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Upper Bounds for the Energy Expectation in
Time-Dependent Quantum Mechanics

Alain Joye':?
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We consider quantum systems driven by Hamiltonians of the form H + W(t),
where the spectrum of H consists of an infinite set of bands and W(r) depends
arbitrarily on time. Let ( H) , (¢) denote the expectation value of H with respect
to the evolution at time ¢ of an initial state ¢. We prove upper bounds of the
type <(H >u,(t)=0(l”), >0, under conditions on the strength of W(r) with
respect to H. Neither growth of the gaps between the bands nor smoothness of
WAt) is required. Similar estimates are shown for the expectation value of func-
tions of H. Sufficient conditions to have uniformly bounded expectation values
are made explicit and the consequences on other approaches to quantum
stability are discussed.

KEY WORDS: Quantum stability; energy expectations; quantum diffusion.

1. INTRODUCTION

Consider a time-dependent system characterized by a Hamiltonian of the
form

H+ W(1) (L1)

where H is a positive self-adjoint operator whose spectrum consists of
separated bands {o,} 7 | such that

0,S [ 4 4] (12)
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and W(r) is a time-dependent symmetric perturbation. Let U{t¢) be the
corresponding evolution operator satisfying the Schrodinger equation

iU(t) o =(H+ W(t)) Ut) o, Uu)=1 (1.3)

where the prime denotes time derivative.
Our main concern is the time behavior as ¢ — oo of the expectation
value of the energy operator H,

CHY L () =CU) ¢ |HU(Y) 9 (14)

and of similar operators. These are among the quantities of interest in the
study of quantum stability for general time-dependent systems; see, e.g.,
refs. 5, 1, 11, 13, and 19 and references therein. Such quantities have been
studied analytically for driven quantum oscillators>"!) for various time
dependences. The solubility of the quantum problem and its strong links
with the classical dynamics of the system make it possible to get a rather
precise description of the expectation value of the kinetic energy. For exam-
ple, it can be deduced from the analysis provided in ref. 7 that periodically
perturbed harmonic oscillators can lead to a behavior of the type

(HY, ()~e",  y>0 (15)

for some parameters and some initial condition ¢ (G. Hagedorn, private
communication).

For general Hamiltonians of the form (1.1) with arbitrary time
dependence, the only analytical results we are aware of are those of
Nenciu,'® who tackles this problem by means of tools coming from the
adiabatic theory. The adiabatic machinery already proved to be useful in
the determination of the spectral properties of the monodromy operator in
case of periodic time dependence of the Hamiltonian; see, e.g., refs. 8, 9, 17,
12, 18, 3, and 4. Nenciu considers systems with increasing gaps in ref. 18
and the main result regarding (H),(¢) is essentially that if the gaps
A;,—A;_, between the bands grow like j* with a>0, and if W(t) is
strongly C" with n > [ (1 +«)/(2a)] + 1, then

CHY, ()= 0!+ (1.6)

as t — oo, provided sup, g+ [[(d/dt)* W(t)| < 00, k=0, 1,..., n. This estimate
holds for arbitrary time dependence of W{(t) and regardless of the nature of
the spectrum in the bands ;. The length of the bands must not grow faster
than j*. Note that the necessary growth of the gaps in the spectrum of H
prevents the application of this result to the driven harmonic oscillator.



Energy Expectation in Time-Dependent QM 577

In this paper we also deal with H’s whose spectrum consists of an
infinite set of bands and we obtain results which can be considered as com-
plementary to those of Nenciu® in the following sense. We prove
estimates similar to (1.6), without restriction on the size of gaps and
without a smoothness assumption on W{(¢). Of course, there is a price to
pay for dropping these hypotheses: the strength of perturbation W{t) with
respect to H must be small in some sense. Let us denote the spectral projec-
tors of H associated with the band o, by P;. Typically, if the operator W(t)
is such that

sup f 22| P W(s)||* < o0 (1.7)

seRY j=)
for some ¢ > 1/2, then, as ¢t — oo,
(Hy,(1)=0(:") (1.8)

See Section 2. Here again, (1.8) holds for arbitrary time dependence of
W(t) and regardless of the nature of the spectrum in the bands o; provided
the bands are not too long. Such algebraic bounds on the growth of
(HY} , () already give some information on the system; see (1.5). However,
as noticed in ref 18, for C' perturbations such that both |W{(¢)| and
[W'(t)|| are uniformly bounded in time we have the trivial bound for
any H

CHY, (1) =0(1) (1.9)

If we work under stronger hypotheses, more precise estimates are
given, some of which lead to uniformly bounded expectation values. This
is the case if we assume instead of (1.7) that the function of s defined by

© 12
(Z lj ||PjW(s)||2> (1.10)
j=1

j=

is integrable on R*.

Remarking that (1.8) is independent of the characteristics of the bands
in the spectrum, we can generalize our results to estimate the expectation
values of reasonable positive functions of H, f(H), in the following way
(see Section 3). Assume for simplicity that /> R* — R™ is strictly increasing
and that (1.7) is satisfied with f(4;) in place of 4;. Then

(SfH)) , ()= 0(1') (1.11)
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Also, if (1.10) is satisfied with f(4;) in place of ;, sup, . g+{ f(H) ), (?) < 00.
Thus it may be possible to have sup,_g+{f(H)), (1) <oo for a careful
choice of f, whereas {H),(¢) cannot be uniformly bounded by our
methods. A specific example displaying these features is dealt with in Sec-
tion 4. Such cases are of interest when we consider other relevant quantities
in the study of quantum stability; see Section 6.

In Section 5 we consider Hamiltonians A with discrete spectrum such
that 1, ~ j* «>0. In particular, we show that perturbations W{(t) belong-
ing to a class of operators introduced by Howland'? satisfy our
hypotheses. This class is determined by the behavior of the matrix elements
of W(¢) in a basis of eigenvectors of H and was considered by Howland in
his study of the spectral properties of the monodromy operator for time-
periodic W(t). We end the paper by addressing some questions on the links
between results on expectation values of operators and different linear
manifolds introduced to study the quantum stability of such systems in
Section 6.

