
�����������
	�	��
���������������������
����������������� ��!�"�	#�$�%�'&����������
( "�&�!���&������)!��
�*�+���,�������-&�	*�/.0�
�1� ���,���2���,�
34��! �%�-�65�"�	�&����-���
���

798;:�<2=?>@<2=2=A79<CB

DFEHGJILKHMONHIQPSR�TVUXWZY\[V]_^H`badcJ]QTbeZf-WH`gUVhi`kjl[\a%UX[nmLcdhlcJo-jl[p`bY\]rqC[njlsF^XhlcJ]_adhl[\tOcuU#]_[po�vgW�Yw`xhl[njl[pcd]y`xhlczo�TbjQo�cJaJcJ]_]l`xhl[pYn{
aJTboZo�cJadjlcuUL| : c2U�cJ]_adhl[\tOcAs�cdhlcA`kY\Y;aJ`b]_cJ]%qCs�cJo}jls�cd{~sH`u�
c2`F]_^OcdaJ[p`bY��V�i�����l�d��� � �Z�����%aJTgo�oZcJa�jlcuU}adTg�*^OTgo�cJo-ju|
: c
`bo�oZTbWZoZadc�jlsZc
vbcJoZc�hi`bY�aJYp`b]_]_[n�Hau`xjl[\Tgo�jlsZcJTkhlcJ�
��W�^�jlT�jlsZc�e�TgW�h}cd�XaJcd^�jl[\TgoZ`bY�au`b]_cJ]~[\o,Y\Tuq�U�[n�
�*cJo�]_[\TgoH`kY@]�j_hi`xjlWZ�
�Z`bo-{}]�j_hi`kjlW���Tbe��*cdhlTb�*Tbhl^Zs�[\aSf-WH`gUVhi`kjl[\a#U�[nmLcdhlcdoVjl[p`kYp]C[\]�cJ[njlsZcdh�aJTboZoZcdadjlcuU;��Tbh2sH`k]
cd��`kadjlYn{+j�qzT�adTgoZo�cJadjlcuU*aJTb�*^OTgo�cJo-jl]J|Q��o*jlsZ[\]yYw`k]�j�au`k]_cg�XTgoZc�aJTb�*^OTgoZcdoVjy[\]%s-{X^OcdhlcJY\Y\[p^Xjl[\ag�-jlsZc�Tbjls�cdh%o�Tbju|

�
 2¡C¢%£9¡�¢�¤
¥O¦�§�¨;©uªx«�¬r­�®
©u¯�«H¨ ¥
°r¦�±³²Z´Q´Q¯�¨QµL¶F«Z·C©u¸�¹º±»«�¬r­Q¼�¯z½@´9²H®-¹-¶'§i¨�¬r­�®-¹-¬�¾;¿�À�²ZÁ�¯�Â9¹-¬,Ã'«VÄL¹
ªu¯�¨QµL¶+«Z·�²�ÅÆ¯�ÇQ¹-¬�Ã'«HÁ�¾Q¯�¨9²Z©x«Hªu¯È²Z¼
É ¿�´%¹ Ê

Êr¦�Ëº¿@´%¹
ªx¹
¼�¼�¯�´Q©u¯�®1Ã'«HÁ�´%«H¨�¹
¨;©x¶ Ì
Í ¦ÏÎº­9²H¬rªk²Z©u¯�®�Ð�¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼�¶ºÒ#¹
ªx¶k²ÓÅÆ¼È²Z©�½@©uªu­�®
©u­Qªx¹-¶ ¥VÔ
Õr¦�Öº¨Q¨�«H­Q¨�®-¹
Á�¹
¨;©
«Z·Æ©u¸�¹1ÃF¼È²H¶k¶u¯�Â9®V²Z©u¯�«H¨ É ¸�¹-«Hªx¹
Á °O°
Ôr¦�Ö*®x×�¨�«VØ*¼�¹-¬rµOÁ�¹
¨@©x¶ °OÊ
À}¹g·_¹
ªx¹
¨�®-¹-¶ °OÊ

¥O¦}Ù ¡C¢%Úy 2Û2ÜCÝz¢�Þß Æ¡
ÖàÁ�¹
ªx«HÁ�«Hªu´Q¸Q¯�®�á;­9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼

ψ
«H¨â²,À~¯�¹
Á�²Z¨Q¨ã¶u­QªJ·l²H®-¹

M2
g

«Z·'µL¹
¨;­�¶
g
¯�¶
¼�«�®V²Z¼�¼�¿³¬Q¹gÂ�¨�¹-¬

¾;¿
ψ = f(z)(dz)2

Ø*¸�¹
ªx¹
f(z)

¯�¶�²�Á�¹
ªx«HÁ�«Hªu´Q¸Q¯�®Ó·�­Q¨�®
©u¯�«H¨ã¬Q¹gÂ�¨�¹-¬³«H¨ã²,®x¸9²Zªu©
(U, z)

¦�§i·�Ø'¹Ó¸9²-ÄL¹4©u¸�¹
·_«HªuÁ

ψ = g(w)(dw)2
Ø*¸�¹
ªx¹

g(w)
¯�¶F²�Á�¹
ªx«HÁ�«Hªu´Q¸Q¯�®}·�­Q¨�®
©u¯�«H¨�«H¨

V ä ©u¸�¹~©uªk²Z¨�¶x¯�©u¯�«H¨�·�­Q¨�®
©u¯�«H¨�¶F«H¨ U ∩V¶k²Z©u¯�¶JÂ9¹-¶
f(z)

g(w)
=

(
dw

dz

)2

§�¨,©u¸Q¯�¶+´9²Z´%¹
ª*ØF¹�®-«H¨�¶x¯�¬Q¹
ª}á;­9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼�¶}¸9²-Ä�¯�¨Qµ�«H¨Q¼�¿,¶x¯�Á�´Q¼�¹º´%«H¼�¹-¶ ä ¯�·S²Z¨;¿L¦Såã¹�¬Q¹
¨�«H©x¹
¾@¿ Qg©u¸�¹*Á�«�¬r­Q¼�¯9¶u´9²H®-¹-¶#«Z·�´9²Z¯�ªx¶
(M2

g , ψ) ä Ø*¸�¹
ªx¹ M2
g

¯�¶�²�À}¯�¹
Á�²Z¨Q¨�¶u­QªJ·l²H®-¹}²Z¨�¬
ψ
²�Á�¹
ªx«HÁ�«Hªu´Q¸Q¯�®�á@­9²H¬rªk²Z©u¯�®

¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼2«H¨æ¯�©V¦Sçº«H©x¹�©u¸9²Z©}ØF¹�¸9²VÄL¹�¬r¯�Ä@¯�¬Q¹-¬�¾;¿,©u¸�¹�Á�²Z´Q´Q¯�¨Qµ�®
¼È²H¶x¶~µOªx«H­Q´æ±»«�¬
(g)
¦

è ¹
©
(k1, . . . , kn)

¾z¹}©u¸�¹º«Hªx¬Q¹
ªx¶+«Z·�¶u¯�¨QµO­Q¼È²Zªu¯�©u¯�¹-¶+«Z·
ψ ä Ø*¸�¹
ªx¹ ki > 0

®-«Hªuªx¹-¶u´%«H¨�¬Q¶'©x«1²�éV¹
ªx«
zki(dz)2

«Z·

«Hªx¬Q¹
ª
ki
²Z¨�¬

kj = −1
®-«Hªuªx¹-¶u´z«H¨�¬Q¶�©x«�²�¶u¯�Á�´Q¼�¹*´%«H¼�¹ 1

z
(dz)2

«Z·�²�á;­9²H¬rªk²Z©u¯�®~¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼l¦�§i©S¯�¶�²�®
¼È²H¶x¶u¯�®V²Z¼
ªx¹-¶u­Q¼�©*·_«H¼�¼�«VØ*¯�¨Qµ�«Z·Æ©u¸�¹1ê�²Z­�¶x¶dëíì+«H¨Q¨�¹
©*·_«HªuÁ�­Q¼È²�©u¸9²Z© ∑

ki = 4g − 4
¦

è «�®V²Z¼�¼�¿ ä ¯�¨»²�¶u¯�Á�´Q¼�¿@îi®-«H¨Q¨�¹-®
©x¹-¬æ¨�¹
¯�µO¸@¾z«Hªu¸�«�«@¬»«Z·�²Ó¨�«H¨�¶u¯�¨QµO­Q¼È²Zª�´z«H¯�¨@© ä ²�á@­9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼A®V²Z¨¾%¹}´Qªx¹-¶x¹
¨@©x¹-¬�²H¶'²1¶xá@­9²Zªx¹º«Z·2²Z¨�Ö}¾%¹
¼�¯È²Z¨�¬r¯�Ñ%¹
ªx¹
¨@©u¯È²Z¼ ä ¾Q­Q©'µO¼�«H¾9²Z¼�¼�¿�¯�©F¯�¶F¨�«H©+©u¸�¹º®V²H¶x¹º¯�¨,µL¹
¨�¹
ªk²Z¼l¦S§i¨,©u¸Q¯�¶´9²Z´%¹
ªºØ'¹4®-«H¨�¶x¯�¬Q¹
ª
«H¨Q¼�¿»©u¸�«O¶x¹4á;­9²H¬rªk²Z©u¯�®Ó¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼�¶�Ø*¸Q¯�®k¸?²Zªx¹4¨�«H©
µO¼�«H¾9²Z¼�¼�¿�©u¸�¹Ó¶xá@­9²Zªx¹-¶
«Z·FÖ}¾%¹
¼�¯È²Z¨
¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼�¶V¦
ï�ð �ß�
�Hñbòxjls = Tx�
cd�'tOcdh�ñkógóbôX|
õuöböXõ*÷ ð ���Z��ø ð �����dùAú�û�ü�ýx�_�d�Aþ�� ð ùlùl� ÿz� ð ������� ��� ñ�� õ
	 � � ó�� � óV� � ó��QôgóV� 	 ò�� õ òV|
 �������b���bù ð ���#���-� ð ùd��ù ��� WH`bUXhi`xjl[pa#UX[nmLcdhlcJo-jl[p`bY\]J�OR�TVUXWZY\[�]_^Z`baJcb�OR�cu`k]_W�hlcuU�e�TgY\[p`kjl[\Tgo�]J����cJ[\ais���*W�YpY\cdhCvbcJTVU�cd]_[pa��ZTxqS|�



