we shall say systole) L(spec(C)) of this spectrum is a long-standing open question. Apart
from examples for some strata in low genus, no systoles are known. Some bounds have been
established [Pen91, McMOO, [Hir09]
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for every g > 2, but the asymptotic behaviour is widely open in general.
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These objects have a long history and have been the subject of many recent investigations
(see e.g. the work of McMullen [McMO00|, Farb—Leininger—Margalit [FLMOS|, Agol-Leininger—
Margalit [ALM16]). Different approches have be used in order to tackle these questions, thanks
to the work by Thurston, McMullen (via train-tracks and hyperbolic 3-manifolds) or by the
work of Veech and Yoccoz (via the Rauzy—Veech induction).

In this paper we present a general framework for studying pseudo-Anosov homeomorphisms.
This applies to many different connected components of the strata of Abelian and quadratic
differentials. Among them the hyperelliptic components are simplest to understand (we refer
to the work of Kontsevich and Zorich [KZ03| for a description of these components): they
consist entirely of hyperelliptic curves. These components are importants since they are re-
lated to the braid groups (or the mapping class groups Mod(0,n)). Recently a classification of
affine invariant submanifolds in hyperelliptic connected components was obtained in [Apil7].
Apisa proved that there is no primitive affine invariant submanifolds, except perhaps Teich-
miiller curves. In the present paper, our framework applies to this setting, and completes
the geometric description of these connected components. More precisely we will give a very
precise description of L(spec(C)) when C = C"P is a hyperelliptic connected component of
the stratum #H(2g — 2) or H(g — 1,9 — 1). We will establish:

Theorem A. The minimum value of the expansion factor A\(¢) over all affine pseudo-Anosov
maps ¢ on a translation surface S € C™P is given by the largest root of the polynomial

X291 _2x20-1 _2X2 4] if S € HM'WP(2g - 2),
X209+2 _9x29 _9x9tl _9x2 41 if S € HWP(g— 1,9 — 1), g is even,
X242 _9X% —4X9T2 4 4X9+2X2 — 1 if S € HWP(g—1,9—1), g is odd.

Moreover the conjugacy mapping class realizing the minimum is unique.

Thus L(spec(C"P)) is the logarithm of this largest root. This theorem settles a question of
Farb [Far06, Problem 7.5] for hyperelliptic component and gives the very first instance of an
explicit computation of the systole for an infinite family of strata of quadratic differentials.

In the case of H"P(2) and H™P(1,1), this result was shown by Lanneau-Thiffeault [LT10]
(this is largest root of the polynomials X° —2X3 —2X24+1 = (X +1)(X* - X3 - X2 - X +1)
and X6 —2X* —2X3 —2X% + 1= (X +1)2(X*-2X3+ X% - 2X + 1), respectively).

With more efforts, our method also gives a way to compute the other elements of the
spectrum Spec(C"P) where C™P ranges over all hyperelliptic connected components, for any
genus. As an instance we will also prove (see Theorem [2.3)):

Theorem B. For any even g, g Z 2 mod 3, g > 9, the second least dilatation of an affine
pseudo-Anosov maps ¢ on a translation surface S € HMWP(2g — 2) is given by the largest root
of the polynomial

X201 _9x29-1 _9x[19/3] _ox29/3141 _9x2 4 1.
Moreover the conjugacy mapping class realizing the minimum s unique.

For small values of g, as an illustration of our construction, we are able to produce a
complete description of the bottom of the spectrum of C™P. For g < 10, the lengths [ of the
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closed Teichmiiller geodesics on H"P(2g — 2) satisfying, say, [ < 2 are recorded in Table
below. For genus between 4 and 10, we only indicate the number of expansion factors.

Expansion factors for closed Teichmiiller geodesics on H"™P(2g — 2) less that 2
Perron root of X° —2X? —2X?2 + 1 ~ 1.72208380573904

3 | Perron root of X7 —2X° — 2X2 + 1 ~ 1.55603019132268

Perron root of X7 —2X% — X4 — X3 — 2X2 + 1 ~ 1.78164359860800
Perron root of X7 — 3X° — 3X? + 1 ~ 1.85118903363607

Perron root of X7 —2X° —2X* — 2X3 — 2X? 4+ 1 ~ 1.94685626827188
11 expansion factors

22 expansion factors

79 expansion factors

142 expansion factors

452 expansion factors

1688 expansion factors

4887 expansion factors
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TABLE 1. Expansion factors for g < 10

Obviously our techniques also provide a way to investigate the bottom of the spectrum for
the stratum H"™P(g — 1,9 — 1) for various g and various bound (not necessarily 2). We also
emphasise that our techniques can be applied to a general stratum of quadratic differentials,
not necessarily a hyperelliptic connected component. This will be done in a forthcoming work.

Organization of the paper and remarks on the proofs. Our strategy is to convert the
computation of mapping classes and their expanding factors into a finite combinatorial prob-
lem. This is classical in pseudo-Anosov theory: the Rauzy—Veech theory and the train track
theory are now well established. However a major difficulty comes from the very complicated
underlying combinatorics. We conclude with quick description of the different steps of the
proof. It involves three tools of different nature.

(1) Geometrical part (Sections[3|and [4)). We introduce a new construction of pseudo-
Anosov homeomorphism producing all such maps: to any non closed path v (satisfying
some conditions) in a Rauzy diagram is associated a pseudo-Anosov homeomorphism
¢~, whose expansion factor 6, is the leading eigenvalue of a matrix V.

(2) Dynamical part (Section [5)). In view of computing the systole (or, more generally,
the bottom of the spectrum) we use the concept of renormalization in order to reduce
the range of paths to analyse to a simpler set of paths.

(3) Combinatorial part (Section [6)). By using the geometry of the Rauzy class, it is
possible to further reduce the above set to a finite set I'y of paths, for every g > 2.

The technical computations was isolated to avoid overloading the main body of the
paper. This is the content of Appendix [A]and Appendix [B]
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(4) Computation 1 (Appendix . We compute the matrices V, and characteristic
polynomials P, for any v € I'y by the help of the “Rome” method.
(5) Computation 2 (Appendix [B]). We compare the top roots of each polynomial.

As explained in the abstract, the computations are done without the help of the computer,
except perhaps in the last step (Appendix for the concrete evaluation of roots for a few
polynomials that appear in low genera.

For a first reading, the reader can skip Appendix [A] and Appendix [B] and go directly
to Appendix @: it provides an elementary proof of Theorem A when n is even (systole of
Spec(H™P(2g — 2))) without any technical computations. However all the main steps of the
strategy already reveals all the difficulties.

Appendix [A] and [B] are more technical and are mostly used for computing the systole of
Spec(H"™P(g—1,g—1)) and the second least element of Spec(H¥P(2g—2)) (these two problems
are of the same order of difficulty). In this situation, we also have to deal with the existence
of imprimitive matrices V.

Acknowledgments. The authors thank Artur Avila and Jean-Christophe Yoccoz for helpful
conversations and for asking the question on the systoles. This article would not be possible
without the seminal works of Jean-Christophe Yoccoz and Bill Veech, whose mathematics is
still a source of inspiration for both authors.

The second author would like to thank Vincent Delecroix and Alex Eskin for stimulating
discussions. This collaboration began during the program sage days at CIRM in March 2011,
and continued during the program “Flat Surfaces and Dynamics on Moduli Space" at Oberwol-
fach in March 2014. Both authors attended these programs and are grateful to the organizers,
the CIRM, and MFO. This work was partially supported by the ANR Project GeoDyM and
the Labex Persyval and CIMI.

2. OVERALL STRATEGY

In this section, we state more precisely the main theorems. For a definition of the notions
of interval exchange transformations, suspension data, Rauzy—Veech induction, see Section
or [IMMY05].

2.1. Hyperelliptic connected components. In the sequel, for any integer n > 4, we will
consider the hyperelliptic Rauzy diagram D,, of size 2"~ — 1 containing the permutation

(1 2 .on
™m=\n n-1 ... 1
and by C/'P the associated connected component. If n = 2g is even then CoP = Hp (29 —2)

and if n = 2¢g + 1 is odd then CvP = H"WP(g — 1,9 — 1). The precise description of these
diagrams was given by Rauzy [Rau79|. Equipped with this and the Kontsevich-Zorich [KZ03|
classification, one can convert our Main Theorem into Theorem below:
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FIGURE 1. Rauzy diagram for n =4

Theorem 2.1. For any n > 4, the minimum value of the expansion factor A(¢) over all
affine pseudo-Anosov map ¢ on a translation surface S € ChvP g given by the largest root of
the polynomial

Xt _oxn—t _92Xx2 41 if n is even,
Xl _oxn=1_ox(n=1)/2+1 _9x2 11 ifn=1 mod 4,
Xl _oxn—1l _4x(n-1/242 L 4 x(n=1)/2 4L 9X2 1 4fp=3 mod 4.

Moreover the conjugacy mapping class realizing the minimum is unique.
The same applies to the theorem for the second least expanding factor :

Theorem 2.2. For any n > 18, if n # 4 mod 6 is even then the second least element of
Spec(CEyp) s given by the largest root of the polynomial

X29+1 o 2X2g—1 o 2X|—4g/3“ o 2XL2g/3J+1 o 2X2 + 1.
Moreover the conjugacy mapping class realizing the minimum is unique.

As mentioned above, one possible way to tackle Theorem is by the use of the Rauzy—
Veech induction. It is now well established that closed loops in the Rauzy diagram D,, furnishes
pseudo-Anosov maps fizing a separatriz (see Section . Hence the “usual” construction is not
sufficient to capture all relevant maps. In [BLI12|, it is shown that the square of any pseudo-
Anosov maps fixes a separatrix, up to adding a regular point. The cost to pay is that this
produces very complicated Rauzy diagrams and the computation of the precise systole seems
out of reach with this method.
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We will propose a new construction in order to solve these two difficulties at the same time.
The proof of our Main Theorem is divided into three parts of different nature: geometric,
dynamical, combinatoric.

2.2. Geometrical part. In this paper we propose a new construction of pseudo-Anosov map,
denoted the Symmetric Rauzy- Veech construction. One key of this construction is the following
definition.

Definition 2.1. A pseudo Anosov homeomorphism is positive (respectively, negative) if it
fizes (respectively, reverses) the orientation of the invariant measured foliations.

The classical Rauzy—Veech construction associates to any closed path v in the Rauzy di-
agram a non negative matrix V(). If this matrix is primitive (we will also say Perron—
Frobenius), i.e. a power of V() has all its coefficients greater than zero, we obtain a positive
pseudo-Anosov map ¢(y) with expansion factor p(V(7)).

In Section [4] we will associate to any non-closed path 7 in a given Rauzy diagram D con-
necting a permutation 7 to its symmetric s(m) (see Section [}), a matrix V(v). If the matrix
is primitive we obtain a negative pseudo-Anosov map ¢(y) with expansion factor p(V'()).

The converse holds in the following sense (see Theorem and Proposition .

Theorem (Geometrical Statement).

(1) Any affine negative pseudo-Anosov map ¢ on a translation surface S that fizes a point
is obtained by the Symmetric Rauzy-Veech construction.

(2) Any affine pseudo-Anosov ¢ on a translation surface S € ChvP s obtained as abowve,
up to replacing ¢ by T o ¢, where T is the hyperelliptic involution.

2.3. Dynamical part. From now on, we assume that the underlying connected component is
hyperelliptic. The theorem above reduces our problem to a combinatorial problem on graphs.
However the new problem is still very complicated since the complexity of paths is too large.
To bypass this difficulty we introduce a renormalization process (ZRL for Zorich Right Left
induction), analogously to the Veech-Zorich and Marmi-Moussa—Yoccoz acceleration of the
Rauzy induction, see Section [5] This allows us to reduce considerably the range of paths to
analyze in the Rauzy diagram D,,.

The particular shape of D,, will be strongly used. We will usually refer to the permutation
m, as the central permutation. For any permutation m € D,,, there is a unique shortest path
from 7, to m, that can be expressed as a word w with letters ‘¢’ and ‘b’. We will often write
this permutation as 7m,.w. The loop in D,, composed by the vertices {Wn.tk}kzoj,“,n_g will be
referred to as the central loop.

In the next, an admissible path is a path in D, from a permutation 7 to s(m) whose
corresponding matrix V() is primitive. The path is pure if the corresponding pseudo-Anosov
map is not obtained by the usual Rauzy—Veech construction. This definition is motivated by
Proposition and the main result of [BL12]: pseudo-Anosov homeomorphism in hyperelliptic
connected components with small expansion factors are not obtained by the usual Rauzy—
Veech construction.

We show (see Theorem [5.1)):
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Theorem (Dynamical Statement). There exists a map (denoted by ZRL) defined on the set
of pure admissible paths on D,, satisfying the following property: The paths v and ZRL(7)
define the same pseudo-Anosov homeomorphism up to conjugacy, and there exists an iterate
m > 0 such that v/ = ZRL™ (7) is an admissible path starting from a permutation 7 that
belongs to the central loop. In addition the first step of v is of type b’

This results allows us to restrict the computation to paths « starting from the central loop.
As a byproduct one can actually compute all the expansion factors less than two i.e. one can
compute explicitly the finite set

{A#); ¢:5— 5, Se€HP and A(¢) < 2}
for small values of g up to 20 (see Table []).
2.4. Combinatorial part. The last part of the proof deals with the estimates of the spectral
radius of all the paths ~ starting from the central loop. We first show that this problem
reduces to a problem on a finite number of paths (for a given n > 4). Then we show how to

compare spectral radius p(V (7)) for various 7 starting from the permutation 7 := 7,.t* for
some k. At this aim, for a given n > 4, we introduce several notations.