The method used to get our estimates essentially consists in comparing
the actual evolution U(¢) with the free evolution ¥(t)=e~"# and control-
ling the difference between them. In some sense, this can be viewed as some
kind of degenerate adiabatic technique. Therefore, our proof follows the
general pattern of that of Nenciu."'® By slightly modifying the method
sketched above, we can actually accommodate a certain class of unbounded
perturbations W/{t), for which (1.9) does not apply.

Before closing this introduction, let us note that the search for lower
bounds on { f(H)), (¢} is more complicated. This is due in particular to
the fact that such bounds must depend on the initial state ¢, whereas this
is not the case for upper bounds. There are results for time-independent
systems only which require knowledge of the detailed structure of the spec-
tral measure associated with ¢. The interested reader should consult refs.
6, 2, and 16 and references therein.

2. UPPER BOUNDS ON <(H)  (t)
We consider a Hamiltonian H satisfying the following requirements.

Hypothesis H1. H is a positive self-adjoint operator with dense
domain D(H) in a separable Hilbert space #. The spectrum o of H con-

sists of disjoint bands ¢ = {0} 5, characterized by

A;= inf 4 and A;=sup A (2.1)

deaj Aeogj
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with 4, <4, VjeN*={1,2,..}. Moreover,

lim A;= o0 and sup 4;/4;=s<o00 (2.2)

Jj—ox jeN*

Let us denote by P; the spectral projection corresponding to o;, je N*,
by means of the Riesz formula. We set

m;=dim Ran(P) < o0 (2.3)

allowing infinite values of m;.
The time-dependent perturbation W/{(¢) is such that:

Hypothesis H2. W/(¢), reR™*, is a symmetric, strongly C'
operator which is H-bounded,

IW(1) ol <a(1) ol + b | Hol (24)

where b <1 is uniform in ¢ and a(t) <o VteR*. The diagonal part of
WAt) is defined by the strong limit

Wi1)9= 3 P,W1)Pg,  @eD(H) (2.5)

Jj=1

and we further assume that the off-diagonal part of W(¢),
we(r)y = W(t)— W) (2.6)

is bounded. Moreover, there exists a subsequence going to infinity
{ji} 2., =N* such that |P, W°(1)|| £0.

Remark. This last assumption ensures that subspaces of arbitrary
energy are coupled by W°(t). Otherwise, { H , (¢) is uniformly bounded in
time.

It follows from H1 and H2 that the operator
H(t)=H+ W(1) (2.7)

is strongly C', self-adjoint on D(H), and bounded from below for all
teR* (ref 14, §V.4). Thus the evolution operator U(t) satisfying the
Schrodinger equation

iUty e=(H+ W) Ult) e, U0)=1 {2.8)

where @ e D(H) and teR™* is unitary and both U(¢), U~'(¢) map D(H)
into D(H) (see, e.g., ref. 15).
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We now approximate the evolution U(r) by a unitary F{(t¢) which is
diagonal with respect to {P,} %2, and such that the difference U(¢)— V(¢)
is small in some sense.

Lemma 2.1. The operator W) is symmetric, H-bounded with
relative bound b for any teR™, and is strongly C'.

Remark. As a consequence, the bounded operator W*(¢) is strongly
C' and self-adjoint.

It follows from this lemma, the proof of which is given in an appendix,
that the solution of

iV'(t) p=(H+ W1) V(1) o, no)=I (29)
where ¢ e D(H) and teR™, is unitary and both ¥(¢), V~'(t) map D(H)
into D(H).

Moreover, as a consequence of

(H+ W41)) P,o=P(H+W41))p, VjeN* teR*, @eD(H)
(2.10)

we have the identity
[ V(). P;]1 =0, VjeN* teR* (2.11)
The above properties yield
(V=N Uy ¢
=iV U)o +iV='(1) Ut) @
=V - w () U o=V W Une (212)

for any ¢ € D(H), where W*(t) is assumed to be bounded. Or, in an equiv-
alent form,

Ut) — V(1) = —iV(1) j V=1(s) W(s) Uls)ds=R(1)  (213)
4]

where the integral is taken in the strong sense and
|R()) <2 (2.14)

Note that R(¢) maps D{H) into D(H) since U(z), V(t), and V~Y(¢) do.
However, we will be able to take initial conditions in the form domain Q
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of H, ie., in Q=D(H'?) (ref. 14, §V1.2.6). For any y, ¢ € D(H'?), we will
use the notation

Cx|Hod =<H'2Y|H' ) (2.15)

Let us finally introduce H-dependent norms on the space of bounded
operators which will appear in the estimates to come.

Definition. The H-norm of order p > 1 of a bounded operator B is
defined by

0 Up
||B||,,.H=( 5 A7 uP,-Bu") (2.16)
j=1

j=
where A; and P, are given in HI.

It is easily checked that |Bf, 5 is indeed a norm, using Minkowski’s
inequality. When p=2, ||B||, 4 is related to the usual norm and Hilbert-
Schmidt norm (denoted by |-||,) of HB in the following way.

Lemma 2.2. With s, m; defined by (2.2), (2.3), respectively and
sup; .+ m;=M < 0, we have

IHBI <5 1|Blls,y <sIHBl < /M s* |Bllaou (2.17)

If m;=1VjeN*, we have s = M = | and equal signs in place of the last two
inequalities.