É ¸�¹�Á�«�¬r­Q¼�¯
¶u´9²H®-¹
Qg
¯�¶�¨9²Z©u­Qªk²Z¼�¼�¿ ¶x©uªk²Z©u¯�Â9¹-¬ ¾@¿ ©u¸�¹�©�¿@´%¹-¶�«Z·�©u¸�¹6¶u¯�¨QµO­Q¼È²Zªu¯�©u¯�¹-¶V¦ åã¹æ¬Q¹
¨�«H©x¹6¾;¿

Q(k1, . . . , kn) ⊆ Qg
©u¸�¹�¶u©uªk²Z©u­QÁ�«Z·~á;­9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹
ªx¹
¨@©u¯È²Z¼�¶

[M2
g , ψ] ∈ Qg

Ø*¸Q¯�®x¸�²Zªx¹�¨�«H©�©u¸�¹�µO¼�«H¾9²Z¼
¶xá@­9²Zªx¹-¶*«Z·2Öº¾z¹
¼�¯È²Z¨�¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼�¶ ä ²Z¨�¬�Ø*¸Q¯�®k¸�¸9²-ÄL¹
©u¸�¹
¶u¯�¨QµO­Q¼È²Zªu¯�©�¿�´9²Z©u©x¹
ªu¨ (k1, . . . , kn) ä Ø*¸�¹
ªx¹ ki

©k²Z×L¹-¶
ÄO²Z¼�­�¹-¶Ó¯�¨

{−1, 0, 1, 2, . . . }
¦ §i¨�¶x«HÁ�¹�¶x¯�©u­9²Z©u¯�«H¨�¶�ØF¹�®-«H¨�¶u¯�¬Q¹
ª�©u¸�¹�¶x©uªk²Z©k²³«Z·º´9²Z¯�ªx¶

[ψ,M 2
g ]
Ø*¸�¹
ªx¹�©u¸�¹

À~¯�¹
Á�²Z¨Q¨ ¶x­QªJ·_²H®-¹6¯�¶,´Qªx«VÄ�¯�¬Q¹-¬ Ø*¯�©u¸ ¶x«HÁ�¹»ÂQÇQ¹-¬í¨@­QÁ�¾%¹
ªæ«Z·�Á�²Zªu×L¹-¬ ´%«H¯�¨;©x¶ ä Ø*¸Q¯�®k¸ ²Zªx¹»¨�«H¨�¶x¯�¨QµO­Q¼È²Zª´%«H¯�¨;©x¶�«Z·�©u¸�¹4á;­9²H¬rªk²Z©u¯�®Ó¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼
ψ
¦�ì'¿æ®-«H¨@ÄL¹
¨;©u¯�«H¨ãØ'¹4¼�¹
©

ki = 0
Ø*¸�¹
¨³©u¸�¹1´z«H¯�¨@©

Pi
¯�¶ ä ²H®
©u­9²Z¼�¼�¿ ä�J­�¶u©�²,Á�²Zªu×L¹-¬?´%«H¯�¨;©V¦�½�«HÁ�¹
©u¯�Á�¹-¶1ØF¹�¶x¸9²Z¼�¼#®V²Z¼�¼#©u¸�¹ÓÁ�²Zªu×L¹-¬ã´%«H¯�¨;©x¶�©u¸�¹��������
éV¹
ªx«O¶ ä ²Z¨�¬ã©u¸�¹�éV¹
ªx«O¶ PjØ*¯�©u¸

kj > 0
©u¸�¹
	���
��'éV¹
ªx«O¶V¦Aåã¹�­�¶x¹�©u¸�¹
¹gÇ�´%«H¨�¹
¨;©u¯È²Z¼�¨�«H©k²Z©u¯�«H¨

km ·�«Hª k, k, k, . . . , k ªx¹
´%¹V²Z©x¹-¬ m ©u¯�Á�¹-¶V¦Å�«Hª}¹gÇ�²ZÁ�´Q¼�¹ ä Q(14, 8, 2, 32)
¶x©k²Z¨�¬Q¶+·�«Hª

Q(1, 1, 1, 1, 8, 2, 3, 3)
¦

åã¹}²Zªx¹*¯�¨@©x¹
ªx¹-¶u©x¹-¬�¯�¨�©u¸�¹~¬Q¹-¶x®
ªu¯�´Q©u¯�«H¨�«Z·�®-«H¨Q¨�¹-®
©x¹-¬�®-«HÁ�´%«H¨�¹
¨;©x¶+«Z·%©u¸�¹*Á�«�¬r­Q¼�¯9¶u´9²H®-¹-¶
Q(k1, . . . , kn)

¦
§�¨ ©u¸Q¯�¶Ó´9²Z´%¹
ªÓØF¹�¬Q¹-¶x®
ªu¯�¾%¹�²Z¼�¼*®-«H¨Q¨�¹-®
©x¹-¬ ®-«HÁ�´z«H¨�¹
¨@©x¶�«Z·
²6¶u´%¹-®
¯È²Z¼+©i¿�´z¹���©u¸�¹���������������������	�� ��«H¨�¹-¶V¦ãÖ
®-«HÁ�´Q¼�¹
©x¹�¬Q¹-¶x®
ªu¯�´Q©u¯�«H¨6«Z·S²Z¼�¼C®-«H¨Q¨�¹-®
©x¹-¬»®-«HÁ�´z«H¨�¹
¨@©x¶}«Z·A©u¸�¹
Á�«@¬r­Q¼�¯2¶u´9²H®-¹-¶

Q(k1, . . . , kn)
®V²Z¨æ¾z¹�·_«H­Q¨�¬

¯�¨"! è ²O°�#i¦�§i©*Ø*¯�¼�¼C¾%¹
©u¸�¹�¶u­Q¾$�u¹-®
©}«Z·#²1·�«Hªu©u¸�®-«HÁ�¯�¨Qµ�´9²Z´z¹
ªV¦
% ��&'�(���â¥�)'§�¨*!,+}«�-z«(#.+}«H¨;©x¶k¹
Ä@¯�®k¸?²Z¨�¬/-z«Hªu¯�®x¸³®
¼È²H¶x¶u¯�Â9¹-¬æ®-«H¨Q¨�¹-®
©x¹-¬»®-«HÁ�´z«H¨�¹
¨@©x¶
«Z·A©u¸�¹�Á�«@¬r­Q¼�¯Æ¶u´9²H®-¹-¶
«Z·�Öº¾z¹
¼�¯È²Z¨³¬r¯�Ñ%¹
ªx¹
¨@©u¯È²Z¼�¶ ä Ø*¸Q¯�®x¸³¯�Á�´Q¼�¯�¹-¶�©u¸�¹4®
¼È²H¶x¶u¯�Â9®V²Z©u¯�«H¨?«Z·�©u¸�¹1Á�«@¬r­Q¼�¯A¶u´9²H®-¹-¶
«Z·#©u¸�«O¶x¹1¸�«H¼�«HÁ�«Hªu´Q¸Q¯�®á@­9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹
ªx¹
¨@©u¯È²Z¼�¶}Ø*¸Q¯�®k¸6²Zªx¹
µO¼�«H¾9²Z¼�¼�¿�©u¸�¹�¶xá@­9²Zªx¹-¶~«Z·SÖ}¾%¹
¼�¯È²Z¨�¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼�¶V¦
% ��&'�(���$°�)*§�¨0!n±³²1#'²Z¨�¬0! Ò#¹O¥2# ä ±³²H¶u­Qª1²Z¨�¬?Ò#¹-¹-®k¸$¸9²VÄL¹�¯�¨�¬Q¹
´%¹
¨�¬Q¹
¨;©u¼�¿ã´Qªx«XÄL¹-¬â©u¸9²Z©1©u¸�¹ É ¹
¯�®k¸QÁ43Q¼�¼�¹
ª
µL¹-«�¬Q¹-¶u¯�®659«VØ ²H®
©x¶�¹
ªuµL«�¬r¯�®V²Z¼�¼�¿ã«H¨â¹V²H®x¸ ®-«H¨Q¨�¹-®
©x¹-¬â®-«HÁ�´%«H¨�¹
¨;©Ó«Z·~¹V²H®x¸$¶x©uªk²Z©u­QÁÏ«Z·*©u¸�¹�Á�«@¬r­Q¼�¯'¶u´9²H®-¹
«Z·~á;­9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹
ªx¹
¨@©u¯È²Z¼�¶87S©u¸�¹�®-«Hªuªx¹-¶u´z«H¨�¬r¯�¨Qµ6¯�¨;ÄO²Zªu¯È²Z¨;©4Á�¹V²H¶u­Qªx¹�¾z¹
¯�¨Qµ³²,Â�¨Q¯�©x¹ è ¹
¾%¹-¶xá@­�¹�¹-á@­Q¯�ÄH²Z¼�¹
¨@©
Á�¹V²H¶u­Qªx¹O¦
±6«H©u¯�ÄH²Z©x¹-¬6¾;¿æ©u¸Q¯�¶
ªx¹-¶u­Q¼�© ä ©u¸�¹4®
¼È²H¶k¶u¯�Â9®V²Z©u¯�«H¨?«Z·F®-«H¨Q¨�¹-®
©x¹-¬?®-«HÁ�´z«H¨�¹
¨@©x¶�«Z·�©u¸�¹Ó¶u©uªk²Z©k²,®-«H¯�¨�®
¯�¬Q¹4Ø*¯�©u¸©u¸�¹�®
¼È²H¶x¶x¯�Â9®V²Z©u¯�«H¨æ«Z·A¹
ªuµL«�¬r¯�®�®-«HÁ�´%«H¨�¹
¨;©x¶�«Z·Æ©u¸�¹ É ¹
¯�®x¸QÁ93Q¼�¼�¹
ª�µL¹-«�¬Q¹-¶u¯�®:59«XØ�¦
É ¸�¹*´9²Z´%¹
ªS¸9²H¶#©u¸�¹'·_«H¼�¼�«VØ*¯�¨Qµ4¶u©uªu­�®
©u­Qªx¹O¦S§i¨�¶k¹-®
©u¯�«H¨�°
ØF¹~´Qªx¹-¶x¹
¨;©F²Z¨�«VÄL¹
ªuÄ�¯�¹
Øí«Z·%©u¸�¹*¾9²H¶u¯�®+´Qªx«H´%¹
ªu©u¯�¹-¶
«Z·ºá@­9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹
ªx¹
¨@©u¯È²Z¼�¶V¦?§i¨ ¶x¹-®
©u¯�«H¨�Ê�Ø'¹�®-«H¨�¶u©uªu­�®
©Ó©u¸�¹�¸@¿@´%¹
ªx¹
¼�¼�¯�´Q©u¯�®�®-«H¨Q¨�¹-®
©x¹-¬�®-«HÁ�´z«H¨�¹
¨@©x¶�²Z¨�¬
´Qªx«VÄL¹ É ¸�¹-«Hªx¹
Á�¥ ä ©u¸9²Z©�¯�¶�«H­Qª�¼�¯�¶u©Ó¯�¶�®-«HÁ�´Q¼�¹
©x¹O¦ §i¨�¶x¹-®
©u¯�«H¨ Í ØF¹�´Qªx¹-¶k¹
¨;©�©u¸�¹�ØF¹
¼�¼�îl×�¨�«VØ*¨íªx¹
¼È²Z©u¯�«H¨¾%¹
©iØF¹-¹
¨³á@­9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼�¶�²Z¨�¬�Á�¹V²H¶u­Qªx¹-¬�·�«H¼�¯È²Z©u¯�«H¨�¶X¦ É ¸�¹
¨»ØF¹1­�¶x¹�Á�¹V²H¶u­Qªx¹-¬�·�«H¼�¯È²Z©u¯�«H¨�¶º©x«�´Qªx«XÄL¹
É ¸�¹-«Hªx¹
Á�°$�*¶u©uªk²Z©k²�Ø*¯�©u¸?²�¸@¿@´%¹
ªx¹
¼�¼�¯�´Q©u¯�®Ó®-«HÁ�´z«H¨�¹
¨@©�²Zªx¹�¨�«H©�®-«H¨Q¨�¹-®
©x¹-¬6¹gÇQ®-¹
´Q©�¶x«HÁ�¹�´9²Zªu©u¯�®
­Q¼È²Zª�®V²H¶x¹-¶
¯�¨�¼�«VØ�µL¹
¨�¹
ªk²r¦Såã¹�¬rªk²VØ ·�ªx«HÁ «H­Qª*©iØF«�Á�²Z¯�¨�ªx¹-¶u­Q¼�©x¶*©u¸�¹�·�«H¼�¼�«XØ*¯�¨Qµ
�4;=<�;?>�>�@�<1ACB=D