Notation. Forn € N we set K;, = |§] —1 and L, =n —2 — K.
For any k € {1,...,K,} we define the path

Yrgo 1 T — s(m):
Forany k e {1,..., Ky} andl € {1,...,2n — 2 — 3k} we define the path

bltn—l—k—lbn—l—k—ltn—1—2k if 1<l<n—-2-—%L
Ykl BT — S(W) : { pn—1-kpl—(n—1-k)p2(n—1-k)—142n—2-3k=l if : 2: k<l<92n—2—3k

bn—l—ktn—l—Qk

Loosely speaking 7y 1 is the shortest path from m to s(m) starting with a label ‘b’, i.e. it is the
concatenation of the small loop attached to 7 labelled by ‘b’ followed by the shortest path from
m to s(m). Similarly, vy 1 is a path joining m to s(m) obtained from vy, by adding a loop: if
1 <n—2—k then it is a ‘t’ loop based at m,.t*b, if | > n—1—k then it is a ‘b’ loop based
at 7, = 1228) (see Figure @

For any path v in the Rauzy diagram, we will denote by () the maximal real eigenvalue of
the matrix V(v). We will also use the notations 6, (respectively, 0, 1) for 0(v, 1) (respec-
tively, 0(vn k). Observe that the matrix V(v) is not necessarily primitive, but the spectral
radius is still an eigenvalue by the Perron—Frobenius theorem. We show (see Proposition

Lemma [4.2f and Proposition [A.3)):
Theorem (Combinatorial Statement). Let n > 4 be any integer. The followings hold.

(1) Let v be an admissible path starting from © = m,.t%, for some k < n — 1, such that
the first step is ‘b’. We assume that 6(y) < 2. Then, k < K, and 6(y) > 0.
Furthermore, if v # yn i then there exists | € {1,...,2n — 2 — 3k} such that

0(7) > O -

If V(yni) is not primitive, we can also assume that | # n —1 — k in the previous
statement.
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FIGURE 2. Half of the Rauzy diagram. In bold the path ~, .

(2) For any k € {1,...,K,}, let d = ged(n — 1,k). Ifn' =251 + 1 and k' = £ then the

matriz Vys jr is primitive and Oy 1, = Oy g

(3) Let n =3 mod 4 andl € {1,..., L, +3}. The matriz V,, g, ; is primitive if and only
if 1 is odd. Moreover if | is even then O i, 1 = O K, , v withn' = (n+1)/2, ' =1/2

and K,y = K, /2.

2.5. Proof of the Main Theorem. Theorems and will follow from Theorem

Theorem 2.5 and Theorem 2.4] below.

Theorem 2.3. The following holds:

(1) If n> 4 is even then L(Spec(Ch)) = log(On K, )-

(2) If n # 4 mod 6 and n > 18 is even then the second least element of Spec(ngp) is

log(6n, Kk, —1)-

Moreover the conjugacy mapping class realizing the minimum s unique.

Letting P, j, the characteristic polynomial of V (v, ) multiplied by X + 1, by definition 6, j

is the maximal real root of P, ;. By Lemma we have, when n is even:

Pok, = X"t —2x" 1 —2x? 1
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and when n #4 mod 6 and ged(n — 1, K, — 1) = 1:
PnK = Xn+1 _ 2Xn—1 _ 2X|—2n/31 _ 2X|_TL/3J+1 _ 2X2 +1
that are the desired formulas.

Proof of Theorem[2.3. We will show that L(Spec(Ch*?)) = log(f .k, ). Observe that K, =
n/2 — 1 thus ged(n — 1, K,) = 1 and the matrix V,, g, is primitive by the Combinatorial
Statement. This shows L(Spec(Clﬁyp )) <log(On. K, ). A simple computation shows 6, g, < 2
(see Lemma [A.T]).

Now by the Dynamical Statement, L(Spec(CL¥P)) = log(0()) for some path +y starting from
7 = 7,.t* with first step of type 'b’. By the Combinatorial Statement, () > 0y, for some
ke {l,...,K,}. Thus 6, < 0, k,. We need to show that k = K,. Let us assume that
k< K.

(1) If ged(k,m — 1) = 1 then Lemma implies 0,, , > 0, k,, that is a contradiction.

(2) If ged(k,n — 1) = d > 1 then by the second point of the Combinatorial Statement,
O = On pr where n' = "le +1 and ¥ = %. Since n’ is even, k' # K, and
ged(k',n' — 1) = 1, the previous step applies and 6, > 0, . By Lemma the
sequence (0o, k,, )n is a decreasing sequence, hence 0,  , > 0y k,. Again we run into
a contradiction.

In conclusion k = K,, and L(Spec(ChVP)) = log(0n, K, ). By construction and since all inequality
above are strict, the conjugacy mapping class realizing this minimum is unique.

We now finish the proof of the theorem with the second least dilatation. The assumption
n # 4 mod 6 implies gcd(K, —1,n—1) = 1. Hence V,, k,—1 is primitive and the second least
dilatation is less than 6, i, 1. As before, a simple computation shows that 6, x, 1 < 2 (see

Lemma |A.1)).

Conversely, the second least dilatation equals 8(+) for some admissible path v starting from
7 = m,.t*, for some k € {1,...,K,}, with a ’b’ as the first step. If k = K,,, since ¥ # Y.k,
the Combinatorial statements implies that 8(y) > 0, , ; for some l € {1,...,2n—2—-3K,} =
{1,...,L,+2}. Again the Combinatorial statements shows that if £ < K, —1 then 6(y) > 6, .
The theorem will follow from the following two assertions, that are proven in Proposi-
tion [B.8
e Forany k=1,..., K, —2one has 0, > 0, k,,—1.
e Forany [ =1,...,L, +2one has 0, i, 1 > On K,—1-
This ends the proof of Theorem [2.3]

Theorem 2.4. Ifn>5 and n =1 mod 4 then L(Ch*") = log(0n K, )-
By Lemma when n =1 mod 4, we have that 0, g, is the maximal real root of
Pox, = X" —oxml _ox"s —2X241.

Proof of Theorem[2.7) We follow the same strategy than that of the proof of the previous
theorem. Namely L(CLYP) < log(6p k,,) since V,, g, is irreducible (by the Combinatorial
statement).
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Conversely L(ChY) = log(8(7)), where 7 is an admissible path starting from m,.t* for some
ke {1,...,K,}, and the path starts by a ‘b’. Recall that we have shown 6(vy) < 0, k,,. We
need to show that for any k < K,, — 1, 0, > 0,, k,,. Again by the Combinatorial statement,
O = Oy, where n’ = "Tfl +1, kK = % and d = ged(n — 1,k). By Proposition

On 17 > On K, -
This finishes the proof of Theorem [2.4] O
Theorem 2.5. Ifn>7 and n =3 mod 4 then L(Ch*") = log(On.x, L, )-
Proposition gives that 0, i, 1, is the maximal real root of
Pog,n, = X" —oxnl g x(n=D/242 4y x(n=1)/2 L ox2 _q

that gives the desired formula.

Proof of Theorem [2.5, We follow the strategy used in the two previous proofs. Namely L(C,};yp ) <
log(0y.x,.1,) since Vy, g, 1, is irreducible (see the Combinatorial statement where n = 3
mod 4 and L,, is odd).

Conversely L(ChYP) = log(8(7)), where 7 is an admissible path starting from m,.t* for some
ke {l,...,K,}, and the path starts by a ‘b’ (recall that 0(v) < 6, k,,.1..)-

Assume k£ < K,, — 1. Then the Combinatorial statement shows that 6(y) > 6, . Let-
ting n’ = (n —1)/d+ 1 and k' = k/d where d = ged(n — 1,k) we have 0, = 0,y . By
Proposition [B.6]

Ont it > O K Ly -
This is a contradiction with 6(y) < 6, k,, ... Hence we necessarily have k = K.

Now, the matrix V,, g, is not primitive, hence v # 7, g,,. Thus the Combinatorial statement
implies that 6(y) > 6, k,; for some [ € {1,...,2n — 2 — 3K,,} = {1,...,L, + 3} with
l#n—K,—1=L,+ 1. We will discuss two different cases depending on the parity of [
(recall that Ly, is odd).

Case 1. [ is even. By the Combinatorial statement, one has 0, k,; = 0 k , v With
n=Mm+1)/2,!' =1/2 and K,y = K,,/2. If | < L,, then I’ < L,y and Lemma applies
(since n’ > 4 is even):

O )00 > O K, L,
Ifl > Ly then ! = L,+3. Again the Combinatorial Statement gives 0y, k,,.1,+3 = 0w K, L, +2-
In all cases, Proposition applies and:

Hn’7Kn/,Ln/ > en,Kn,Ln
running into a contradiction.

Case 2. [ is odd. If | < L, then by Proposition we have 0, k., 1 > 0n Kk, 1, This is
again a contradiction. The case [ > L,, namely | = L, + 2, is ruled out by Lemma [B.4}
0n7Kn7Ln+2 >2> 9n>Kan'

In conclusion [ = L, and v = vy, k,,.,,- The Main Theorem is proved. O
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3. RAUZY—VEECH INDUCTION AND PSEUDO-ANOSOV HOMEOMORPHISM

In this section, we briefly recall the notions of interval exchange transformations, suspension
data, Rauzy—Veech induction, and the associated construction of pseudo-Anosov homeomor-
phisms. We also provide a slight generalization of these standard notions. See [MMY05, [BL12]
for references.

3.1. Interval exchange transformation. Let I C R be an open interval and let us choose
a finite partition of I into d > 2 open subintervals {/;, j = 1,...,d}. An interval exchange
transformation is a one-to-one map T from I to itself that permutes, by translation, the
subintervals ;. It is easy to see that 7' is precisely determined by the following data: a
permutation that encodes how the intervals are exchanged, and a vector with positive entries
that encodes the lengths of the intervals.

We use the representation introduced first by Kerckhoff [Ker85] and formalised later by
Bufetov [Buf06] and Marmi, Moussa & Yoccoz [MMYO05].

We will attribute a name to each interval I;. In this case, we will speak of labeled interval
exchange maps. One gets a pair of one-to-one maps (7, m,) (t for “top” and b for “bottom”)
from a finite alphabet A to {1,...,d} in the following way. In the partition of I into intervals,
we denote the k' interval, when counted from the left to the right, by Iﬂ;1 (k)" Once the

intervals are exchanged, the interval number k is Iﬂ;1(k). Then with this convention, the

permutation encoding the map 7' is m, o 7, 1 We will denote the length of the intervals by a
vector A = (Aq)acA-

We will call the pair (m, ) a labeled permutation, and m, o, 1 a permutation (or reduced
permutation). One usually represents labeled permutations = = (¢, 7,) by a table:

W:<7r;1<1> T (2) . w;%d))
71'[)_1(1) 7Tb_1(2) Wb_l(d) ’

3.2. Suspension data and weak suspension data. The next construction provides a link
between interval exchange transformations and translation surfaces. A suspension datum for
T = (m,A) is a vector (Tq)aea such that

[ ] Vl S k S d_ 1, Zﬂ,t(a)gk’ra > 07
e V1<k<d-1, zﬂb(a)nga < 0.

We will often use the notation ¢ = (A, 7). To each suspension datum 7, we can associate a
translation surface (X,w) = X (m,() in the following way.

Consider the broken line L; on C = R? defined by concatenation of the vectors th_l )
(in this order) for j = 1,...,d with starting point at the origin. Similarly, we consider the
broken line L defined by concatenation of the vectors Cﬂb_l(j) (in this order) for j = 1,...,d
with starting point at the origin. If the lines L; and L; have no intersections other than the
endpoints, we can construct a translation surface X by identifying each side (; on L; with the
side (; on Ly by a translation. The resulting surface is a translation surface endowed with the
form dz?. Note that the lines L; and L; might have some other intersection points. But in
this case, one can still define a translation surface by using the zippered rectangle construction,

due to Veech [Vee82).
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We will need to extend a little the definition of a suspension datum.

Definition 3.1. Let T' = (w,\) an interval exchange map. A weak suspension data for T is
an element 7 € RA, such that there exists h € R such that:
i-V1<k<d-1, h+zm(a)§k7—a >0,

1-V1<k<d-1, h+ Zﬂb(a)gk Ta < 0.

iii- If 1 (1) = m, 1(d), then Do (a)#£1 Ta <0

- If N (d) = m, (1), then 32 021 Ta > 0

The parameter h above will be called height of the weak suspension datum 7. Note that a
imply the two others.

usual suspension datum corresponds to the case h = 0: in this case, the first two conditions

/ \
z3 \ V4
/ \
/
t&1 / \ 21
VN / 34 4
\ Y ) / § 29
\ T-— / \
\ - \
\ \
)
\
\ Ih \\
\ \
\ \
z z
\ / z9 ~ - 29
\
\ //
\ /
\ /
\\ é3 3
‘\ //
\ /
Zl\‘/l 21

FIGURE 3. Zippered rectangle construction for a weak suspension datum

Observe that, in a very similar way as for the case of suspension data, one can associate to

a pair (m,\, 7, h) a translation surface X = X (m, A\, 7) and a horizontal interval I, C X. One

use a small variation of the zippered rectangle construction: let I be a horizontal interval of
length ), Ao. For a € A, we consider the rectangle R, of width A\, and of height

ho = Z T8 — Z T3
7 (B)<me(e) mp(8) <mp ()

By definition of weak suspension datum, h, > 0 for each a. Note that, for instance, Condition

iti- is needed to insure that h, > 0 for a permutation 7 of the form (

a kk k
* k% Q

)). Then, we glue
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the rectangles (R, )q in a similar way as for the usual zippered rectangle construction. Two
values hj, hy give canonically isometric surfaces X (m, A, 7), where the intervals Ij, and Iy,
differs by a vertical translation (of length ho — hy). In other words, there is a immersed
Euclidean rectangle of height |he — h1| whose horizontal sides are I, and Ip,. Also, vertical
leaves starting from the endpoints of I, satisfy the “classical conditions”, i.e. each leaf will hit
a singularity before intersecting I}, (in the positive or negative direction depending on h and
the suspension data).

