GL*(2,R)-ORBITS IN PRYM EIGENFORM LOCI
ERWAN LANNEAU AND DUC-MANH NGUYEN

ABSTRACT. This paper is devoted to the classification of GL*(2, R)-orbit closures of surfaces in the
intersection of the Prym eigenform locus with various strata of Abelian differentials. We show that the
following dichotomy holds: an orbit is either closed or dense in a connected component of the Prym
eigenform locus.

The proof uses several topological properties of Prym eigenforms, in particular the tools and the
proof are independent of the recent results of Eskin-Mirzakhani-Mohammadi.

As an application we obtain a finiteness result for the number of closed GL* (2, R)-orbits (not neces-
sarily primitive) in the Prym eigenform locus QE (2, 2) for any fixed D that is not a square.

1. INTRODUCTION

For any g > 1 and any integer partition « = (ki,...,k,) of 2g — 2 we denote by H(x) a stratum of
the moduli space of pairs (X, w), where X is a Riemann surface of genus g and w is a holomorphic
1-form having r zeros with prescribed multiplicities «i, ..., k. Analogously, one defines the strata
of the moduli space of quadratic differentials Q(x’) having zeros and simple poles of multiplicities
Ki,..., Kk with 37 | ki = 4g — 4 (simple poles correspond to zeros of multiplicity —1).

The 1-form w defines a canonical flat metric on X with conical singularities at the zeros of w.
Therefore we will refer to points of H (k) as flat surfaces or translation surfaces. The strata admit a
natural action of the group GL* (2, R) that can be viewed as a generalization of the GL* (2, R) action on
the space GL*(2,R)/SL(2,Z) of flat tori. For an introduction to this subject, we refer to the excellent
surveys [MTO02, [Zor06].

It has been discovered that many topological and dynamical properties of a translation surface can
be revealed by its GL* (2, R)—orbit closure. The most spectacular example of this phenomenon is the
case of Veech surfaces, or lattice surfaces, that is surfaces whose GL* (2, R)-orbit is a closed subset in
its stratum; for such surfaces, the famous Veech dichotomy holds: the linear flow in any direction is
either periodic or uniquely ergodic.

It follows from the foundation results of Masur and Veech that most of GL* (2, R) orbits are dense
in their stratum. However, in any stratum there always exist surfaces whose orbits are closed: e.g.
coverings of the standard flat torus and are commonly known as square-tiled surfaces.

During the past three decades, much effort has been made in order to obtain the list of possible
GL*(2,R)-orbit closures and to understand their structure as subsets of strata. So far, such a list is
only known in genus two by the work of McMullen [McMO7], but the problem is wide open in higher
genus, even though some breakthroughs have been achieved recently (see below).
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In genus two the complex dimensions of the connected strata H(2) and H(1, 1) are, respectively, 4
and 5. In this situation, McMullen proved that if a GL*(2, R)-orbit is not dense, then it belongs to a
Prym eigenform locus, which is a submanifold of complex dimension 3. In this case, the orbit is either
closed or dense in the whole Prym eigenform locus. These (closed) invariant submanifolds, that we
denote by QFEp, where D is a discriminant (thatis D e N, D = 0,1 mod 4), are characterized by the
following properties:

(1) Every surface (X, w) € QEp has a holomorphic involution 7 : X — X, and
(2) The Prym variety Prym(X, 1) = (Q (X, 7))*/H(X,Z)” admits a real multiplication by some
quadratic order Op := Z[x]/(x*> + bx +c¢), b,c € Z, b*> —4c = D.

(Where Q™ (X, 7) = {n € QUX) : T°'n=-n}).

Later, these properties were extended to higher genera (up to genus five) by McMullen (see [McMO03a),
McMO06, [LN13]] for more details).

Recently, Eskin-Mirzakhani-Mohammadi [EMil3, [EMiMo13]] have announced a proof of the con-
jecture that any GL* (2, R)-orbit closure is an affine invariant submanifold of H (k). This result is
of great importance in view of the classification of orbit closures as it provides some very important
characterizations of such subsets. However a priori this result does not allow us to construct explicitly
such invariant submanifolds.

So far, most of GL*(2, R)-invariant submanifolds of a stratum are obtained from coverings of trans-
lation surfaces of lower genera. The only known examples of invariant submanifolds not arising from
this construction belong to one of the following families:

(1) Primitive Teichmiiller curves (closed orbits), and
(2) Prym eigenforms.

This paper is concerned with the classification of GL*(2, R)—orbit closures in the space of Prym
eigenforms. To be more precise, for any non empty stratum Q(«”), there is a (local) affine map ¢ :
Qg (k") — Hgy(k) given by the orientating double covering (the indices g and g’ are the genus of
the corresponding Riemann surfaces). When g — g’ = 2, following McMullen [McMO06] we call the
image of ¢ a Prym locus and denote it by Prym(x). Those Prym loci contain GL*(2, R)-invariant
suborbifolds denoted by QEp(k) (see Section 2] for more precise definitions). We will investigate the
GL*(2, R)-orbit closures in QEp(k). The first main theorem of this paper is the following.

Theorem 1.1. Let (X, w) € QEp(x) be a Prym eigenform, where QEp(k) has complex dimension 3
(i.e. QEp(x) is contained in one of the Prym loci in Table . We denote by O its orbit under GL* (2, R).
Then

(D) Either O is closed (i.e. (X, w) is a Veech surface), or
(2) O is a connected component of QEp(k).

Observe that the case k = (1,1) is part of McMullen’s classification in genus two, which is
obtained via decompositions of translation surfaces of genus two into connected sums of two tori
(see [McMO7]).

Remark 1.2. The classification of connected components of QEp(2,2) and QEp(1,1,2) will be ad-
dressed in a forthcoming paper [LN13c|| (see also [LN13] for related work). The statement is the
following: for any discriminant D > 8 and k € {(2,2), (1, 1,2)}, the locus QEp(k) is non-empty if and
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Q") Prym(x) gX) | | Q) Prym(x) g(X)
Qy(-1%,2)  Prym(l,1) =~ H(1,1) 2 @(1%,2)  Prym(12,2%) = H(0%,2) 4
Qi(-13,1,2) Prym(1,1,2) 3 Q> (-1,2,3) Prym(1,1,4) 4
Qi(-1*,4)  Prym(2,2)°% 3 Qy(~1,1,4) Prym(2,2,2)%ven 4
Q:(~12,6) Prym(3,3) ~ H(1,1) 4 @;(8) Prym(4, 4)%ven 5

TABLE 1. Prym loci for which the corresponding stratum of quadratic differentials
has (complex) dimension 5. The Prym eigenform locus QEp(k) has complex dimen-
sion 3. Observe that the stratum #(1, 1) in genus 2 is a particular case of Prym locus.

onlyif D=0,1,4 mod 8, and it is connected if D = 0,4 mod 8, and has two connected components
otherwise.

Even though Theorem [I.]is a particular case of the recent results of Eskin-Mirzakhani and Eskin-
Mirzakhani-Mohammadi [EMil3, [EMiMol13|], our proof is independent from these works. It is based
on the geometry of the kernel foliation on the space of Prym eigenforms. It is also likely to us that
the method introduced here can be generalized to yield Eskin-Mirzakhani-Mohammadi’s result in
invariant submanifolds which possess the complete periodic property (see Section [2.3).

We will also prove a finiteness result for Teichmiiller curves in the locus QEp(2, 2)°4d: this is our
second main result:

Theorem 1.3. If D is not a square then there exist only finitely many closed GL*(2,R)-orbits in
QEp(2,2)°%.

We end with a few remarks on Theorem [.3]

Remark 1.4.

o To the authors’ knowledge, such finiteness result is not a direct consequence of the work by
Eskin-Mirzakhani-Mohammadi.

e In Prym(1, 1) a stronger statement holds: there exist only finitely many GL*(2,R)-closed or-
bitsin ] QFEp(1,1) (see [McMOSb, McMO064al]). The same result holds for Prym(1,1,2):

D not a square

this is proved in a forthcoming paper by the first author and M. Moller [LMo113]. However,
this is no longer true in Prym(2,2)°4 as we will see in Theorem

o Other finiteness results on Teichmiiller curves have been obtained in other situations by dif-
ferent methods, see for instance [M06l08, BaMol12, [MaWril3l].

Outline of the paper. We end this section with a sketch of the proofs of Theorem and The-
orem Before going into the details, we single out the relevant properties of QEp(x) for our
purpose. In what follows (X, w) will denote a surface in QEp(x) (sometimes we will simply use X
when there is no confusion).

(1) Each locus is preserved by the kernel foliation, that is, (X, w) + v is well defined for any
sufficiently small vector v € R2 (see Section . Up to action of GL* (2, R), there exists € > 0
such that a neighborhood of (X, w) in QEp(k) can be identified with the set

{(X,w)+v, |v| <eé&}.
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(2) Every surface in QEp(k) is completely periodic in the sense of Calta: any direction of a simple
closed geodesic is actually completely periodic, which means that the surface is decomposed
into cylinders in this direction. The number of cylinders is bounded from above by g + || — 1,
where |«| is the number of zeros of w (see Section [2)).

(3) Assume that (X, w) decomposes into cylinders in the horizontal direction, then the moduli of
those cylinders are related by some equations with rational coefficients (see Propositiond.12).

(4) The cylinder decomposition in a completely periodic direction is said to be stable if there
is no saddle connection connecting two different zeros in this direction. The stable periodic
directions are generic for the kernel foliation in the following sense: if the horizontal direction
is stable for (X, w), then there exists € > 0 such that for any v € R? with |v| < &, the horizontal
direction is also periodic and stable on X + v. If the horizontal direction is unstable then there
exists € > 0 such that for any v = (x,y) with |[v| < £ and y # 0O the horizontal direction is
periodic and stable on X + v.

The properties (I)-(2)-(3) are explained in [LNI13al] (see Section 3.1 and Corollary 3.2, Theo-
rem 1.5, Theorem 7.2, respectively). We will give more details on Property (4) in Section 4]

We now give a sketch of the proof of our results. The first part of the paper (Sections[3}{6)) is devoted
to the proof of Theorem|[I.1] while the second part (Sections [/{IT)) is concerned with Theorem [I.3]

Sketch of proof of Theorem Let (X, w) € QEp(x) be a Prym eigenform and let O := GL*(2,R) -
(X, w) be the corresponding GL*(2, R)—orbit. We will show that if O is not a closed subset in QEp (k)
then it is dense in a connected component of QEp (k).

We first prove a weaker version of Theorem[I.1] (see Section [5) under the additional condition that
there exists a completely periodic direction 6 on (X, w) that is not parabolic. We start by applying the
horocycle flow in that periodic direction, and use the classical Kronecker’s theorem to show that the
orbit closure contains the set (X, w) + xV, where v is the unit vector in direction 6, and x € (—¢, &) with
& > 0 small enough. Then we apply the same argument to the surfaces (X, w) + xV in another periodic
direction that is transverse to 6. It follows that O contains a neighborhood of (X, w), and hence for
any g € GL+(2 R), O contains a neighborhood of g - (X, w). Using this fact, we show that for any
(Y,n) € 0\ O, the closure O also contains a neighborhood of (¥, ), from which we deduce that Ois
an open subset of QFp(x). Hence O must be a connected component of QFEp(k).

In full generality, (see Section [6)) we show that if the orbit is not closed and all the periodic di-
rections are parabolic, then it is also dense in a component of QFEp(k). For this, we consider a
surface (Y,n) € O \ O for which the horizontal direction is periodic. From Property (1)), we see
that there is a sequence ((X,, wn))nen Of surfaces in O converging to (Y,7) such that we can write
(X, wn) = (Y,n) + (xn, yn), where (x,,y,) — (0,0). Property (@) then implies that the horizontal
direction is periodic for (X,, w,). Moreover, we can assume that the corresponding cylinder decom-
position in (X,, w,) is stable (for n large enough).

For any x € (—¢, &), where € > 0 is small enough, we show that (up to taking a subsequence) the
orbit of the horocycle flow though (X,,, w,) contains a surface (X,,, w,) + (x,, 0) such that the sequence
(x,) converges to x. As a consequence, we see that O contains Y, 1) + (x,0) for every x € (—¢&,&). We
can now conclude that O is a component of QEp(x) by the weaker version of Theorem.
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Sketch of proof of Theorem[I.3] We first show a finiteness result up to the (real) kernel foliation for
surfaces in QEp(2,2)°% (see Theorem [11.2): If D is not a square then there exists a finite family
Pp € QEp(2,2)°% such that for any (X, w) € QEp(2,2)°% with an unstable cylinder decomposition,
up to rescaling by GL* (2, R), we have the following

X, w) = Xy, wr) + (x,0) for some (Xj, wy) € Pp.

Compare to [McMO05al [LN13]] where a similar result is established.

Now let us assume that there exists an infinite family, say Y = (J;c; GL*(2,R) - (X;, w;), of closed
GL™* (2, R)-orbits, generated by Veech surfaces (X;, w;), i € I.

By previous finiteness result, up to taking a subsequence, we assume that (X;, w;) = (X, w) + (x;,0)

for some (X, w) € Pp, where x; belongs to a finite open interval (a, b) which is independent of i (see
Theorem [8.1)). Up to taking a subsequence, one can assume that the sequence (x;) converges to some
x € [a, b]. Hence the sequence (X;, w;) = (X, w) + (x;,0) converges to (¥,7) := (X, w) + (x,0).
If x € (a, b) then (Y,n) belongs to QEp(2, 2)°4d otherwise, that is x € {a, b}, (Y, 1) belongs to one of
the following loci QEp(0,0,0), QEp(4), or QEp(2)*, with D’ € {D, D/4} (see Section . Then by
using a by-product of the proof of Theorem|[I.1} replacing O by Y (see Theorem|[6.2]and Theorem[9.4)
we obtain that Y is dense in a component of QEp(2, 2)°4d We conclude with Theorem which
asserts that the set of closed GL*(2, R)—orbits is not dense in any component of QEp(2,2)°% when D
is not a square.

Acknowledgments. We would like to thank Corentin Boissy, Pascal Hubert, John Smillie, and Barak
Weiss for useful discussions. We would also like to thank the Université de Bordeaux and Institut
Fourier in Grenoble for the hospitality during the preparation of this work. Some of the research visits
which made this collaboration possible were supported by the ANR Project GeoDyM. The authors
are partially supported by the ANR Project GeoDyM.

2. BACKGROUND

For an introduction to translation surfaces, and a nice survey on this topic, see e.g. [MT02, [Zor06].
In this section we recall necessary background and relevant properties of QEp(x) for our purpose. For
a general reference on Prym eigenforms, see [McMO6].

We will use the following notations along the paper:
B(e) = {v € R?, v| < &}, B(M, &) = {A € GL™(2,R), ||A — M|| < &} and
w(y) = L w, for any y € H((X, 2),

where |.| is the Euclidean norm on R2, and ||.|| is some norm on M(2, R).

2.1. Prym loci and Prym eigenforms. Let X be a compact Riemann surface, and 7 : X — X be a
holomorphic involution of X. We define the Prym variety of X:
Prym(X,7) = (Q"(X,7))"/H1(X,Z)",

where Q7 (X,7) = {n € QX) : ™n = —n}. It is a sub-Abelian variety of the Jacobian variety
Jac(X) := QX)*/H (X, Z).

For any integer vector x = (ky,...,k,) with nonnegative entries, we denote by Prym(x) c H ()
the subset of pairs (X, w) such that there exists an involution 7 : X — X satisfying 7w = —w, and
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dime Q™ (X, 1) = 2. Following McMullen [McMO06], we will call an element of Prym(x) a Prym form.
For instance, in genus two, one has Prym(2) =~ H(2) and Prym(1, 1) ~ H(1, 1) (the Prym involution
being the hyperelliptic involution).

Let Y be the quotient of X by the Prym involution (here g(Y) = g(X) — 2) and r the corresponding
(possibly ramified) double covering from X to Y. By push forward, there exists a meromorphic qua-
dratic differential g on Y (with at most simple poles) so that 7%g = w?. Let k¢’ be the integer vector
that records the orders of the zeros and poles of g. Then there is a GL*(2, R)-equivariant bijection
between Q(«”) and Prym(x) [LO4, p. 6].

All the strata of quadratic differentials of dimension 5 are recorded in Table [T} It turns out that
the corresponding Prym varieties have complex dimension two (i.e if (X, w) is the orientating double
covering of (Y, ¢g) then g(X) — g(Y) = 2).

We now give the definition of Prym eigenforms. Recall that a quadratic order is a ring isomorphic
to Op = Z[X]/(X* + bX + ¢), where D = b*> —4c > 0 (quadratic orders being classified by their
discriminant D).

Definition 2.1 (Real multiplication). Let A be an Abelian variety of dimension 2. We say that A admits
a real multiplication by Op if there exists an injective homomorphism i : Op — End(A), such that
i(Op) is a self-adjoint, proper subring of End(A) (i.e. for any f € End(A), if there exists n € Z\{0}
such that nf € i(Op) then f € i(Op)).

Definition 2.2 (Prym eigenform). For any quadratic discriminant D > 0, we denote by QEp(k) the
set of (X, w) € Prym(k) such that dim¢c Prym(X, 1) = 2, Prym(X, 1) admits a multiplication by Op, and
w is an eigenvector of Op. Surfaces in QEp(x) are called Prym eigenforms.

Prym eigenforms do exist in each Prym locus described in Table |1} as real multiplications arise
naturally with pseudo-Anosov homeomorphisms commuting with 7 (see [McMO06]).

2.2. Periodic directions and Cylinder decompositions. We collect here several results concerning
surfaces having a decomposition into periodic cylinders.

Let (X, w) be a translation surface. A cylinder is a topological annulus embedded in X, isometric to
a flat cylinder R/wZ x (0, h). In what follows all cylinders are supposed to be maximal, that is, they
are not properly contained in a larger one. If g > 2, the boundary of a maximal cylinder is a finite
union of saddle connections. If C is a cylinder, we will denote by w(C), h(C), u(C) the width, height,
and modulus of C respectively (u(C) = h(C)/w(C)).