• E �$�4	��������F�2G(�H�IG(JK��LNM'O2����� ��O9GP�:O�	��Q��	R�S�HL
Qg

F2 = { Q(4(g − k) − 6 ; 4k + 2) | 0 ≤ k ≤ g − 2}
F3 = { Q(4(g − k) − 6 ; 2k + 1 ; 2k + 1) | 0 ≤ k ≤ g − 1}
F4 = { Q((2(g − k) − 3 ; 2(g − k) − 3 ; 2k + 1 ; 2k + 1) | −1 ≤ k ≤ g − 2}
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p̃ : Ñ → M̃
¶u­�®k¸æ©u¸9²Z©�©u¸�¹�´Q­Q¼�¼�îl¾9²H®x×

p∗ψ = ω2 «Z·S©u¸�¹�á@­9²H¬rªk²Z©u¯�®1¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼ ψ ·�ªx«HÁ M
©x«
N
¾z¹-®-«HÁ�¹-¶º©u¸�¹�µO¼�«H¾9²Z¼

¶xá@­9²Zªx¹�«Z·F²Z¨³Ö}¾%¹
¼�¯È²Z¨³¬r¯�Ñ%¹
ªx¹
¨@©u¯È²Z¼
ω
«H¨

N ä ²Z¨�¬»©u¸�¹�´Q­Q¼�¼�îl¾9²H®k× p̃∗ψ̃ = ω̃2 «Z·#©u¸�¹1á@­9²H¬rªk²Z©u¯�®4¬r¯�Ñ%¹
ªx¹
¨@©u¯È²Z¼
ψ̃
·�ªx«HÁ

M̃
©x«
Ñ
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Ñ
¦ã§i·}©u¸�¹�á@­9²H¬rªk²Z©u¯�®

¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼
ψ̃
¯�¶�²Z¼�ªx¹V²H¬r¿�©u¸�¹�µO¼�«H¾9²Z¼�¶xá;­9²Zªx¹»«Z·�²Z¨íÖº¾z¹
¼�¯È²Z¨�¬r¯�Ñ%¹
ªx¹
¨@©u¯È²Z¼�«H¨

M̃ ä ©u¸�¹æ¬Q«H­Q¾Q¼�¹6®-«VÄL¹
ªu¯�¨Qµ
p̃ : Ñ → M̃
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©x«�©u¸�¹�²Z¨;©u¯�îl¯�¨;ÄO²Zªu¯È²Z¨;©

¶u­Q¾�¶u´9²H®-¹æ«Z·
τ∗
¯�¶,²Z¼�¶x«â²³Á�«H¨�«HÁ�«Hªu´Q¸Q¯�¶xÁ ä Ø*¸Q¯�®x¸�®-«HÁ�´Q¼�¹
©x¹-¶�©u¸�¹æ´Qªx«@«Z·�«Z· è ¹
Á�Á�²â°r¦�çº«H©x¹�©u¸9²Z©�¯�¨µL¹
¨�¹
ªk²Z¼ ä ©u¸�¹
Á�²Z´Q´Q¯�¨Qµ π̃∗ ¬Q¹gÂ�¨�¹-¬æ«H¨�©u¸�¹�ªx¹
¼È²Z©u¯�ÄL¹1®-«H¸�«HÁ�«H¼�«HµO¿,µOªx«H­Q´æ¯�¶*¨�«H©º²4Á�«H¨�«HÁ�«Hªu´Q¸Q¯�¶uÁ�¦ �

Êr¦�� � � £�Ú�£�
 
@Þ � ¢%Þ�Ý �
  ���  2¡�£�¡�¢�¤
Êr¦�¥O¦ � !C#,�G#&79BA!
%��.>�>�#�<�5 #�; �
# 6*7�B��[>�;	� D�É ¸�¹~µOªx«H­Q´

GL(2,R)+
²H®
©x¶�¨9²Z©u­Qªk²Z¼�¼�¿Ó«H¨�©u¸�¹*Á�«@¬r­Q¼�¯z¶u´9²H®-¹

«Z·Sá;­9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼�¶ 7�©u¸Q¯�¶}²H®
©u¯�«H¨»´Qªx¹-¶x¹
ªuÄL¹-¶*©u¸�¹�¨9²Z©u­Qªk²Z¼�¶x©uªk²Z©u¯�Â9®V²Z©u¯�«H¨»«Z·A©u¸�¹�Á�«@¬r­Q¼�¯2¶u´9²H®-¹O¦
É ¸�¹�²H®
©u¯�«H¨ã«Z·+©u¸�¹�¬r¯È²ZµL«H¨9²Z¼�¶u­Q¾QµOªx«H­Q´ã«Z·

SL(2,R)
«H¨?©u¸�¹ÓÁ�«@¬r­Q¼�¯#¶u´9²H®-¹�«Z·*á@­9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹
ªx¹
¨@©u¯È²Z¼�¶

®V²Z¨,¾z¹º¨9²Z©u­Qªk²Z¼�¼�¿�¯�¬Q¹
¨@©u¯�Â9¹-¬�Ø*¯�©u¸,©u¸�¹ É ¹
¯�®k¸QÁ43Q¼�¼�¹
ªºµL¹-«@¬Q¹-¶u¯�®n59«VØ «H¨,©u¸�¹�Á�«@¬r­Q¼�¯%¶u´9²H®-¹�«Z·2®
­QªuÄL¹-¶'·�«HªF©u¸�¹
É ¹
¯�®k¸QÁ43Q¼�¼�¹
ª
Á�¹
©uªu¯�®O¦