Conversely, let X be a translation surface and I C X be a horizontal interval with the same
classical conditions as above. We assume that there are no vertical saddle connections. In a
similar way to the classical case, there exists a (unique) weak suspension datum (m, A, 7, h) such
that (X,I) = (X (m, A\, 7),I;). The datum (7, \) is given by considering the interval exchange
T defined by the first return map of the vertical flow on I, h is the time (positive or negative)
for which the vertical geodesic starting from the left end hits a singularity. The parameters
To are obtained by considering vertical geodesics starting from the discontinuities of 7" and
the time where they hit singularities: the corresponding time ¢ for the k-th discontinuity is
R+ 3 i (a)<k Ta- Also, if (1) = 7rb_1(d) then Condition #ii- corresponds to the fact that
the vertical geodesics starting from the right end of I hits a singularity before intersecting I
again (and similarly for Condition iv-).

3.3. Rauzy-Veech induction and other Rauzy operations. The Rauzy-Veech induction
R(T) of T is defined as the first return map of T to a certain subinterval J of I (see [Rau79,
MMY05| for details).

We recall very briefly the construction. Following [MMYO05| we define the type of T by t
if )\ﬂ_;l(d) > )\ﬂ;1(d) and b if Aﬂ_;l(d) < )\ﬂ;1(d). When T is of type t (respectively, b) we will

say that the label 7, !(d) (respectively, 7, *(d)) is the winner and that 7, *(d) (respectively,
7, 1(d)) is the loser. We define a subinterval .J of I by

I\T(Iﬂ;1(d)) if T is of type t;
- I\Iﬂt—l(d) if T is of type b.

The image of T' by the Rauzy-Veech induction R is defined as the first return map of T to
the subinterval J. This is again an interval exchange transformation, defined on d letters (see
e.g. [Rau79]). The data of R(T) are very easy to express in term of those of T.

There are two cases to distinguish depending whether T is of type ¢ or b; the labeled
permutations of R(T') only depends on 7 and on the type of T. If ¢ € {¢t,b} is the type of
T, this defines two maps Ry and Ry by R(T) = (R:(7), ). We will often make use of the
following notation: if € € {¢,b} we denote by 1 — ¢ the other element of {¢,b}.

(1) T has type t. Let k € {1,...,d — 1} such that 7, ' (k) = 7; *(d). Then Ry(m,m) =
(my,m;) where m = m; and
m () i<k
m (G =1 7, H(d) ifj=k+1
m,1(j — 1) otherwise.
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(2) T has type b. Let k € {1,...,d — 1} such that 7, ' (k) = 7, '(d). Then Ry(m,m) =
(my,m,) where m, = 7 and
T () i<k
71';_1(]') =< w74 (d) ifj=k+1
77 1(j—1) otherwise.

(3) Let us denote by E,s the d x d matrix of which the a, S-th element is equal to 1,
all others to 0. If T is of type ¢ then let (o, 8) = (m; '(d), 7, '(d)) otherwise let
(a,8) = (m; '(d), 7 *(d)). Then Vo) = X, where V,z is the transvection matrix
I+ E.g.

If 7 is a suspension data over (m, \) then we define R(w, A\, 7) by

R(m, A\, 7) = (Re(m), VI, V_IT),

where ¢ is the type of T'= (7, A\) and V is the corresponding transition matrix. In other terms

Vas(¢ = ¢ where ¢ = (X, 7).

Remark 3.1. By construction the two translation surfaces X (m,¢) and X (7', (') are naturally
isometric (as translation surfaces).

Remark 3.2. We can extend the Rauzy—Veech operation on the space of weak suspension data
by using the same formulas. We easily see that V~'C is a weak suspension data for R.(r).
Also, X(R(7,C)) and X (7,() are also naturally isometric as translation surfaces.

Now if we iterate the Rauzy induction, we get a sequence (g, i) of winners/losers. De-
noting R (7w, \) = (7(™, \(M), the transition matrix that relates A to X is the product of
the transition matrices:

1) (H vakﬁk) A — 5
k=1

Now, we define other Rauzy moves that will be used later. Let m be a labeled permutation.

W:<”Fl<1> m H2) w;%d))
71'[)_1(1) 7Tb_1(2) Wb_l(d) '

We define the symmetric of 7, denoted by s(7), the following labeled permutation.

(Mm@ md- )
S(W)_(ﬂ:—l(d) ﬂ,l:_l(d—l) Wi’—1(1) )

Observe that if 7 is a weak suspension datum for (m,A), then 7 is also a weak suspension
datum for (s(m),A) (it is not necessarily true for usual suspension data). For simplicity, we
define s(m, A\, 7) = (s(m), A, 7). Also, the translation surfaces X (m, A\, 7) and X (s(m, A, 7)) are
related by the element —I € SL(2,R).

Left Rauzy induction can be defined analogously as the Rauzy induction, by “cutting” the
interval on the left. It can also be defined by Ry = so R o s. From the above study, we
see that Ry preserves weak suspension data, and that X ((m, A\,7)) and X(Rp(m, A, 7)) are
naturally isometric as translation surfaces.
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3.4. Labeled Rauzy diagrams. For a labeled permutation w, we call the labeled Rauzy
diagram, denoted by D(7), the graph whose vertices are all labeled permutations that we can
obtained from 7 by the combinatorial Rauzy moves. From each vertices, there are two edges
labeled t and b (the type) corresponding to the two combinatorial Rauzy moves. We will

denote by 7 @By 2 for the edge corresponding to R.(w) = n’ where € € {t,b} and «/f is the
winner /loser. To each path v of this diagram, there is thus a sequence of winners/losers. We
will denote by V( ) the product of the transition matrices in Equation (|1

Similarly, one can define the reduced Rauzy diagram D,..4(7) by con51dering (reduced)
permutations as vertices. There is clearly a canonical map D(7) — Dyeq(T).

3.5. Coordinates on the hyperelliptic Rauzy diagrams. The hyperelliptic Rauzy dia-
gram D,, of size 21 — 1 is the one that contain the permutation

(1 2 ...on
™m=\n n-1 ... 1)°

When n is even, it corresponds to the hyperelliptic connected component H"¥P (n —2) and
when 7 is odd, it corresponds to the hyperelliptic component H"¥? ("5~ nl "Tfl)
The precise description of these diagrams was given by Rauzy [Rau79|. See also [BLI2l

Section 3.7.1]. An easy corollary is the following proposition.

Proposition 3.1. Let n > 2. For any w € D, there exists a unique shortest path joining my,
to .

For a permutation 7 in D,, as above. We can write the path of the proposition as a unique
sequence of n; > 0 Rauzy moves of type € € {¢,b}, then ng > 0 Rauzy moves of type 1 —¢, etc.
The sequence of non negative integers nq, ..., ni_1 defines the permutation 7 once ¢ is chosen.
Observe that replacing the starting Rauzy type € by 1 — e changes m = (7, mp) by (75, 7¢) up
to renaming. For our purpose, we wont need to distinguish these two cases. Observe also that
we necessarily have 21:17...,k—1 n; <n-—1.

Definition 3.2. Let 7 be a permutation in D,, and let nq,...,nir_1 be as above, the coordinates

of m are
(n1,...,ng_1,n—1— E n;)
i=1,....k—1

This definition is motivated by the following easy proposition.

Proposition 3.2. Let w be a permutation in D,. The followings hold:

o [fm has coordinates (ni,...,ng) then s(mw) has coordinates (ng,...,ny).
o Ifk is even then m and s(m) belong to the same component of Dp\{my}.
o Ifk is odd then m and s(m) belong to a different component of Dy \{my}.

Proof of Proposition[3.4 The proof is straightforward. To see that the last two assertions
hold, we can remark that 7 and s(m) belong to the same connected component of D, \{m,} if
and only if the minimal paths (from 7,) to m and s(7) have the same starting Rauzy type. O

We end this section by recalling the construction of Veech on pseudo-Anosov homeomor-
phisms.
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3.6. Pseudo-Anosov homeomorphism and Rauzy-Veech induction. We follow Veech’s
work [Vee82|. To any path v in the labeled Rauzy diagram, whose image in the reduced Rauzy
diagram is closed, one can associate a matrix V' as follows. We denote by (m, m) and (7, ;)
the labeled permutations corresponding to the endpoints of v. By definition of ~, they both
define the same underlying permutation. We associate to it a matrix V as before. Let P
be the permutation matrix defined by permuting the columns of the d x d identity matrix
according to the maps m, 7, i.e. P = [Paglageszs With pag = 1 if B = ;! (m}(a)) and 0
otherwise. The transition matrix associated to the path v is then:

(2) V=V.P

Observe that V is obtained from C by replacing, for each k € {1,...,d}, the column 7; ! (k)
by the column Wéfl(k:) or for each letter «, the column labelled o by the column labelled
77 o my(a).

Assume now that the matrix V' is a primitive (i.e. it as a power with only positive entries).
Let 8 > 1 be its Perron-Frobenius eigenvalue. We choose a positive eigenvector A for 6. It can
be shown that V' is symplectic [Vee82], thus let us choose an eigenvector 7 for the eigenvalue
6~ with Terl(d) > 0. Tt turns out that 7 defines a suspension data over T' = (m, \). Indeed,

the set of suspension data is an open cone, that is preserved by V1. Since the matrix V!
has a dominant eigenvalue 6 (for the eigenvector 7), the vector 7 must belong to this cone. If
¢ = (\,7), one has, for some integer k

RE(m,¢) = (m, V') = (m, VTIA V) = (m,07'),07) =
= qgi(m, \, 7), where t =log(0) > 0.

Hence the two surfaces X (m, () and ¢, X (7, () differ by some element of the mapping class
group (see Remark . In other words there exists a pseudo-Anosov homeomorphism ¢
affine with respect to the translation surface X (7, () and such that D¢ = g;. The action of ¢
on the relative homology of (X,w) is V(v) thus the expanding factor of ¢ is 6.

By construction ¢ fixes the zero on the left of the interval I and thus it fixes a horizontal
separatrix adjacent to this zero (namely, the oriented half line corresponding to the interval
I). Conversely:

Theorem (Veech). Any pseudo-Anosov homeomorphism (preserving a orientable foliation,
and) fixing a horizontal separatriz is obtained by the above construction.

Recall that the main result of [BL12] was based on the following key proposition:

Proposition 3.3 (|[BLI12|, Propositions 4.3 & 4.4). For any n > 2 and any pseudo-Anosov

homeomorphism ¢ that is affine with respect to (X,w) € Crlfyp, if ¢ fizes a horizontal separatriz
attached to a zero of w, or a marked point, then its expanding factor is bounded from below
by 2.

4. OBTAINING ALL “SMALL’ PSEUDO-ANOSOV HOMEOMORPHISMS

The proof of Theorem [2.1| uses a generalization of the Rauzy—Veech construction of pseudo-
Anosov homeomorphisms. We explain in Appendix [C]why a naive generalization of the Rauzy
induction does not work.



LENGTHS SPECTRUM OF HYPERELLIPTIC COMPONENTS 17

4.1. Construction of negative pseudo-Anosov maps. The usual Rauzy—Veech construc-
tion naturally produces pseudo-Anosov maps that preserve the orientation of the stable and
unstable foliation. The proposed generalization produces maps that reverse the unstable foli-
ation.

We consider a non closed path « in the labeled Rauzy diagram such that its starting point
7 and its ending point 7 satisfy s(7) = 7’ up to a relabelling. By a slight abuse of language
we say that « is a path from 7 to s(m).

As above, we associate to such path a matrix V' by multiplying the corresponding product
of the transition matrices by a suitable permutation matrix that corresponds to the relabelling
between s(7') and 7. As before, V' is symplectic, thus let us choose an eigenvector A for the
eigenvalue @ and 7 for the eigenvalue ', It turns out that 7 is not necessarily a suspension
datum, but it is a weak suspension datum, as we show in the next Proposition.

Proposition 4.1. Let v by a path in a Rauzy diagram from 7 to s(w), and let V := V(v)
be the corresponding matriz. We assume that V is primitive. If A\, 7 are the eigenvectors as
above then

e up to multiplying 7 by —1, (A, 7) is a weak suspension data for .
e the constructed surface S(m, A\, T) admits an affine map ¢ whose derivative is

(o 1)

where 0 is the mazimal eigenvalue of M.
e Furthermore, ¢ admits a regular fived point (with positive index).

Proof of Proposition[{.1 Let C(h) be the cone of weak suspension data of heights h over
7. We have a map V! : PC(h) — PC(K). Observe that C(h) is open and the union
C = U, C(p) is an open convex cone. Hence there is an element 7 € C such that [r] € PC
is fixed by V~!. Hence there is # € R such that V~'7 = 7. If 7 € C then it still defines
a nice translation surface since there is no vertical saddle connection (see [BL09, Figure 14|
for a detailed argument). In this case the corresponding horizontal segment contains some
singularities and thus [r] cannot be fixed by V! that is a contraction. Hence V=17 = 07 € C.

Furthermore, # is the greatest eigenvalue of V!, hence of V. We construct the surface
(X,w) = X(m,\, 7). If { = (\,7), one has, for some integer k

’R,k(ﬂ', ¢) = (s(m), V_lf) = (5(77),9_1)\ +107)

Now, there is a natural map from f; from S; = X(m,¢) = X(s(m),0 A +i07) to So =
X(s(m),¢) with Dfi = (%) and a natural map fo from S» = X(s(),() to S =
X(s(m), 071\ + i07) with Dfy = (961 g) and the composition ¢ = fy o f1 gives a pseudo-
Anosov map affine on S; with 6 as expansion factor and that reverse vertical and horizontal
foliations.

Now we prove that ¢ has a regular fixed point. Let h be a height of (7, A, 7), and I, the
corresponding interval. Then, Rauzy-Veech induction gives a subinterval I of Ij,, and the
image of Ij, by ¢ gives a interval I ,’12 defining the same weak suspension datum, with a different
height (see Figure . Hence, there is a map from ¢(I,) to I C I with derivative -6~
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W

(Rauzy—Veech) \ % JI Ih
fao f1(fh)
2
\ !
3
p)

FI1GURE 4. The Symmetric Rauzy—Veech construction

It as a fixed point =, hence = and ¢(x) are the endpoint a vertical segment J, that do not
contain a singularity. There is a fixed point of ¢ in J,, which concludes the proof.