The proof is given in an appendix.
To control the size of R(f) we must make assumptions on the size of
W°(r). We consider a set of two hypotheses giving rise to different resuits:

Hypothesis H3. (i) There exists ¢ > 1/2 such that
=<} 172
<Z A7 IIP/W"(t)HZ) = WD) 2, 1 (2.18)
j=1
is locally integrable as a function of ¢.
(ii) Hypothesis H3(i) holds and W°(r) has the form
We(t) =k(t) w° (2.19)

where k(¢) is a real-valued function and w? is a bounded, self-adjoint, time-
independent operator on .
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Note that the P; and 17 are the spectral projectors and bottoms of the
bands of HY, respectively, so that the norms introduced here are consistent
with our definition above.

Theorem 2.1. Assume hypotheses H1-H3. Then the evolution
operator solution of (2.8) is such that for any reR™*

U(1): D(H'7?)— D(H'"?) (2.20)

Let ¢ € D(H'?) and consider CH), (1)={U(t) | HU(t) ¢} as t — co. If
H3(1) holds, then

t 1/q
<H>¢(f)=0<[f0 IIW"(S)IIZ.quS] > (2.21)

If, in addition, 37, 477 | P; W*(s)||* converges uniformly in se R*, we get

CHY, (1) =0(1") (2.22)
If H3(ii) holds, then

' Vg
<H>,,,(z)=o<“0 lk(s)] ds] > (223)

Remarks. 1. No assumptions are made on the nature of the spec-
trum of H inside the bands g, the size of the gaps between them, or on the
actual dependence of 4; on j. The time dependence of W{(t) is restricted in
no way and the norm or H-norm of W*(z) need not be uniformly bounded
in time.

2. The initial condition can be taken in D(H'?)> D(H).

3. If H3(i), respectively H3(ii), hold and | W°(s)|, v, respectively
k(s), are integrable, we thus get sup, _g.{H), (1)< oco. This could have

been expected in the latter case since jo |k(s)| ds is a measure of the total
amount of energy available to the system.

4. If [|W(s)ll 5,y is uniformly bounded as a function of time, we get
the estimate

CHY, ()= 0(1') (2.24)
5. The additional result (2.22) holds, for example, under the stronger
assumption on W°(s)

Y A7 sup |P;We(1)|* < 0 (2.25)

jeN* reRt
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6. The bound (2.24) when ¢ge[1/2,1] is weaker than the trivial
bound (1.9) for bounded W({(¢), but it is of interest if W{(¢) is unbounded.

7. The unitary ¥(t) defined by (2.9) could be replaced by ¢ =" when
W(t) is bounded, but in hypothesis H3, W*(¢) should be replaced by W(r),
which implies stronger conditions to fulfill. However, such a choice makes
it possible to accommodate bounded W(t) which are not C' but generate
a well-behaved evolution operator.

8. The parameter g characterizes the relative strength of the pertur-
bation W(t) with respect to H. The higher g is, the weaker is W(¢) and the
weaker is the growth in time of energy.

Proof. A consequence of hypothesis H3(i) is that for any teR™* and
any g=1/2

o o5

t 2 ' 172 2
> ([Cauewesias) <| [ (T gonewesz) ds
0 ) =1

j=1

([ 1w mds ) (226)

Indeed, the partial sums depending on two variables (s, u) € [0, t] x [0, 1]
satisfy

N
AP, Wos) AF P e(u)l
=1

Jj=

N 12 ; N A
s(z a2 |1P,W"(s>n2> <z P ||P,W0<u)u->

i=1 i=1

S AW, am W)} 2, 110 (2.27)

where the right member is integrable on [0, t] x [0, t] by assumption for
any te R*. Hence we get the result by integration on (s, u)e [0, ] x [0, ¢]
from the dominated convergence theorem.

On the other hand, we get from the hypotheses made on H

H=Y H=7Y [ 2am2) (2.28)
s

j=1 j=1"%
where E(A) is the spectral family of H and H,= P,HP; satisfies for any
jeN*
AP, <H;<AP;<sAP; (2.29)

7 J5J
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[see (2.2)]. Also

D(H'?) {(p eH

Zj 1d |EQA) ol <oo} (2.30)
But since

Y
LRI < [ AdIER) oI <52, 1Pyl (231)
we get

oL

DAL oo} (2.32)

(H”’)—{fﬁeff

Take @ € D(H'?). Using (2.11), we get
Z LIP ) el?= Z AilPo|* < oo (233)
Jj= j=1

so that V(¢) ¢ € D(H'?). Consider now R(t) ¢ for any ¢. We have

2

PR oI =| Vo) [ V=051 2, e0s) UGs) 0 s

<([1pwonas) tor (234)

If H3(i) holds, using (2.26) with ¢ =1/2, we get

Y 4 IPR1 91’ < Y, (jo A B, W(s)| ds>' Il
1

j=1 Jj=

< ( [ 1wl o ds>“ lol*<o0 (239

This means that for any ¢t >0,

R(t): # - DH') (2.36)
hence
U(t): D(HY*) - D(H'?) (2.37)
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The positivity of H implies that for any ¢, y € D(H'?) (see ref. 14, p. 53)

2 |{x|Hpy| <<{x|Hx> +<@|Hp> (2.38)

so that using (2.13), we can write for any ¢ € D(H'?), |¢| =1,

CHY, () =<U1) | HU(1)
={(Vne|HV() ¢)
+2Re{ V(1) 9| HR(t) > + (R(1) ¢ | HR(1) @
2KV 9| HV(1) ) + CR(1) ¢ |HR(1) ¢ )
=2(|H"2V(1) o|I> + | H'?R(1) ¢|1*) (2.39)

The estimate (2.29) together with (2.33) yields for the first term of (2.39)
IH'2V(0) olI>= 3 | H2V(1) @l
j=1

<s Y L IRV @lP <sCHP@ | H' P9y (240)
f=1

J=

which is independent of time. We deal with the second term as follows. For
any Ne N* we have by virtue of (2.34) and (2.14)

IH'R(1) ¢l

N o
=Y IH}”R(tyol*+ ) |H/2R(D)ol?
j=1

J=N+1
N o
<shy ) IPR(D @P+s Y, A IPR(t) o|?
ji=1 Jj=N+1
<dshy+s Y /1,“ ||PJ-W"(s)l|ds]_ (2.41)
j=N+1 0