Another important parameter of a cylinder is its twist #(C). Note that we only define #(C) when Cis a
horizontal cylinder. For that, we first mark a pair of oriented saddle connections on the bottom and the
top boundaries of C. This allows us to define a saddle connection contained in C joining the origins
of the marked saddle connections. This gives us a twist vector, its vertical component equals 4(C)
and its horizontal component is #(C). We emphasis that #(C) depends on the marking (see [HLMO6,
Section 3]). However, the choice of the marking is irrelevant for our arguments throughout this paper.
Therefore, we will refer to #(C) as the twist associated to any marking.

A direction 6 is completely periodic or simply periodic on X if all regular geodesics in this direction
are closed. This means that X is the closure of a finite number of cylinders in direction 6, we will say
that X admits a cylinder decomposition in this direction.
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We can associate to any cylinder decomposition a separatrix diagram which encodes the way the
cylinders are glued together, see [KZO03]]). Given such a diagram, one can reconstruct the surface
(X, w) (up to a rotation) from the widths, heights, and twists of the cylinders (see Section ).

2.3. Complete periodicity. A translation surface (X, w) is said to be completely periodic if it satisfies
the following property: let @ € RP! be a direction, if the linear flow Fy in the direction  has a regular
closed orbit on X, then 8 is a periodic direction. Flat tori and their ramified coverings are completely
periodic, as well as Veech surfaces.

It turns out that, if the genus is at least two, the set of surfaces having this property has measure zero.
Indeed complete periodicity is locally expressed via proportionality of a non-empty set of relative
periods, and thus is defined by some quadratic equations in the period coordinates. This property has
been initiated by Calta [[C04]] (see also [CSO7]]) where she proved that any surface in QFEp(2) and
QFEp(1,1) is completely periodic. Later the authors extended this property to any Prym eigenform
given by Table[I] This property is also proved by A. Wright [Wril3] by a different argument.

Theorem 2.3 ([C04, [LN13a, [Wril3l]). Any Prym eigenform in the loci QEp(x) C Prym(x) of Table
is completely periodic.

3. KERNEL FOLIATION ON PRYM LOCI

We briefly recall the kernel foliation for Prym loci (see [EMZ03, IMZ08!| IC04, MWO08]|| and [Zor06
§9.6] for related constructions). We refer to [LN13a, Section 3.1] for details. This notion was intro-
duced by Eskin-Masur-Zorich, and was certainly known to Kontsevich.

Let (X, w) € H(k) be a translation surface with several distinct zeros. Using the period mapping,
we can identify a neighborhood of (X, w) in H (k) with an open subset U C C4, where d = dim H (k).
We have a foliation of U by subsets consisting of surfaces having the same absolute periods. The
set of surfaces in this neighborhood that have the same absolute coordinates as X corresponds to the
intersection of U with an affine subspace of dimension |k| — 1. Therefore the leaves of this foliation
have dimension || — 1. It is not difficult to see that this foliation is invariant by the coordinate changes
of the period mappings. Thus we have a foliation defined globally in H (), this is the kernel foliation.

It turns out that the kernel foliation also exists in Prym(k) and QEp(k), for all « in Table [T} In
particular, the leaves of the kernel foliation in QFEp(x) have dimension one. We refer to [LN13al
Section 3.1] for a description of this foliation in QEp(x) with more details.

Since the leaves of the kernel foliation in QFEp(k) have dimension one, we have a local action of C
on QEp(x) as follows: for any Prym eigenform (X, w) and w € C with |w| small enough, (X', w’) :=
(X, w) + w is the unique surface in the neighborhood of (X, w) (in QEp(k)) such that w’ has the same
absolute periods as w, and for a chosen relative relative cycle ¢ € H{ (X, X, Z), we have w’(¢) = w(c)+w
(Z is the set of zeros of w). An explicit construction for (X, w) + w will be given in Section &.3]

have

It is worth noticing that we do not have a global action of C on each leaf of the kernel foliation,
i.e even (X, w) + wy and (X, w) + wy exist, (X, w) + w; + wo may not be well defined. Nevertheless,
there still exists a local action of C in a neighborhood of (X, w) on which a local chart (by period
mappings) can be defined. In particular, if |wi| and |w;| are small enough then (X, w) + (w; + wp) =
(X, w) +wp) +wy = (X, w) + wy) +wy.
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Convention : Throughout this paper, we only consider the intersection of kernel foliation leaves with
a neighborhood of (X, w) on which this local action of C is well-defined, and by (X, w) + w we will
mean the surface obtained from (X, w) by the construction described above.

The relative periods of (X, w’) := (X, w)+w are characterized by the following lemma (see Figure
for an example in Prym(1, 1, 2)).

Lemma 3.1. Let ¢ be a path on X joining two zeros of w, and ¢’ be the corresponding path on X'.
Then

(1) If the two endpoints of ¢ are exchanged by 7 then ' (¢’) — w(c) = £w.
(2) If one endpoint of c is fixed by T, but the other is not, then «'(c’) — w(c) = +w/2.

The sign of the difference is determined by the orientation of c.

X, w) X, w) + (s,0)

FIGURE 1. Decomposition of a surface (X, w) € Prym(1,1,2). The cylinder C; is
fixed by the Prym involution 7, while the cylinders C; and 7(C;) are exchanged for
i = 1,3. Along a kernel foliation leaf (X, w) + (s, f) the twists and heights change as
follows: t1(s) = t; — s, 12(s) = B, t3(s) = t3 + s/2 and hy(¢t) = hy — t, hp(t) = ho,
hs(¢) = h3 + t/2. We emphasis that the formula for the twists does not depend on the
choice of the marking.

We end this section by a description of a neighborhood of a Prym eigenform: up to the action of
GL*(2,R) a neighborhood of a point (X, w) in QEp(k) can be identified with the ball {(X, w) + w, |w| < &}.

Proposition 3.2 ([LN13al). For any (X, w) € QEp(k), if (X', ') is a Prym eigenform in QEp(k) close
enough to (X, w), then there exists a unique pair (g, w), where g € GL*(2,R) close to Id, and w € R?
with |w| small, such that (X', w") = g - (X, w) + w).

Proof. For completeness we include the proof here (see [LN13al, Section 3.2]).

Let (Y, ) = (X, w)+w, with |w| small, be a surface in the leaf of the kernel foliation through (X, w). We
denote by [w] and [#] the classes of w and 7 in H'(X,Z;C)". Letp : H'(X,2;C)~ — H'(X,C)” be the
natural projection. We then have [7] — [w] € ker p. On the other hand, the action of g € GL*(2,R) on
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H'(X,X;C) satisfies p(g - [w]) = g - p([w]). Therefore the leaves of the kernel foliation and the orbits
of GL*(2,R) are transversal. Since their dimensions are complementary, the proposition follows. O

4. STABLE AND UNSTABLE CYLINDER DECOMPOSITIONS

4.1. Cylinder decompositions. A separatrix is a geodesic ray emanating from a zero of w. Itis a
well-known fact that a direction is periodic if and only if all the separatrices in this direction are saddle
connections. In this case the surface decomposes into finitely many cylinders in this direction. Since
the Prym involution 7 preserves the set of cylinders, it naturally induces an equivalence relation on
this set. We will often use the term “number of cylinders up to Prym involution” for the number of
T-equivalence classes of cylinders.

Definition 4.1. A cylinder decomposition of (X, w) is said to be stable if every separatrix joins a zero
of w to itself. The decomposition is said to be unstable otherwise.

Lemma 4.2. Let 0 be a periodic direction for (X, w) € H (k) and g be the genus of g. If X has g+ || — 1
cylinders in the direction 6, then the cylinder decomposition in this direction is stable (|| is the number
of zeros of w).

Proof. Let Cy,...,C, be the cylinders in the direction 8 of X. Fori = 1,...,n, let ¢; be a core curve
of C;. Cutting X along c¢; we obtain r compact surfaces with boundary denoted by X, ..., X,. Note
that each of X; must contain at least a zero of w. Therefore we have r < |k|. Let n; be the number of
boundary components of X;. Remark that we have ;.. n; = 2n, and y(X;) < 2 — n;, where y(.) is
the Euler characteristic. By construction, we have

r r r
2-2g=y(X) = ZX(Xi) < Z(Z—ni) = 2r—Zn,~ =2r—2n.
i=1 i=1 i=1

It follows immediately that

n<g+r—-1<g+|«-1.
From the previous inequalities, we see that the equality n = g + || — 1 is realized if and only if r = |«|
and each X; has genus zero. In particular, if n = g + |k| — 1, then each component X; contains a unique
zero of w. If there is a saddle connection joining two distinct zeros of w, then these two zeros must
belong to the same X;, and we have a contradiction. Therefore, the cylinder decomposition must be

stable. O

Remark 4.3. In H(1, 1) the maximal number of cylinders in a cylinder decomposition is three, and a
cylinder decomposition is stable if and only if this maximal number is attained. In higher genus, there
are stable cylinder decompositions with less than n + |k| — 1 cylinders.

Lemma 4.4. Let (X, w) € Prym(k) be a surface in one of the strata given by Table|l| If the horizontal
direction is periodic for (X, w) then the number n of horizontal cylinders, counted up to the Prym
involution, satisfies n < 3. Moreover, if k # (1,1,2,2) and n = 3 then the cylinder decomposition in
the horizontal direction is stable.

Remark 4.5. Observe that Lemma is false for the stratum Prym(1, 1,2,2). However, using the
identification Prym(1,1,2,2) = H(0,0,2) the statement becomes true with the convention that a
cylinder decomposition of (X, w) € Prym(1,1,2,2) is stable if and only if the decomposition of the
corresponding surface in H(0,0, 2) is.
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Proof. Let us assume that the horizontal direction is completely periodic. We first show that the
number n of horizontal cylinders, counted up to the Prym involution, satisfies n < 3. Let ny be the
number of fixed cylinders (by the Prym involution) and let 2 - n, be the number of non-invariant
cylinders. Obviously n = ny + n,.

The next observation is that each fixed cylinder contains exactly two regular fixed points of the
Prym involution, which project to simple poles of the corresponding quadratic differential. Hence if
Prym(x) is the covering of Q(—17,kj, ..., k,) where k; > O then ny < |p/2]. Now since the number of
cylinders is at most g + |«| — 1, we get n, < [(g + |k| — 1 — ny)/2]. Hence

n=nyg+n, <[(g+|kl—1+np)/2]

The values of g + |«| — 1 for the different cases of Table[I]are the following:

Q") Prym(x) g+lk -1 Q) Prym(x) g+l -1
Qy(-1%,2)  Prym(l, 1) 3 @ (1%,2) Prym(12,2?) 7
Qi(-13,1,2) Prym(1,1,2) 5 Q> (-1,2,3) Prym(l,1,4) 6
Qi(-1*,4)  Prym(2,2)°4 4 Qy(~1,1,4) Prym(2,2,2)°'" 6
Q>(—12,6) Prym(3, 3) 5 Qs(8) Prym(4, 4)°ve" 6

On the right table, the inequality p < 1 holds for all cases, thus ny = 0. Therefore n < [7/2] = 3.
For all the other cases on the left table, one has, respectively:

() Ifk=(1,1)thenny <3 andn < [(3+nys)/2] < 3.
(2) Itk =(1,1,2) thenny < landn < [(5 +ny)/2] < 3.
(3) Ifk=(2,2)thenny <2andn < [(4 +nys)/2] < 3.
(4) Itk =(3,3)thenny < landn < [(5+nys)/2] < 3.

The first statement of the lemma is proved. Now we notice that if n = 3 then in every case, but
k= (1,1,2,2), one has ny + 2 -n, = g + |[k| — 1. Hence by Lemma the horizontal direction is
stable. O

4.2. Combinatorial data. Let (X, w) be a surface for which the horizontal direction is completely
periodic. Since each saddle connection is contained in the upper (respectively, lower) boundary of a
unique cylinder, we can associate to the cylinder decomposition the following data:

e two partitions of the set of saddle connections into k subsets, where & is the number of cylin-
ders, each subset in these partitions is equipped with a cyclic ordering, and
e a pairing of subsets in these two partitions.

We will call these data the combinatorial data or topological model of the cylinder decomposition.
Note that while there exists only one topological model for cylinder decompositions with maximal
number of cylinders in Prym(1, 1), in general, there are several topological models for such decompo-
sitions in other Prym loci in Table [T}

4.3. Kernel foliation and stable decomposition. We will now carefully investigate the kernel foli-
ation leaf nearby a surface (X, w) for which the horizontal direction is periodic. In what follows, we
only consider the intersection of the kernel foliation leaves with a neighborhood of (X, w) on which a
local chart by the period mapping is defined. This restriction means that the surfaces in the same leaf
as (X, w) can be written as (X, w) + v, with |[v| small enough. Remark that for all Prym loci in Table
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w has either 2 or 3 zeros, two of them are permuted by the Prym involution, the third one (if exist) is
fixed. To keep the exposition easy to follow, let us assume that w has two zeros, denoted by P and Q.

By assumption, X is decomposed into cylinders in the horizontal direction. Let /& be the minimal
height among the heights of the cylinders, and ¢ be the length of the shortest horizontal saddle con-
nection. For any & > 0 such that & < 1/2min{h, £}, the sets D(P,¢) := {x € X, d(x,P) < &} and
D(Q,¢e) = {x € X, d(x,Q) < &} are two disjoint embedded disks in X. In what follows, we fix an
€ < 1/2min{h, €} such that a neighborhood of (X, w) in its stratum can be identified (via the period
mapping) with an open subset of C? which contains the ball of radius & centered at (X, w). For any
vector v € R?, || < ¢, there is a unique surface (X', w’) in this neighborhood such that w’ has the same
absolute periods as w, and w’(c) — w(c) = v, where c is fixed a relative cycle. We denote (X', w’) by
(X, w) +v. Remark that we have (X, w) + (vi +v2) = (X, w) +v1) + vy aslong as |vi| < &, |v2| < &, and
il + ol < e.

We now construct a surface (X, w) + v from surgeries inside the discs D(P, €) and D(Q, €). Let D(¢)
denote the disc of radius & centered at (0, 0) in R2. We will denote the center of D(g) by ¢, and let a, b
denote respectively the bottom and top endpoints of its vertical diameter. Let D_(g) and D. (&) denote
respectively the left and right half-disks of D(¢) that are cut out by the diameter ab.

Since P and Q are permuted by the Prym involution, their cone angles are the same and equal to
2nm, m € N. The disk D(P, ) (resp. D(Q, €)) can be constructed from m copies of D, (g) and m
copies of D_(e) glued together following a circular fashion. Denote the copies of D, (g) and D_(¢g) in
D(P, ¢) (resp. in D(Q, &)) respectively by D and DY (resp. DI.Q+ and DI.Q_) withi = 1,..., m. For each
copy Df,, we denote by af,, b? ,c?,, the points corresponding to a, b, ¢ respectively. The labeling of

(02
(i+1)+

along the segment ca, for @ € {P, O} (here we identify D, and D with D, (¢) and D_(¢), and use the
convention m + 1 = 1). Note that by construction, all the points cf; are identified with P, all the points

cl.Qi are identified with Q, a? is identified with ag. )+ and b} is identified with b7, .

the half-discs is chosen so that DY, is glued to D} along the segment be, and DY is glued to D

We call a ray in direction (1, 0) a positive horizontal ray, and a ray in direction (—1,0) a negative
horizontal ray. Since the horizontal direction is periodic, any horizontal ray from a zero of w must
end in another zero. Observe that a positive horizontal saddle connection must start in a copy of D,
and end in a copy of D_, hence it joins a point ¢, to a point c?_. Therefore, the horizontal saddle
connections of X provide us with a bijection

ni{cg, e{P,QLk=1,....m} = {c_,ac{P,0}, k=1,...,m}.

Consider a horizontal saddle connection starting in the half-disk DY, and ending in the half-disk

. . . o . o
D?_. Using the developing map, we see that the horizontal positive ray starting from a, passes

through df_. By the gluing rules, we know that cf?_ is identified with afj ) thus we have a horizontal

segment from a7, to a(Bj ) We can now encode this information in a permutation o, of the set

{ag, ., k=1,...,m,a € {P, Q}} by defining o4(a},) = a(Bj+1)+.

Similarly, we also have a horizontal segment joining b}, to bf ,» Which induces a permutation o7, on

the set {bﬁ, k=1,...,m, a € {P,Q}}. Remark that we have a bijection between the set of horizontal
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cylinders in X and the cycles of o, (resp. o). Thus the map st and the pair of permutations (o, o)
completely determine the combinatorial data of the cylinder decomposition of X.

We first observe

Lemma 4.6. Let v be a vector in R* such that [v| < €. If v is horizontal then the cylinder decom-
positions of (X, w) + v and (X, w) have the same combinatorial data. Moreover, the corresponding
cylinders have the same width.

Proof. If v is horizontal then clearly all the horizontal saddle connections in (X, w) persist in (X, w) +v
(the lengths of some of them may be changed), hence (X, w) + v also has a cylinder decomposition
in the horizontal direction with the same combinatorial as (X, w). Remark that the widths of the
corresponding cylinders must be the same since they are absolute periods of w. O

We now describe the surgery inside D(P, €) and D(Q, &) to obtain (X, w) + (0, ¢), with |f| < &. Let us
assume that 7 > 0 (the case ¢t < 0 is completely similar). Let a’ and »” denote respectively the points
(0,—t/2) and (0,¢/2) in D(g). Let @'}, and b’}, be the corresponding points in the boundary of D?,. To
obtain (X, w) + (0, t) we glue the copies of D, (g) and D_(¢) as follows:

o In D(P, e), Dl.’ir is glued to Di along the segment corresponding to a’b, and Di is glued to

Dg )+ along the segment corresponding to aa’.

e In D(Q, &), D1Q+ is glued to DL.Q_ along the segment corresponding to b’b, and Dl.Q_ is glued to

D(% m along the segment corresponding to ab’.

From this construction, observe that we have
(1) All the points a’f; are identified to give a point P’ with cone angle 2mm.

(ii) All the points b’l.Qi are identified to give a point Q’ with cone angle 27m.
(iii) c{’_ is identified with cﬁr, but cl.Q_ is identified with ¢2

1)+ and those identifications give regular
points in the new surface.