4.2. An example. We use here the following convention (see Notation and Figure :

Forany k=1,...,K, and any [ = 1,...,n — 2 — k we define the path

Vgt Ti= Tpth — s(m) . prl-hgn—1-2k
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Lemma 4.2. Letn >4 and 1 < k < K,,. Set d =ged(n —1,k). We denote by n' = ”T_l +1
and k' = g Then the matriz Vs . is primitive and Oy, ), = Op pr.

Proof of Lemma[f.3 We first assume that k and n — 1 are relatively prime. We compute the
matrix V;, 5 associated to the path v, ;. For the sequel, in order to be able to compare the

top eigenvalues of the matrices V,, , we will compute them with a labelling depending on k,
with alphabet A = {1,...,n}. To do this, we start from the central permutation, with the

following labelling
- <041 (0%) e Opq Oén>
Ty, =
Qn Qp_1 ... Q2 O

where we have a,, = n and for eachi <n—1a;k=i—1 mod (n—1) and o; € {1,...,n—1}.
This is well defined since k and n — 1 are relatively prime. In particular 1 = ag11, 2 = aopy1,
a1 = n — 1, and more generally, oj1 = o; +1 mod n — 1. The starting point of v, is

(&3] (%) e NN (77} n
n o a1 Gp—1 oo A1
The path 7, consists of the Rauzy moves pn—1=kgn=1-2k hence we have the following se-

quence of winners/losers:

e 1 = a1 is successively winner against agiyo,...,Qn—1,M
e then, n is successively winner against ag41,...,0,-1—. Note that k+1<n—1—k.

also, the first line of the labeled permutation s(7’), where 7’ is the endpoint of 7, j is

(O/la s 7a;L—17 n) = (anfka Ap—ftlye -y An—1,00, ..., 0p 1k, n)
i.e. o = or o = o, depending which of i —kori+n—1—kisin {1,...,n—1}.
In any case, we obtain, o/, = a; — 1. Hence the matrix V,, j; is obtained from the product of
elementary Rauzy—Veech matrices by translating cyclically the first n — 1 columns by 1 on the
right. Finally, we have

Ap—1 2 a9 N ¢ 7)) 1
0 0 1 o ... ... 0
0 P 1 0
1 0 0 0
bp1 1 by ... ... by 1
Where for i € {2,...,n — 2}, we have:
2 if de {akJrQ,...,Otn,l,k}
a; = 1 if 1€ {Oén,k, . ,Odn_l}
0 if ie{al...ak}

and b; = 1 if and only if a; = 2, and b; = 0 otherwise. Note that oy = n — 1, hence
an—1 =0 =by_1. Also, a,_j, = n—2 hence a,_2 = 1 and b,_2 = 0. The matrix V,, ;, is clearly
irreducible (this can be easily seen by inspecting its adjacency graph) and thus primitive since
there is a non zero diagonal element.
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Now if d = ged(n — 1, k) > 2, we define « in the following way:

® ap =1 fori < ”T_l, where [1 + ik] is the representative modulo n — 1 of 1 + ik,
which is in {1,...,n — 1}.

° oy = nT_l + 1.

e The other «; are chosen in any way.

The matrix V;, 5, with this labelling, is
VLfl

+1,%

where the bottom right block is a permutation matrix. This ends the proof of the lemma. [

Remark 4.1. When n is even and k = n/2— 1, we recover the expected systole, namely 6y, g,
is the largest oot of the polynomial X"+ —2X"~1 —2X2 4 1.

4.3. Converse of the Symmetric Rauzy—Veech construction. As for the usual Rauzy—
Veech construction, we have a converse.

Definition 4.1. Let ¢ be an affine pseudo-Anosov on S, that that reverse the orientation of
the foliations, and with a reqular fixed point (with positive index). A curve L is suitable for ¢
if
(1) it is made by a horizontal segment, starting from p, and then followed by a vertical
segment, ending at a singular point. We do not allow L to have self-intersections.
(2) L and ¢(L) do not have intersections in their interior.

Given a suitable curve, we call base segment the horizontal part of L U ¢(L)

Proposition 4.3. A base segment defines, by considering first return map of the vertical flow,
an interval exchange transformation and weak suspension datum that can be obtained by the
above construction.

Proof. The fact that the base segment I =|a, b[ determines an interval exchange transformation
T = (m, A\) and a weak suspension datum 7, h for 7" is similar to the case for classical suspension
data, except that the segment is not attached on the left to a singularity. This is left to the
reader.

We only need to check that T defines a Rauzy path from 7 to s(m) such that A, 7 are the
corresponding eigenvectors.

The key remark is the following: the horizontal part of ¢(L) U ¢*(L) is a segment I’ C I
that has the same left end as I. Observe that ¢(L) and ¢?(L) do not have intersection on their
interior hence, by a classical argument, the interval exchange transformation 7" associated to
I’ is obtained from T by applying a finite number of time the Rauzy induction on the right
to 7. Similarly, for the weak suspension datum, we get (7, X, 7/) = (x(" A 7)),

Rotating by 180° the picture we have, up to relabelling, s(7(™) = 7, A(® = 1/6X and
7(") = @r. This ends the proof. O

Now we prove the first part of the Geometrical Statement.
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Theorem 4.4. Let ¢ be an affine pseudo-Anosov on S having a regular fized point P and that
reverse horizontal and vertical foliations. Then S is obtained by the above construction.

Proof of Theorem[{.4 By Proposition all we need to show is to produce a suitable curve
L for ¢.

We start from any oriented curve L in X made by a finite horizontal segment, starting from
P, and then followed by a finite vertical segment, ending at a singular point. We do not allow
L to have self-intersections. Such a curve always exists (e.g. by using the Veech’s polygonal
representation of translation surfaces). We denote by L, and L, the (oriented) components
of L: they bound a rectangle R whose opposite corners are P and a zero ¢ of w. We denote
by {¢(L)} = L, N L, and by h the length of L,,.

Now if ¢(L) N L = () we are done. Otherwise one of the following intersections is non empty
(possibly the two):

d(Lg) N Ly #0 or &(Ly) N Ly # 0.
We will perform several operations on L, in order to obtain the required condition. The

strategy is the following:

e 1st Step: arrange that L bounds an immersed euclidean rectangle i(R).

o

e 2nd Step: arrange that ¢(L,) N L, = 0.

e 3nd Step: change the fixed point in order to get suitable curve.
1st Step. We assume that A is minimal in the following sense: for each x € L,, the unit
speed vertical geodesic starting from x (in the same direction as L, ), does not hit a singularity
at a time less than h. Now, let R C R? be the open rectangle of width |L,| and of height
h.There is a natural translation map ¢ : R — S that sends the bottom side of R to L,. By
the above hypothesis, i(R) does not contain any singularity. Note that ¢ might not be an
embedding but just an immersion. However, P is not in i(R), otherwise one easily see that
the interior of L, intersects the interior of L, (see also Figure [3)).

Assume that h is not minimal, then there is a xg € L, whose corresponding vertical geodesic
hits a singularity for a time hg minimal. We then consider the new oriented curve Lo, starting
from P such that Lo, is the segment joining P to x¢ and Ly, is the vertical segment of length
ho. Note that L still satisfies the no self intersection hypothesis otherwise we would find an
element z1 € L, with h; < hg, contradicting the minimality hypothesis.

Note also that if ¢(L,) N L, = 0, then it is still also the case for Lg. Indeed, the rectangle
Rg of width |L;| and of height ho immerses in S (in a similar way as R). If ¢(Lo,) N Lo, # 0,
then we find P in i(Ry), which is not possible for the same reason as above (see Figure |5]).
2d Step. Now we assume ¢(L,) N L, # 0. We first show that ¢(L,) N L, # 0. Let @ be the
point in the intersection ¢(L,) N L, such that the vertical distance from ¢(L) to @ is minimal.

Since |¢(Ly)|= A1 Ly|< |Ly| one has ¢(c(L)) € i(R). If ¢(L,) N zx = () then the vertical
segment ¢(L,) is contained in i(R), in particular ¢(o) € i(R): this contradicts the 1st Step
since there is no singularity inside i(R).



22 CORENTIN BOISSY AND ERWAN LANNEAU

¢(Lo)

FIGURE 5. Step 1: If ¢(L;) N L, = (), and h is not minimal

Now we replace L by L' as follows: We choose Q' in ¢(Ly) N L, such that the horizontal
distance from P to Q' is minimal. Then, we define L’ by considering the horizontal segment,
starting from P and ending at @', and the vertical segment from @’ and ending at ¢ (o). Since

!/

(L) N Ly, C ¢(Ly) No(Ly) = {¢(c(L))}, one has ¢(L},) N Ey = () as required. Now, up to

shortening L’ as in the first step, we can assume that L/ and L; bound an immerse rectangle

R’ and we still have ¢(L,) N L', =

3d Step. Let S be the universal covering of S. Choose Pa preimage of P, La preimage
of L attached to P. Now the rectangle R, as defined in the 1st Step, embeds as a rectangle
R in S with L as bottom and rlght sides. For any lift qb of ¢, such that gi)( y) intersects R
qb(L ) intersects the interior of L (in a unique point @, since we are working on the universal
cover). Now, we choose a lift gb of ¢ that minimize the length d of the vertical segment joining
Q to the singular point that is the end of d)( ) Now, we easily see that ¢( ) intersects R as
in Figure [0 As in the proof of Proposition we find z € Ly such that the corresponding
vertical leaf is fixed by qb Then, we find in R a fixed point P’ for o.

Now we consider L’ ! obtained as follows: take the horizontal segment with left end P’ and
whose right end is in Lm, then consider the vertical segment that ends in the same singularity
as L (see Figure @) We claim that L’ projects in S into a suitable curve L’. Indeed, otherwise
L}, U ¢(Ly) either intersects the interior of Lj or the interior of ¢(L;). In both cases, we
find another intersection point between L, and QS(L;) which contradicts the minimality of d.
Therefore, we have found a suitable curve, the theorem is proven. O

The next proposition implies the second part of the Geometrical Statement.

Proposition 4.5. Let ¢ be an affine pseudo-Anosov map on a surface S in a hyperelliptic
component, and T be the hyperelliptic involution. Then, T o ¢ is also an affine pseudo-Anosov
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L/

=N

FIGURE 6. Step 3: changing the fixed point

map on S. Denote {p, 7o} = {d", ¢~} such that ¢* preserves the orientation of the vertical
and horizontal foliations. We have the following:
e ¢~ is obtained by the symmetric Rauzy—Veech construction.
o If ¢ is mot obtained by the usual Rauzy—Veech construction, then there are exactly
two reqular fized points for ¢—, that are interchanged by the hyperelliptic involution.

Proof. We prove the first part. From the previous theorem, all we need to show is that ¢~
has a regular fixed point. For a homeomorphism ¢, we denote by ¢, the linear action of ¢ on
the homology H;(S,R). We recall the Lefschetz formula:

2-Tr(¢.)= > Ind(¢,x).
¢(z)==
When ¢ is of type pseudo-Anosov, and z a fixed point, we can show that:

e Ind(¢,x) <0 if there is a fixed separatrix.

e Ind(¢,x) = 1 otherwise.

Assume that ¢ = ¢* and the underlying translation surface is in H(2g — 2). Then the unique
singularity P is necessarily fixed and has index < 1. All the other fixed point (possibly zero)
are regular point so have negative index. Hence 2 — T'r(¢,) < 1. Since Tr(1 0 ¢) = =T (¢),
we conclude that 2 — T'r(¢; ) > 3. Therefore, there must be at least 2 regular fixed points for
0.

Now assume that the underlying translation surface is in #(g—1,g—1). The two singularities
Py, P, are either fixed or interchanged by ¢™.

e If Py, P, are fixed. Then, as before, 2 — Tr(¢}) < 2 hence 2 — Tr(¢,) > 2. So there
are a least two fixed points. But P;, P, are interchanged by ¢~, hence the two fixed
points are regular.

e If P, P, are interchanged by ¢, then 2 — Tr(¢;) < 0, hence 2 — T'r(¢p; ) > 4, there
are at least four fixed points so, at least 2 regular fixed points.

Now, we see that in the above proof, the case where ¢T is not obtained by the usual Rauzy—
Veech construction (i.e. when ¢ does not have negative index fixed point) corresponds to
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the equality case. There is exactly one pair of regular fixed points {Q1,Q2}. Since ¢_ and
7 commute, we see that 7(Q1) is a fixed point, hence Q1 or Q2. It cannot be Q1 otherwise
To@¢_ = ¢T has a regular fixed point, contradicting the hypothesis. Hence, 7(Q1) = Q2, this
concludes the proof. O

We end this section with the following useful proposition.

Proposition 4.6. If an admissible path from 7w to s(w) passes through the central permutation
then T o ¢ s obtained by the usual Rauzy—Veech construction, where T is the hyperelliptic
mvolution.

Proof of Proposition[{.6. The map 1 = 7 o ¢ preserves the orientation of the vertical and
horizontal leafs. Hence, all we need to show is that there is a fixed separatrix.

Let (m, A\,7) be the weak suspension data associated to the admissible path. Let h be a
height, and I = I}, C X(m,\, 7).

We claim that there is an immersed Euclidean rectangle with () as one horizontal side,
and the other one is a subinterval of I. Assuming the claim, there is an isometry f from ¢ ([)
to I obtained by following a vertical leaf. The map f o) is therefore a contracting map from
I to itself (its derivative is #~!), hence has a fixed point. It means that there is an element
x in I whose image by v is in the vertical leaf [ passing through x. Thus, this vertical leaf
[ is preserved by . Since 1), restricted to [ as derivative 6 # 1, there is a fixed point of ¥
on [. This fixed point is either a conical singularity or a regular point. In any case, ¢ fixes a
vertical separatrix. Hence 1 fixes also a horizontal separatrix. It is therefore obtained by the
usual Rauzy—Veech construction.