Gathering these estimates, we finally get for any ¢ € D(H'?), || =1,

<H),,,(r)<2s{||H‘/2¢||2+4/1N+ i ,1,“(: ||ijo<s)||ds}’} (242)

j=N+1
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Assume H3(1) holds.
Applying (2.26) to the last term of (2.42), we get, using the
monotonicity of 4; in je N¥,

oo

5 (j 22| P, (8] ds>'

j=N+1
1z [, ) 2
<m= X ([ anewewlds

N+l j=N+1

1 1 «© , , 1/2 2
SF{H y /l;"ileW"(s)H-:l ds}

N+1 j=N+1
< (fo 1w (f)ﬂf.m ds)” (2.43)
'17\fq+l

Thus, for some constant ¢ < oo independent of ¢ and N, we have the
estimate

’ Wu ) d 2
<H>,p(r)<c<1+AN+‘j°” olam ”) (2.44)
N+
If
N
lim sup | Y 2P, W)= Ws)3 | =0 (2.45)
N—ow seR* | j=|
we have
1t o . 7lﬂ
| £ amwer] e

! j=N+1

l ! N , R s 172
<] [sup > 2B, W”(s)ng,,,qu ds
0 LseR* j=1
N 1/2
=[ sup | Y. A7 P WO(s))1* = | W"(S)ll%.m] =./g(N+1)  (246)
seR* | j—|

where g(N)— 0 as N — o0 and g(N) >0 for any N, due to the last condi-
tion in H2. Thus

-

CHY <01yt s gV +D)) (247)
N+1
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Assume H3(ii) holds.
In this case,

@ ! 2
y z,-Uo 1P, e(s)] ds]

J=N+1
7] 1] 2
< 3 [ [ wonas| 3 1p00
j=N+1L"0
|k(s)| ds z , oua
le—'] Y A7 IPwe) (248)
N+1 j=N+1
Hence,
k d.
<H>¢(t)<c<1+/1,v ugl)—ﬁj)ll—ﬂ (N+l)> (2.49)
"N+1
where

0<g(N)= Y A2 |Pw’|>>g(N+1)>0 as N-ooo (250)

j=N

It remains to minimize the right-hand sides of (2.44), (2.47), and (2.49)
with respect to N as t — 0.

Lemma 2.3. Let a>0 and r(r) be a positive function of ze R™* such
that lim, _, , r(#) = c0. Let 4; and g(j) be two sequences of positive numbers
such that 1,<A;,— o0 as j— oo and g(j) =>g(j+ 1). Consider

h(N, t)= Ay + A( ) gV 1) (2.51)

N+1

Then, for each ¢, there exists a unique N(f)e N* such that in the limit
{— 0

h(N(t), t) = o(r'/" *2(1)) (2.52)
if im;_, . g(j)=0 and
h(N(1), t) = O(r"'' +9(1)) (2.53)

if inf,_ . g(/) > 0.
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Remarks. If sup, g 7(?) < co, we get

sup h(N,y, t) < oo (2.54)

reR*

for any fixed N,e N*.

This lemma is optimal in the sense that any asymptotically different
choice of N(t) as t — oo yields a weaker estimate, as easily verified from the
proof.

Proof. The hypotheses on A; and g() imply that
/g TGy < A /g T+ 1) = o0 as j—oo  (2.55)
so that there exists a unique index N(¢) for any e R* such that
Ao /8" AN K0 < Ay 1 /8 TUNG) + 1) (2.56)
Hence, taking N = N(t) in A(N, t), we can write
h(N(t), ) <+ (g !+ (N(2)) + g TN + 1)) (2.57)

where lim,_, . N(¢) = co. Hence, depending on the behavior at infinity of
g(N), we get a little-o or a big-O estimate for A(N(¢), ¢). |

The theorem is proven by applying this lemma with « =2g — 1 and the
corresponding r(¢) to (2.44), taking g(N)=1, and to (2.47), (2.49) with the
g(N) defined in (2.46), (2.50). |

3. UPPER BOUNDS ON <(f(H)), (t)

Looking back at Theorem 2.1, we see that the A, play a significant role
in the hypotheses on the size of W*(r) only and that the end result on
{H}, (1) is independent of ;. This calls for a generalization to expectation
values of operators of the following type.

Hypothesis H4. Let /: R — R be a function such that

O<f=inf f(2) and F,=supf(A), jeN* (3.1)

Lea; leaj

satisfy
Fi<fio1, VjeN* and sup F;/fi=c< (3.2)

JjeN*
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In this case, f(H) is positive and self-adjoint on its domain D(f(H)),
which is dense (ref. 14, §VIL.5) and easily shown to coincide with

D(f(H))= {'// et

Y IIP,-!PIIZ<00} (3.3)

j=1

The values of f outside the support of the spectrum of H are irrelevant.
We introduce another set of hypotheses, each of which gives rise to a
different estimate.

Hypothesis H5. (i) There exists ¢ > 1/2 such that

) 1/2
< X fiP, W“(S)II2> = WO, paen (3.4)
j=1

is locally integrable as a function of 1.
(ii) Hypothesis H5(1) holds and W*(t) has the form

Weny=k(t) o° (3.5)

where k is a real-valued function and w* is a bounded, self adjoint, time-
independent operator on .