B

(v) If n(c®) = CB._, then there is a (positive) horizontal segment from a’$, to a”_, and a horizontal
i+ Jj i+ Jj

segment from b'{, to b’f_.
(v) b'f is identified with b’}

i+

and a'? is identified with a8, | , .

Since this surgery does not change the flat metric outside of D(P, €) and D(Q, €), it is not difficult
to see that the new surface is (X, w) + (0, ¢) (see [LN13al]).

We are now ready to prove the following two propositions which will play an important role in the
sequel.

Proposition 4.7. Let (X, w) € QEp(x), where « is one of the strata in Table If (X, w) admits a
stable cylinder decomposition in the horizontal direction then there exists € > 0 such that for every
v e (-¢,¢)x(-¢,&) c R% (X,w) + v admits a stable cylinder decomposition (in the horizontal
direction) with the same combinatorial data and the same widths of cylinders.

Remark 4.8. Observe that if the horizontal direction on (X, w) is stable then the horizontal kernel
foliation is well defined for all time s € R (see Section[4.4)).

Proof. We only give the proof for the case where w has two zeros P and Q permuted by the Prym
involution since the arguments for the other cases are completely similar. We choose & > 0 small
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enough so that for any point (s, 7) in the square (—&’,&") X (=¢&’, &), the disk of radius &/2 centered at
(s, 1) is included in the disk D(g).

Suppose that v is vertical, that is v = (0,¢) with |f| < &’. The assumption that the cylinder de-
composition is stable means that the bijection s maps {cﬁ, i=1,...,m}to {cf_, i=1,...,m}, and
{cl.QJr, i=1,...,m}to {cl.Q_, i =1,...,m}. It follows from the property (iv) above that any positive
horizontal ray emanating from P’ ends in P’, and any horizontal ray from Q’ also ends in Q’. Thus
(X, w) + v also admit a stable cylinder decomposition in the horizontal direction. Moreover, we have a
bijection between the sets of horizontal saddle connections of (X, w) and (X, w) + v. Since the sets of
cylinders of (X, w) and (X, w) + v are in bijection with the cycles of o, and 0, we conclude that the

cylinder decomposition of (X, w) + v has the same combinatorial data as the one of (X, w).

For the general case v = (s,1) € (—&’, &)X (=&, &), we write (X, w)+(s,1) = (X, w)+(0, 1)+ (s, 0),
the proposition then follows from the case v is vertical, and Lemma §.6] O

Proposition 4.9. Let (X, w) € QEp(k), where k is one of the strata in Table || If (X, w) admits an
unstable cylinder decomposition in the horizontal direction, then there exists € > 0 such that for
everyv = (s,t) € (=&, &)X (=&, &), with t # 0, (X, w) + v admits a stable cylinder decomposition in
the horizontal direction. Moreover, the combinatorial data of the decomposition and the widths of the
cylinders depend only on the sign of t.

Proof. Again, we only give the proof for the case w only has two zeros permuted by the Prym invo-
lution. We also choose &” > 0 such that for every (s,7) € (—&’,&") X (—€’, &’), the disk of radius /2
centered at (s, 7) is included in D(g), and keep the same notations as in the proof of Proposition 4.7
By Lemma[.6| we only need to consider the case s = 0. Let us assume that ¢ > 0. The condition that

the cylinder decomposition is unstable means that there exist i, j € {1, ..., m} such that :rc(cf;) = c]Q_.

We first claim that any positive horizontal ray emanating from P’ ends in P’. By construction, such
a ray starts at a point a’ﬁr, from property (iv) this ray passes through a point a’g_, where 3 and
satisfy n(cﬁ) = cg_. If B = P, then we have a saddle connection joining P’ to itself. Otherwise, we

have § = Q, in this case a’?_ is identified with a’(Qi, T+ (property (v)), thus the ray can be continued
and passes through another point a’iy,/_ where y and i’ are determined by .
Continuing this procedure, we see that this ray must end at a point a’f_, and we get a saddle

connection joining P’ to itself (see Figure[2). Note that the index j can be determined from o, by the

following rule: there is a unique sequence (o, ip), - - - , (@, ix), where @, € {P,Q} and i, € {1,...,m},
such that
° (l’()ZCYk:P7a/1 = = Q1 :Q7

e igp=1i,i; = j, and a'a(a;.f_;) = a;i:‘+
It follows from the same arguments that any horizontal ray emanating from Q" ends in Q’, and
those saddle connections are encoded in o,. We can then conclude that (X, w) + (0, r) admits a stable

cylinder decomposition in the horizontal direction.

We will now show that the combinatorial data of this decomposition are encoded in =, o, 05, Which
implies that those data only depend on the sign of . There are two kinds of horizontal cylinders in
(X, w) + (0, 1), the ones that already exist in (X, w) (recall that the central core curve of any cylinder in
X does not intersect D(P, ) LI D(Q, €) thus remains in (X, w) + (0, 1)), and the new ones that contain
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FIGURE 2. Horizontal saddle connection from P’ to itself

some of the points cf, . Cylinders in the first family are encoded by cycles of o, and 0. Cylinders in
the second family are encoded by cycles in a permutation o of {c}, @ € {P, 0}, i = 1,...,m} which

is defined as follows: for any ¢ there is a horizontal segment joining ¢ to cﬂ._, where cﬁ._ = m(c®).
i+ i+ Jj j i+

From property (iii), if § = P, then cf_ is identified with cf .» and we define oc(c7,) = cf .- Otherwise, if

B = Q then ch_ is identified with C(Qj e and we define o(cf,) = C(Qj ) It is clear from the definition
that the set of cycles of o is in bijection with the set of cylinders that contain some of the points ¢, .
Since the definition of o, only depends on the sign of ¢, we derive that the combinatorial data of the

cylinder decomposition of (X, w) + (0, ¢) only depends on the sign of . O
4.4. Action of the kernel foliation on cylinders.

4.4.1. Horizontal kernel foliation. Let (X, w) € QEp(x) be a Prym eigenform with « in Table[I} The
kernel foliation in those Prym egeinform loci implies that there exist a maximal interval 0 € I C R,
and a continuous map ¢ : I — QFEp(k), s — (X, wy) such that

® (Xo,wo) = (X, w),
o for all s € I, w; has the same absolute periods as w,
o for a fixed relative homology class ¢ € H(X, Z,Z), where X is the set of zeros of w, and for all
s1, 52 € 1, wg, (€) — wy,(c) = 51 — $2.
We will call the set {(Xs, w;), s € I} the leaf of the horizontal (or real) kernel foliation through (X, w),
and write (X, w) + (s,0) = (X;, ws). If I = R, we say that (X, w) + (s, 0) is defined for all s.

Assume that (X, w) admits a stable horizontal cylinder decomposition, then (X, w) + (s, 0) is defined
for all s € R. Moreover, (X, w) + (s,0) also admits a stable cylinder decomposition in the horizontal
direction with the same combinatorial data. Let C;, i = 1,...,k, be the horizontal cylinders in X, and
wi, hi, t; be respectively the width, height, and twist of C;. The cylinder in (X, w) + (s, 0) corresponding
to C; will be denoted by C;(s,0). Let w(C;i(s, 0)), h(C;(s, 0)), (C;(s,0)) denote the width, height, and
twist of C;(s,0). Since the cylinder decomposition is stable, the upper (resp. lower) boundary of C;
contains only one zero of w. By construction, we have

w(Ci(s,0)) = w(C) = wi,
h(Ci(s,0)) = h(C)) = h;,
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for any s. However, in general #(C;(s, 0)) is a non-constant function of s.

Lemma 4.10. We have t(C;(s,0)) = t; + a;s, where

0 if the zeros in the upper and lower boundaries of C; are the same,
a; =14 =1 if the zeros are exchanged by the Prym involution,
+1/2  if one zero is fixed, the other is mapped to the third one by the Prym involution.

Again we emphasis that the formula does not depend on the marking (even if the twists depend on
the marking).

4.4.2. Vertical kernel foliation. Again, assume that (X, w) admits a stable cylinder decomposition in
the horizontal directions with cylinders denoted by Cy,...,Ck. If v = (0, f), then by Proposition 4.7]
(X, w) + (0, 1) is well defined whenever |f| is small enough. Let C;(0, t) denote the cylinder in (X, w) +
(0, 1) that corresponds to C;. The widths (as they are absolute periods) and the twists of the cylinders
C;(0, r) are unchanged, only their heights vary. Namely,

Lemma 4.11. We have h(C;(0,1)) = h; + a;t, where

0 if the zeros in the upper and lower boundaries are the same,
a;j =1 =1 if the zeros are exchanged by the Prym involution,
+1/2  if one zero is fixed, the other is mapped to the third one by the Prym involution.

The proofs of Lemma[.10jand Lemma[4.T1] are elementary and left to the reader.

4.5. Action of the horizontal horocycle flow on cylinders. The (horizontal) horocycle flow is de-
fined as the action of the one parameter subgroup U = {u;, s € R} of GL*(2,R), where u; =

0 1
on (X, w) preserves the cylinder decomposition topologically. Moreover each cylinder C; with param-
eters (w;, h;,t; mod w;) is mapped to a cylinder C;(s) := uy(C;) of uy - (X, w) with the same width and
height, while the twist is given by

(D t(Ci(s)) = t; + sh; mod w;.

( s ) . If the horizontal direction on (X, w) is completely periodic, then obviously the action of u;

4.6. Cylinders decomposition: relation of moduli. The aim of this section is to establish the fol-
lowing result:

Proposition 4.12. Let (X, w) € QEp(k) be a Prym eigenform with k in Table([l|such that the horizontal
direction is periodic. Let n be the number of T-equivalence classes of horizontal cylinders (recall that

n<3) andCy,...,C, be a family of cylinders representing the n equivalence classes. Then we have
(a) Ifn =3 then there exists (r1,r,13) € Q3 \ {0} such that
() riyuy +rup +r3us =0.

Moreover, let a; € {0, +£1/2, £1} be the coefficient given by Lemmas[{.10and .11 associated
to C;, then (ry, ry, r3) satisfies

ai 0%) as
(3) r1—+r2—+r3—:().
wi wo w3

(b) If the cylinder decomposition is unstable then the horizontal direction is parabolic.
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We first recall the following result when D is not a square.

Theorem 4.13 (McMullen [McMO3b]). Let K = Q( VD) C R be a real quadratic field and let (X, w) €
QFEp(k) be a Prym eigenform such that all the absolute periods of w belong to K(1). Assume that the
horizontal direction is periodic with k cylinders, then we have

Zk: W;]/ll‘ = 0,
i=1

where w;, h; are respectively the width and the height of the i-th cylinder, and w', is the Galois conjugate
of wi in K.

Sketch of proof. A remarkable property of Prym eigenform is that the complex flux vanishes. Namely

(see [McMO3bl Theorem 9.7])
fa)/\w’ :fa)/\a' =0.
X X

Here w and w’ are respectively the complex conjugate and the Galois conjugate of w. The argument
is as follows: let T be a generator of the order Op, we have a pair of 2-dimensional eigenspaces
S ®S’ = H'(X,R)” on which T acts by multiplication by a scalar, where S is spanned by Re(w) and
Im(w), and S” is spanned by Re(w’) and Im(w”). Since T is self-adjoint, S and S’ are orthogonal with
respect to the cup product. This shows the equalities above. Now we have

f Im(w) A Re(w’) = wih;,

Ci
where Cy, ..., Cy are the horizontal cylinders in X. Since the surface X is covered by those cylinders,
it follows
k k 1
D wihi = Zf Im(w) A Re(w') = flm(a)) ARe() = f(a) ~D) AW +3) = 0.
i=1 i=1 VCi X X
Theorem @4.13|is proved. O

4.6.1. Proof of Propositiond.12} case D is not a square.

Proof. Let B; € {1,2} be the number of cylinders in the T-equivalence class of C; (5; = 1 if C; is fixed
by 7, 5; = 2 if C; is exchanged with another cylinder). Set r; = ﬁiwiwlf € Q.

For the case n = 3, the first equality follows directly from Theorem 4.13] Namely,

k 3 3
0= Z wihi = Zﬁi(Win),ui = Z Fildi-
i=1 i=1 i=1

When n = 3, Lemma {.4]implies that the cylinder decomposition is stable. Thus we can associate
to each cylinder C; a coefficient a; € {0, £1/2, =1} (by Lemmas [4.10|and f.TT). Observe that moving
in the leaves of the kernel foliation does not change the area of the surface, therefore

k k
Area(X, w) = Area((X, w) + (0,5)) = Z wih; = Z wih; + @;s)
i=1 i=1
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which implies

(4) Z aw; = Z a/,-ﬁiw,- =0.

Thus, one has

3 3 3 !
Z I’,';l. = Zﬁiaiw; = [Zl a,ﬁiwi] = 0,
and (3) is proved.

Consider now the case the cylinder decomposition is unstable, which means thatn < 2. If n = 1
then X has either a unique horizontal cylinder, or two horizontal cylinders which are exchanged by 7.
In both cases, the horizontal direction is clearly parabolic. If n = 2, then Theorem [4.13]implies that
the ratio p1/uo is rational, which means that the horizontal is also parabolic. Proposition 4.12]is then
proved for the case D is not a square. ]

We end this section with the discussion when D is a square.

Lemma 4.14. For every i € {1,...,k} either h; is an absolute period, or there exists j + i and
some integers x;,xj € {1,2} such that x;h; + x;h; is an absolute period. Moreover, if the cylinder
decomposition is stable, and a;,a; are the coefficients associated to C; and C; (by Lemmas

andd.11)) then x;a; + xja; = 0.

Proof. If there is a zero of w that is contained in both the top and bottom borders of C;, then 4; is an
absolute period. Let us assume that this does not occur. There are two cases.

First case. w has two zeros P, P,. Note that in this case P; and P, are exchanged by the Prym
involution 7. We can assume that the bottom border of C; contains P, and its top border contains
P>. By connectedness of X, there must exist a cylinder C; whose bottom border contains P, and top
border contains P;. Remark that we must have i # j otherwise P; is contained in both top and bottom
borders of C;. Let o; and o ; be respectively some saddle connections in C; and C; which join P; to
P>. Then ¢ = 0; U o is a simple closed curve in X, and we have A + hy = Imw(c).

Second case. w has 3 zeros. In this case two zeros are permuted by 7, we denote them by Py, P;, the
third one is fixed by 7, let us denote this one by Q. We can always assume that P; is contained in the
bottom border of C;, but not in the top border of C;.

Assume that the top border of C; contains P,, and let o; be a saddle connection in C; which joins
Py to P,. If there exists another cylinder whose bottom border contains P, and top border contains P,
then we are done. Otherwise, there must exists a cylinder C; whose bottom border contains P, and
top border contains Q. Let C; be the cylinder which is permuted with C; by 7, then the top border of
C; contains P; and the bottom border of C contains Q. In particular, we have C; # C;.

If Cy; = Cj, then the top border of C; contains P; contradicting our hypothesis. Thus we have
Cjy # C;j. Let o be a saddle connection in C; which joins P; to Q, then 7(c ;) is a saddle connection
in Cj that joins Q to P;. Consequently, ¢ := 7(0;) U o; U 0 is a simple closed curve in X, and
Ima)(c) = hl' + hj + hj/ = hi + 2]’1]

We are left with the case where the top border of C; contains Q. Let Cy be the cylinder which is
permuted with C; by 7. Then the top border of Ci contains P, and the bottom border contains Q. By
assumption, we have Cy # C;. By connectedness of X, there exists a cylinder C; # C; which contains
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P in the top border, and P or Q in the bottom border. If P; is contained in the bottom border of C;
then hj + h; + hy = hj + 2h; is an absolute period. If Q is an contained in the bottom border of C;
then h; + h; is an absolute period. Since x;h; + xjh; is an absolute period, it is unchanged by the kernel
foliation, Lemma . TT|then implies that x;a; + xja; = 0. O

4.6.2. Proof of Proposition when D is a square.

Proof. We first consider the case n = 3. Since D is a square, one can normalize, using GL*(2,R),
so that all the absolute periods of w belong to Q(:). By Lemma [4.14] one can find (xi, x2, x3) and
(v1,¥2,y3) with x;,y; € {0, 1,2} such that x;h; + x2hy + x3h3 and y hy + y2hy + y3hs are absolute
periods. The vectors (x1, x2, x3) and (y1, y2, ¥3) are chosen so that they are not collinear. Since all the
absolute periods are in Q, there exists r € Q, » > 0, such that

3
xthy + xohy + x3hs = r(yihy + y2hp + y3h3) & Z(Xi —ry)h; = 0.
i=1
Set r; := (x; — ry;)w;, we get
3
Z ripti = 0.
i=1
From Lemma[4.14] we also have a1 x| + a2x2 + @3x3 = a1y1 + @2y2 + @3y3 = 0. Thus we have
3

3
;(Xi —ryDa; = Z ri% =0.

i=1

Now let us assume that the horizontal direction is unstable (hence n < 2). We will show that the
horizontal direction is parabolic. Obviously, we only need to consider the case n = 2. Recall that we
can normalize so that all the absolute periods of w are in Q(z). In particular, wi, wy € Q. We will show
that both A1, hy are also absolute periods.

First case: w has two zeros Py, P,. Since the cylinder decomposition is unstable, there exists a
horizontal saddle connections y from P, to P;. We can assume that P; is contained in the bottom
border of C;. If the top border of C; also contains P, then &, is an absolute period. Otherwise, let
o be a saddle connection joining P; to P, which is contained in C;. Since ¢ := y U ¢ is a closed
curve and h; = Imw(c), we conclude that h; € Q. The same arguments show that s, € Q, hence the
horizontal direction is parabolic.

Second case: w has 3 zeros. Let P, P, denote the zeros which are permuted, and Q be the zero
fixed by 7. We first observe that there exists a path from P; and P, which is a union of horizontal
saddle connection. Indeed, by assumption there exists a horizontal saddle connection y which joins
two different zeros. If y joins P; to P, then we are done. Otherwise, y joins Q to either P; or P;. In
both case cases, the union of vy and 7(y) is the desired path. Let us denote this path by 7.