Now we prove the claim. By construction of ¢, there is base segment I such that I’ =
@(I) C 1. This subinterval I’ is obtained from I after doing Rauzy—Veech induction until the
end of the defining path in the Rauzy diagram. By hypothesis, there is a step of the form
(7, A, 7"), where m, is the central permutation, and that corresponds to a interval I"”, with
I' c I" C I. Now, we easily see that 7(I"”) and I" are the horizontal sides of a immersed
rectangle. We now conclude as in the proof of Proposition that there is a fixed separatrix.

O

5. RENORMALIZATION AND CHANGING THE BASE PERMUTATION

The aim of this section is to reduce our analysis to the set of paths of D,, starting from the
central loop. First, recall that, from [BL12|, pseudo-Anosov homeomorphisms in hyperelliptic
connected components obtained by the Rauzy—Veech construction have expansion factors at
least 2, and are not the minimal ones. Recall that an admissible path is pure if the corre-
sponding map is not obtained by the usual Rauzy—Veech construction.

Theorem 5.1. Let v be a pure admissible path in D,, joining a permutation w to its symmetric
s(m), and let ¢ be the corresponding pseudo-Anosov map. Then, ¢ can also be obtained by a
path ' starting from the central loop. In addition the first step of v is on a secondary loop

(i.e. of type 'b’).

The construction of 7/ in terms of v is not obvious. To prove the theorem, we appeal to the
dynamics of the induction.
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5.1. Renormalization: The ZRL acceleration. In this section we will consider only pure
admissible paths from 7 to s(7). If we denote by (ni,...,nk) the coordinates of = then k is
even (otherwise Proposition implies that + passes through the central permutation and
Proposition is a contradiction with the path being pure).

Convention 1. We will always assume that the first Rauzy move is t’, i.e. w is obtained by
applying the sequence t™b™2 .. . t" =1 to mwp,.

Proposition 5.2. Let a =, '(n) and 8 = m; '(1). Then ¢((a) = (p-

In particular there exists a canonical base segment I' obtained from the previous one as
follows: We apply a right induction until o is is loser (i.e. Rauzy path of type b't, for some
I > 0) followed by a left induction until B is loser (i.e. left Rauzy path of type t™b, for
some m > 0). This segment I' defines a new Rauzy path ' starting point ©' of v satisfying
C’om}ention (up to permuting top and bottom).

FIGURE 7. Finding a new suitable curve: ¢((2) = (;.

Definition 5.1. The map ZRL from the space of pure admissible paths satisfying Conventionl[]]
to itself is defined by ZRL(y) =/, where v,~" are as in Proposition .

Proof of Proposition[5.2 By hypothesis, 7 is in the connected component of D,,\{m,} where
B=m 1(1) is never winner. Since 7y does not pass through the central permutation, « is never
winner, hence the parameter (g is unchanged during the whole Rauzy path. In particular, by
definition of ¢ (see Figure , the segment corresponding to (, is sent by ¢ to the segment
corresponding to (,. Hence, the curve L’ as in Figure [7| is admissible and defines a new
admissible path 4/ from a permutation 7’ to s(n’). The horizontal part of L' U ¢(L’) defines a
new base segment I’ and parameters (7', (') as described in Section [3.2] We obtain (7/,¢’) by
the sequence of right and left Rauzy move described in the statement of the proposition. If 7’
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does not satisfy Convention[I} we interchange the two lines, that is equivalent to interchanging
"up" and "down" on the surface, and therefore conjugating ¢ with the surface orientation
changing homeomorphism. O

Remark 5.1. ZRL stands for Zorich acceleration of Right-Left induction. By construction
the two surfaces S(y) and S(v') are in the same Teichmiiller orbit (perhaps up to an affine
isometry with derivative map ((1) 9 )) It is difficult to express the path v in a simple way in
terms of the path ~v. However the coordinates for the permutations (introduced in Sectz’on
allow us to express the new starting point @ in an easier way, only in terms of the old starting

point (see Proposition below).
In view of considering iterates of the map ZRL, we will use the following lemma.

Lemma 5.3. Assume that v is a pure admissible path. Then the ZRL orbit of 7y is infinite
and all the letters are winner and loser infinitely often.

Proof. By Proposition the new path 4/ is a pure admissible path. Hence, the ZRL orbit
is infinite. In this proof, we do not interchange top and bottom line in order to follow Con-
vention (1, but consider a sequence of base segment (I,)nen on the same underlying surface
S, with I,,41 C I,,. Note that the vertical flow on S is minimal (and uniquely ergodic) since
S carries an affine pseudo-Anosov homeomorphism. We identify those segments as subsets of
the real line, I, =]by, a,|, with (b,) increasing and (a,) decreasing. As for the usual Rauzy
induction, all letter are winner infinitely often if and only if |I,,|= a,, — b, tends to zero. Let us
assume that it is not the case. Then a,, — a, b, — b with ¢(a) = b. We consider the sequence
(An, Tn) of corresponding suspension data. Define ¢, to be the time when the vertical unit
speed geodesic starting from a,, reach a singularity, note that ¢,, can be positive or negative,
observe that |t,|— oo otherwise the set of singularities in the surface S would not be discrete.
Without loss of generalities, we can assume that there is a subsequence (ny) such that ¢,, > 0.
There are two cases.

(1) If the geodesic in the positive direction starting from a, denoted as g,, is infinite,
then it follows the (finite) one starting from a,, for a longer and longer time. By
density there is a time t such that g,(¢) intersects |b, a[, hence for k large enough, the
geodesics starting from by, intersects ]b,a[, hence I, before reaching a singularity.
Contradiction.

(2) If the geodesic g, is finite in the positive direction, then it is necessarily infinite in the
negative direction. If there is a subsequence ¢,,, < 0, the same argument as above gives
a contradiction. Hence, for n large enough ¢, > 0. The same argument also works for
an non accelerated Right-Left induction. Hence for n large enough, the ‘right’ part of
the ZRL move is necessarily b. Similarly, the ‘left’ part of the ZRL move is necessarily
t. But such move cannot hold for an infinite number of step. Contradiction.

The lemma is proved. O

5.2. Action of ZLR on the starting point. As promised we now explain how ZRL acts
on the starting point, in terms of the coding introduced in Section (3.5
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Proposition 5.4. Let~y be an admissible path, starting from a permutation 7. Let (ny,...,ng),
k > 4 be the coding of . The coding of the starting point of ZRL(7) is obtained by the fol-
lowing rules.

(nk 1—|—1nk—1) or
o we replace (ng_1,n) by ¢ (Mp—1,7% — 1, 1), or
(nk 1, ,1 nk—l—l)
(n1—1,n9 + 1), or
e we replace (n1,ng2) by < (1,n; — 1,n9), or

(nl -1 m, 1am7n2)'

where 1, m are positive integers with | < ny — 1, m < ny — 1, and I, respectively m, is the
remainder of the Euclidean division of |, respectively m, by ny, respectively ny.

Proof of Proposition[5.4 By convention, the starting permutation 7 is of the form ¢"1"2 . .. ¢"k—1,
The map ZRL acts on 7 by a sequence of Rauzy moves of the form b'¢#™b and then followed
(perhaps) by a permutations of the lines (which does not change the coding).
The Rauzy moves b't acts on the coding as:
(1) (nl,...,nk) — (nl, coonpo1+ 1 nk - 1) if =0 mod (nk)
(2) (n1,...omg) = (N, yng—1, e — 1, 1) if I = —1 mod (ng).
(3) (n1,...,nx) — (n1,...,np_1,1,1,n, — 1 — ) otherwise.
(where [ is the remainder of the Euclidean division of [ by ny).
This gives the first part of the proposition.
The remaining part is obtained similarly: we must act on the left by the moves ™b, which
is equivalent to the moves s.b™.t.s. This proves the proposition. O

5.3. Proof Theorem We are now ready to prove the theorem announced at the begin-
ning of this section.

Proof Theorem[5.1]. Let v be an admissible path, with corresponding expansion factor A < 2.
We need to show that there exists an iterate of ZRL which starts from a permutation 7 starting
from the central loop, i.e. satisfying 7; '(n) = 7, *(1).
We first observe the following: let (I,...,l") be a coordinate of 7, then I < I’. Indeed, if
[ >, then a path joining 7 to s(7) must pass through the central permutation.
Now, let (n1,,n2,...,np_1,n%) = (I,z,...,2',1') be the coding of a permutation, with k > 4
even. We prove by induction the following property P(I):
(Hi1=r
(2) After applying a finite sequence of ZRL, we reach the permutation coded by (I +
x,...,2' +1'), and during this sequence, the letters “between the blocks corresponding
to x and 2, i.e. 721(j) forj € {l+x+2,...,n—1—1'—2'} are constant along the
ZRL-orbit and non-winner. Note that if £ > 4, this set of letters is nonempty.

Initialisation corresponds to the case (1,x,...,2',1'). Assume that I’ > 1, then after one
step of ZRL, the left part must be (1+=x,...), but in this case, in order to preserve the parity
of the numbers of blocks, we must have:

(x+1,...,2,1' —1,1)
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with z +1 > 1, which contradicts the initial observation. So, we have I’ = 1, and ZRL maps
(Lz,...,2",1) to (x+1,...,2" + 1), and we see directly that the second condition is fulfilled.
Now, let 1 < I < I’ and let the initial permutation be coded by (I,x,...,2’',1"). Assume
P(I") for any I” < I. By Proposition [5.4] and observing again that the parity of the number of
blocks is constant, after one step of ZRL the coding is one of the following;:
(1) (1,1 —1,z,...,2, ' = 1,1).
2) (I—1L,z+1,...;2"+1,I' = 1).

(2) (

3) I—1,x+1,...,2",15,1,1}), for some I}, 1, satisfying I} + 15+ 1 =1,

(4) (I1,1,lg, 2, ..., 2" +1,I' — 1), for some Iy, Iy satisfying l; + o + 1 = 1.

(5) (I, Ll @, ..., 2" 15, 1,1}), for l1,12,1],1} as above.

Now, we study these different cases:

(1) The following step is necessarily (I, z,...,2',1').

(2) By the induction hypothesis, I —1 = I’ — 1, and after some steps, we obtain (I +
x, ..U+,

(3) By induction hypothesis, we have | — 1 = [}, and after some steps of ZRL we have
(l4+x,...,2/,15,1), which again contradicts the first observation.

(4) By induction hypothesis, we have [y = 1" = 1. But, h =1 —-1-1, <l—-1<1 —1.
Contradiction.

(5) By induction hypothesis, we have [{ = 1 and after some steps, we have (l1+1,l2, 2, ..., 2/, 15, 1+
1), and again after some steps, we have (I, z,...,2’,1"). During these two sequences of

ZRL, all the letters between the blocks corresponding to Iy and I are unchanged and
non-winner, and this set is nonempty.
Note that it is impossible to repeat infinitely the steps (1) or (5) by Lemma [5.3] hence we will
eventually get Step (2), proving P(I).
Hence, after a finite number of ZRL steps, we obtain a permutation with a coding with two
blocks (k=2), which corresponds to a starting point in the central loop. This proves the first
part of Theorem [5.1}

We now turn into the proof of the second part: the first step of the corresponding admissible
Rauzy path leaves the central loop, i.e. is of type b. In this case, ZRL acts on the starting

point 7 by tb. Write 7 as:
a *%x%x b
b xxx%x ¢

We easily see that tb preserves m, and A, becomes A\, — A\, — A.. Iterating ZRL, after a finite
number of steps, b is not winner any more. Theorem is proved. (|

6. REDUCING TO A FINITE NUMBER OF PATHS

In view of Section 4] for a given n, one needs to control the spectral radii of matrices V()
for all paths v in D,,. Section [5f shows that it is enough to consider paths ~ starting from the
central loop of D,,. However this still produces an infinite number of paths to control. The
proposition below shows how one can restrict our problem to a finite number of paths.

Proposition 6.1. Let v be an admissible path starting from a permutation ™ = m,.t* in the
central loop. We assume that the first step goes in the secondary loop.
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(1) If k > K,,, then 0(vy) > 2.

(2) If k < K,, then 6(y) > 0, .

(3) If V(i) is not primitive, then either 6(y) > 2 or there exists | € {1,...,2n—2—3k},
l#n—1—k, such that 6(y) > 0y .

For two paths 7,7’ we will write 7/ < « if the path 7/ is a subset of the graph ~ (viewed as a
ordered collection of edges). For a real matrix A € M, (R), we will write A > 0 (respectively,
A > 0) to mean that A;; > 0 (respectively, A;; > 0) for all indices 1 <,j < n, and similarly
for vectors v € R™. The notation A > B means A — B > 0. Before proving Proposition
we will use the following:

Proposition 6.2. Let v' <~ i.e. the path «y is obtained from the path v by adding (possibly
zero) closed loops. Then V(v') < V() and 6(v") < 6(v). Moreover if V() is primitive and

v # 7 then 0(v') < 0(v).

Proof of Proposition[6.2 If V(v') = Vi - Va-...-V;- P'is the matrix associated to the path
~', where V; are the elementary Rauzy—Veech matrices and P’ is a permutation matrix, then
the matrix associated to v has the form

V(’}/):Vl‘Nl'VQ'NQ-...'Vl'Nl'P,

where:

e Ni,..., N are products of (possibly empty) elementary Rauzy—Veech matrices, hence
of the type I + N/, where I is the identity matrix and N/ is a matrix with nonnegative
coeflicients.

e P is the permutation matrix corresponding to the end point of ~.

Since the labeled Rauzy diagram and the reduced Rauzy diagram coincide, the endpoints of
and v also coincide in the labeled Rauzy diagram, hence P = P’. From these facts we deduce
that V(') <V (v). Let us show that 0(y') < 0(v).