Then, by repeating the proof of Theorem 2.1, with f(H) in place of H,
Jf; in place of 4;, and c in place of s, we get immediately the following result:

Theorem 3.1. Assume hypotheses H1 and H2, and let f: R — R be
such that H4 and HS are satisfied. Then, the evolution operator solution
of (2.8) is such that for any reR™*

U(t): D(f'*(H))— D(f"*(H)) (3.6)
Let ¢ € D(f"*(H)) and consider { f(H)>, (1)={U(t) | f(H) U(t) p)> as
t — oo. If H5(i) holds, then

s 1/q
Ay 01 =0 (] [ M| ) (37)

If, in addition, 352, /77 |P;W°(s)||> converges uniformly in seR™, we
get

CSUH)D, (6)=o(1') (3.8)

822/85,5-6-5
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If H5(ii) holds, then

' /q
s w=of| [l as] ) (39)

Using this result, if (H), (¢) cannot be estimated by Theorem 2.1, we can
nevertheless try to get a bound on the expectation value of f( H), taking an
fsuch that 0 < f(H) < H. We can actually consider the problem from the
reversed point of view. Given a perturbation W(r), can we find an unbounded
operator whose expectation value can be controlled as t —» c0? This is the
object of the following result.

Carollary 3.1. Assume that there exists a positive, strictly increas-
ing sequence {x;} %, such that

o 1/2
< Y 1} IP, W<r>u2> (3.10)
j=1

is locally integrable as a function of ¢.
Then, for any ¢ = 1/2 there exists a function f/: R* - R*, depending
on g and satisfying H4, such that

! 1/q
<y, =0 (| [ 1w pumds| ) (3.11)

for any initial condition in D(f'(H)).

Proof. Take the function defined for any je N* by

g :
-f e
which satisfies H4, and apply Theorem 3.1. ||
Remark. In case W*(t)=k(t) w’, we get
o w=o(| [ oras] ) (3.13)

for the same f.

The interest of this corollary stems from the fact that for a given W(z),
(H}, (t) may fail to be bounded uniformly in time, whereas the expecta-
tion value of some function of H may be (see the example in the next
section).
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Another improvement of these results consists in trying to get
estimates on {H) , (), respectively { f(H)), (), of a more general type
than algebraic in ¢ This can be achieved by replacing 47, respectively f7,
by a(4;), respectively a(f;), in the hypotheses on the size of W*(t), where
a:R* - R* is some increasing function. More precisely:

Hypothesis H6. Let
a: R*—=R*
X+ alx) (3.14)

be a continuous, strictly monotonic increasing function such that b defined
by

b: [f, o[ -R*
X a*(x)/x (3.15)
is nondecreasing, for some > 0.

We indicate in an appendix how to alter the proof of Theorem 2.1 in
order to show the following result:

Theorem 3.2. Assume H1 and H2 and let f and « be two functions
satisfying H4 and H6. If

o 172
(1) <Z a*(f;) | P, W(f)||2> = (WA a0 (3.16)

Jj=1

is locally integrable as a function of ¢, respectively
(il) W) =k(1) w® (3.17)

where k() is a real-valued function and w’ is a bounded, self-adjoint, time-
independent operator and W*(¢) satisfies (i), then, as 1 — oo,

W Sy, 0=0(a [ [ WO pm]|) 318
respectively

i) <Ay, 0=0(a| [ o as)) (3.19)

for any initial condition ¢ € D(f'*(H)).
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This last result shows more precisely how the strength of the
hypotheses, characterized by the function a-f, can be modulated in order
to improve the time dependence of the estimates, characterized by 4, or to
enlarge the class of operators to which the results apply, characterized by f.

4. EXAMPLE

Let us demonstrate the use of the estimates of the preceding section on
a specific example.
Assume m;=1 ¥jeN* and consider

H=Y Alo>{e;l=) 4P, where A,=j% a>0 (4.1)

j=1 j=1
We define

o . 1
x(1)=Y c(t)p;  with cj(t)zw, p>0 (4.2)

J=1
and

f()=B—o2=12—1/[21+0)*"], n>0 (4.3)

Then sup, g+ x{2)]| < oo (see below) and actually it is not difficult to see
that y(7) is analytic in a sector containing R*. Let g(z) be a C* real-valued
function such that

sup |g(1)l=c0, g()eL'(R™), |gO|(1+0)"¢L(R*) (44)

teR*
This is the case with n=1 if

supp |g(n)| = {t|1t—jl < 1/j% Vje N*}
sup lg)l=j=1g(s)l  Vse{slls—jI<1/2/*)}, (45)

re{rllr—jl<14%
VieN*
Then we set
Wity =g(1) 1x(1)> (1)l (4.6)

By construction, W(¢) satisfies H2 and the trivial bound (1.9) cannot be
applied for this bounded perturbation. With the definition

We(t) =g(1) <1X(t)><x(t)| - Z Py Ix ()< x(n) Pj) (4.7)

j=1
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we easily get

o 12
1P, W)l = (1) (1) ( 5 c,z(r)> (48)

k=1
k#j

We show the following result below.

Lemma 4.1. There exist f-independent constants 0 <p_ <p, such
that

p_gt) c; (<P WD <p, g(1) (1) (49)

Hence, using the integral test, we obtain that the behavior of
| We(2))} 5. 12 is equivalent to that of

o , 1/2 o 1 172
t)|<z_: ¢ (1 ) =|8(0|(Zw>

1
2-f1))—

1/2
>|g(t)l< _1> =|g(n)|(1+1)" (4.10)

By assumption, |g(#)|{1 + ¢)" fails to be integrable on R, so that we can-
not show that sup,_p.<{H),(t)<oo. However, considering f(H)=H’
with 0 <y <1, we find that the behavior of |W°(¢)||, ;e is equivalent to
that of

s} 1/2
lg(t)] ('Z l}‘c}(t))

o 1 172
=|g(n)l ( ) W)
bt

i— 1

<|g(0)

1 1 1/2
< +2(ﬂ—f(t))—y<x—l>

1/2
(1—)))(1+1/(1+t)2n> (4.11)