Let us assume that P; is contained in the bottom border of C; but not in the top border. If the top
border of C; contains P;, then the union of r and a saddle connection in C; joining P; to P; is a
closed curve ¢ such that Imw(c) = hy, which implies i, € Q. If the top border of C; contains Q, then
let C3 be the cylinder which is permuted with C; by 7. Note that the bottom border of C3 contains Q,
and the top border contains P,. Let 0| be a saddle connection in C; joining P; to Q, and o3 be the
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image of oy by 7 in C3. The union ¢ := n U o3 U 0 is then a closed curve such that Imw(c) = 2h;,
hence h; € Q. Similar arguments show that 4, € Q. The horizontal direction is then parabolic. O

5. PROOF OF A WEAKER VERSION OF THEOREM [I.1]

In this section, we prove a weaker version of Theorem|[I.T} We say that (X, w) is not a Veech surface
(or the orbit is not closed) for “the most obvious reason” if there exists a periodic direction on (X, w)
that is not parabolic (it is a theorem of Veech [Vee89] that on a Veech surface any periodic direction
is parabolic). We will prove Theorem [I.1] under this additional assumption.

Theorem 5.1. Let (X, w) € QEp(x) and let us denote by O its GL*(2,R)-orbit. If O is not closed for
the most obvious reason then O is a connected component of QFE p(k).

We begin with the following key lemma. The proof is classical, but is included here for complete-
ness.

Lemma 5.2. Let (X,w) € QEp(x) be a Prym eigenform. We assume that the horizontal direction is
completely periodic but not parabolic. Then for all s € R, the surface (X, w) + (s,0) is well defined,
and one has:

X,w)+ (5,00 e U-(X,w).

Before proving the lemma, let us state the following corollary:

Corollary 5.3. Let (X,w) € QEp(k) be a Prym eigenform. We assume that there exists (Y,n) €
GL*(2,R) - (X, w) and & > 0 such that (Y,n) + (s,0) € GL*(2,R) - (X, w) for all s € R with |s| < &.
Then there exists & > 0 such that

(Y,m) +veGL(2,R) - (X, w)
for any v € R? such that |v| < €.

Proof of Lemma[5.2] Let Cy, ..., Ci be the horizontal cylinders in X. Let n be the number of equiv-
alence classes of cylinders that are permuted by the Prym involution 7. Recall that for all the cases
in Table m we have n < 3. Assume that {C,...,C,} is a representative family for the T-equivalence
classes of cylinders.

Let us consider the case n = 3. Lemma.4]implies in particular that the cylinder decomposition is
stable. The surface is encoded by the topological gluings of the cylinders C;, and the width, height,
and twist of C; (which will be denoted by w;, h;, t; respectively).

The set of surfaces admitting a cylinder decomposition in the horizontal direction with the same
topological gluings, and the same widths and heights of the cylinders as X, is parameterized by the
three dimensional torus

X=NR)XNR)X NR)/NwWZ) X N(wrZ) X N(w3Z),
where N(A) = {uy; s € A}.

The horocycle flow u; preserves the topological decomposition as well as all the parameters, but
the twists #;. The new twists 7; are given by f; = t; + sh; mod w;. Hence surfaces in the U-orbit of
(X, w) are parameterized by the line {(#1, 2, 13) + (1, h2, h3)s, s € R}.

By Kronecker’s theorem, the orbit closure U - (X, w) is a subtorus of X. Since the moduli are not
commensurable (the horizontal direction is not parabolic) the dimension of this subtorus is at least
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two. More precisely, the orbit closure U - (X, w) consists of the set of all twists (71, 1, #3) such that the

ti—t;

normalized twists verify all non-trivial homogeneous linear relations with rational coefficients

Wi
that are satisfied by the moduli i; = h;/w;. Let P be the subspace of R3 which is defined by all of such
rational relations. By assumption, we have dimg P > 2. But we know from Proposition[4.12]that there
exists (r1, 72, 3) € Q° \ {(0,0,0)} such that 2y ripti = 0. Therefore, we have dimg P = 2 and

3 P
(5) P= {6135,?5) eR’, Y r, (”W t’) = 0} :
i=1 i

It follows that U - (X, w) is the projection to X of the plane P ¢ R? defined by Equation (5)). Hence,
all surfaces constructed from the cylinders with the same widths and heights as those of (X, w) (by the
same gluings), and with the twists 7; satisfying Equation (5) above belong to U - (X, w).

Recall that in the horizontal kernel foliation leaf, a surface (X, w) + (s, 0) is still completely periodic
(for the horizontal direction), and all the data: topological gluings of the cylinders, widths, heights are
preserved, except for the twists (see Lemma @[} To be more precise, if C; is the horizontal cylinder
in (X, w) + (s,0) corresponding to C; = C?, then #;(s) = t; + a;s (where the range of «; is {-1,0, 1}
or {—1,-1/2,0,1/2,1} depending whether w has 2 or 3 zeros, respectively). It remains to show that
(t1 + a5, + aps, 13 + azs) = (1,1, 13) + (a1, a2, @3)s belongs to P. But

3 (t + sa;) — t; 3
S
wi wi

i=1 i=1
by Equation (3). Thus the lemma is proved for the case n = 3.

Let us now consider the case n = 2. Note that if D is not a square then the horizontal direction is
parabolic in this case (see Theorem [4.13)). Therefore, D must be a square. By Proposition {.12| we
know that the cylinder decomposition is stable, which implies that (X, w) + (s, 0) is defined for all s.
In this case, the closure of U - (X, w) can be identified with the torus

X' = NR) X NR)/N(w1Z) x N(wyZ)

Using this identification, the horizontal kernel foliation leaf through (X, w) corresponds to the projec-
tion of the affine line {(#1, ) + (a1, @2)s, s € R}. Hence

X5, ws) = (X, ) +(5,0) € U - (X, w),
which concludes the proof of Lemma/[5.2] i

Proof of Corollary[5.3] We will apply Lemma[5.2]to a transverse direction to (1 : 0). By Theorem[2.3]
let 6 be a completely periodic direction on Y which is transverse to the horizontal direction. Up to
action of U, we can assume that = (0 : 1).

By Proposition 4.7 and Proposition [4.9] there exists & > 0 such that (¥,7) + v is well defined, and
the direction (0 : 1) is completely periodic on (¥,n) + v for all v € (=¢&’,&’) x (=&’,&’). If s # 0
then the cylinder decomposition of (¥,n) + (s,0) in the direction of (0 : 1) is stable. Moreover,
the combinatorial data of this decomposition is unchanged when s varies in the intervals (—¢’,0)
and (0,&’). If the decomposition of (¥,7n) in the vertical direction is stable, then we have the same
combinatorial data for any s € (—¢’, &’).
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Let {w;(s)};i=1.... « be the widths and heights of the cylinders in the vertical direction
of (Y,n) + (5,0), s # 0. Note that the functions w;(s) are constant on each of intervals (—&,0) and
(0, e). However, the set of heights /;(s) define non constant continuous functions of s. To be more
precise, h;(s) = h; + a;s, where a; € {-1,0,1} or ; € {-1,-1/2,0,1/2, 1} depending on whether n
has two or three zeros. Obviously, at least two of «; are different. Hence the set of moduli

.....

h; + sa;

ui(s) =

4
of cylinders (in the vertical direction) define also non constant continuous functions of s. In particular
for almost every s in (—&’,0) (resp. (0,&’)), the direction (0 : 1) is completely periodic and not
parabolic on (¥, ) + (s, 0). Applying Lemma[5.2]to the vertical direction on (¥, 7) + (s, 0), we get that,
for any t € (—&’,&’) one has

(Yom) + (s,0) € GLY(2,R) - (X, m) + (5, 0)).

It follows immediately that we have (Y,n) + v € GL*(2,R) - (X, w) for every v = (s,1) € (—&’,&’) X
(=€, &"). This completes the proof of Corollary mi

One can now prove the main result of this section.

Proof of Theorem We will show that any (¥,7) € GL*(2,R) - (X,w) = O has an open neighbor-
hood contained in O. Let B(g) = {v € R?, |v| < &}.

First case: (Y,n) € GL*(2,R) - (X, w). By assumption, there exists a periodic direction for (X, w)
which is not parabolic. Lemma [5.2] and Corollary [5.3] then imply that there exists £ > 0 such that
(X,w) + v € O for any v € B(e). It follows that for all g € GL*(2,R), g - (X,w) +v) € O. In
particular, there exists a neighborhood U of Id in GL*(2,R) such that g - (X,w) + v) € O, for any
(g,v) € U xB(e). But by Propositionthe set {g- (X, w)+Vv), (g,v) € UXB(e)}is a neighborhood
of (X, w) in QEp(k). Hence (X, w) (and thus (¥, 7)) has an open neighborhood contained in 0.

Second case: (Y,n) ¢ GL*(2,R) - (X, w). Let (X,,, w,) = g» - (X, w) be a sequence converging to (¥, n)
with g, € GL*(2,R). By Proposition there exist € > 0, and a neighborhood U of Id in GL*(2, R),
such that U x B(¢) is identified with a neighborhood of (Y, i7) via the mapping (g,v) — g - (Y,n) + V).
Thus for n large enough, there is a pair (a,,v,), where a, € U, and v, € B(e) C R? such that
(X, wy) = an - (Y, 1) +vy). Since (X, w,) converges to (¥, n), we have (a,), converges to Id, and (v,),
converges to 0. Multiplying by a;,' we get
GL*(2,R) - (X,w) 3 (X, wp) = a," - (X, ) = (Y;1) + v,

Without loss of generality, we also assume that the horizontal direction is completely periodic on Y.
By Propositions . 7jand[4.9] we can choose r > 0 such that for all v = (s, 7) € B(r) the surface (¥,7)+v
also admits a cylinder decomposition in the horizontal direction. When ¢ # 0 this decomposition is
stable with combinatorial data depending only on the sign of . We can assume that v, € B(r) (for n
large enough).

Now, since (X, w]) € GL*(2,R) - (X, w), the first case implies that GL*(2,R) - (X, w) contains
a neighborhood of (X}, w;). Hence for each n, there exists €, > 0 such that for any v € B(g,),

(X),, w;,) +v € 0. Now for each n, we choose d, € (0, €,) small enough such that
(@) u, =v, +(0,0,) € B(r).



22 ERWAN LANNEAU AND DUC-MANH NGUYEN

(b) If v, = (s, 1,) with t,, # 0, then 6,, < |t,,].
In particular since u, € B(r), (a) implies that (¥,7) + u, also admits a cylinder decomposition in the
horizontal direction. Since the ratio of moduli is a continuous (non constant) function of ¢,,, one can
choose 6, € (0, g,) satisfying (a), (b) and

(c) The horizontal direction is stable and not parabolic for (Y, 7)) + uy,,

(d) im0 0, = 0.
By construction, we have 6, € (0, &,), hence (X)/, w})) := (X, w;,) +(0,6,) = (Y,n) + u, € O. Since
the horizontal direction is not parabolic on (X}, w;), by Lemma we derive that for any s € R,
X, )+ (s,0) € o (see Figure . Thus

X!, W)+ (5,000 forany s € (—r/2,r/2).

n

TN
Ux; +B(ey)

O

—r2 0 /2

FIGURE 3. The convergence of (X}, w;,) and (X,’, w,/) to (¥, n) in the kernel foliation
leaf of (Y, n).

Since (d,), converges to 0, we have (X', w)) = (X;, w;) + (0, d,) converges to (¥, n). It follows that
(Y,n) + (5,0) € O for all s € (=r/2,r/2). The theorem then follows from Corollary |

6. PROOF OF THEOREM [L.1]

In this section we complete the proof of Theorem|I.1]in full generality, namely without the assump-
tion that the orbit O := GL*(2,R) - (X, w) is not closed “for the most obvious reason”. However our
proof says nothing about the converse of this assumption, i.e. the following question remains open in
our setting:

Question. For an orbit O := GL*(2,R) - (X, w), is the property of being not closed equivalent to be
not closed “for the most obvious reason”?

Proof of Theorem|[[.1] We begin by fixing some notations and normalization. As usual, let (X, w) €
QEp(k) and let us assume that O := GL"(2,R) - (X, w) is not closed. Let (¥,7) € O\ O be some
translation surface in the orbit closure, but not in the orbit itself.

Claim 1. There exists a sequence (X,,, w,)nen converging to Y such that for every n € N, (X, w,) =
Y,n) + vy € O, vy = (X, Yu)» Yu # 0 and the horizontal direction on Y is completely periodic.
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Proof of the claim. We choose a sequence (X,,w,) € O converging to (¥,77). As in the proof of
Theoremwe can assume that (X, w,) = (¥,n) + v, where v, = (x,,, y,) converging to (0,0) € RZ.
Again, up to replacing Y by Ry - Y for some suitable 6, without loss of generality, we will also
assume that the horizontal direction is completely periodic on Y. If y, # O infinitely often then the
claim follows by taking a subsequence. Otherwise we assume that y, = O for every n > N. We
choose another (transverse) completely periodic direction on Y. We can assume that this direction
to be vertical by applying a matrix in U. Note that a matrix in U fixes the vectors (x,,0). Then up
to replacing (¥,n) and (X,, w,) respectively by Ry - (¥,n7) and Rz/2 - (Xj,, wy) the claim is proved
(otherwise x, = 0 for n large enough, thus (¥,n) = (X,;,w,) € O which is a contradiction to our
assumption). O

We choose some € > 0 so that for any v = (x,y) € R2, if v € B(¢) then the horizontal direction on
(Y,n) + v is periodic, and the cylinder decomposition is stable if y # 0. We can assume that v, € B(g)
and y, > 0 for all n, which implies that the combinatorial data of the cylinder decomposition in the
horizontal direction of (X}, w,) are the same for all n. Finally we also assume that all the horizontal
directions on X,, are parabolic (otherwise we are done by Theorem [5.1)).

We sketch the idea of the proof. It makes use of the horocycle flow u; acting on X,,. The key is to
show that the actions of the kernel foliation and u; coincide for a subsequence.
(1) Since all surfaces (X, w,) are horizontally parabolic, we will show that it is always possible
to find a “good time” s, so that uy, - X,, = X, + (x,, 0) for some vector (x,,0) € B(¢).
(2) One can arrange that (x,, 0) converges to some arbitrary vector (x,0) € B(¢).
These two facts correspond, respectively, to Claim[3Jand Claimd]below. Once we achieve this, passing
to the limit as n — oo, we get

s, - (Xn, Wn) = (X, p) + (X, 0) — (X,17) + (x,0).

In other words (Y, 1) + (x,0) € Oforall x € (—&, &). Then Corollary applies and this gives some
g >0sothat (Y,n) +ve O for any v € B(&’) which proves the theorem.

We now explain how to construct the sequence (s;)qen. As usual, the cylinders on X, are denoted
by Cl(.”),i = 1,...,k (the numbering is such that for every i € {1, 2, 3}, CE.") = T(Cl(.")) implies j = i or

j > 3). The width, height, twist, and modulus of Cl(.") are denoted by wl(,"), hg"), £ ,uE”) respectively.

l' b
Recall that by Proposition and Proposition we have WE") does not depend on n, therefore we

() _

can write w;° = w;. Let us define

e = lim A"

n—oo

Since the cylinder decomposition of X, is stable, we can associate to each family of cylinders (CE"))n
a coefficient a; € {0, £1/2, +1}. Recall that the kernel foliation action of a vector v = (x,y) changes
the height hg") of C‘l(.") to hg") + @;y, hence we can write

hl(,") = I + iy

Note that the horizontal direction on Y is not necessarily stable, some horizontal cylinders on X,
can be destroyed in the limit (as n tends to infinity). Therefore, some of the limits /° may be zero.

However, there is at least one cylinder that remains in the limit, say it is Cg") (see Figure E where the
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7(C1)

FIGURE 4. Decomposition into four cylinders of (X,, w,) = (Y,n) + v, near (¥,n) €
QFEp(2,2) where v,, = fa w. The cylinders C; and C;3 are fixed by the Prym involution
7, while the cylinders C; and 7(C;) are exchanged. When v,, — 0 the cylinder C» is
destroyed, while C3 is remains in the limit (here we have assumed that sz > hy).

cylinder C(2") is destroyed when performing the kernel foliation). Actually, since (X, w,) stays in a
neighborhood of (Y, 7), all the cylinders of (Y, ) persist in (X,, w,). Thus, the number of horizontal
cylinders of (X, wy) is always greater than (¥, 7). We denote by C3 the cylinder on Y corresponding
to C(3") on Xp, then the height of C3 is 5. In particular, we have i3> > 0.

From Equation (@), we have

iﬁiwiai =0.
i=1

Since all the a; can not vanish (otherwise for all i € {1, ..., k} the upper and lower boundaries of CE")
contain the same zero, which means that w has only one zero), Equation () implies that there exist
i, jin {1,2,3} such that @; and «; are non zero and have opposite signs. In particular, there exists
i € {1,2,3} such that @; # 0 and «; has the opposite sign to a3 if @3 # 0. In what follows we suppose
that a/ satisfies this condition. By a slight abuse of language, we will say that @ and a3 have opposite
signs. Since a; # 0, (t(ln), h(ln)) is a relative coordinate. For the surface in Figure|l} w has three zeros
and (a1, a3) = (-1, 1/2), and for the one in Figure@ w has two zeros and (a1, a3) = (-1, 1).

Recall that, by Proposition , we know that there exists (r1, r2, r3) € Q> \ {(0, 0, 0)} such that

ai az a3
rllu(ln) + rg,u(zn) + r3,u(3") =0 and h T 0.
! 2 3

Obviously, we can assume that (ry,r;,r3) € Z3. Note that (rq,r, r3) does not depend on n. Set
K> = h[w;, by continuity we have

rpy + rops + 3y = 0.

Claim 2. We have ry # 0.
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Proof. Suppose that r, = 0, we have then

ral”" + s’ =0
aq (0%}
rn—+mn— = 0
w1 w3

Since ul(.") > 0,w; > 0, and 13 < 0, this system with unknowns (r1,73) has a unique solution
r1 = r3 = 0. Thus we have a contradiction. O

From now on, we fix an integral vector (ry,ry,73) € 73 satisfying Equation (2)) and Equation (3)),
with r, # 0.