Recall that V(v') is not necessarily primitive. However there is a permutation matrix P,

A 0 ... 0
x Ay O 0

such that P,V (v)P,-1 = ) ) .|, where the matrices A; are primitive matri-
* ... % A

ces. Up to a change of basis one can assume that the spectral radius of Ay is achieved by 6(+/).
Thus there is a non-negative vector w such that Asw = 6(y")w. Now v’ := P,—1 (0...0 w)T
is a non-negative right eigenvector of V' (v') for the eigenvalue (7).

Let v be a positive left eigenvector of V(v): vV () = 6(y)v and v > 0. From V(v') < V(%)

one has
vV (y)v > oV (y ).
Hence 0(y)vv’ > 6(+")vv’ and since vv' > 0 we draw 0(y) > 6(7') as desired.
We now prove that last claim: assume V(y') < V(v) and V(y) # V(9'). Then there

exists k € Zsq such that V(y)*¥ > V(/)*. In particular we can find o > 1 such that
V(y)k > aV(y)k. Thus p(7)* > ap(y')* proving the proposition. O
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Proof of Proposition[6.1. We prove the first assertion. Let k be any integer satisfying k >
(n—1)/2. Then n —1 —k < k, hence s(7) = t""1=%x,, is “before” 7 in the central loop. Since
~ is admissible, 7 is passes thought the central permutation. Now if k¥ = (n — 1)/2 then, up
to relabeling, m = s(7). By using the alphabet A = {1,...,n}, we have:

- <1 2 ... n)
= -1 +1 -

Hence the relabeling does not changes the letter n. In particular it must be winner at least
once. This imply that + contains the step m — t.7, hence passes through the central permu-
tation. In both situation 6 > 2.

We now turn to the proof of the second part of the proposition. The Rauzy diagram that
we consider have the particular property that removing any vertex disconnects it (except the
the particular ones that satisfies t.m = m or b.w = 7). This implies that the path 7 is obtained
from the path v, by adding (possibly zero) closed loops, namely 7, ; < 7. Hence we are in
a position to apply Proposition [6.2} this finishes the proof of this part.

The proof of the last statement is similar, once we remark that if V,, j is not primitive, then
the path ~ is obtained from ~,, ; by adding at least one closed loop. Assuming that () < 2
this gives by definition a path of the form =, ;; for some I € {1,...,2n — 2 — 3k}. Thus
Tnky < v and Proposition again applies. If [ = n —1 — k then ,;; is obtained from
Ink by adding twice the same loop. Hence V;, ;; is not primitive and v # 7, ;. The same
argument above applies and v must contain 7, ;; for some [ # n — 1 — k. We conclude with
Proposition [6.2 O

APPENDIX A. MATRIX COMPUTATIONS

The aim of this section is the computation of the different Rauzy—Veech matrices in M, (Z)
and especially their characteristic polynomials. The rome technique (see below) reduces these
computations to matrices in My(Z[X]) and M3(Z[X]) making them possible.

In the sequel we will denote by P, j (respectively, P, ;) the characteristic polynomial of
the matrices V (v, k) (respectively, V(vyk1)) multiplied by (X + 1). Their maximal real root
are 0, and 0, . ;, respectively.

A.1. The rome technique (after [BGMY1980]). To compute the characteristic polynomial
of matrices we will use the rome method, developed in [BGMY1980|. To this end it is helpful
to represent a matrix V into the form of a combinatorial graph which amounts to draw all
paths of length 1 associated to V.

Given a n x n matrix V = (v;), a path n = (n;)!_, of width w(n) and length [ is a sequence
of elements of {1,2,...,n} such that w(n) = szl Up;_yn; 7 0. If = mo we say that 7 is a
loop.

A subset R C {1,2,...,k} is called a “rome” if there is no loop outside R. Given r;,7; € R,
a path from 7; to r; is a “first return path” is it does not intersect R, except at its starting and
ending points. This allows us to define an 7 x r matrix-valued real function Vz(X), where r
is the size of R, by setting Vr(X) = (a;;(X)), where a;;(X) = >, w(n) - X~ where the
summation is over all first return paths beginning at r; and ending at r;.
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Theorem (Theorem 1.7 of [BGMY1980|). If R is a rome of cardinality v of a n X n matriz
V' then the characteristic polynomial xyv(X) of V is equal to

(—1)" " X" det(Va(X) — Id,).

Remark A.1. The matrices V. =V, or V. =V, i can be seen as the action of homeo-
morphisms on absolute homology if n is even and relative homology otherwise. Thus their
characteristic polynomials are reciprocal polynomials when n is even, and either reciprocal or
anti-reciprocal polynomials when n is odd, depending whether ¢ fizes or interchanges the two
singularities), i.e. xv(X) = X"xv (X7 1) or xy(X) = = X"\ (X1). Thus
xv = £det(Vp(X~1) —1d,)

A.2. The paths v, ;. We briefly recall Notation (see also Figure .
Forany k=1,...,K, and any [ = 1,...,n — 2 — k we define the path

Vng 1 Ti= Tt — s(m) 0 bR l=2k
Lemma A.1. Letn>4 and 1 <k < K,. Ifged(n — 1,k) =1 then

Ppp=X"t1—2Xx" -2 Y X/ -2X*+1

jGJn,k

where Jp = {3,...,n—2} \{[i(nk_ln +e| i=1,...,k—1and e =0, 1}. In particular:
(1) For even n
Pk, = X" —2x"1 —2x? 4 1.
and if n 24 mod 6, ged(n —1,K,, — 1) =1 and
Pog, 1= X"t _oxnt _ox /31 _oxlIn/3l+l _9x2 49,
(2) Forn =1 mod 4, we have gcd(n — 1, K,,) =1 and
Pog, = X" —oxml _ox"r —2x?41

(8) For n =3 mod 4, we have gcd(n — 1, K, —1) =1 and

Pox, = X" —oxnt _oxn2l"7-2 _ox et _ox2l5t I8 _ox? 4

(4) More generally, for n even, and k < K,, — 1, the highest nonzero monomial (except
X" and —2X"2) has degree at least [2].

Proof of Lemma[A.1. We will use the rome method as explained in Section We use the
notation of the proof of Lemma We will write V,, 1, as V,, , = A, — By, ), where

02 2 .. .. 21 1
S 1 0 L 0
An: 5
0 o 0 1
1°0 0
01 1 . .. 10
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and the only non zero entries of B, ;, are as follows:

biy=1
J + 1. Then bl,l-i-l =2
bn,l = bn,l—i—l =1

i(n —1
Foranyi=1,...,k—1, setl:= LM

Observe that 1 < k <n/2—1, hence for i € {1,...,k— 1}

(=) _in=1) _(h=V-1) _ a1

2<25 3 I 3

In particular, all integers of the form [i(n —1)/k|+eforie {1,...,k—1} and € € {0,1} are
mutually disjoint and in {3,...,n — 2}.

FIGURE 8. The graph associated to V,, . In dashed line we have represented
arrow that need to be removed from the graph in blue. Multiplicity are also
indicated. To be more more precise, there is one arrow from vertex labelled
1 to the vertex labelled 1 and no arrow from vertex labelled 1 to the vertex
labelled 14-1. In the graph [ = LZ(RT_I)J +1forany i=1,...,k — 1. Obviously
the graph associated to A, is drawn in blue colour
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Clearly the set R = {1,n} is a rome for A,. Thus it is also a rome for V,, ;; (since we pass
from A, to V,, by removing some paths). The 2 x 2 matrix (Ay)g is easily obtained as

n—1
(Ap)r = (X2§33" ))g) where S,, = ZXi.
=3

To obtain the matrix (V}, x)r one has to subtract the polynomial corresponding to the paths
passing through arrows in dashed line (passing through vertices [ and {+1 where [ = L@J +1

for some i = 1,...,k —1). At this aim we define
{ zk an+1 Lz(nil)J—f—l)
'L(n 1) _ .
Qn p = Zk L xn—1-|=5—] _ Zlel X [i(n—=1)/kT

The polynomial T, ;; (respectively, 2Q,, 1) takes into account all simple paths from the vertex
1 to the vertex 1 passing through an arrows in dashed line connecting 1 to [ (respectively, to

[+ 1). Hence
X2428,— nk X
(Vii)r = ( 250 Tk 20 X)

nk an

Note that T, = XQp k. By using [BGMY1980], a straightforward computation gives:
Xvpp = X2 = X2 =X +1+ 8, (X —2)+2Qu

Hence,
Pnk_XnJrl 2ZX1+1+2Z( [i(n—1)/k] 4 xi(n— 1)/k]+1>

which implies the first statement of the lemma.

We give a little more information on the set J, ;. We write J,r = {ji1,...,Jr} with
J1 < -+ < jr (possibly, r = 0). We have [@W 20+ [M] In particular, we see that
js = 2is+s, where ig > 0 is the smallest integer such that M > 8, i.eis = {ﬁkf%J +1.
Note also that P, ;, must be reciprocal, hence j € J,,  if and only if n +1 —j € J,, 1.

Now we compute particular cases.

(1) If nis even, K, =n/2—1. Wehave n —1—-2K,, =1,2i1 +1=n—1>n—2, hence
Ik, =0. For k=K, —1=n/2—2 and n even, n # 4 mod 6 we have

2i1+1 = 2[(n—4)/6] +3=[n/3| +1=j
2ip+2 = 2[(n—4)/3|+4=1[2n/31=jo=n+1—j

Hence J,, k,—1 = {|n/3] +1,[2n/3]}.
(2) fn=1 mod 4, K, = (n—1)/2—1= 253 we have n — 1 — 2K,, = 2, hence:
n+1

2 +1 = 2[(n-3)/4] +3=—

SO, Jn,Kn = {HTH}
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(3) If n=3 mod 4, k= K, — 1 =255 n—1—2k =4, hence
2i1+1 = 2[(n—5)/8] +3 =71
2y 12 = 25yl +a="T1_}
2i3+3 = 2|13(n—5)/8]+5=n+1—7j

So, Jnk, = {2[(n—5)/8] + 3,2, n—2[(n—5)/8] — 2}
(4) More generally, for n even and k < K,, — 1 we evaluate j;. If n #4 mod 6 we have:
K,—1 n—4
=2
no T2k, — 1) T

2i1+1=2| |+3<2| |+3=1[n/3]+1

n—1-2k
since k — ﬁ is increasing. If n = 4 mod 6 the computation is a little different.
In this case, we have k < K, — 1 hence
K,—1 n—4
n—1-2(K,—1) 6
hence 2i; +1 < |n/3] + 1. We conclude by using that the polynomial is reciprocal.
This finishes the proof. O

20 +1<| |+3=2] | +3=[n/3]+2

A.3. The paths v, g, ;. We recall Notation (see also Figure when k£ = K,,. Recall
that L, =n—2— K,. Forany l € {1,...,2n — 2 — 3K,,} we define the path

blgEn 1= phntl=lyn=1-2Kx, if 1<1<L,
Yrgt T — s(m) { pLnt1pl—(Lnt1) p2(Ln+1)~1y2n—2-3K,—1 ¢ Ln_< <9 —9— 3K,

Note that when n is even 2n — 2 — 3K,, = L,, + 2 otherwise 2n — 2 — 3K,, = L,, + 3.
Proposition A.2. Let n > 4 be an even integer.
(1) Ifl e {1,...,L,} then

Xn—2l—|—2 4 Xn—21+4 4 2Xn—1 - X2l—|—1 o X2[—1 _ 2X4
Pn,Kn,l = Pn,Kn -
(X+1)(X—-1)

(2) Forl= L, one has
Pk, o, =X"T1—oxnt _xn3 _x% _ox? 41
(3) Forl=1Ln,+1, Vs Kk, L,+1 = VaK, + Bn where B, = (b; ;) and

b172j+1 = 1, fOT 1 S ] é Kn,
b2 ="b1p =1,
b; ; = 0 otherwise.

(4) Forl= L, +2, Vy k.. 1n+2 = VoK, + Cn where Cy, = (¢; ;) and

C1,2j4+1 = Cp—22j+1 = 1, for 1 < j < K, — 1,
Cln = Cn—2n = 1,
cij = 0 otherwise.
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Proof. Again we will use the rome method in order to compute the characteristic polynomial.
First we compute the matrix V,, x;. Remark that n is even so n — 1 and K,, = n/2 — 1 are
relatively prime. Following the proof of Lemma we consider the central permutation 7,
with the following labelling:

_(n—-1 n-3 ... 3 1 n—2 ... 4 2 n
™=\ p 2 4 ... n—2 1 3 ... n—-3 n—-1

we have the following nice expression for the matrix V,, k, (see the proof of Lemma .

0210..1011

1 0 ... .. 0

Vn,Kn ==
0 ... . .. 0
10 0
0 1

Let 1 € {1,..., L,}. By construction, v, k,  is a path obtained from 7, g, by adding a closed
loop (of type 't” and of length n — 1 — K,, — [) at b'tKnr, . Hence the matrices Vi, and
VK, 1 differ by a non negative matrix, namely V,, g, ;1 — Vo k,, = Cpy = (¢ij) where

Cor2 = Co1 141 = 1,
co2j+3 =2for 1 < j < K, —1,
cij = 0 otherwise.

On the way, the same argument applied to the matrix V,, g, 1,42 applies, proving the last
statement.

We are now in a position to compute P, g, ;. The graph associated to the matrix V,, g,
is already presented in the proof of Lemma For readability purposes, we reproduce this
graph below, where we have added the edges corresponding to the graph associated to C, ;.