�



±³²Z¨;¿6¯�Á�´z«Hªu©k²Z¨@©�ªx¹-¶u­Q¼�©x¶�¯�¨?©u¸�¹�©u¸�¹-«Hªu¿³«Z·+¯�¨;©x¹
ªuÄO²Z¼�¹gÇr®k¸9²Z¨QµL¹�Á�²Z´�¶ ä «Z·FÁ�¹V²H¶u­Qªx¹-¬³·_«H¼�¯È²Z©u¯�«H¨�¶1²Z¨�¬?«Z·¬r¿�¨9²ZÁ�¯�®-¶F«H¨�©uªk²Z¨�¶x¼È²Z©u¯�«H¨�¶u­QªJ·l²H®-¹-¶F²Zªx¹*¾9²H¶k¹-¬�«H¨�©u¸�¹~·�«H¼�¼�«XØ*¯�¨Qµ�·�­Q¨�¬�²ZÁ�¹
¨;©k²Z¼ É ¸�¹-«Hªx¹
Á ä ´Qªx«XÄL¹-¬�¯�¨�¬Q¹
´%¹
¨rî¬Q¹
¨;©u¼�¿�¾@¿�Ë4¦n±³²H¶u­Qª�!n±6²1#2²Z¨�¬�¾;¿�å/¦ Ò#¹-¹-®k¸*! Ò#¹O¥�#X�
�"!�#�;?<$#&% ' Ë1¦S±³²H¶u­Qª87~å ¦AÒ#¹-¹-®x¸2) D E �$� E �������N&��o���I���hM��QG8Y���O�� ���gG(J �p�2	�O/��� MpG8Y��������H�d� G�LC��^(����� ��G(L�W
L��Q�8	X�QY\��G(&a�$G(L���L=	aGP�m��^(������LRL?G(��&'�(�d� �1�QYPNhO�	��Q��	�
N& GQ�6	����V&'G8Y(
o�d�FOX�$�p�`�hGP�,H�
��pY(�Q��	�� �hY�� Ia������L=	�� �(��O

�
	����

��G(������OR�$G�L?Y(��LNMh�HL=^1�(�����(L?	 &m�Q��O�
N���9�cO4� M L���	X� F �8]���O?H�
��m�0H�
o��^1�(� ��L=	 &m�Q��O�
o���8)
��<�;54 ;26*798*7�;2: B?D E �$�m�p�2	�� G(L GP�

GL(2,R)+
G(L 	��$�
O�	��P��	R����G(&6&6
o	X��O6JK��	���	��$�'&'���p�?��LNMrGQ� + G�L�O�	���
$�2W

	�� G(L �$)
= �QG8GP�8)'§i¨�©u¸�¹}´Qªx«�«Z·�«Z· è ¹
Á�Á�²Ó° ä ØF¹º­�¶x¹º¶k«HÁ�¹}®-«�«Hªx¬r¯�¨9²Z©x¹-¶F©x«1¼�¯�¨�¹V²Zªu¯�éV¹�©u¸�¹}Á�²Z´Q´Q¯�¨Qµ�¦S§�©�¯�¶'¹V²H¶u¿�©x«4¶x¹-¹©u¸9²Z©~¯�¨�©u¸�¹-¶x¹�®x¸9²Zªu©x¶ ä ©u¸�¹�¼�¯�¨�¹V²Zªº²H®
©u¯�«H¨æ®-«HÁ�Á�­Q©x¹�Ø*¯�©u¸�©u¸�¹�Á�²Z´Q´Q¯�¨Qµ�¦ �

Êr¦\°r¦ � A�4G#�< #N>�> 794�8*7�B4�4;2% 4 ;2:�#E:�8�6�D
è ¹
©2­�¶2²Z´Q´Q¼�¿
©u¸�¹'Ã'«H¨�¶u©uªu­�®
©u¯�«H¨Ó°*¯�¨�©u¸�¹S·�«H¼�¼�«XØ*¯�¨Qµº´9²Zªu©u¯�®
­Q¼È²ZªA®V²H¶x¹O¦
Ã'«H¨�¶u¯�¬Q¹
ª~²�Á�¹
ªx«HÁ�«Hªu´Q¸Q¯�®�á;­9²H¬rªk²Z©u¯�®
¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼

ψ
«H¨

C > 1 ¸9²-Ä�¯�¨QµÓ©u¸�¹º¶x¯�¨QµO­Q¼È²Zªu¯�©i¿,´9²Z©u©x¹
ªu¨ (2(g− k)−
3, 2k + 1,−12g+2) ä Ø*¸�¹
ªx¹ k ≥ −1 ä g ≥ 1

²Z¨�¬
g − k ≥ 2

¦FÃ'«H¨�¶u¯�¬Q¹
ª}²4ªk²ZÁ�¯�Â9¹-¬�¬Q«H­Q¾Q¼�¹�®-«XÄL¹
ªu¯�¨Qµ
π
«VÄL¹
ª

C > 1 ¸9²VÄ@¯�¨Qµ�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�´z«H¯�¨@©x¶S«VÄL¹
ª 2g+2
´z«H¼�¹-¶S«Z·

ψ ä ²Z¨�¬4¨�«�«H©u¸�¹
ªSªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�´%«H¯�¨;©x¶X¦2åã¹+«H¾Q©k²Z¯�¨�²¸;¿�´%¹
ªx¹
¼�¼�¯�´Q©u¯�®*À~¯�¹
Á�²Z¨Q¨�¶u­QªJ·l²H®-¹
M̃
«Z·9µL¹
¨;­�¶

g
Ø*¯�©u¸�²�á@­9²H¬rªk²Z©u¯�®*¬r¯�Ñ%¹
ªx¹
¨@©u¯È²Z¼

π∗ψ
«H¨�¯�©V¦ÆìF¿ è ¹
Á�Á�²�¥F©u¸�¹

¯�¨�¬r­�®-¹-¬Óá;­9²H¬rªk²Z©u¯�®'¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼
π∗ψ
¸9²H¶2©u¸�¹F¶u¯�¨QµO­Q¼È²Zªu¯�©i¿1´9²Z©u©x¹
ªu¨

(2(g−k)−3, 2(g−k)−3, 2k+1, 2k+1)
¦

Ã'«H¨�¶u©uªu­�®
©u¯�«H¨³°4µO¯�ÄL¹-¶~­�¶}²4¼�«�®V²Z¼CÁ�²Z´Q´Q¯�¨Qµ

Q(2(g − k) − 3, 2k + 1,−12g+2) → Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1),
Ø*¸�¹
ªx¹

k ≥ −1, g ≥ 1
²Z¨�¬

g − k ≥ 2
¦FÃ'«HÁ�´Q­Q©u¯�¨Qµ�©u¸�¹�¬r¯�Á�¹
¨�¶u¯�«H¨�¶}«Z·A©u¸�¹�¶u©uªk²Z©k²4Ø'¹�µL¹
©

dimC Q(2(g − k) − 3, 2k + 1,−12g+2) = 2 · 0 + (2g + 4) − 2 = 2g + 2

dimC Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1) = 2g + 4 − 2 = 2g + 2
É ¸;­�¶}©u¸�¹�¬r¯�Á�¹
¨�¶u¯�«H¨�¶º«Z·Æ©u¸�¹�¶u©uªk²Z©k²�®-«H¯�¨�®
¯�¬Q¹O¦�ì'¿ è ¹
Á�Á�²�°Ó©u¸�¹
Á�²Z´Q´Q¯�¨Qµ�¯�¶~¨�«H¨rîi¬Q¹
µL¹
¨�¹
ªk²Z©x¹O¦
å�¸�¹
¨

2k + 1 6= −1
©u¸�¹�Á�²Z´Q´Q¯�¨Qµ

Q(2(g − k) − 3, 2k + 1,−12g+2) → Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1)
¯�¶�µO¼�«H¾9²Z¼�¼�¿ã¬Q¹gÂ�¨�¹-¬�¦�½@¯�¨�®-¹�©u¸�¹�¶u©uªk²Z©u­QÁ

Q(2(g − k) − 3, 2k + 1,−12g+2)
¯�¶�®-«H¨Q¨�¹-®
©x¹-¬ ä ²H¶1²Z¨@¿?«H©u¸�¹
ª¶u©uªk²Z©u­QÁ «H¨

C > 1 ¾@¿ > ªx«H´%«O¶u¯�©u¯�«H¨ã¯�¨?¶x¹-®
©u¯�«H¨â° ä ¶x¹-¹�²Z¾%«VÄL¹ ä ©u¸�¹Ó¯�Á�²ZµL¹�«Z·'©u¸�¹ÓÁ�²Z´Q´Q¯�¨Qµ�¯�¨?©u¸�¹Ó¶u©uªk²Z©u­QÁ
Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1)

¯�¶1²Z¼�¶x«æ®-«H¨Q¨�¹-®
©x¹-¬�¦�åí¸�¹
¨
2k + 1 = −1

©u¸�¹�Á�²Z´Q´Q¯�¨Qµ
¸9²H¶

2g + 3
¾Qªk²Z¨�®k¸�¹-¶4®-«Hªuªx¹-¶x´z«H¨�¬r¯�¨Qµ»©x«�©u¸�¹�®x¸�«H¯�®-¹�«Z·'©u¸�¹�¶u¯�Á�´Q¼�¹�´%«H¼�¹�«Z·

ψ
Ø*¸�¹
ªx¹�Ø'¹�¬Q«�¨�«H©�¸9²-ÄL¹�²

ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�«Z·%©u¸�¹~®-«XÄL¹
ªu¯�¨Qµ�¦SËº«XØF¹
ÄL¹
ª ä ¶u¯�¨�®-¹*ØF¹}®V²Z¨�¬Q¹g·�«HªuÁà©u¸�¹~´z«O¶u¯�©u¯�«H¨�¶�«Z·z©u¸�¹+éV¹
ªx«�²Z¨�¬�©u¸�¹+´z«H¼�¹-¶#«Z·
ψ
«H¨

C > 1 ²Zªu¾Q¯�©uªk²Zªu¯�¼�¿ ' ²-ÄL«H¯�¬r¯�¨Qµ�®-«H¼�¼È²Z´�¶x¹-¶ ä «Z·S®-«H­Qªx¶k¹*) ä ©u¸�¹�¯�¨@©x¹
ªx¶x¹-®
©u¯�«H¨?«Z·A©u¸�¹�¯�Á�²ZµL¹�¯�¶~¨�«H¨6¹
Á�´Q©i¿ ä ¶x«©u¸�¹~­Q¨Q¯�«H¨,«Z·�©u¸�¹~¯�Á�²ZµL¹-¶'«Z·C©u¸�¹~Á�²Z´Q´Q¯�¨Qµ
Q(2g−1,−12g+3) → Q(2g−1, 2g−1,−1,−1)