Claim 3. Let (X, ®) € QEp(x) be a surface which admits the same cylinder decomposition as X, in
the horizontal direction. We denote by C; the cylinder in X which corresponds to the cylinder an) of
X,. Let wy, hy, t;, i, a; be the parameters of C;. Given two integers ki, ks, if the real numbers s and

x(s) satisfy
1 1

(6) x(s) := —(sh3 — rnk3ws) = —(shy — rnkywy)
a3 aj

then us - (X, ®) = (X, ®) + (x(s), 0).

Remark 6.1. If az = 0, we replace Equation (0)) by the following system

shy = rkyws
Shl—l’zklwl
x(s) = ——mm8—.
ay

Proof of the claim. On one hand, the kernel foliation X + (x, 0), for small values of x, maps the twist
of the cylinder C; to t;(x) = t; + a;x. On the other hand, the action of u; on the cylinder C; maps the
twist #; to the twist #; = #; + sh; mod w;. Equation (6)) implies

shy = a1x(s) + mkiw;  and  shsy = azx(s) + rkzws

which is equivalent to

ay
sy = —x(s) + ok
(7) Wi
as
suz = —x(s) + rk3
w3

We see that the twist of the cylinder C; of u; - Xist =t; + a;x(s) mod w;, fori e {1,3}. It remains to
show that shy = a»x(s) mod ws. Using Equation (2)) and Equation (3)), (7) implies

an
—rySiy = —rzw—x(s) + r(riky + r3k3).
2

It follows
shy = arx(s) — (riky + r3k3)ws.
Thus we can conclude that u - (X, ®) = (X, @) + (x(s), 0). O
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Equation (6)) above reads

kiaz —wak
®) S=r2W1 143 — W3ksay

hasz — ha

Note that since a| and a3 have opposite signs, s is always defined. Reporting this last equation into (6)),
we derive the relation:

kias — wak rahaw
() = n (w1 a3 — w3 3a/1h3 B k3W3) - = L(h _ /ﬂlq),
a3\ haz - ha has — hzay M3

We now make the additional assumption that the horizontal direction is parabolic, i.e the moduli y;
are all commensurable. We thus write the last expression as:

rohsw
X(s) = L(kl - 51@), where =" c Q.
hias — hzay q q U3

We perform this calculation for each surface X,,, so that given a sequence (kg”), ké")
e (

hgn)cm - hg")al

)., We get a sequence

©) Xn

(n)

k(ln) _ 4 k;n)]
(1) ’
q

where (p™, ¢™) € 72 and ged(p™, ¢™) = 1. We want to choose suitable pair of integers (k\", kg")) €
Z? in order to make the sequence (x,), converging to some arbitrary x.

Claim 4. There exists a constant C independent of n such that, for any x € (-g,¢), there exists
(K™, k") € Z? satisfying the following: if x, is defined by ©), then

|x, — x| < o)

Proof of the claim. For each n € N, since p™ and ¢ are co-prime, we can choose (kg") , kg")) € 72
such that

(n) (n)
PP e ke |1

(n) _
(10) K = o
1

gm 3 rzhg")w

As n tends to infinity, the sequence (h;"))n converges to hS. Since w(ln) is constant, h(ln)a/3 - h;")aq
converges to a non-zero constant (since @) and a3 have opposite signs), hence there exists some
constant C > 0 such that

(n), (n)
rhy’w
(11) e 3 i) <C.
hln a3 — h3n aq
From (I0) and (1) we draw
C
lxn — x| < o

that is the desired inequality. The claim is proved. O



GL*(2,R)-ORBITS OF PRYM EIGENFORMS 27

In order to conclude the proof of Theorem one needs to show that ¢ — co. Indeed, we then
have that x,, — x and since x was arbitrary, by Claim [3|this shows

(Y,n) + (x,0) € O, forany x € (—&, €).
Then Corollary [5.3{applies and Y has an open neighborhood in O, which proves the theorem.
We now prove that ¢ — co. Recall that

p(n) B M(lﬂ) Wgn) h(ln)

q™ #(311) (ln)

w3 h{ +aiyn

h" S owi Y+ azy,
(n)
and ged(p™, ¢"™) = 1. Note that since a; and a3 have opposite signs, W cannot be a stationary
w3h{’

[Se]
w1h3

sequence as y, tends to 0. As n tends to infinity, p"™ /g™ converges to p>=/q™ = . But as we

(n)

have seen — cannot be stationary, therefore there are infinitely many n such that p®™/q™ # p® /4™
q

which implies that g™ — co. O

In the remaining of this paper, we will apply Theorem [I.T] (more precisely, the techniques used
in the proof) to show that, for any D which is not a square, there are at most finitely many closed
GL™(2, R)-orbits in QEp(2,2)°%. Even though, we only prove the result for this case, it seems very
likely that one can also obtain similar results for all strata listed in Table [I] In higher “complex-
ity” (genus and number singularities) the difficulty comes from the increasing number of degener-
ated surfaces. Along the way, we will give description of surfaces in a partial compactification of
QEp(2,2)°4

We end this section with a by-product theorem which follows from the same arguments as the proof
of Theorem L1l

Theorem 6.2. Let (Y,n) € QEp(k) be a Prym eigenform (where QEp(k) has complex dimension 3)
satisfying the following properties:
(1) The horizontal direction is completely periodic on (Y,n).
(2) There exists a sequence (X, wy,) = (Y,n) + (x,, y,) converging to (Y,n) where y,, £ 0, ¥Yn € N.
(3) For every n, X,, is horizontally parabolic.

Then there exists € > 0 such that (Y,n) + (x,0) € 5for all x € (—&,¢&), where O = | J, GL*(2,R) -
(Xn, wp).

7. PREPARATION OF A SURGERY TOOLKIT

In this section we will describe several useful surgeries for Prym eigenforms. More precisely let us
fix a surface (Xp, wo) in the following list of strata QEp(k):

e QFEp(0,0,0) (space a triple tori, Section [7.1)),

e QFp(4) (Section|[7.2)),
e QEp(2)* (set of (M, w) € QEp(2) with a marked Weierstrass point, Section [7.3).
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For each case, we will construct a continuous locally injective map ¥ : lo)(g) — QEp(2,2)°4 where
D(e) = {z € C, 0 < |z < &}, which induces an embedding of D(¢)/(z ~ —z) into QEp(2, 2)0dd, Up to
action GL*(2, R), the set W(D(g)) will be identified to a neighborhood of (Xo, wp) in QEp(2,2)°%.

We now describe these surgeries in details (observe that the second one already appears in [KZ03[| as
“Breaking up a zero”).

7.1. Space of triples of tori.

We say that (X,w) € Prym(2,2)°% admits a three tori decomposition if there exists a triple of
homologous saddle connections {0, 01,02} on X, each of which connects the two zeros of w, such
that (X, w) can be viewed as a connected sum of three tori which are glued together along the slits
corresponding to o ;. One can reduce the length of saddle connections {0, 01,02} to zero by mov-
ing in the kernel foliation leaf through (X, w), the limit surface is then the union of three flat tori
(Xj,wj), j=0,1,2, which are joint at a unique common point P.

Recall that H(0) is the space of triples (X, w, P) where X is an elliptic curve, w a non-zero Abelian
differential on X, and P is a marked point of X. We denote by Prym(0,0,0) the space of triples
{(Xj,w;,Pj), j = 0,1,2}, where (X;,w;,P;) € H(0), such that (X;,w;, P;) and (Xp,w,, Py) are
isometric. The geometric object corresponding to such a triple is the union of the three tori, where we
identify Py, Py, P> to a unique common point. Note that by construction, there exists an involution 7
on the “surface” X := {(X;,wj, P;), j =0, 1,2} which preserves X and exchanges X; and X3, we will
call 7 the Prym involution.

We define QEp(0,0,0) € Prym(0,0,0) to be the space of all triples {(X;,w;, P;), j = 0,1,2},

which can be obtained by collapsing triples of homologous saddle connections associated to three-tori
decompositions of surfaces in QFEp(2, 2)°4d The aim of this section is to show:

Proposition 7.1. For any triple tori {(X;, w;, P;), j = 0,1,2} in QEp(0,0,0), there exist € > 0 and a
continuous locally injective map ¥ : lo)(g) — QEp(2,2)°% satisfying:
(1) Yz e [o)(a), the surface (X, w) = Y(z) has a triple of homologous saddle connections {oo, 01, 072}
decomposing X into three tori such that w(o ;) = z.
(2) The map ¥ is two to one and it induces an embedding of ﬁ(a) /(z ~ —z) into QEp(2,2)°%4,
(3) Up to action GL*(2,R), the set ‘I’(ﬁ(s)) can be viewed as a neighborhood of {(X;,w;), j =
0,1,2} in QEp(2,2)°%4,

We postpone the proof of Proposition and first provide a description of the space QEp(0,0,0)
(compare with [McMOQ7, Theorem 8.3]).

Proposition 7.2. Let {(X;,w;,Pj), j = 0,1,2} be a triple tori in QEp(0,0,0) (where X,X> are
exchanged by the Prym involution 7). Then there exist (e,d) € Z?, with d > 0, and a covering
p : X1 — Xo of degree d such that
e D=¢2+8d,
e gcd(e, p11, P12, P21, p22) = 1, where (p;j) is the matrix of p in some symplectic bases of
H\(Xo,2) and H|(X1,7Z).

® piwy = F@1 where \ satisfies \> = el + 2d.
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Proof. Let (aj,b;) be a symplectic basis of H{(X;,Z), where a = —7(a1),by = —7(by), and set
a=a+ay, b= b1 +b,. Then (ay, by, a, i)) is a symplectic basis of H(X,Z)™ (X is the surface obtained
by identifying Pp ~ P; ~ P»). There exists a unique generator 7 of Op such that the matrix of 7 in
the basis (ao, bo, &, b) is of the form T = (611332 z(f ), where e € Z, B € My(Z), B* = (? ‘01) -B- (_01 (1)),
and T"w = hw, with A > 0.

Observe that B can be regarded as a map from H{(X1,Z) to H((Xo,Z). Set Ly = Zwo(ag) +
Za)()(b()), L1 = Zwl(a1)+Zw1(b1). We can identify (X(), a)()) and (Xl, a)l) with (C/L(), dZ) and (C/Ll, dZ)
respectively. The condition 7*w = Aw reads

wo(2B(ay)) = k- wi(ar) and wo(2B(b1)) = k- wi(by).

Hence %Ll is a sublattice of Ly. It follows that there exists a covering map p : C/L; — C/Lg such
that p*dz = M/2dz. The degree of p is given by d = det(B) > 0. Note that T satisfies

T? = T + 2det(B).

Since T is a generator of Op, we have D = €2 + 8det(B). As \is an eigenvalue of T, A satisfies the
same equation. O

Proof of Proposition[7.1} Let € > 0 be small enough so that the set D(P;, &) = {x € X;, d(x, P;) < &}
is an embedded disk in X, j = 0, 1,2. The map ‘¥ is defined as follows: for any z € 5(8), let o be the
geodesic segment in X; whose midpoint is P; such that w(c ;) = z (since [z| < &, o is an embedded
segment). By slitting X; along o, and gluing Xy, X1, X, along the slits in a cyclic order, we get a
surface (X, w) in H(2,2). It is easy to check that (X, w) € QEp(2,2)°%. We define (X, w) = ¥(z).
Since we cannot distinguish the two zeros of w, one has ¥(z) = ¥(—z).

Clearly, any surface in QEp(2,2)°% admitting a three-tori decomposition {(X;.,w;.), j =123}
such that (X;., w;.) = (X}, wj), and the length of the slit is smaller than & belongs to the image of ‘Y.
The proposition follows immediately from this observation. O

7.2. Collapsing surfaces to QFE(4). This surgery already appears in [KZ03|] (“Breaking up a zero”).
As in the previous section, our aim is to show:

Proposition 7.3. For any (Xy, wo) € QEp(4), there exist € > 0 and a continuous locally injective map
¥ : D(g) = QEp(2,2)°4 satisfying:

(1) Yz e ﬁ(s), the surface (X, w) = Y(2) has the same absolute periods as (Xo, wy).

(2) There exists a saddle connection o in X joining the zeros of w and invariant by the Prym
involution such that w(o) = 2°.

3) ¥Y(z) = Y(-2).

(4) Up to the action of GL*(2,R), a neighborhood of (Xo,wo) € QEp(4) in QEp(2, 2)0dd g
identified with ¥(D(g)).

The constructive proof we will give is on the level of Abelian differentials i.e. in Prym(2,2) and
Prym(4). One can interpret this construction on the level of quadratic differentials i.e. Q(-1%,4)
and Q(—13, 3), respectively. This last approach is related to the surgery “breaking up a singularity”
in [KZO03]] (breaking up the zero of degree 3 of the quadratic differential into a pole and a zero of
degree 4).
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Proof of Proposition[7.3] Let (Xo,wo) € QEp(4) and let Py be the unique zero of wy. We consider
0 < & < 1 small enough so that the disk D(Pgy, &) = {x € Xo, d(x, Pg) < &} is embedded into Xj.
To define the map W, we will deform the metric structure inside D(Py, €) in a similar manner as in
Section 4.3l

Let D(g) := {v € R, |v| < &}, and let ¢ denote the center of D(¢). Let v € R? \ {0} be a vector such
that |[v| < €. The line in the direction of v through c intersects dD(¢) at two points a and b, the labeling

is chosen such that a¢ = c_b) = ﬁv. Let D, (g) and D_(&) be the two half-discs of D(¢) that are cut out

by ab. By convention, as one moves from a to b, D, (&) is on the right.

Since the cone angle at Py is 107, the disk D(Py, €) can be constructed from 5 copies of D, (g),
denoted by D, and 5 copies of D_(g), denoted by D;_, withi = 1,...,5. Let a;, b;1, ¢;, denote the
points in the boundary of D;. that correspond to a, b, ¢ respectively. To obtain D(Py, €), we glue D;;
to D;_ along the segment ¢b, and glue D;_ to D4 1)+ along ac.

Let x and y denote respectively the points in ab such that X = ¢y = 1/2v. As usual, the points in
the border of D;. corresponding to x and y are denoted by x;. and y;..

To get a surface (X, w) in QEp(2, 2)°4d with a saddle connection o such that w(o") = v, we first
choose a number k € {1,...,5}, and then replace D(Py, ) by a domain D(g) constructed from D;, as
follows (see Figure[5|for k = 2)

fori ¢ {k,k+ 1,k + 2}, D;; is glued to D;_ along E,
fori € {k,k + 1,k + 2}, Di, is glued to D;_ along yb,
fori ¢ {k,k + 1}, D;_ is glued to D, 1)+ along ax,
fori € {k,k + 1}, D;_ is glued to D, 1)+ along ay,
Dy is glued to D2y along Xy.

.Ii
S
7

hl+
by

ai+ by, O are biy O az+  byy st bsy as+

ai- by O ar— bi_ a3— by as—  bs_

FIGURE 5. Splitting a zero of order 4 into two zeros of order 2.

Observe that all the points x;. (resp. y;.) are identified to give a point with cone angle 67. There is
an involution in D(¢) that maps D, to D(;42)-, thus the surface we obtain belongs to Prym(2, 2)0dd, By
construction, there is a saddle connection o~ arising from the identification of Xi;yr+ and X(52)—Yk+2)--
Note that o is invariant by the involution and and we have w(c) = v as desired.

Since we have 5 choices for the pair of half-disks which contain ¢ in their boundary, we see that
there are five surfaces (X, w) in Prym(2, 2) close to (Xp, wp) satisfying the following conditions:

e The absolute periods of w and wq coincide.
e There exists a saddle connection ¢ in X, invariant by the Prym involution, joining the two
zeros of w such that w(o) = v.

Since the absolute periods of w and wy coincide, the new surfaces actually belong to the same real
multiplication locus as (X, wo), that is (X, w) € QEp(2,2)°%,
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Let z be a complex number such that z° = v, we define the map ¥ by assigning ¥(z) to be one of
the surfaces constructed above. By analytic continuation, this defines the desired map ¥ : D(e) —
QEp(2,2)°%, Observe that since we cannot distinguish the zeros of w, the surfaces corresponding
to +z are the same (with different choices for the orientation of o). The properties asserted in the
statement of the proposition follows immediately from the definition of V. O

Remark 7.4. The “breaking up a zero” surgery is clearly invertible: we can collapse the two zeros
of (X, w) along o to get the surface (Xo, wo) € QEp(4). More generally, let P, Q denote the zeros of
w, where (X,w) € QEp(2, 2)°dd, and let o be a saddle connection, that we assume to be horizontal,
Jjoining P to Q that is invariant by the involution T (such a saddle connection always exists, for instance
the union of a path of minimal length joining a fixed point of T to P or Q, and its image by 7). If for any
other horizontal saddle connection o’ we have |0’| > 2|o7| then one can collapse the zeros of w along
o by using the kernel foliation (see Section [8). The resulting surface (Xo, wo) belongs to QEp(4).
However if o has twins, that is another saddle connection o’ such that w(o’) = w(o), then the limit
surface is no longer in QEp(4) as we will see in the next section.

7.3. Collapsing surfaces to QEp(2)*. In this section, we investigate degenerations by shrinking a
pair of saddle connections that are exchanged by the Prym involution. Let QE (2)* be the space of
triples (X, w, W), where (X, w) € QEp/ (2), and W is a Weierstrass point of X which is not the zero of
w. We will prove

Proposition 7.5. For any (X, wg, Wo) € QEp(2)* there exist € > 0, D € {D’,4D’}, and a continuous
locally injective map ¥ : D(g) — QEp(2,2)°% with the following properties:
(1) Yz e lo)(a) the surface (X, w) = Y(2) has the same absolute periods as (Xo, wg, Wo).
(2) there exists a pair of saddle connections (01, 07) on X that are exchanged by the Prym invo-
lution and satisfy w(o1) = w(o) = 2°.
(3) Y(2) = ¥(-2).
(4) Up to action of GL*(2,R), W(D(€)) is a neighborhood of (Xo, wo, Wo) in QEp(2,2)°%.