Clearly the set R = {1,2l,n} is a rome for V,, g, ;, and thus for V, k, (since we pass from
ViK1 to Vy K, by removing some paths). The 3 x 3 matrix (V,, k,,)r is easily obtained as

n—20 2A-2
Z X 2X2l—1+ Z Xt X
(V’I’L7KTL)R = il;gn ize:'ugn
Xn—2l 0 0
0 X2l—1 X
2A-2
where > X'=0ifl=1.
=2

i even

Adding the matrix C),; consists of adding two arrows form the vertex labelled by 2[ to the
vertices 2,20+ 1 (with multiplicity 1) and K, — [ arrows to the vertices 21 +3,...,n—3,n—1
(with multiplicity 2). In this situation R is still a rome. To compute the matrix (V, k,/)r
we need to consider all paths passing through a dashed edge in the graph in Figure [9] Thus



36 CORENTIN BOISSY AND ERWAN LANNEAU

(Vn,Kn,l)R(X) = (Vn,Kn)R(X) + C(X) where

0 0 0
n—20-2
C(X) _ 12 Z X2+an2l x2l-1 0
=2
0 0 0
Hence by [BGMY1980] we draw xv, ,. , = —det((Vy,x,)r(X) + C(X) — Id3). By multi-

linearity, one has:
Pn:Knyl = PnyKn - (1 + X) : det(Wn:l)

where
n—2l 20-2
>oXi—1 2X2-1 4 Y Xt X
1=2 =2
Wn,l = 2n—il—2 Xz 4 Xn—2l X2l—1 0
=2
0 X221 X -1

A direct computation gives

Xn—2l+2 4 Xn—2l+4 4 2Xn—1 o X2l+1 o X2l—1 - 2X4
(X 4+1)%2(X —1)

det(WnJ) =

that is the desired result.

The second assertion comes for free since 2L,, = n — 2 and by Lemma one has P, i, =
X+l —9x7=1 _2X? 4 1. Proposition is proved. O
Proposition A.3. Let n > 4 be an integer withn =3 mod 4. Fizl € {1,...,L, + 3}:

(1) Iflis even then Vy, k1 is reducible and 0y, i, 1 = Onr i, v withn' = (n+1)/2, 1" =1/2
and K = K, /2.
(2) If I < Ly, is odd then V,, i, 1 is primitive and
S(X) +2 (X"T”—l _xl g xst _Xn+3fl>
P —
ol (X —1)(X +1)

where S, =1 — 3X? — 2X"5 + 8X ™ _ox " _ 3xnt! + X3, In particular, for
l = L,, we have

Pok,p, = X"t —oxnmt g x (92 Ly x(n=1/2 L ox2 1,
Ok, xK, | ldK,xK, | OK,x3
2.2 | 0---0 | 232

(3) If | = Lp + 2 then Vi, i, 1 = 1---1 0---0 | 021 and this matriz is

Idk,xx, | Ok,xK, | OK,x3
0---0 0---0 111

primitive.
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Proof of Proposition[A.3 In the sequel, let m = K, + 1 = (n—1)/2 (m is odd). We follow
the strategy of the proof of the previous proposition. For first point we do the same as in
proof of Lemma in the case when d > 1. The labelling of the central permutation is given
by:

B m ¥ m-—2 ... 3 % 1 * m—1 % ... 4 * 2 m+1
™=\ m+1 2 * 4 ... x m—1 x 1 *x 3 ... m—2 x m-—1

Then, computation of V,, , ; gives a upper triangular 2 x 2 block matrix, with V,y  , ;v for
the top left block and a permutation matrix for the bottom right bloc.

In the next, we compute V,, , ; by using the “standard” labelling” of the central permuta-
1 2 ... n

tlon,z.e.ﬂ':(n o

). We have V,, i, 1 = A, + By, where

Ok, xK, |1dk,xK, | Ok,x3

1---1 0---0 221

A, = 0---0 0---0 010
Idk,xk, | Ok,xK, | OK,x3

0---0 0---0 111

and the only non zero entries of By, ; = (b; ;) are

bpi;=2fori=1,....m—-1-1

bnfl,mfl =1
bnfl,nfl =2
bnfl,nf2 =1

We will again use the rome method in order to compute the characteristic polynomial. It is
helpful to represent the matrices in form of a combinatorial graph which amounts to draw
all paths. From this, we see that V,, , ; is irreducible, and therefore primitive since it has a
nonzero diagonal element.

The graph associated to A, is rather simple. Clearly a rome is made of the subsets labelled
R ={n,n —1,m}. The matrix Ar(X) in this label is

X X Xxm
Ap(X)=1 0 X™ 0
X R S
R=2X+Y",. caa X' = 2X+X3.15X00

S:2Xm_’_szl Xz — 2Xm+X2' 1-xm-1

i=2,1 even 1—X2
Adding the matrix B, ; consists of adding arrows form the vertex labelled by n — [ to the

vertices 1,...,m — [,n — 2 with multiplicity 1 and to the vertex n — 1 with multiplicity 2. In
this situation R is still a rome. To compute the matrix (V;, k, 1)r we need to consider all paths

passing through a dashed edge on the graph in Figure@ Thus (Vi k1) r(X) = Ar(X)+C(X)
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FIGURE 9. The graph associated to V, k., ;. In dashed line we have represented
arrow coming from the matrix B, ;. The multiplicity is indicated only when it
is 2, otherwise it is 1.

where
0 0 0
C(X)=|{0 P Q
0 Zgl:?)l)/271 X;;i Zz(‘l:i()l)ﬂil XQ2
and
P=X"4+2 S| xi—xmpoxt. 12X "
! i_l,z’zi:odd ! 1-x2
mti-1 = i mtl-1 g1 L=xmt
Q=X +2 > X=X +2X .

i=l+1,i i even
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Hence by [BGMY1980] we draw xv,, ., , = —det(Ag(X) + C(X) — Id3). By using the fact
0 0 0
that C'(X) = <8 1,X11)—1P 17)(?—1 ) and Q = X™(X'"! — X) + XP we easily obtain the
1-X—2 1-X—2

desired equality.
The last assertion is also easy to derive from the fact that v, g, 1,42 is obtained from

Yn,K, by adding a ’b’ loop at tEntlrand from the shape of A,. This ends the proof of
Proposition [A-3] O

APPENDIX B. COMPARING ROOTS OF POLYNOMIALS

This section is devoted to comparing 6, j, and 6, j; (the maximal real roots of the polynomi-
als P, ; and P, ;; introduced in Appendix for various n, k,I. Observe that by construction

Hn,k > \@ and Hn,k,l > \/5
One key ingredient for comparing maximal real roots of these polynomials is the easy

Lemma B.1. Let Py, Py be two unitary polynomials of degree at least one such that for x > /2,
Py(z) — Py(x) > 0. We assume that Py has a root 6y > /2. Then Py has a root 65 > 6.

Proof. The assumption implies P»(61) < 0. Since P, is unitary, the result follows by the mean
value theorem. O

Lemma B.2. The followings hold:

(1) The sequence (Ban, Ki,, )n is a decreasing sequence.
(2) The sequence (014an, K, 4, )n 95 a decreasing sequence.
(3) The sequence (034an,Kssan,Lyian)n 45 @ decreasing sequence.

Proof of Lemma[B.3. We establish the lemma case by case.
Case 1. By Lemma [AT] 6, k,, is the largest root of

Py, = X2l _ox?2n-l_9ox2 41,
Observe that Py, 19— X2Py, = 2X* — X2 4+ 1. Thus Pa,i2(z) — 22 Py () > 0 for z > V2 and
Lemma gives that 0o, 1, < O2n42,Kopss-
Case 2. By Lemma 014-4n,K1, 4, 18 the largest root of
Piian kg, = X2 —2X4 — o X2 —2x2 4 1.

Again a simple computation establishes P54, k5,4, — X 4P1+4n, Kipan = 2X 5 _ g X2n+3 4
2X6 —2X2 — X* + 1. Hence Pspan K50, () — m4P1+4n7K1+4n(m) > 0 for z > v/2 and by
Lemma [B.1}

Os+an, ik < O144n,K-
Case 3. By Proposition

P3+4TL,K3+4",L3+4TL — X47‘L+4 _ 2X4Tl+2 _ 4X2n+3 + 4X27‘L+1 + 2X2 —1.
Hence, for x > /2:
Prisn k. — 2 Pygn i,r = (2% —1) (4?0 — 42?3 208 22 4 1) > 42”3 22" — 2241 > 0.

Hence Lemma applies and 0744, i1, < 03445,k The lemma is proved. O
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Lemma B.3. Letn >4 and 1 <k <k < K,. If gcd(n — 1,k) = ged(n — 1,k’) = 1 then
9n7kl < Gn,k.

Proof of Lemma[B.3 From the proof of Lemma we have P, iy — P, = 2(x+1) (ka/ — Qn,k),
where @y, , = Zf;ll 2l =1/kl From Lemma we need to show that P, j/(x) — P, x(x) > 0
for > /2. First we observe that

k-1
=) (n-1) =) (n-1) (k=p)(n=1)
Qui — Qni = »_ ! ol > (x( Canmlit s 2l A B

p:k p:l

Now for any p € {1,...,k — 1}

(k—p)n—1) (¥ —p)(n—1)
[ 1<T ; 1.
k k
[(k’—k)(n—l)] .
So, for any & > 1, P, jr(z) — Py p(x) > @ k! > 0, proving the lemma. O

Before comparing roots using polynomials, we end this subsection with a simple lemma:

Lemma B.4. Let n > 7 be an integer satisfying n =3 mod 4. Then 0, K, 1,+2 > 2.
Let n > 4 be an even integer. Then 0, k,, ,+1 > 3%.
Let n > 6 be an even integer. Then 0, K, 1,+2 > 6%.

Proof of Lemma[B-4} We will use the following classical inequality for the Perron root p(A) of
anon negative primitive matrix A = (aij)i j=1,..n: p(A) > 6(A) where §(A) = min_; 377 a;;
(see e.g. [BL12, Proposition 4.2.]).

We prove the first assertion. The matrix V(v x, ,+2) is primitive (by Proposition
and 97217KR7LR+2 is the Perron root of V7L27KH7LH+2. It suffices to show that 5(VnZ,Kn,Ln+2) > 4.
By Proposition [A.3] one has

Or,xkn | 1dK,xK, | OK,x3

2.2 0---0 232

Vo Ko Lnys = 1---1 0---0 [021
Idk,xK, | Ok,xK, | OK,x3

0---0 0---0 111

The result then follows from an easy matrix computation.

For the second and third claim, The matrices V (v, k... +1) and V(v K., ., +2) are primitive
since Vv, K, is primitive (by Lemma . We remark that the sum of the elements of the
column i of V* is the number of paths of length k in the adjacency graph of V that ends
in the vertex 7. We conclude by a direct consideration of these paths for these two matrices
(with &k = 2 and k = 4 respectively) and by using Proposition .

Lemma [B.4] is proved. O
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B.1. Comparing 0, ;; when n =3 mod 4.
Lemma B.5. Let n > 7 such that n =3 mod 4. Ifl,I' € {1,..., Ly} are odd and | <1’ then
On, k1 > On Ko lr-

Proof of Lemma[B.5. We follow the notation of the proof of Proposition [A-3] A simple com-
putation shows:
2(Xl o Xl’)(Xm o 1)(Xl+l’ + X4+m)

XH(X —1)(X +1)

In particular P, g, () — Py x, v (x) < 0 for z > V2. Lemma gives 0, k1 > Op k- O

Proposition B.6. Let n > 7 be an integer satisfying n =3 mod 4.
(1) If n' = nT—l-l then 9"’7Kn/7Ln/ > On K Ly, -
(2) ]f n = nTH then Hn/7Kn,7Ln,+2 > Gn,Kan,
(3) Let 1 <k < K, —1. Ifd=ged(k,n—1), n' = 2 + 1 and k' = k/d then 0, , 1, <
Hn’,k’-

Pk, — Pk, =

Proof of Proposition[B.6. Case (1). We start with the first statement. Using Proposition
and Proposition we have:

’ ’_ ’_
Pn’,Kn/,Ln/ :$n+1_2xn l_xn 3_3:4_2332_1_1

Pox.p, =&t — 2471 _ Ap3)/2 | gptn=1)/2 | 902

Noticing that n —n’ = 251, hence n —n’ +2 = 243, we have:
ey _ 4 ! 2 ! /! 2
PofpLn — 2" " Puk,, 0, =a" %zt - 222 g 300 49?1

This polynomial clearly takes only positive values for z > /2, which proves the required
inequality.

Case (2). Now we come to the second statement. Assume n > 11 (for n = 7 we directly
prove the inequality). In this situation n’ > 4 and Lemma gives

On' K, )L, +2 > 64
Let 0 = 0, k.1, for simplicity. By Proposition [A.3] we have:
0" (0% — 2) = 49 +3)/2 _49(n=1)/2 _ 992 4

Hence

1 4917292 — 1) + 1 — 262 4 1
0—V2= ( — )+ < <
0 + \/i gn—1 f(n—1)/2 \/i(n75)/2
Obviously W < 61— V2 for n > 19. Hence On,Kn,Ln < 61 < On K,,.L,,+2- Forn <19
we check directly the that this inequality holds.