¯�¶�®-«H¨Q¨�¹-®
©x¹-¬�¦
½@¯�¨�®-¹+©u¸�¹*¬r¯�Á�¹
¨�¶u¯�«H¨�«Z·z©u¸�¹*¶u©uªk²Z©k²
®-«H¯�¨�®
¯�¬Q¹ ä ²Z¨�¬Ó©u¸�¹'Á�²Z´Q´Q¯�¨Qµ�¯�¶A¨�«H¨rîi¬Q¹
µL¹
¨�¹
ªk²Z©x¹ ä ØF¹~«H¾Q©k²Z¯�¨�²Z¨�«H´%¹
¨¶x¹
©*«H¨�©u¸�¹
¶u©uªk²Z©u­QÁ

Q(2(g − k)− 3, 2(g − k)− 3, 2k + 1, 2k + 1)
¦�ìF¿ > ªx«H´z«O¶x¯�©u¯�«H¨ã¥ ä ©u¸�¹
²H®
©u¯�«H¨�«Z·2©u¸�¹µL¹-«�¬Q¹-¶u¯�®:59«VØ ¯�¶*ªx¹
¼�¹
ÄH²Z¨@© ä ©u¸@­�¶*¾;¿�¹
ªuµL«�¬r¯�®
¯�©i¿�«Z·Æ©u¸Q¯�¶ 59«VØ ä ©u¸�¹�¯�Á�²ZµL¹�«Z·Æ©u¸�¹�Á�²Z´Q´Q¯�¨Qµ

Q(2(g − k) − 3, 2k + 1,−12g+2) → Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1)
µO¯�ÄL¹-¶*­�¶�²1·�­Q¼�¼�Á�¹V²H¶u­Qªx¹�¶x¹
©*¯�¨�©u¸�¹�®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ�®-«H¨Q¨�¹-®
©x¹-¬»®-«HÁ�´z«H¨�¹
¨@©º«Z·A©u¸�¹�¶u©uªk²Z©u­QÁ

Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1).
É ¸;­�¶}ØF¹�«H¾Q©k²Z¯�¨6²�®-«H¨Q¨�¹-®
©x¹-¬æ®-«HÁ�´%«H¨�¹
¨;©�«Z·2©u¸�¹-¶x¹�¶x©uªk²Z©u­QÁ�¦
½@¯�Á�¯�¼È²Zªu¼�¿�©x«Ó©u¸�¹�´Qªx¹
Ä�¯�«H­�¶}®V²H¶x¹
Ø'¹�®V²Z¨æ¹V²H¶u¯�¼�¿�®x¸�¹-®k×�®-«H¯�¨�®
¯�¬Q¹
¨�®-¹�«Z·A©u¸�¹�¬r¯�Á�¹
¨�¶u¯�«H¨�¶}«Z·A©u¸�¹�¶u©uªk²Z©k²

Q(2(g − k) − 3, 2k,−12g+1) → Q(2(g − k) − 3, 2(g − k) − 3, 4k + 2),
Ø*¯�©u¸

k ≥ 0 ä g ≥ 1
²Z¨�¬

g − k ≥ 1
²Z¨�¬

Q(2g − 2k − 4, 2k,−12g) → Q(4(g − k) − 6, 4k + 2)
�



Ø*¯�©u¸
k ≥ 0 ä g ≥ 2

²Z¨�¬
g − k ≥ 2

¦
É ¸�¹
¯�Á�²ZµL¹-¶}«Z·A©u¸�¹-¶x¹�Á�²Z´Q´Q¯�¨QµL¶}µO¯�ÄL¹�­�¶~®-«H¨Q¨�¹-®
©x¹-¬»®-«HÁ�´z«H¨�¹
¨@©x¶~¯�¨�©u¸�¹�¶x©uªk²Z©k²

Q(2(g − k) − 3, 2(g − k) − 3, 4k + 2).
²Z¨�¬

Q(4(g − k) − 6, 4k + 2).
! #�� :
7�8*7�;�:*B?DSÉ ¸�¹'®-«H¨Q¨�¹-®
©x¹-¬�®-«HÁ�´%«H¨�¹
¨;©x¶S®-«H¨�¶x©uªu­�®
©x¹-¬�²Z¾z«XÄL¹+²Zªx¹+®V²Z¼�¼�¹-¬4©u¸�¹a��������������������	�� �a��G�&n��G(L���L=	�O
²Z¨�¬æ²Zªx¹�¬Q¹
¨�«H©x¹-¬æ¾;¿U�

' ¥*)
Q(2(g − k) − 3, 2k + 1,−12g+2) → Qhyp(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1),Ø*¸�¹
ªx¹

k ≥ −1, g ≥ 1, g−k ≥ 2
¦ É ¸�¹~®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ1¬Q«H­Q¾Q¼�¹}®-«XÄL¹
ªu¯�¨Qµ�¸9²H¶�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�´%«H¯�¨;©x¶

«XÄL¹
ª
2g + 2

´%«H¼�¹-¶~«Z·AÁ�¹
ªx«HÁ�«Hªu´Q¸Q¯�®�á@­9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼Æ«H¨
C > 1 ¦

' °1)
Q(2(g − k) − 3, 2k,−12g+1) → Qhyp(2(g − k) − 3, 2(g − k) − 3, 4k + 2) äØ*¸�¹
ªx¹

k ≥ 0 ä g ≥ 1
²Z¨�¬

g − k ≥ 1
¦ É ¸�¹,®-«Hªuªx¹-¶u´z«H¨�¬r¯�¨Qµ³¬Q«H­Q¾Q¼�¹,®-«VÄL¹
ªu¯�¨Qµ³¸9²H¶�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨

´%«H¯�¨;©x¶F«VÄL¹
ª
2g+1

´z«H¼�¹-¶F²Z¨�¬�«VÄL¹
ªF©u¸�¹*éV¹
ªx«�«Z·C¬Q¹
µOªx¹-¹
2k
«Z·%Á�¹
ªx«HÁ�«Hªu´Q¸Q¯�®�á@­9²H¬rªk²Z©u¯�®}¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼

«H¨
C > 1 ¦

' Ê1)
Q(2g − 2k − 4, 2k,−12g) → Qhyp(4(g − k) − 6, 4k + 2) äØ*¸�¹
ªx¹

k ≥ 0 ä g ≥ 2
²Z¨�¬

g − k ≥ 2
¦ É ¸�¹,®-«Hªuªx¹-¶u´z«H¨�¬r¯�¨Qµ³¬Q«H­Q¾Q¼�¹,®-«VÄL¹
ªu¯�¨Qµ³¸9²H¶�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨

´%«H¯�¨;©x¶º«VÄL¹
ªº²Z¼�¼2¶u¯�¨QµO­Q¼È²Zªu¯�©u¯�¹-¶}«Z·A©u¸�¹�á;­9²H¬rªk²Z©u¯�®1¬r¯�Ñ%¹
ªx¹
¨@©u¯È²Z¼2«H¨
C > 1 ¦

% ��&'�(����Ô�) É ¸�¹~®-«H¨Q¨�¹-®
©x¹-¬�®-«HÁ�´z«H¨�¹
¨@©
Qhyp(2(g−k)−3, 2(g−k)−3, 2k+1, 2k+1)

Ø+²H¶SÂ�ªx¶u©�¨�«H©u¯�®-¹-¬
¾;¿�± ¦�+}«H¨@©x¶x¹
Ä@¯�®k¸C¦
% ��&'�(���»Ì�)FÅ�«Hª~©u¸�¹�Á�²Z´Q´Q¯�¨Qµ

Q(2g − 2k − 4, 2k,−12g) → Q(4(g − k) − 6, 4k + 2)
«H¨�¹�®V²Z¨â¶k¹-¹�©u¸9²Z©�©u¸�¹�ªx¹-¶u­Q¼�©u¯�¨Qµ6á;­9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹
ªx¹
¨@©u¯È²Z¼F¯�¶�¨�«H©�©u¸�¹�µO¼�«H¾9²Z¼F¶xá@­9²Zªx¹�«Z·}²Z¨âÖº¾z¹
¼�¯È²Z¨ã¬r¯�Ñ�¹
ªJî
¹
¨;©u¯È²Z¼�¯�¨?©u¸�¹4·�«H¼�¼�«XØ*¯�¨Qµ�Ø'²-¿L¦ É ²Z×L¹�²�´9²Z©u¸

γ
«H¨

C > 1 ²Zªx«H­Q¨�¬³©u¸�¹ÓéV¹
ªx«�«Z·*«Hªx¬Q¹
ª 2k
²Z¨�¬ã²,´z«H¼�¹Ó«Z·'©u¸�¹

®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµæá@­9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹
ªx¹
¨@©u¯È²Z¼l¦ É ¸�¹ÓÁ�«H¨�«�¬rªx«HÁ�¿?«Z·'©u¸�¹�®-«VÄL¹
ªu¯�¨Qµ»²Z¼�«H¨Qµ�©u¸Q¯�¶
´9²Z©u¸?¯�¶
©uªu¯�Ä�¯È²Z¼#¶x«
¯�©�®V²Z¨ ¾z¹�¼�¯�·�©x¹-¬ «H¨ ²»´9²Z©u¸

γ̃
¯�¨
M
¦ É ¸�¹,¸�«H¼�«H¨�«HÁ�¿ «Z·º©u¸�¹S5y²Z©�¶u©uªu­�®
©u­Qªx¹�²Z¼�«H¨Qµ?©u¸�¹,´9²Z©u¸