As for above surgeries, we will describe how one can degenerate some (X, w) € QEp(2, 2)0dd to
the boundary of the stratum i.e. to (X, wo, Wo) € QEp (2)*, by using the kernel foliation. The inverse
procedure will give the map ¥ of Proposition Hence let us show:

Theorem 7.6. Let (01, 07) be a pair of non-homologous saddle connections in X that are exchanged
by the Prym involution . Suppose that for any other saddle connection o~ joining P to Q in the same
direction as o1, we have |0”’| > |o||. Then as the length of o\ tends to zero (in the leaf of the kernel
foliation), (X, w) tends to a point in the boundary of QEp(2,2)°% which is represented by a triple
(Xo, wo, Wy) € QEp (2)* for some D' € {D, D/4)}.

Observe that we consider 0 and —0 (0 € S') as two distinct directions. As usual, we choose the
orientation for any saddle connection joining P and Q to be from P to Q. For the remaining of this
section, we fix a pair of saddle connections (o1, o) satisfying assumption of Theorem We will
need of the following:

Lemma 7.7. Let us construct the translation surface (X', w’) by first cutting (X, w) along ¢ = o1 *
(—0) and then gluing the resulting pair of geodesic segments in each boundary component. Then

X', w') e QEp(1,1) for some D’ € {D,D/4}.
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(the involution T of X descends to the hyperelliptic involution of X’).

Proof of Lemma(7.7] We first show that (X, ") € H(1, 1). For that, we remark that the pair of angles
specified by these two rays at the zeros P and Q are (27, 4rm). Since T sends 07| to —o» and preserves
the orientation of X, necessarily the angle 27 at P and the angle 27 at Q belong to the same side of ¢
which prove the first fact.

The surface (X', ") has two marked segments ci, ¢y, where ¢ is a saddle connection, and ¢; is
simply a geodesic segment which has the same length and the same direction as ¢;. We denote the
endpoints of ¢; (respectively, ¢z) by Py, Q1 (respectively, P, Q»), where Py, P> correspond to P and
01, O correspond to Q. Note that Py, Q; are the zeros of w’. We choose the orientation of ¢
(respectively, ;) to be from P; to Q) (respectively, from P, to O).

With these notations, 7 induces an involution 7/ on X’ such that 7/(c;) = —cy and 7'(¢3) = —c3.
It turns out that 7" has six fixed points on X’: these are the four fixed points of 7 (none of them
are contained in ¢) and two additional fixed points in ¢; and ¢;. By uniqueness 7’ is therefore the
hyperelliptic involution of X'.

To conclude the proof, one needs to show that (X', w") is an eigenform. For that we first need to
choose a symplectic basis of Hj(X’,Z). We proceed as follows (see Figure @ Let @11, @12, 22,52
be the simple closed curves, and ;1 and 81, be simple arcs in X’ as shown in Figure @, where
@12 = -7 (a11)and B2 = —7'(B1.1). Let ,8’1 denote the simple closed curve which is the concatenation
c1 UB11 Uca UBra. Set a’l = a1, (the orientations are chosen so that (o/l,ﬁ’l, a2, 32) is a symplectic
basis of H;(X’, Z)).

B

FIGURE 6. Surface in H(1, 1) obtained by cutting and gluing along a pair of sad-
dle connections exchanged by the Prym involution. The hyperelliptic involution 7’
exchanges the upper and the lower halves of X’.

Observe that §1,1, 812 correspond to two simple closed curves in X, and that a1, @12 are not

homologous in H1(X,Z). Set a1 = a11 + @12,61 = P11 + P12- Then (a1, B1, a2, 52) is a symplectic

basis of Hi(X,Z)". In this basis, the intersection form is given by the matrix (201 9)
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Since (X,w) € QEp(2,2)°%, by definition there exists a unique generator 7 of Op that can be
expressed (in the basis (a1, 81, @2, 82) of H(X,Z)™) by the matrix
e 0 ab
r=(4 g8
-2¢ 2a 00

where D = ¢ + 8(ad — bc), gcd(a,b,c,d,e) =1 and T*w = A - w, with A > 0. In the symplectic basis
(@},B], a2, 52) of Hi(X’,Z) we define the endomorphism:
e 0 2a2b
r-(§s5¢)
—c 2a 0 O

It is easy to check that 7’ is self-adjoint with respect to the symplectic form (é 9) and T2 = eT’ +
2(ad — bo)Id.

We now claim that «’ is an eigenform for 7”, namely (T")*«’ = A - «’, with A > 0. Let (x,y, z, ) be
the periods of (1,1, @2,52) by w. The condition T*w = Aw reads

(12) (x,y,2,0) - T = Mx,y,2,1).
Now, we have
W' (@) = wla) = o) = x/2,
W' (B)) = —w'(c) + ' (Br1) + W' (c2) + W' (B12) = w(Br1) + W(B12) = wPB1) =y,
w'(@) = w(@) =z,
w/(ﬁz) = w(ﬂz) =1.
By simple computations, we see that (I2) implies
(13) (x/z,%z,f)‘T, = }\'(x/29y7z’t)’

which means that w’ is an eigenvector for 7’. Actually and are equivalent.

Observe that 7’ generates a self-adjoint subring isomorphic to Op in End(Jac(X")) for which «’
is an eigenform. In other words (X', w’) € QEp/(1,1) for some D’ dividing D. The proper subring
isomorphic to Oy is generated by the matrix 7’ /k € End(Jac(X”)) where k = gcd(2a, 2b,c,d, e). By
assumption ged(a, b, ¢, d, e) = 1, therefore k € {1, 2}. Since D = k2D’ the lemma follows. O

We can now proceed to the proof of our results.

Proof of Theorem We keep the notations of Lemma(7.7] By construction, there is no obstruction
to collapse c; along the kernel foliation leaf through (X', w’), the resulting surface belongs to QEp (2).
Note that when ¢ is shrunken to a point, so is ¢;. Since c¢; is invariant by the hyperelliptic involution
of X’, in the limit ¢, becomes a marked Weierstrass point. O

Proof of Proposition[7.5] The surgery “collapse a pair of saddle connections exchanged by 77, as
described above, is invertible: this is the map ¥ of the proposition. Let us give a more precise
definition of this map.

We fix a point (Xy, wg, Wy) € QEp/(2)*, and choose &€ > 0 small enough so that the sets D(Py, &) =
{x € Xp, d(x, Py) < €}, where Py is the unique zero of wg, and D(Wy, €) = {x € Xy, d(x, Wp) < &}, are
two disjoint embedded disks.

Given any vector v € R, with |[v| < &, we construct a Prym form in Prym(2, 2) as follows. We break
up the zero Py into two zeros to get a surface (X', w’) € H(1, 1) having the same absolute periods as
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w, with a marked saddle connection, say o, that is invariant by the hyperelliptic involution and such
that w’(0 1) = v. Note that by assumption o is disjoint from D(Wy, ). Let o, be a geodesic segment
in D(Wy, €) such that «’(0) = v, and Wy is the midpoint of 0. Cutting X’ along 0| and o7, then
regluing the resulting boundary components, we get a new surface (X, w) € H(2,2) together with an
involution 7 : X — X induced by the hyperelliptic involution of X’. Since by construction 7*w = —w
one has (X, w) € Prym(2, 2).

The arguments of the proof of Lemma actually show that (X, w) € QEp(2,2) for some D €
{D’,4D’}. We then define ¥(z) = (X, w), where z is a complex number such that v = Z> (this condition
is due to the fact that we have three choices for the segment o), then extend ¥ to D(e) by analytic
continuation. It is now straightforward to check that the map ¥ has the desired properties. O

8. DEGENERATING SURFACES OF QEp(2,2)°%

In this section, we show that the surgeries described in Section [7] are sufficient to describe the all
the degenerations (along the kernel foliation) of Prym eigenforms in QEp(2, 2)°% having an unstable
cylinder decomposition when D is not a square (compare with [LN13c]).

Theorem 8.1. Assume that D is not a square, and (X, w) € QEp(2, 2)°4 qdmits an unstable cylinder
decomposition in the horizontal direction. Then there exists a finite interval [ Smin, Smax] such that for
any X €lSmin, Smaxl, the surface (X, w) + (x,0) is well-defined and belongs to QEp(2, 2)°4d Moreover
when x tends to O[Smin, Smax), (X, W) + (X, w) converges to a surface (Y,n) which belongs to

QEp(0,0,0), QEp(4) or QE(2)" with D" € {D,D/4}.
We will use the following elementary lemma.

Lemma 8.2. Let (X, w) € QEp(2,2)°Y. Assume that one of the following occurs:

(1) There exists a non trivial homology class ¢ € H{(X,Z)~ such that w(c) = 0.

(2) There exist two twins saddle connections in X joining the two zeros of w, both of which are
invariant by the Prym involution.

(3) There exists a triple of twins saddle connections (o, 01, 03) (that is w(oy) = w(o1) = wW(02)),
where o is invariant and (01, 03) are exchanged by the Prym involution, such that ¢y =
o1 * (—07) is non-separating.

Then D is a square.

Proof of Lemma[8.2] For the first condition, we set K = Q( VD). If D is not a square then K is a real
quadratic field over Q and, up to a rescaling by GL*(2,R), the map H{(X,Q)~ 3 ¢  w(c) € K(i) is
an isomorphism of Q-vector spaces. Thus w(c) = 0 implies ¢ = 0in H{(X,Z)".

For the second condition, let o1, 0 be a pair of twin saddle connections which are both invariant
by the Prym involution 7. If ¢ = o * (—02) € H|(X,Z)” is separating then by cutting X along
01,07 and regluing the segments of the boundary of the two components, we get a pair of translation
surfaces each of which has a unique singularity with cone angle 4. They thus belong to the stratum
H(1). Since this stratum is empty, we get a contradiction. Therefore, ¢ must be non-separating i.e.
c# 0 € Hi(X,Z) . One has w(c) = w(o1) — w(o) = 0, hence the first condition applies and D is a
square.
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For the last condition, we set ¢; = o * (-=0;), j = 1,2. Remark that we have 7(c;) = —c, and
co = ¢y —c1 in H|(X,7Z). Since ¢( is non-separating by assumption, it is a primitive element of
H|(X,Z). Observe that if one of the curves c; or c¢; is separating then the other is also separating

(as 7(c1) = —cp) and in this case ¢y = ¢; — ¢ = 0 € H{(X, Z) contradicting the assumption. Hence
both ¢y, ¢, are non-separating. Let ¢ = ¢; + ¢c. We have 7(c) = —c which means that c € H{(X,Z)".
Ifc =0¢€ Hi(X,Z) then ¢y = —cy i.e. co = ¢ — ¢y = 2cy: contradiction with the primitivity of

co € Hi(X,Z). Thus ¢ # 0 € H{(X,Z)~. Since 0, 01, 0 are twin saddle connections, we have
w(c) = w(cr) + w(cz) = 2w(op) — w(or) — w(or) = 0.

Again the first condition applies and D is a square. O

Proof of Theorem Let P, Q be the zeros of w. We denote by {0, i € I} the set of horizontal saddle
connections on X connecting P to Q. Recall that we always define the orientation of such a saddle
connection to be from P to Q, it is said to be positively oriented if the orientation is from the left
to the right, otherwise it is said to be negatively oriented. The corresponding holonomy vectors are
{(51,0) = w(o;) € R, i € I}. For every i € I, o; is contained on the lower boundary of a unique
cylinder. If o7 is positively oriented (namely s; > 0) then there exists o ; in the same lower boundary
component as o; which is negatively oriented. In particular, all the numbers {s;} cannot have the same
sign.
Let us define
Smin = — min{s;, s; > 0} and spax = — max{s;, s; < 0}.

If (Y, ) = (X, w)+(x, 0) then by construction 1(c;) = (s;+x, 0) and the surface (¥, 7) can be constructed
from the same cylinders as (X, w). For all x €]smin, Smax[, (X, w) + (x,0) is a well-defined surface in
QEp(2,2)°4 gince s; + x # 0, proving the first statement.

We now prove the second assertion. Let us analyze the case when x tends to sy, (the case x tends
to sSmax being similar). Letting Cnin = {07, $i = —Smin} and Cnax = {074, Si = —Smax} (necessarily
|Cminl < 3, and |Crax| < 3). When x — spin, only the saddle connections of Cyin can collapse to a
point. We thus have three cases, parameterized by the number of elements of Cyp.

(1) Cmin = {o7,}: the unique saddle connection o, is invariant by 7 and (X, w) + (x, 0) converges
to a surface in QEp(4).

(2) Cmin = {0, 04, }: 0, and 0, are exchanged by 7 (otherwise the closed curve ¢ = o, *(—07,) €
H\(X,Z)™ represents a non zero element and. Since w(c) = 0, Lemma implies that D is
a square). By Theorem (X, w) + (x,0) converges to a surface in QEp(2)*, for some
D’ € {D,D/4}.

(3) Cmin = {io,11,12}: if there are two saddle connections in {c,, 07, 07, } that are invariant by T
then D must be square (see Lemma @) Hence one can assume that 7 preserves o7, while it
exchanges o, and o,. If the closed curve cp = o7, * (—0,) is non-separating then D must
be a square (again by Lemma [8.2)). Thus ¢ is separating and {c,, 07;,, 07, } are homologous
saddle connections. We only need to show that X decomposes into three tori. Indeed, as x
tends to spmi, the length of these saddle connections tends to zero, and the limit surface is an
element of QFEp(0,0,0).
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Hence, in view of the above discussion, in order to finish the proof of the theorem, we need to show
that, in case (3], the complement of o, U 0, U 0, has three connected components, each of which is
a one-holed torus.

We begin by observing that o7, 0, determine a pair of angles (2x,4m) at P and Q. Since 7 ex-
changes P and Q and preserves the orientation of X, a careful look at the geodesic rays emanating
from P and Q shows that the angles 2 at P and the angle 27 at Q belong to the same side of cy. Cut
X along cp, then glue the two segments in each boundary components together, we then obtain two
closed translation surfaces. From the observation above, one of the new surfaces has no singularities,
hence it must be a flat torus that will be denoted by (X’, w’). The remaining surface is then a surface
X", ") in H(, 1).

We have in X’ a marked geodesic segment o which is the identification of o-; and o, we denote
the endpoints of this segment by P’ and Q’ such that P’ (resp. Q) corresponds to P (resp. to Q). For
(X", "), we denote the zeros of w” by P and Q" such that P” (resp. Q") corresponds to P (resp.
to Q). In X" we have a pair of twin saddle connections oy and o/, where ¢’ is the identification of
(o] and o 2.

The involution 7 induces an involution 7° on X’ and an involution 7"/ on X”’. We can consider
7/ and 7" as the restrictions of 7 in X’ and X"’ respectively. Note that 7’ exchanges P’ and Q' and
satisfies 7/(w”) = —w’. Since X’ is an elliptic curve, there exists only one such involution. We deduce
in particular that 7’ has four fixed points in X’, one of which is the midpoint of o”, the other three are
the fixed points of 7.

Recall that 7 has four fixed points in X. Therefore, 7’ has exactly two fixed points, one of which is
the midpoint of oy by assumption (recall that o7 is invariant by 7), and the other one is the midpoint
of o”’. Let 1 denote the hyperelliptic involution of X”’. Remark that 1 has six fixed points. From the
observations above, we can conclude that 77 # .

We now claim that W(og) = —o”’. Indeed, since t is in the center of the group Aut(X”’), we have
to1” = 1" o1 Therefore « preserves the set of fixed points of 7. If | fixes the midpoint of o, then it
follows that Lo7” = Id, since both v and 7”7 are involutions. Hence 7"/ = 1, and we have a contradiction.
Therefore, . must send the midpoint of oy to the midpoint of o”’. Remark that \*«w” = —w”, which
means that ¢ is an isometry of (X”,w”). Thus  maps o to another saddle connection such that
w” ((og)) = —w” (o). Since v exchanges the zeros of w”’, we conclude that W) = —o”.

Now, the element in H) (X", Z) represented by the closed curve o9 U o’ is preserved by t, which
implies that this curve is separating. Cut X"’ along oy U ¢/, then glue the segments in the boundary
of each component together, we then get two flat tori (X{’, w{’) and (X}, w}) which are exchanged by
7. This finishes the proof of Theorem 3.1] O

9. CYLINDER DECOMPOSITION OF SURFACES NEAR QEp(4) AND QEp(2)*
Let (Xo, wo) be a surface in QEp(4), and ¥ : D(g) — QEp(2,2)°% be the map in Proposition

Proposition 9.1. Assume that the horizontal direction is completely periodic for (Xy, wo). Then there
exists 0 < & < & such that for every (X, w) € ‘I’(b(sl)), the horizontal direction is also completely
periodic. Set Ry 5/(g1) = {@ek’%, 0<o<el,fork=0,...9, and E(k’j)(é‘l) = {Qe’e, 0<p<
e, k—Dn/5 <0 <kn/5), fork=1,...,10. Then
(1) The cylinder decompositions in the horizontal direction of all surfaces in Y(Rq 5)(€1)) are
unstable and have the same combinatorial data.
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(2) The cylinder decompositions in the horizontal direction of all surfaces in ‘I’(ﬁ(k,s)(sl)) are
stable and have the same combinatorial data.

Proof. This proposition follows from similar arguments as Proposition #.9] Let C;, i = 1,...,n,
denote the horizontal cylinders of X, and y; denote the simple closed geodesic in C; whose distances
to the two boundary components of C; are equal. Choose ¢; satisfying 0 < &; < min{e, 1} small
enough so that D(Py, £1) = {x € Xp, d(x, Py) < &1}, where Py is the unique zero of wy, is an embedded

disk disjoint from the curves ;. Note that by the choice of £, we have 3? <g <e.

By definition, the surface W(pe'®) has a small saddle connection (of length 95) in direction 50. It
follows immediately that the horizontal direction is periodic for the surfaces in (R 5)(e1)). Since we
have a horizontal saddle connection with distinct endpoints, the corresponding cylinder decomposition
is unstable. Clearly, the combinatorial data of the decomposition of ¥(z) does not change as z varies

in R.5)(£1) (see Lemmad.6).