42 CORENTIN BOISSY AND ERWAN LANNEAU

Case (3). Finally we prove the last statement. Assume first that ged(n — 1,k) = 1, then
n’ =n and k' = k. Note that ged(n — 1, K,,—1 — 1) = 1. From Lemma On i > On K,—1 for
any k=1,..., K, — 1. Since L is odd we have, by Proposition and Lemma [AT}

Pogo—1 = a"th—2gnl _0gn 2502 _gptet 02l 92 4
Pogon = a"tt 20"t gp(nH/2 gy (02 92 g
Hence, for > /2
Pok,L— Pok,-1 = 92" 2012 _ g (nt3)/2 4 0p "5 | 4p(nm1)/2 4 92 21"5R 48 4 g2 9

S 92050 =2 o (n+3)/2

For n > 19, n — 2[%5%] — 2 > ™53 42 hence Pk, — Pok,—1 > 0. For n = 7,11,15, we
compute directly the roots.
Now we assume that ged(k,n —1) =d > 1.
(1) If n’ is odd (thus n’ = 3 mod 4) then by the above case 03 > O i, L ,. We
conclude with Lemma [B.2]
(2) If n’ is even then we need to show directly that 6,/ 1 > 6, Kk, 1,. Note n' even implies

that d is an odd multiple of 2. There are two cases:
e d > 6. In this case, 0, > 0 ;¢ , (k' = K, is possible). We have

_n/ o/ o/ n+3 n—1
Pn,Kn,L_l’n nPn’,Kn/ A L + 472 +21'2—1

/ n+3
> 22" —Adx 2

We necessarily have n > 15 hence n — n/ > "T"'?’ + 2 hence the above polynomial

is positive for z > /2.

e d = 2. In this case 0,/ x , = On K, < On K, L, hence the previous strategy does
not work. We remark that necessarily, ¥’ < K,,. However, n’ and K, —1 are not
necessarily relatively prime, so we need to compare directly 0, - with 0,, g, 1. by
using Statement 4 of Lemma We have

—n! _rar2n’ n+3
Pk, p — " Py > 22"V 4™

We necessarily have n > 11 hence n —n’ + [%"1 > HT% + 2, implying the desired

inequality.
This ends the proof of the proposition. O
B.2. Comparing 0, ;; when n =0 mod 2.
Lemma B.7. Let n > 4 be an even integer. If I,I' € {1,..., L,} satisfy Il <1 then

On. i1 > On Ko lr-

Proof of Lemma[B.7. Proposition [A:2] and a simple computation show

. . B (Xl o Xl’)(XQ + 1)(X2l+2l’ +Xn+3)(Xl +Xl/)

n,Kn,l n,Kn,l - X21+21/+1(X + 1)(X — 1) .

In particular P, k,, () — Py i, r(x) <0 for z > V2. Lemma gives 0, k1 > Op k0. O
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Proposition B.8. Let n > 18 be an even integer satisfying n % 4 mod 6. Then, ged(n —
1, K, —1) =1 and the followings hold:

(1) For any k=1,..., K, —2 one has 6, j, > 0y i, —1-
(2) For anyl=1,...,Ly, one has 0, g, 1 > On K,—1.
(3) Forl= Ly, + 1, one has 0y i, L,+1 > On K, —1-

(4) Forl= Ly, +2, one has 0y i, L,+2 > On K, —1-

Proof. Let us consider the first claim and set d = gcd(k,n —1). If d =1 then 0, > 0, K, —1
by Lemma Otherwise let n’ = % +1<nandk’ = £ Note that ged(k’,n’ —1) = 1 and
Op.jc = Opns 7. By Lemma Onr it > Onr i, 1t suffices to show 0, x , > 0p k,—1. We have,
for x > /2,
Py 1 — xnfn’ K, = 2m2+nfn’ N xnfn’ . 2x[2n/3] . 2x|_n/3j+1 — 942 +1
> 2" = 223l g’ opln/SIHL 92 4
Note that n — 1 is odd and not a multiple of 3, hence d > 5. Since n is large enough, we have
2n 1 2n _ 4 2n
= -1 - ) - s -1 - >0
R (B B (R O
Hence, [n—n' — 2| =n—n' — [2] > 0. Similarly, n —n/ > 4+ [n/3] + 1.
Hence
Po iyt — 2" " Py g, > 223 — 922 41 > 0.
The inequality 0, i , > 0n K, -1 follows by Lemma

We now prove the second claim for I = 1,..., Ly. Since 0, k,, 1 > 0n k,1 by Lemma [B.7 it
suffices to show 0,, k,, 1. > 0, K, —1. We have:

PnK - PnK L= xn—3 _ 21,[271/3] _ 21,|_n/3j+1 +$4
If n > 21, we get n —3 > 4+ [2n/3], hence:
Pn,anl - Pn,Kn,L > 2$[2n/3] - 2x[n/3j+1 + zt >0

For n € {18,20}, we check directly that P, g, -1 — Py i, > 0. The inequality 0, , 1 >
0n. i, —1 follows by Lemma

Next we prove the third claim for [ = L,, + 1 (in this case, the computation is different).
By Lemma M we have 0, i, 1,+1 > 33. For simplicity let 0 = 0, i, —1. By Lemma :

977,71(02 _ 2) — 20"271/31 + 29|_n/3j+1 + 262 _ 1 < 26[271,/3] + 20Ln/3J+1 + 292
Thus

9 1 1 1 3
0 — \/i < I \/§ <9n1f2n/31 + gn—2—[n/3| + 9n—3> < \/2471/371

since # > v/2 and n is large enough. Clearly % <37 - V2 for n > 22 hence 0 < 3% <
V2
On K. .L.+1 that is the desired inequality. For n € {18,20} we directly check the inequality.
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Finally we prove the last claim forl = L,+2. By Lemmawe have 0, k.. L,+2 > 61. We
can check that fn/g T < 61 — V2 for n > 28 hence 6 < 61 < On, K, L,+2 that is the desired

inequality (for n < 30 we directly check the inequality). The proposition is proved. O

B.3. Case n =1 mod 4.

Proposition B.9. Let n > 5 such that n =1 mod 4. For any 1 < k < K,, — 1 we define
d=ged(k,n—1) andn/ =2 +1, k' = k/d. Then Oy o > O K, -

Proof of Proposition[B.9 Let k € {1,...,K, — 1}. If ged(k,n — 1) = 1 then Lemma
implies that 6, > 0, k, as desired.
If ged(k,n — 1) = d > 1 there are three cases depending the value of n’ mod 4.
(1) If " =1 mod 4 then the previous argument shows that 6, 1 > 0, i ,. By Lemma
the sequence (0 K, )n is decreasing for n = 1 mod 4, so we have 0,/ ¢ , > 0, K, as

desired.
(2) If n' is even then Lemma implies 0,y > 0, k- By Lemma for any x > v/2:
Pk, — x"_"/Pn/,Kn, = opZtnn’ _ 33"_ I R i |

> 3 _op" 3 9222 >0

(the last inequality comes from d > 4 and n > 9). By Lemma [B.1{ 0,/ x , > 0 K.,
(3) If n” =3 mod 4 then k' < K,y and Proposition - implies 9 k> 0, WK, L, - For

T > V2
— 4t

/ —1
n—m
Pok,—2"""Pyk, L, =

n/+3 y . n'
T g

— gg2tn-n’ 4 gn-n’ 2:EnTH —222 +1

n'—1

> 4t

_gg2tnn gt + 2" 22

Assumption on n,n’ implies that n # 5,9, hence n > 13 and n’ > 7. This implies that
n—n'+22 =mn-1)01-5) > ”31, n—n'+ 21 >2+n—n"and n—n' >4
Thus Pk, — 2" " Py k1., > 0 and Lemma implies 0y, k,, < Op K, L -

Proof of Proposition [B.9]is complete. O

APPENDIX C. A NAIVE ATTEMPT TO GENERALIZE THE RAUZY—-VEECH CONSTRUCTION

The classical construction of pseudo-Anosov homeomorphism by Rauzy induction neces-
sarily produces maps that preserves a singularity, and a horizontal separatrix. This clearly
comes from the fact that only right Rauzy induction is used. So, it is natural to expect to
produce pseudo-Anosov homeomorphism that do not fix a separatrix by combining right and
left induction.

For instance, we consider a path = in the labeled (extended) Rauzy diagram such that.

e the image of v in the reduced extended Rauzy diagram is closed.
e v is the concatenation of a path 7; that consists only of right Rauzy moves, and a
path o that consists only of left Rauzy moves.
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As in Section [3.6] we associate to such path a matrix V' by multiplying the corresponding
product of the transition matrices by a suitable permutation matrix. Assume now that the
matrix V is a primitive. Let 6§ > 1 be its Perron-Frobenius eigenvalue. We choose a positive
eigenvector A\ for 6. As before, V' is symplectic, thus let us choose an eigenvector 7 for the
eigenvalue §~1. It turns out that 7 is not necessarily a suspension datum, but it is a weak
suspension datum (up to replacing it by its opposite). Indeed, the set of weak suspension data
is a open cone W, which is by construction invariant by V!, and we conclude as previously
(the proof is the same as in Proposition .

Proposition C.1. A pseudo-Anosov homeomorphism affine on a translation surface, and
constructed as above fizes a vertical separatriz. In particular it is obtained by the usual Rauzy—
Veech construction.

Proof. Let (m, A\, 7) be the weak suspension datum defined as above and h be a height. We will
denote the associated surface by X = X (m, A\, 7) and by I = I}, the corresponding horizontal
interval.

After the prescribed the prescribed sequence of right and left Rauzy induction, we obtain
the suspension datum (m, N, 7") = (m, %/\, 07) defining the same surface X, with corresponding
interval I}, = I' C I (recall the Rauzy—Veech induction corresponds to cutting the interval on
the right, or on the left). Also, #h is an obvious height for (, %)\, 07), and the corresponding
interval Ij, is the image by ¢ of the interval Ij,.

Hence there is an isometry f from Iy, to I;, obtained by following a vertical leaf (see
Section . The map f o ¢ is therefore a contracting map from I, to itself (its derivative
is 1), hence has a fixed point. It means that there is an element x in I, whose image
by ¢ is in the vertical leaf [ passing through x. Thus, this vertical leaf [ is preserved by ¢.
Since ¢, restricted to [ as derivative 6 # 1, there is a fixed point of ¢ on [. This fixed point
is either a conical singularity or a regular point. In any case, ¢ fixes a vertical separatrix.
Hence ¢ fixes also a horizontal separatrix. It is therefore obtained by the usual Rauzy—Veech
construction. O

APPENDIX D. A DIRECT PROOF OF THEOREM [2.1] WHEN n IS EVEN

In this appendix we will prove

Theorem D.1. If n > 4 is even then L(Spec(C};yp)) = log(0n k,). Moreover the conjugacy
mapping class realizing the minimum s unique.

Proof of Theorem [D.1. By Remark we have that log(6, k,,) belongs to Spec(&};yp ) when n

is even. The Dynamical Statement implies L(Spec(Ch¥?)) = log(A(7)) for some path ~ starting

from 7 = 7,.t*¥ with first step of type 'b’. By definition 0(y) < 0.k, - The Combinatorial
Statement implies 6, < 6(y) for some k € {1,..., K,}. Thus

(3) en,k’ < en,Kn

where K, :=n/2 — 1. Thus we only have to show that k£ = K, (this will also prove that the
conjugacy mapping class realizing this minimum is unique). Let us assume by contradiction
that k < K,,. Let d = ged(k,n — 1). We will distinguish two cases: d =1 and d > 1.
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First Case: k and n — 1 are relatively prime. In the proof of Lemma [4.2| we computed
the matrix V,, ; associated to the path -, ;. Namely,

ap—1 2 a2 ... ... QGp—9o 1
1 o ... ... 0
Vi = : ) . . :
0 O O 1 0
1 0 0
bpo1 1 by ... ... bpo 1
Where for i € {2,...,n — 2}, we have:
2 if de€ {Ozk+2, R ,Oznflfk}
a; = 1 if 1€ {an,k,...,an_l}
0 if ie{al...ak}
and b; = 1 if and only if a; = 2, and b; = 0 otherwise. Note that a,_1 = 0, hence b,,_1 = 0.
In the particular case of k = §—1 we obtain a; = (71%%1, i.e. (ag,...,an—2)=(1,0,1,0,...,1).

For general k, the sequence (a;); has the following properties:

e if a; =0 or a; = 2, then a;41 =1 or a;+1 = 2.

e if a; = 1, then a;41 = 0.
Using that az > 1 and all other a;, b; are nonnegative, we easily see that V,, ; is primitive. Let
v be a Perron-Frobenius right eigenvector of V,, ,,. By direct computation

(ag — 1)vg + azvs + (ag — L)vs + -+ + (an—2 — 1)vp—1
0
Vn’kv - anKn/U - :
0
bovs + -+ - + bp_2Up_1
We claim that V,, v >V}, g, v (meaning that the inequality holds for each terms, and is strict
for at least one term). Indeed all rows, except the first one, are obviously nonnegative. So we
have to prove the claim for the first row only. Since k # K, we can define [ to be the first
_ 1\l
index so that a; # # From the above properties of the sequence (a;), we see that [ is
necessarily even and that a; = 2. Setting 0 = 0, g, to improve readability, the first row is
equal to

n—3 n—2
U1+ E @iVit1 + Z (a; — 1)vip1 =
i=l+1,i odd 1=l4+2,i even

n—3 n—2

=uv41 |1+ Z ajﬁj_l + Z (ai — I)HH

Jj=l+1,j odd i=[4+2,i even
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Since a; € {0, 1,2}, we only have to show that when a; —1 < 0 (i is even) then (a; — 1ot +
a; 107171 > 0. This is clear from the definition of ais: if a; = 0 then a; 41 = 1 or a;42 = 2.
Thus

(a; — D)0+ a; 10717 > g7 L gt = 9imlg — 1) > 0.

There is perhaps a problem with the last term, but we easily see that a,,_o = 1. The claim is
proved.
Let w! be a positive left eigenvector of Vo k: wTmG = 9n,kwT. From the inequality
Vo kv > 0y i, v draw:
wTmGv > 9n7anTv.
Hence 0n7kwTv > O, anTv. In conclusion 6, > 0, g, that contradicts (3.

Second Case: k and n — 1 are not relatively prime. We have d = ged(n — 1,k) > 1.
Let n' = "le +1and k¥ = %. Lemma gives 6y, 1 > 0, 1. By the previous discussion, the
inequality 6, 17 > 6,/ K, holds (observe that k¥’ and n’ — 1 are relatively prime and n’ is an
even integer).

By Remark O, K, is the largest root of the polynomial Xntl _oxn=1 _9X24+1. In
particular the sequence m — 6, ,,, defined on even numbers, is a decreasing sequence. Since
n' < n we have O, K, > On.K,- In conclusion 0, > 0, g, : this again contradicts . The
proof of Theorem 2.1 when n is even is now complete.
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