γ̃
¯�¶4¨�«H¨

©uªu¯�Ä�¯È²Z¼ ä ØF¹
®V²Z¨�®-«HÁ�´Q­Q©x¹
¸�«VØ ©u¸�¹�©k²Z¨QµL¹
¨;©*ÄL¹-®
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ÅÆ¯�ªx¶u©º«Z·F²Z¼�¼ ä ØF¹Ó²Zªx¹�µL«H¯�¨Qµ,©x«�¶x¸�«VØ/©u¸9²Z©ºµL¹
¨@­�¶ g «Z·#©u¸�¹�­Q¨�¬Q¹
ªu¼�¿�¯�¨Qµ�¶u­QªJ·_²H®-¹ M Á�­�¶x©º¾%¹�¹-á@­9²Z¼�©x« 0

¦
½@­Q´Q´%«O¶x¹Ó©u¸9²Z©

g ≥ 1 ä ¶x«,¯�¨�¹-á;­9²Z¼�¯�©�¿ '�� )ºµO¯�ÄL¹-¶ (d − 1)(n + r) ≤ −p/2 −m
¦Ó§l·

p > 0
«Hª
m > 0

©u¸�¹
¨
n+ r

Á1­�¶u©}¾%¹�¨�¹
µ;²Z©u¯�ÄL¹ ä Ø*¸Q¯�®x¸6¯�¶~¯�Á�´%«O¶x¶u¯�¾Q¼�¹O¦*§i· p = 0
²Z¨�¬

m = 0
©u¸�¹
¨

n = r = p = m = 0
²Z¨�¬�Ø'¹

«H¾Q©k²Z¯�¨6©u¸�¹�¶u©uªk²Z©u­QÁ
Q(∅)

Ø*¸Q¯�®x¸6¯�¶º¹
Á�´Q©�¿L¦ É ¸;­�¶�©u¸�¹4²H¶x¶u­QÁ�´Q©u¯�«H¨
g ≥ 1

¼�¹V²H¬Q¶º©x«�²�®-«H¨;©uªk²H¬r¯�®
©u¯�«H¨ã²Z¨�¬
ØF¹�Á�­�¶u©~¸9²VÄL¹

g = 0
Ø*¸Q¯�®k¸æÁ�¹V²Z¨�¶*©u¸9²Z©

M ' C > 1 ¦
ç�«VØ ¶x­Q´Q´z«O¶x¹�©u¸9²Z©

m > 0
¦»½@¯�¨�®-¹�©u¸�¹�ªu¯�µO¸;©Jîl¸9²Z¨�¬ ¶u¯�¬Q¹�«Z·~¯�¨�¹-á;­9²Z¼�¯�©�¿ '�� )�¯�¶1¶u©uªu¯�®
©u¼�¿?¨�¹
µ;²Z©u¯�ÄL¹ ä ²Z¨�¬

d− 1 > 0 ä ©u¸�¹�¹gÇ�´Qªx¹-¶x¶x¯�«H¨ (2g − 2 + n+ r)
¶u¸�«H­Q¼�¬,¾%¹�¶u©uªu¯�®
©u¼�¿�¨�¹
µ;²Z©u¯�ÄL¹O¦F½@¯�¨�®-¹

g = 0
©u¸Q¯�¶+¯�Á�´Q¼�¯�¹-¶*©u¸9²Z©

n+ r ≤ 1
ç�«VØ ¶u­Q´Q´%«O¶x¹
©u¸9²Z©

m = 0
¦ � ¶u¯�¨Qµ�¯�¨�¹-á@­9²Z¼�¯�©i¿ '�� ) ä Ø'¹�µL¹
©

(d− 1) · (n+ r − 2) ≤ p · (1 − d/2) ≤ −p/2� Q



§i·
p = 0

©u¸�¹
¨
n+ r ≤ 2

¶x«
r + p ≤ 2

Ø*¸Q¯�®k¸�¯�¶+¯�Á�´%«O¶x¶u¯�¾Q¼�¹�¶u¯�¨�®-¹�²4Á�¹
ªx«HÁ�«Hªu´Q¸Q¯�®�á@­9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼
«H¨

C > 1 ¸9²H¶º²Z©~¼�¹V²H¶u©+·_«H­Qª~´z«H¼�¹-¶X¦ É ¸;­�¶ p > 0
²Z¨�¬�ØF¹�²Zµ;²Z¯�¨�µL¹
©

n+ r ≤ 1
¦

É ¸�¹�²Z¾%«VÄL¹�ªx¹
Á�²Zªu×r¶}¶x¸�«VØ ©u¸9²Z©}ØF¹�®V²Z¨æªx¹-¶u©uªu¯�®
©}«H­Qª}®-«H¨�¶u¯�¬Q¹
ªk²Z©u¯�«H¨�¶º©x«�©u¸�¹
·_«H¼�¼�«VØ*¯�¨Qµ�©u¸Qªx¹-¹ ' «XÄL¹
ªu¼È²Z´rî
´Q¯�¨QµE)+®V²H¶x¹-¶ �

{

n+ r = 0

m = 0

{

n+ r = 1

m ≥ 0

{

n+ r = 0

m > 0
É « Â�¨Q¯�¶x¸ ©u¸�¹»´Qªx«�«Z·4«Z· è ¹
Á�Á�² Ê$ØF¹ã²Zªx¹³µL«H¯�¨Qµ�©x«�¶x¸�«VØ ©u¸9²Z©æ²Z¼�¼�´z«O¶k¶u¯�¾Q¼�¹6Á�²Z´Q´Q¯�¨QµL¶�Ø*¯�©u¸

d ≥ 3¶k²Z©u¯�¶J·�¿�¯�¨Qµ ' Ô1)�²Zªx¹�¼�¯�¶u©x¹-¬â¯�¨ ' °1)
¦�åã¹,¶u¸9²Z¼�¼F­�¶x¹�©u¸�¹�·�«H¼�¼�«XØ*¯�¨Qµ³«H¾@Ä@¯�«H­�¶4ªx¹
Á�²Zªu×?Ø*¸Q¯�®k¸ ¯�¶�ÄH²Z¼�¯�¬â·_«Hª1²Z¨;¿
ªk²ZÁ�¯�Â9¹-¬æ®-«XÄL¹
ªu¯�¨Qµ

π : M̃ →M
«Z·S¬Q¹
µOªx¹-¹

d
²Z¨�¬æ²Z¨;¿,´%«H¯�¨;©

P ∈M
�

' ¥��1) ∑

P̃∈π−1(P )

eπ(P̃ ) = d

�"!�# Bp@ 6*#
n + r = 0

@�: �
m = 0

D ½@¯�¨�®-¹
n = r = m = 0

²Z¨�¬6µL¹
¨;­�¶
g = 0 ä ØF¹4µL¹
©�²�Á�¹
ªx«HÁ�«Hªu´Q¸Q¯�®á@­9²H¬rªk²Z©u¯�®,¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼+Ø*¯�©u¸$·�«H­QªÓ¶u¯�Á�´Q¼�¹�´z«H¼�¹-¶

P1, . . . , P4
«H¨

C > 1 ä p = 4
¦ è ¹
©

ti
¾%¹�©u¸�¹�¨@­QÁ�¾%¹
ªÓ«Z·

´%«H¯�¨;©x¶~¯�¨�©u¸�¹�Â�¾z¹
ª
π−1(Pi)

'
i = 1, . . . , 4

)+«Z·Æªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»¯�¨�¬Q¹gÇ�©iØF«Q¦
É ²Z×�¯�¨Qµ�©u¸�¹�¶x­QÁ «Z·A¹gÇr´Qªx¹-¶x¶u¯�«H¨�¶ ' ¥��1)*«VÄL¹
ª

Pi ä i = 1, . . . , 4 ä ØF¹�µL¹
©

4d =
4∑

i=1

∑

P̃∈π−1(Pi)

eπ(P̃ ) =
4∑

i=1

( ∑

P̃∈π−1(Pi)

eπ(P̃ )6=2

eπ(P̃ ) +
∑

P̃∈π−1(Pi)

eπ(P̃ )=2

eπ(P̃ )
)

=

=
4∑

i=1

∑

P̃∈π−1(Pi)

eπ(P̃ )6=2

eπ(P̃ ) + 2
4∑

i=1

ti

�º¨�©u¸�¹�«H©u¸�¹
ª~¸9²Z¨�¬æ¹-á;­9²Z©u¯�«H¨ ' Ô1)FµO¯�ÄL¹-¶

(d− 1) · (4 − 2) =
4∑

i=1

ti

ç�«H©x¹�©u¸9²Z© ä ²H¶ m = 0 ä ©u¸�¹�©x¹
ªuÁ ®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ
©x«}ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�¯�¨�¬Q¹gÇ 1
¯�¨Ó¹-á;­9²Z©u¯�«H¨ ' Ô1)�¬Q«@¹-¶Æ¨�«H©S²Z´Q´z¹V²ZªV¦

É ¸;­�¶}ØF¹�«H¾Q©k²Z¯�¨
4∑

i=1

∑

P̃∈π−1(Pi)

eπ(P̃ )6=2

eπ(P̃ ) = 4

É ¸Q¯�¶ÆÁ�¹V²Z¨�¶�©u¸9²Z©S¹
¯�©u¸�¹
ªÆ©u¸�¹
ªx¹'²Zªx¹F©iØ'«�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨4´%«H¯�¨;©x¶
P̃1, P̃2

«Z·�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨Ó¯�¨�¬Q¹gÇ1¬r¯�Ñ�¹
ªx¹
¨;©Æ·�ªx«HÁ
2 ä²Z¨�¬Ó©u¸�¹
¨

eπ(P̃1) = 1, eπ(P̃2) = 3 ä «HªS©u¸�¹
ªx¹}²Zªx¹'·_«H­QªSªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�´%«H¯�¨;©x¶ P̃i, i = 1, . . . , 4
«Z·%ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨

¯�¨�¬Q¹gÇ�¬r¯�Ñ%¹
ªx¹
¨@©*·�ªx«HÁ
2 ä ²Z¨�¬�©u¸�¹
¨ eπ(P̃i) = 1

¦
É ¸�¹�Â�ªx¶u©}¶k«H¼�­Q©u¯�«H¨æ¶u­QµOµL¹-¶u©x¶*©u¸�¹�Á�²Z´�«Z·Æ©u¸�¹�Á�«�¬r­Q¼�¯�¶u´9²H®-¹-¶

Q(−1,−1,−1,−1) −→ Q(−1, 1).
ì'­Q©�©u¸�¹?¶u©uªk²Z©u­QÁ

Q(−1, 1)
¯�¶�¹
Á�´Q©i¿ ' ¶x¹-¹?²Z¾z«XÄL¹*)g¦ É ¸�¹³¶x¹-®-«H¨�¬ ¶k«H¼�­Q©u¯�«H¨ ®-«Hªuªx¹-¶x´z«H¨�¬Q¶�©x« ©u¸�¹6Á�²Z´

Q(−1,−1,−1,−1) −→ Q(−1,−1,−1,−1)
Ø*¸Q¯�®x¸6¯�¶}«H¨�¹1«Z·#©u¸�¹�Á�²Z´�¶ ' °1) ä ²Z¨�¬»¸�¹
¨�®-¹�¸9²H¶º¨�«�¯�¨;©x¹
ªx¹-¶x©·_«Hª*­�¶V¦

�"!�# Bp@ 6�#
n + r = 1

@�: �
m ≥ 0

D §i¨$©u¸Q¯�¶1®V²H¶x¹�¹
¯�©u¸�¹
ª
n = 1

«Hª
r = 1

7S¬Q¹
¨�«H©x¹�¾;¿
k
©u¸�¹�«Hªx¬Q¹
ª4«Z·

®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµã¶u¯�¨QµO­Q¼È²Zªu¯�©i¿�«Z·
ψ
¦ É ¸�¹�¶u¯�¨QµO­Q¼È²Zªu¯�©�¿$¯�¶�²»©uªu­�¹�éV¹
ªx«6¯�·

k > 0
«Hª�²»´z«H¼�¹�¯�·

k = −1
7'¾@¿

®-«H¨;ÄL¹
¨@©u¯�«H¨»«H¨�¨�«H©k²Z©u¯�«H¨�¶
n, r
¯�©*®V²Z¨Q¨�«H©*¾%¹
²1Á�²Zªu×L¹-¬�´%«H¯�¨;©V¦Så�¯�©u¸�©u¸Q¯�¶+¨�«H©k²Z©u¯�«H¨

p = 4 + k
¦Aåã¹
¬Q¹
ªu¯�ÄL¹

·�ªx«HÁ '�� )'©u¸�¹�·�«H¼�¼�«XØ*¯�¨Qµ�¯�¨�¹-á@­9²Z¼�¯�©i¿U�
−(d− 1) ≤ (4 + k) · (1 − d/2) −m

Ø*¸Q¯�®x¸æµO¯�ÄL¹-¶
d ≤ 3 − k/2 −m

¦
� �



§i·
m ≥ 1 ä ²H¶ d ≥ 3 ä Ø'¹�«H¾Q©k²Z¯�¨ k ≤ −2

Ø*¸Q¯�®k¸�¯�¶'·�«Hªu¾Q¯�¬Q¬Q¹
¨æ¶x¯�¨�®-¹
ØF¹�®-«H¨�¶u¯�¬Q¹
ª~«H¨Q¼�¿�¶u¯�Á�´Q¼�¹
´%«H¼�¹-¶V¦ É ¸;­�¶
ØF¹�Á�­�¶u©~¸9²VÄL¹

m = 0
²Z¨�¬�¶x«

k = −1
¦ É ¸Q¯�¶*¯�Á�´Q¼�¯�¹-¶~©u¸9²Z©

n = 0
²Z¨�¬

r = 1
¦

ì'¿æ¯�¨�¶x¹
ªu©u¯�¨Qµ�¯�¨?¯�¨�¹-á@­9²Z¼�¯�©i¿ '�� )ºØ'¹�«H¾Q©k²Z¯�¨
d = 3

«Hª
4
¦ É ¸�¹�¶u©uªx«H¨QµL¹
ª�¯�¨�¹-á@­9²Z¼�¯�©i¿ ' �1)�¹
¼�¯�Á�¯�¨9²Z©x¹-¶�©u¸�¹

¶x«H¼�­Q©u¯�«H¨
d = 3 ä ¶x«1Â�¨9²Z¼�¼�¿�ØF¹�µL¹
©+©u¸�¹�¶x«H¼�­Q©u¯�«H¨ d = 4 ä Ø*¸�¹
ªx¹
©u¸�¹�ÄH²Z¼�­�¹-¶+«Z·Æ©u¸�¹�«H©u¸�¹
ª+´9²Zªk²ZÁ�¹
©x¹
ªx¶}²Zªx¹�²H¶·_«H¼�¼�«VØ~¶8�
g = n = m = 0

7
r = 1 ä ²Z¨�¬�©u¸�¹�®-«Hªuªx¹-¶x´z«H¨�¬r¯�¨Qµ,´z«H¯�¨@©}¯�¶º²�¶u¯�Á�´Q¼�¹�´%«H¼�¹�7�©u¸�¹
ªx¹4²Zªx¹�©u¸Qªx¹-¹�Á�«Hªx¹¶u¯�Á�´Q¼�¹�´%«H¼�¹-¶ ä ¶x« r = 3

¦
Ë�«VØF¹
ÄL¹
ª ä ©u¸Q¯�¶�¶k«H¼�­Q©u¯�«H¨íµO¯�ÄL¹-¶�©u¸�¹æÁ�²Z´ Q(−1,−1,−1,−1) → Q(−1,−1,−1,−1)

«Z·�©u¸�¹�Á�«�¬r­Q¼�¯
¶u´9²H®-¹-¶+·�ªx«HÁ ©u¸�¹�¹gÇQ®-¹
´Q©u¯�«H¨9²Z¼�¼�¯�¶u© ' °1) ä ²Z¨�¬�¸�¹
¨�®-¹�¸9²H¶*¨�«�¯�¨@©x¹
ªx¹-¶u©*·_«Hª*­�¶V¦
�"!�# B�@ 6�#

n+r = 0
@�: �

m > 0
D ½@¯�¨�®-¹

n = r = 0
²Z¨�¬�µL¹
¨@­�¶

g = 0 ä ØF¹}µL¹
©F²�Á�¹
ªx«HÁ�«Hªu´Q¸Q¯�®ºá@­9²H¬rªk²Z©u¯�®¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼#Ø*¯�©u¸
p = 4

¶u¯�Á�´Q¼�¹4´z«H¼�¹-¶�«H¨
C > 1 ²Z¨�¬³Ø*¯�©u¸ m > 0

Á�²Zªu×L¹-¬³´%«H¯�¨;©x¶V¦ � ¶u¯�¨Qµ�¯�¨�¹-á;­9²Z¼�¯�©�¿ ' �1)
ØF¹
¬Q¹
ªu¯�ÄL¹�©u¸9²Z©'¯�·

d
¯�¶'«�¬Q¬ ä ØF¹�¸9²-ÄL¹ m = 0

Ø*¸Q¯�®x¸�¯�¶+²1®-«H¨@©uªk²H¬r¯�®
©u¯�«H¨C¦'½�«
d
Á�­�¶u©+¾%¹º¹
ÄL¹
¨�²Z¨�¬�²Zµ;²Z¯�¨,¾@¿

­�¶u¯�¨Qµ�©u¸Q¯�¶~¯�¨�¹-á;­9²Z¼�¯�©�¿,Ø*¯�©u¸
d
¹
ÄL¹
¨ ä Ø'¹�¬Q¹-¬r­�®-¹-¬�©u¸9²Z© 1 ≤ m ≤ 2

¦
§i·
m = 1 ä ©u¸�¹
¨âØ'¹�¸9²-ÄL¹,²�¶u¯�¨QµO¼�¹�Á�²Zªu×L¹-¬â´z«H¯�¨@© P0 ∈ M

¦�åã¹�¬Q¹
ªu¯�ÄL¹�©u¸�¹Ó·_«H¼�¼�«VØ*¯�¨Qµ»ªx¹
¼È²Z©u¯�«H¨ã·�ªx«HÁ
¹-á@­9²Z©u¯�«H¨ ' Ô1)��

(d− 1) · (1 + 4 − 2) =

=
∑

��

���	�
Pi

¨@­QÁ�¾%¹
ªº«Z·A´Qªx¹
¯�Á�²ZµL¹
P̃
¯�¨
π−1(Pi)

«Z·Æªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»¯�¨�¬Q¹gÇ�©�ØF«
+

+
¨;­QÁ�¾%¹
ªº«Z·A´Qªx¹
¯�Á�²ZµL¹

P̃ ∈ π−1(P0)
«Z·Aªk²ZÁ�¯�Â9®V²Z©u¯�«H¨æ¯�¨�¬Q¹gÇ�«H¨�¹

è ¹
©
t
¾z¹�©u¸�¹
¨;­QÁ�¾%¹
ª
«Z·Æ´Qªx¹
¯�Á�²ZµL¹

P̃ ∈ π−1(P0)
«Z·Æªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»¯�¨�¬Q¹gÇ�«H¨�¹�«VÄL¹
ª~©u¸�¹�Á�²Zªu×L¹-¬�´%«H¯�¨;©