~1g(o (1+
which is integrable on R*. Consequently, Vy € 10, 1[ and Vo € D(H™?),

sup(H ), ()< o0 (4.12)

teR*
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Proof of Lemma 4.7. On the one hand, using 2(f — f(7)) > 1+ a, we

find
Y. < Z cin < 1/j' *< o (4.13)
k=1 k=1 k=1
»y

On the other hand, using the integral test, we obtain

j—1 oo
=Y+ > cun

™18

k=1 k=1 fk=j+1
k#j
Jj * dx
[+
2B —S1t)
0 el X B—s1n

1 1 1
T28—f(1) -1 (1 +(j+ 1)2XF=Tm =1~ 7Rp—Fm 1

If j=1, since 2[f—f(1)]—1<1+0a, we can take 1/[(1+a)2'**] as a
lower bound on (4.14). If j> 1, then

>(4.14)

1 1
_th/J‘—_fm)—l >1 T oa

1 (4.15)

yields (2*—1)/[1 +a)2*] >0 as a lower bound. |

5. APPLICATIONS

In this section, we consider a restricted class of Hamiltonians
H+ W(t) which are likely to appear in specific models and fit in the
framework described above. For this class of Hamiltonians it is even
possible to improve slightly the results of Theorem 2.1.

Proposition 5.1. Assume H1 and H2 and let H be such that

A< as j— oo (5.1)

J

for I, a >0 independent of j, and let W°(¢) be such that

sup |P,W(1)l < c/j” (5.2)

reR*

for ¢, >0 independent of j. Then, provided 28 —a > 1, we get for any
peD(H'?),

CHY, ()= 0= 12 (5.3)
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Remarks. 1. Applying the results of Section 2, we get under the
same conditions {(H), (1)=0(t°) with d=a/(f—1/2)+e¢, for arbitrary
small ¢ > 0.

2. The exponent « is characteristic of H, whereas f characterizes W(r).
If « gets smaller, the exponent in (5.3) gets better, independently of W(t).
However, taking higher values for a requires taking weaker perturbations.

3. Replacing H by some power of H merely amounts here to altering
the exponent a appropriately.

Proof. 1In order to show the proposition, we simply estimate more
carefully the last term in Eq. (2.42) using our hypotheses. We can write

Y 2 (L IleW“(s)||ds>-<lct2 T 1%

j=N+1 J=N+1

<et?/(N+ 1)1 (5.4)
for some constant ¢. Hence we are led to minimize
N+ /(N +1)#-="! (5.5)

by means of Lemma 2.3, which yields the result. |

Let us consider a class of perturbations W/{(r) for which the estimate (5.2)
can be proven. This class of operators was introduced recently in ref. 10.
Assume m,; < oo Vje N* and denote by
A
an orthonormal basis of eigenvectors of H such that Pipi= @i, r= L., m;.
An operator 4 belongs to the class y(p, y), where p, y R, if there exists a
constant C such that

K]0 < s (56)
for all r=1,..,m;, s=1,.., m;, where (n) =|n| if n#0, and {0} =1.
Table I. Bounds on ||P;,W°(t)| for 6=0
p<0 p=0 0<p<l p=1 p>1
0<y<l - — 1j+e=t in jlj? 1%
y=1 — - In jjj'+r In j/j? 12

y>1 1j7+e 157 15j7+# 17! 1/j7+ mintp.y)
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Table Il. Bounds on ||P,W°(t})| for 6>0

p<0 p=0 O<p<l p=1 p>1
)’lgo _ _ _ _ 1/j)~'+min(p.r)
, 1j"*2ifp<yandy 21 17" ifl <y <3+ mint p.3)
0<y<l — TR Vifpzyorp<y <l Injirtrifl 2y Y
}’I=1 — — ]/jl+p l/jz ]/jl+min1p‘)vb
y>1 e 17+ 157+ 17 rifp <y’

" *vifp 2y

We prove the following technical lemma in an appendix, using the
Schur condition.

Lemma 5.1. Assume m; < Mj°, where M and 6 >0 are independent
of j, and let W°(¢t) belong to the class y(p, y), with a constant C uniform
in teR*, where y>0 and y—J +p> 1. Then, there exists a constant x
such that:

(i) If 6=0, ||P;W°(t)| is bounded by w times the quantities in
Table I.

(i) If 6>0, with y’=y—9, ||P;W°(1)|| is bounded by x times the
quantities in Table II.

Remarks. 1. We can get rid of the logarithms in Tables I and II
by decreasing the exponent of j by an arbitrarily small amount.

2. In order to apply Proposition 5.1, we further need the exponent of
J to be greater than 1/2.

6. CONCLUDING REMARKS

Here we make explicit some links between our results on expectation
values of H or f(H) and other relevant quantities in the study of quantum
stability. Let us recall these notions and their properties, following mainly
refs. 5, 1, and 19. Consider the subspaces

HP(U)={ye#|{U(t)y|1=0} is precompact in #} (6.1)

1 T
.}f’f(U)={q)le lim —j IKU(t) @||? dt =0

TJ0

for any compact operator K} (6.2)
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Regardless of the time dependence of the Hamiltonian, #7(U) and #/(U)
are closed subspaces of s# and #7(U) L s#/(U).>'® D’Oliveira further
introduced subspaces related to some operator. Let 4 defined on D(A4) be
unbounded, self-adjoint, and positive with discrete spectrum and assume
that U(t): D{(A) — D(A), VteR*. We set

S A4)={peD(A)|sup(A4), (1)<} (6.3)
reR*
SN A)=D(A) N [L*A4)]* (64)

It is shown in ref 19 that
FA)c #P(U) and D(A)n#(U)c F*(A) (6.5)