Let us now consider a surface (X, w) = ¥(z), where z € b(k,s)(sl ). We will assume in addition that
7 = 2thwith 0 < h < &;/2, the general case then follows from Lemma Recall that D(Py, 1) is
the union of 10 half-disks D;., with i = 1,...,5, where D;; is a copy of {z € C, |z] < €], Re(z) > 0}
and D;_ is a copy of {z € C, |z] < €1, Re(z) < 0}. Let a;s, b, c;+ denote the points in the border of
D, that correspond to —igq, 1g1, 0 respectively.

Since the horizontal direction is periodic for (Xy, wp), we have a bijection & : {¢;, i =1,...,5} —
{cie, i = 1,...,5}. The gluing rules then give rise to a permutation o, of {a;+, i = 1,...,5} and a
permutation o, of {b;y, i = 1,...,5} (see Section 4.3). Now, the surface (X, w) = ¥(z) is obtained
from (X, wg) by replacing the disk D(Py, £1) by another disk D(g;) constructed from the half-disks
D;; with a choice of j € {1,...,5} and the following gluing rules (see Figure [/| for the case j = 2),
here we use the convention i ~ (i —5)ifi > 5,

Di; is glued to D;_ along the segment {Re(z) =0, h < Im(z) < g1} fori e {j,j+ 1,j+2}.
D, is glued to D;_ along the segment {Re(z) =0, —h < Im(z) < g1} fori ¢ {j,j+ 1, j+2}.
D;_ is glued to Di11)+ along the segment {Re(z) = 0, —s1 < Im(z) < h} fori € {j, j+ 1}.
D;_ is glued to Di,1)+ along the segment {Re(z) = 0, —e1 < Im(z) < —h} fori ¢ {j, j + 1}.
D, is glued to Dyj;2)- along the segment {Re(z) = 0, —h < Im(z) < h}.

bi- =Dbi+ by =bas by- = b3, by = by bs_ = bs,

) G -
o EARN

ap-  dp+ ax— Ay as-  dasy a4— A4+ as—  dsy

e | |3

—
_/
T

~_
——

FIGURE 7. Splitting a zero of order 4 to two zeros of order 2 (j = 2).

Let P (resp. Q) denote the zero of w which corresponds to the point —ih € D, (resp. th € D).
From the gluing rules, any horizontal geodesic ray emanating from P (reps. Q) ends up at P (resp. Q).
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Moreover, those horizontal saddle connections are encoded in the permutations o, and . It follows
that (X, w) admit a stable cylinder decomposition in the horizontal direction.

By the choice of €1, (X, w) has n cylinders associated to the geodesics y;, i = 1,...,n, and some
additional cylinders which contain some of the points c;;. The cylinders associated to y; are in bijec-
tion with the cycles of o, and o7,. For the additional ones, we remark that the gluing rules imply the
following identifications:

e ¢;_isidentified with ¢;; if i & {j, j+ 1, + 2},

e ¢;_is identified with Ci+1)+ ifie{jj+1},

® c(j;+2)- is identified with ¢},
Composing these identifications with 5, we get a permutation o of the set {c;;, i = 1,...,5}. Clearly,
the horizontal cylinders containing some of the points c¢;. are in bijection with the cycles of o.. We
derive that the permutations o, 0, 0. completely determine the combinatorial data of the cylinder
decomposition of (X, w), hence these combinatorial data depend only on the sector lo)k,s(sl). The
proposition is then proved. o

Remark 9.2. In general, the topological model of the decomposition of (X, w) changes if we change
the sector D 5(g1).

By a saddle connection on (Xy, wg, Wo) € QEp/(2)*, we refer to a geodesic segment whose end-
points are in the set {Py, Wp}. We consider, by convention, a cylinder in (Xo, wo, Wp) as the union
of all simple closed geodesics in the same free homotopy class in Xg \ {Pg, Wy}. Obviously, a direc-
tion O is periodic for (Xy, wg, Wp) if and only if it is periodic for (X, wp), but the associated cylinder
decomposition of (X, wy, Wy) may have one more cylinder than the one of (Xy, wy), since a simple
closed geodesic passing through Wy will cut the corresponding cylinder in (Xo, wp) into two cylinders
in (Xo, wg, Wp). The following proposition follows from completely similar arguments as Proposi-
tion
Proposition 9.3. Ler (Xo, wg, W) be a surface in QE (2)*. Assume that the horizontal direction is
periodic for (Xo, wo, Wy). Let ¥ : f)(s) — QEp(2,2)°% pe the map defined in Proposition Then
there exists 0 < &1 < & such that for all (X, w) € ‘I’(lo)(sl)), the horizontal direction is also periodic.
Sel‘R(k’3)(81) = {Qekt%,o <P < 81}, k=0,...,5 and Do(k,3)(81) = {Qele, 0< o<¢p, (k - 1)7‘(/3 <0<
krn/3L,k=1,...,6. We have

(1) The associated cylinder decomposition of surfaces in Y(R 3)(g1)) are unstable and have the
same combinatorial data.

(2) The associated cylinder decomposition of surfaces in ‘P(Do(k,3)(81)) are stable and have the
same combinatorial data.

Having Propositions 0.T]and 0.3| proved, using the arguments in Section [6] we get

Theorem 9.4. Let (X, wy) (resp. (X, wg, Wy)) be a surface in QEp(4) (resp. in QEp(2)*) which is
horizontally periodic, and ¥ : D(g) — QEp(2,2)°% be the map defined in Proposition (resp. in
Proposition . Let {zn}nen be a sequence of complex numbers in a fixed sector Dy ) (€1), where &
is the constant in Propositions |9.1| (resp. Proposition , such that z, — 0. Assume that for all
n € N, the horizontal direction is parabolic for the surface (X, w,) = Y(z,). Then the set

0= U GL+(2, R) : (Xm wn)
neN
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is dense in a component of QEp(2,2)°%,

Sketch of proof. Since the arguments for the two cases are the same, we will only consider the case
(X0, wp) € QEp(4). Recall that by definition, all the surfaces in ¥(D(¢g)) belong to the same leaf of the
kernel foliation. Set B(k,n)(sl) ={z= Qe’e €eC,0<o<egp, (k—1r/5 <0 < kn/5}. By aslight abuse
of notations, if (X, w) = W(z), with z € D, (1), then we will write (X, w) = (Xo, wo) + z°. Using this
convention, given z1,zp in l_)(k,n)(el ), we have
(Xo, wo) + 25 = ((Xo, w0) +2}) + (23 = 7)),

where the expression in the right hand side corresponds to a move in a leaf of the kernel foliation in
QEp(2,2)°4.

By assumption, we can write (X, w,;) = (Xo, wo) + (Su, 1), With (s, 1) S 0,0), t, # 0, and
(X, wy) admits a parabolic cylinder decomposition in the horizontal direction. By Proposition [9.1]
we know that the topological data and the widths of the cylinders in this decomposition are the same
for all n. Thus, the arguments in Section @ allows us to conclude that (Xy, wg) + (x,0) € O, for all
X € (—s?, s?).

Pick a point x € (—s?, s? )\ {0}, and set (X, w) = (X, wo) +(x, 0), we see that there exists &y > 0 such
that (X, w)+(s,0) € Oforall s € (—&0, &0). Corollarythen allows us to conclude that (X, w)+v € o

for any v € R2, with v small enough. We can then choose v such that (X, w)+v € ‘I’(lo)(k,,,)(sl)) and the
horizontal direction is not parabolic for (X, w) + v. The theorem then follows from Theorem O

10. THE SET OF VEECH SURFACES IS NOT DENSE

In this section we will prove the following theorem:

Theorem 10.1. If D is not a square then for any connected component € of QEp(2,2)°%, there exists
an open subset U C € which contains no Veech surfaces.

10.1. Cylinder decomposition and prototypes. We first prove the following lemma, which says
that if we have a three tori decomposition such that the direction of the slits is periodic, then up to
GL*(2,R), the surface belongs to the real kernel foliation leaf of some “prototypical surface” in a
finite family.

Lemma 10.2. Let (X, w) € QEp(2,2)°Y be an eigenform with a triple of homologous saddle con-
nections {09, 01,02} so that (X, w) admits a three tori decomposition into tori (X;,wj),j = 0,1,2.
Assume that (X, w) is periodic in the direction of 0. Let (a j,Zj) be a basis of H\(X, Z) with a; par-
allel to o j, and 1(a)) = —a, T(Z]) = —52, where T is the Prym involution. Then there exists a tuple
(w,h,t,e) € YA satisfying

P(0.0.0)) { ;v)z gih:g v(i,h 0 <t < gcd(w, h), ged(w, h, t,e) = 1,

such that up to the action of GL*(2,R) and Dehn twists, we have

w(Zag ® Zhy) A-Z2,
W(Za; ® Zb;) Zw,0)®Z(t,hy  for j=1,2,

where ). € Q(VD) is the unique positive root of the equation \* — e\. — 2wh = 0.
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Proof We include a sketch of this result (compare with [LN13, Proposition 4.2]). Set'a = a1 + a; and
b= b1 +b2 We have (ag, bo, a, b) is a symplectic basis of H{(X,Z)~. The restriction of the intersection

form is given by the matrix (6 ZOJ )

Since (X, w) € QEp(2,2)°%, let us denote by T a generator of the order Op. In the above coordi-
nates, since 7' is self-adjoint, 7" has the following form (up to replacing 7 by 7" — f - Id)
e 0 2w 2t
r=(b 5% ¥),
-cw 0 0
for some (w,h,t,e,¢) € Z°. Since w is an eigenform, we have T*w = A - w for some A (that can
be chosen to be positive by changing 7 to —T). Now up to the action of GL*(2,R), one can always
assume that w(Zay @ZE)) = \-Z2. Now in our coordinates, Re(w) = (A, 0, x, y) and Im(w) = (0,2, 0, 2),
for some x,y,z > 0. Reporting into the equation T*w = A - w, we draw x = 2w, y = 2t, z = 2h and
= 0. Since T satisfies the quadratic equation T? — T — 2whId = 0, we get D = ¢*> + 8wh. We can

renormalize further using Dehn twists so that 0 < ¢ < ged(w, k). Finally properness of Op implies
gcd(w, h,t,e) = 1. All the conditions of $p(0, 0, 0) are now fulfilled and the lemma is proved. O

Definition 10.3. For each D, let Pp(0, 0, 0) denote the set
{(w, h,t,e) € Z*, (w, h, t,e) satisfies (Pp(0,0,0))}.
We call an element of Pp(0,0,0) a prototype. The set of prototypes is clearly finite.

10.2. Switching decompositions. Let (X, w) be a surface in QEp(2, 2)°4d which admits a three-tori

decomposition by a triple of saddle connections {7, 01, 02}. We also assume that the direction of o
is periodic. Let (X;,w;) and (a j,Zj) be as in Lemma We wish now to investigate the situation
where X admits other three-tori decompositions.

By Proposition for any primitive element by € Ho(Xo, Z), there exists a unique primitive ele-
ment b; € H1(X;,Z), j = 1,2 such that

283
w(bj) = %w(bo)

with 8; € N. This is because L(X}, w;) is a sublattice of %L(Xo, wo) (L(Xj, w)) is the lattice associated
to (Xj,w;), see Proposition , hence it contains a vector parallel to 2/ wy(bg). We call b; the
shadow of by in X;.

The following lemma provides us with a sufficient condition of the existence of many other three-
tori decompositions. Its proof is inspired from [McMOSb, Theorem 5.3].

Lemma 10.4. Let by be a primitive element of H\(Xo,Z) \ {+ao} and let b; be the shadows of b in
X, j=1,2. Set c = bg + by + by. Then there exists so > 0 such that if the ratio s = |ol/[ao| is smaller

than sg, then the surface (X, w) admits a three-tori decomposition by a triple of saddle connections
{60,01,02} such that 6 (=0 ;) = c.

Proof. For vi = (x1,y1),v2 = (x2,y2) in R?, let us define v{ A v, = det (3 32). By assumption, we
have by ¢ Zay, hence |w(bg) A w(ap)l > 0. Since w(b)) is parallel to w(by), and w(a;) is parallel to
w(ap), we also have |w(b;) A w(a;)| > 0.

Choose so small enough so that if 0 < s < s, then 0 < slw(b;) A w(a;)| < Area(X;). Assume that
loj| < sola;| for j =0, 1,2. Note that |og| = |o1] = |o72], and [a1]| = [az| = w/Maol.
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Let & ; be the marked geodesic segment corresponding to {0, 01, 02} in the torus X, and let y; be
a simple closed geodesic representing the homology class b; € H{(X;,Z). By assumption, we have
0 <lw(y;) A w(d ) < Area(X;), hence y; intersects & ; at at most one point. Thus the union of all the
geodesics representing b; which intersect & is an embedded cylinder C; in X .

(o) 0

bo

do

a1 8>

b
Xo ?

X 1 X2
FIGURE 8. Switching three-tori decomposition.

Recall that (X, w) is obtained from Xy, X1, X> by slitting and regluing along &-;. As a consequence,
we see that the union of the cylinders ¢ i» J = 0,1,2, is an embedded cylinder C whose core curves
represent the homology class ¢ = by + by + by. Let ¢ be the image of o-; under a Dehn twist in C, then
{0;, j = 0,1,2} is also a triple of homologous saddle connections which decompose X into three tori
(see Figure @) By definition, we have ¢; * (=0 ;) = ¢, and the lemma follows. |

Using the same notations as in Lemma m Let (X;.,w;.), j = 0,1,2, denote the tori in the
decomposition specified by {d¢, d1, 02} (X(’) is the torus which is fixed by 7). We regard X; and X;. as

subsurfaces of X. The following elementary lemma provides us with an explicit basis of H{(X,, Z),
its proof is left to the reader.

Lemma 10.5. Let ay be a primitive element of H{(Xo,Z) such that (ay, by) is a basis of H\(Xo,Z).
Then we have H|(X)\,Z) = Z - (ag + ¢) + Z - by.

Next, we have

Lemma 10.6. Let (X, w) be a surface in QEp(2,2)°Y satisfying the hypothesis of Lemma Let ag
be a primitive element of H|(Xo,Z) such that (ay, by) is a basis of H1(Xy,Z). There exists (p,q) € 72
such that ay = pag + qbo. Set B = 2B1 + 2B, = 4B € Z, where w(b;j) = (2B;/Mw(bo). If the direction
of g is completely periodic, then we have

‘= A+ B
C(rp+p-q@h+pB

(14)

withr € Q.



42 ERWAN LANNEAU AND DUC-MANH NGUYEN

Proof. We know that the saddle connections {69, 91, 02} decompose X into three tori X[, X}, X7, where
X is preserved by 7. By Lemma we have H{(X/,Z) = Z - (ap + bo + by + by) + Z - by. Set
A = w(ag + by + by + by), B = w(by), then we have (X)) = ZA + ZB, where L(X)) is the lattice
associated to X;. Set v = w(oo), w = w(dp). We have

A= wla) + b + by = wta) + 1+ D)8

Thus

w(ag) =A—-(1+ ';)B.

Since ag = pag + gbgy, we have

v = sw@) = s(pwlao) + qw(bo)) = s(p(A — (1 + §>3) v qB) = s(pA + (g p(1+ §)>B>.
Now
w = v+wlby+ by +by)

= spA+s(g—p(d+ g))B +(1+ 'g)B

SspA + (sqg + (1 —sp)(1 + é—i))B.

The direction of dy is periodic if and only if w is parallel to a vector in the lattice ZA + ZB, which is
equivalent to

sq+(L=sp)(1+5)  sgh+(1-sp)(h+p) ]
sp B spA

Q.
It follows
srph = sgh+ (M + B) — sp(h + B),

or equivalently
3 A+ B A+ B

s = = .
rph—gh+ph+B)  (rp+p-q@h+pB

We can now prove

Proposition 10.7. Let (X, w) be a surface in QEp(2, Z)Odd, where D is not a square. Assume that there
exists a triple of homologous saddle connections {og, 01, 072} which decompose (X, w) into three tori,

o : o loo _ . .
and the direction of o j is periodic. Set s = AR where ay is a simple closed geodesic parallel to o

0
in the torus which is preserved by the involution. Then there exists a constant so > 0 depending only
on D such that if s < sg then (X, w) is not a Veech surface.

Proof. Let (5,,?5,), j =0,1,2, be as in Lemma Let (e, w, h, t) be the prototype in £p(0,0,0)
which is associaged to th(i cylinder decomposition in the direction of o. Set (ag, by) = (ao, by), and
(ag, by) = (ao + bo, ap + 2by). Let b; (resp. b;.) be the shadow of by (resp. by) in X;, j = 1,2. We have

w(by + by) = ';w(bo), w(b] + b)) = %w(b(')),
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where 8,8’ € N are determined by the prototype (e, w, h, ). From Lemma [10.4] there exists s; > 0
such that if s < s1, then (X, w) admits three-tori decompositions by the triples of saddle connections
{0, j=0,1,2} and {6}, J =0, 1,2}, where 69 and ¢, satisfy

00 % (—09) =bg+ b +by € H(X,2Z), and(56 % (—0g) = bE) +b’1 +b’2 € H|(X,2Z).

By definition, we have ay = ag = 2a(, — b;,. Assume that (X, w) is a Veech surface, then the direc-
tions of ¢ and " must be periodic, hence, from Lemma|10.6] we have

(15) B A+ B B A+ p
ST TN+ 2F 43N+ 28

withr,7” € Q. Set R =r + 1,R’ = 2r' + 3, we see that the equation (15)) is equivalent to

RV + (R'B+28)\+2B8 =R\> + (RB' + B\ + BB
Using A2 = ek + 2wh, we get

R’ (el + 2wh) + (R'B + 28" )\ + 236’
& (R'e+ R'B+2B )+ 2whR’' + 288"

R(eh + 2wh) + (B + RB )L + BB’
(Re + B + RB)H\ + 2whR + BB’)

It follows
Re+p)+28 =R(e+p)+0
2whR’ + 286" = 2whR + BB’

or

6 {R(e+/3') %g’(e+ﬁ) =2 -p
R - Rl = m

We first remark that 8 # ', otherwise Equation(15) would imply that (R — R’)A = 3, and hence
R—-R’ ¢ Qsince 8 # 0. It follows that the linear system has a unique solution. Let s, be the value
of s corresponding to this solution which given by Equation (I3). It follows that if s < min{sy, s>}
then the directions of 6y and 66 cannot be both periodic, hence (X, w) cannot be a Veech surface. Since
the set Pp(0,0, 0) is finite, the proposition follows. O

The next proposition is a direct consequence of Proposition [10.7]

Proposition 10.8. Let {(X;,w;, P;), j = 0,1,2} be an element of QEp(0,0,0), and ¥ : ﬁ(s) -
QEp(2,2)°4 pe the map in Proposition Then there exists 0 < 6 < & such that if (X, w) € lI’(ﬁ(é)),
then (X, w) is not a Veech surface.