P0
¦

ì'¿³Ã'«H¨@ÄL¹
¨;©u¯�«H¨ ä ²Z©�¼�¹V²H¶u©�«H¨�¹Ó´Qªx¹
¯�Á�²ZµL¹�«Z·~²�Á�²Zªu×L¹-¬ã´z«H¯�¨@©�¸9²H¶�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨ã¯�¨�¬Q¹gÇ³µOªx¹V²Z©x¹
ª�©u¸�¹
¨ã«H¨�¹ ä©u¸;­�¶ ' ¥��1)º¯�Á�´Q¼�¯�¹-¶
t ≤ d − 2

¦ É ²Z×@¯�¨Qµæ¯�¨;©x«�®-«H¨�¶u¯�¬Q¹
ªk²Z©u¯�«H¨ ' Ì )ºØ'¹�«H¾Q©k²Z¯�¨³·�ªx«HÁ�©u¸�¹�¹-á;­9²Z¼�¯�©�¿³²Z¾%«VÄL¹Ó©u¸�¹
·_«H¼�¼�«VØ*¯�¨Qµ�¯�¨�¹-á@­9²Z¼�¯�©i¿

3 · (d− 1) ≤ 2 · d+ t
²Z¨�¬�¸�¹
¨�®-¹�Ø'¹�¸9²-ÄL¹

d− 3 ≤ t ≤ d− 2
§�©*¯�¶*¨�«H©}¬r¯���®
­Q¼�©~©x«�¶k¹-¹
©u¸9²Z©~¯�·

t = d− 3
Ø'¹�«H¾Q©k²Z¯�¨�©u¸�¹
·_«H¼�¼�«VØ*¯�¨Qµ�Á�²Z´

Q(−1,−1,−1,−1, 0) → Q(4)
¾Q­Q©

Q(4)
¯�¶~¹
Á�´Q©i¿L¦

§i·
t = d− 2

©u¸�¹�¹-á@­9²Z¼�¯�©i¿�²Z¾%«VÄL¹�¯�Á�´Q¼�¯�¹-¶}©u¸9²Z©
∑

Pi

� 

���	�

¨@­QÁ�¾%¹
ªº«Z·A´Qªx¹
¯�Á�²ZµL¹-¶
P̃
¯�¨
π−1(Pi)

«Z·Aªk²ZÁ�¯�Â9®V²Z©u¯�«H¨6¯�¨�¬Q¹gÇ,©�ØF«
= 2 · d− 1

²Z¨�¬�©k²Z×�¯�¨Qµ�¯�¨�®-«H¨�¶u¯�¬Q¹
ªk²Z©u¯�«H¨ ' ¥��1)'ØF¹�µL¹
©

4∑

i=1

∑

P̃∈π−1(Pi)

eπ(P̃ )6=2

eπ(P̃ ) = 2

Ø*¸�¹
ªx¹
P1, . . . , P4

²Zªx¹�©u¸�¹�¶u¯�Á�´Q¼�¹�´%«H¼�¹-¶V¦S§�©*¯�¶*¨�«H©}¬r¯���®
­Q¼�©~©x«�¶x¹-¹
©u¸9²Z©~¯�¨�©u¸Q¯�¶}®V²H¶k¹
ØF¹�«H¾Q©k²Z¯�¨�©u¸�¹�Á�²Z´

Q(−1,−1,−1,−1, 0) → Q(−1,−1, 2)
Ø*¸Q¯�®x¸»¾z¹
¼�«H¨QµL¶~©x«�©u¸�¹
¼�¯�¶u© ' °1)*²Z¨�¬�¸�¹
¨�®-¹�¬Q«@¹-¶*¨�«H©}¯�¨;©x¹
ªx¹-¶u©~­�¶X¦
ì'¿�¶u¯�Á�¯�¼È²Zª�²ZªuµO­QÁ�¹
¨;©x¶ºØF¹�®-«H¨�®
¼�­�¬Q¹�©u¸9²Z©~¯�·

m = 2
Ø'¹�µL¹
©~©u¸�¹�Á�²Z´

Q(−1,−1,−1,−1, 0, 0) → Q(2, 2)
Ø*¸Q¯�®x¸»¾z¹
¼�«H¨QµL¶~©x«�©u¸�¹
¼�¯�¶u© ' °1)*²Z¨�¬�¸�¹
¨�®-¹�¬Q«@¹-¶*¨�«H©}¯�¨;©x¹
ªx¹-¶u©~­�¶X¦

� �



è ¹
Á�Á�²�Ê�¯�¶+´Qªx«VÄL¹-¬�¦
�

§�©*ªx¹
Á�²Z¯�¨�¶~©x«�®-«H¨�¶u¯�¬Q¹
ª~©u¸�¹�©iØF«Zî_·_«H¼�¬æ®-«XÄL¹
ªu¯�¨QµL¶}¯�¨�«Hªx¬Q¹
ª}©x«�®-«HÁ�´Q¼�¹
©x¹�©u¸�¹�´Qªx«�«Z·A«Z· É ¸�¹-«Hªx¹
Á ¥O¦
	 #&% %*@�� D�� �

d = 2
	��$��L 	��$��O�	��Q��	R�hG�]���� 	��$�4�����k�p	���G(L

dimQ = dim Q̃
G(L��d�'��L/	����4���(O2��O4�d�HO�	X�QYS��L E �$�QG��Q��&��S�(L?YS�HL �0/p�`� ��	���G�L?�(�.���HO�	 ' °1)8)
= �QG8GP�9GQ� F ��&6&'����)Fåã¹�¶x­Q´Q´z«O¶x¹�©u¸9²Z©*©u¸�¹
¬r¯�Á�¹
¨�¶u¯�«H¨�¶~®-«H¯�¨�®
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{

Q(−1,−1, 2)

Q(−1,−1, 1, 1)
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





Q(2, 2)

Q(1, 1, 2)

Q(1, 1, 1, 1)Jb�$��L\	��$�4Jb�oG(� ��O�	��Q��	�
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¦�Å�«Hª1©u¸�¹�«H©u¸�¹
ª1¶x©uªk²Z©k² ä ©u¸�¹�¬Q¹
Á�«H¨�¶u©uªk²Z©u¯�«H¨$¯�¶1¶u¯�Á�¯�¼È²ZªV¦,Å2¯�ªx¶x©�«Z·²Z¼�¼ ä ©k²Z×L¹1²Ó´z«H¯�¨@© [M,ψ] ∈ Q(2, 2)
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	 #&% %*@�� D E �$��O�	��Q��	R�
Q(4(g − k) − 6, 4k + 2)

JK��	��
k ≥ 0, g ≥ 3

��L?Y
g − k ≥ 2�(L?Y

Q(2(g − k) − 3, 2(g − k) − 3, 4k + 2)JK��	��
g ≥ 3, k ≥ 0, g − k ≥ 1
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g = 2

�(L?Y
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Á�´Q©�¿�¯�·
g ≥ 3

«Hª*¯�·
g = 2

²Z¨�¬
k = 1

¦
É ²Z×L¹³²\5y²Z©,¶u­QªJ·l²H®-¹æ®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ$©x« ²ãá@­9²H¬rªk²Z©u¯�®»¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼º·�ªx«HÁ)©u¸Q¯�¶,¶u©uªk²Z©u­QÁ ¶x­�®x¸ ©u¸9²Z©�©u¸�¹
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¨ ¯�·ÓØF¹³¾Qªx¹V²Z× ©u¸�¹³éV¹
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Q(1, 3)
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Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1)JK��	��
g ≥ 3, k ≥ −1, g − k ≥ 2

G(�
g = 2

�(L?Y
k = −1�(���4L?G(L�WP��G(L�L����2	X�QY�)
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Á�Á�²æÔ,ØF¹�®V²Z¨ã¾Qªx¹V²Z×³©u¸�¹ÓéV¹
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2(g+ k)− 1
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ªx«O¶+«Z·�«Hªx¬Q¹
ªx¶

2(g− k)− 3, 2k+1, 2k+1 ä �u«H¯�¨�¹-¬�®-«H¨�¶k¹-®
­Q©u¯�ÄL¹
¼�¿�¾;¿�ÄL¹
ªu¿¶u¸�«Hªu©S¸�«Hªu¯�éV«H¨@©k²Z¼z¶k²H¬Q¬r¼�¹*®-«H¨Q¨�¹-®
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©uªu¯�® ä Ø*¸Q¯�®x¸�¨�«H©#ªk²Z©u¸�¹
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©u¯�«H¨�µL«H¯�¨QµÓ©x«�©u¸�¹º­Q¨Q´z¹
ªu©u­Qªu¾%¹-¬,éV¹
ªx«1«Z·Æ«Hªx¬Q¹
ª
2(g− k)− 3

¦Aåã¹
µL¹
©�²V5y²Z©�¶x­QªJ·_²H®-¹1®-«Hªuªx¹-¶u´z«H¨�¬r¯�¨Qµ,©x«�²�á;­9²H¬rªk²Z©u¯�®4¬r¯�Ñ�¹
ªx¹
¨;©u¯È²Z¼Æ·�ªx«HÁ ©u¸�¹1¶x©uªk²Z©u­QÁ

Q(2(g − k) − 3, 2(g −
k) − 3, 2k + 1, 2k + 1)
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É ¸�¹�¸@¿@´%¹
ªx¹
¼�¼�¯�´Q©u¯�®�¯�¨@ÄL«H¼�­Q©u¯�«H¨$¯�¨@©x¹
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ψ′ ∈ Qhyp(2(g − k) −
3, 2(g − k) − 3, 2k + 1, 2k + 1)

¦ ì'¿�®-«H¨�¶u©uªu­�®
©u¯�«H¨í©u¸�¹æá;­9²H¬rªk²Z©u¯�®6¬r¯�Ñ%¹
ªx¹
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�

ç�«VØ ä É ¸�¹-«Hªx¹
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