If we restrict our concern to time-periodic Hamiltonians, ie.,
W(t+1)= W(t), and assume that

m; < oo, Vie N* (6.6)
then!>1
H=H(U)® #(U) (6.7)
with
H(U)=#(U(1)) and  #7(U)=x,(U1)) (6.8)

where H#(U(1)), respectively #,,(U(1)), are the continuous, respectively
pure point, spectral subspaces of the monodromy operator U(1).
Moreover, as implicitly contained in refs. 5 and 1, we deduce from (6.5)
with 4 = H that

e D(H)YnA(U(1))=sup{H}, (t)=w© (6.9)

reR*

or, equivalently,

¢ e D(H) and sup{H), (1)< =pe A, (U1)) (6.10)

teR*

Remark that U(t): D(H) —» D(H), VteR™, under our general hypotheses.
The converse statement to (6.10) is believed to be false, although no proof
seems to be available yet.'¥ We can replace H by f(H) [choosing
A=f(H)] in (6.9), (6.10) under the hypotheses of Theorem 3.1 and (6.6),
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provided we take initial conditions ¢ € D(f'*(H)) instead of ¢ € D( f(H)).
The question of domains is then solved by the property U(r):
D(f'*(H))— D(f'*(H)), VteR™*, which alters neither the proof nor the
results of ref. 19. Hence, the study of expectation values may give informa-
tion on the spectral properties of the monodromy operator in such cases.
(Note, however, that Theorems 2.1 and 3.1 cannot yield boundedness of
expectation values in the time-periodic case.)

In case of arbitrary time dependence, the Hilbert space cannot be
decomposed according to (6.7), but we can write

H=x"U)® A (U)® #U) (6.11)

where #“(U) is called the “U-unusual” subspace in ref. 19. To show the
existence of #“(U), d’Oliveira'’ studies an explicit example of a
Hamiltonian for which he proves that actually

H =U) (6.12)
The example treated in Section 4 yields in turn a case where
H = HP{U) (6.13)
Indeed, for any ¢ in the dense domain D(H?) we showed that

sup<{H") ,< ™ (6.14)

te R*

Thus, by virtue of (6.5) and the closedness of #7(U) we get the result.
Actually, it is not difficuit to find a whole class of systems for which

H = HP"U) (6.15)
Consider
Hty=H+k(t) w° (6.16)

where we suppose that k()€ L' and that (6.6) holds. Further assume that
there exists a positive, strictly increasing sequence {s;} ;.. Such that

Y 15 Pjw’? <o (6.17)
=1
Then, as a consequence of the remark following Corollary 3.1, we get for
any ¢ in the dense domain D(f'*(H))

sup{ flH)>, <o (6.18)

teR*
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where f(o,) = {47}, /e N* and f(R\g;) = {0}. Again, (6.5) and the closed-
ness of #7(U) yield the result. Hence, the property (6.12) does not seem
to be the rule for driven quantum systems; see the conclusion of ref. 19.

APPENDIX A. PROOF OF LEMMA 2.1

Let us show that W) is H-bounded with relative bound b. Let
@ e D(H); we have

1W(e) @l = Z 1P, W(t) Pyol

-
I

<3 IW0) Pol?
Z (b |HP,@l +alt)]l Ppll)?

=b? |Hol> +a(t)* |lpl>+2 Y. b |P,Hop| a(r) | P;o)

j=1

<(b | Hel +a(?) le])? (A1)

Consider the strongly C' bounded symmetric operator

N
WM =Y P,W(1)P, (A2)

Jj=1

for any teR*. We define K=[0, T] such that te KcR™*. We have for
M>zN and ¢eD

I(W™ () — WM(1)) )2

1P W(t) Pl

e Mz

P, W(t) H='P,Hol

Jj=N

M
< sup WO HT'I? Y P Hol? (A3)

teK<R* j=N
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Hence W, (1) tends strongly to W*(t), uniformly in t€ K, and W*(¢) is sym-

metric. Similarly, for rte KcR™*,

M
WY () — WM () @l*= . |P,W'(t) H™'P,Ho|?

j=N

1 —1y2 2
< sup |[W(t | Z IP;Hep|* (Ad)
teK=R* j=N

so that the strongly continuous operator

N
WV (1)=Y. P,W'(1) P,

Jj=1

(AS5)

tends on D to a limit w(s) uniformly in ¢t € K. Hence w(¢) is strongly con-

tinuous.
Finally, for any pe D and re KcR™,

(W) — W¥%0)) p = lim fPW' s)H='P,Hp

N—-p

where
N

) J’ P,W'(s) P,p— Jr w(s) @ ds
0

=170

lim
N—

I oz 1/2
< lim ( Y lleW’(s)H"PjH(le) ds

N=® 20 \jo N+

I o 1/2
<] 1w H) ds hm< y IIP,H¢I|2> =0

T Nj=N+1

This means that

Wi(1) @ = W(0) o +f' w(s) @ ds
0]

so that W*(t) is strongly C'. |

APPENDIX B. PROOF OF LEMMA 2.2
We have

o

Z 2 |P;B||* <00 = B: # — D(H)

(A.6)

(A7)

(B.1)
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Hence, using the spectral theorem for H, we get, for any ¢,

oz

a
1HBg|*= T [ 2%d |EQ) Byl

i=1

where [see (2.2}]

A
L 22d | E(2) Bol*> <5222 |1 P,BI g2

601

(B.2)

(B.3)

which proves the boundedness of HB. Since the domain of H is dense,

B*H < (HB)* is bounded as well.

There exists a basis of orthonormal elgenvectors {g j}')e‘,\'l;“' " of H
such that P;=3}" |(pj>((pj| k=1..,m; and H(p =l A(p with ;<

Le< 4, k—l, ., m;. Hence,

Js

IHBl3=1B*H]

o I”j’

=) 2 |B*Hej|?

j=1 k=1

o

=) Z 1B*@11? 47
j=1 k=

= ¥ 2 1B*P,13
Ji=1
> Y 22 18P,

j=1

=Y A2IPBI?

j=1

with equalities everywhere if m; =1, Vje N*.
If, furthermore, sup ene M1 S M, then

NI

IHBIZ= Y S° |B*HoH|?