Proof. Let £y be the length of the shortest simple closed geodesic in the torus (Xp, wg). Let so be the
constant in Proposition Pick 6 < min{g, sofp}. By definition, if (X, w) = ¥(z), then we have
a triple of homologous saddle connections {o, o1, 03} which decompose X into three tori such that
w(oj) = z. Assume that z € ﬁ(é), we claim that (X, w) is not a Veech surface. We have two cases:

e 7 is not parallel to any vector in the lattice Ly associated to (Xp, wg). In this case, the direction
of o is not periodic, hence (X, w) is not a Veech surface.
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e 7 is parallel to some vector in Ly. In this case, (X, w) admits a decomposition into three
cylinders, which correspond to the tori Xy, X1, X», in the direction of z. Let v be the primitive
vector in Ly in the same direction as z, then the width of the cylinder corresponding to X is
[v]. By assumption, we have

ool _ lrol
M o
Therefore, (X, w) cannot be a Veech surface by Proposition[10.7]
m]

Using Proposition [I0.8] we can now prove the theorem announced at the beginning of the section.

Proof of Theorem|[I0.1} Fix a connected component ¢ of QEp(2, 2)°dd By the main result of [LN13c],
we know that there exists a surface (X, w) € € which admits a three-tori decomposition by a triple of
homologous saddle connections {o, o1, 03}.

By moving in the kernel foliation leaves, we can assume that the direction of o ; is periodic on
(X, w). By Lemma(10.2] we get a corresponding prototype (w, A, t, €) in Pp(0,0,0). Set Ly = Z(h,0) +
Z(0,)\), Ly = Ly = Z(w,0) + Z(t, h), and (X;,w;) = (C/L;,dz), j = 0,1,2. Let P; be the projection
of 0 € Cin X;. Then the triple {(X;, w;, P;), j = 0, 1,2} belongs to QEp(0, 0,0). Note that we obtain
this triple of tori as the limit surface when o, o1, 0 are collapsed.

Let V¥ : f)(s) — QEp(2,2)°4 be the map in Proposition It is easy to see that ‘I’(ﬁ(s)) cC?.
From Proposition we know that there exists 0 < 6 < & such that the set V = ‘I’(b(é)) does not
contain any Veech surface. As a consequence the set U = GL*(2,R) - V does not contain any Veech
surface either. It is easy to see that U is an open subset of €. The theorem is then proved. O

11. FINITENESS OF CLOSED ORBITS
In this section we will prove our main second main result, namely:

Theorem 11.1. If D is not a square then the number of closed GL*(2,R)-orbits in QEp(2, 2)0dd ;g
finite.

We first show a useful finiteness result up to the kernel foliation for surfaces in QEp(2, 2)0dd,
Recall that (X, w) admits an unstable cylinder decomposition in the horizontal direction if and only if
this direction is periodic, and there exists (at least) one horizontal saddle connection whose endpoints
are distinct zeros of w.

Theorem 11.2. If D is not a square then there exists a finite family Pp of surfaces in QEp(2,2)°%

such that if (X, w) € QEp(2,2)°Y admits an unstable cylinder decomposition, then up to rescaling by
GL*(2,R), one has
X, w) = (X;, w;i) + (x,0) for some (X;, w;) € Pp.

If we label the zeros of w by P and Q, we always choose the orientation for any saddle connection
joining P and Q to be from P to Q: this defines in a unique way the surface (X, w) + (x, 0).

Proof of Theorem|[[1.2] By [McMO5a], for any D’ = 0,1 mod 4,D" > 0, the set QEp/(2)" is a
finite union of GL*(2, R)-closed orbits. More precisely there exists a finite family Pp/(2) of surfaces
(prototypical splittings) such that any (X, w) € QEp/(2)* which is horizontally periodic belongs to the
P-orbit (here P = {( ») € GL*(2,R)}) of some surface in Py (2).
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In [LN13], we have proved the same result for the stratum QFEp(4): there exists a finite family
Pp(4) of surfaces such that any horizontally periodic surface (X, w) € QEp(4) belongs to the P-orbit
of a surface in Pp(4). The corresponding statement for the stratum QEp(0,0,0) is Lemma [10.2]
Let Pp(0,0,0) be the set of corresponding surfaces in QEp(0,0,0). We will call the surfaces in the
families Pp/(2), Pp(4), Pp(0, 0, 0) prototypical surfaces.

Given a discriminant D > 0, for each prototypical surface X, in these finite families Pp(0, 0, 0),
Pp(4) and Py (2), where D’ € {D, D/4}, we apply, respectively, Propositions and This
furnishes a map ¥ : f)(s) — QFEp(2,2)°4 where ¢ > 0.

By construction, the surfaces in QEp(2, 2)°4d whose horizontal kernel foliation leaf contains Xe
(i.e X is a limit of the real kernel foliation leaf through such surfaces) and close enough to X, are
contained in the set W(Rq »)(g)), where n € {1,3,5}, k € {0,...,2n — 1}, depending on the space to
which X, belongs. For each prototypical surface, and each admissible pair (k, ), we pick a surface in
Y(R,n(€)). Let Pp denote this (finite) family. Note that for all the surfaces in this family, the cylinder
decomposition in the horizontal direction is unstable.

Now, thanks to Theorem if (X, w) € QEp(2,2)°% admits an unstable cylinder decomposition,
then up to action of GL*(2, R), the horizontal kernel foliation leaf through (X, w) contains some pro-
totypical surface. Therefore (X, w) belongs to the same horizontal kernel foliation leaf of a surface in
the family Pp, and the theorem follows. O

We have now all necessary tools to prove our main result.

Proof of Theorem Let {(X;, w;), i € I} be a family of Veech surfaces that generates an infinite
family of closed GL*(2, R)-orbits in QEp(2,2)°%. We will show that the set

0= U GL*(2,R) - (X;, wy)
iel
is dense in a component of QEp(2,2)°% contradicting Theorem

Since the direction of any saddle connection on a Veech surface is periodic, each surface in the
family {(X;, w;), i € I} admits infinitely many unstable cylinder decompositions. Therefore, we can
assume that each of the surfaces (X;, w;) belongs to the horizontal kernel foliation leaf of one surface
in the family Pp of Theorem@ Since the set Pp is finite, there exists a surface (X, w) € Pp and an
infinite subfamily /y C I such that (X;, w;) = (X, w) + (x;,0) for any i € Iy. By Theorem[8.1] x; €]a, bl,
where a, b does not depend on i.

The compactness of the interval [a, b] implies the existence of a subsequence {ix}reny C Ip such
that {x; } converges to some x € [a,b]. The sequence (X;,w;) = (X, w) + (x;,,0) thus converges to
(Y,n) = (X,w) + (x,0). If x €]a, b[ then (Y,7) belongs to QEp(2,2)°%. However if x € {a, b} then
by Theorem (Y, n7) belongs to a boundary component of QEp(2, 2)cdd, namely QEp(4), QEp (2)*
with D’ € {D, D/4}, or QEp(0, 0,0). We distinguish separately the four cases below.

Case (Y, 1) € QEp(2,2)°%,
Let 8 be a periodic direction on (Y, 1) that is different from (x1, 0). Set

Y. ") =Ry (Y.m), and (X, w)) = R_g - (X, w;,),
where R_g = ( cos@ sinf) ) Note that (Y?, %) is horizontally periodic, and we have

—sinf cosf

X7, i) = (¥ n") + v,
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where vy = R_p - (x — x;,, 0). Thus we have v ki)f (0,0). Note that, since 8 # (x1,0), v does not
belong to R x {0}.

By Propositions and for k large enough, (ka, wfk) admits a stable cylinder decomposition
in the horizontal direction. Moreover, we can assume that the cylinder decompositions of (X?k, wi) in
the horizontal direction share the same combinatorial data, and the same widths of cylinders. Finally,
since (ka, a)?k) are Veech surfaces, the horizontal direction is parabolic. The assumptions of Theo-

rem are therefore fulfilled, and we derive that there exists &; > 0 such that (Y?, 779) +(s,0) € O for
all s € (—¢q, &1). It follows from Corollary that there exists & > 0, such that Yo'y +ve O for
any v € R? such that |v| < s’l. One can find a vector v with |[v| < & such that the surface (Y?, 779) +vis
horizontally periodic but not parabolic. By Theorem the GL*(2, R)-orbit of (Y%, 1) + v is dense
in a component of QFEp(2, 2)°4d " Since this GL*(2, R)-orbit is contained in 5, we conclude that O
contains a component of QEp(2, 2)0dd,

Case (Y,n) € QEp(4).
In this case (Y,n) is a Veech surface. Choose a periodic direction 6 for (Y, 7) that is different from
(1,0). We define (Y?, %) and (Xl.gk, wi) as in the previous case.

Let ¥ : D(e) - QEp(2,2)°% be the map in Proposition [7.3| associated to (Y, 7). Recall that by
construction, the set W(R s5)(g)) consists of surfaces in QEp(2, 2)°dd close to (Y7, n?) which have a
small horizontal saddle connection invariant by the Prym involution.

By the choice of 6, (Xl.i, wi) is not contained in W(Ry s)(e)) for any k € {0,...,9}. Thus, there
must exist k € {1,..., 10} such that the sector ‘I’(Do(k,s)(s)) contains infinitely many elements of the
family {(ka, w?k)}. Note that every surface in \P(b(k,j)(g)) admits a stable cylinder decomposition in
the horizontal direction with the same combinatorial data and the same widths of cylinders (see Propo-
sition . By assumption, the horizontal direction is parabolic for all (ka, w?k). Thus Theorem

allows us to conclude that O is dense in a component of QFE (2, 2)0dd,

Case (Y,n7) € QEp/(2)".
In particular (¥, 7) is a Veech SIEface (viewed as a surface of QEp/(2)). The same arguments as the
case (¥, n) € QEp(4) show that O contains a component of QEp(2, 2)0dd,

Case (Y,n) € QEp(0,0,0).

In this case (X, w) has a triple of horizontal saddle connections {o, 071, 0>} that decompose the surface
into a connected sum of three tori, and (¥,7) can be viewed as the limit when the length of o; goes
to zero. By Proposition [I0.8] there is no Veech surface in the neighborhood of (¥, 7). Thus this case
does not occur.

From above discussion, we draw that O is always dense a component of QEp(2, Z)Odd, but this is a
contradiction with Theorem [I0.1} The proof of TheoremI1.T]is now complete. mi

APPENDIX A. EXISTENCE OF VEECH SURFACES IN INFINITELY MANY PRYM EIGENFORM LOCI

It follows from the work of McMullen [McMO06a] that there exists only finitely many GL* (2, R)
closed orbits in the union U QFEp(1,1) (see [LMO0O113] for a similar result in QEp(1,1,2)).

D not a square
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However the situation is different in QEp(2,2)°%. We will show that for infinitely many discrimi-

nants D that are not squares, the locus QEp(2, 2)°4d contains at least one GL* (2, R) closed orbit (the

fact that QEp, (2,2)°% and QEp,(2,2)°% are disjoint if D; # D, will be proved in [LN13c]). Re-

mark that the corresponding Veech surfaces we found are not primitive, they are double coverings

of surfaces in QEp(2). It is unknown to the authors if there exists any primitive Veech surface in
U QEp(2,2)°4d,

D not a square

Following [McMO5al] we say that a quadruple of integers (w, h, ¢, ) is a splitting prototype of dis-
criminant D if the conditions below are fulfilled:
w>0,h>0, 0<t<gedw,h),
ged(w, h,t,e) =1,

D = ¢% + 4wh,
0<}L:=%ﬁ<w.

To each splitting prototype one can associate a Veech surface (X, w) € QEp(2) as follows (see Fig-

ure 9).

FIGURE 9. Prototypical splitting of type (w, h, 0, ¢) where w(a;) = (A,0), w(by) =
(0,1, w(a) = (w,0) and w(by) = (0,h). Parallel edges are identified to obtain a
surface (X, w) € QEp(2)

Define a pair of lattices in C by A; = Z(\,0) & Z(0,A) and Ay = Z(w,0) & Z(¢, h) (recall that
A= %ﬁ > 0). We construct the corresponding tori (Ej, w;) = (C/A;, dz) and the genus two surface
(X, w) where X = E1#E, and w = w1 + ws.

Geometrically, the surface (X, w) is made of two horizontal cylinders whose core curves are denoted
by a1 and a, (see [McMO5al| and Figure 9] for details).

Let {ay, by, az, by} be the symplectic basis of H{(X,Z) such that w(a;) = (A, 0), w(b;) = (0,A),
w(az) = w,0) and w(by) = (t,h). A generator of the order Op is given (in the above basis) by the
following matrix

It is straightforward to check that T is a self-adjoint with respect to the intersection form of
H((X,Z), T> = eT + whid, and T satisfies T*w = hw. It follows that T generates a proper sub-
ring in End(Jac(X)) for which w is an eigen vector. Thus (X, w) € QEp(2), and therefore (X, w) is a
Veech surface (see [McMO06] for more details).

Theorem A.1. Let (w, h,t,e) be a splitting prototype for a discriminant D, and (X, w) be the associ-
ated Veech surface in QEp(2). Let (Y1,n1) and (Y2, 12) be two surfaces in H(2,2) constructed from
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(w, h,t,e) as shown in Figure Then both (Y1,m1) and (Y2,1m2) are Veech surfaces in some Prym
eigenform loci in H(2,2)°%. More specifically, we have

() (Y1,w1) € QE4p(2,2)°Y if his odd, otherwise (Y1,1m1) € QEp(2,2)°%,

(i) (Y2, wr) € QE4p(2,2)°Y if w is odd, otherwise (Ya,15) € QEp(2,2)°%,

- a o
77777777777777 'bz]
/
alg \\
T
/
ann \\
************** by
/
agn \\
F--- 'bia
/
[
(Y1,m) (Y2,m2)

FIGURE 10. Double coverings of a surface in QEp(2): ni(ay;) = ni(an)

A ni(b11) = ni(br2) = ik, mi(az1) = ni(az) = w,ni(ba1) = ni(bn) = t+1h, i = 1,2.
The cylinders fixed by the Prym involution are colored.

Remark A.2.

o [n general, the Teichmiiller disks generated by (Y, w1) and by (Y», w;) are different, for in-
stance when h is odd, and w is even.

e [fD =5 mod 8§, then it is easy to see that e,w, h are all odd. Therefore, in both construction
(Y;,1;) belongs to QE4p(2,2)°%,

Proof. 1t is easy to see that both (Y1, 71) and (Y3,12) are double coverings of (X, w), the deck trans-
formation sends a;; to a;j;+1 and b;; to b;j, (here we use the convention (i3) ~ (il)). Since (X, w) is a
Veech surface both (Y7, w1) and (Y», wy) are Veech surfaces (see [GJOO] and [MTO02]).

Remark that ¥; has an involution 7; that exchanges the zeros of ; such that 77n; = —n;, in Figure@
the cylinders fixed by 7; are colored. It follows that (Y;,7;) belongs to the Prym locus Prym(2,2) C
H(2,2)°% (Prym(2, 2) consists of double coverings of quadratic differentials in Q(—14,4)). By some
standard arguments (see [LN13] and [McMO06]), we can conclude that (Y;,7;) is a Prym eigenform,
thus (Y;,7;) is contained in some locus QFE5(2, 2)°4d_ Tt remains to determine the discriminant D.

Set H(Y;,2)” ={a € H(Y},Z2)|1i(a) = —a}. Since (Y}, 17;) € Prym(2,2), we have H(Y;,2)” ~ Z*.
We choose a basis of H{(Y;,Z)~ as follows:

e for (Y], T]]), setay; =ap; =ap and @y = az)+az, we ChOOSCﬁ] = b11 +b12 and,Bz = bz] +b22.
In particular the restriction of the symplectic form has the following matrix (6 ZOJ )
o for (Ys,m2), set @y = ay + ay, @r = az;1 = ax,B1 = b1y + b1z, B2 = by + byy. In this basis,

the restriction of the intersection form to H;(Y>,Z)" is given by (2({ 9)
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In the above bases, the coordinates of 7; are the following:
Re(n1) = (A, 0,2w,21) and Im(n;) = (0,24, 0,2h).

Re(2) = (2A, 0, w, 2t) and Im(n,) = (0, 2M, 0, 2h).
Let Tl be the following self-adjoint endomorphism of H{(Y],Z)~ (given in the basis {a1, 81, a2, 52}):

. 2¢ 0 4w 4t
IRTEYE)
02w 0 0
Similarly, let Tz be the self-adjoint endomorphism of H(Y>,Z)~ (given in the basis {a1, 81, @2,52})

by the following matrix

. 2¢ 0 w2t
= (82 0%)
0 2w 0 0

It is straightforward to check that fl.*m = (2\) - nj; thus 5; is an eigenform of T", Remark that both T",
satisfy T"l.z - 267”,- —4whld = 0, which implies that T", generates a self-adjoint subring of End(Prym(Y;))
isomorphic to Op/, where D’ = (2¢)> + 16wh = 4(e* + 4wh) = 4D.

There exists a unique proper subring of End(Prym(Y;)) for which 7; is an eigenform, this proper
subring is isomorphic to a quadratic order 051-‘ Clearly, this subring must contain T;, hence it is gener-
ated by T‘l [ki, where k; = gcd(2e, 4w, 2h, 2w, h, 4t,2t) = gcd(2e, 2w, h, 2t), and kp = gcd(2e, w, 2h, 2t).
Since ged(w, h,t,e) = 1 we have k; € {1,2}. Note that 4D = kizﬁi, therefore Bi =4Dif k; = 1, and
5,- = D if k; = 2. We can now conclude by noticing that k; = 1 if and only if /4 is odd, and k» = 1 if
and only if w is odd. O
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