Jj=1 k=1

'3 ni; *
<9 T2 BRI <SM Y 1B

=1 k=1 j=1
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APPENDIX C. PROOF OF THEOREM 3.2

We follow again the same steps as in the proof of Theorem 2.1 with
J(H) in place of H. The hypotheses on a and the strict monotonicity of f;
imply that f; < a?(f;) for j=J, J large enough. Thus, for any ¢ [see (2.35)],
if {1) holds,

o

Z IP;R(1) @2

./ = 172 2
s{jo(z &(f) uP,-W“(s)uZ) ds} lell?
J

j=J
<(j0 L& ds) lgll> < oo (C.1)

Hence, as above, we get that for any 1 =0, V{¢): D(f'*(H))— D(f'*(H)),
R(1): # - D(f'*(H)), and thus U(t): D(f"*(H))— D(f'*(H)). Then,
under hypothesis (i), respectively (ii), using the monotonicity of b, we are
led by arguments similar to (2.43), respectively (2.48), to minimize the
quantity

WN, )= fn+1(t) fvi 1 Ja* (S i) (C2)

for N large enough, where

-

Kty = <J: I W”(S)”l,a»le) ds> (C3)

respectively

(1) (f lk(s)| ds> (C4)

by a particular choice of N(¢). We do not attempt to take advantage of the
presence of any decreasing function g(N} in (C.2).

Lemma C.1. Let A(N, 1) be defined by (C.2), where f, respectively
a, satisfies H4, respectively, H6. For each >0, there exists an N(t) such
that

h(N(1), 1) = O((a®) =" (r(1))) (C5)

Remarks. If r{¢) is uniformly bounded in ¢, then A(N,, 1) is, too, for
any N, and the lemma is optimal in the same sense as Lemma 2.3.
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Proof. We can rewrite (C.2) as

RN, 1) = [+ r(O)/b(f+1) (C6)

and we can assume that r(¢) tends to infinity as 1 — 0. Let N{t) be the
unique index such that

S (@)Y < v (C.7)
For ¢ large enough we can use the identity
b((a®) ' (x))=x/(a®) " (x)  Vxe[a*(pB), o[ (C8)
and deduce from (C.7) that

b(fann+ 1) Zr/(a?) " (r(1)) (C9)

Hence
hN(D, <2a®) 7 () =2a ([ 1)) 1 (C.10)

This lemma ends the proof of the theorem. ||

APPENDIX D. PROOF OF LEMMA 5.1
According to the Schur condition (ref. 14, example 2.3, p. 143),

||Gu<max(sup T S KellGedlsup T Y |<¢,|G¢A>|) (D.1)

Srok=1 s=1 ks j=1 r=1

Thus it follows from our assumptions that we need to estimate

w oy . ” CM @ 1
sup 3, ). [K@n | PWe(1) @il < > =17 k=3 (D.2)
S K=1 s=1 llc\;l J
J
and
N CM 1
sup ¥ Y Kol | P W) @i < FSP (D.3)
k.s Jj'=1 r=1
k#j

under the conditions y—d+p>1, y>0. It is readily seen that in any case
the sup in (D.3) is bounded by 1/™"#% The sum appearing in (D.2) is
estimated using the integral test
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b+1
f Jf(x)dx if f(x)is nondecreasing on [a, b+ 1]

1| Mv u Mv

(D4)
<J if f(x)is nonincreasingon [¢—1, b]
on the function
1 Isx<j-1
d(x)= X7 %" r {x>j+l (D.5)

where y' =y — 4. The resulting integrals are then analyzed by means of the
technique described in the appendix of ref. 9. In (D.2), however, we have to
accommodate the term |k —j| ~”, which may be singular as & ~j and was
absent in ref. 9. The analysis is nevertheless quite similar, so we only give
the main steps (we will denote by the same symbol ¢ all constants inde-
pendent of j in what follows).

Let D,={xeR|1<x<j—1 or x>=j+1} and x, be such that
d'(x,)=0. We need to consider four cases:

p>0and y >0=x,<j— 1, for j large enough.
p>1land y<0=>x,¢D,.
p<0andy >1=x,>j+1, for j large enough.

Eal

p=0and y >1=17 such x,.

For case 4 we get

o

q

dk)< S diky<d(l)+ ff' d(x) dx < ¢ (D.6)
1 k !

k=
k#j

For case 2, similarly, and asymptotically as j — oo,

J-1 j=1 , i—1
Y dk)<d(j—1)+ L d(x)dxsc/j>'+fl d(x)dx (D7)

i

k
T dk)<d+1)+ j”’ dxydv<ef’+ [ dx)dx  (D8)

k=j+1 J+1 J+1
In case 1 we proceed as follows for > ! d(k):

—1 [xo] ji—2
Z dik)=d(1) + Z dky+ Y dlky+d(j-1)
k=1 =2 k=[x]+1

sc/jﬂ+j’ d(x) dx + ¢/j” (D.9)
]
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whereas (D.8) holds for > 7_ ;+1d(k). Finally, for case 3 we get by similar
manipulations

Jj=1 j=1

Y d(k)sc/juj d(x) dx

k=1 !

<clj” +jj_l d(x) dx (D.10)
1
Y di)<2d([xd)+ [ dix) dx
k=j+1 Jj+1
<c/jp+>"+f°° d(x) dx (D.11)
J+1

using xo=97/(p+7%'). It remains to estimate the integrals. Using the
techniques of ref. 9, we get

‘ Pt if p<ld
j dx)yde<{clnjlj”  if p=1 (D.12)
J+1 ot .

c/j? if p>1

On the other hand,

j=1 Jr2 j—1
f d(x)dx:f d(x) dx+f dx)dv=1,+1,  (D.13)
1 i 2

where
Py <1 ci?*’ Y if p<l

I <<cnj/i* if y=1 and L<<clnjjj” ifp=1 (D.14)
¢/j if > 1 /i’ it p>1

Gathering these estimates in (D.1), we finally get the result. ||
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